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ALE output DFT means ~tnd variances bases on knowled ge of the covariance function
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I .  INTRODUCTION

This paper derives the OLi t p L l t  L’o~ar lan c e  f u n c t i o n  of the Adap t ive  Line Enhancer
(A L E )  for the case of a single known siiiit ~oid in un corr elat ed noise . An important  applica-
tion of this  function arises when d e r i v i n g  the  de~ec t to i t  per formance  of a processor incorpo-
rating the ALE as a prefi lter.  For this case . it i~ necessary to derive expressions for the means
and variances of ’ the spectral estimates (DFT bin  components)  at the o u t p u t  of the  processor.

‘ 

When the covariance funct ion of the ALE o u t p u t  is k n o w n , it is possible to compute these
spectral means and variances.

This paper contains an e\pansion of ’ the  der iva t ions  by M edau gh for the covar iance
func t ion  and does not assume a necessarily long f i l t e r  l eng th  compared to signal period nor
tha t  the signal frequency be bin—centered.  I n  addi t ion , the  mean and v ar ia n ce der ivat ion con-
tained herein are extended to the case K ~ L where L is the adap t ive  f i l te r  l eng th  and K is
the number  of DFT points . ‘rite expressions for covariance I’unc t ion  an d f i l t e r  o u t p u t  l)FT
means and variances as derived in reference I are shown to he correct as long as the  f o l l o w i n g
condi t ions  are met:

• The f ’ilter length L equals the n u m b e r  of ’ poin t s  K in the  DFT.
2. The signal frequency wo is g i vcn  h~ ~o u n  L n = in teger  . where L is th e f i l te r

length and

3. The signal f requenc y  
~~~~~ 

is not allowed to approac h closely w = 0 or o = iT r ad i an s
sampling in te rva l .  This corresponds phys ica l l y  to bounded by

( L 1

A general  expression for the  o u t p u t  covar iance fu n c t i o n  is developed when these con-
di t ions  are not  met .  An in te res t ing  resu lt  occurs when condi t ion  2 is n ot  me t :  the  f i l t e r  out-
put  c ‘n ta i i i s  a s m a l l — m a g n i t u d e  n on st a t i o n a r v  component  due to the  f in i te  l eng th  of t h e
Ii I te r .

Section 2 p rovides a br ie f  i n t r o d u c t i o n  to the  AL E and outl ines its operation al char-
ac ter i st ics .  A s p e c i f i c  app l ica t ion  oh the  A L E  is prese nted and a mot iva t ion  is given to obtain
the o u t p u t  covari ance funct ion .  Section 3 provides a detailed derivation and discussion of
the covaria ii ce funct ion and gives e x a m p les oh l i m i t i n g  cases and l’irst-order approximat ions .
SL’L i t o h  4 applies the  covariance l’unc t ion  to a spec i f ic  app l i ca t ion  to f i n d  the spectral means
and varianc es of ALE output  DETs.

3
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2. THE ADAPTIVE LINE ENHANCER (ALE )

PROPERTIES OF THE ALE

The Adaptive Line Enhancer (ALE) is a processor designed to separate the relat ively
narrowband signals (i.e.. si nusoids ) contained in an input  sequence front the relatively broad-
band components (i. e., broadband noise) in the input .  A block diagram of the ALE , shown
in Figure 1 , clearly defines the implementation of a linear prediction filter in the lower chan-
nel , The operation of the ALE has been discussed in detail in the references cited here (2 .
3, 4 , 5) and only will be summarized at this time. The basic princi ple of operation is: the
narrowband components of the input  sequence are strongly correlated over time and thus
may be predicted with accuracy by the linear prediction filter. The broadband components
of the input , however , have appreciable correlation onl y ove r a short t ime and are not pre-
dictable with any degree of accuracy. The input  sequence is split into two channels: one is
delayed by ~ sampling periods (denoted by the Z”~ block ) and then input to the linear pre-
diction filter: the other channel is fed directly to a suntn i ing jun ction from which the filter
output is subtracted. The linear prediction filter consists of an L tap tappe d-delay-line (TDL) .
the taps of which are mult i plied by the L weights of the adaptive weigh t vector (see Figure 2 ) .

input
sequence , ~ error , e (k )

x (k )  —

~E z -~ 
}........

~ ) linear prediction ) filter output ,

delay 
// __________________

_________ 

wei ght update
algori th m

Figure 1, Block diagram of the Adaptive Line Enhancer (ALE) .

x( k ) 

~
<‘
~
) ~ e (k )

I kT~ 

r (k )

Ei gur e 2. Expanded block diagram of A l l .
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The weights are denoted by the W,~ multi pliers and these prod ucts are then summed to pro-
duce the filter output  at time k , denoted by r (k ) .  Ma themat i ca l ly ,  the fi l ter  ou tpu t  is given
by the convolution sum

r(k )~~~~ W~ ( k ) x ( k _ j - ~~) ( I )
j=0

where the fil ter weights have been writ ten as a function of t ime argument k to refl ect the i r
adaptive nature , The filter output  is then fed into a sunt ming junc t ion and subtracted front
t he original data sequence. The purpose of the filter in the delayed channel is to predict the
current value of the data input , x (k ) .  based upon a linear combination of past inp ut  samples
x(k — 

~~) through x(k — — L + I ) .  The filter is described as linear prediction, since the f i l ter
output r(k) is a prediction . x ( k ) .  of the current actual input  sample x( k ). Thus the o u t p u t  of
the summing junct ion , denoted by e ( k ) .  may be thought  of as the error between the  ac tua l
valu e x ( k )  and es t imate  ~(k ) :

e(k) x ( k ) — 2 ( k ) ,  ( 2 )

If the criteria for the prediction filter is to min im i ,.e the mean square of ’ this error , then it is
well known 6 tha t  the resul tant  f i l ter  weig hts WA (or coe fh ’icients ) must sat ish \  the  discrete
Wiener -Hopf matr ix  equat ion:

W* = R I P ( 3 )

where R is the L X L autocorre h ation ma t r ix  of the inpu t  sequence and P is the L X I au to—
corre lation vector with autocorre la t ion e lements

( 4 )

~~ 
)~~ + L — I )

To soRe equat ion 3 for the  WA . sometimes called the W iener sol u tio n or opt im al
weight vector , requires perfect knowledge of t h e  au tocorrelat ion lags ~~ 

(~ 1. h u t ge n eral ly

these are never known exactly ,  The ALE obviates this requiremen t by solving for the W~ via
an iterative technique calle d the LMS ( for least mean square ) al gor i thm.  This is a gra dient
desce n t type of algo r it hm wh ich has been sltown 7’ 8 to converge to the Wiener solution for
uncorrelat ed s ta t ionary inputs .  T h e  a lgor i thm starts wi th  an arbi t rary i n i t i a l  wei ght vector
W( 0)  and updates  the weight vector elements  through the recursion

W ( k+ I ) W ( k ) + 2 p e ( k )X ( k ) .  (5 )

S 
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In equation 5 , X(k) is the vector consisting of the contents of the TDL at time k , e(k)  is the
error signal at time k and p is a feedback constant which controls the speed of adaptation.
A stability requirement on p (references 7. 8) is that it be bounded by

(6 )

where Xmax is the largest eige n val u e of th e input  autocorrelat ion matr ix  R.

Figure 2 shows that the error value e(k) is multiplied by the vector 2 p X (k )  and then
used to update the individual W,~ according to the LMS algorithm. During the adaptation
period, the algorithm updates the filter coefficients such that the filter output  converges
toward the highly correlated (and thus highly predictable) components of the input .  The
minimization of mean-square-error criteria ali gns the phase of the narrowband components
in the data sequence and filter output.  whic h . after convergence , re moves the n ar rowba n d
components from the error sequence e (k ) ,  This is the steady-state operation of the fil ter in
which the filter weights ma Y be represented by the Wiener solution, as sho wn anal~ t ically

and experimental ly . 3

In steady-state , the we ight vector converges in the mean to the Wiener solution , h-l ow-
eve r , at any one give n t ime k the i n stanta n eous weight va lu e W j k )  is given by

W~(k)=W ~~* + V
j
(k) 7)

where W~* is the j th ele ment of the optimal weight vector and V~( k )  is a ,ero- mean gaussian
noise component with variance given by pc 2 ( c—  = total input  power . signal plus noise) . This
component is called the nt isadjustment noise and is due to the use of the LMS ahgori thn t  as a
finite length approximat ion to the true gradient (reference 2) . Fur thermore ,  reference 2
shows the misadjustn t ent  noise is uncorrelated front weight - to -weight :  t h a t  is .

E L V ~(k ) V~(k ) 1 ic~~~( i - j ) , for a l l i .j .  (8)

The misadj ust men t no ise a n d the conve rged weights  W i * a re also uncorre lated . Therefore .
d ue to the zero-mean property of the  Vj (k ) .  and tha t  the ~~~ are deter m ini st ic:

F [ W ~~ V~(k ) I W~ E [V~( k ) ]  0: for all i . j. (9)

Since the variance of V~( k )  is proportional to p. it is ev i de n t tha t  the variance of the misad-

justment noise can be made arbi t rar i ly  small by decreasing p. This translates in to  au abi l i ty
to approximate the Wiener solution W* to wi th in  any desired bound ,  with the trade-ot ’f that
the LMS algorithm takes increasingly longe r to converge . For i t t any problems of practical
interest , ho weve r , this is of no consequence . and thus  this  paper will  treat the converged
weight vector as the Wiener solution WA .

AN APPLICATION OF THE ALE AS A DETECT ION PREFILTER

The ALE provides a real-time method of separating the narrowband input  signals
t’rom the corruptive broadband noise components .  A primary func t ion  of the  ALE is as a
detection prefi l ter  as shown in Figure 3. In this  imp lemen ta t i on .  the narrowband components

6 
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I

x( k )  
______ 

Lpomt f K pofrit 
~ J~~~ thre shold Ji: °

‘ 
r(k ) Rho. , 0)

Figure S. ( s c  ot’ th e ALl  as a predetectio n filter.

appear at t u e  t’ilt er output r ( k ) .  which is then  used as the inpu t  to a DFT. Detection of a
signal with frequency w~ is performed by exa mining the magnitude square of the fre-
quency component and comparing it to a predeter mined threshold level , Introductions to
the detection problem in general may be foun d in many texts 9 ’ h O and only t h e  framework
of the problem is presented here to provide motivation f ’or obtaining the covariance funct ion ,

The case examined here is a purely sinuso idal signal s (k )  corrupted h~ an addit ive
gaussian noise Sequence , n ( k ) .  Let s (k )  he defined by

s ( k ) = A s i n (w 0k + O )  ( 10)

whe re A is the si gnal a m p li t u de . w0 is th e signal l’req u ency a n d 0 is the unk now n in i t i al phase
of the sinusoid. Let the addi t ive noise i u ( k )  he a white zero-mean sequence with variance
that  i s

F [ n ( k ) J  0 ( H a )

F L n ( k ) n ( p ) J  v b ( k - p )  ( I  l b )

wh ere E [ J denotes the ex pectatio n operator a nd ~( )  is the Kroneck er delta operat or. With
the signa l term and noise sequence represented by (lie preceding equat ions .  the received data
seque nce x ( k )  becomes

x ( k ) s ( k ) + n ( k ) .  t 1 2

Now consider the operation of the converged prediction fil ter upon x ( k ) .  Since s(k)
is completel y dete rministic and zero-m ean . the variable  \ ( k )  is a zero-mean gau ssian ran dom
variable t’or a ll values of k. The fi l ter  ou tpu t .  denoted by r (k~O ) to reflect the dependence on
unkn own in i t ia l  ph ase 0 , is def ined as

r(k I O ) = Wj~ x(k - j  - ~~ ) . ( 1 3 )

Thus r ( k f O )  is a linear combination of previo u s input  samples. The summation of the L gaus-
sian variables , therefore. produces the gau ssian variable r ( k I O ) .  As shown in Figure 3. the
detec tion processor then operate s upon the filter ou tpu t  wi th  a K-po int DFT to produce the
spectral estimate R(w) . The w~ component of this es t imate . R (w 0) , is given by

R(cAJ 0 )~~ u + j v  ( 14 )

7
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where

u~~~~~~r(kjO) cos w0k ( I S a )

v = r(k~0) sin ~ 0k. (15 b )

The variables u and v as defined in equations 14 and 15 are recognized to be the real and
imaginary components of the spectral estimate at frequency w0. The statistical independence
of u and v has been demonstrated in reference 1 . and t hus h ave a joi nt p robab i lity de n sity
p(u , v) give n by

p(u , v) = p ( i i )  p(v ) . ( 1 6 )

I t m ay be seen t’ront equations I 5a and I 5h that for a given w0 the variables u an d v are
formed by linear combinations of th ie output  samples. Since the individual r (k I O )  are gaus-
sian variables . the scaling by cos w0k aiid summation cause u to be a gaussian vari able. A
similar argument holds for v. Thus t h e  u , v are ga ussian random variables wi th  calculable
means i~ and ~ and varia nces °u and o~~ , whic h comp letely speci fies the jo in t  proba bili ty
de nsity of equation 16:

r I / n  - ~~~~ I r I / v  - ~~~ 1P(u . v ) — CX I) I — l ~~~~~J I C X P I — — ( — J  I ( 1 7 )
V~ o~ 

L 2 °u J 
~~~~~~~~~ 

