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* INTRODUCTION

N

The statistical properties ef signals reflected from the ocean
surface depends on the stochastic properties of the surface.
An example of this is the prediction of the average energy reflected
from the surface as a function of angle of incidence. To evaluate this
quantity, it is necessary to know the spatial correlation of
surface heights. Measurements or assumptions of the directional
wave spectrum of the ocean are first obtained. The spatial-
temporal correlation of the ocean surface is expressed in terms
of this directional wave spectrum. This memorandum describes a
method of evaluating this expression by means of the Fast Fourier

e
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>Pransform (FFT). Since the FFT method is much faster than the usual
numerical integration method, it is highly desirable for experimental
data. This memorandum presents the first known evaluation of
surface spatial correlation by the FFT method.

DIRECTIONAL WAVE SPECTRUM

A review of the statistical properties of the ocean surface

is given in References (1), (2) and (3). The review will not be
repeated here. The directicnal wave spectrum is expressed

as AN w,8). A w,e)dw d@ is the amount of surface wave energy
of angular frequencyw flowing in the® direction in the interval
dwdO . Therelation between the spatial-temporal correlation
and the directional wave spectrum is

("’(0 g 0 fdeﬁw A*(w, e)co_s£ “Ucoso + wr = VA«.ne-w"’_] #y

where 8 is the acceleration of gravity constant

v is the separation of the surface p01nts in the
x direction :

V is the separation of the surface points in the
y direction

T is a separation of time at the two polnts
@ is the correlation
6" is the mean square height of the surface

Expressing the directicnal wave 'spectrum in terms of the surface
wave numbers K ka in the x and y directions, we have (see References

(1), (2) and (3))

33 L, ket P, mycasTocs - Gis o]

The spatial correlation of interest in this study is obtained
by setting T=0. Then

ey, v, 0) = E’;!jodkxdk& ztfk‘}k‘ﬂc‘,s[kxu+kad #3
In order to put this in the more convenient Fourier Transform, we have
'6’(2”0',1"\/' 0)= -’— ﬁ’e{ff.bd kx dky A“Ck‘, kgD
L:expCcCankx,u+2tTkav:]} &lf
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The expression within the brackets is the two dimensional Fourier
transform of A«-(kxl kﬂ)' Re stands for the real part of.

Let us now consider a wind in the x direction. It is sometimes
assumed that the directional wave spectrum exists in the first
and fourth quadrants only and that the spectrum is symmetric about
the x axis. The above assumptions are intuitively reasonable.

For these assumptions, _ & X

e(znvyanv) o) = 2 Ref Jd b fdke ATCES, by doueean e’ + 55"}

or
eanv! amv', o)

2—5'%1 Qe[{!dl;qlta A"-[K’l K,}eg,oiltﬂ(b'“'*kyv’)]
(-] < '
+-‘£ dk? fJK-( A‘Ck,/k.’) ex(’Blﬂ’ (k<! I<7 vﬂ}

Let us now consider the second double integral and let k ':-.k A
Then d 7

° =0 A .
:f. dky {4\:‘ A‘(kn,ka) exfzcaw(z, v+ :’V’)]
® -~ A :
= 'or [‘Jky' dEe A (k-, ka’)@gﬂ[dlﬂ’ckgu'-kle )]

; A
where we have used the symmetry property of At Ckx, Ka’)

! - 2 :
Let F(U')V’) =J[dkt Jk} Atckx’Ky)ex,ﬁ ELZ)T(ka"f tav,)]

Then : :
0(‘1rrV‘jarrv‘} o)=%'Re{FCU'}V')+ F’CU')'V‘)} ¢

Note that (’(‘“"",‘"",b)is symmetric in v' but not in general symmetric
in v'. {

For many directional wave spectra, such as the Neumann-Pierson i
spectrum, Equation (5) can not be integrated analytically. It !
,can by evaluated by digital methods, }
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DIGITAL FORM

Let us first evaluateFZU)Voin digital form. The properties
of the discrete Fourier transform (DFT) answer will contain
E(v,-v') . We choose a distance D large enough so that to a good
approximation,

0O D A . '
F(U.)V') gffak‘ JK# Al(k‘) K;)QKP Eﬁankxu'-l- ka v )] &4
o0

Since Equation (6) is now defined in a finite interval, it may
be approximated by a double finite sum. Consider the grid
shown in Figure 1.
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FIGURE I

We approximate Equation (6) by a sum of rectangular complex volumes.
The grid size h is chosen such that there is not a significant
change of the complex height in this interval. The number of grid
intervals is N in each dimension, where D=Nh. Then

Fevyv) = 1_2 S A “(hzynT)expfiamaTy! +5TV')_'] #7
6 J-o

v' and v' are each periodic, with period D. Values of v and v

may be obtained at discrete values of-} :.Lh .

