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ABS TRACT

In this paper the b~~jri0~~r’: val~~ ~‘ r bltm ~uf .u+f(u ,u ,u )=0 , u(O ,y)=u (i ,yi= 0

is sLudied in t u e  s Lr i ~ (3 , 1) -‘ ii , wt~~~ f i~ - some C2 — f u n c t i o n  which , t o ge t 0~.i

with its gradient , vanishes  at 0 , i s  a ~~al  1~~raI ;~c tcr .  It is shown that , f o r

\ between ~2 
an d 4~~ a l l  s m a l l  ~~~1u t i o n : ~ are  teriod i c in y . Moreover ,

s ingular  solut ions exis t  ~s 1( e d l  H 2 -~~n n i t ~, of per iod ic  so lu t i ons  with large j 1 1 c d ~~

For values of A bevoi~i ~ a fo~ ici 1 ~ir ~~ unc~~t suggests that  almost a l l  smal l

• so lut ions  are q u a si p er i o d i c .  Thc equa t ion  is s tud ied  as a model for some import act

but technically cumbersome bit c~~tjon problems in fluid dynamics.

EXPLA NA TION

A nonl inear  e l l ip t ic  boundary—value problem which models a s p u et ~ of tis t ech-

n ica l ly  more cumbersome Taylor and B~ nard j F  -mc of LI ui 1 0 , ~I1i c~ i consid~

• It is shown that all small solutions are per iod i c  in one var iab le  wh en  .
~ 

i i

(corresponding to a bifurcation parameter) is in a su i tab le  range and in d ica t ions

are given that all small solutions are quasiperiodic for larqcr parameter values

when the nonlinearity is anal~ tic .
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§ 1 I r .t rod u~~t ion

In th i s  s t u d y  we t ry to  c l~i s s i f y  a l l  s m a l l  s o l u t i o n s  of
t he b o u n d a r y - v a l u e  p r o b l e m

L~U 4- xu + f(u
~
D
~

u
~
D
~
u) 0

(1 .1)

u(O ,y) u (1 ,y) = 0

in the st r i p c~ C ( x ,y) C [0,1] x IR). Here , i. i s the two-
di men si o n al Lap la cean , A a real p arame te r and ~~u ,p,q) a

real valued C 2- funct i on of its real argu: l2nts w hich , to-

geth er w it h its gradient, vanishes for u = p q = 0. The

class of solut ions considered consists of functions with

locally uni form H S _ norm

S U P  I I U II
H
S /K ~

where 0 < s < 2 , H S the usual Soh ol ev space , and w h e r e
[0 ,1] x [ ( —1 )p , y.p ] f o r  s o m e  ~ > 0 d e n o t e s  a se q u e n ce

of c c m p a c t a  c o v e r i n g  c2 . In v i e w  of the p h y s i c a l  i n t e rp~ c- —
t a t i o n  g i v e i l a t e r , our a s s u r 1 p t ~ o l  r e q u ~~:~~s sma ll en ergy

input per unit length.

Th e int e rest in t h i s q u e s t i o n  a r o s a  f ro m the e f f o r t  t~
c~e t e r m i n e ~l l p hysically reasonab l e so lu t ions of the
Tay l or - and t he E3 è na rd  p rob lem in f l n i d  dyna m ics . In both

rn-c b l em s a basic (t r i v i a l )  solution looses its stabil ity

to nontr i v i a l  solutions which bi fu r c a t c  at a cri ti cal

parameter \ ‘ 3 l u C .  In v iew cf the unde r l y in~i in v a ri ance ~
the se t of n on tri vi a l  solution s near th S b i fu rc at i or ~oi nt

is very l3r ~ o ~11] but rin~ h in ~ i s  k n o w n  ~L c u t  a c h a r a c —
teri sa t ion of this sc -t. There is art e x l o n s i ’ te  t h e o r e t i c
li ~~er att ;re (ma th em a tic ~~! or physical ) oi thes e pr ob t~~~s

(see [ ~] for an e xc el hwt s u r n - v )  hc ~i e v c r , ~i 1 a ç ~~ro~~c~~. s
as sume p o riodi ity the en ~ ‘:n 1 e d Ven i ~~o~~2S 3

Sponsored by t }~ United States Army under Contract No. DAAG29—75-C-
0024 .



- - -~~ 

0n~ m i g ht cons i de r this i nv e st i ç~ation as a first step

t o w a r d  a f i n a l  a n s w e r  of t h o s e  q u e s t i o n s , s i n c e  ( 1 .1 )
can , t o so m e  ex te n t , be regarded as a model for the

Nav ier -Stokes e q uat i ons - the stat i onary Burgers equat io n

i s a spec i al case of i t -

Th ~ c o n j e c t u r e , d e r i v e d  f rom the l inearized equdtion

t h~it - b es i d e s a d i s c r e t e  se t  of A - v a l u e s  - all solut i ons
a r e  q u a s i p e r i o d i c  i s  not t rue w i t h o u t  f u r t h e r  sy m metry
restr i c ti ons on f as the one d i m e n s i o n a l  a n a l o ~ on

ii + ~u + u 3 0 already shows. Hence we further imp os e

one of the two  f o l l o w i n g  a s s u m p t i o n s

( a )  f ( u ,p, -q )  = f ( u ,p ,q )
( 1 . 2 )

(b ) f (u ,p , -q )  = - f ( u ,p,q ) and f ( - u , - p , - q )  f ( u , p , q )

G iven  p r o p e r t y  ( 1 .2 )  we are ab le  to s e t t l e  the q u e s t i o n

~ fl the  A - i n t e r v a l  N
2 ,4

~
’) by proving that all small

solu t i ons of (1.1) a re periodic in y. Th e-  q u e s t i o n  bc cc - 7es
more de l i c o t e  for  X E  (n 2

~
2 , (n+1 )2~~~) where q ua s i p eri o~ i c

so l u t i o ns  a re e x p e c t e d .  The m e t h o d  a p p l i e d  f o r  the p e r i c ~~i c

c a s e  b r e a k s  du~ n si  n C c  the i n v e r t i b l e  pa r t  of the 1 i nearL . ed
operator ceases to be continuously inver tible. If the roe-

l in ea i- i ty f is cal analytic then we can show at least ,

that for m ally (considering formal power ser 4 es) all small

solu t ions ar~ q uas i peHo c~ic .

Un fortunately, the analogy to the fluid d yn am i cal situatio ns

• is rather limited for x E (n
2 ,4~

2
) since , for the Taylor-

as well as for t h~ Bén a rd- p rob lew , one ex pects t w o  irdc ~~- ii ~~ ’:
f r e q u e n c i e s  

~~~~~~ 
for ~ sl i y h t l y  above the critic a l va lue.

He nc e , the analog oo s mo del case is X € (‘h’ ,9,i e )  ~~~ ~
con je c t u r e  c h e r e ’or e  1i ~~it all sm all sol u t~ o”~ i~ t~’~~~’ ’ ~~
d y n a m i c a l  p r ( - Her s a r c - q u a : i p o ~~i o d i c  . I v ~ ~n d i ca ti o n s a -;-

L i i  S i~c t consu l t [ I ] 
~. 5 1 ,  J I’ ),

—2—
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Th  ~
- re s n ~~~~~~ - • • - -

e q u a t i  u~~s s h a  - . • - ‘ - 
- - •

rep 1 a c e d  hy a s t  r oe r I y l i i  - : •

a re  p o s s i L ’ l e , b a t  ec d \ u i J - e r

To our no w~ edge , th e p r o f  l e n  c e d e r  c a r
been  s t i d i e d  in th~ ii t e r a t u r e  . T n  ar~ ‘-