L 2 ‘ O’~. / J

1 1
I I / u — u ~~ I i v —  v~~p ( u . v ) , exp — —

~~~

-———— — )  —
T k )  

. ( 1 8 )
_ iTa u uv 2 0u -

Thus , i f one has knowledge of the mean values U and v (defined by E ( u and E (v ) .  respec-
tively) and the variances o~

2 a nd 0v ’  the joi nt I ) ro h abi h i ty density function is imn iediate ly
known.

Consider first the variable u. The variance of u is deh ’i ned by o
~~

, where

( 19)

By app l yi n g the def i n i t ion  in eq u at ion I Sa to eq u at ion I Q , u~
2 becomes

K-I K-I

= F r (k I O ) r(~ j O )  cos w0k cos woQ
k=O Q=O

_ E I~~~~ 
r( k I O ) c o s w0 k} I {  ~~ r(~ I O ) co s wO Q } 

~~~~~~~~~~~~~~~~~ .



r w ~~~~~~~ 
-- . - . - ‘ - “

~~~~~ 

- - -

I
K-I K-I

= 
~~ E~ r ( k I O )  r( ( 1O) } cos w0k cos

k=O Q=O

K-I K-I

— E~ r( k L O) }  cos w0k 
> 

E~ r(~ l O ) ~ cos ~1O I

or

K-I K-I

= 

~~ 
E~ r (k~O )  r(~ l O ) } - E !r (k~O) } E l r ( h f l O ) }  j cos w0 k cos

k=O ~=O (20)

The autocorrel ation function , ør (i ut )  is defined as

~r (m~~ E l r ( k l O ) r ( k + n t l O ) }  ( 2 1 )

and the covariance function . )‘r (uu t ). as

= 
~r(m ) — E~ r( k j O ) F  E~ r (k ÷ m I O ) } .  ( 2 2 )

Then , the exp re ssion (‘or the va riance of the statistic u becomes

K-I K-I

~~r ( c05 wO k c05 0~O~ (23

k=O ~=O

Sim i lar ly. one may derive for the statistic v the following expression:

K-I K-I

= ‘~r~ 
- k ) sin w0k Sin (24 )

k=O ~=O

Thus the variances of the ii and v s ta t i s t ics  are dependent  upon f ind ing  the covariance func-
tion ‘

~r~ ~ 
— k ) .  This derivation is pursued in the following section.

9 
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3. DERIVATION OF THE ALE OUTPUT COVARIANCE FUNCTION

First , the expression is found t’or t he ex pecta ti on of t h e ou tp u t at t ime k con ditioned
on a knowledge o fO . denoted by E 1r (k ~O ) } :

E~ r(k jO )~ = 
E{