The
F(:&,l) ZZL,’“ "(bI,h:T)exPEca‘bT \I# +"°T?)J
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where ‘#,‘x" o,1,%2, -cna.-- bl = |
t

L]

!
Define f',’g ¥ F(:é; )%)
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In addition, for better accuracy, we introduce a weighting factor
Wex , such as that given by Simpson's or the Trapezoidal rule.
Then :

F N~
‘F‘? - z

IT=po J=0

N-I

ey Ars Cxp[2T (T4 +TR)] #9

In the same manner N
Fi _71_’ FCu',—V') .- In Equation (9), values of ?< /2
represent positive values of v' , whereas values of 9 = N2
represent negative values of v' . Then

" £ :

where

'ﬁ: T=0,1,2,.- -- Np~1

NEUMANN-PIERSON SPECTRUM

~

For a fully aroused sea, the Neumann-Pierson Spectrum is

8 1/
AY(w, ) = /e exp (- %LBCOS"G 3 w >0
' = o, othe~wsse —Lr;_fe = e
From References (1), (2) or (3)
P 2 ' 452
Arlke k)= Y8 A2 8) ,,
K= F o)
where V 4 :
w = (F ki) 6 =973 (ke +i%y)
‘where 93 is the argument of the complex value k:*‘ky. Then from
Equations (11) and (12), i " ‘
e T s SO et ,H.;s. szl

A:' e e s z-_._ o o X . M z Y
Ee oY= c -2 o >0
A~ <, Ky) % <, exp[ ;’at_s'_)cos’-(e) B,
; -m<o < 5
’ = 4
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= 0, otherwise

FFT EVALUATION

Equations (9), (10) and (13) are the main equations of this
study. Letting ke=Th andk,Jhin Equation (12) and then defining
A*(Th 34) = AzrT  into Equation (9); we may compute Fog- As
noted ‘earlier, /o, is the DFT of Ary. Thus a two dimensional FFT
may be applied. i

One example of the FFT will now be discussed. A wind speed
of 5 knots was chosen. h was set equal to/“'- . This gives @9

Ak«tAtJ = _6’7"' . N was chosen as 128.
Thus the range of kx = ka A e
Gv'— 32

The corresponding A - (3 (L )'/./ ~ 0,949 sec™’
v’

) v -
and Tange of w=Vg (c-':’-,_xa xlz.sx/7-8>/"/:z {. 58 sec”'

The Neumann-Pierson spectrum changes rapidly at the lower angular
frequencies and decays slowly at the higher angular frequencies.
The above choice of &Kuis. sufficient to samplefine enough at the
lower frequencies and N 8Ky is sufficiently large to obtain most
of the contributing range of angular freguencies.

The computer program is shown in Appendix A. The first part
of the program computes Equation (13) and fills up 2n array of
128 x 128 dimensions. If each computation of Equation (13) is
considered as a complex gquantity, the number of computer word
needed is 256 x 128 = 32,768. This is within the memory capacity
of the UNIVAC 1108. If N=256, then the memory capacity must equal
256 x 512 = 131,072 words, to store the complex values. This is
greater than the capacity of the UNIVAC 1108. The elements
of the matrix were wcighted byW:s, where in this case the trapezoidal
rule was used. This assigns a Wes =*$ on the borders of the grid
and .25 on the corners of the grid and | for all other values.
The FFT subroutine is then called. The subroutine is described
in Reference (4). Following Equation (9), R g 1is obtained.

Note thatdc-r‘rg'-bh =320 y and p (a2 pety=anm-3te~ . Thus
the distance between adjacent elements of the matrix =zan(3z)owm.
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RESULTS

The spatial correlation at the origin should be | . Without
"the trapezoidal rule we obtain a value of 1.04 and thus a 4% error.
Using the trapezoidal rule, we obtain a value of ¥ .944 and thus
an error of .6%. The error may be further reduced by using the
collapsed function technique. (see References (5) and (6))
For a 384 x 384 matrix collapsed into a 128 x 128 matrix, the
maximum value = .9995 or a .05% error. The computer program
‘is written so as to take advantage of the collapsing technique
-if desired.

‘DeBoer {Reference (7)) has devised a method of obtaining
‘the spatial correlation for the case of the Neumann-Pierson spectrum
as given-in Equation (13) that is more efficient than the simple
-double-sum. -However, his method may only be used for very special
cases. Notidg that the Neumann-Pierson spectrum zre a one
‘parameter family, namely wind speed S , DeBoer multiplies the
actusl distance of the spatial correlation curve by1§?u Following
-DeBoer, our normalized spatial correlation computations are presented -
-in ‘Figdre 2 for the down wind case and in Figure 3 for the cross wind
case. -These curves agree with those of DeBoer and thus serve
gs ‘a check on the -FFT ‘method and the computer program. The correlation
‘for any wind speed may be obtained by dividing the normalized
distance bngému Note that the correlatiocn in the cross wind
direction ‘is wider than in the down wind direction. Note that as
the wind speed -increases, . the ocean surface becomes more correlated.
‘As the wind speed increases, the maximum peak of the Neumann-
Pierson spectrum shifts to lower frequencies. These lower frequencies
result in a larger correlation distance.

- 4 ‘ .
The Neumanm-Pierson spectrum is symmetric in ¢ as well as
in v' and 4s thus a special case of Equation (5).

