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Let S(k,n) be the set of all directed acyclic graphs with n nodes

where each node has indegree at most k • On graphs GES (n,k) the

following one person game is considered . The game is played by putting

on the n ,cI of 0 according tu  the following rules:

(1) an iniut node (i.e., a node without a predecessor) can always be

pebbled;

(ii) if all immediate predecessors of a node c have pebbles one

c~~ 1ut a ~ ebblu on c

(iii one can aiway: rem ove a j ) eb b I e  from a node .

Th~ goal of the game is to put a pebble on vome output node (i.e.,

a node without a successor) of 0 in such a way that the total number

~chh l .’: which are vimul t aneously on the grajh is minimized.

‘ih game model :  the L im e and space reoui r eoj ent : of cc~ni utations in

the l oilowing :en:e. The nodes of G corresr ond to operati on: and the

j :bb~. :  cor r uo j und to storage locations. If a pebble is on a nod e th is

mean s that the result of the cj cr ation to which the node corresponds is

stored in :oac storag e location. Thus the rule: have the following meaning:

(i) input data are always accessible ;

(ii ) If  all oi erands of an operation are known and :t ’red somewhere, the

oj ur a t i on  can be ca rried out and the result be stored in a new

location;

(iii) storage locations can always be freed.

By the rules a single node can be ebbled many times. This corresponds to

m’ e, ’ orn~ u t ,a tj  ‘‘n of intermediate results.
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In ~ a r t i cula r  the game ha: i t  ‘en ured t~ 0 : 1  time and ac: 01’

‘i’ur i m , ~~ m achi  r i :  [1. H’ ] an well a: I ‘ mt 1 ’th an H ‘rag m” q i i i  r n t :  t o

straight line r ’ gr ru mt:  [81.

Known result : about t .h~ o -hU i  gam e include

A: Every gral Ii L i ,  H(iUIr  c o-n f o o J - ~ 1 w t i  ck n/i I~g 0 1 c o o l e n  Wh~~t ’e

the conotan t ck 
de~~ itd ~ only on k [2 ] .

B: There 1: a u i : t an~ c and a uj:i ~.y o~’ g ruo h: r H (2, nI cuch tha i

H r  i n : ’ i r i i t e L y  moamu;: ~ C ‘ a r i r t o t  b -  ‘ - b f l ’ u  w~ U, i t u’m ’

cn/ tug  n ~‘l ]~~-: [I ~J .

~
‘nm’ nor -  - re ’ui t :  nec [1,3, 1 ,7, ~I ]

by Ut  t. I r ig  : - t - t ~~l 0 ‘ ‘0  1 3 ’ ’  mm. 1 . - H a ~~~ b C in ~~ — i - u . r -

It - t’ 1 :~ t ,  , 1g. - m ’ m t: ‘L ‘ I , t i ’  t ie ‘ ‘ , I I i’  -n c I i ‘ b I • - 1

Ii r ; t)  c m i ’-  can l t t r j ( ’  0, t L ~~~~~~~ ~ ‘ , C L )  w i t h  n ~‘l~I 1 .  m u t t :  n :: v ’ : .

H ‘w v- -v ‘ I: - H m’ag’ ’ty~ kn u a m i  t -e d t  i v ~ ~i ( f l  LC’ I~ n )  I ~‘b t- 1 -: efl ev’’t’y ‘