~~~ W~(k) x(k -j  - ~)} . 0 ~ j ~~ L -

= 
Ej

~~~ tW ~~ + V~(k )] [A sin [w0 (k -j  - ~~
) + 0] + n(k - j

j =O ( 2 5 )

1-lowever . the misadj ust men t noise Vj k )  a nd wh ite noise sequence n (p)  are uncorrelated :
that is .

E~~V~(k) n ( p ) }  = F lV j ( k f  } E~ n( i )} = 0

for all k , j  and p. Furthermore , since W,j * is deter minist ic .

EIW j
* n ( p ) ~ = W~j~ E~ n pl }  = 0.

Similarly , the sinu soida l ter m is com p h ete h y dete rmin istic . causi ng the cross product expec-
ta t ion bet ween V~( k) and the sinusoid to vanish. This reduces equat ion 25 to the f’ollowing:

L-l
E~ r( k 104 = ~~~ A sin [w0 (k -j  - ~~

) ÷ 01 .  (2 6 a)
j =o

A sint ilar derivation gives the expectat ion L~ r( k + n i jO  ) }  as

E~ r ( k + m l O ) }~~~~~~W~* A s i n [wO ( k + m _ i _ ~~ ) + 0 !, (261) )

Using equation 22 as the definit ion of the cov ari ance fun c t ion .  then  the evaluat ion of 
~ r (m ).

as given by equation 21

ør( m ) = Fj r ( k l t I ) r (k + n i l O ) } .  L = f i l ter  length .

= 
E{~~~ Wj ( k )  x (k  -j  - ~~) W~~k ÷ i i i )  x ( k  + in - i - ~~) 

}

10 
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L-l L-l

ør(m) = E ~~ [W~(k) W~
(k + m ) J  [A sin [w0 (k -j  - ~~ + 0 1

j=0 i=0

+ n ( k — j — ~~)I X [A s i n [w0 ( k + m — i — ~~) + 0 I  + n ( k + m — i — ~~ ) I

(2 ’l )

As bet ’ore . the misadjust ment error . Vj (k ) .  the con verged weight va lu e W~*. and the wh i te
noise seq uence n(k)  are all un correlated. This causes several of the cross-products in equa-
tion 27 to vanish , which will simplify the expression. Expanding equation 27:

~r O1~~~~~l ~~~2 +ø 3 1’~~4 (28)

where

1-I L-I

= E ~~ (W ~
( k ) W~( k + m ) I  A 2 sin (w0 ( k - j  -~~) + 0 I  sin [ w0 ( k + m - i - ~~) + 0l

j =0 i=0 (29 )

L-l L-l

~~ ( W ~( k ) W ~( k + n 1 ) J  As in  (w 0( k - j - ~~ ) + 0 I  n ( k + m - i - ~~ ) (30)
j=0 i=O

L-l L-l

Ø3 = F  ~~ IW~( k ) W 1 k + n 1 ) I  A sii 1 [w0 ( k + m - i - ~~ l + 0 I  n ( k - j - ~~ ) ( 3 1 1
j =0 i =0

L-l L-l

W 1( k ) W~( k + n i ) J  n ( k - j - ~~ ) n ( k + m - i - ~~ ) - ( 32 )
j=0 i=O

First , evaluate

L-l L-l

~~ IW~( k ) W ~( k + n 1) I  .-\ siii 1~~0 k -j - ~~~+ 0 I  n ( k + m - i - ~~ t
=0 i=0

L-I L-l
= A ~~ E I I W j *+ V j i k h I  l W i * + V i k + m ) l  n ( k + m - i - ~~~I

j =0 1=0

X sii ’t Iw 0( k ’ - j — -~ ) + 0 I

I I

~ 

— - - -- - -- -- --- - ---- - -~~~
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L-I L-l

~~ ~~~E 1[Wj * W j * + V j (k ) Wi * + W j * V i( k + m + V j k V i k + m f l
j=0 i=0

X n ( k + m _ i _ ~~) } X sin k~0( k _ j _ ~~) ÷ 0 ] .  (33 )

However , it has been assumed that W,j~ . V~(k) and n(k)  are all uncorrelated for alh j and k.
This causes the expectation in equation 33 to vanish giving

= 0.

Similarly, it may be calculated that = 0.

Now evaluate 
~ l in ~~~~~~~ 29:

L-I L-I

E [W~(k) W~(k + in ) I  A sin [w0 (k -j  - 
~~

) + 0 1
j=0 i=0

x sin

L-l L-l

~~ E~ L W~* + V ~(k ) 1 lW j * + V i (k +m ) 1 }
j =0 i=0

X sin [w0 ( k — j — ~~) + 0 ]  sin 1w 0( k + n 1 — i — ~~ ) + 0 J .

Again W~* and V~(k) are uncorrelated and F ~W j * V
J(k)} 

= 0 gi v ing

L-l L-1

A ElW ~ W .* + V 1(k )  V i ( k  + r n ) I  sin 1w0 ( k - j  - ~~) + UI
j=0 i=0

X sin [w 0 ( k + m — i — ~~ i + 0 J .  ( 34 )

For the sinusoid in white noise , it has been shown (re fere nces 3 and 4) t h at the converged
weights W~* have the form

Wj *~~~.~~ cos w 0 i +~~ (35a)

where

= 
(L/2) SNR 

(35h )I + ( L/ 2 ) SN R

and

SNR = A 2/2v 2 .

12
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T h u s , we have E[ W ~* W~~J = W,j~ ~~~ Furthermore, the mzs adjust ment noise is assu m ed to
be uncor related t’rom weight-to-wei ght but to h ave a constant variance over t ime:

E I V ~( k )  V~(k + m n ) J  = pc 2 6(i - j ) .  3~~)

Subs t i tu t ing  eq uation 36 into equation 34 and rearr ang in g.  then :

L-l L-l
= \ A W ~* W ~~ sin jw 0( k - j - ~~ ) + O J  silt I~~o( k + n 1- i -~~) + 0 l

~j =0 1=0

L-l L- l
÷ . ~~~ \‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

j=O 1=0
X sin ( w0( k + r n — i —~~ ) + 0 ~

=~~~~~W 1 * A s i n lw0 k _ j _ ~~ ) + U I ~~~~~W 1 *A

X sin [ w0 ( k + m — i — ~~ ) + 0 J

~ L-l L-l

+~~~ — 

~~ >, pc- ö ( i _ j ) ~~cos w0( n 1 - i + j )
- j =0 1=0

— cos I~.~)0( 2k  ÷ r n — i  — j  — 2~~ + 20 1] . ( 37 )

But comparing this expression to equat io ns  25 and 26 it is seen that

= I ~r(k I 0 )} F ~r ( k  + rn I o ) 1

, L- I L-l

~( i — j )  ~cos w0( m — i + j )
isO i=0

— cos 1w0 ( 2 k  + iii — i — j  — 2~~) + 2 0 11

= F ~r ( k I 0 ) }  I- I n k  +

, L — h
+ ~~~~~~~~~~ 

- 

~~ Icos ca gjm - cos 1w0 ( 2j - 2k + m + 2~~) - 20 11
i =0

‘3
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= E l r ( k l O ) }  E l r(k + m I O) 1 + A
2 pc 2 L cos

A 2 Pc 2
~~~~~~~ [ 2 . ÷ ( l k ÷ , ~~) ,O] (38)

Form ulas are availab le to eval u at e a fin ite sum I I  a nd several are listed in the appendix .  The
last ter m in equation 38 ntay be written in the form

1-I
~~~ 5111

cos [2w ~ j + = , cos lw 0(L - l )+ tli Jsin Woj=0

where ~i = (m — 2k + 2~~) w0 — 20. TItus equation 38 becomes

= E~ r ( k I O ) }  E lr ( k ÷ m I O) I  + ~~ ~~2 L cos w0n1

l ) + ( m - 2 k + 2 ~~)w 0 - 20 l (39)

where the su bstitu tion

sin w0 L
SL(wo )=

Sill

has bee n made. For 11(k) a white , gaussian noise sequence , ~ = I is su f f i cie n t to decorrelate
signal and noise components. Thus equation 39 simp lifies to

= E lr (k  01 E lr (k + m I O) 1  + A
1 

p~
1 
L cos w0m

A 2 pc 2 
SL(wo ) cos [ w0 ( 2 k - m  - L- l )+ 20]. (40)

This dif fers fro m the ex pression obtained by M eda ugh in re feren ce 1 by the inclusion
of the final term in equati on 40. Imp licatio n s of ~ this will be examined later.

