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1. INTRODUCTION

It is well known that spinning a cone at an angle of attack in

flight will cause distortions to the cone ’s boundar y layer. The

asyninetrical boundary layer due to the combined spin and angle of at-

tack of the cone produces an effective body shape which is asymetric

with respect to the plane of angle of attack. The inviscid flow

over this effective body shape produces not only lift but a side force

called the Magnus force or Magnus effect. Th i s force is very impor tant

in the fact that it is an undamped force that acts on the body during

its entire fl i ght. Most studies of the Magnus effect have been restricted

to either laminar boundary l ayers or supersonic turbulent boundary layers.

This report investigates the distorted three-dimensional turbulent

boundary layer on a spinning cone at small angles of attack in incom-

press ib le flow . The resu lti ng boundar y l ayer d i s p lacemen t s hape cou ld

be used to determine an effective body shape and thus the Magnus force.

In 1972, White 1 developed a method to calcula te coup led sk in fri cti on

and heat transfer in two-dimensional turbulent boundary-layers and also

for the calculation of three-dimensional turbulent skin-friction . In this

study, White used a hodograph model to represent the crossflow veloci ty

profile. In 1973, Jacobson , Vo l lmer , and Morton 2 studied velocity pro-

files of the i ncompressible l aminar boundary layer on a spinning cone.

They applied the ‘Mang ler ’ trans forma tion to the cone coord ina te sys tem

to develop the velocity profiles . These velocity profi l es were then

used to determine the displ acement thickness and Magnus effect. Also ,

In 1973 White and Lessmann3 Introduced a paper on compressible turbulent

~~ lrlL t.. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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skin friction and heat transfer in three-dimensional boundary layers.

In 1975, Sturek 4 introduced a paper on the effects of the three-dimen-

sional boundary layer on the Magnus effect of spinning projectiles.

In this study he found that the effective body shape is a major con-

tributor to the Magnus effect, but the centrifugal pressure gradient

is equally important. He also found that the shear stresses in the

longitudinal and circumferential direction would affect the Magnus force.

During the period that the boundary layer was being investigated ,

the transition from l aminar to turbulent boundary layers was also bei ng

s tudi ed . In 1972 Sturek 5 performe d ex per imental s tud ies of the boundar y

layer on a spinning cone at supersonic speeds. Besides investi gating

transition , these experiments also showed the effects of spin on the

boundar y layer of the cone. The boun dary layer thi ckness and loca tion of

the boundary layer t rans i t ion  were determi ned , and the Magnus force was

found to be very sensitive to the boundary layer s hape . In 1973, Sturek6 ]
published a more detailed paper on the same subject. Also in 1973,

Jaco bson and Mor ton 7 analyzed the stability of the l aminar boundary layer

on a sp i nn ing cone . Th i s s tudy i nd i cated that s pi n has a large eff ect on

both laminar boundary layer stability and transition. Sturek8, in 1974,

publi s hed add iti onal ex per imental resul ts on boundar y layer shapes and

transition , and the results extended beyond spinning cones to spinning

bodies of revolution. The bodies studied were sharp nosed and blunted

cones with and without cylindri cal afterbodies. Experimental results were

obta ined by Potter9 in 1975 on the transition Reynolds numbers on axisym— .

metric bodies near the speed of sound.

This report concentrates on the incompressible turbulent boundary

layer , while previous methods do not. In this report,the flow over the 

~~~~~ . ____ . _ ._ _ - -.
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cone s broken into two parts, the inviscid flow and the boundary layer. -]
It is assumed that the boundary layer has no effect on the inviscid flow

and thus the inviscid fl ow is used as one of the boundary conditions for

the boundary layer equations . The other boundary conditions are on the

surface of the cone itself. Although this report does not present results

for the Magnus force , it coul d be determined by using the results from the

boundary layer calculations to determine an effective body shape and then

perform a new inviscid flow field calculation.

This report is divided into five major sections after the introduction .

The first section describes the basic equations and the development of the

velocity profiles used to apply the momentum integral technique. Then

these velocity profiles are applied to the boundary layer equations through

the momentum integral technique to develop two governing , quasi-linear ,

partial differential equati ons. The next section describes the method

for finding the location of transition from a laminar to a turbulent

boundary layer and the initial turbulent conditions on the transition line .

The third section describes the numerical technique used to integrate the

governing equations . Section four describes the results that are obtained

from the computer analysis while section five gives conclus ions derived

from these resul ts.

I
I 
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SYMBOLS

- - 
a parameter defi ned by equati on (A-49 ) in Appendix A

b parameter defined by equation (A-50) in Appendix A

A ,B,C,D,E coefficients in equati ons (36) and (37)

A3 parameter defined by equation (A-3) in Appendix A

A4 parameter defi ned by equation (A-7) in Appendix A

B3 parameter defi ned by equati on (A-6 ) in Appendix A

B4 parameter defined by equation (A-13) in Appendix A

C vector defined by equation (41)

parameter of integration in equation (23)

c el ement of ~
coefficient  of sk in  f r ic t ion

F solution vector of equation (41 )

G1-G21 coefficients defined in A

H coefficient matri x of equation (41)

h(i ,j) element of matri x Ft

i used as matrix subscript

IO
_ I
2 coefficients defined in Appendix A

IC parameter used to descri be matrix equation

IM parameter used to describe matri x equation

IP parameter used to describe matri x equation

j used as matrix subscri pt
j

1-J6 coefficients defi ned in Appendix A

- - k subscript used In equati on (40)

I length of cone , m 

~~~~ ---~~ -- - - - _ _ _ _



IH J
m exponent used in equati on (35)

M number of grid points in •-di rection

N coefficient defined in equation (4)

P pressure , N/rn2

empi rical parame ter for determining effects of angl e
of attack on transi tion

q velocity parameter defined in equation (21)

+ + +q0 value of q where y = y0 and U app roaches zero

RL Reynolds number based on the leng th of cone and free
stream properties defined in equati on (A-47)

s dimensional distance along cone generator, m

u velocity component in s—direction , rn/s

u~, free stream velocity , mis

u~ skin friction velocity parameter as defined by equation
(13), rn/s

u~ nondimensional velocity defined by equation (14)

U nondimensional velocity in S di rection defined by

v velocity component in the y-direction, rn/s

w velocity component in the cp-direction , rn/s

w~ nondimensional velocity parameter defined by equation (15)

W nondimensional velocity in the ~-direction defined byW = w /u ,

x nondimensional distance along cone generator defined by
x = s/ L

xt nondimensional position 0f the transiti on line defined
by equation (35 )

y height normal to cone surface , rn

nondimensional height as defined by equatIon (16)

y nondiniensional height where q = q0

_ _  
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Z empiri cal parameter of equation (35)

a angle of attack , degrees

parame ter defined by equation (18)

8 parame ter defined by equation (30)

iS boundary layer thickness, m
+ .6 nondimensional boundary layer thickness

c parameter defined by equation (A-48 ) in Appendix A

o tangent of angle between shear in q-direction and
shear in the s direction defined by equation (27)

K Von Ka rmen ’s constant used in Prandtl mixing length
equals 0.4

x skin friction parameter defined by A = 12/cf or
+A = u

p coefficient of viscosity in kg/rn-sec (1.798 x l0~~ kg/m-sec )

v kinematic viscosity in m2/sec (1.4639 x lO~~ m
2/sec )

arbit rary parameter used in equat i ons (38 ) and (39 )

p density in kg/rn3 (1.2283 kg/ni3)

a parameter defined by equation (29)

shear parameter in s direction N/rn2

shear parame ter i n ~-d irection N/rn2

• coordinate measured around cone , degrees

velocity potential defined by equation (1)

• cone semi-vertex angle, degrees

s pi n rate , revolutions per minute

SUBSCRIPTS

e In external flow (external to boundary layer)
lam lamInar boundary layer property

I - 
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- 
I denotes grid point in •-direction

turb tur bulen t boundar y layer pro perty
- w property at the wall or surface of cone

property at edge of boundary layer

free stream property

SUPERSCRIPT
4

+ denotes nondimensional quantity

I n denotes grid point in X-direction 
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F 2. BASIC EQUATIONS

2.1 Inviscid Flow Theory

The inviscid flow theory used in this study was developed by

Jacobson , Voilmer , and Morton 2. The coordinate system Is shown in Fig-

ure 1. The coordinate s is measured along the generator of the cone sur-

face , y is measured normal to the surface , and • is the c i rcumferen tial

angle. The semi-vertex angle of the cone is •, and the angle of attack

is a. The velocity components u, v, and w are in the s, y, and + direc-

tions , respecti vely. The angular velocity of the cone , w , Is assumed to

be constant, and it is positive in the direction of decreasing •.

Basically the incompressible inviscid flow is described by a velocity

potential , •~, which satisfies Laplace’s equation

(1)

The boundary conditions on the cone require the velocity to be tangent to

the surface , henc e
PS--- -

v = O  at y 0

at infinity the flow is undisturbed

at y~~~~.

Since equation (1) is linear, the solution can be expressed as the super-

position of two velocity potentials, one due to the axial fl ow and the

other due to the cross flow. To simplify the solution , Jacobson , et al.,

assumed a slender cone at small angles of attack. They also assumed

that the boundary layer did not effect the external flow. The flow

around the body was approximated by a distribution of sources and

sinks along the axis of the body. This analy~ls leads to the followi ng

~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . - -  ~ • - - - ---- -~~~~-
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velocIty components at the cone ’s surface

Lie 
= (s}

N 
- 2ct sin ~ cos • (2)

y
e 

= 0

-
~~~~

- =2a sin~~ (3)

where N is given by the sol ution to

cos [{N + ~J (ir - ~
) -

+ cos ~tp~ cos[(N + ~)
(1r - 

~
) - = 0 . (4)

Euler ’s equations can now be used to calcul ate the pressure gradi-

ents as fol lows

1 a~ — 

aUe + 
we aue w~

p as ~e as s sin q~ aq s ( )

and

w aw u w1 aP _
~~ e + e e + e e 6p s sin ~ a~ e as s sin • a~ s

Thus , the velocity components and pressure gradients are known at any

position external to the boundary layer.

2.2 Turbulent Boundary Layer Equations

The boundary layer equations for the coordinate system described

above are 1°

Continuity

s s~n • -
~j 

(u ss l n *) + 
~ 

-

~~~~~

. + .
~~~~

. = 0 (7) 

- - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~- .-~~~~~~ -
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- - s Momentum

au + w 9u + au w2 
— — 

1 a~ + 1 ~ (8u~~~ ~~~~~~~~ 
v~~~--~--~~~~ 

~~~~

-

~~~~~

- )

-- • Momentum

-, 

u~~ -+ w 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

1 (9as s sln * 9+ ay s p s s i n ~~~a4 p a y

and y Momentum

aP _ 0  (10ay )

In laminar flow, the values of and are

-

- - 
and

• - aw
,

while their values in turbulent flow are given In the next section. Wi th

. these boundary layer equations are two sets of boundary conditions. On

the surface of the cone the no-slip boundary conditions gives

y = O

u = u
~~

= 0

-. v = v w = O

--  
w = w

~~
= _ w s s i n * . (11)

The other set of boundary conditions is at the edge of the boundary lay-

er where the velocities must match the external flow. Thus, at

y = 6

u = ue 

~~~~~- -~~~~~~~~~~~~~~~
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v = v e = O

W = W e

where Ue is given by equation (1) and we is given by equation (2).

