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STUDY OF THE RECIPROCAL FUNCTICN OF INCETERMINACY OF A WIDEBAND

SIGNAL WITi A COMPLEX LAW OF ANGULAR MODULATICN

Ge V. Svinchevskaya

A study is made of the function ot indeterwminacy of a sianal
with a complex law of angular modulation and the reciprocal tuncticn
of indeterminacy of the pair, signal - filter, which with respect to
its properties approaches the properties of the function of

indeterminacy of a Gaussian LChM-signal [Tr. ncte: JIUYM- linear

frequency-modulated ].

The function of indeterminacy is a universal characteristic ot

complex wideband signals which makes it possitle to select one or

another signal in varicus radar situaticans (1, 2, 3). Among the
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wideband signals, an LChM-signal with a Gaussian envelope is of
undoubted interest from the point of view cf prcperties of the
function of indeterminacy [4, 5). Practical realization of such a
signal, however, is quite difficult because of the limited
fossibilities of modern radar station tramsmitters. This is explained
by the fact that the majority of powerful pulse superhigh frequency

generators operate in the key mode in which amplitude modulation is

impossible.

In this work a study is made of the functicn of indeterminacy
and the reciprocal functicn of indeterminacy of a signal with a
complex law of angular modulation and a rectangular envelope. The
reciprocal function of indeterminacy of such a signal approximates,
with respect to its properties, the function of indeterminacy of a
Gaussian LChM-signal, and the realizaticn of this signal is not

difficult.

] The law of angular modulation of a sounding signal is described

in the following manner:

(1) f(t)y=h (t) +f2 (1),

where
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(2) fi (1) =fo+kt, and [a2 (£) =Afmcos omt.

In this case K is the rate of frequency change during a pulse T,
equal to Af/T; 4f is the frequency deviation; Af,—=pfn; p iS the index

cf modulation; fs» is the frequency of modulaticn.
In complex form the sounding signal has the following form:

(3) ’ T
S ([) =el0W) eflex(‘)+9!(f)] Itl < g E

where 0O (f) is the phase of the signal determined by the law of change

cf the instantaneous frequency of the signal (1). r

On the strength of the familiar relaticnship from the thecry of

Eessel functions [6]

oy :
= N Je(p) - et

== —20

jBsinw_t
e m R

(3) may be rewritten in the following manner:

“ § () =el®h {-’o (B)+ X Je(BYye™n' + (— 1) Ju(B) e /m
= k=1

k=1

~

U‘th |t| < "2—.’
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The function of indetermiracy of such a signal is calculated
according to the formula [ 3)

(5) % (x, Q) -ﬁ —QlEv /3‘&‘4 (ty-A* (t—1)- e—i% 4t /'

where E is the energy of the signal, equal to T,/2, and A(t) is the

complex envelope of the sounding signal equal tc

[ sin
(6) A(t):e’ o~ HBsino ¢ ).

where u = 2nk.

Taking into account (€) the functicn of indeterminacy (5)

tor
=0 has the following form:

(7

T

T/2
_['ﬂ:. i .
X(n Q) =gl ® J( elisvta ¢ (1= ) son 1= ) dt |.
-5+ \

Analogously to (7) the expression is written for 1<0. In this

case the integrand does not change and the limits of integration
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tecome equal to T/2 and T/2 + 7.

Transforming (7), expanding the last exponential factor in the
integrand into a series with respect tc Bessel functions [ 6]

+

(8) @ e %‘4’! 9 O ('- ;) o 2 *Je (25 sin —‘»‘%‘-) exp [ik(l)m (t 7 -%—)]

khe=—oo

Substituting (8) into (7) changing the order of summation and
integration and combining the results fcr 120 and 1<<0 we obtain