Returning to equation 28 . it rem a ins to eval u ate 
~~~~~ 

given by

L-l 1-I

Ø4 E LW ~
(k) W

~( k + m ) J  n ( k - j - n k + m - i - ~~
j=0 i=0

Thus ,

L- l L-l
4)4 = ~~ E {W ~( k )  W 1(k + m) } E ln (k  -j  - ~~

) n ( k  + in - i -
j =O i=0

14
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L-I L- l
= ~~ [Wf’ W 1 * + E lv~( k )  V 1(k + m ) } J  E ln ( k  —j —

j =0 i=0

X n (k ~ in — I —

The noise sequence t t ( k )  is wh l ite . zero-mean and gaussian wit Ii variance v 2 . Thus .

L-l L-I
= ~~ (W ~~ W i * p

2 ó(m - I +j )  + ji c b(i - j )  V ~(rn - i + j ) I
j=0 i=0

L- lL - l 1 1

= 
4a~~ v~ cos [~~0(j + ~~) ]  cos lw0 ( i + ~~~ ) 1  ö(rn  - i + j )

j =0 1=0 L-

L— I
+ ~~ pc 2 v 2 

~~( i i i )

j=0

1 ~ L— I L— l
1cos o~0( i - j ) + c o s ~~0( i + j + 2~~) l b( m - i + j )

L j - O i=O

+ pc 2 p 2 L ó (m ) .  ( 4 1 )

Now sum over the i—index in the first term of equation 41 . The impulse func t ion  is n on— / .ero
only when i = iii + j ,  and the doub le -summat ~on reduces to

1—1 L— 1

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~( r n - i + j )
i=0 j=0

= ~~ ~coS w0( m)  + cos w0(rn + 2i + 2~~)} . ( 42 (

O~~~IrnI~~~L- I .

The index on i no longer goes from 0 to L — I since not every value of j = ml + i lies in the
interval 0 ~ ml + i ~ I — 1. There are only j — m l values of ’ i I’or which ti le delta function in
equation 42 will be non-zero. The index i thus has the value i = i — m l.  and

w h e n j O — ~ i — l in l .

w h e n j = L - l ~~~i L - I - l n i I .

15
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Furthermore , the lower bound on i is lint ited to I = 0 and the tipper bound is = L — I .  Since
m can be positive or negativ e lag in the range m l ~ L — I . t he summ atio n in equat io n 4 2 may
be written as either:

L— I— rn
I 

~~ 
I cos w0m + cos w0(m + 21 + 2~~) 1. 0 ~~ in ~ I -

or

L- l+nt
11 

~~ 
l cos wom + c o s wo ( 21 _ i11+2 ~~1. 0 > m > - L + l .

Evaluating the f ini te  summations I and II according to the iden t i t ies  in t h e  appendix
and su bstit u ti n g ~ = I :

sin w0( L — in)
I = (L — in)  cos w0rn + cos 

~~~ 
(L  + H I .

siil

0 ~ in ~ L - I

sin w0 ( L + ill )
II = (I  + in )  cos ~~0iti + - cos Iwo (L + 1 ) j .

Sill

0 >  fll > - L ÷ I .

By employing the absolute value notat ion Im i .  the expressi ons I and II may be combined
and the left-hand side of equation 42 writteii  as

I rcos woft ÷ l 1  1( L —  lm l~ cos ~ 0m 1’ , I sin w0 IL — 1111) 1.
L L sin~~~0 J J

O~~~l m i ~~~L - l .

Substituting th is expression in to  equation 41 gives the fina l value h ’or

- 
la *2 ~2 

~ /cos w0(L + I ) \
= 

, i t  L — h i t  I ) cos c~O111 + ( - J sin 
~~ 

( L — n i l )
L- L ‘ 

sin w0 /

+p c 2 v 2 L ö(n i ),  0~~~I n tj ~~~L - l ,  (43 )

Now substituting equations 40 and 43 into equation 28. the autocorre lation func t ion
beco mes

= h - I r( k U  4 ‘ .1 r( k + in 0 4 + A ~ L ~ L cos

‘(I

IL - - -~ ~~~~~~~~ “ 
_ _ _ _  —
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_ A
~~

Mc_
SL(w O ) co s [ wO( 2 k _ l i i _ L _ l ) + 2 0 I  +p c 2

~~
2 L~~(m )

la *2 ~,2 /cos w0(L + l)\
+ — (L — ni l)  cos w0m + ( . J sin ~L — n i l )  .

L \ 
stn w~ /

in i h ~~~L — l .  (44 )

Thus . t h e  cova riance function as given by equat ion 22 becomes

‘Y r(fi ) ‘Yj (fl i ) + ‘72 ( i ii ) +73 (m )  + -~‘4( m )  +‘y 5(k , i i i ) .

0~~ Ini I~~L - - l

whe re

= pc 2v 2 L & ( m )  t 4 ~~~ )

rl  ‘~~1JA” pc L I  -“y 2 ( m )  — ~os w0ni ( 46h

1 1

73 ( m)  2a * v_ 
( L  - in I )  cos w0rn (4Oc i

L-

l a * _ p 2 /cos w0 ( L +  l ( \
‘,‘ i ( i i i ) = — ~ . ) s in  w~~( L m u )  h 4 ~ d )

L- sin

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ h + 2 0 1 ( 4 ( w )

For lags . rn I ~ L. the covariance fu nct  ion becomes

7r ( m )  72 ( i i l ) + 7 5 (k . in )  (4 Th

The origin of these terms is easily understood by considering t h e  steady-state fil ter
response as the superposition of two processes: ( a )  a f ixed fil ter converged at t h e  W~~,
and ( h )  a broadband “n oisy ’’ l’i l t e r  due to the mis adjus tn ient  noise . Thus , the ‘y 1 te rm is due
to t he uncorrelated noise sequence passing through u the broadband noisy f i l ter . Tile result is
to produce an uncorre lated noise sequence in the f i l ter  ou tpu t  which is scaled by tile product

1 1

of total rnisadju stment noise power , pc L , a nd wh ite noise input  power , v . The term 
~ 2 is

produced by the sinusoid (of power A / 2 )  passing throug h the broadband fil ter . A s  such it
represents a pure sinusoidal term in the ou tpu t  at w0 whose power is scaled by ( lie sinusoid
powe r and tota l misadjustme nt power. The term ‘Y~ is p roduced by the input  wh ite noise
within the bandwidth of ’ t h e  converged filter.  This produces a narrowband noise term in the
f’i lter output  centered at the same frequency as (lie sinusoid . hut  with a bandwidth  oh ’ tile

17
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converged filter. The finite bandwid th of this noise process is evidenced by th e triangular
weighting on the 73 component. The terms 74 and resu lt t’romn the finite number of pre-
dictor weights and are produced , respectively, by uncorrehaled noise passing through the con-
verged filter and the sinusoid passing through the broadband t’i l te r . N ote t h at 

~ i 74 are
not functions of time argument k and therefore repre sent stationary components of the l i lter
output time series. However , ‘v5 is a function of ’ k and as such repre sents a nons t a t i on a ry
component of the outpu t  sequence.

The terms and 73 are con tai n ed in the covar ian ce ex pression der ived by
Medaugh [ I ] .  However , the function defined by yr(n u )  in this paper conta ins  t h e  addi t ion al
terms 14 and whiich will next be examined in detail .

Origin of Nonstationary Covariance Terms

Consider Figure 4. which ill ustrates t h e  case for an integral number  of signal c~ d e s
contained within the filter length L. Note that  (‘or t h i s  case . SL IW O ) = 0 and thus  flue
y 5 (k .  in ) vanis h es, This corresponds to the cont inuous case tha t  the integra l over aiu v n u m b e r
of full sinusoid cycles must  vanish. As k increases . t h e  sig nal progresses t h rough the fi l ter

-

t = k 1 ~
‘ ,‘

/ ~ / ( a )~~ A = 0

-~ f i l ter lengt h = L -a.-

= k 2 ,
/

/ ‘. / (b)~~A = 0• 
~~ _ /

t = k  /
J / ‘ /

f c L\A~~O% /

Figure 4. Progression of signal (brought filter (or integer
(n = 2 )  number of cycles .

18
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I

hut the integer characteristic of ’ signal cycles renuai ns constant.  Th us ‘y~ = 0. a mid t h e  iesi ih -
ing expression for t h e  covan iance lr (nl ) given by eq uation 45 is independent of al ) sohute
time index k. As w0 changes sl igh t ly,  however , an incomp lete cycle of signal data is held
within  the filter. (See Figure 5.) The quant i ty  ~ A is the measure of excess sinusoidal c~ des
co n t ai ned in the f i l te r at the ti m es t = k I ,  k2 .  k 3. For the case w0 = 4ir L in h - igure  4 . t h e re
is ito c~ d c  excess f ’or any value of t. However . t h e  absol ute  t ime value k cause s an uiu c a i uce l hed
cycle excess when t u e  f ’requency w0 � 2n in / L. Furthermore.  t h e  “pola ri ty ” of ~ A oscillates
between its extre rn a with i  a frequency given by 2w0. This phe nonuenoiu caiu he seen by trac-
ing the cycle excess in ( a) .  ( h )  and (c )  of Figure 5. Froi uu ( a )  to (c) .  tile s inusoid itself has
t raversed ir/ 2 radians throug h the fi l ter . while the cycle excess has gone front its nuinin - m u m to
its maximum , a tra nsition of in radians for a sinusoid. This is retlected in the t ime—depe nd en l
term 76 (k . i n)  wh ich has oscillations at a h’re quency 2w0. For fixed lag m0. t h e  va lue  of

75(k , 111
0

) will oscillate about its mean value wi th  frequency w0 as the t ime index k
increases. For fixed time value k 0, the function 75(k 0. iii ) be h aves cosinuso idal ly as t h e  hag
in is increased.

