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STUDY OF THE RECIPROCAL FUNCTION OF INLETEbMINAC Y OF A W I D E B A N L

SIGNAL WIT iI A COM P L E X  L A W  OF A NG U L A R  N G C U L A I I C N

I

G. V. Svir~c h e v s kay a

A study is m ade of the function of ind~~terrinacy ot a s1 l n d l

with a complex law of angular sodul ation an d tb€ reciproca l tun cti cr.

of in deter m ina cy of t he  pair , sig nal — f i l t e r, wh ich with respc’ct t O

its propert ies  approaches  the  p roper t i e s  of t h e  f u n c t i o n  of

indeterminacy ot a Gauss ian  L C h M — s i g n a l  [T r .  note : JIqM — linea r

frequency— m odulated ].

The function of indeterminacy is a universal characteristic at

comple x wideband signals which makes it po ssible to select one or

another s ignal  in various radar situat icn s [1 , 2, 3]. Amon g th e

_ _ _ _  - - _ _ _ _ _ _ _ _
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wideband signals, an LChN—siynal with a Gaussian envelope iz ot

undoubted interest from the point of view ci prcperties of t h ’.~

function of indeterminacy [4, 5].. Practical realization of suc h d

signal, however, is quite difficult because of the limited

~ossibi1ities of modern radar station tLaesmitters . This is ~x i4ain i

by the fact that the majority at powerful pulse superhigh fre~ ut r.cy

generators operate in the key mode in which amplitude modulatio Ll I S

impossible.

I

In this work a study is made of the functicn of indeteratinacv

and the reciprocal function of indeterm inacy of a signal with a

comple x law of angular modulation and a rectangular envelope. Th~
reciprocal function of indeterminacy of such a signal approx imat~~;,

with respect to i~ts properties , the funct~.on at indeterminacy of i

Ga ussian LCh M—signa l, and the realizat icn of this signal is not

difficult.

The law of angular modulation of a sounding signal is descriti~ u

in the following manner:

( 1) 1 ( ‘) =f ’  (t) +f2 ( I ) ,

where

-- -
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(2) 1’ (1) ~f0+ kt , and 12 (t) Afrn COS (Om I-

In this case K is the rate of frequency change during a pulse I,

equa l to At/T; ~f is the frequency deviat ion; Afm f~fm ; ~ is the inuex

Cf modulation; f’~ is th. frequency of modulaticn .

In complex form the sounding signal has the following form:

(3) 
S (t) :~e

/8(l) 
~ e/~ i(’)+’~(t ) J J l ~ ~~

where e (1) is the  phase of the signa l  d et e r m i n e d  b y t he  l a w  of c h a n •~e

cf the i n s t a n t a n e o u s  f r equency  of the  s i g n a l  ( 1 ) .

On the  s t r e n g t h  of the  f am i l i a r  r e l a t i c n s hip  f rom the  t h e c r y  of

Eessel functions [6]

+~~
~~~~~~~~~~~~~~ .e m mt 

*

(3) may  be r e w r i t t e n  in the f o l l o w i n g  n a n n e r :

(4) S (1) e10’~ (
~

) + ~~ J~ (~
) e lkømt + (— 1)~ ~ .!~ (~) e~~~

”mt 

}

with

• • - -
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The f unction of indeterminacy of such a signal is calculatbd

according to the formula (3]

(5) z (t, ~
) 

~ E (0 . A * (t — e~~~ d l f ,

where E is the energy ot the signa l, equa l to ~,i2 , and A ( t )  is t h e

complex envelope of the sounding si~jnal equal tc

(6) A (I) ~~~~

‘ 
~~~o~~ t )

whe r e ~ = 2wk.