2.3 Turbulent Boundary Layer Velocity Profiles

To apply a momentum integral technique to the boundary layer equa-

tions, choices for the u and w velocity profiles across the boundary lay-

er need to be made. Fi rst the u-velocity profile will be derived and

then the w-veloclty profile.

Near the wall , the s momentum equation , equation (8), becomes

‘
~
‘w ... 1 9 ~~~ l at5
S p 9s p a y

which is exact at the wall and approximate away from the wall. Now as-

suming that this equation holds throughout the boundary layer, integra te

— it with respect to y to obtain the following

— 

= - 
~~ 

+

Now substitute, in the above equation for r5, a Prandtl mixing length ,

Ky where K = 0.4, of the form

— 2 2 au 9uy ay ay

to obtain the following

) 2 1/2
(12)

The negative sign In the above equation denotes separated flow because

of the negative velocity gradient; the plus sign denotes attached flow.

Define u* by

_  -. ~~~~~~~~~~ - - - .—.- -~~~~~~~ -~~~~~~~~~~~ -— - -~~~~~~~~~~~~~~ - - -
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((t5 ) 1/2
u~~= I W 1 (13)

- -  I P )

and note that u~ has the dimensions of speed . Then define the following

dimensionless parameters:

u~ = u/u* (14)

w~ = w/u~ (15)

+ U~~Y (16)
W

Substitute these parameters into equation (12) with the pl us sign to ob—

tam

au~ - 1 11 + I ‘~w ~P 
V~, ) +1

1
~

2

ay~ ~~ L ~U* (t5
) as - 

(u*)2 s u*7 j (17)

Now define part of the square root term in the above equation by

- ~~ a~ ‘
~w - 

v~ Fi a~ 
W
~1 18- 

u* (~~) 5 ~” s (u*)3 
- 

(u *)3 

~~ ~ 
. ( )

Substitute for ~~- - ~~~~~ from equation (5) and for w~ from equatIon (11) into

the above equation to obtain

S 
= 

(::)3 
[_ U

e 
+ —i- (W~ - si~ 

!~) - s sin 2 . (19)

Use the definition of from equation (18) to get equation (17)

In the following form
- 

+ 1 ~ (20)
Dy K~

Now define q by

( +11/2q = 11 + a
~ 

y j (21)

— - - - - - -----

~

- -- -~~ -~~~- ~~~-- - -~~~~~~~~-~~~~~~~—--—-— _ _
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and then rearrange i t  to get

y~~=~~~ (q2 - l )

and then di fferentiate this equation to obtain

dy ’ =~~— 2 q dq . (22)

Replace y~ in terms of q in equation (20) and integrate, holdin g s and •
constant, to obtain -

= {2q - Ln .~±~-} + C0 (23)

where C0 is a parameter of integration and may be a function of s and $.

Let q0 be the value of q as u+ approaches zero from above. Then equa-

tion (23) gives

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (24)

Now using equation (21) the following limi t may be obtained

2

f
bo + l

l - 

1 +~~-a 5 y + O ’(y ) + 1

+ +1~’ 
- 1 + +y+y0 1 + -

~~
- a~ y0 + 6~(y0 

) - 1

= 

2 +  ~ a5 y~ + :
2
) 

= 

a 
4
y~ 

+

~~a5 y0 +O(y0 
) s o

where y is the height where q = q0 and also If y is small In comparison

to 6, then •
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,

so that equation (24) becomes approximately

~ 

t::~~~: ~~~~ - 

(25)
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Equation (25) is the velocity profile used for the u-velocity. When

equation (25) is applied at the edge of the boundary layer it gives

= ~ {2~~ + - 1) + 
~ Ls~y~]} 

(26)

where q~~ is the v-’~~~~ of q at the edge of the boundary layer.

Now that a - -
~~ u-velocity profile has been found, a ve-

locity profile fc.~ ~verse velocity, w, is needed. First define

the parameter 0 as ~o1 l ows

(27)

An analysis of the w-velocity, as done with the u-velocity, produced a

velocity correl ation that was much too complicated and thus, some other

means was sought. A hodograph model 1 i s used , in this report, of the form

w w
~ = o 

(1 
- 
~~2 

+ ~

where
W + W e as y + 6

and
w -
~

- w
~ 

as y -~ O

To satisfy the above boundary conditions a hodograph model of the follow-

ing form was used

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (28)

Now def ine a and 8 as

w
(29)

Lie

I 
- - - - - - ---~~~- ---~~~~~~- --- - - - - -~~~~~ ---
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and
w

(30)
e

and substitute them Into equation (28) to get

w~ = u a + u~ Eo (1 - 

41

2 
+ (8 - a) 4 (2 - (31)

This is the cross flow model used . Figures 2 through 7 show the u-velocity

profile while Figures 8 through 11 depict the w-veloclty profile.

2.4 The Governing Equations

This section describes the procedure used to derive the governing

equations . A complete derivation of the governing equations is given in

Appendix A.

The first step is to take partial, derivatives of the u—velocity pro-

file (equation (25)) and the w-velocity profile (equation (31)) with re-

spect to s and •. Then substitute these derivatives into the continuity

equation (equation (7)) and then integrate with respect to y to obtain

the following form

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ s s~n ~{B 3Y
+ w~ + [~ !~+ v~ (U:)~ (

~~~
+ B4)]

au~ +
- 

~~ q ÷ 
J
3] 

+ ~~~ 
~~~~ 

J3 + ~~ J4 + ~~ J5 + ~~

+.!~ . . (32)

_ _ _
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Next , derivatives of the velocity profiles and equation (32) are

substituted into the s-momentum equation (equation (8)), Integrated with

respect to y, and non—d imenslonalized to obtain

(G1 - 3 a s G2)~~~
+ x s ~n * [G3 - 3 a s G4 + A G 5 + O A (  ~~~~~~~~~~~~~~~ 

~~~

+ 
A G6 ae + A Due 1 2 + G 1 + ~ 1

x sln *D~ 
- 

lJ ç 5~~x s 1n*

(8 A2 6~ - G3 - 8 G7 - a G8) + x s~n •

- 

~~{G2 
~a2

~~~ 
+ a) + x s?* 

+ b~
}

+ - — B~ ~ x2) = Ue R1 (33)

Similarily, derivatives of the velocity profiles and equation (32) are

substituted into the •-momentuin equation (equation (9)), integrated with

respect to y, and non-dimensionallzed to obtain

(G3 - 3 a 5 G10 - A G 11 ~
a A I  }~~~~~ x s ~n~~ [G12 _ 3 a

s Gi3

- A G 14 - a  x(2 j
(e) 

- 6~ B A)] ~~~~~~~~
- G15 x~~ - 

~ •
+ 

A~~~~~. (a G18+8G20-G3) + 
~~~~~~~~~ ~~~ • (a G19 + B G21 - G12)

+ A
~~~

e
8[~

2 o~ - G20) + x • 
~~~~~ (8x

2 6~ - G21)

2 1  2 1

-~~~ {GlO [
~ 

+a] +
G
~3 [:~~~ +b]}

+~~~[BA 2e

- G17 - a G18) Ue RL 0 ~ (34)
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Equations (33) and (34) are the governing equations, where x and

4 are the independent variables while A and 0 are the dependent variables

and A is defined by

x =/ Icf

where cf is the turbulent skin friction coefficient in the s direction .

These equations , equations (33) and (34), descri be the turbulent boundary

layer on a spinning cone at smal l angl e of attack assuming that the ve-

locity profiles given in equation (25) and equation (31) are valid.

-J
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3. TRANSITION FROM LAMINAR TO TURBULENT BOUNDARY LAYER

Before a finite difference method can be applied to the governing

equations,a starting line wi th known quantities is necessary. The flow

over the cone was assumed to be laminar from the nose to the trans iti on

line and then abruptly becomes turbulent thereafter with no transition

region. The laminar boundary layer equations over the cone are solve d

by the method of Jacobson , Vo llrne r , and Morton2. Since equation (33)

and equation (34) are valid only in the turbulent flow, the transition

line was chosen for the starti ng line.

This section is divided into two subsections. The first describes

the position and shape of the transiti on line , and the second discusses

the method used for determining the values of turbulent parameters on

the starting line.

3.1 Transition

Three effects dealing wi th transition were investigated . First is

where the location of transition occurs on a cone at zero angl e of attack

without spin. The second is the effect of angle of attack on the location

of transition , and thirdly, is the distortion caused by spin.

The first effect has been determined empirically from experimental

data by Potter9 for the special case of zero angle of attack wi thout

spin. However, his equation for the transition location was for

Reynold s numbers on the order of 106. His Reynolds number was based on —

the external flow parameters at the trans iti on li ne and the distance the

flow has traveled over the cone to the transition line. Since the cases

consIdered here are for Reynolds numbers l ess than ~~~ Potter ’s experimental

~
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data was used to derive the followi ng empiri cal relation for the transi-

tion position , xt
m

x
~~

= Z  {
~

-) ( 35)

where Z = 883.25 and m=-O .33452. Since ue itself is a function of x,

equation (35) must be solved iteratively for x~. Thi s value of X
t 
deter-

mi nes the location of the transition line , whi ch on a cone at zero angle

of attack wi thout spin is circular.

The effect of angle of attack without spin on the transition line has

also been estimated empi rically. Th is emp irical method was guided us ing

the experimental results found by Sturek 5 ’6. The basis for this method

is two ellipses joined together as depicted in Figure 12. This figure is

a view look ing along the ax is of revolution of the cone and the distance

from the center to the edge of the ellipse is the distance from the nose

of the cone to transition along a cone generator. These two el lip ses

have one coninon axis of length x~, this is the major axis of the ellipse

on the leeward side and the minor ax i s of the el lip se on the w indward

side . The major axis of the ellipse on the wi ndward side is (1 + Pt cz)xt
while the mi nor axi s of the other ellipse is (l - 

~ 
a)xt. The parameter

was empiri cally found to be 5.73.

The effect of spin was added by a point by point rotation of the

above described transition line . The amount of rotation caused by spin

is found by a two step process. First the location of maximum l aminar

momentum thi ckness i s found for a cone at angle of attack w ithout spi n.

Next the location of maximum l aminar momentum thickness was found for the

cone at angl e of attack with spi n. The angular difference In the locat ion

A ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ , ~~~~~~~~~ 
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of these momentum thicknesses is the amount the transition line is rotated

about the cones axis of revolution .

This method of describing the transition line on the cone matched

the experimental data very wel l5’6’9. Now that the transition line is

known, the laminar solution can be applied up to this line . Then the

laminar skin friction coefficient , cç~ and 9 are known at the transition

line. These values are used in the next section to estimate the corres-

ponding turbulent values of skin friction coefficient and 0.