~~~ ~~~
- -

i n t e r e s t  in p e r i o d i c  so l u t i o n s  of non 1~~n e~ir ~ a v - -
( s e e  [ 8 ]  f o r  a r e c e n t  l i s t  of  r e f e r e n c e s ~ b . t  . - -

i n t e r e s t  i s  d i r e c t e d  t o w a r d s  t he  e x i s t e n c -  O~ : - -

sol a ti ons a nd t h e i r  re g u l a u i  ty

he s t a r t  w i t h  an i r v e s t  i - n a t ~~-3 ’~ of •a~- x in a ap : ec w h i c h
t h e  i n d a c t i v e  l i c ~i t  of w e i g h t e d  S o h o ~ c ;  s p a c e s  d I e m -n
1 0 1  ~ m o n i  a 1 c r o w t n  ~f any o r d e r .  he s~ cw o a t  a - ~ i S o nc  a-
f o r  e v e r y  A , a I ac t nh i ch j us  -i f i es th ch oi Ce C~ S ~ Ce

~nd w h i c h  c o t i t r i  b a t e s  t he c o r n e r  s t o n e  fo r  the r c d n c t  i c
of ( 1 . 1 )  to a f i n i t e  d i w e n s i o n a l  i n i t i 1 v a l u e  p r o b l e T

— s o m e w h a t  in  the s p i r i t  of L i a p u n o v  a r d  S c h m i d t

~e c t i  on s ~ and 3 ) .  In s e c t i  on 4 w e p r o v e  u n i  q u e r c s s  in
T h e o r e m  4 . 4  . S e c t i o n  5 c o n t a i n s  the e x i s t e n c e  c f  j u s t
e no ugh  p e r i o d i c  r a s p .  q u a s i p e H o d i c  s - l u t i o o s .  S a c u i o r -  t-

i s devo ted to the ex i stence o f sin qu ~~~r s o l u t i o n s  as
envelop- a s of p e r i o d i c  OrI~~S .

We gratefully ack n o - -le ~I g c d i scus s ions wi t h W . Ec~ ha us
and P . ri fe aLoc ~t vat ioos top ics of th r p ap er.
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lu l  k = sup 
~ 

g~
2 ID ’

~
’uI 2 dy

( 2 .3 )  O< ’~<S ~

= { u € H
~~ C (

~~
) I U t S k  

<

11MM ’ 2 . 3

St:t “~ •
~~~ a n - a t 5 ~ • i ,  ~ for s = o , 1 , or 2. Def ine

Li = ~ 

‘ 

~ 
( 
~ 

• ) s i ‘ -J - ~ I x
V

t i t  “i ~e ‘i 4t 5~e ~ ‘ or a l l  . an

( 2 . 4 )  
~~~~

) D J o k  ‘ Y  ~~~,‘

f~~r 6 , ’i’ £ • 8 v ~ S .

Cor~ -~rse li , let ~~~, ,,~ 
1~~ ) ‘me a seq ~ e ’C ’ - O’ w ’~~~C b  t ’

le ft ~~~ i a e c 1 ( 2 .  4) 1 ~ i te . T ‘e • ‘ P  “ 1 0 1 5  ~ - 
d ‘~~~‘

F C r 1 C- r co -ipo ~ ~- n t s of s o-~- e i ~ 

r ~ 
4~~

’
~ 1 - - - ~ 1 • 1 ¶ ‘ ~ c ’s C 2 . )

P r oo f -j E ~O ll- 1 w S ‘ r i

V -~~ 
- SfD u 

- = ‘~~~ ,j 
‘
~ u ( x , )  s i”  ‘ — ~~ n~

0

a n d  hen ce
-Y

~ ~ II~~’Y j l I~
a ’

0” ~ i n e
( s i n v~ x ~or P = C

-p~
’ ( x )  • T~ c o s ~~x f~~’ ~ =

“wx fo r ~ 2
a n d

— 
I 

~u~~ ~ 
~-~~‘r 

~~~~~~~~~~~~~~~ 
-p~~( x )  1

o ~~~~~~
‘ -

- 1 .~

r— - — - - - ~~— - -~~
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h o lds , and P a r s e v a l ’ s id end ity  im p lies (2.4).

For the p roof  of t he co n v e r s e  set u~~’~~ ~~~~~~~~~~~~
then c o n v e r g e s  in t o w a r d s  0 B ” f , which is the

w e a k  D~ D~ - d e r i v a t i v e  of u = ~~~~~ Mo r e o v e r  the t r a c e s

u ( O ,’ ) ,  u ( 1 ,.) v a n i s h  for  s = 1 ,2.

_________________  ___ ---
~~~~~~~~
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§ 3 Some E s t i m a t e s

The solution of eq u ation (1.1) requires some knowledge a h o u t

the a c t i o n  of the t w o d i n e n s i o n a l  L a p l a c e a n  in the S p 3 C I S
02 oWe d ef in e A X + ‘K ‘ my Au = t1 u. The parameter X is assumed

to lie in [n 2i 2 ,(n+ 1)2 i 2) for some fix ed n C ti .
L (X  ) = D 2 

+ (A v
2

ii 
2) denotes the op erator generated ‘my ~ on

the Four ier corn000e rm ts ‘i of u resp. 
~~ 

of f (see L ernn a 2.3).

LEMMA 3 .1

Let b e f € X~~, v E N and v ? n+1. Then t he re  e x i s t s  a u n i q u e
so lu ti on u € V 2 of L (A )u = f . It satisfies the ine n u a l i t - i

V ‘- I V

c 1 (k)(3.1) I~ u~, I 0~~ ~~
. 

~~~ \)O ,k Y = 0,1 ,2

fo r  some c o n s t a n t  ~ 1( k ) , w h i ~~h is  i n d e pe n d e n t  of c and v .

Proof S i nc e L I A ) u  = 0 has o n l y  e x p o n e n t i a l l y  g r ow i n n
solution ; , t he  a n i q u a n e s s  is  t r i v i a l .  By ne ans of the Green ’ s

fu n ctio n

G~ (y, n ) = — ~~~~~~~~~ for  n
2t~

G ( y , n )  = G
~~

( h a y )  , ~ 
= 
[2~ 2 

-

one o b t a i n s  t Pi e solutions ‘m y th e f o r m u l a

( 3 . ? )  u ( y )  f G (y, a )  f ( n )  dn

Setting 
~ 

= q k h , one o h tair m s h C L
2 (1R ) and , u s i r m n  C a u c h v -

S c h w a r z  ‘ S I nequa l i t ’ ,’ , 1’ = 0 or 1

i D Y u~~( y ) I ?~~~~~2Y 
I G ( y , n ) g 2

( n )  d a  f G ( y , a ) h 2 ( n )  dn
R

c 1 ( k )  q~~(- , ’ ) f G (y ,n )h 2(a) da
‘I

-10-
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Her e , we used an estimat e for the first i n t e i r a l  which can

be es tablished by elementary calculations. ~io ~’i , F u b i r i ’ s
theorem yields

ID
~

u V I~~,Q~~~
c l ( k )  ~2 ’~ 2 f h 2 (rl ) (f G ( v , n ) g 2

~~( v )  d y )  dn

Th c- inequality I g 2
k (Y)I < 1 for t k an d d l i  

~
- 

~ IR
i iupl I es

~ C 1w~~~~
4 
~ h~~(ri ) dn for ‘-v’ = 0 or 1.

The c a s e y = 2 f o l l o w s  f rom the d i f f e r e n t i o l  •~q u a t i o n .
O b s e r v i n g  

~~ 
‘
~~ v c o m p l e t e s  the p roo f .

Define for S = 0,1 ,2 l i near pr oject i ons p S

Q
S 

= Id - P5 by p S~ 
v~ 1 

u (y) sin V~~~X P~ dn d fl S a r t ~

con t in u ous a nd P , comm ute with -~~ in the sense that
2 o o - 02 s s  -AP = P A resp. A ’~ Q A holds in X . ‘loreove r , ‘

~! ~

the induct i v e  l i m i t  of Q 5X~ hav ing all properti e s

mentioned for X~ j~ § 2.

LEM1-b ~ 3 .2

re t 3 ienot e the restriction of A +x onto fl2X °. The n ,2202 o o -62 : Q X -
~ 

Q X ‘s a topological i so im orph i sm . Fu rth ermore .

( 3 . 3 )  U u I I 2 ,k~~.
c 2 ( k ) II B 2 uli o k

2° 2hol d s for u C Q X

The proof that 82 is h ije ct ive is a cons eq u e n c e n~ L~n--ina 3 ,1

wh ich , in a ddition , sho~is the cont inu i t y  of 8~
1 . The

continu ity of 82 itself is t r i v i a l  (either dire c t 0 - by  the o~~- ’m
n app i ng principl e ). Ine qn~~l ity (3.3) foll ows f t - on  (2. 4)
and (3.1) im mediate l y.

— 1 1 —

L - ~~~~~ - - 
- 

- - — -—~•~~~~~. - —-— — 
-