“+ oo
Y (28 sin 2% ) tnan(x, @+ ko)

k=—

(9) x (v, Q)=

From the last expression it is evident that the presence cf a
supplementary sinusoidal ccmponent in the ccmpcsition of the
instantaneous frequency of the sounding signal leads to the fact that
the function of indeterminacy of a signal with a complex law of
angular modulation is the sum of functicns of indeterminacy of a
signal with linear frequency mcdulation, shifted along axis 0 by
frequencies, which are multiples of the modulation frequency D o
the emvelopes of which change in accordance with the Bessel

functions.
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The distribution of areas of high correlation of the function
x (r, Q) is shown in Fig. 1. Analogously, from (4) it is evident that
the sounding signal is the total of LChM-pulses with a rectangular
envelope, the amplitude values of which are proportional to the
Eessel functions. In this case we shall call the component of the

signal the central component

(10) Su(t) = (B) - €/®® [t]<T..

The basic idea of obtaining a reciprocal function of
indeterminacy, approaching, with respect tc its properties, a
function of indeterminacy of a Gaussian LChM-signal, lies in giving
the envelope of the central component a form clcse to Gaussian and in
using a filter in the receiver which is matched with this component.
A change in the form of the envelope of the central component may be

achieved due to a change in the index c¢f modulation during a pulse.

As shown by the studies, the form cf an envelope close to
Gaussian may be obtained during the change of the index of mocdulation
B=c|t|] (where ¢ = 5.26/T). The law of change of the envelope of tue

central component which corresponds to it is shcwn in Fig. 2a as a

function of P and during pulse T.
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The law of change of the envelope of the central coaponent can

be approximated by the following analytical function:

() Lo[B ()] =e=*cos - — G <t< 5

vhere a = 3/T2,

In Fig. 2b the dotted line shows the curve of the approximatiny

function. The root-mean-square errcr of apgproximation in this case
does not exceed 3 o/o. The law of change of the envelope of the

central component we shall call quasi-Gaussian.

Taking (11) into account the complex envelcpe of the central

compomnent of the sounding signal is written in the following manner:

(12)

o
solis

5 T
Au(t) =e 5

<I<

For determination of the characteristic of the filter we
calculate the spectrum cf the complex envelcpe cf the central

component using the method of a stationary phase [2]

3w* w? n
S ___,_ , —
2 ‘/g{'—e 4" cos Fo € (ﬁ‘ ‘)
(13) Su(v) = ‘1 Ay(t) -e—fot i =
-T2 with — 0,5 A0<<0<<0,5 Aw

0 with |w|>0,5Aow.




DOC = 0827 8

In accordance with (13) the characteristic of the filter matched

with the central component is expressed in the following manner:

(14) So (0) ::S; (o).

The reciprocal tunction of indeterminacy cf the pair, signal -
filter, determined by (4) and (14) may ke represented in the forn
1

+
(15) Xsa (v, Q) = = ViE |S S (0 — Q) - S (w) - ef** da |,
o iy

where S(w) is the spectrum of the complex envelcpe of the sounding

signal and F; is the energy of its cential compcnent equal to

0.5A®

(16) E,= :‘. j |Sa(w) ]2+ do= L19Va.T
0

2V6

The spectrum of the sounding signal is determined using a

Fourier transform from (4)
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T2 T2 .
$ (@) = S' S (t) - e~iot dt =1, () s exp{i[(woﬁw) {1+ »';‘~J} di +,
-T2 -T2
(17) =) T/2
e ‘\I_:,k(ﬂ) 'SQ(‘Xp l’/ [((oo — w1+ Rom) -+ »';ﬂ “ dt +
oo T2
A | . 2
H (—1)* Ve (B) [ exp[;[(mo — 0 — how) 1+ ';’-”d:.
1 T2

Conseqguently the spectrum of the scunding signal consists ot the

sum of an infinite number ot spectral ccmponents, the modulus ct
which is proportional to the Bessel functions. Consequently each
ccmponent of the signal (4) has a spectrum typical for LChM-siguals
and the central frequencies of the spectral comgonents are equal tc
wotkom < Depending on the selection of the value om the components

may overlap or separate. Under the condition 05Aw<wm where Aw is

the band of frequencies occupied by each spectral component the
cverlap is quite small and the spectrum of the sounding signal wmay be

tepresented in the form of the curve in Fig. 3.