3.2 Turbulent Flow Properties on the Transition Line

Now that lam inar boundary-layer properties are known on the transition

line, they can be transformed to turbulent properties. The necessary tur-

bulent data are the skin friction coefficient in the s-direction , C
f~ 

and

the shear angle, 0. Because of a lack of detailed information, It is as-

sumed that the skin friction in the s-direction changes across transition,

while skin friction In the $-directlon remains the same across transition

and hence 0 must change across transition . Because of the assumed Instan—

taneous transition from a laminar to a turbulent boundary layer, there

must be an instantaneous Jump from lami nar to turbulent values of cc and 0.

After a study of experimental and analytical work and shapes of boundary

layers on different bodies , it was noticed that the boundary layer thickness,

6, is continuous across transition while its derivative wi th respect to s,

36 , is not continuous. This condition was assumed to hold true for the
as

instantaneous transition. Since the laminar solution is known up to tran-

sition , the laminar boundary layer thickness at transition can be found.

Then a skin friction Jump will be found which makes the turbulent boundary

A - - - - ---~~- - - - - - ~~~~~- ~~~~~ 
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of these momentum thicknesses is the amount the transition line is rotated

about the cones axis of revolution .

This method of describing the transition line on the cone matched

the experimental data very wel l5’6 ’9 . Now that the transition line is

known, the laminar solution can be applied up to this line . Then the

laminar sk in fr iction coeff icient, Cf~ and 0 are known at the transition

l ine. These values are used in the next section to estimate the corres-

ponding turbulent values of skin friction coefficient and 0.

3.2 Turbulent Flow Properties on the Trans iti on Line

Now that l aminar boundary-layer properties are known on the transition

line, they can be transformed to turbulent properties. The necessary tur-

bulent data are the skin friction coefficient In the s-direction , C~~. and

the shear angle , o. Because of a lack of detailed information , it is as-

sumed that the skin friction in the s-direction changes across transition ,

while skin friction in the +-direction remains the same across transition

and hence ~ must change across transition. Because of the assumed instan-

taneous transition from a l ami nar to a turbulent boundary layer, there

must be an instantaneous jump from laminar to turbulent values of c~ and e.

After a study of experimental and analy’c lcal work and shapes of boundary

layers on di fferent bodies , It was noticed that the boundary l ayer thickness, - 

-

6 , is continuous across trans ition while its deri vative wi th respect to s ,

, Is not continuous . This condition was assumed to hol d true for the
as

Instantaneous transition . Since the l aminar solution is known up to tran—

sitlon , the laminar boundary layer thickness at transition can be found.

Then a skin friction jump will be found which makes the turbulent boundary

~

-- -

~ 
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layer thickness at the transition line equal to the laminar boundary

layer thickness.

The laminar boundary layer thickness at transition is defi ned as the

hei ght , y, where u/ u e = 0.99. Then equation (26) is used to determi ne the

skin friction jump in the following manner. From the inviscid flow sol u-

t ion , u is known but q + a , and are not known . Notice that is a
6 ’  0

function of s , c~~, and Cf~ whileq ÷ is a function of 6 and a
5

. At th i s
6 +point the only unknowns in equation (26) are Cf and y0 . As it turns out ,

is a free parameter. The parameter y is in equation (26) due to the

fact that the parameter of integration , C0 in equation (23) could not be

evaluated at y = 0 because the log term would approach infinity . The

value of y was chosen so that equation (26) yielded a realisti c Cf ;  The

parameter y could have been determined uniquely by fi rst calculating the

tu rbu len t  Cf by the method descri bed by Spalding and Chi 11 , which relates

turbulent skin friction to properties at the edge of the boundary layer ,

and then solving equation (26) fory .
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layer thickness at the transition line equal to the laminar boundary

layer thickness.

The laminar boundary layer thickness at transition is defi ned as the

height , y, where u/ u e = 0.99. Then equation (26) is used to determine the

skin friction j ump in the following manner. From the inviscid flow sol u-
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and then solving equation (26) for y .
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4. NUMERICAL METHOD

Generally an analytical solution to the governing equations of a

cone with spin and angl e of attack cannot be obtained . Therefore , a

numerical method is needed to solve them on a digital computer. The

numerical method is dependent on the coefficients in the governing equa-

tions (equations (33) and (34)) because they determine if the equations

are elliptic , parabolic, or hyperbolic. The full development of these

coefficients is shown in Appendices B and C. Let it suffice here to say

that all coefficients in the governing equations can be descri bed as

functions of the independent variables , the dependent variables , and w.

Equations (33) and (34) can be written in the following form

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (36)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (37)

Note that the coefficients of the derivatives in the above equations are

functions of the dependent and independent var iables and, thus these equa-

tions are quasi-linear. In addit ion , an analysis of the coefficients

showed that the equations are hyperbolic. Hence, the solution can be

started from an initial data line (the transition line here) and marched

downs tream.

Inherent to any finite-difference method are the questions of stability

and accuracy. Also since the- governing equations are hyperbolic , care must

be taken to not exceed the zone of influence of the initial data line

segments (mesh width). The characteristic lines of the governing equations

were found to be practically parallel to the cone generators such that they

~ 
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crossed only at large distances downstream. Thus , the step sizes were

limited by stability and accuracy only. Explicit finite-difference

methods were tried fi rst , but all were found to require unrealistically

small step sizes to maintain stability . Thus , an implicit finite-difference

scheme was decided upon .

Now that 0 and Cf are known on the starting line (see section 3), x

is also known on the starting line since

This information is sufficient to start a finite-difference solution of

equation (33) and (34). The followi ng description of the finite-di fference

method used is described for a circular starting line . However, the tech-

nique could be modified along w ith a change of ax i s system so that it coul d

be applied to the skewed transition line which exists on a cone wi th spin

and angle of attack.

First a two-dimensional grid is placed over the x-~ coordi nates as

shown in Fi gure 13. The superscript ‘ n ’ denotes the x-position such that

xfl+l = xn + ~x, while the subscri pt ‘I’ denotes the ~-position such that

•i+l = + 
~~~~~~ 

Assuming that the data is known on the circ~e where x =

and the unknown data is on the next l i ne , x = x n-fl then the deri vatives

of some var iab le , say ~~, are approximated by difference quotients in the

x-direction (marching direction ) by a backward difference quotient

n+l nn+l ~~~
. -
1 1 (38)ax 1

and in the •-direction by a central difference quotient

_ 
_ _  ~~~----- ~~~~~ --~~~~~~~~ --—- ---- - -
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+1 n+l n+ln 
~i+l — ~i—las i 

— 

~~~

The fi rst diffe rence quotient is a fi rst order approximation to the deriva-

tive . These estimates of the deri vati ves are applied to equations (36) and

(37) and rearranged to obtain

n+l n+l n+l n+l n+l

_____ 
n+l + 

k~ n+l + 
k1 n+l k

~ n+l k
~ n+l

- 
2~+ 

A~~1 ~~ 
A .~ 2A$ ~~~ - 2~+ 

0i-l + 
~x

n+l n+l n-fl

+ 2~~ 
0i+l 

= - E~~
1 + ~~ x~’ + ~ e~ (40)

where k = 1, 2.

This equation leads to a matrix equation of the form

H r = ~~ (41 )

where T is the soluti on vector.

The s ize of H, r, ~ are functions of the number of grid points , M,
in the •-direction . If the number of grid points in the •-direction is

M then H is a 2M by 2M matrix while r and ~ are 2M column vectors. The

vector of unknowns , F, is written as follow s

_ _ _
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n+lAl

~
n+l
2

~n+lM-l

- n+l
AM

F =
n+l
01

n+l

n+l
0M-l

n+l
0M

Due to the conical nature of this grid ~~~ = A ’4’ and =

The expressions for the elements of H, h ( i ,j), and C, c(i), can be written

more conveniently by defining the following

if i i s even
= 

2j~ i f  i i s odd

? i f i ls even
IC =

1 If i l s odd

and

~ 
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IM = I P — l

Now c( i ) may be wr itten as fol lows
n+l n+l

+ ~n +Cj1; - 
~x 

A Jp ~ 
C~jp

IP

for any i

To describe h(i ,j), there are three different cases depending on the value

of 1. If i < 2  then h(i ,j) may be written as follows

An+l

n+l

2~~

n-fl

-

- 

~~
h ( i ,j) = n-fl

j = M + l

n+l

2&~ 
j = M + 2

Dn+l

- 

2&~ 
j = 2 M

0 for all other i’s 

- - - - - - -
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If 2 < i < 2M - 1 then h(i ,j) may be written as fol lows
- 

n4-l

• 

— 

2 j = I M

n-f l

j = I M + l

n4-l

2A$ i = 1 M 2

h ( i ,j) = n-fl
- 

2~4~ 
j = M 4 - IM

n+l

j = M + I M 1

n-fl

2~+ 
j = M + I M + 2

0 for all other i’s

and lastly, if I > 2M — 1 then h ( i ,J) becomes 
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n+lBic 
— 1

Dn+lUIC
- 2A~ 

-

nil

Ax j = M

h(i,j) =

24P j = M + l

~ni-lU
I C

- 2A4 -

n+ld c
Ax

0 for all other j’s

Since the coefficients

I n-fl n-fl ~.n+l n-fl n-fl ~, — -
~l Ak , Bk ‘~~k 

, Dk , Ek ~~~~~~~~~~‘ . 1  1 i I i

are functions of the unknowns, a first guess of the unknowns at the (n + 1)

l ine is used to evaluate the coefficients. To obtain this first guess

a central difference explicit-finite method of the following form was

used

= 

- 

f~i-l 
+ 

~~+i 1/2
Ax

and

n n n
~~ ..~~i+l~~~ i-l

2A~

-

~

-

~ 

-~~~~~~ ---- ~~~~~~~~~~~ ~~~~ - - -~~~~~~~~~-~~~~~~~~~~~~~~~~~~~ --



___  _ _ _ _ _ _

i i  29

I I
Then equation (41) is solved to get a better approximation of the unknowns.

Next the coefficients are reevaluated and the process is repeated until

the unknowns from one step are sufficiently close to the unknowns of the

next step. Note that the explicit forms above were used for the first

! guess only. The solution technique is an implicit one.

This implicit finite-difference method was found to be stable even

at reasonably large step sizes. When applied to a cone at zero angle of

attack, with or without spin , it was found that only one or two itera-

tions were needed at each step to reach convergence. On a cone at angle

of attack, this method usually required about three iterations to converge

but could vary from one to ten iterations. The criterion used for con-

vergence was a relative error of 0.1 percent.

I 
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5. RESULTS

The computer program was compiled in sections on an IBM 370/175

computer. The compiler used was the Fortran-H level compiler. The

execut ion time var ied depending on the case being tested .

5.1 Special Case of a Cone with Zero Spin at Zero Angle of Attack

First it was decided to test the theory against known solutions for

zero s pi n at zero angle of attack of whi ch there are many10. Two methods

of sol utions were used . One was wi th the full set of governing equations .