~~~~~~~~~~~~~~~~~
“‘

~~~~~~~~
- 

- - ‘ — ‘

~~~ 

- - ‘ - 

~~~~

‘‘  
— -----———---—- -- --
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COROLLARY 3 .3

Let f P = f(’ ,•+p), p € IR , b e t h e o- t ra n s l a ti on of f .  T h en ,

for every  f C X~~, (B~~ f ) ° = 8~~~f P

For the proof use the representation of B~
1 given by (3.2)

throu gh its action on the Fourier cono onents . Observe that

G
~
(y, n) only depends on the difference y-n .

LE~-1MA 3.4

Let o ~~. 1 be fixed and define = [0 ,1] ~ [(~~-1)~~,9- p J for ~~~~~~~~~
and = 10 ,11 x [~ p, (9~+l)p ] for L = —1 ,— 2 , . • . , ~~~

‘ = Z N {Om .

Assume

SU~D 
~~~

1 EI~~’K  ‘
~ 

=
‘ LI

for some f € X

Then there exists a p—independent constant such that

~~~~~~~~~~ 
I IB 2Q

°f h H 2 ( K )  ‘
~~ 
“1 ~~~ l

~~~H0(K L)

is  s a t i s f i e d .

Proof : Observe th a t > ~2 hol ds 1” K 1 and use Len i~ 3.2

to obtain

f l B l
~~o

f t0 I~~2 ( K )  < p 1 1 3 O f  I’ ~ c 2 ( 2 )o 2!~f~°I~0 2

= c2(2) 
~2 ~~~‘lg 1 f ’~~pI

S in ce Ig ~
1 (y)! ~ mm (1 ,1 / (k-1 ) 2o 2) for all y € K k

and in view of

- go
SU P I f 1~i O t t ~ ~ 

= su p If - i i O / v
k€~~’ ‘ 

~
‘k ’ 9~~~~’ 

‘ ‘ ‘1

the inequa l i t y fo l lo ws imme diat e l y .

—12—
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It is useful su h sa que n tlv to introduce

~ ~~~ ‘2. 2,

where x , deno tes the characteristic function of K
“ p  2.

define d in Lemma 3.4. Instead of  !If
k

I’
H (K we use the

l ess  c o r r e c t  b u t una mb igous  no ta t i o n
I, ‘2,

LEMMA 3 . 5

Let be f C Q°X°, f (x ,y) = 0 for  (x ,y ) € S = [0 ,1] x (-°‘ , p) .

Then u € B f restricted to S has the form
2 p

B 2
1’f is = 

~ 
u ,, ( o )  s i n  \) 1T X e~”~

”
v n+j

Furthermore , the following inequality ho lds

1B ~~
’f l

~~ 2 ( K )  ~ e
2

~~~~
’ i B~

1fIi 2

An analogous resul t is vali d , w h en S0 is rep lace d by [0 ,1]

( - p ,~~ ’) and t he r o l e s  of K 1 an d K 1 are i n t e r c h a n g e d .

Proof : The representatio n of u follows by a strai ght-

for ward computati nn. To obt ain the inequality use Lemm a 2.3

an d the follo w ing estimates -

= 

~ 
(v~ )

2
~~~~ u

~~
( P ) 2 

~ e
2
~~~ dy

> e2’~~
410 

~ (V ~~)
28 (~

2Y_ 1  
u v (p)

2(1_ e
_ 2
~
v0 )

= n+1

= e2~~~ 1~ ID
~

D u h
~ o (K ) ~ qed .

Now , we st i~dy the action of A +X ~~ 
p 2~ 2 The o perator is still

onto hut an es ti ma te of the form ( 3 . 2 )  cannot be exp r cte d .

‘‘ - --— A l l o wing a hi - j her order grow th we arrive at esti m ates

whic h are s’jff~ c ient for the uniq u eness nroof in the next

s e c t i on. — 13—
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LEM N A 3 .6

Let be f c x ? for some k c N , a nd a s s u m e  v < n. T h e n ,
0

L ( k ) ~~ = f p O S S O S S i S  i s o l u t i o n  w h i c h  s a t i s f i e s
‘I V V

I 3~ u I , 
< c ( k )  f I ~ , y = 0,1 , 2

where ~ > i f  = and v = n , and 2. ‘ ~+1 otherwise.

Proof : f l , ’ f i n e  p - - , L ( ~~)~ = 0 , ~(O) = 0 , n ’ (O) = 1.

C o n s i J ~~r ~i r s~ ‘ h ’~ ca~~i- ~‘ 
< n or A > n 2

~
2 . T h e n  -~~ a n d  ~ts

d e r i v a  t i - ~- e ;  a r e  o u n d o  a u - I

y
u ( y )  = I e(~~- -~ ) f (n) - I~~1

is  the dc - s i n ~’J s o l - ~~ io n .  ~- ) i t b  f = g h , one o b t a i n s
h C } I ° ( ’~ ) -in , if ~ = g or 1 :

V k v

l v i  y l
~ C (~~) J :2( r g

~ 
d o )  f h~~(n) do ) dv

< 2 C ( - ~ ) I f I~ f q 2 1 dyV ~~~~‘ 
- LJ~

< c 3 ( k )  L \ , I Q k  i f  ~ ~ k + 1

For v = n 3nd \ = ~2~ 2 one has ~(y) = y . The modi f i e d

estimation vie 1 is

l u ~~I~~~ ~ C 1 ~~~~~~ 
~ 

0
~ -(k ÷1) dy 

< c 3 ( k )  I f  1 o k

i f  ~ > k4. The i n e q u a l i t i e s  for y = 2 foi lo u f r o m  t h e
d i f f e r e n t i a l  ( ‘1 ; at i o fl , ~~~~

The p roo f  s ho~is t ha t  u
~ 

is u n i q u e l y  d e t e r m i n e  I by th e
i n i t i a l  c o n d i t i o n  u \ ) ( O )  = u , , ( O )  = 0 . To put  t h i s  i n t o  the
r i n h t  f ra’i~~.- ,nrk - l o f i n e

— 1 -1—

- —~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - -



2° 2z i = P X

- 0 2 - -
P : X -‘~ ker(A+ i ) , Q = Id - P

(3. 4) 1 / ~~~~~~~~

Pu = /7 ~ sin v - ru X (  f u (x ,o )sin vn ’-. I~ c o - ~ ’~ ‘~~~;1~~

0
1 1 V 

+ 
________ 

f P u (x ,o) s in v n ,’  ix  S~~H ‘
~~ 

— - - 
-

I 2 2’ oiA - v iT

if A > n 2
~

2 ; otherwise , for  A = n2
~

2 , we ~:ni i e 
~n i ~cr  ~h’.-

above  e x p r e s s ion when n is replaced by n— I ~ ‘ i - J Ju l  ~~~

— — 1
Pu = P~~ 1u + /7 sin niix( I u ( x ,o ) s i r m  n~- x  - l x

(3.4’) °

+ y J D u (x ,~~)s in ~~ dx )
0

Note  t ha t  the t r a c e  D - u (x ,o )  i s  ~-~e ll d ef in e d s i n c e  ~

It i s  e a s i l y  seen  tha t  P and Q are c ont i nu o us Oro i~- ct io ri s ,

~~ker (A +x ) = id and Pu = 0 if and o n l y  j f  u ( ~~,a )  - - h u ( x ,o)

h o l d s  f o r  0 < ~ c n.  Hen ce , a c c o r d  j o g  to our p r e /  I u~~ - ma

= 

~
“
~~~~!QZ 1 