u. -: •~~~: -n -o r  lal ~io - . ‘j ii u_ - it . ~~ . a n- , m i i r : 1  ;uo:L m t  ‘i ’ m’. ~~~~
‘ 

~~~~~~~~ ‘

graphs ‘ ; ~~ 
c . ’ ( o , n )  :uc}t i t t  ‘ - v ’ - r~,- -t ra ~~ ui, . -di  eh achi- :v - -: a

:ij cuu - r 01 t ’ . - -  i’ - L [~~~’ t o  nr .1 , C~
ç
~~OIiUi i ’ I’ ,, ‘~~ m i e . Th U’ I t ndt - i

r 
~ C a,:’

‘ l i t ’ ’’ Y’ ’ t m , .  l i t  - ‘ i ’ ’  ‘ -
~~: I _ - t  0 0 i i  ,‘,~~~ ) l  , ‘ ‘‘U ~l i ( . ‘ ‘

~ . ‘ . __ r s .... ‘~.t L

- i n -  - u  U- ’.’ 1 • • ‘ • • (‘ ,~ - C
1 

, m ~ ‘i  l i i i  I
, 
‘r it’ ‘H i t ’ ’ :~‘ 

n-j t , n

(1) (I~ can h- 1~~L - L L - -I  w i t - li ‘i - • j ’ - I b l ’ :  ‘j m i u : . ’v ’- : .

( : )  ci~ ‘ -ai aJ u t  b ’ - H 1 : 1  w i  ‘,~~~~
-

(7, ) ‘T ry  :1 ra l  
~ .CV wt i ‘1 ,- - i : - i .  0’ i ~ il~ f lC r ‘ - - . ‘‘ mit -  ~~‘ -:  ha: 1

c . ,,’J t ,
.L’ ‘at - l i ’

Thus caving ‘ r u :,’ a ri , -n stnn t l oad I i t  of l i , : : ’ ’td- tu- :  : er e ’ ’~- I- i , ’ ’ ~~~ r~- m m i i  r d

gr ow I ron ii r i - - a r  to ‘ ‘ X j . ’  ner i I I al

3 
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I rot ) V el  t b  ‘ theorems : A: bui lding h i  mteI ~ I ’ r t h e  gm’a; -ii: ’ C we need

C rtai II u J ’ t t ( ’ .I ni gram I i i . A di ri -c t’ al h i  i r i r t i  U - L’, ra l’lJ i t ;  a graj h whose node:

‘ian be ] a rt itu  t r i e d i n t o two di  s,~oj r i t  st - O u t  N 1 , N ,) such that all edge: lead

from nodes in N1 to nodes in N 2 . A directed b ipartite graph is an

n-i/ j  -expander If )N 11 = ~N2~ = n ( 
~~ 

denotes the cardinality

cl A ) and for all subsets N’ of’ N ,, 01’ size n/i the followi ng holds:

[ C  c~ N1 
and there is an edge l ’rom c t~ a node in  

~‘fl > n /j

Lemm a 1. For n large enough there t m x i  st mi - .”-/fl -expanders where the

i.ndegree of each n ode i n ii ,, is exactly li

m u ’  r .
. WI i-h - ‘v r’~i Chij it 1 . 1 , - m i i ’ ; [1, . . . , cii ) [1 ., . . ., t i}  w’ -

- ; t  r - ‘ t i l . ’ - I ’]  art i I .- gr al  Ii  Ii I ’ Ii (r , ‘ mm w i  Lii Ii I r t j  ‘utu ; and i i  ehhl i u i :

i i i  the t ’oll owirig way : The input : and outputs are numbered i ron 1 to n

and If f ( j )  = 1 then there is an edge from input i to output ( j  mod n)

1 1 1 t l i ~ ni tunc ti  on: m a y  1 r tnlue ’ ’ the same graph. A function f is bad

i i ’  I . l i ’  - r- - I : a :,;t I of n/2 1 ri1 ul,: and a sot U u t  nm ,/H outputs such

t h a t  all edges i nto 0 come from I . (Ytherw ise the function f is

~~~ 1, - I  ~~~~~~ Clearly if f is good G
f 

is an n_ .C/ :’ -expander with the

U - sire d I ru •trtic:.

l i t  or d ’ r  I .  - r ’ v - the ‘‘xi ~~t - e i t , ’ , t i ’  a good t ’unct i Oil We r - v~- that the

t ’’ t r t  I m m ,  o f ’ ha l  ‘ t i m , ’  - I i i ; - t o  a_ I I sij t ’h t ’uimmd i i i i , : I ‘‘no:  w .i iii gr’ ‘wi rig n to

l b

‘l’h ’- r . - or ’ - y 1
nl 

t’unctions 1’: [1, . . ., c m )  [1, . . . , n} . There are

(~- - ) ( ~~~
, ) ~~y - - I . ,  mn ‘ u ’  n/H’ nj ui:’ j ant i 

, 
ri /R out j m i t : 0

~~n / ’  (c i t / t i
I” - ‘

- ‘ - v ’  i ’.~ t Iit~ I ‘ “  P I an’ I m m  I l , , -~’, - h r  - ( r i / : ’ )  ii I wa 1,1  i i ;  -

- i - - i t  I ia ’ I ’ I: bad I t - mon t ’ in C 1, all edges into 0 come from I .

‘-P

- _--‘

~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - --_ -~-—__
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II ’ -nc ’~ there  ar e at m us t  ( r m ~~
; .  )( ~~~~ ( / 2 ~~Cfl/ 5  7cn/8 bad functio n s.

‘rims t i m ’ ’ fraction w’’ want  to ‘ ‘s t i t i a t, .  is

( n2 i ’) ( i t~~ 1. ) . (
~/ )

cri /’ ) 
. 