The other method was to reduce the two governing partial differential

equations to one ordinary differential equation since conditions of zero

spin and zero angle of attack give -

~~

-

~~~ 

= 0 for any parameter ~.

Notice that in  the case of zero sp in , ü = 0, at zero angle of attack ,

a = 0, the foll owing results may be determined

E 0 ,

a = O ,

and

0 0 .

Now apply these condi tions to equation (33) to obtain the reduced equation

(6 1 - 3 a~ G2) ~~~ + ~~~ ~~~ (x
2 6 - G1)-F 62 

d2(~~} 
+ ~~

= U e R1 (42) 
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Since equation (42) is a f i rst order ordinary different ial equation, ~
was found by using the fourth order Runge-Kutta integration technique12 .

The other method employed both partial differential equations (equations

(33) and (34)), and the implicit finite—difference method mentioned pre-

viously. This check was performed as part of the debugging process for

the computer program.

Solutions were calculated for a 10° semi-vertex cone in a flow of

60.96 rn/s (200 ft/sec). The length of the cone was 1.2192 m (4 ft).

Results of these solutions are shown in Figures 14 and 15. Figure 14

shows the boundary layer thickness for different skin friction jumps .

Figure 15 shows the associated skin friction. These results were found

to be satisfactory. The Runge-Kutta method took less than 10 seconds of

execution time while the implicit finite-di fference method took approxi-

mately 1 minute.

5.2 Special Case of a Cone at an Angle of Attack with Zero Spin

The next step is to introduce angl e of attack to the cone. From the

results of the zero spin at zero angle of attack case it was decided that
Cf

a skin friction jump of c 
turb 1.96 would be used because the solution

f lam

using this value of the skin friction jump seemed to fit classical data

best. For this case an angle of attack of 5° was used. The free stream

velocity was again 60.96 rn/s (200 ft/sec) on a cone of length 1.2192 m

(4 ft) with a semi-vertex angle of 10°.

In order to show the -instability caused by an explicit finite~differ-

ence scheme , Figures 16 through 18 show results when an explicit finite- 

_ _ _
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difference scheme was used to obtain sol utions to the governing equations.

In these figures,the solution started oscillating even though the step

sizes satisfied the stability criterion . In Figure 16 a step size of

= 0.005, where x is non-dimensional l ength with respect to the length of 
—

cone , was used along wi th 40 grid points around the cone to produce a A+

of 0.15708 radians or 9 degrees. Notice that the oscillation first occurred

at an x-location of about 0.38. In Figure 17 everything was kept the same

except the step size Ax which was changed to 0.01. This time the oscilla-

tion occurred at an x-location of about 0.6 which is better than in Figure

16. Finally in Figure 18 both step s izes were decreased to Ax = 0.01 and
= 0.07854 radians or 4.5 degrees, 80 grid points around the cone. The

flow remained stable here un t i l  x = 0.76. Although the solut ion for this

las t case is nearly stable , the grid size, M, in the ~-direction being 80

points requi red a large amour t of storage, 400k bytes, and a fairly large

amount of execution time, over thirty minutes , on the IBM 370 computer to

arrive at this solution .

At this point it was decided to change to the implicit finite-differ-

ence scheme mentioned earlier. The step sizes were held the same as in

the explicit scheme to facilitate the comparison of these two methods.

Results of the solutions using this implicit scheme are shown in Figures 19

through 21. Figure 19 show s the sol ution on a 10° cone at a = 5° wi thout

spin. The free stream velocity is again 60.96 rn/s (200 ft/sec). The step

size in the x-direction was 0.01 while the number of grid points in the •-

direction was 40, i.e., A4 = 0.15708 radians. Figure 19 shows the boundary

layer thickness versus x at several different •-locations . FIgure 20 is

similar to Figure 19 except Ax is changed to 0.02 . In comparing Figures 19 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -~~ --~~~~~~~~~
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and 20, it can be seen that  Ax has very little effect on the solution ob-

tained .

Finally, in Fi gure 2l,the number of grid points in the 41-di rection was

changed to 20 to give a ~ of 18 degrees or 0.314159 radians. Solutions

were obtained for Ax of both 0.01 and 0.02. Changes in ~x had very little

effect on the solutions obtained . The solution in Figure 21 is very similar

to the sol utions shown in Figures 19 and 20. A small difference can be

noticed at • = 180 degrees and this difference is in the curvature of the

boundary layer thickness curve .

It is seen that a better sol ution was obtained wi th the larger step

size in the ~-direction because of the curvature of the boundary l ayer

thickness curve at q, = 180 degrees . These result~, show that the implicit

finite-difference method is stable and is fairly insensitive to step size

changes . Using the implicit method these solutions took approximately

2 minutes of execution time on the IBM 360 computer.

- 1 5.3 Cone at Angle of Attack wi th Spin

The case of the cone at angle of attack with spin is still being

studied . Preliminary investigations have been performed but a solution

has been obtained with a circular transition line only. The case of spin

at zero angle of attack was tried first and the results are shown in

Figures 22 and 23. The free stream velocity was again 60.96 rn/s (200 ft/sec)

on a 1.2192 m (4 ft) 10° cone. The step size in the x-direction was 0.01

while there were 20 grid points in the •-di rection . In Figure 22 the spin

velocity was 500 revolutions per minute or 52.3 radians per second while

In Figure 23 the spin rate was 400 revolutIons per minute or 41.89 radians 

— - - --~~~~ -- ~~~~~~~~~~~~~~~~~~~~~ - - ------ ~~~~~~~~~~~~~~ - - --- --



— — ~~ —~- -.. ~~-- .—---— ——~~~~ 

_d.,..__~
___ _______ ._ _ . - . - -

34

per second. It can be seen from these results that 0 is more sensitive

to spi n rate than is the boundary layer thickness , 6. In comparing

Figures 14, 22, and 23, there is very little change in 6 due to the spin

rate while in Figures 22 and 23 there is signifi cant change in e.

The solution for the case oF angle of attack with spin is shown in

Figures 24 and 25. This sol ution is for the cone conditions as in Figure

23 except a = 5°. Figure 24 shows the variation of boundary-layer thick-

ness while Figure 25 shows the associated e. Since this solution is the

only solution obtained with spin and angle of attack, no trends could be

established . However, these initial results seem very promising and this

work is continuing. Execution time for these cases was an average of
2 1/2 minutes .

II
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6. CONCLUSIONS

The following conclusions were drawn from the analysis described

in thi s report :

1. The numerical method developed here gives results which follow the

trend of available experimental data and other analytical resul ts .

2. When using an explicit finite-difference method to solve the governing

equations , small step sizes are required to obtain stable and accurate

results; the effect of small step sizes on the computer program is

large execution times and large storage requirements .

3. The implicit method described in this report overcomes the step size

problem and still remains stabl e and accurate.

4. Analysis of the governing equations showed them to be hyperbolic , but

the characteristics were practically parallel to the cone generators

and thus the characteristics crossed at large distances downstream.

5. Because of the large character istic distances , the step sizes used

were based on truncation error rather than on the zone of infl uence.

6. Large spin rates (cone base surface velocity larger than free stream

velocity) would cause the computer sol ution to break down, particularly

in the case of angle of attack.

7. Computer solutions can be found in the cases where the spin velocity

produces a cone base surface velocity on the same order or less than

free stream vel ocity .

8. Typical execution times for the implicit finite-difference method was

less than three minutes on an IBM 370/175 computer.

- - - -
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7. RECOMMENDATIONS

It is recomended that future work be conducted to incl ude the

following:

1. the skewed transition line,

2. and a better method for the calculation of y ,  such as the method

of Spalding and Chi 11 .
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APPENDIX A

Derivation of Governing Equations

First rearrange the continuity equation (eq. (7)) to get the

following form

av _ f au + u 4. 1 aw
ay — — 

[as s s sin i~

and then non-dimensionalize to obtain

+ *1 av au 1 1  s a u l +

- s~n ~ 1~ 
~~ ~~~~~~~~ 

w J  . (A-l)

Now use- the velocity coorelations (eqs. (25) and (31)) and the

def in i t ion  of cz~ (eq . (19)) to evaluate the above. First expend the

derivati ve of the u velocity profile

(A-2)as as ay~ 
as aa5

Si:ce y = 

“w 
then

~x__ = ~~~~as VW aS

*

-~- 1~--uas 
~
ue e

— 
+ Ii aue 1 au

e— y  
~
ue as~~~~+ as~~e

I 
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Define A3 to be

A — 
1 au* — 

1 aue 1 au: (A—3 )
- 

. * as 
- -

e

such that

(A-4 )

The derivative of eq. (19) with respect to S gives

aa5 — 

v~, a2ue (aue~
2 we (awe

— 

(u~)3 
~~ 

ue as2 
- prj + T

2
1 a u el ul awe 1 ~~

(
- sin * asa+J + 

~~~~ 

—

~~~~

- - —i w~j ~“e

- 51~
-
~J w2 sin2

*]

vw 3~u*I we l  1 aue
-
— I - 

(u*)3 
~~~ 

7 ~~ - 

s-in ‘j’

— 
2 s s in2 *] (A—5)

Define the fol lowing

B — 1 au* 1 aue 1 au

~ u* a~ ue a$ u a~ 
(A 6)

and A4 
= - 

~
-
~-[~ :~n ;p :~: + (1 + 

~~ 
) (W e

-- 

1 aue) We 2 2 1 3s aue
- s-i n * 

—
~
. + ~~ SI fl 

~i, ~
l - ~— —i-

- —-~~— - 1 2 -  1 _
~~~

] (A-7)
s as 

~ We sin * a+j

L
— -

~

-- —- -  - -- - - -~~~ --- ------ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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and substitute into equation (A-5) to obtain

~ 
( u ) 3[~~~ e

} 
+ A
4] 

. (A-8)

Substitute equations (A-4) and (A-8) into equation (A-2) to get

+

- + au+ 
+ 

3a5 aue + 
+ ~- A 3 y T T as “w (u e )

ay Ue

a2(J-)[ 
~~ 

+ A4] -~j - . 
(A-9)

Next look at the w velocity component. Using the chain rule of differen-

tia l calculus , the following derivative is obtained

+ + + aa + +
= ~L_ ~~. + ~~~~~~~ . .~~. + !~~. 

�_
a~ a~ ay a~ aa5 a~ a~

a41 aa a~ ae a~ a6+

+ 
au 

~~ (A-la)

~ au+
e

From the de f in i t ion  of y i t follows that

+ * *
= ~.. ~~~~~ = 

~
,.
+ 1 .~L. = B y (A-il)

a41 “w~~~ 7~~ a, 3

The deri vative of eq. (19) wi th respect to 41 gives

aa 5 “w ~~ u 
a2ue 

- ~~e 
~~~ +

= — -— e a5a~ ~41 as J S 1a~u3

1 a2ue) 1 awe 1 1 aue- sln * a,2 j s
~~~ ~

We
_

s1n *~~i

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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“w 3 au* I aue 
+ 
We 1 1 aue

- 

(u*)3 u* a~ L ue as ~ ~~ 
— 

sin * a~

- 
2 sin2 9~

] 
. (A-12)

NOW defi ne the following

- 1 I We awe 1 awe 1 1 aueB4 
- —i-- 1v~e - sin *IT

W a2ue 3 au~ we 1 1 aue
s sin * ~~ 

i~~~~~T~~e s i n *W

+ ~ ~
2 sin2 ~ 

31i
e] (A-l3)

and substi tute into equati on (A-l2) to obtain