: QZ 1 ~ 
~o~ o

(3.5)

A 1 
= (A÷A ) : PZ 1 - {0}

[3 1 is a t o p o l o g i c a l  i s o r n o r p h i s m . T h e r e f o r e , t h e  1e c or3 ~) ) - , i t i o n

0 2 - - 2°2X = PZ 1 ~ ~ X

defines a decom position of A +A in the form

(3.6) A + x = A 1 
-
~~ B , B = B i ~

wh e r e  B is a top i son i o r p h i s m b e t w e e n  ~~
- a n u

-Is-

________________________ 
- ~~—,-~-—-. -



T11EORE ’-~ 3.7

2~~A s s u m e  t h a t  n -it < A < (n+1) it
’

~ h o l d s  for soni c n € 
~~ 

Th e n ,

(i ) dim ker (A + A ) = 2n

(i i )  A + A = A
1 ~ B

- 2°2 ow here A 1 an d B are given through (3.5), B : 4-~ () X -+ X
i s  a t o p o l o g i c a l  isomo rphis m and the fol l owing estim ate holds

lu 1: 2 ,2. .~~. c ( k )  lBu I.O k  i f  2. > k +

The following two Lemmas estimate the i n f l u e n c e  of the
i n i t i a l  cond it i ons  u

~~(O), 
u~,(O) on the H 2 (K ÷1 )-norn of u ,

which will  be cr u cial for a cont inuation argument in the

uniqueness proof.

LEMMA 3.8

A dopt the notations of Lemma 3.4 a ssune ker (A+).) * {0}.

T h en , there exists a o—indep e n d e n t constant y
2 

such that

II U II H 2 (K 1 ) ~~~2
0 (II f l H o (K ) + t i P u I~2 2 . )

hol d s for k = rn ax (2 ,L) ,  2. ~ 1 , and f € P°X°, (A+A )u = 1.

Proof : Observe that

( A + A ) v  = f , Pv 0 , f
1 1 

= 0

y i e l d s  V ! 1  = 0, s ince v € P’X and v
~~

(O)  = v ,~,(O) 0,

1 < v ~ n. Hence

(B~~ f) 1 
= (B~

1 (f
1 ~~ 1

an d we conc l ud e f ron I.pnmu 3 . c~
-16-
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I10 P u i K ? ( K )  = 1 B 1
1 (f

1 ~ H 2 (K 1 ) ~ C 1p H  ~ 1 1 2 ,2

< C 2
p 211f

1 1
110,0 = C 2P U f I I HO (K )

In v iew of u € P X we have

II Pu l1 H 2 ( K ) C 3o~~I Pu 11 2

for every  z ~ 1 , C 3 i n d e p e n d e n t  of 
~
.; w hence

lI u II H 2 ( l~~) < C 2 o 2il f l!Ho ( K ) + C 3
p U Pu~: 2 2 ,

wh i ch i :nplies the assertion (p > 1).

LEMMA 3 . 9

2°2The f o l lo .-i in g i n e q uality is valid for all u C P X and
3

lI PuI’ 2 2 .~~~
Y(2.) U uIi H 2(K 1 )

Proof  E q u a t i o n  (3.4) i m m e d i a t e l y  imp l i e s  (0  < e+y 2)

IID~ D~ Pu !l~~ 2, ~ C 1 
~ 

(u 2 ( O ) + u ’ 2 ( 0 ) )  f (y 2+1)g 2(y) dy

From So bolev ’ s im b eddinq theorem one obta ins u (. ,ii) ,

D~ u ( .  ,O) C L2 (O ,1) for ever y u € H2 (K 1 ). ~len c e

lu~~( O ) I 2
~~~ f IP Y

u ( x I 0)I
2 dx

~~~
C 2~

Iu l I
~ 2 (K )

an d a s i m i l a r  i n e q u a l i ty fo r  !u ( 0 ) 1 2 . Thus , by Lemma 2.3

t h e  a s s ’~r t i o n  f o l l o w s .

—17—
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§ 4 Uni q uene ss

Our a i r i , to give a corn lete description of all s~- iall

s o l u t i o n s  of (1 .  1), r- e q i i r e s  a p roo f  fo r  the f a c t  t h a t

t he re  e x i s t s  a t  mos t  o ne “ s m a l l ’  so l u t i o n  w i t h  a i v e n
p r o j e c t i o n  Pu . The c o n t e n t  of t h i s  s e c t i o n  is  a p r e c i s e
f o r iw l a t i o n  of t h i s  s t a t e m e n t .

We us e t he  n o t a t i o n s  of  t he  p r e c e d i n g  s e c t i o n , in p a r t i-
c u l a r  the c o n s t a n t s  u 1 ’ 1 2 ’ Y 3  a n n e a r i n g  i r v ariou s Ler ’na s.

E q u a t i o n  ( 1 . 1 is now written in operator notation

0
(~~.1) (A + \ ) u  + f (u ) = 0 , u C

2~~ 2 2where \ satis fies n i~
’ 

~ ~ ( n + 1 )  ~

-L i  A s s u m o t i o n s  f ur  f

f : I
OC

( c
~) 

-
~ H

~ 0~
(e) for  some s , 0 ~ s ~ 2.

H
5 ( K

1
) + H°(K 1 )

is supposed to he ‘J if f ~~r e n t i a b l e  in a n e i q h b o r h o n I  of 0 ,

and i t s  d e r i v a t i v e  f~ s h o u l d  he c o n t i n u o u s  a t  0 . r~i rt b n r _

mor e , f 1 (O) 
= 0 , f~~( 0 )  = 0 , f ( j ° ) = f°(u) for all e € P

i s  u ss ’ - i ed.

Se t t i ng
p ( u ,v )  = P ° ( f ( u ) - f ( v ) )

(1 (11 , /)

We o h t a i p fm -i -
~ .1 q i te e~ s i ly , t h a t  ~nr e v e r y  ~ 

> fl

there is -3 ~ 
> 0 i n i P D C f l 1 ’~ nt ~f Z - S u c h  t h a t

II p ( u  ,v )  HO (Y • ~I u -v  ~~ ( K . )
( - L 2 )

~r~(ii ,~’ )  i 0 L ~~ )

—113 -
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~~~~,

fo~ j il / ‘  a ‘ 1  ~ 
I -‘ 

‘
~ ~~~~

u I S ( 
~ 

) ~~~ 
V i  0 ’  ~ -~~ 

g ° ~ ~~ 
• - ,i .

we have p ( u ° ,v ) = ; ( , .- ) - 
— i 1 .ir , ,

For t E N , k = oa~~(2 ,~~) Je~~in e c o n s ’ a ’ ’; e ,~~~,
’ , - i ’

fy ing the co nditions

a =~~~ nii n (l ,(Y 2Y 3O
k
)

l
)

p ~ max (-— ln~. , 1 )
(4.3) 

W n+1

= ni in (a (2~ 2~~ ) 
1 a2(12~~1)~~~)

= a~’c c > 2n
m o ‘ o~~

w ith n taken from (4.2). Obs erve th at t h e  sequence c~
0

te nd s to 0.