With a change in the index of modulaticn during a pulse, taking
into account (17), the reciprocal function cf irdeterminacy is

written in the following manner




g P[22~ +m
(v, Q) = ;,‘.‘,x‘lbgf lj LB (D]e " ]d,+
(18) e w‘ i[i,";. (0 FQ—ko ) ] ) Q,‘
e ‘\.“Jk[ﬂ e di+ | (=D* VLB ()]x
S 4 :

do*

ut? 7 o'
il ~Ho4Q+ko ) ] O - Ao . -~ =
X e [ 2 m le V ‘2;: e A (CUS 70 )(‘ 2 x

Ao

Xel‘"'dml =xeait (T, Q) +xoma (T, Q) + Loy (7, Q).

From (18) it is evident that, as dces the function of
indeterminacy (9), the reciprocal function of indeterminacy consists
of the totality of the tasic component Xwau (v, Q) and the lateral
components shifted on axis § to frequencies which are multiples of

the modulation frequency om .

Taking (13) into account the basic component Xwn (1, Q) js

written as

+ bw* Q" e

gy T Ae'. T Aw' Aw? . T a(w Q)
Xsa (1, Q) w VEE e e e €08 Zo €08 — X
(19) i
o w0 30 0
-l | — - n
Xe e * e/""dm|=“—~ e ‘“'(m‘ a1 ¥ 0'5”)'
W VEE,

where
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+ 6wt 602 ,0Q

Il= S e A(I;'QAw'e » e[(,“ d(l)
—

4 60’ 60Q n n
st i ——(20—~Q) | — (Q—20)
Jy= S e “‘"eA""e ¥: [ ae +e 8¢ ]

-_—00

exp (jot) do.

During calculation of components J, and J, we use transforus

which reduce to the calculation of the integral of probabilities (7],

cbtaiming the final expression for J, and J,:

V» ~ A exp |- 2; [22: ] (T+ -l? )]2]

(20)

- & . Q " is
Iy= - Ao exp{ 5 [A'm—, +I(T+ » +_§%)”e Lk s
. nQ

(27
o) Vﬁ Ao exp{ [:::, + (t+ —_— —z%)]}e' [ZH

Substituting the obtained values (20) and (21) into (19) ana

raking simple transformaticns we oktain

_war e
XIJH (T' Q) :"0,43 e . [ cos __A,;) +e 5 ch ﬂ\éﬁl (t+ _g—)]

= 0 may be

The cutting of xmun (v, Q) by planes r = 0 and @

represented as:

_mane o~
Xeari (v, 0)-043.¢ ° (l-l»e ® ¢h ."_’;.‘{',‘.);
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er' n* .
— i s i @
Yo (R, 0)~043.¢ (s . te Chn\s)()‘

The length of the compressed pulse at the level 3 dB is equal to
1.51/8t; respectively the width x (2 0) alpong the axis of Doppler

frequencies comprises 1.51/7T.

» ' The cutting of the surface xwon (v, Q) by a plane parallel to
rlane (r,) and at a level 0.5 from its maximum value is described by

the equation

2
:mﬂb#u) :
w __ﬂ

- - 4 - Q |
N43e » {COS ‘\(:) e ® ¢h {‘gm (t -+ }‘“)} G,5. !

After takinyg the logaritim and following simple transtormations
this expression may be reduced tc the classical equation of a curve

cf the seccnd order which is an ellipse with the equation of the

wajor axis Vv = kr with ~v= Q/2».