~~~~ ~ 
+ B4]. (A-l4)

Rearrange equation (26) to get

K u = 2(q 4 — 1) + ln(q 
~~
. - 1) — ln(q~~ + 1)

+ ln(4) — ln(a5 y )

then

au: 
aq~~ aq~~ 1 

aq 
1 + 

aa5
K = 2 + q -i ~$ 

- q ~-l a~ 
- 

a 
+

6 6
ard rearrange the above to obtain

K = 

~~~~~~~~ 

~~~ 

- 

~
]

and final ly solve for -
~~~~

— to obtain the following

+ + a u ~ 
- 

6
-f(q 4-l) ~~. . (A-l5)

a~ ~~ 
a, a~ 

~~~_-_- - - - -~~~~~~~~ - - - - - ~~~~~~~~~~~~ ~~~~~~~~ -- - - - - ---~~~~~~~-
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Next substitute equations (A-ll), (A-14), and (A-15) into equation (A-b )

to get the foll owing form

~ B~~y~ -~~~+ ~~~~ ‘
~~ 
(u:)3[J~e)

iii + 6 (q ÷-l) +
+ B ‘~~~~~~~~~~~~ — - 

6 aw4JJL~s a
5 
q ÷ a6

(A-l 6)

Substitute equations (A-9) and (A-l6) into equation (A-l) to get the con-

tinui ty equation in the following form

[ 
a2f~

i_) 

+A
4]}~~

._+I (l +A 3 s) u

+~~~~3 w~~~~~~~~
*{B3

~~+ 

~~~~~~~
+ v~ ( u ) ~ [a

2(.~L) 

+ B
4]}[~~

_ 
- _______

+~ ;1!~~~ ~~~~~~~~~~~~~~~~~~a~ ~q + 
a~ ao 941

6

(A-17)

_ _ _ _ _ _ _ _ _ _ _  _ _  ~~~~~~~~~~~•
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Define the followi ng integral terms

10 
= ( - f  dy-f (A-18)

-

. 

= ~~~~~ dy = (y u~~ - f u  dy-f

= y  u - I
~ (A-1 9)

+y +
12 = 

~ 

dy-f (A 20)

+

= J w  dy 

+ 

(A 21)

= I ~ ~~~ dy
-f 

= (y w ) ~~ - (w
+ dy-f

(A-22)

• +

= I -* dy
-f (A-23)

dy~ 
(A-24)

J4 = dy-f (A-25)

= 

~
( -~~- dy-f (A-26) 

- - - - -
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and = dy~ . (A-27)

Multiply equation (A-17) by dy~, and integrate , and subst i tute

equations (A—18) through (A-27) to obtain the final form of the continuity

equation

- ~~~~- A3 y u-f + 
~~ 

+ ~~~~ - f V
~ 

(
~~~)~ 
[
~~

I
~~

J
+ A
4]} 

12

+ 
~~ 

y+ w-f 

[

3czs aue (U:)
3 

(a s: 
+ B

4)]

I 6+(q -l) 1 au-f +
I~ 6 

~ 
e KIS

L 2 a
5

q 3

+~~~~J4 +~~~~J5 +~~2~J6 + 1 aY } .  
(A-28)

Now consider the conservation of momentum in the s-direction

(equation (8)) which can be rearranged and subs titutions made from

equati ons (A-3) and (A-6) to obtain

u - ~ --+ W~ ~~~~~ L~ iL+A  ( u )
as 5 Slfl * a~ ~

Jw a y+ ~

U w  (w)
3 s s i n * s

+ + + - f - f
w au 2 u w

= u -f __!
~+ e —i -f- A ~~~ + B  e

e as s sin ~ a~ 3 ’ e’ 3s sin iS

2
(W:) u~ a

- + — ——-~~
- (T~/T~~) . (A-29)

I

-~~~~~~~~~ - - -~~~~~~~~~~
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Use the u-velocity profile and equation (A- l4) to obtain

a~ ~ ay~ ~41

= B3 y + { ~~ 
+ ‘~w (u:) 

[

a2[~~}

ii +

- 
(A-30 )

Substitute equations (A—9 ), (A—28) and (A-30) into equation (A-29) and

rearrange to obtain the followi ng

{
~ 

~~~~~ + 
~~, 
(~;)~ [a

2(~
_) 

+ A
4]} [u

-f

- 
~~V ‘2] 

+ 

6 ( q ~~-l) 

+ 

:w 

(u:)~ 

~a2!~1_J 
+ B
4] }

- + 

5q~~ ~~ ~3]

-

~~ 
[w

÷)
2

-f~~~~:O]-f[~~~~~~;J3 

+ 
_ _

a® au a~ au a~ au 
aue + au 1 1

i~~~~~ 4 W ~~~ 5~~~~7 6~~~~~~°~ ’ ~~j s s in * 
—

2 + +
A ~~~~ 

~~~~~~ 
u w

+ ~~ ~ 
03 s s in 

~

_ _ _  _________



+ + -f - f  +au w au 2 u w  ( w )
- u+ e + e e +A  (+) +B e e  e

e as 5 sin ii) a~ 3 ue 3 s sin * s

+ ~- -4- ~~~~ (‘~ ‘~~ 
) . (A-3l)

w u e ay w

Integrate equation (A-3l ) from y = 0 to y = 6~ and defi ne

= J (u ) dy (A-32)

0

G2 
= ~ 

+ 

[U~ ~~ - ~~~~~~~~ 
i
2J 

dy-f (A-33)

= f u  w dy-f 

+ 

(A-34)

6 + + o ( q -1) 
+

G4 
= 

~f 
[sq

-f 
~~ - + 

~~~~+ 
-

~

-

~~

- -

~

. J
3] 

dy-f (A-35)

G5 
= ~~~ J3 dy

-f (A-36)

G6 
= 

~~~~~~~ 
J4 dy

-f (A-37)

G7 
= f -~-~~ J5 dy~ (A-38)

_ _ _  _ _ _ _
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+

= 
~6 

~6 
dy-f (A-39)

G9 
= 

~ 

[(w
+)
2 

+ 
~~~ 

i~J dy-f (A-40)

and

+J y !~:i: dy-f = (y~ u
-f
): - u~ dy

-f 
= c5 u - 1~e)

to obtain the following

(G1 - 3a
5 

G2) + ~ siri~~ { G3 - 3a
5 
G4 + ~: G5

+ a ~: (&‘ u - I(e)
)] 

+ a® u G f

+~~..!~~[(u:)
2 

+ - G
1] 

ue aUe 
s~n * 

(U:W: 6~

- G3 - ~G7 - aG8) + s s~n * 
j.~~e G7

- 

~ ~~~~~ { G 2 [a

2)
~~~ 

+ A
4] 

+ 
~ :~ [ 

a2[~
1
e)~

- f B4 ] } - f .i(G9 - :4 ( w i ) ) = _ ~. (A 42)
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Define the following non-dimensional parameters

x = s/I (A-43)

= 

~: 
(A-44 )

U
Ue = (A-45 )

We 
= 

~~L 

(A-46)

RL = -~~~~--- 
(A-47)

2 22 . w L
e — 2 ~A 4 8

u

and then define

— 
1 1 ~ 

a U e I 3x aue.l 1
a — — 

~~ 
I x sin * axa~ 

+ + jJ~
— 

~~ IWe
e L

1 3Ue~ 
We + 

2 2 ( 3x aUe
sin ip ifl 

-

~~~~~ 

c sin ~

- 

- —
~~-— ~~~ 

12 - 1 (A-49)
x 3x ~ 

W
~~

s1n ip a$ j
and

b 

~
) 
[
~~e - 

- 

sl
1
n -

* 
+ (we

- s1i !~~) ~~~~~~ + ~ 
2 x~~1fl2 .

~~~~~ (A-SO) 

~~ - - -~~~ — - -- --•-- ~~~ ~~~~~--- -- -



-,-‘~• IIT~~ 7~~~

47

Define the followi ng non-dimensional parameters

x = s/L (A-43)

A = ~: (A-44 )

U
Ue = (A-45)

W e = (A-46 )

u L
RL = -~~~~~— (A-47)

2 22 
= (A-48)

and then define

a = - ~ [~ ~~~ * 
+ (1 + 8~ 

~ e) (W e

~ 
aU~ We 2 - 2 I 3x aUe- s I n ~ 

+ E 51fl ~ - ç ~r

We aw e 
~2 1 aU

eJ] (A-49)- x~~r ~ ~
We 5Ifl *~~~~]

and

W aw a2u
b = i~. 

~~ [~ 
- + [W e

1 ~ e’~ (i~~~e 3 aUe)1 + ~ ~
2 x sIn2 * ~~ (A-50)- s- in ~ a 41 J ~

We a~ Ue a.Jj
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so that

A = 
1 a (A—5l )

‘ u~,L
2

B4 = -
~~

-

~.: b (A-52)

and then substi tute these parameters into equation (A—42) to obtain the

following

(G 1 - 3a~ G2 ) 
~~ x s~n ~ [G3 - 3a~ G4 + A G 5

+ a A  ( 6 x -

(A 6 — G1) 
~~~~~~ sin ~ 

(
~ 

x 6 - G3 - 8  G7

G ) +  ~ 8 e Ga 8 x sin *W e a41 7

~~~ { G 2 [a 23~ 
+ a ]  + x~~ n * 

[a
2~~ J 

+ 
b]}

+ ~ (G9 - 82 6 A
2 ) = Ue RL (A-53)

which is the final form of the s-momentum equation and the fi rst governing

equati on . 