4 . 2  P r o pe r t y  .~.L J.
The pa i r  -j ,v C is said to have p rooert v ~i( r -~), r’ C I~~)~ 

If

C C
sup ~u 11 H~~~K ~ 

< n , su p i v  
~II~~’K 

<

a ‘‘1 ’ a ~ 1’

II U
~

V I d 2(K )  ~ ~rn + 1- Ij l

hol ds for j = ±1 , . . .
LE ’-1~1A 4 .1

Let u ,v ~ have pro perty fl (rn ) for al l  ri c T h e n , f o r

= +1 or i = -i , o u e has

~ ~ 1 .~~~~~~~~2(~~~) ~ ~ 
cm+ 1

3~ 1 

~~ 

~~~~~~~~~~~~~~ 
< 

~
‘ C m41 

E ‘
~~

— -I- n—

I
.
‘, 

—. .

-

~

‘ - - ---

~

--- - --—-
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Proo f - W.-  o ruc ’~ I ~y in  ~Jc * i o n . 0 ( 0 )  ~~~ i e ’ ~
‘I q (u , . I I~ ~~~ ~ 

~ f o r  a l l  C I ‘ . I ‘ v in ~ of Leriri a 3.

a’~ (4 .3 )  ‘~~e i n e q- 4i1 i t i e s  hul ~~ 
-u fl~ I e ~~~~e i  be

s~~t i c f i e 1  fc- ’ “ i-I. S i n c e  U ,-’ ~1ve n r n r e ’ - t v ‘~(i) one o~~t u j v r

l iq (  s ,V )  r PO (K  ) . 

~ 
t~~~~~~ 

~ 
for j = 1 , 2 , - . .

N o w  , Ic f i ~ u = u - s I 1 -~ r 1 y v . ‘- - ç~~~ 
r v . I ‘ a t -

~~~~ *

j = 3  -I
o o s s~~~s ou~op~~~t -/  ( - m - 1 )  , whe~ ce

II ~~~~ q 
~ 

(Y 
~~

) 
~4 2 ( .  ) 

~
S i n c e  ~~~~~ h a v e  ( ~ u 1  (

~ 
~~~~~~~ ~

) 
~o- ’- 1 ,0,-i ,—

~~~~~. . ..

‘ 3
i t fo 1l ~~ws , u S 1 ~~ .~ Lt ” -ni ‘ .~~~~, ‘ - i  a SSU ’1 0t~~n~

118.., ~ Q
~~~ j

( U I~~~~
I I

H
2

( y )  
=

~ e l l 8 ~ ~ (1 
,( .~~ ) ~~, ,~~

- 
•‘T

3 * 2  1

M n ~~p O - . er ‘ “~~
-. ) r~r -J , ‘ii [~p’~’y’ 3 . i I

~7 1 - ‘ -

2 ~~~ 2~~’ 
. ) 

f4 1
~~~ 

‘ •1— -

Henc e , b ,‘ ( - . 3 )  , oru p 0 ’- • i -

lI B~
1
~~ 1i ~~

( u
~~v ) H ? l  ) ~ l r i- i  ~~ m

S i m i l a r l y one  sho w s

IIB;
1
~~ ~~~~~~~~~~~~~~~~~~ ~~ -

Let x _ d e n o t e  t h e  c Iiara cte r~ ’~,ic f i r c t i n n  X [g 11
.
~~. 

‘
~~~~~ T-

that  U 0 = ~~~ , = v °x h ave pr on ert .~ fl (m~ , i — n l v ~~n

II B ?
1
~~ ~ ~ ( u  ,v)  ‘ H 2 ( K 1 ) = 1 B;~~~ q ç 1 (u 0 ,v 0 ) Iu ,1 2(t~~~)

~~~~~ i1i 1

The last inequality for t — 1 f~~l 1nw s q i i t r si r: fl a i- iv , qed.
— ,ri _

~

- - - -

~ 

- - 
- - - -
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L~~”-’-~ ~.2

-u ,-
~ C b a v ~ p r or )e I ~~( m ) ,  f O r a l l  m C IN0 , t h en

~~ ~ - r  ~
- . e~ v ‘1 C

Pr~~0f ° ro pe . 0 ( m )  t o r  u ,v -~ n’I ( 4 . 2 ’  u i n l v

!~q - 
~~

l O (
~~i

) -3 .,,. T~~is , ~v L e - ’i - I 3. 4. o-~ ‘ia s

II 
~ 

I~~~ ‘
- , ‘

-‘ ~~~~ i
C
n 

T h e re f or . i ieu- i ~ L.~ r-i a -
~ .1

~~~
-

U B . , 
~;2( K 1 ) 

~ 1 I 
~~ V )  

3~~
1~~ o~~

+ IIB~
1 ‘

~

‘ q ~~ ~
- ‘

- 1=-i •1’

~ 1’ n + t~~~~~ 4 I

I [~ “ A  ~~. 3

~ 
‘

O ~ e ‘ 1 \ e l .  s s ’~~ t -’o ;ol~
j i cn~ u , v ~ X ~f (~~~~. 1)

i v e  ~~~~~~~ 0 ( j )  in I s~ t~ s~~v = ~~~

i - V )  ‘ H 2 Y . )  ~~
. 

—

‘ iu ~ l s  ~or j ( = I 

Pru.j 4 .
~~ 

) ( -
~~~ 

)7 •- c~~r

) ., - C u — ) = 2 ~J ,

~ etm ii ~~~ . I ~~~~ is

-
~ 

ru 2 
~~ 

i )  
~‘iI

? 
~ L 

‘ V (~ 
-
~ ~ ~‘ I’.1 c 

~ 

- + H~ (u~ v 1
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~ 5 E x i s t e n c e  of Pe i - io ~~i c  and ?uasi~~e r i o d i c S o l u t io ns

While the last theore m proves that, for g i ven  ~i c
there is a t most one solution u of (4.1) w ith Pu =

whic h is uniformly small in !1
~ o (0) , i t rema ins  to he

shown that there exists such a solutio n. The nature of

th is existence p robl em changes dramatically between the

A - intervals (~~
2 

4it
2
) and (n 2-it 2 1 (n+ 1 ) 21T 2), n > 2.

For the first case we are able to prove , for ar bitrary

C p - mappings f satisf yi ng cer ta i n symm e t ry r e q u i remen t s ,

t h a t a l l  s m a l l  s o l u t i ons a r e pe r i od i c i n y.  M o r e o v e r ,

if a certain non-degeneracy condition is net , “ s i n g u l a r ”

solu tions exist ~-‘h ich are locally uni for m li m i t s  of

solu tions having a r b i t r a r i l y  large irreducible periods

(see next section). In the case X C  (n 2it 2 , (n+1 )2~
2),

n > 2 , the question of existence is mor e delicate since

p ro blems of sm all deno n inatiors are invo l v e d .  For real

anal ytic f we are able to show that (4.1) can he so li ed

by a for m al power series. Convergence and gene ral i satio n s

to C 2 — functions f are sti l l  oo er t .

We are goi nq to concrete the abstract or operties of f ,

assume d in the p receding section. Let U he some neighbor-

hood of 3 in P and f U x 1R 2 
-
~~ IR b e  a C r - na p , n ~ 2 ,

s a t isf yin ~ ~(O) = 0 and Of (O ) = 0 for its gradient. We

c o n s i d e r  the e q u a t i o n

Au + A u  + f(u~ P u 1 ’)~ u) 0
(5.1)

u (O ,y )  = u ( 1 ,v )  = 0

f o r  ~ C IR . S i n c e  11 2 (1) c “~~,1oc ~~~~’ 
‘J , u ,0

~
u a r e

l o c a l ly L ,— f u n c t i o n s .  It f o l l o w s  im~n e d ia t~ 1y t h a t