Bei n g depe nde n t upo n t h e  ti me i n dex k . 75 (k . n i l  as def ined by equation 46 . rep re-
seiit s  a nonstat ionary process occurring wi th in  the f i l ter .  Thu s is due  to the f in i t e  l eng th  of

5ir

/ .- —t = k 1 /

,
‘ (a) .~A = - ‘h cycles

4

~ f i l ter length = L

— —‘
t = k  / ‘2~~~~ #‘

(b) ,~A = 0

t = k 3
,
/ (c) ,~A = ‘ -4 cycles

~~

Figure 5 . Progression of si gnal throug h litte r for
Ilon .i l u leg cr numb er  of cycle s .

l~
) 
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the filter being “mismatched ” to t he signal frequency. However , t i-mere are two reasoi us whi~this term essentiall y can be neglecte d :

I. As time k increases , the average over k of 75(k, m) is zero.
2. The amplitude of 75(k ,m) for all k , m is typica ll y bou n ded mu ch smal ler than

the amplitudes of the other terms in the covariance expression 45.

Figure 6 shows a plot of ’

SL(W O) sin w0 L
L L sin w0

vs. w0 which illustrates the frequency intervals h ’or which y5(k , in)  may be neglected. For
this figure L = 64, but the plot is representative of all v alues of L. TI-me envelope of SL(wO )/L
decays quickly and is bounded by I / L  (‘or w0 iue ar ir /2 . For purposes of ’ com par ison . con-
sider 7i(m) which is another narrowban d component of the cova n ia tuce expression equation
45. It is seen that the aiuu p h itude of ‘y5 (k . m) is muc h snualler than A 2pc 2 L/2  t’or frequencies
away from the DC bin by t’omming the ratio of ti -me two amplitudes:

1 1

Amp [’y 5(k , n i ) I  “~~ ~Lt°”O’ I
___________ = - =—S L(wo ).
Amp [7 2 ( m ) I  A 2 

~ac 2 L L

L 

~~~~~~~~~~~~~~~~~~~~~~~~~
l S ( )

~.1T ~~ ~!L. n( L ’ 3 )  i r ( L - 1 (
L L L 2 T

radian freq uency, u.,0

Figure 6. Plot oh SL(WO)/L vs. fo r L 64.
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Thus , the amplitude ratio of t k. m l t o  the i i arrowha n d co inpoiuent 
~~ 

in )  is given by the

plot of Figure 6. For intL < w~ < i n  i l - I ( i L , t he 75 ( k . m l  term may be neglected w i t h o u t

int roducing appreciable error into the covariance fuiuction lr ( m ).

The second term under consideration. 74( 111 ) as giVe iu by equatioii  47. is iuex t  to be

ex aiuuin e d.  I t s  e t f ~ cts  upon the total cov aria mice funct ion  can best be seen b~ conup arisoiu
w i th t he n ar r owban d covaria iuce conupoiuerut 73 ( i i i ) .  Thu s term an d 72 ( n i l  both coiutaiiu ( lie
scale factor

L 2

and thus tul ay be com pared easil y - This is shown iii Figures 7a . 7h and 7c which compares
t hu e two teriui s as a f un c t i o i u  of lag ( iii ) for  three d i f f e ren t  f requencies ( a fi l ter l eiugth
I = 1 000 was ch osen ) .  Figures 7a aiud 7h i l lustrate  that  ti - me iu arrowha n d con upo iue n t 73 ( 111 )

dominates 7 2 ( m )  for  w0 = i n -  hO  and w0 i n -  100. The n arrow b an d comp o iuent h a s  a tn-
a iuguhar  envelope due to ti -me I — l i i i )  wei gh t ing  aiud t i tu s  on ly as (lie lag iui l approaches L
does 74( nu ) become appreciable iii iui agi u i tude to 73( l n ) .  For w0 = in 1 000. h owever. Figure

7c sluow s that  )‘4( nu ) heconues appreciable in relative iu iagni tude at about in = 0.2L. TI -mis

frequency represents a line at (lie boundary  betweeiu the DC b u t  aiud h i iu ce iut ered around
w = 2in - L = 2ir 1 000, For this  f requency.  t h e  —y4(m )  sh ould iuot be disregarded. especially
for large iii.

A similar  behavior appears. ~
- i~ w0 approaches in radians/sample interval .  The ter m

74( in)  is now a narrow bau d con iporuent  wi thu f r eque nucy approac h ing in . but with an
etuvelope similar  to ti - mat oh 74( i n)  in Figure 7c. I I w0 is located at t h e  bi iu boundary between

t h e  w = in aiid w = ( I — 2 h r , L bins . t hi e iu ‘y4 ( i i i)  will  he appreciable in mu uagni tude  (‘or m id-

range values of iii aiud should iuot he disregarded.

2 1
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2a~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(a) 0.10 
= i r / l O  (b )  w~ = in/ l00

2a
L

‘S

m =O. 2L
0 I~~~~~% I I ~.e— ~~- m = L5— — —0-- — —

( c) w0~~ r - l O00

•— — — 4  ‘Y 3 (m )

O—— .O 7 2 ( m )

Fi gure 7. Relative values of ’ covaniari ce funct ion  com ponents
(a) w0 h00 ir , L , ( h ) w 0 l O i ~/ 1 , . ( c ) w 0 = i r l . ( L =  1 000).
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4. CALCULATION OF DFT MEAN AND VARIANCE FOR ALE OUTPUT

This section applies t h e  covaria muce funct iomu toward ob ta in ing  expressions f’or t u e
ALE filter ou tpu t  DFT mu lean and vari ance.  T h e  general o u t l i n e  of Section 2 is f’ollowed
here, and the derivations froni Section 3 are uti l ized.

As derived in Section 3. the following expressio mi for t h e  covarian ce sequence.
7r~ 

iii ) . w ill be used in t h e  subsequent DFT mean amid variance calculations:

7r (t
~~ 

= pc 2
~ L ö ( m ) +  j A

pc L ÷ 2a
~

2 v 2
(L ) I ) }  cos w0 miu

,. *2 2 / cos w0 (L + l) \
+ 

~ 
I . J sin w0 ( L - I m u l ) ) .  0 ~ ml ~ L- 1I- \ smn w0 /

= 
A 2 

~c I cos w0 mil . ni )  ~ L . (48)

In t i - m is section the  DFT component  muuea n s . denoted  by E ( u )  amid h v ) ,  are derived,  wh ere Li
and v are defined by e quat io mus I Sa ami d I Sb . r e sp ective ly . Addi t i ona l l y .  t h e  DFT comnpo-
nemut  variamices . and u~

2 . are derived.

DERIVATION OF COMPON ENT MEANS

Begin by de r iv ing  time expec ta t ion  of u . ti - me real domiu p oneil t  o t the o u tp u t  DFT at
f requemucy w~ . for ti -me case of s ignal  prese n t .  The no ta t i om u

simu K
S~~( w 0) ~~’I~ U

will  be used, as will the so lut iomu for \V 1 
~~

. t he  converged value ol ’ t h e  1th  wei gh t , given by

~~ = 
~~~~~~~1 L + ~~ ) )

where the  delay is ~ and time h’i l ter I e m i g t h  is L.

TItus . fo r a DFT of K po i i i t s .

E Iti l = F 
j  

~~
0

r(k h0 ) c o s wO k} 
= I 

~ 
[
~ 

%v~(~~) x ( k _ i _ A ) ]

X cos w0k
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K-I K-I

E + V~(k ) J  I A  sin 1w 0 ( k — j — ~~) + 0 1

k=0 j=0

+ n (k—j— ~~) J }  cos w0k

K-I K-I

~~ {i~~vj~~sin Lw 0 (k-j -~~) +0 I  + A I
k=0 j =0

X sin [w0 (k—j —~~) + 0 I  +W ~ F ~mu( k—j —~ )}

+ L 
~ ~
‘(k( mu k — i - ~~) I }  dOS w0 k

K-h K-I
= A \\ 1 s im u I ) (k - l-~~~( + 0 l  eos w0 k

k=0 j =0

K-I K-I

= 
2a * A sin 1w0 lk -i -.~~+ 0 l  cos Lw0 (j+~~) I cos w0k

k=0 j=0

K-I K-I
= 

a * A sin Iw0(k-i --~
( + 01 jeos w0(jk +~~)

k 0 j=0

+ cos w~ (j+k+
,~)}

K-I K-I
= > l s i ii L 2w 0 (j —k + ,

~~+ 0 1  + sin L 0 1
k 0  j=0

+ s im u [ w 0 ( 2 I + 2 ~~) - 0 I + s i n [ w 0 ( 2 k i + 6 1 }

K-i
= 

~~~ 

{s~~w0 simu 1w0 (K-I (-2w0 (k-L~)+61 +Ksim i 0

+ S K (w O ) s i f l ( ~~O ( K - l ) + 2 w O ~~ _ 0 I + K s i m [2 w O k + 0 l }

1 1
-
~-[—

{K” s imu 0_ S K~~wO
siml 1wO (K_ 1 )_wO (K_l)

-2w0~~ - 0I  +K S2K (wO l sin 1w0(K- I)+ 2w0 i~ - 0 J

+KS K (wO )sinlwO (K_ I)-4’O I
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Let ~ = I for t u e  white noise delay value. This gives the fohl owim ig:

E (u )  = 
a A K  simi ~ +