-~~~~~~~~~~ •~~~~~~~~~~~~~~~~~ - • ~~~~~ -- -- -- ~~~~~ ---- -- -- -- - -~~~~~~~~~~~~~~~~~~~~~~ •-- --~~ --
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Next consider the conservation of momentum in the 41-direction

(equation (9)) which can be rearranged and subs titutions made from

equations (A-3) and (A-6) to obtain

u [ - +  w A
3] 

+ sin *~ E-~ 
+ ~~ 

B~
]

÷~~-�~.+ uy = u: [9we + w :
A 1

+ 

* [~ 
w B

3] 
+ + 4~

- _ -
~

- (-r~~/t ~~~ ). (A-54)

First expand the deri vati ve of the w-veloc ity correlation by the chain

rule as fol low s

+ + + 9a + +
= -~~— -~~~~ — + —~~- -~~~~~-— + i~

_ 
~~as as a -f as aa5 as 98

++ + + + au +
+ ~iQ + ~~ ~~— + -~~~~ -— �~ + ~~~~~~ -~~~~ --- - (A-55)as aa ~s a® as ~ au-f

e

Rearran ge equa tion (26) to get

K u = 2 ( q - l ) + ln(q -f - l ) - l n ( q + l )
e 6 6 6

+ ln(4) — ln(a5 ~
:)

then take the derivative wi th respect to s and rearrange to obtain

+
~ +

K = —k-- ~~ + ..L - I _-_~.as 6 a
~ 

as

. : -

~ 

-
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Then solve for -
~~~~~~

- to obtain the follow ing

+

+ +3 u 6 (q -l) aa
96 

= 
K6 e - 6 (A-56)

as as a5q 35
6 6

Substi tute equations (A-4), (A—8), and (A—56) into equation (A—55) to get

+ A4] } [-*E - 6 :~;~ +]

~ 5 ~~~~~~ J as a®
6

+ B Ii_ -i - L ~~
.i) 

~~~~.- + 2.. (~ - -
~~
- —1 

~~~~
— (A-57)

~
We as ue ~ J 38 5 

~ 
ue as aa

Now substitute equations (A-l6), (A-28), and (A-57) in to equation (A-54 )

and rearrange to obtain the followi ng

+ vw 
(~ )~ [3  ~ + A

4]} [~
+ 

~E
+ 

6 (q -l) +
-~~~~

I2 - 
s +  

u~~~~
]

+ 
~ n * 

+ \)
W 

(U:)~ 
[a

~~~ ) 
+ B
4] } [w -~E 

-—-- -~~—-- - -~~~ ~-— - -
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3w 
~P (q~~_ l)  

+ aw 3w-f 1 3u +
a5q

u~~~~~~~~~ (u~~~~ J 
+ 8 (1~~~e

1 31
~e) I + 3W 

~ + a (
~ ~ 

9U~ •) + 3w
Ue ~~J L 9 8 )  5 lt~ 

— z ç  35j u —i;-

+ 
1 au: KIS I + 3w 

~ 
3w-f 1 + 

1 30s sin * 341 ~~~ L
w 

315-f ~ ay j s sin * 341

1-f aw-f 3w~1 + 1 (1 3We

L~~~~
’1
~~~i 

s sin *
8 L;;i~

1 aue) I + 3w 
~j 

3w+l 1 a aue I +
- ii ; u- i  LW ~5W~ 

- 5 - S sin ~ ~~ L 
W -w

- ‘~6 

~
] + S 5~

1
fl * 

~~~ 
[

~
+ - y-f

+ ~ (u w+ - 
~~~~ ‘~) + A3 U w + 5 sin ~ 

( w )

+ + + + +
— 

W Ue 9We + 1 (w e) 9We + 
Ue We

- 

We ~~~ 
s sin ‘P We 341 5

+ -*;~~
—- -

~ :i: (T~~/T~ ) . (A-58)
ti

e 
W9 Y W

i~A 
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I . + + +
i Integrate the above equation from y = 0 to y = 6 and define

+ +

I G10 
= 

6 [
~ 

- - 
6 

u dy (A-59)

G11 
~~

— f ~
f- 

~~~~~~~~ 

dy (A-60 )
q~~~ 36

+

= J (w~) dy
-f (A-61 )

+ +6 + + 15 (q~~- l) + +
G13 

= J [~t ~~ 
- T - 

a
5~~~~ 

(w
+ 

-

~~~~~~~ 

- -
~~~~~~~ ~3j] dy~ (A-62)

G14 = 

6~ 

-

~~~~~~~ 

- -

~~~~~~~ ~3] 
dy (A-63)

= u -
~~~~~~

- dy (A-64)

G16 
= 

f [ W
+ 

~~~~~~~~ 
- ~ J4 ] dy~ (A-65 )

G17 
= J [u w~ - -

~~~ 
1~ J dy-f (A-66) 

-- - “--~~~~-- --- -—--- -  _ __ _ _
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+

= u -~~~~ -~~- dy (A-67)

G19 
= J [ - f  -v-— - ~~~~~~~~ J6 ] dy-f (A-68)

+

I + aw + (A-69)u -
~~~~

— dy

0

= J [w
+ 

-
~~~~~

- - -
~~~j ~5]  

dy-f (A-70)

to obtain the following

~~~~~~~~ 

[G 3 
- 3a~ G10 - ~: G11 - a u i Ce)]

+ 5 sin ‘P ~~~[Gl2 3a5 G13 - ~: G14 - a u (2 4e) - 6+ 
W:)]

- -
~~ (U: G15) - s s~n ‘P ~~ (U: 

G16) + e ~ e (a G18

+
U 3U -

+ 8 
~2O - G3) + 

~~~~~ ~ sin ‘P 
(a G19 + B G21 - G12) 

-• ~~~~~~~~~~~~~ •- -~~--•_ --~~~~~~~ 
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[B 
(u) 6-f - G

21] 
- V (u)

4{[!~~ 
+ A
4] 

G10

+ s sin [aJ~ + B
4] 

G
13} 

+ _
~~~

- [
~ 

(Ut )

- G17 - a G
18] 

= 
~~~~~ o . 

(A 71 )

Multiply the above equation by I and theti substitute equations (A-43)

through (A-5O ) to get

• -
~~

-
~~

- (G3 - 3a5 G10 - A G11 - a A

+ x sin ‘P ~~ [G 12 - 3a
5 
G13 - A G14 - a A (2 - 6-f 8 A)]

3
- G15 A ax - x sin ~ 

G1~ ~ a. + iç -i;- x sin ‘P 
(a G19

+ B G 21 - G 12 ) - ~-~~8 [ A 2 6 - G 20]

+ X Sin ‘P 
8 [B A 2 6~ - G2~ + ~~~~ (a G18 + B G20 

- G3)

- 4{[a
(UL) 

+ 
a] 

Gb + x sin ‘P [~:!~ + 
b] 

G
13}

~~(BA
2 6

~~
_ G l7 _ a G

i8) U e R1 o (A-72)

which is the final form of the 41-momemtum equation and the second governing

equation .
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APPENDIX B

Evaluation of Basic Integrals

The eval uation of the basic integrals needed to evaluate the

coefficients in the governing equations is given below.

+ +

+ + 1 ÷2 ~6 + + 1 ÷2
j y dy =~~ y j y dy =~~~6
0 0

~ 2 + 1 ~6 2 + 1y dy = 5y y dy =~~~6
0 0

+

q dy-f = 3a (q
3 - 1) q dy~ = 

3a~ 
(q3~ - 1)

+ +

q2 d/ =~~~~(q~~ - 1) 
6 
q3 dy =

~~~~~~ 

(q~~~ - 1)

+ +

q4 dy~ = 
~ 

~ 

(q~~~ - 1) q5 dy-f 
= 

7 a  
(q~~~ - 1)

J q
6 dy-f 

= 
4 a

5 
(q

6÷ 
- 1) 

~~~ 
q7 

~~~~ 
= 

~~~~~~~~~ 

(q
6~ - 1)

15+ 6
q8 dy-f 

= 
5 a~ 

(q~ .° - 1) q9 dy-f = l l a 5 
(q~) - 1)

- -  -- •~~~~~~~~~~~ • _~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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f q~~ dy
-f 

6 ct~ 
(q~~

2 
-

j

y
+ 2 1 3

15+

J u d y = o ~~u _ ~~ i~~~(q~~ -1 )

~6 ~~ ~~ 
= 6 

~:
2 

- 3 ~~~~ [u: 
(q~~ - 1) - !f ~ (q 3 

- 1) dY]

+

J ~~~~~~ (q3 - 1) dy~ = 2(q~~ + q~~ + q~~) ln (q + 1) 

- 

-

~

- 6 ln 2 - 4 f q ln (q + 1) dq

- 6 ~ q2
~~n (q + l) dq

- 8 q3 ln (q + 1) dq

(5-f

~~ (2q3 - ~ 2 + 1) dy-f = 2(2q - q - q 
~~~) 

in (q + 
+ 1)

o ~5 6 15 *5 

~~~~--—~~~~~~~~~—- -_
~~~~ 

- - -- ---
~~~~~~
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q~~
+ ~ 

6 q ln (q + 1) dq

q 
6-f

+ 6 f q2 in (q + 1) dq

q3 ln( q l) dq

15+

J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
y 6 6

- 2q ~) in (q + 1)

q~~ q ÷
+ 8 6 q ln (q + 1) dq + 12 ~ q2 in (q + 1) dq

q~~
+ 16 f ~ q3 ln (q + 1) dq - 30 6 q4 in (q + 1) dq

- 36f6 q5 ln (q 1) dq
1

6-f

J ~~~~~ (l2q5 - l5q4 - 20q3 + 3Oq2 - 7) dy-f 
=

D y

2(l2q~~—3 q~~ - 23q~~ + 7q~~ + 7q~~) in (q + 1)

•

~

• •  - ~~•
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q~~
- 28 6 q ln (q + 1) dq - 42 6 q2 in (q + 1) dq

+ l84~~~~~q~~ln (q l) dq + 3 O ~~~
6 q4 ln  (q l)dq

q~~
- 144 J ~ q5 ln (q + 1) dq

(q~ - 3q
4 + 3q2 - 1) dy-f = 2(q~~ + q~~ - 2q~~

- 2q~~ + q~~ + q~~) ln (q + 1)

- 6-f q ln (q + 1) dq - 6 6~ q2 i n (q + 1) dq

q~~ q~~
+ 16 f 6 q3 in (q + 1) dq + 20 J ~ q~ ln (q + 1) dq

1 1

q~~ q ÷
- 12 6 q5 ln (q + 1) - 14 J 6 

q
6 

in (q + 1) dq

f (15q7 - 42q5 + 35q3 - 8) dy-f = 2(l5q ~ + b5q

0 y 6

- 27q~~ - 27q~~ + 8q~~ + 8q~~

+ 
+ 

ln (q + 1) - 32 J 6 q ln (q + 1) dq

_ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - - - -_
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q~~~

- 4 8  6 q2 1n (q +1 ) dq _ 64 6 q3 ln (q l)

+ 270 f ~ q~ ln (q + 1) dq + 324 ~ q5 ln (q + 1) dq

- 210 q6 bn (q + 1) dq - 240 ~~6 q7 ln (q + 1) dq

y-f

I y q d y = 2
2 (3q 5~~~5q3 2)

6 l5 c*5

6-f

J y q d y = 2 (3q~~~- 5~~ -f 2)

0 l 5 a ~ *5 6

6-f

J y q 3 d y =  2 (5q~~~- 7 q ~~~+ 2 )
0 35a~ *5 *5

I y q 4 dy 1 (3q~~~-4q~~ +l )

O l2 a~ 6 15

6~f y q 5 dy~~ 
2
2 (7q~~~-9q~~ +2)

O 63a5 *5 6

~~ ~ dy-f 
= 

2~~~ 
(4q

6~
° - 5q~~~ + 1)

J y f- q7 dyf- 2
2 (9q~~ - 11q +2)

o 99a5 6 6 

~~~~~~~~~~~~~~~~~~~~~~~ 
_ 

__
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6

J yf- q8 dy l~~ (5q~~
2 -6q~~

0 - F l )

a 3O cs5 6 6

+
~
‘ 2(
~ y~ 

qdy = 2
3 (15q7 -42q5 + 35q3 -8)

.1 l05 a~

6

J 
+ 

y
2 
q dy~ = 