f u —
~ ~

(u ,D
~

u ,
~ 1

u) def i n e s a C° — m a p p i n g  f ron t he

r c a~ SO CC I~~~~~~) in to  i
~~~~

(
~~

) wh ich , in p articul ar ,

—2 5 —
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satisfies assumption 4.1 . S i m i l a r l y ,  1 f f  is real

analytic for I- i~ s ,  I n !  s ,  I q I  5 then f , as a

ma p ping from b 2(K) into H°( K )  , is a n a l y t i c  in tho sen se

of  [4]-, n .11 2 for ever y compact K c rn , i f

f l u  11 112 ( K )  
< ~

The c a s e  A ~ (~~
2~~~ 2

) is considered first. f is a s s u m e d
to b e a C °- funct i on , p ~ 2. Pe r i odic solutions are

cons tructed via the an satz u (x ,v)  = v ( x ~~uv ) ,  where

v ( x ,z) is 2 ii - o eriodic in z and wh ere ~ v a r i es near
0 2 1/?

- 
:=  ( X _ ~ ) -

. One Obtains the b oundar y -value

p r o b l e m  fo r  v

+ X ) v  + F(~~,v )  = 0

( 5 . 2 )
v ( O ,z)  = v ( 1 ,:) = 0 , v 211— p e r i o d i c  in z

wher e the f~~l 1 o’v i n~ notations have hee ti used

1(w)  a +

( 5 . 2 a )
r (c~ .v ) a f ( v ,W

~
v ,w D

~
v )

A l t h o u a h  u n i v  r e a l  s o l u t i o n s  a r e  of int nr~~st w e ~in rk , f o r

technic a l re a sons , in com n lex 1 1ilhe rt- soaces I~~ , t h e m o a l
suhs ra ce s of which are denoted ‘-iv H~~, N o t e  t h a t  ~ and F
are def i ne d on real spaces; th orefor e ‘-jn h a v e  a l w a y s  to
a s s u r e  t’-~a t  they a c t  on rea l  e l e m e n t s .

Set  = [ 0 ,1] x 10 and de f i n e

a ~v 
~ 

1
~~ DC Y~i

) I v 2 1 1- n e r i o d i c  in z i

w i t h  the s c a l a r  p r o d uc t

(v 1 ,v 2)0 I ~~~~ ~~( 3 , l ) x I i

I denct i i~ t h e  L— ! ’ eS( I . i P ‘ l C 3 ~~’ H o  ~n d  t h n  in 1e rv ~~l (~~~~~,? ‘)

-26 — 
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F u r t h e r m o r e , we introduce

a { v  C H
~ 0~~

(n i) I v C and v (O , - ) = i ( 1 ,~~) = 9 }

with the scalar p roduct

1 2  - ~~ 1 c x 2(v  1~ ~2 ~ ( P v ,3 v

Let V denote a suitable n e i m h h o u r h o o I  ~~ 
, , 0 I IR - T h e n ,

~~~
‘ and F map V x i n t o  lH~~; ~ is  s m o o t h  in ca and 1 n e -a r
in v , F i s  a C 0 - na n n i nq  s - - i t i s f, ing  F (w ,ul) = f l T (~~,O )  = 0.

For fixed A C (11 2 ,411 2 ), th e kernel ~f ~~~( O
) ~~~- 1~~ 5~ ) 4 f l f l~~(J

by t he 1 u 1~~~o r t h c no r n a  1 s v s t o - o

( 5 . 3 )  W 3 (x , z )  = ¶ 1/2 s i n I j j ~~x e~~ -1 * I =

whe re  z . = -z . n e r  d e f i n i t i o n .  ‘)n ine  2 
r’:s’ . ~~~~~ i f l

02 -j  o~lH~ r e s~~. in -I~ by

( 5 . 4 )  2 S a Y (v  ,y
1 ) , s = or :‘

! i I = 1

P 5 i s  -~ nro jec~ i o n  c o i ~~- j ~ 1~ ’~ v i  ~ in t h e  f -o l lo~~in~ s e n s e

= j (, )~~2

oand w h i c h , r e s t r i c t ~~-I ~o ~ho r’- a1  s - j b s r u i c e ~ res n .

a c t s  as  a r e a l  o ro ie c ~ j r - i q~ Se t  E id - r S 1.hen , C 01~

suff ic i e n t l y  s i all 1w - 1. 0 !

E (~~(w) + X )
~~0 2q 2  

2 0 2 o ois a t ooolo q i c~~l i s om or nhi sn he t ’i e p n 1 9 ~ a ol H~~. S e tt i n n

I (v ,o 1
)0 * w 02v ,, c~~ =

(
~~ 

deo n t i o p  C O m O ~~~P X  C e n 1 u s u ~~t i o n )  , o ne oh ’ -~ ins

—27—
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(5.Sa) 
~~~~~~ 

= Q0F (w, ~ C . ’p~ + w )
ii 1= 1 ~

Since IIF (w ,v )11 0 = o (fI v l I 2 ), equ ati on (5 .5a) y i e l d s , v i a  t h e

im p l i c i t  funktion theore m , a unique so lu t ion w ( w ,C) € l l ~
as a real  C 2-fu n kt ion of w C V ( ~~° ) ,  c C U ( 0 ) ,  where V a n d

U are suitably chosen ne iqhho rhoo ds of w 0 and 0 E

Further m ore , w satisf ies

I Iwl ~2 < r l c l 2

uniforml y for ~ C V (w °). Hence , near v = 0, w

equation (5.2) is en ’j iv zile nt to

( 5 . 5 b )  (~~~(w) + A )  ~ C u i D 1 
= P °F(~~, ~Ii 1=1 Ii 1 =1

For genera l  F , existe nce of nontrivi a l solutions of

( 5 . 2 ) ,  and thus of ( 5 . 5 ) ,  canno t  he e x n e c t e d  w i t h o u t
furt her assum p tions Therefore, we require

a) F ( w , v ) ( X , - Z )  = F ( ~~,v ( x , z ) )
(5.6) or

b ) F(~~,v ) ( x ,-z) = F (w ,V (X , Z)), ~ (~~ ,- V )  F(w,v )

a . e .  i n

LE !- 1~~~ 5.1

A s s u m e  c _ 1  = c1, an d de f ine s
~~
(c) a c~~o ’° 1

~ j = ±1 ,
= —e i ,  then , the follow ir ,i-i i d e n d i t i o s  ‘io l 1

Pv (x ,z ,s (c)) = ° v(x ,z+0 1, c)
(1)

w (x ,z ,s (c)) = w (x ,z+ri 1, r- )

Pv ( x ,z ,~~) = P . ’ ( x ,- z ,c )
(i i)

w ( x ,z ,Z) = ~‘ : (c ,-z ,c )  , ~~ (5. 6~i ) ho lds

P v ( x , z , -~
’ ) = - ~~-i (x ,..

~~,r,)( 1 1 i ) -

w ( x ,z ,— c )  l-! (x , 7 ,~~\ 
* 

i f  ( c . ’ ’-i ’ Iin1~~;

- 2 R—
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He r e , t he u depen d ence of w has been suopresscd , P

s t an d s for an y P S , and •6
~ d e n o t e s  the v e c t o r  (Ej ~~~7).

Proo f  The  p roo f  for  Pv fo l l o w s  by i a s p e c t i o n .  To

prove  ( i )  for  w one s h o w s  tha t  w a i.~~( .  ,.+ Q 1,c )
s a t i s f i e s  ( 5 . 5 a )  if c is  r e p l a c e d  by s ( c )

= (0 0 F ( w ,P v+ w f l 0 = Q 0F ( w , Pv ( s ( c f l +~- .’0 1 )

The un iq ue  s o l v a b i l i t y  of t h i s  e q u a t io n  y ie l d s  ( i ) .
A ssertion ( i )  is  shown q u i t e  s i m i l a r l y . To or o v e

- 

(i i i )  we set ‘ - ‘  = w ( . ,—. ,c )  an d o b t a i n

= (~~~F ( w ~~~~~~~ ) = Q°F(u ,(P v) +w )

= 0°F (w ,-Pv (~~~) 
- (-w ))

= Q °F (w , Pv (-~~) + w )

Again , th e a s s e r ti on f o l l o w s , since (5.5a) is i’i ique l y

so 1 v a ‘11 e •

S e t t i o q  r a w 2
~~(w 0 ) 2 a n d  G (r ,c) a F (w, (Pv+w))(c)

equ a tion (5 .hh) can he w r i t t e n  as f o l l o w s

(S.7)~ ~tc~ + (~~(i ,c ) , W 3 ) 0 
= 0 , j  = ±1

F i r s t , we s o l v e  in the s u h s pa c e  C 1 = C 1 
= C 1.

S i n c e  1(t ,0)  = O 1 w~ h ave i n  t h i ~ c a s e ,

~~ 

~ 

_
~‘ _~.

) 3 i f  c 1 .: C)

-

~~L D
~~

( G ( :  ,c~~,~~
1) 0 i f c1 0

a s  a C °~~~- f u o c t i o n  ne~ir T = 0 , C 0. T h e n , (5 . 7 l~ y i e l d c ,
via the i m p l i c i t  fu nctio n th oe ren , a ‘inii ’j e n o n t r i v i a l

so lu tion i (c 1 ) whic h , for sm~~1l  I c 1 ! i s  ~ C~~~
1-~~u rv e .
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Observe that , in v i e w  of  Lemn~ 5 . 1 ( i ) ,

_ _ _ _ _ _ _ _ _  I = _ _ _  _ _ _ _ _

c 1 s (c) c 1

holds if C
1 * 0. Hence , by r o t a t i o n , we o b tain , from

the so l ution constructed ab ove , a solution T ( C )  of

(5.7)~ for a l l  sm a ll lc~ , C C ~2 satisf ying c 1 
=

It re m ains to hi’ shot-i n th u t the solution T (c ) of

solves as i-iell. Pr op er ty (~~.~3a ) and its i m p l i c a t i o n

in Lemm a 5 . 1 ( H )  yields :

(G( T ,c) ,~1
) 

- 

(F ( ,~,Pv+~-i ) 
1
) (~

)
C~ C l

- 

(F(~1 ,P v+’v ) (-~~
) ,40’) ( c )

C l

(fl (-r ‘~~.) , ip

c i

The sam e enu alit y is true if (5.~~b ) and h on co Le’ima 5 . 1 ( i i i )
hold s. S inc e we have tR) = T ( C )  * 

eq u ation 
~~~~~~~~~~~~~~~~~~ 