~~~~~~~~~~~

- 
{SK

2 (w0 ) sin (2 w0 + 0)

+ K SK (wO ) sir u [w0 (K + 1 ) - U  F~
- K SK (wo ) sin Lw 0 ( K - h )  + 0 1

a * AK 2
i O + a* A S

2~~~~~~i n ( i + U )

~~a AK S~~~~~~~
i fl K o s (  8)  . (49)

If w0 is bi tu-centered. SK (wO ) = 0 and E (u)  reduces to

E ( u )  = 
a * AK 2 

sin 0 . (50)

Note th i at  when the f i l ter  lemigth and DFT length are equal . K = L . ami d

*a A L .1(u) = ., sin 0

whu i c h l agrees with t u e  expression derived in reference I .

By the sam e analysis.  E ( v )  m ay he shuow mu to be givem u by

A, * K2 4
* 1

E (v )  = 
a c o s 0 —  —~t 

SK (wQ)cosl2w O— 0 j

+ 
a * AK 

SK (w0 ) sin w0 K sin (w 0-0) ( S i )

If w0 is bin centered ari d K = L. t h en equat iomu 5 I reduces to

*a A L1(v) = —s-— cos 0 (~~~)

whic h agrees w i t h  reference I .

DERIVATION OF COMPONENT VARIANCES

Now , first derive an expression for the variance , 11L 1 .  of ’ t h e  real compomuemut of t h e

o u t p u t  DFT at w0 tinder  com i d i t io m us  of si gnal present. The expression for h a s  been

derived in section 2 and is gi vem u by

K -I K-I
= 

~~~~~~ 
cos w0k cos w02 , K ~ L. ( 5 3 )

k 0  Q’O
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where K = number of ’ points in the DFT and K is less than or equal to L , the length of ti - me
adaptive filter. All subsequent derivations assume K ~ L. Substitutin g equation 48 into
equation 53 one obtains

K-I K-I

~~~ ~ (Q- k) + b cos w0(~ -k)  + c (L-)~-k ))  cos w0 (
~ -k)

k 0  ~=0

+ cd sin w0 (L - )~
_ k ) ) }  cos w0k cos w0~ ( 54 )

* 1 1
‘1 1 2a vwhere a ~c— v L , c = 1

(55)

h = 
pc LA d = 

cos w0 ( L + l )
2 ‘ sin w0

T h e  va n i amuce expression imu equat iomu 54 cami be newrittei i  as

= 0
1

2 + 0 2
2 ‘4’ 0 3 .4’ 04 

(5 ) , )

wh ere

K-i K-I
0 1

2 = a ~~~—k )  dos w0 k dOs w()~. ( 57a )
k O  Q. 0

K-I K-I
0 2

2 = h dos w 0(
~ — k) dos w0k dOS (5711 )

k 0  ~=0

K-I K-I

03
2 = c ( L — l ~ — k l) dos t — k i  dos 

~~ 
k co~ ~~~~~~~~

k O  Q=O

K-I K-I

04 
= cd simi 0 ) ( E. - it - . L~l e” s (4)0 k dos m 5 ’ J )

k 0  h ? 0

The eva lua tio mu of ’ these ter ms is q u i t e  coin p liea ted and f l i  u s  e , ueh i Ic rm will he I real i’d ‘ mu a
separate subsection.
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A. Evaluation of a I 
2

Begin with 0 1
2 as give n by equat io n 57 a:

K-I K-I
= ab (~ —k )cos w0k cos w0~ 

(58)

k 0  ~=0

= a ~~ cos2 w0k ~~~~~~~ L I + c o s 2 w 0 k l

• 01
2 = ~~~+~t S (w 0 ) cos w0 ( K ’~’ l b  . (59)

B. Evaluation of

Begin wi th  0 2
2 as given by eq uation 57b:

K-I K-I

0 2
2 = b cos w0 (~ — k ) c o s w0 k cos w0~ (6 01

k=0 Q=0

= h L cos w0 Q cos w0 k ÷ sin w~~ sin w0 k J  cos w0k

X cos

= 11 ~cos 2 w0~ dos 2 w0 k +-~- s i mu 2w0 k sim u 2w0 Q]

= ‘~~~ ~~~~~ I I  + eos 2w0t~ + dOS 2w0k + cos 2w0 (~ — k ) I

~~~~~ I K + S K (wO ) cos wO ( K _ l ) + K c o s 2 wO k

+ S K (w0 ) cos L w0 ( K — l ) — 2 w 0 k 1 1

h r 1= __4_ 
~
K _ + K S K (wO ) cos wO ( K _ l ) + K S K (wO ) CoS wO ( K _ h )

+ S2 
K
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11K 2 K 1 1 SK (w O ) 1  SK ( w )]
= + 2 Lc05 wo t~~~’4’ 2K ] ‘ (61)

C. Evaluation of 0
3

2

Start wit h 0
3

2 as givemi ill equation 5 7c :

K-I K-I
0

3
2 = c (L— )Q— k )) dos w~ (Q — k) cos w0 k cos w0 Q . ((12)

k 0  ~~0

Using a series of trigono nuet n ic idemut i t ies .  this can be wri t ten  as

K-I K-I

0
3

2 = L I  + cos w0 ( Q — k ) + c o s 2 w0 k + c o s w0 Q l

~=O k=O

K-I K-I
-

~~~

- 

~~ 
I~ - k l L l  + cos 2 w0 ( Q - k ) + c os2w 0 k

Q=0 k=0

+ dos 2w0~ I ( 6 3)

= S 1 — S ,  . ((“3a)

Sum the first sum m ation S 1 ove r the k im i dex :

S 1 = t K + S K (w O ) dos Iw O ( K - I ) - 2 w O
~~

+ SK (w0 ) cos w0 ( K —  I )  + K cos 2w0~ I

Them i sum over

S I = -
~~~~~ [K

2 + S K
2 wO ) +  2 K SK (wO ) cos wO ( K - i ) ]  . (64)
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Now expand the second summation S2 from equation 63 and remove the absolute value
notation :

K- I Q-l
52  = (Q -k)  L I  + cos 2w0 ( Q -k ) +  cos 2w0 k + cos 2w0 Q]

Q 0  k 0

K-I K-I
(k-v) [ I  + cos 2w0(Q-k) + cos 2w0k

Q = 0 k=Q

+ cos 2 w0 Q J ( 6 5)

= S2 , l + S 2 .2

Expand S., by su mmning over k:

= ~~ 
[

~
2 ÷ Q S K (wO ) cos 1wO ( K l ) _ 2 w O ~ l 

Q-I
+~~SK (w0 ) cos wO ( K . . . I ) + ~~

2 co5 2 wO Q _  
~~ k

- k cos 2w0~~-~ ) - k cos 2w0 k

- cos 2w0 Q 
~~
k=0 J

Thue final four summatiomus m a y  be writ ten im i closed fo rm withi t h e  aid of the identi t ies in
the appendix,  giving:

S , 1  ~~~~ 
[

~~
2 + S ( w ) Q c o s L (K I ) 2 Q I

+ S K (wo ) Q c o s wo ( K l ) + Q 2 c~ s 2 wo Q _ c( Q l )

I d sin w0 Q
sin w n ( Q + I )

~ dw0 5m w0 U

I d sin w0 Q
2 d ~~~ sin w0 

sin w0 ( Q — I )  — cos 2w0 Q

29 
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Combining sim ilar terms and grouping tile derivative terms togeth er:

1 d sin w0~— — . [sin wn (2+ I )  — sin wn(Q— 1)1
_ d w 0  smfl w0

I d siti w0 Q
= — . 12 sin wit cos wn Q J

- dw0 smn w0

= ~~
-

~~
-— ~sin w0 2 cos w0~ ~ = Q cos 2w0~

from which we get:

K-I ~ 1

c Q + ~ Q +3Q
S 2 1  

~~ 2 
cos 2 w0 Q

+ S K (w0 ) L Q c o s E 2 w 0 ~~— w 0 ( K — 1 ) 1

+~~cos w0 ( K — l ) ]  . ( 66 )

Now sumn over 2 :

~2 , I c [K
3_ K

+ 1 
I _ 2 5K &co5 w0