~~~~~ 
(15q~~ - 42q~~ + 35q~ - 8)

q u dy = 3a [u: 
(q~~ - 1) - ~ 

6 

~~ (q3 - 1) d Y ]

j. y u~ dy
-f 

= ]~ 6 ~: - 15 ~ca~ 
(3q~~ - 5q~~ + 2)

y u~ dy
-f 

= 6 : - 

315 ~~ 
(l5q~~ - 42q~~ + 35q~~ - 8)

~6 
~~~~ + ~~~+~~~+ 1 1 2 9 1 8 7

y ~ dy = 6 Ue 
- 

12 K4 L ~ q
6
~ - 

T 

q
6~

5 6÷ 6+
~~~~~~]

~~ +~~ + + 1 +~ + i 1 2 11 8 9j y u dy = -
~~

- 6 tie - 
Ica

~ L ~~ 6 
- -g q

6~

~~~~~~~~~~~~~~~~~~ 3465]

J

6
y
~ ~~ dy -f 

= 
1 

~
+ 

~:
2 

- 
1 ~6 

y q u dy

‘ 1  1
-J
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+6+ .
~, ~, 

6 ~I + -i-’ + 1 -i-” + 2 1  + + +
j y u dy 

~~~~~~~~ 
Ue 

~~~ 
y q u  dy

O 0

J~-f

~ 
÷3 2 

+ 1 ~ ~2 1 1 +~ + +j y u dy =~~- 6 Ue ~~~ 
~
‘ q u  dy

0 0
6~ 6+

~ 
2 + 1 +~ ~2 2 1 +~ + +j y-f u dy =~~~6 ue -

~~
j y q u  dy

0 0

q2 u~ dy~ = I (q 2 
+ 1) a~ ~: - 15 K~~ 

(3q~~ + - 8)

q3 u~ dy -f 
= q~~ ~

-f 

~: 
- 

~~ ~~~ 
- 1) - ~~~ J y

-f q u dy

q~ u dy~ = q~~ ~
-f 

~: 
- 

7 ~a5 
(q~~ - 1) - 2 a5 y q2 u dy~

q5 u dy = q~~ ~ - 4 ~~ ~~~ 
- q3 u dy

q~ u dy-f 
= q~~ 6 u - 

~~ ~a5 
(q~~ - 1) - 3 a~ y q4 u dy

6+ 6-f

+ 

q 7 u dy = q
6~ 

~
-f 

~: 5 ~~ 
(q~~° - 1) - 

~ f y q5 u-f dy-f

y q dy = - 
~~ 

[70q - 27Oq + 378q - 2lOq + 32]
0 315 a5 L

( y q d/ = 
1 

[63oq
h1 - 3080q9 + 5940q7 

- 5544q5 + 23l0q3 
- 256]

o 3465 a
~

—-

~
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+6 
y q ~ dy = 

i~
2
a~ [ ~: (3q~~ - 5q~~ + 2)

6-f

2 

+ 1 f ~~~ (3q
5 - 5q3 + 2) dY+]

f y q u dy~ = 

1O5~:~ 
[
~ 

(1 5q~~ - 42q~~ + 35q~ - 8)

+ 

+ 1 J ~~~ (l5q
7 - 42q5 + 35q3 - 8) 

dd

J
6 
y q u~ dy

-f 
= 

3l5 a~ 
[u: 

(70~~ - 270q~~ + 378~~ - 2l 0q~~ + 32)

+ 

+ f ~~~ (70q
9 - 27Oq7 + 378q5 - 210q3 + 32) dY+]

q u-f dy~ = 

3465 a~ 
[u: 

(630q~~ - 3O80q~~~+ 594Oq~~

- 5544q + 2310q - 256) - ~~~~~ (630q1’

+ 

- 3080q + 5940q7 5544q5 + 2310q3 
- 256) d~+]

(y
+ q2 dy+ = 2

2 [2q6 -3q 4 +1]

6 b 2 a~ 
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+

y q3 u~ dy-f 
= [u:(5~~ - 7q~~ + 2)

i J  ~~~(5q 7~~ 7q5 2)d
yj

j

6+

y
+ 

q5 u~ dy = 

63:2 Eu: (7q~~ - 9q~~ + 2)

+ ~- ~~~ (7q
9 - 9q7 + 2) d~

j

j

6
÷ q7 u dy = 

99a~ 
[u: (9q~~ 

- 1lq~~ + 2)

6~ 

- ~ 
~6 

~~ 
(9qU - llq9 + 2) dy~

f ~~~~~ (70q~ - 27Oq 7 + 378q5 - 2b0q3 + 32) dy

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
& 6 6 6 6 6

+ l78q - 32q - 32q - 32) ln (q + 
+ 1)

6 6 6 6

q~~

+ 128 

~q

15 
q in (q + 1) dq + 192 

~ 

:

2 in (q + 1) dq

+ 256 6-f q3 in (q + 1) dq - 1780 J 6 q4 in (q + 1) dq

_____ 
_ _  

_
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- 2136 ~~6 q5 in (q + 1) dq + 2800 ~~6 q6 ln (q + 1) dq

-f- 3200
f 

q ln ( q+ l ) d q_ l 2 6 0
f 

q ln (q+l)dq

_ 14 0 0 J 6  q9 ln ( q + l ) dq

J ~~ 
(63Oq~ - 3O80q9 + 5940q7 - 5544q5 + 23l0q 3 - 256) dy-f

y

= 2q ~ (630q ~ + 630q - 2450q - 2450q
6 6 15 6 6

+ 3490q + 3490q - 2054q - 2054q
6 6 6 6

+ 256q~~ + 256q~~ + 256) ln (q~~ + 1)

q 4
- 1024 J 6 q ln (q + 1) dq - 1536 J 6 q2 ln (q + 1) dq

q~~ 
q~~

- 2048 6 q3 in (q + 1) dq +20540
J 
~ q4 ln (q + 1) dq

q~~ q~~
- 24648 J 6 q5 ln (q + 1) dq - 48860 J 6 q6 ln (q + 1) dq

1 1

- 55840 6 q7 ln  (q + 1) dq + 44100 ~ q8 ln (q + 1) dq

_ 
- - •  - - - - - - - -~~~• - - -
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q~~
-f 4gooOJ6 q9 ifl ( q + l ) d q _ 1 3 8 6 O J q b n (~~+l ) d~

6 

- 15120 (6
-f 

qU ln (q + 1) dq

J ~~~ (2q
6 - 3q4 + 1) dy~ = 2q~~ (2q~~ + 2q~~ - q~~ - q~~

q~~
- q~~ -1) ln (q 

- 1) + 4 J ~ q ln  (q + 1) dq

q~~~

+ 6 J ~ q2 ln (q + 1) dq + 8 J ~ q
3 in (q + 1) dq

q~~
+ 10 J ~ q

4 ln (q + 1) dq - 24 f ~ q~ in (q + 1) dq

6 

~~28f& q6 ifl (q +i ) dq

J ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
y 6 6 6 6 6

- z~6+

q

~~
a
~6+ 

- 2) In (q + 1) +8~~
6 q in (q + 1) dq

+ 12 J 6 q2 in (q + 1) dq + 16 J ~ q3 ln (q + 1) dq

1 1

.* q~~ 
q~~

‘

~~~~~ T 2o f 6 q4 b n q + 1 ) d q 24 f 15 q5 ln (q +~~~~~

1

1
A. _____________ _______________ 

~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~ 
—_ - - • - - - -- _ 

______________ _____________
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— 

6~ 

- 70 q6 ln (q + 1) dq - 80 
~~~ 

q7 in (q + 1) dq

• f ~~ (3q8 
- ~~6 + 1) dy-f = 2q~~ (3q~~ + 3q~~ q~~ - q~~ - q~~

- q~~ - q~~ - 1) ln (q + 1) + ~ q in (q + 1) dq

1

+ 6 J 6 q2 ln (q + 1) dq + 8 J 6 q3 in (q + 1) dq

+ 10 ~~6 q4 in  (q + 1) dq + 12 q5 in  (q + 1) dq

+ 14 ~~6 q6 in (q + 1) dq - 48 J 6 q7 ln (q + 1) dq

~ 5 4 f 6  q ln (q l) dq

1

*5
-f

I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
y 6 6 6

0

- 2q~~ - 2q~~ - 2q~~ - 2q~~ - 2q -2) in (q + 1)

q~~
+ 8 J ~ q ln (q + 1) dq + 12 q2 ln (q + 1) dq

q~~ q~~
+ 16 J *5 q3 ln (q + 1) dq + 20 J ~ q4 in (q + 1) dq

1 1
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q~~ q 
6+ 24 6 q in (q + 1) dq + 28 ~ q in (q + 1) dq

q~~ q~~
+ 32 6 q7 ln (q + 1) dq - 126 J ~ q8 in (q + 1) dq

-I
q~~

- 140 J ~ q9 in (q + 1) dq

f ~~~~~~ (4q1° - 5q8 + 1) dy 2q~~ (4q~~ + 4q~~ - q~~ - q~~

- q~~ - + - q
6~ 

- q
6~ - q~~ - 1) in (q + 1)

+ ~ j ~ q in (q + 1) dq + 6 J 
6 q2 i n (q + 1) dq

1 1
q~~

-• 

I + 8 j * 5 q3 ln (q + 1) dq + 1O ~~q4 T h ( q + i ) dq

• - q~~ q~~
+12 6 q5 1n (q .

~ l) dq +1 4 6 q6 ln (q+l )dq

+ 16 q7 in (q + 1) dq + 18 q8 in (q + 1) dq

q~~
- 8 0  ~ q9 ln ( q+i )dq-88 ~ q10 1n (q+1) dq
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J ~~~ (9q
1
~ - llq 9 + 2) dy~ = 2q~~ (9q~~

0 + . 
- 2q~~ - 2q~~

- 2q - 2q~~ - 2q~~ - 2q~~ - 2q~~ - 2q~~ 
- 2) ln (q + 1)

+

+8 6 q l n ( q- 1 ) d q -f l2~~~ q2 ln (q +1 )dq

q~~ q~~
+ 16 f 6 q3 in (q + i) dq + 20 6 q4 ln (q + 1) dq

q~~ 
~ 

q~~ 6
+ 24 J 6 q ln (q + 1) dq + 28 J 6 q in (q + 1) dq

+ 
q
~~

+ 32 J 6 q7 in  (q + 1) dq + 36 J 6 q8 in (q + 1) dq

+ 40 J 6 q9 ln (q + 1) dq - 198 ~ q10 ln (q + 1) dq

lb_ 2i6
f 

q ln (q+i ) dq

1

j 6  q ln (q + 1) dq = 
~~~ [(q~~ 

- 1) ln (q~~ + 1) - 
~~~ (q~~ - 2q~~ + 1)]

J 6 q2 in (q + 1) dq = 
~~ [(q~~ 

+ 1) ln (q + 1) - ~~~ (2q~~ - 3q~~

+ 6q 
+ 

- 5 + 12 in 2)1
6 J

I __
-_ -~~ -_ — —-_ -- - -  —-~~~~~~~~ —- --_-—~~~~~~ - -- 
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~
_ 
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6~ q3 in  (q + 1) dq = 
~~~ [(q~~ 