is satisfied .

TH [0R [’~ 5.2

Let he A C (11 2 ,~~11
2
) an d let F V (~~°) x -~~ hr a re -’l

C o-ma n , p > 2 , w hich satisfi es (5.6a) or (5.6h). Then ,

for  e v e r y  suf f i c i e n t l y  small c~ c e ~2 , ~~~~~ = 
*

there ex is ts a C°~~ -so lu t~ on w (C ) , v (c) of (:; .2) of
the form

w ( c )  = + ° (l c l )

v ( c )  ~ c~~~ + o ( l c ~~)
I f l — i

-30—
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We are now able to co m pl e te th e c h a r , i c t e r i s a t i o n  of  a l l
snal 1 solutions by an existence re s i l t ~ih i ch conp l e n o n t s

t h e u n iqu e n e s s  t heorem 4 . 4

THEORE M 5 .3

L et he A C (11 2 ,4112), and let be defined ‘-d y ( 3 . 4 )  ( r  1 ) .
A s s u m e  t h a t  f : U x IR ? 

-
~~ 0 - U s o m e  n eiqkhor 1i o o r~ of 0 1 0

IR — is a C Ti - i an , n > 2 , s~ t is f y inq f ( 0 ,1)) = (1 , O r ( f l , ) )  = 9 .
Suppose further that one of the f o l l o w i n ,  t a  CO il i - n s
holds

(a) f (u ,o ,-n ) f (u ,p , n)

(h) f (u ,p, - q) = -f (u ,n ,q) a n d  f (-u ,-p , - n )  f ( u , n , c i )

T h e n , for eve r y  C k c - r ( ;~+ X )  w i t h  s ’ t f f ~ c ie n t ~ v s m a l l  ncr m
there e-~ists a y-p e r i o d i c  s ol ut i n n ij of (5. 1) - i t h  Pu = 1 .

Proof : Note that the assu m pti o ns for f g u- ~r a r t e e  t h a t
F ( w ,v )  a f ( v ,~~~v ,1-1 v )  - a s  ~r one r t ,’ (5 .h~~) no ( 5 . 6 b )  a n d

f u l f i l l s  th~ r eg u l a r i t - ,  r e o u i r e i n n t s  o f  t he  : - i’c~~d inq
theo ren . Let  w ( r )  

* v ( c )  h o  a s o l u t i o n  of (
~~. ? ) • P-o n

u (x ,y )  = v ( x ,~~v )  s a t i s f i e s  ( 5 . 1 ) .  M o r e o ’ .’c- r , [‘ U ha s  t h~
f orm

- 2
P u ( x ,y) = — ( cx 1c o s  W 0Y - ~1 si n w °y ) S i f l  T X  + o ( l c ! )

C
1 

= ‘
~l 

+ i
~~l

wh ere t he  ren ain ’~er o (l c l )  is c ontinuousl y d i f~ ere nti ahle

“i i t h resnect to ri ,3 .  Hence Ti~~~ u can be so lv o d u s i n r ;
s im n i ’,’ the j m n l j c i t  function theor em an~~in , q.~~.-1 .

—31—
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r1ow , we consi Jer t h e  ~~ri er al C 3~~-? A C ( n 2
~

6 ,( n ÷ i ) 2 ,i2 )
with n C IN satisfying n 2. 3 e t ti n q : =  ( A  - j2~i 2)~~~

2

we co n struct qua s i p e r i o d i c  SO l~4t 1OhS via t u e  ans atz

u ( x ,y ) •= v ( x , ~ 1y , . . • ~~ ) wOe r ~ = ( 1 . ,w
0 

) i S
c l o s e  to 0 in R n , and wOe re v is ~— - p er~ o J ic in every

(“ v is 2i -p e ri od ic i n z ’). U i 1 -i t i e  notations

- a + j~~~~~ z Z

F(~~,v)

we o b t a i n  the equation

(Z(~ ) + ~)v + F (u,v ) = 0

(5.3)

v ( O , z )  = v ( 1 , z )  = 0 , v 211 -perio dic in z.

The form al s i m i l a r i t y  with (5.2) is not accidental;

rather the prece di ng analysis carries over to the pres ent

c a s e  i f  w , Z ,R 1 , T 1, a n d I i !  = 1 a r e  r e m l a c ed by w ,Z ,

a [0,1] f~ rI 
T

fl 
a (0 2 ) n 

, and I i !  = 1 , . . . ,n. The

f u n c t i o n s
n- i n

(5.9) -~
3 (x ,z )  2~~~~ ¶ 2 s i nj j Nx  • e~~~ =

fo rm a 1H —ortho n or n a l basis of the 2n -di rie nsi on a l Lem nel

of 1(u °) + ~~, a sp ace wh ic h , qu i t e  obviously, cons i s t s of
q u a s i p e r i o d i c  solutions only. The projectio n s P~~,’)~ as w e l l
as 12 (w) are Je f i n -~-d s i i i l a r l y  to the  c a s e  n = 1. TT -a
fun JaI - 1 en t~~l ~i ffe re nc e h e re 1 i c s in the  fact th a t

t hou~ in - i e r t i b l e , ha s  ii c o n t i n u o u s  i n v e r s e .  ft-nce , the

a n a l o 3 u e  of ( 5 • S a )

(5 .  1-9 ) 
~

2 (
~~)” 

= ~°F(~n . ~~ c~~o~ + - - i)

1 3 1 = 1

cannot he ;ol V ( ~-j  a s  s in~~ly a s  be fore .

— 3 2 —
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Let us ass um e that F is a real analytic function of its

argu m en t s.  T h en , since F th en is a real a n al ” tic m a p n i n — ~
f r o m  II ~ i n t o  !~~, one can s o l v e  (5 .1 9 )  by a fo rma l  ~o -i er

s e r i e s

1-J = T~~ C 8 W
Icz l~~0 

—

I >~2

- cz ,~~ ~ 
.1 n !~~l , 1 8 1  t h e i r  len g ths , r = ( r 1, . . .

2 °~~ 2 . . . - . -a w .  — —. O b se rve  t h at , in v i ew of the in j °ct ivi ty

of ~~2 (~~
0
), th e c o e f f i c i en t s M~~ can be d et e r n iued

rec u rsi ve l ’7’.The proof of conver -jenc e )y standard ar~ u-
m ents fa i l s  h owever since , w i t h  i n c r e a s i n g ~ , the

i n v e r s e  of 12 (~~
0
) g ro w s i n d e f i n i t e l ’ i  in nor m .