Tak ing into account (6) the functicn of indeterminacy (5) tor

t~~O h&s the f o l lo w i n g  f o r m :

(7) x (t, 
I ~~ 

~~2 

et(
~T+Q)t e~~~’~

m (V_ -fl “ n
~~~

( ’— f) dl

Ana lo gously to  (7) the expression is written for ~~ O. In this

case the integrand does not change and the limits of integration

L ~~~~~ —~~~~ ~~~~ • ~Ii~ • II LITT~~ . • 
• 
--. • • • • ~~~ -~~~~~~
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become equal to T/2 and T/2 + r .

T rans fo rming  (7) , e x p a n d i n g  t he  last e x p o n e n t i a l  f a c t or  in  t h ~

integrand into a series with respect tc Besse l functions [ ~ ]

(8) e
I2

~~
hh1 ~~~~ ~~ ~~ 

(
~ ~

) 
~~~~ j~

j
~ (2f~ sin exp [/k0 m (t  —

S u b s t i t u t i n g  (8) i n to  (7) c h a n g i n g t h e  or d er of s u m m a t ion ~ i~ i

in tegra t ion and c o m b i n i n g  the  r e s u l t s  fcr  t~~~0 and -r~~O we o b t a in

(9) X (t , Q) .H~~~~~
JkJ

~(2~
.sin ~~~ Xnqt~ t, Q+k~ m)~.

F rom the  last expression it is ev iden t  t h a t  t ie  presence- cf a

s u p p l e m e n t a r y  s inuso ida l  c o m p o n e n t  in the ccmpcsition of the

i n s t an taneous  f r e q u e n c y  of the s o u n d i n g  s ign a l  leads to th~ t ac t  that

the function of indeterminac y of a signal with a comp lex law of

angula r modulation is the sum of function s of indeterminacy of a

• signal wit h linear frequency modulation , shifted along axis ~? ty

• frequencies, which are multiples of the modulation frequency (i),,,

the eavelopes of which change in accordance with the Bessel

func t ions .
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The distribution of areas of high correlation of the functi un

x ( t , Q) is shown in Fig. 1. Ana logous ly ,  f rom (4 )  it is e v i d e r ~ t i a ~

the sounding signa l is the  to ta l  of LChM—pulses with a rectangular

envelope, the a mplitude values of which are proportional to the

Eessel functions. In this case we shall call the component of thc

signal the central componen t

(10) S~ (1 ) =J 0 (~ ) e10~’~ 1~ ~~

/

The ba sic idea of ob ta in ing  a reciprocal  f u n c t ion of

indeterminacy, approaching, with respect tc its properties , a

function of indeterminacy of a Gaussian LChM— signal , lies in yiv 1n~

the envelope of the central component a form clcse to Gaussian a r d  in

using a filter in the receiver which is matched with this compon~ nt.

A change in the form of the envelope of the central component n-i ~

achieved due to a change in t he  index cf m o d u l a t i o n  d u r i n g  a p u l sn .

As shown by the studies, the form of an envelope close to

Gaussian may be obtained during thE change of the index of modu la ion

~ = c I t I  (where c = 5.26/T) . The law of change of the envelope OL

central component whic h corresponds to it is shcwn in Fig. 2ct as a

fun c t 3~on of ~ and during pulse T.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - ~~ • - -
‘
-~ 

-
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The law of change of the envelope of tne  cent ra l  con poa u r t t c an

be approximated by the following analytical funct ion:

(II) Jo[ ~ (t)]=e —~ ’cos ~~ 11
where a = 3/T2.

In Fig. 2b the dotted line shows the curve of the approx iIratir :~J

function. The root—mean—square errcr of ap&toxilration in this c~.ise

does not exceed 3 0,0. The law of change of the envelope of the

• central component we shall call quasi—Gaussian.

Takin g (11) into account the complex envelcpe of the central

component of the sounding signal is written in the following m ar ineL:

(12) Au(t)r-e cos ~~~e 2 T T

For determination of the characteristic of the filter we

calculate the spectrum cf the complex envelope Cf the centra l

component using the method of a st ationar y phase (2 )

12 yç~i e~~~~ cos j~-e
’(
~~~~~

)
(13) S~( t ) = A~ ( t)  • e !ø’ di r-

—T12 w i t h  — 0,5 t \ o~Zo<O,5 1\w

0 with I0)J> 0,5~~~.
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In accor d ance wi t h  ( 13 ) t he c h a r a c t e r i s t i c  of the f i l t ~ r £1dt c ht u

wi th  the central component is expressed in the following manner:

( 1 4) S~ (e)==S~ 
(e).

The reciprocal function of indeterminacy cf the pair , signal —

f i l t er , dete rmined  by (4 )  and  (14)  n a y  be r ep re sen ted  in t i~e ton i

(15) X~3 
~~~ , ~~~~ 

