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• OF THE OCEAN SURFACE, VIA THE I T I ,  I p 

INTRODUCTION /

The statistical properties cif signals reflected f rom the ocean
surface depends on the stochastic properties of the surface.
An example of this is the prediction of the average energy reflected
from the surface as a function of angle of incidence. To evaluate this
quantity, it is necessary to know the spatial correlation of
surface heights. Measurements or assumptions of the directional
wave spectrum of the ocean are first obtained. The spatial—
temporal correlation of the ocean surface is expressed in terms
of this directional wave spectrum . This memorandum des cribes a
method of evaluat ing this expression by means of the Fas t Fourier
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‘Transform (FFr). Since the FFT method is much faster than the usual
numerical integration method , it is highly desirabl e for experimental
data. This mernoranduir. presents the first known evaluation of
surface spatial correlation by the FFT method.

DIRECTIONAL WAVE SPECTRUM

A review of the statistical properties of the ocean surtace
is given in References (1), (2) and (3). The review will not be
repeated here. The directional wave spectrum is expressed
as A .L). A~~c~~e)dL’d& is the amount of surface wave energy
of angular frequencyt~, flowing in the e direction in the interval

The relation between the spatial—tenporal correlation
and the directional wave spectrum is

ec Lf ~~f ~ AtC )ce
~ L~~~~~

ces8# ~f v.4#:~ e _~drJ ~~i

where is the acceleration of gravity constant

~ is the separation of the surface points in the
x direction

V is the separation of the surface points in the
y direction

l~ i~ a separation of time at the two points

~ is the correlation
~~~~~

- is the mean square height of the surface

Expressing the directional wave spectrum in terms of the surface
wave numbers in the x and y directions , we have (see References
(1), (2) and (3))

e(u) v) ) f f d I (~~ k~ ~~~~~~~~ ~ ) s 1Jc~c v 
~~~~ ~~~~~~~~~~~ & z-

The spatial correlation of interest in this study is obtained
by setting ‘~~O. Then

In order to put this ,in th e more conven ient Fourier Transform, we have
e (2 r r u I~~.i-r v i o)~ -
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The expressio~ within the bracke ts is the two dimensional Fourier
transf orm of Re stands for the real part of.

Let us now consider a wind in the x direction. It is sometimes

assumed that the directional wave spectrum exists in the first
and fourth quadrants only and that the spectrum is symmetric about
the x axis. The above assumptions are intuitively reasonable.

For these assumptions, ~

~zr V~ o) ~~~~- Re {J.d k,fd k~ 
IA~~( ~~~, 

k
~)e,~fE~ ~ T7 (kx ”

1 4~~y V~~

e(~ n~~~~ff ,°)~~a ~e[ r ~~t*~~ ~~~~~~~~~~~~~~~~~~~~~~~~

Let us now cons ider the second double integral and let k ‘~~— k
Then

f d~k~ f~ ~~~~~ ~~~~~~~~ .“+

d~~~

where we have used the symmetry property of ,4~~(k’c, k.3’)

Let

Then

ec~~~~~~~~~
v
~ ~

) 3 FC~~~~~)J

Note that ~( “~~“.,o)is symmetric in V ’ but not in general symmetric

u
n 1 )’ .

For many directional wave spectra, such as the Neumann—Pierson
spectrum , Equation (5) can not be integrated analytically. It

1 can by evaluated by dig ital methods t.
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DIGITAL ~DRN

L~t us first evaluate F(4v
’)in digital form. The properties

of the discrete Fourier transform (DFT) answer will contain
We choose a distance D large enough so that to a good

approximation,

F ( V ’)~~ffdLJ~~ A~(k )e t n(k t + 1~~~)3
Since Equation (6) is now defined in a finite interval, it may
be approxLiiated by a double finite sum. Consider the grid
shown in Figure 1. 
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FIGtIRE I

We approximate Equation (6) by a sum of rectangular complex volumes.
The grid size h is chosen such that there is not a significant
change of the complex height in this interval. The number of grid
intervals is N in each dimension , where D~Nh. Then

~~~~ v ’) ~~~

‘ ~ ~~ J~I ) r) e~(r E f f O~. +  ~~ v ’) J 117

~~ and are each periodic , with period D. Values of tJ and V
may be obtained at discrete values of..! .1.0

~~~~ ~ I, exp Tr(~’~~~ ~~~ ~P V • L .  ~~~~~~~~~~~~~~~~~~
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where _ O~ 1 - ._ .