~~~~~ 1

+-4 
t~

i
~

j-
~

— S K (wO ) s im i wO ( K _ l ) I

SK Iw O)
+K (K -I ) ., cos w0 ( K — I )

giving

S 2 1  = .. ~~ [K
3_ K
:
:K2

~~
K _ 2  SK w O ) cos w0 ( K - h )

+ —
~

-— S K (w0 ) smn w0 ( K - l )

(w0 ) cos w0 ( K _ l ]  . (67)

Now return to S2. 2 given by equation 65 and make (hue substi tution mi k — Q , giving

K-I K-l-Q

S 2 2  In + n cos 2w0 n + n cos 2w0 ( n + Q )  + ii cos 2w0 2 1
2 0  n 0

(6 8)
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Summing over

~2 ,2 = 
~~~~~~~~~ [(

K_ 2 )( K_ .Q_ I) 
~~~, d~5~ { f l (~) 

simi w0

I d sin w0 ( K — 2 )
— . sin

_ d w 0  smn w0

cos 2 wü Q]

— c V (K - K ) + 2 ( l - 2 K ) + Q ’
~~~ L 2

2=0

+ 
~~~~~~~ sin w0 ( K — 2 )  sn w1j ( K — I ( cos

dw0 ~;i i - m

( K 2 _ K ) + 2 ( I _ 2 K ) + 2 2  1+ c o s_ w 0 2

Now sum over 2 :
r I

— c 1K 3—K K( l—2K )(K—l) 2K 3—3K -+K
~~~~~~~~~ (, 2 + 

4 
+ 12

+ 
d si n w0 ( K —  I) sin w0(K—2) cos

2=0 
dw0 smm i

+ SK (wO )cos wO(K-I)

/ K — I  \
— 

~~~7_
”/ 

~K 
(w0 ) smm u w0 ( k — l )

-
~~ 

SK
” (w0 ) cos w0 (K -1 

) ]j  
. (69)

Ti-me summation of ti -me derivative term leads to a complicated expression , to say ti -me least.
To eva lu ate eq u at ion 69 . the differentiation of the second term was carried out , ti -men ti -me
resulting terms sunumed over the 2 index.  The SK ’ (w0 ) a nd SK ’

~ (w0 ) terms appe arimig

were expanded usimig equations A I O  ar -m d Al 5 from the Appendix.  Then terms were grouped
accordi n g to frequency dependence , giving

3 1
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_ c K 3 -KS, 1 — — _____

-. - 4 6

+~~ 5K (wO ) ~ I cos w0 ( K - h )

+ ( K + I )  S ( w ) + 0

( 7K -3 ) cos w - (K+ 1)
+ 

0 si nu w n ( K - l )8 smmi w0 U

+ ~eos w0 + K
4 K] cos w0 K

dos wt~ ~— 
- ) 

cos w0 ( K — 2 )
4 s m mu w0 1

- 
I — cos w0 + dos w0 cos w0 ( 2 K - I

4 smmmm , 0

+ 
K dos w0 K ( J  + dos w)~~ cos w0 ( K — 1

4 sin 2 simu

+ ( K _ I ) c o s wo
K I l  

. (70)

T h e  expression f ’or 03 is now a combinat ion  of equa t ions  64. 67 amid 70. Rewrite

equatiom i 64 as

= 
cLK 2

+~~ S ) F  ( K L . w0 ) . ( 7 1 )

First observe (h - mat if

tim
= -~~ (in  = in teger ) .

t h en

sin w0 K
S~~(w,~) . = 0 .

‘~ simi w0

This is t h e  case of signal freque n cy being exactly bin-centered or .‘~ actly on hint  boundaries
of the K-point FFT. W h en SK w O ) vanis h es then S 1 reduces to

s _ cLK 2 
7~4 . ( _. )
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Even when w0 is not at these critic al frequencies , t h e  function F 1 (KL,w0 ( is much less

t luai u LK 2 by a factor of h / K.  T h e  muotat ion KL in F 1 (KL .w0 ) represe nts the h i gh est order
prod ucts appeari n g in the functio mu. As w0 0 or w0 in . fl uent SK (wQ ) K am - md a term
approac h - mit - mg a m agnitude LK 2 does appear. However , as long as ir/L < w0 <in  ( L— l )/L
work can be done accurately wit h the approxinuatiom i

SK (wo ) ~ K

front wh ich

SK (wO ) F l ( K L ,wO ) ‘~~~ K 2 L

wh u ich will allow thi e approxiniat iomu to as give n b y equat ion 72.

The term ~ S2 I from equation 67 mi -may he rewrit ten ‘as

= 

~
[
~
] _

~~~~ [K] + SK (wO b F i  (K 2 . K .~~0)

+ SK ’ (w 0 ) F3 (K ,w 0 ) + 
~K ’ (w0 ) F4 (w 0 )

The beh avior of SK ’ (w0 ) arid SK ’ (w0 ) is examined in the Appendix .  T h e  res ult is t h at as
lo n g as w0 is suff icient ly removed from 0 or in , t Im e expression for S2 I is dom i n ate d by t h e
first term. Thus S2 may be approximated by

cS 2 1  — -
~~~~~~ - (73)

T h e  sante approach rui ay be taken townrd S 2 2  as givemu by equ atio n 70, whic h may
be rewrit t en as

= ‘
~~~ 

(
~

) -

~~~~~ 

[
~
] +~~-5~ (w 0) F 5 (w0, K .K )

+~~ F6 (w 0,K , K )  . (74)

For w0 riot near the critical frequemicies , (lie approximation becomes:

3 3
S 2 2  

~~ 

[
~

] = 
L K  

( 7 5)
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By using equations 63a, 72 , 73 and 75 the useful (and workable ) appr ox imatiom i to

03
2 then becomes:

0
3

2 = 
~~h — ~~1. 

— 
~2. 2

1
e L K ”  cK — ‘/L  K \

— —i’— — —j-
~ 

— ck  
‘~~

—
~

-
~
j . ( 76 )

Note that when the tra musform he n gthi  N equa l s I. th i e f i l ter  I emugthu . t h i em u

cL 3
0

3

wh ich agrees wit h (he resu lt in Medaug hi ’s deriv atiom ’u .

U. Evaluation of 04

The evaluat io mu of 04
2 as g ivem u by equat io n 57d produce s a result of t h e  fo l i o w i mig

forrui :

= *(S K (wO ) G I (w O .KL 1 + SL (w O ) C 2 w0 . K t . ) + ( ; 3 (wU . k .E . ) I

Thus . (‘or un / L < w0 < in ( I— i ) L  this term hts  a magnitude on (1w order cKL 2 , which

is m uch smaller than time expres siomu for 0
3

2 as given ~v equatio n 76. Thus the working

approximation to 04 will be

G4 ’~~~~0 .  ~77)

USEFUL VARIANCE EXPRESSION

The use ful approxin ma t i omi  to time v an ianice of ii is mu ow obta inable ,  By the precedin g
argum ents . time following approx mm atio m is  are valid for in/ L < w0 < in L— l )/ rl_

By equation 59 . 0 1
2 ~~~~ pc 2 v 2 LK 

,

1 1 1 ~
‘ bK’’ M C ’A ’L K ’

By equation 61 , 02 ~— = 
8 

‘

By equation 76, 0
3

2 

~ cK 2 (+— ‘~
) = 2a *2 ~~~~~ (.