-- (e — Q) S~ (w)  e1
~

whe r e S (u) is the spectrum of the complex envelcpe of the sound iry

s ignal  an d F~ is the energy of its centta l compcnent equal to

(16) E 1 =~~~- S ~~~~~~~~~~~~~~~~~~~~~

The spectrum of the sounding signal is determined using a

F ourie r t r a n s f o r m  f r o m  (4)

L — 
_____

- _ _ _ _ _ _ _ _ _ _
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112 1/2

S ~w) = $ S (I) e 1t0i dt . = 10 (~) S ex p{j ~ (toØ — w) 1+ dl+,
—112 - ri2

(17) T~2

+ ~~~ 

— T 2  

- - to •
~~‘~ JJ dI-~-

~+ (—1) 
k 

~~ 
Jk ~ ex p (If (

~ — ki0n, ) I + dl.

Consequently the spectrum of the scunding signal Consist.; J~

• sum of an infinite number of spectral ccmponents , the modulus ct

wh ich is proportional to the Besse l functions.. Consequently each

ccmp onent of the signa l ( li) has a spectrum typical for LCh~l—5 i.~u-ils

and the central frequencies of the spectral components are equal tc

- Depending on the selection of the value ‘ m the compe~~ nt~;

may overla p or separate.. Un der the condition O,S~\ w < < W m  where ~ w is

the band of frequencies occupied by each sp€ctral component th ~

overlap is quite small and the spectru~ of the sounding signal ~la y ne

taprese nted in tne form of the curve in Fig. 3.

With a change in the index of modulat ion during a pulse , t d K i n ~

into account (17), the reci procal func t ion cf i r d e t e r m i na c y  i~
writte n in the following manner

• — 

~~~E .~~~~_• 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _  • ~~~~~~~~
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, — ( w + Q )  ]
~ 4n J/ EE ( S ’ ~

[
~ 

(I)Je dI +

(18) 
~~~~~ \ J k[ ~ (~~je ’ L I 

~~~~~ dl f ( J) k (i)Jx

X e h I 2  ( 1 d i} J i ’~~ e & ‘ ( ‘co~ ~~
‘ )

~~~~
‘
~~~ x

Xe1 dw J ~ (t , ~
) -F- X~~i~ 

(~. 
Q) -I X. (t , Q)

From (18) it is evident that , as does the function of

indeterminacy (9), the reciprocal funct ion of indeterminacy con.;ist~
of the totality of the basic component XKJ !I (t, ~�) and the lateral

components st~itted on axis Q to frequencies which are multij ies ot

the modulation frequency ~~~~

Takin j (13) into account the basic component X”31 1 (t , Q) is

written as

X~ 1 (~, Q) = --- e ~
‘e ‘ 

CO~ cos
(19)

• 3Q• no
Xe ~ e ‘~ eR

~
tdw

1 
r— — • 

• J~ ~~~~
‘(  

COS 1~ + 0.5/2)
4~~~J

’1.F~

where

L • .• • ~- .-
- 

~~~~~~~~~~~~~~~~~~~~~~~~ 

.

~~~~~~~~~~~~~~~~~~
-

•
~~~~ • Ti—

_ .

.-ii_i______
~ • iiii _•_ 

-

•~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~~~ 6.’ 6c~I) iQ

11= S e ~~
’c
~

’e
~~~

e1
~
t dw;

~~~ 6c. Q o,Q ~
12 = S  e ‘e~~

’e ~ fe
’ 
~~~~~~~ e

’ ~~ exp ( j ~ T) dto.