Comparison of the cross sections plotted taking the last
equation into account shows that the drcp . (r, Q) along the axis ot
Dcppler frequencies takes place more slowdy tham in the case of a

Gaussian LChM-signal.
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Evaluation of the energy losses during the use of the sigral
with the complex law of angular modulatiom takes place in the
following manner:

(SIN) g
(22) 8P = TS

where (%)¢ is the ratio of the peak power of the signal at tue
cutput of the quasi-Gaussian filter to the mean square of noise;
(SAV)m“::%E is the signal/noise ratio during matched processing of
the signal (4); E is the energy of the sigral; N, is the spectral

density of white noise.

Substituting values (S/N)y and (S/N)uw.. in (22) we obtain

0.5A0 ?
[’;l- S IS¢ (w) 1S (m),l'dm!
° o 2B . K
Ap= — [ e YN zé'igﬁ aB.
3¢(m)P-de

No ;
. A
0

In the last expression S(w) is the spectrum of the complex
envelope of the sounding signmal; Sy () is the ccefficient of

transmission of a quasi-Gaussian filter. Calculation of losses is
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rade taking into account the fact that cnly the component spectrum

(13) is present at the output of the filter.

According to data cited in [1], analogous losses in the case of

a Gaussian LChM signal comprise 3.5 dB.

Let us compare the obtained results with ancther variation of
the pair, signal - filter, which can prcvide the same properties as

the reciprocal function of inadeterminacy as the pair examined ahbove.

The signal in this case is represented by an LChM-signal with a
rectangular envelope which is subjected to weight processing by a
filter, whose modulus of the transmissicn ccefficient is equal to the
square of the modulus of the transmissicn cceftficient of a

quasi-Gaussian filter (16) - a quasi-Gaussian square filter.

The calculation of the reciprocal function of indeterminacy

according to equation (15) in this case leads tc the following

€expression:
% (1, ©)=0,314 -e—m_“_"—[H-e-T ch f‘“‘l‘(r+ Q)]

Calculations show that in this case losses in the signal/nocise

ratio are approximately S dB.

{
1
:
i
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Table 1 shows comparative data for three signals which makes it
possible to judge the effectiveness of the suggested pair, signal -

filter.

In this table the relative efficiency ot the signal it decitels
indicates the sum of the relative energy of the signals and of the
losses of mismatching. The latter arise: 1) during amplitude
modulation of the sounding signal due tc inefficient use of the power
cf the transmitter; 2) during non-optimal processing: a) of a signal
with a complex law of angular modulation-iégh a quasi-Gaussian
filter, b) of an LChM-signal with a rectangular envelope by a

quasi-Gaussian square filter.

Comparison with other known means of weight processing of au
LChM-signal [8] and also with signals with nonlinear frequency
modulation [ 9] shows that although a signal with a complex law cf
angular modulation is inferior to them with resgect to energy losses,

it is superior with respect to properties of the reciprocal

correlation function and has a low level of lateral lobes and

weak criticality toward Dcppler frequency shifts.

CONCLUSIONS
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V. The study of the reciprocal function of indeterminacy of a
signal with a complex law of angular mcdulation showed that its
properties approximate the properties cf the function of

indeterminacy of a Gaussian LChM-signal.

2. In contrast to a Gaussian LChM-signal we can practically
realize a signal with a complex law of angular modulation and a

rectangular envelope.

3. With almost identical energy lcsses in the signal/noise ratio

with a Gaussian LChM-signal, a signal with a complex law of angular

modulation clearly wins out in comparison with weight quasi-Gaussiau
square processing of a rectangular LChM-signal although it is

inferior to such a weight function as Hemming®s function [ 8].

Submitted 25 Jan 1971
Revision 27 May 1971 .
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Fig. 1. Location of the range of high ccrrelation of the function of

indeteraminacy of a signal vith a ccaplex law cf frequency modulation.
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Fig. 2. Change of the envelcpe of a central comgonent of a sounding

signal: a - dependences on f; b - during a pulse.
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basic lobe; 6) LChM-signal with a Gaussian envelope; 7) LChM-signal

with a rectangular envelope and quasi-Gaussian square filter; 8)
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