SUMMARY AND CONCLUSIONS

The FFT method may be applied to the directional wave spectrum
to obtain the spatial correlation of the surface height. The
FFT method is substantially faster than the straight forward
integration method. This work is the first known FFT transform of
the directional wave spectrum. i
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" The spatial correlation values obtained by the FFT are
in excellent agreement with those of DeBoer, The curves presented
are dimensionless - i.e. they are valid for all wind speeds.
The computer program and analysis in this memorandum should serve
as a guide to future programs for the transformation of experimental

directional wave spectra.
|
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C  SPATIiAL CORRELATION OF SURFACE e Y
(o He lGnT Via tHE FFT

 PARAMETER NSZ1280 41z o nNDI=NS/vi o NOIMIZNDI=1pNIMLzNI=]

PARAMETLER TIC=cB8pNCIZive+] o NC2SC+2
IPL1Cal DUULLE PA'CJJION(A'H'O-Z)

CUfPLEA_ A(lu¢rNal)

= . - - ——— —

-

DIMENSION Wh(2) .
DATA nid/ouIlethuly
Real X1(0CZ) oY1 (S ) yoUFFER(10000)
CALL PLUTS(BUFFER»10UQ0,6)

CALL PLOT(0»U,100) D

CALL PLUT(0,70e9=35) i :
Al EORMAT (Dol kS gy 0o - e
39 FurRMaT(LlAr2I%y»cilo,8) e
34 FurinaTibard(2l4eELSe8)) ;

CC':D” .\)04‘%2

coel=(C*scC TS e S I L R

Dheé=4 .00/eCCC
—__Cr.4=30090.00_ B o

G=980 400200

GLZG*S e

PL123,141032695056897%324D0

Y READ (A 3Ly ERUZ32)TI AL TS1eifS49HS2¢SKePL

S=ol 4109200 4L0/30J2,00

L i SASCER T £

Bl BT AVALABLE COPY

e BT

SL=S/ (26%0)
SCe=yu %50

SC+=5C2%5C2
SCo=_C+#%5C s

Pio2zPI/2, ’ ' -
SiPluszs5onT(PLU2) © B
VARZCF P i02*5P1D2x3,.50%SCS
SiGz=sunT(vAR)
DF=CC/NS

Fiv=2 4 x93/ 52 e e i
D0 1 iR=Venbinl
JO 2 uS=3,n01int

DU & Ju=0pNIML
IkP=1x+1PsNDI
ISu=uS5+HJduxilD]
. IF(IHHQEU.QoAND.ISQoEQoO)55ﬂ5=0‘_~“~__w__
IF‘IHPOtWOOOA'JUOISUQtGQO)bo TV 4
IizIRP&%2

oot er it s e o
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OMEG=SGRT (SURT (11/0CLC+0J/CCCL) ) 4SIRT(6)
QuEGez=0MELRxL
SSHSZEAP (=2, %62/ (01.£62%52) )
SOLHSZSOHD/UMEL* %9
5;.‘5_Q;|14;aa*.F4/2 00
Xn=Inr/CC
YAn=15w/CC
TreT=nTAC (YK XK)
S5HSZSono*COSITHET ) #%2 .
ASUN=5SHa+ASUM
4 CUINT ihwE
3 CunTIiue
IT=Ik+1 _
Ji=isri I "
) IF(IH;EL.O.OK.IR-EG.Nqul)ASUN:,SUOkAsum_
Ir'(\JS.L‘;\.‘-‘.().UN.\JSodC'.rJulr'al)ASUf’--‘-obuU*ASUM
 AULT,ST) =ASUM
e - CunTwi

3 CONTRRUE.. O SR R AR e S i =
CAL FOUAl(A'NNDZ'-loOvO)
DU 7 [=2,128e2

———— e

] Q0 5 \J—lPNC & r
V= (u=a)*®urx2exPL ol _74,;/1/5 ISl % oy

VSV xF N
_X1(y)=V
Ii‘(d.l‘.dol)r\\V—a UJ*v\g_*L(A(I'J))
IF(Jstwed)sC {0 ©
Anvzie *L(A(L'd))+<*AL(A(IrNS+4—d))
o AWVZAILLVELR2/VAR
Yi(J)=ANY
 dnITe(4033)IeurVeANY
5  COUNTInJE
7 CONTINJE
X1(NCL)=C,
Kl(,'a\.-‘)=10.
Y1(wl)==,6 : . _
IS ¢ W ST~ =T T = : e = "
CALL LInc(X1eY1oyNCy1,p00Q)
CALL AKIS(Coer0eplIHNORMALLIZED OISTANCE »=19r4erU,p AL(NCL1) 1 X1INC2) 01
20,)
CALL AXIJ(O.vO..11rco.xRt-_LAT10u.+11p‘+.o90..Y1(Nc1):Yl(r.CZ) 10,) .
CALL PCi(20e00,4,0r=3)

— CALL PLOI (0erCar393) RS RS AL L e RS
STUP :
S2 ENO

S i S USRS ePS—— - - TSRS S ——— MRS .

e ~ | | |
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NEUMANN-PIERSON SPECTRUM
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~ NEUMANN-PIERSON SPECTRUM
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