- 1) ln (q~~ + 1) - ~~~ (3q~~ - 4q~~

f6q~~~
_ l2q ,..I~7)]

q4 in  (q + 1) dq = 
~~[(q~~ + 1) ln (q + 1) - ~~~ (l2q~~ - 15q~~

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

q5 in  (q + 1) dq = 
~~[(q~~ 

- 1) in (q + 1) - ~~~ (b0q~~

- l2q~~ + l5q~~ - 20q~~ + 30q~~ - 60q + 37)]

j

q
6~ 

q6 bn (q + 1) dq = 
~ [(q ~ + 1) ln (q + 

+ 1) - ~~~ (60q ~ - 70q

-i 6 6 iS 6

+ 84q~~~- l05q~~~+ i 4Oq~~~- 2iOq~~~+ 42Oq

- 3i9 840 in 2)] 

6 6 6

~~
6
-f 
q7 ln (q + 1) dy = 

~~ [(q~~ - 1) ln (q + 1) - ~~~~~~~~ (lO5q~~ - l2O q~~

+ l40q~~ - l68q~~ + 2b0q~~ - 28Oq~~ + 420q~~

- - 
- 0q + 533)]

~
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in (q + 1) dq = 
~[(q~~ 

+ 1) in  (q + 1) - 2 in  2 

-

-

- 
~~ 

(
~~ 

q~~ - 105 q~~ + l2Oq~~ - l4Oq~~ 
-

+ l6~~~ - 2i0q~~ + 28Oq~~ - 420q~~

+ 840q~~ - ~~
-
~~~~

- _533)] I
F . J 6 q9 in (q + 1) dq = ‘T1~ [(q

lO 
- 1) i n (q + 1) - 

~~~~~~~~ (84q~~°

1 - 

—

- ~~~~ q
6
~ + l O5q~~ - i2Oq~~ + i4Oq~~ - l68q~~ 

-

+ 2l~~~~ - 280q~~ + 420q~~ - 840q + + 449)] 
-

~ 
q~~ in  (q +1) dq = 

~~[(q~~ 
+ 1) in (q~~ + i) - 2 in 2

- ~~~~ . (
~~~ ~~ i - 84q~~° + w q6~ - i 05q~~

+ l2Oq~~ - l 40q~~ + l68q~~ - 2bOq~~ + 280q~~ 
-

- 42Oq~~ + 840q + - 
840 

- 449)] 
-

LA.~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_______
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((5
-f 
qfl in  q + 1) dq ~~~

[q
12 

- l in q ÷ + 1) - ~~~~~ (7oq i2

- !!Q + 84q~~° - 
!~~ .P. q~~ + l O5q~~ - l 20q~~

-~ i4Oq~~~- l68q~~ -f- 2l0q~~~- 280q~~ + 420q~~
*5 *5 15 (5 6

- 840q~~ + 840 (-i;- + 
~
-) + 379)]

*5
-f

J ~~~ (q~ - 1) dy-f = 2 in (q + 
+ 1) - 2 ln 2 + q + q - 2q 

+ 
+

0 y 6 6 6 6

6-f

J ~~~~~~~~~~~~~~~~~~~~~~~~~ i ) - 4 i n 2 + q ~~~-2q~~
O y 6 6 6

+ 2q - 4q 
+ 

+ 3

6-f 

6 *5

~~ (3q
5 

- 5q3 + 2) dy-f 
= -4 in (q + 

+ 1) + 4 ln 2 + q - q

~ y 6 6 6

-2q~~ +4q , - 2

+

~~ (l2q5 - l5q4 - 20q3 + 30q2 - 7) dy-f = - 16 in (q 
+ 

+ 1)
6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

-8q~~ - f l 6q ÷ - 12
6 *5 
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6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+

J ~~~~~ (15q7 - 42q5 + 35q3 - 8) dy-f = 16 ln (q + 
+ 1) - 16 in 2

0 Y 6

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I ~~~~~ (63OqU - 3080q9 + 5940q7 - 5544q5 + 2310q3 — 256) dy
y

= 512 in (q 
+ 

+ 1) - 512 ln 2 + i05 q 12 - 490q
6 6-f 6

- - 
+ 

1745 q 8 - 2~54 q 6 + 1 28q~~ + 256q~~ - 51 2q ÷ + 
l~~i

~~ (70q
9 

- 270q7 + 378q5 - 2l 0q3 + 32) dy-f = - 64 in (q + 1)

+ 64 in 2 + i4q~~° - 5Oq~~ + !~~~~~. q~~ - l6q~~ - 32q~~

118
+ 64q + 

-

f ~~~~~ (5q
7 

- 7q5 + 2) dy-f 
= -4 in  (q + 1) + 4 in 2

- -
~~~ q~~ - q~~ - 2q~~ + 4q -
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(5-f

J ~~~~~ (7q9 - 9q7 + 2) dyf-
= - 41n(q + + 1) + 4 ln 2 + ~~ q~~°

a 6

1 8 2 6 4 2 37
- 

~~~ 
- ~~~ - q - 2q + 4q~~ - -

~~~~~

I~ ~~~~~~ (9q
fl 

- llq 9 + 2) dy~~ - 41n (q + 
+ 1) + 4 ln 2 + q

— 

0 
y 6 6

2 10 1 8 2 6 2 2~~ 4 14
- -

~~~ q~~ - -~
. q~~ - 

•
~~~ q~~ - q ÷ - q~~ q~~ -

- - -_ - 
_
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APPENDIX C

Digital Computat ions for the Coeffic ients
to the Governing Equations

Before evaluating tI’e coefficients define the following terms.

2 2 += q - 1 p26 
= q - 1 = a~~(5

p3 q3 - 1 p~~=2q
3 - 3q2 1

5 3 * 5 4 3 2p5 = 3q - 5q + 2 p5 = l2q - i5q - 20q + 30q - 7

7 5 * 7 5 3
p7 

= 5q - 7q + 2 p7 = 15q - 42q + 35q - 8

p8 
= ~~ - 4q6 + 1 p9 

= 7q9 - 9q7 + 2

* 9 7 5 3p9 = 70q - 270q + 378q - 210q + 32

10 8p10 4q - 5 q + 1

p 11 
= ~qfl 

- 11q 9 + 2

p1-i = 630q~ - 3080q 9 
+ 5940q7 - 5544q 5 + 23l0q3 - 256

= 5q~
2 

- 6q’° + 1

6
1 1 + + 2
—2- kb = j  y qdy =

~~~~~2~~5
0 15a 5 6 

~~~~~~~~~~~~~~~~~~~~ 



r 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ 

- 

~~~

+

= 

~ 2 qdy = 2
3 p*

3 2 .1 y iO5 a 6
0

6
i 1 +~ + 1 *y qdy = 

~~~
aS 

3i5 a
5 6

15-f

i r +~ + 1 *
—s- k4 = I y q dy = 

~ 6
-

~

6 -f 
- 

-

~ I
~ 

= J q1 dy~ = (if2 ) as 
(q’2 — 1) i = 1 ,4,6

= 
~~~~~~ 

dy~ = 2 ln ( q+  1 )- 2 in 2 +~~ q~~~~q~~ - 2q~~ +~~

- f  6~

~~I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
6 6 6 6

-4q + 3
6

~5 = J ~~~~p5 dy~~= - 4ln ~~~~~~~~~~~~~~~~~~~~~~~~~~~~

+ 4q 
+ 

- 2
6 

Ii-

I 

~~~ —-— ~~~•-~~~~— - - -- - - -  - -~~
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6~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

6 (5 6 6

+ l0q~~~- 8 q~~~+ i6q - 12
6 6 6

+

P7 
= 
j

6 
p7 dy~~ -4 

in (q~~ + 1): 4 in 2 + ~~ q~~ - ~~~ q~~ -

- 2q 
+ 

+ 4q 
+ 

-

6 *5

(5+

= f ~ ~ dy~~ 16 in  (q + 1)- 16 in 2 + ~~~~ q~~ - 9q~~ + 4q~~

+ 8q~~ - 16q ,. +

6~
= J ~~ p9 dy

-f 
= 

2 

~ ln (q~~ + 1) + 4 in  2 + ~~ q~~° - ~~ q~~

~~~~~~~~~~~~~~~~~~~~~~~~~

~5
-f

~= J ~~ p;dy~= _ 64 1n(q + + l )+ 64 i n 2 + 1 4 q
6~
°_ 5oq

6~

- -
~
-

~~~~~ q~~ - l6q~~ - 32q~~ + 64q~~ -

• 6-f

= p11 dy
-f 

= 

1 

~ 

~ :~ 

in 2

2

+ 
~~~ i~

2 

~ 
q~~°

• 

- -
~~

- q~~ - ~~~
. q 4 - q~~ - 2q 4~ + 4q -

j  I 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- •-- -------- - -
~~~~~~~~
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1 +

I = 
~~ P~1 

dy~ = 512 in (q~~ + 1) - 512 ln 2 + iO5q~~
2 

- 490q~~
0

I + 
l7~5 q 8 - 2054 q 6 + 128q~~ + 256q~~

1951I — 512q ÷ + 
6

- 1  -f

1 1 + 3  + 2y q dy =

a~ 0 
35 ct

5 *5

+
- 15

1 1 + 4 + 1.. —2- m4 j  Y q dy =

l 2a 5 6

+
6

— 1 -‘- 5 + 2
Y q dy =

a~ o 63a5 6

15-f

1 1 + 6  + 1
—~ m6 = j  ~ 

q dy =

a
~ o 20a5 6

+
*5

1 + 7 + 2y q dy = 2~~ila~ 0 
99a (5

+
6

1 + 8  + i
• _2- m8 f  

y q dy =

I a5 0 
30a5 6

__ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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+6
1 1 + + + 2 + —

—
~

- n1 = j y q u dy = 2 [K tie ~
)5 —

l5
~~

c
~5 

(5

+6
1 1 +‘~ + + 2 + *

~~~ 
n2 = J y q u dy = —
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Figure 3 U Velocity Profile
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Figure 4 U Veloc ity Prof il e
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Figure 5 U Velocity Profile
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Figure 7 U Velocity Profile
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Figure 8 W Velocity Profile
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Figure 9 W Velocity Profile
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Figure 10 W Velocity Profile
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Figure 12 Transition Line
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Figure 13 Grid for Finite Difference
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Figure 14 Boundary Layer Thi ckness
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• Figure 15 Turbulent Skin Friction
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Figure 16 Boundary Layer Thickness
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Figure 17 Boundary Layer Thickness
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Figure 18 Boundary Layer Th ickness
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Figure 19 Boundary Layer Thickness
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Figure 21 Boundary Layer Thickness 112
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Figure 22 Boundary Layer Thickness and Shear Angle
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Figure 23 Bounda ry Layer Th ickness and Shear Angle
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Figure 24 Boundary Layer Thickness
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Figure 25 Skin Friction Shear Angle
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