Dur ing calculation of components 
~~ 

and d2 we use transforns

which reduce to the calculation of the iz~tegral of probabili tie; f i ) ,

obtaiming the fina l expression for J 1 and J2:
Ii

i /n  1Am ’ 160 .1 Q \12
(20) V 6 ~~~~~ eX p [ 24  [~~~~~ 2 -Fl ~~~ ~lL~)J

(21) 
J2=V-~~

\o) exp (-~4 -[-~2l--!-!(T+ 
-

~~~ +-~ )fle ’~~+

+ ~~
/-

~~
- .
~
\w exp {— 24 [ -~ i H- I ( 1+ _~~- )j2 } e

1~~~.

Substituting the obtained values (~ 0) and (21) into (19) ana

iaking simple transformations we obtain

X,3 (T , Q) =0,43 e b 
[co ~ ~~ f e  b 

•~~~~ ~T \ ~~I 

(~+ 9) ]

6
The cutting of X.~ i u (-r , Q) by p l anes  v 0 and 0 = 0 m a y  be

represented as:
I’,

X.311 (t , 0) -  0,43 .  
- 

(i +e 
6 ch

- —‘-‘~1. - - 

-—

~ T .~~ . i~~~~
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‘I’

F • 
(Q, 0) - 0 ,43. e 

24 
(~~c~ S ~~ Fe ch

The length ot the compressed pulse at the level 3 JB is ~ aua i to

t. 51/8t; respectively the width x (Q . 0) along the axis of DoppLeL

frequencie s comprises 1.51/I.

The c u t t i n g  of t h e  sur iace  ~~~ (t , Q)  
~y a pl ane para 11€! t~~

Flame (r ,Q) and at a level 0.5 f ro .  it! m axi m u 2 value is d.-~~criL ~ i t y

t h e  eq u a t i o n

M
_

\ f ’  ~ 
~— I :iQ -- ~ ‘ “  1 —c sfl ,t3 e t 1 S  e cli 6 ~

A f t e r  taking the logarithm and f o l l o w in g  s i m p l e  t r a n s 1 o & w a r ~~~~t . ,

this expression may be reduced tc the classical equation of a cu~ vc

cf the second order which is an ellips e with the equation of t r ~

major axis v = kv with v~~ Q/2~~.

Compa rison of the cross sections plotted taking the las•

equation into account shows that the drcp X.~i i  ( t , t�) a long the  a x i . — UI

Dcppl e r f requenc ie s takes  place more  s l o w L y  t h a n  in the ca se of .  a

Gaussian LChM—signal . 

-
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Evalua tion of the energy losses during the use of tri e ~~~~~~
with the complex law of angular modulat ion takes place in th~’

following manner:

(S/N)~(22)

where (
~

) is the  r a t i o  of t h e  peak  power  at the  s igna l  a t  t~~
output of th e quasi—Gaussian filter to the mean square of nois.~;

is the signal/noise ratio durin~ matched  pr ocessin~ of

the signal (4) ; E is the energy ot the signal; !~ is the spectrdl

density of white noise.

Substituting values ( .S iV) ,  and ( S / N ) ,, in (22) we obt irn

~ 
s~ ~~~~ t i c

•\ p~~ ~~~~~ ~~~~~ ~~:
2
~ ‘~~~- .3 ,6dB ,

S~~( ü ) j ’ .dw

In thc~ last expression S(w) is the spectru. of the comple x

envelope of the sounding signal; S~ ((o) i.e the ccetficient of

transmi ssion of a q uasi—Gaussian filter. Calculation of losses is

_ _ _ _ _ _ _  _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ _ _ _
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made taking into account the tact that cnl y t he componen t  spec t ru m

(13) is present at the output of the filter.

A ccording to data cited in LI). analogous losses in the case of

a Gaussian LChM signal comprise 3.5 dB.

Let us compare the obtained results with ancther variatio n at

the pair , signal — filter, which can prcvid€ the same propertie s as

the recipr ocal function ot inueterminacy as the pair examined ak:ove.

The signal in this case is represented by an LChN—signcd wit h ~i

tectanqula r envelope which is subjected to weight processing by a

filter, wh ose modulus of the transmissicn ccetficient is equal t t h €

square of the modulus of the transwissicn coetticient of a

quas i—Gaussian f i l t e r  (lb)  — a quasi—Gaussian square filt .er.

The calculation of the reciprocal function at indeterminacy

according to equation (15) in this case leaus tc the following

expression :

.~ø’ (~+ ~

X~ (t , ~ ) ~ 0,3I4 . e 24 
[i +e~~~~ ch n

~~~(~~÷ 
~~

Calculations show that in this case losses in the signal/noise

ratio are approximatel y S dB.