~
_ 

~
) . (80)

By equation 77, 04 0 . (MI)
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TIme expression for th m e approximatiom i to is

p c v  LK 
+ ~ c A2 LK 2 

+ 
2a *2 K 2 

(*— ,) 
. K ~ L. ( 82 )

By t h e  symnuetry of the  DFT operatiomi , t i-me extemisiom to tIme variance of the imag i nary corn-
pom u emut ~~~ ni-may be made . givim u g

0v = (83)

Whem u ti -me tramust ’orm hemugt hi . K . eq uals time hil ter l em igth L , equatio n 82 beco m es t h e  varia n ce
expression derived in ret ’erence I :

1 1 ‘
~ 3 *

= 
p ÷~~~~~~~ L ÷ a (84)

1
wh ere a = 2 pc  L in reference I .

h-l a vmm ug obtaimued the results in th u s sectiomu one may proceed wi t h  deve l opi um g t I me
probabi l i ty  dens i ty  func t iom u f ’or time ALE output , as out h imied in Sectiomm 2. T h e  desired
mean values u amid v are givemu by equatio m us 49 amid 5 I , respectively , amid uset ’u I appr ox im m ua-

tio ns to t h e  va r iammces o11
2 arid 0v are given by equatio mus 82 amid 83. respective ly.
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APPENDIX
USEFUL CLOSED FORM EXPRESSIONS FOR FINITE SUMMAT iONS

In derivimug the variance and meami solutions , it is necessary to e iu up loy closed formi t
expressions for fin - mite summations of trigoiiornetric terms. From referemice 3 . ( lie h ’ormi iu l a
ob t aim u ed is:

n . / m - i +1 \ ,
sni u —s— a)  simm a + b

sin (k a + b )  = - 

a 
- (Al)

k=0 St fl ç

n . / i i + 1  \ h isin l~~
—

~~
— a) cos ~~

-
~~

- a + h
cos (k a + h )  = - 

. a 
- 

‘ 
( A 2 )

k=0 Smi i ”~

Specifically , let ii = K — l . a = 2w0 :

K-I sin w0k
sin(2w 0k +b) = si n-m~~~~ 

sin Lw 0 ( K — l ) + b I

= SK (wO ) si n [w0 ( K — I ) + b l  . (A3 )

K-I s mm i w0 K
c o s(2 w 0 k + h) = sin~~~~~

c 05 b 0 ) 0 (
~

(_ I1 ’ 1 ’h l

5K (w0 ) cos [w 0 (K—I ) + b l .  m A 4

wh ere

s imu wKSv ( w)  = .sot w

By takim ig derivatives of equatio m us A3 and A4. tIme fol lowing re latio n us may be obt a inmed :

k c o s (2 w 0 k + h I  = 
~~~~~ ISK (wo ) sim u 1w0 ( K - I ) + h l }

k s in i ( 2 w 0 k + h )  = —-
~~j-~~ ~SK (wo ) cos Iw o ( K — I ) + h U  .
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Further dit ’fere nit ia t iomu of ’ eq u a t ions  AS amid A6 gives:

K- I 
1

> k c c  w0 k + h ) _
~~~~— _ I 5K (wO ) cos l wO ( K _ l ) + h J }

~~ k sin (2w0 k + b )  4 2  K (w o ) sim l w0 K- 1 + b l }  . (A8)

Carryi mug omi t fl -me d i f ferent ia t ion i  in eq u atiom i A5

k cos(2w0k +h ) 
~~1S K

’ (f
~~)

)sin lw o (K-l) +h I

+ ( K - i ) S K (w o ) dos 1w0 (K-I ) +h l }

K SK ’ (w o)= —
~
— S K (w0 ) dOs 1w 0 ( K — I )  + H + sin I w o ( K — I )  + h i

SK (w 0)
— , coS I w0 ( is. — 1 ) + b t  ( A’) )

wh ere

~ ~ wn K 1 dos w~ K LOS  w
S1, (wi ~) = — - i = K . - Sm,’ (w0 ) . ( M O )I~ U dw0 L ~ w0 j  smm i w0 “ s i m m

TI -me ternu SK (w0 ) is K as b u g  as in/L < w~ < in (L- I ) L .  TIme beh avior of
SK

’ (w 0) at these critica l frequencies niav he seen e i the r  fromi i exa m iu in im i g  Fi gure 3 or tak im m g
time lint -mit of hothi sides of equation A 10 as w0 —

~ 0 (or w0 in ) :

dos w~ K cos wolt~m m y m Sv (w A )  = 2mrn I K . — Sm,’ ( wrm ) .r~ U I s mmu Wn ~
- sin ww0 - * O L  U

Using L’Hopita l ’s rule. t h e  h in i l t  omu t i - me ri g h t  is sri owmu to be iero . Th um s .

2mm SK ’ (wo ) = 0 . ( A l l )
wo 0
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Returning to equation A9 , th e limit of both sides is taken as w —p 0 amid the result ( ‘ru in
equation Al  h i s  used :

Qim k c o s ( 2w 0k + b )  = 2imn 
[~~SK (w0 )

k=O

SK (w 0)l
— ., j cos [w0 ( K - l ) + h I

givimig

k~~os ( b) = 

[~~~~~~
j

cos h

For p hase ang le b = 0 t imis gives t h e  famil iar  formula (reference 3)

k cos (0 )  = k = 
K ( K - l )  

, ( A 1 2 )

Thus the maximum value of the summation in equation AS is given by equation Al  2. For
= 0 or w = in , time summatio n may im itroduce tern -ms omi t h e  order of K ( K = f i l ter  l e mu gt l u

or miumber of poi nts  in E)FT), depemudent on (lie phase amug le h. A s imi la r  a im aly s is  wil l  show

t h a t  ti -me sumnuat iomi given by eq u mat iomu A6 h a s  the sari-m e nuaxi n umum u t v a l u e  of K ( K — 1) ami d t h mis
is obtained whuen w~ = 0. in amid h = in /2 .  Time value of ’ bot h sum nm iat iomus in equat iomus A~ ami d
A6 decays quickly for w0 away (‘ron -mi 0 or in due to tIme wei g hi t im ug by t I m e SK 1w0 ) (em its.

Next are derived t h e  hounds for t ime summn u a t io n s  of eq t m at iom m s A7 arid A8. (‘ar ryimug
out tIme differ e mtt iat ion specifie d inn equatio n A7 .

K-I

~~ k 2 cos ( 2w0 k + h )  = 
4 dW 2 0 b 0 1}

k= 0 0

= -
~~~~- 1S K ’ (w O ) cos l wO ( K - l ) + b I

— (K-’ I) SK (w0 ) si n 1w0 ( K — l ) +  b l i
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K-h

>~ 
k 2 cos (2w O k + b ) ~~~~~~~SK (w O ) dos [wO ( K _ l ) + h j

+_ !
~~.tS K ’ (wo ) si mu l w0 ( K — h ) + h I

-‘5K Ow0 ) cos 1w0 (K-h) + b I }  +
~~‘ 1I 5K (w0 )

— SK
” (w0 )I cos 1w0 (K—I) + h i

— 2  SK ’ (w0 ) sin L w0 ( K — I )  + t ’ mj } . (\l~

The mu uaxi nuu umu m for equati o mu A 13 occurs w hmem m w0 = 0 amid b = 0. Ta k imug tIme h im uu it &~f huh hi

sides of ’ e qu mati o mi A 13 and emn p l oyi n ug previ ously derived re su m lt s  g ives

K-i
k 2 = !~- ~im mu SK two )_ ’!~’ ~~~ S~ (w0~~~ - t~i mim I SK (wo ) — S k ” 1w 0 m l

k=0 w0 -~0 w0 -*0

K 3 K 2 1 r  1
= ‘

~~~ 

— -

~~

- 

~T 1K - 
~imii S~~” (w 0 ) . (A 14 (

L w0 - *O

Thus , to find ti - me boumud the behavior  of SK Ow 0 ) iii t h e  v i c i m t i t y  of w0 —
~~ 0 m u uust he exa m mi—

m ed. Front eq u mat iomi  A l O .

d 2 r si mu 0)0 Ki r ~~~ 0)11 K cos w
SK ” (w O ) I . I = — 1 K  U — S k Iwo )

dw0 L sumi w0 j  dw 0 L sii i  w0 smi i

1 r I + cos W ()
= -K ~~SK wo + S K (wo ) 

1

L sm mt w0

Icos w~ K cos wül
— 2 K  

. 1 I 
( \ 1 5 (

L smn w~ j
Taking time I i mt u i t  of both sides of equmatiom u A I S :

( ? imn SK
” (w 0 ) = — K 2 2 m m  SK ~~~

SK (w0 ) I I + dos 2 w0 1 2K cos K w0
+ (J u n 1 — I

-
~ 0 s mmu w0 si n ”
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Applicatio n of’ L’Hopitah’ s Rule (amid steadfast perseverance gives

2im 5K (w 0) = - K3 + (2K
3
~+~ K)

w0 -
~ 0

K 3 + K
= —  3 ( A 16 )

Substi tut ing th is result in equation A 14 gives

k2 = 
~~~~~

_
~~~~

-+
~~~

- E K ÷
K 3

~~K] = 
2 K 3 - 3 K 2 +K  

‘ ( A l 7 )

Thu s last result may be factored, givim g the familiar iden t i t y  (reference 3)

k 2 = 
( K —  l ) K ( 2  K — I )  

, ( A h 8 )

T h e  result from equation Al  7 si-mows thuat for ~o —
~ 

(0 , in) summation equation A7

may introduce terms on the order of K3. A similar analysis for ti - me summation in equ ation
A8 gives the same maximum value as 

~o 
(0 , in). As in the previous derivation , the sunima-

tions equations A7 and A8 decay quickly as w0 is moved away from w0 = (0 , ii).
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