7ctl/ ’t
/

cn

( n ) (
n

) /
~)cn/8 

= o( i )  l ’~~r c~~~~i’

Let F be an n-S/2 -ux.~ and’.-r as in Lemma 1. Construct 11 l’rocL

i’ ’ by ret lac i ng for every output node v the 1’ incomi ng edge: by a

t ’Om;l; 1:1 : b in a r y  I t t - c  wi th I ’  l r -~ v ’ : , b I t - r i O t  L f l f l I 1  v wi t,h t , l i t  r o t  u t

tb - t c t ’; arid l.li~ rodeo’’::’ ‘1’ : 01’ v with iii ’ - 1’ -ar -s . Obviously

T e H (- ‘ , 1- n )

Let .  Hb , d 1;’; the graph cons is t  ing 01’ C cw les oH Eb : -
~~~ , . .

wh’ - r-: t ’or 2 K i C , tb” i r ij  iii node: of E~ -t r ’ dent -if ied with  the

- - - i t ; i t t  tori ’:: of . Thus r S( .  , ( l 5dF l  b I

Th~’ ‘ t  0 1 ’ - ‘f l I  I ut i t - - i s  “1 ‘ l ( t n Ll .1”it th ’ -  ‘ - I l .  I ‘: 1  . ‘j ’It- - i r ; 1  ut

n ode: 01’ f ‘n; level 0

Lemm a ~~~. 11 . - i  
can i ’ -  j - - l ’ l - .~~’ i  wi t i - tb ’  i~: - “ l i :  and (i~3 .i m l ’h r~ ‘yes.

I r . ’ot ’. We ~~~~~~ i, ’vt . ’l I I: ti i i  i t ’ mill m i - c l - -h’  01’ l ’ - v - - I  I hav e ; ebbL ’; : .

‘lb. - u t t ra t -e~~t is to l iii l i i - i - - v - - i ,  ‘ ‘i t ’ ’ m dl ‘ - r  f l  , - l .I , - -t ’ . toed 1.-vol 1: o- c ut

Thus - - t i c - ’ -  a n ’’w it -v ‘1 1 hat ’ I ’’ ‘ ‘to ‘i 11’ I all ‘ ‘blHi ’_iu ’ above lev’-l I

can b t ’  c- - i - , ~v~”t . 1’ - t i e’ ’ ~,t o ,  I .“o p ebbles h ave tc’ be J-; -u~ t on two succe s sive

lu re -I : .  To ~~I t  c c - r o t ’: of f i l l i ng  level 1+1 :1 H level i i s Hull , the

1’~ ‘ ‘xtr a  m ’h i ’i ’- :  art - u t i  - ‘ i t  O h ’ -  I i”~’ , - ~ - b , , t .we, -;n the i- -v o lt  . Because all

ii ” - - : - am” - disjoint  t - x c ” 1 - t .  Her l i e . ’ loaves each node is ebbied exactly once.

I)
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- r . m ai m L i , - 1 - ~- i b1ed with ) I d h ;  1’ob t , .I_ es.

j ’ , ’c t .  ‘li t -  de~ t i t  ‘‘ 1 ’ a node v is time number 01 ’ edges in the longest

- r at-li into v . In a graph GES (2,n) every node of depth t can be

m ”L’bi’;d with  t-m-° pebbles (this follows easily by induction on t ).

‘~~ - ry nude in has depth at most 14d .

The crucial j o i n t  is

Lemma I i. For all i € 1 — ) , 1, . . . ,d)  the following stat ement holds : If ’ C

is arty configuration of at most b/B itebbles on Hb , d N is any subset

01’ level i s.t, . ~~ = b/li , arid M is any sequence of moves, which

star t s in configuration C , never uses more than b/B i ebbles, and

during the execution ~ ‘1 ’ this sequence of moves each node in N has a

j ebble at least once , th~ n M has at least 2
1 

moves.

}roof. ~~‘ induction on i . For i = 0 there is nothing to j rove.

Suppose the lemma is true for i-i . In configuration C at most b/B

;“ l ’b i ’ . -s or’; en the graph. Thus for at least i/H of the nodes v in N

i i .’ ‘-bLie it ;  ‘in v nor an ywhere on the tree which joins v with level 1-1

except j’ossibly -n the leaves. Let N’ be a subset of these nodes of