Define — F T~~.. i_

A~ - Z A ( i ,r) i~T)

V 

In addition, for better accuracy, we introduce a weighting factor
t~V1~~, such as that given by Simpson’s or the Trapezoidal rule.

Then

~~~
‘ 

~T ’ 
~~~~~~~~~~ 

,
~~~~~~ 

e~~ j~ r.j~ + ~
rc~~J

‘ r~~ . r o
In the same manner

~~~ I~(u ,- v ’)  .~ In Equation (9) , values of ~~~
re~resent positive values of v ’ , whereas values of ~
represent negative values of v~ . Then

~~~~~~~ ~~~~v~~ O) ~~~~~~~~~~~~~~~ 
~

where n
- - /~~~ I

NEUNANN—P I~~SON SPECTRUM

For a fully aroused sea , the Neumann —Pierson Spectrum is
C/~~~ ~~~~~~~~~~~ 

(~ ~~~~~~~~~~~ ~
= o •r; e — 

— — — /
From References ?i), (2) or (3)

~~~~ 
_ _ _ _ _ _

where
= (jCk~’+-k~~)

”1) ~ ~~
‘
~c; ( k,c *~~.

where~~~ is the argument of the complex value 
k3ky. Then from

Equations (11) and (12), 4 
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0, otherwise

• FFT EVALUATION 
V

Equations (9) , (10) and (13) are the main equations of this

~tudy. Lett~ng ~~~~~ and ky 3~ in Equation (12) and then defining
A~~- into Equation j9); we may compute~~~~. As

noted earlier, ~~ is the DFT of Ar~r’ 
Thus a, two dimensional FY~

may be applied.

One example of the FFT will now be discussed . A wind speed
of 5 knots was chosen. h was set equal to4,.’. . This gives ~

N was chos e~x as 128.