L. ~~~~~~~ 
—

~~~
-‘

~~~~ 
- - T TII—~~~~~ ~- -~~----~-----
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Table 1 shows comparative dat a for t h r e e  s ignals  w h i c h  ni ak ’~s it

possible to judge the effectiveness of the suggested pair, sig nal —

filter.

In this table the relative efficiency at the signal ii. -~e cIL -- 1u

indicates the sum of the relative energy of the signals and of tL~

* - 
losses of mismatching. The latter arise: 1) during amplitud e

modulation of the sounding signal due tc inefficient use of the tower

cf the tra nsmitter ; 2) during non—opti m al process ing:  a) of a s ig n a l

wi th  a com plex law of angular- modulation a quasi—Gaussian

filter , b) of an LCh~—signal with a rectangular envelope by a

quasi—Gaussian square filter.

Compa rison with other known means of weight processin g of •~
LChM—signal [8]  and  also w i t h  s i gna l s  w i t h  n o n l i n e a r  t r e qu en c y

modula t ion  [ 9 )  shows t ha t  a l t h o u g h  a s i gna l  w i t h  a complex law ci

angular modulation is inferior to them with respect to energy lo~ sE-.i,

it is supe rior with respect to properties of the reciproca l

correlation function and has a low level of lateral lobes and

weak criticality toward Depp ler frequency shifts.

CONCLUSIONS 

- - - -  I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -. ~~~ 
- 
I
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1. The study of the reciproca l function ot indeterminacy of a

signa l witn a complex law of angular modulation showed tha t its

properties approximate the properties cf the function of

indeterminacy of a daussian LChN—signal .

2. In contrast to a Gaussian LChM— signal we can pract ically

realize a signal with a complex law of angular modulation and a

rectangular envelope. -

3. W i t h  a lmost  ide n t ic a l  e n e r g y  losses in the  signa l/noi.;.~ ratio

w i t h  a Gaussia n LC h M — s i g n a l , a si g n a l  wit h d complex  law of an ; u l a r

modulation clearly wins out in comparison wit h weigh t  q u a s i— ~~iuss i aL .

square processing of a rectang ular LCh ?~—sig nal although it is

inferior to such ~ weight tunction as Hemming ’s function [ 8).
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Pig. 1. Location of the range of high cccrelation of the function of

indeterminacy of a signal with a colEle z law of freqnency modulation.
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Pig. 2. Change of the envelope of a central coiçonent of a s o u nd i ng

signal: a. — dependenc .s on ~; b — during a pulse .
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Pig. 3. Spectrum of a signal with a coa~lex law of frequency

modulation with ~ = con s t an d (O~/2<<(0m -

Table 1.
I

—- - -- (3) (ci 
-— 

~~~~~~~~~~~~~~~~~~~~

(s )  OTuocu- ’ floTepu Oiuocu- J~JiH TeJib-
Ii 1 

pac col-;~a- Te.lbnae 3~~- HoeTha fi  R~Lia 
. 
Te~ huas cou a u u x , 4 c K T u B -  HOrO Jleuecr-

3!~ept H~ , 86 HOCIb, 86

c rayccosoi~ oru-
1,5

6a~ou~et, —3,53 0 —3,53

(‘0 JP-1M-cHrH ’.~ C npHMo y ro J lbHC )t t
oi i )[IL ’.~I( H Ks a3 ur aycco uMTl

1, 5!ICBa . Lp a T -4 u. lbT pOM —5 0 —5
(~) CHrH a.1 CO CJ1O )KHb ~M 3aK oH oM yr .

AoBo~i MO L Y .PSLIHH 0 —-3,6 —-3 6

((KEY: 1) Name of sig nal; 2) ~e].ative energy , db ; 3) Losses

of mismatching . dB; LI) I~elative efficiency, dB ; 5) Duration of t~ .e

basic lobe ; 6) LCh N—signal w i t h  a Gaussian envelope; 7) LChM—s i~,nal

with a rec tangular envelope and quas i— Gaussian square filter ; 8)

Signa l with comple x law of angular modulation .)) 
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