size b/8 and let I be the set of nodes in level i- i  which are

1 , 1  t o  N’ . fty ( e ) I C : I , r h h m ’ l - i ( ) l I  I ’ I I ~~~ , I’~ —
‘ b/H’ . lb emius - p

m m i i ’ ’ i t ! ’  I . ] ,  - t i e ’ !  ‘hi i l l  j~J~ i t O h ’  any i~~n 1 e ’  i m r  t , I m m -  i r  I. c t -c  have pebble: t’xc’ tm~ I

[ ‘dl ’ the leave.; , dur ing  the ’ execution ml M each node in I ’ must have a

j ” bble at some time ( 1os~ ibly right at the start) .

I ) i v i le t h e  :trat e~~’ M into two l artut M~,1, , M0 at the earliest ntmj vt ’

‘ i i  t -h ~~l - ri on rig T I ~ on ‘ b/ 1 n~~icu ; ol’ J - h ave, or have ; had e

~u m m t  I -h ’ r einndning t / l ~ or more nodes ml’ 1 - have never had a pebble.

__________  _______________________________
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d r  the hy~~othos.i t ’ ‘ t i  lb. ’ lemma ai - i - l i e s ;  thus it at - at leart I
I 

‘

moves. Because leaves at most b/lu -ehLl.es on tb.- graI l! and

tie - y r  m i s ’ - - t i e ’ ’  I l i t i m i  I ’ .- ’ ‘- c -  ‘ h i m - s  liii’ I t ,V ; u ’ I i i ’ - ; i m e l , , ,  :i ,  d i ’ s  I ’  ti

lit -n e’’ - 
Ii~i; ~ I- I’  mit - i .  , i I 

m m ,e v -s L , ’ t i  tu ul Ut’ - 0, - m u m , , ; ,  I” ‘1.1’ w ; .

Choose b such tiemi , h Ut- H ’ -~. b/B , e.g. b = 52d ~ 1’ . Then any

strate~~r which 1 e1’bles any b/~ outitut nodes of’ tm b ,d 
using at most

H’ eO’bi.t-’ s- has at least ~d rm’ov”: Thus top at least -unc- nt lb st;

i ied , ’ v - - ‘ i ’ t -  I . I mig v m I ’ m , ’  - wi. I I t  ui I H’ ‘hbi -s m i l l :  I .  m ” ‘d~ ~~~ “ -

1~d/ (b/li ) ~~~~ ~~ m;:or-  -: since b 0 (U)  . i~ u~ n (15dm l b  is the mu-ides

uH t iude:  of 11b , d lie mi ’ e d = o(’ ..~~ ) and b = O(~ n)  ant i  the th ecr erm ’ I I
L’fl;’w; . ~~

Tb’’ ni m oy- - en mi 5 1  t ’w -l .  1 ‘n :il ,- t c t  0- i ’ - 1. ’ I s  :‘

~~ ‘r’ -liar ’;.  ‘lI m e t ” ’ ’ ’ -,:i st, a ‘ :011 i_v 01 ’ 1’- t’mc ~ - t i s  1 - t(: ,u such I . I t m t t  ‘r-

e v - t V  ~ ~ 0 t li ‘ , L l c w i i t g  ,‘1~n’ : u t ~ s ’~- l ’ - i L ’ c o  which 1-obb lt .’: U u . i n C

clibi’;: has 1:it .’I’O titan j o.lytic-::;i~~ ly m ; ti ~~, uc DyeS .

- , , ,, ‘ - 1-1/log log n - l~ 1sc~ log n
roe .  . nbc ”’: ’’ U = ; .  - t m  b = n - on’I; C = O(n •n - - ,d

Am , i : i t , ’ c . 1 .1 i t ~~~’. ’u- ’_ ’i t  i’uI ].. ;; ‘ t it ’ : dens  it: ‘i’ ’ - - - i a ;‘;isC ly - H ~~~~~ 
l i ,

~ 3 ( : , m ;  , , r ,  = l, 2 , . . . suc l t  c-hat ; ‘d .t , l i np  the CI ’;t; l ;  U ~~th O(n ‘ 1r~g n~

ebblet’ require: rite! ’’; i- l i t - Ut  eL-n- i~~: ti_ I_ H ’ Sally ru’’\o-;’? A:- a H i r :i :1 ‘~~ 
‘ ‘war t

i’ ‘:il c- i r i p  I dl s l u - - I  ut  • 
I m i -n p  ‘ r I ’ l l In , ,  ‘ - ~: iu .i l i i  I ‘ i  C’j t ’ . i 1 s’ e l  p r , ;  I t ;

w’C t Ii v t  m i t  r - ’  a n t i — i  i m , ’ - t i m ’  r , i uo l im- r  el  r i - r e , ’ whe n i b I d w I i ,  O(n 7 ’ ].op t i ~

t e l ’ - ;
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