Thus the range of 1c ~ -
~~ k •~~ ~~~~~~~ - ~.L. a”-. -,

6~~~ ~~Z
The corresponding 

~~~~~~~~ ~~ (~~
_ ) IAf ~~

and range of 
~~

_

~~~

- 

~~~~~~~~~~~~~~~~~~~~ x 12 xIL~~)’~/~ 2 C.S~~ Sec~~
’

The Nen~ann—Pierscn spectru:n changes rapidly at the lower angular
frequencies and decays slowly at •the higher angular frequencies .
The above choice of L~k~is. sufficient to saicple fine enough at the
lower frequencies and t-J ~ K 1 is sufficiently large to obtain mos t
of the contributing range of angular frequencies .

The computer program is shown in Appendix A. The firs t part
of the program computes Eauation (13 ) and fills up an array of
128 x 128 dimensions . If each computation of Equation (13) is
considered as a complex quantity,  the nuxcber of computer word

V needed is 256 x 128 = 32 ,768 . This is within the memory capacity
of the UNIVAC 1108 . If N 256 , then the memory capacity mus t equal
256 x 512 131,O~2 words , to s tore the complex values . This is
greater than the ~~pacity  of the UNIVAC 1108. The elements
of the matrix were w- igh ted  by W~ , where in this case the trapezoidal
rule was used . This assigns ~~~~~~~~~ on the borders of the grid
and .25 on the corners of the grid and i for all other values .
The FFT subroutine is then called . The subroutine is described
in Reference (4) . Following Equation (9) , R

p~~~~ 
is obtained.

Note tha t4  u’ ~~~~~~ ; and A (2  jV~ ~~~~~~~~~~~~~~~ . Thus
the distance between adjacent elements of the matrix ~~~ n(3~.) o.-% .

- 
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RESULTS

The spatial correlation at the origin should be I . Without
the trapezoidal rule we obtain a value of 1.04 and thus a 4% error .
Using the trapezoidal rule, we obtain a value of -c .944 and thus
an error of .6%. The error may be further reduced by using the
collapsed-function technique. (see References (5) and (6))
For a 384 x 384 matrix collapsed into a 128 x 128 matrix , the
maximum value = .9995 or a .05% error. The computer program

- is written so as to take advantage of the collapsing technique
-if desired .

DeBoer ~Reference (‘7)) has devised a method of obtainingthe spatial corre1á~ ion fo~ the case of the Neuz anri—Pierson spectrum

~s given -in-Equat ion (13) tha t is more efficient than the simple
•douhle-s~ n. -However, -his method may only be used for very special
cases . Noting that the ~eurnann—Pierson spectrum are a one

- parameter family, namel~r wind speed ~ , DeBoer multiplies the
aátu~l distance df the spatial correlation curve ~~~~~~~ Following
-DeBoer , our no~ma1i-zed - spaUai correlation computations are presented
i .n :Ffg~j re 2 fOr the down wind case and in Figure 3 for the cross wind
case. V TShese curves agree with thcs~ ef DeBoer and thus !erve

a check on the VFFT method and the computer pro2-raln. The correlation
V f or an~y wind ~peëd ina~r be obtained by dividing the normalized
âistar~ce by~~4.- . note that the correlation in the cross wind
4irection -is wiVdé’r Than -in the down wind direction . Note that as
the wind ape~d -increasbs~, - the ocea.~ surface becomes more correlated.

-As the wind ~pë~d -indre&se~~-, the naximuni peak of the Neuma nn—
P-ierson - spectr~bn sh-ifts to lower frequencies. These lower frequencies
besuVl t in a - labgar Correlation distance. V

The Neuinarnr—F ierson spectrum is syrrsxietric in as well as
-in v ’ and -is thus a special ease of Equation (5) .

SUMMARY AND CONCLUSIONS -.

The FFT method may be applied to the directional wave spectrum
to obtain the spatial correlation of the sur f -ice hei ght. The
FFT method i~ substantially faster than the s t ra ight forward
integration method . This work is the firs t known FFT transform of
the directional wave spectrum s
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- - -  
The spatial correlation values obtained by the F~~ are

in excellent agreement with those of DeBoer. The curves presented

- 
- are dimensionless — i.e. they are valid for all wind speeds.

The computer program and analysis in this memorandum should serve
as a guide to future programs for the transformation of experimental
directional wave spectra.
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DOWN WIND

0

• 0
CD

csJ
—I .-
Li0

c-.J

0 . .

0
CD

0. 4 —  4
‘0.00 10.00 20.00 30.00 40.00

- - 
N O~~~ 11ALIZE D DISTANCE

FIGURJ~ II

_ _ _ _ _  ___ - V 

_ • ___ L~~
_
~~~ 

__ _
~

_ ________
~_J

V 12 
- 

-

-- V - - _ --- - -~~~~~~~ - - --_--~~~~~~~~~ •- - --.--



- - -- _ - - -  V - - — ~~~~~~~~~~~~~~~~~ V V

‘- ‘ V . - I , •~~~- -r ~

- 

Tech Memo
No. TA11-120—71

I 
NEUMANN —P IERSON SPECTRUM -

CROSS WIND

0
0 . .  . V

a

-

_

- - _ 10.00 20.00 30.00 40.00
- 

-

. - NORM RLIZEO DIST A NCE -

FIGURE III

- 
. 

.
- 

.

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~~~~~~-