N h i l e  the p roof of unique s o l v a b i l i t y  of ( 5 . 1 0 )  seem s

to he a f o r m id a b l e t a s k  — a n d we a r e  n o t  y et a b l e  t o
a c c o m p l i s h  it — t he  solution of the system ef bi f u r c a t i o n

equations analo g ous to (5. 5 b )  is not. To sh o. :  this , let.

us a.~~:r-ie t i a~ (i. . 10) h-ia -
~~ :~‘~~~~ w~-~ ~‘e ’z ( 7 ’ : 7 ’’

f a r  s u f f i c i e n t l y  sn al 1 l c~ and ~r I , = . [ he

follo w in g Lew :ia is an in :~e d i a t e c o n s e qu er~cc- of this

as s’i~.ip t ion.

L [MN.-\ 5.

~,ssu :ie c . = ZT for j = 1 , ... ,n an d ienot e 0 ,’
C L C ~ v c - c t - a r w t h  c~ = c~ = 0 . ihe n , tOe s olution

w( ~~, c ) ( x , z )  of (5.10) i s inie 7et i d e nt oF z~~.

The ei fui ’càt ion eq uc ti o ti c , co~~ r so o n i ing to ( 5 .~~b ) ,
a r e  as f o l lo - -is

(5 .1 .1) 
~

T L C . + (G(t ,~~),~~~)0 0 t _~~ 
-

9 1 = 1 ,  . . .  , ri

— 33- 
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where 0
G ( t , c )  a F(~~, ~ +

1 J 1 1 
-

0 b s e r v L ~ t h a t  Len~- ia 5 . 1  s t i l l  h o l d s  fo r  J I  = 1 , . . . ,n.

-~s in ( 5 . 7 ) ,  ‘ - ‘: so l v e ( 5 • 1 i ) ~ F i r s t  fo r  ~ = 1 , ...
an d c~~ = c~ = 

~~~
, j = 1 , . . . 1 n . T ,C~~) is indep e ndent

of z~ accor ding to tie n’e ceding Lew :-ia. Hence (G(~~,c)~~~~)0 = 0
i f  C c = O • T hu S

I ~~~~~~~~~~~~~~~~~~~ 
, ip~~~~ )~~~

if c * 0) c~ 
2.

L 

~~~~~~~~~~~~~~~ if c
2. 

= U

i s a n ari. ’ l v t i c  -i~-~ n car = c = U and (5 .1l) 2.,2. = 1 , . . .  ,n
v i~- l Js l- ~L 1 l l y a in iq u c i n a l v t i c  s o l u t i o n T ( c ) .
.~~ a i i  I: ‘ c ’ ll o - -is . ~ i i L e m i a  5.1 , that

I
= _ _ _ _ _ _ _ _  

I
c 1 C 1 L

f o g - e~~~y c ~ 9 . [‘i - r ~~forc- * 
t h e  s y s t  1 ( 5 .  1~ ) ,

= , . . •. ii , ‘i~~s a j n i -
~ ue  a nal y t i c ~o~ ut i n n  ~(c ’ in

~r. - -so - - ’e na 1h 5 J r - 1 o .~ 0 -~ C ~ s a t i s f ,’ i n — i  C . C , ,
aj 1 , . . .  , n . Lie r c a ~~, t i l t = ~- i l f i 1  as -.t ’- i l

ic cqja t i m i- s (5. 1 ) * ~ = —1 , . • . ,— n , nr oc ’e ds
l i t e r a l  y a ~ I n t he p . r  I ad i c c a se

Le t  be -~ c (n 2
~~~,(n~~1r-r

’, ? n ç 0 ar i d le~ fl

by ( 3 .~~) .  ‘- s s - ~ ie t h a t  f : U r~
2 

-
~ !~ be re a l

a n a l y Llc r iec ~~ thu o . 1 J 1 ) . a l i s l / n  t 0 ~ c o n d i t i o n s  of
T h e o r . .i 5 . a  . [ - t ~ e r r io ’ e , su~ p ose t h i t  e q - iat ion (~~.19)
has a u n i q u e  re - i l  a n a l y t i c  - l u L l O f l  nc - ar  c = 0 a o l

= ~ o Th en t1 i e r e  e x i s t s , fo r  e -~
- e r -  c erfl+~ ) w i t h

suf f i c i e n t l y  ~~~~ no r-i , a S o l u t i o n  of  ( 5 . 1 )  t i i t h
Pu u , wh ~~ 1 qu a s i ;acr i c-J i c in y

—34—
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§ 6 E x is tence o~ S i n g u l a r  Su l~~ u

In this section we consi I c r  t~~’~ s e~ 
‘  -  

. 
. - 

*

2 E ither there exist no nt r - i- i i i  c -~ .  
~~~

- 
-

for A = 112 or there are S O l O t I L  ~s f o~ . I

~I
2-1 imits of p e r i o di c s o l u t i o n s  ~iit h  i n 1 ~ .i~~. -.~ 

-

i r r e d u c i b l e  p e r i o d s .

We re S tr I c t A to the i n t e r v a  
~ 

2 ~~ 2 ) .~c c or I n- i • .~ r

p r e c e d i n g  s e c t i o n  the se t  of s o l u t i o n s  w i t h  s--i .i ll

norm cons ists of periodic f u n c t i o n s  e x c l u s i v e l y  i- ic ’; f - - r i

a t~- io —d i r i e ns on a l  m a n i f o l d  over  ke r  ( A *~-) . Let be

= ( A — n 2
)~~~

2 , u(x ,y) v (x ,~~y ) and - a ssu me v( \ ,a) to be

211- periodic in z. Define the real Hi lb e r t - s n a c e  F o r

arbitrary real s > 9 a s  f o l lo w s

= {v C I-I~~(n 1 ) v(x ,- )  v (x  ,~~
) )

0
S im~ l arly H~~(~~1 ) , s ~ I , d e n o t e s  t h e  cor re spo n- i I ng s -i0s - ~ a

of H~~.

6.1 HYPOTHESIS

Assu ii e that in (5.1) has the prope rtie s g iven ~‘ ere a ol

t h a t  t(u ,p, - q) = f(u ,p ,q ) h o l d s .  In a d i i t i o ’ i - ie  s~~pnc : r

that the ma ppi n 9 f : u 
~ 

f(u ,0
~
u * D~

u) fra Il t I
~~~oc

( r
~~) 

int o

is c o n t i n u o u s ly d i f f e r e n t i a b l e  nea r  0 r00 s o’ie

r e a l  s 2.

O nd e r  t h i s  h y n o t h e s i s  F (~~,v )  = f ( v , D x v ,
~~

D ,v )  is C O n t i r I u O u S ~~ /

d i f f p ~- c r i t j a K l e n.- �ar v = O and satisfies (r .7 a as iel l as

F(~ ,fl) = 0 , 
~~~~~~ 

,1) 0. Ob~.erve t h a t  e v e r ,  9 o l y n o - i i a  1 n

o ~-i it h f (O) = DF (0) = 0 c a tis ci e s the ass um ’,ti nn ~.1 f~~i f .

No te t h a t  ~- ( ~~) de fi~~e.-1 i n  ( 5 .2 a )  — has  a c o n t i n u c  ~s
inverse 1

( u )  : H~ iib i ch is co m p act as a r.1a t i~ , j~~~ from

int n I~~. Hence , ‘
~~ (~~)F(~~,•) d e fin es a ca - a pl etel

—3 S—
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Cj~~~~1O ~~u - j~ on~-r i or in !1~ t O i C h s r i ~~ r 
~~~~ 

l
(~~j r (~~~, 1 ) 1

= o ( ~~. ’ )  4~~i t 0 l l . ‘ or ,, i t ’ C O ~’d- 1 C • 
~,.

‘•- ; - 
~ f 

l’~~~. Iq :ia i - n

( 5 . 2 c a r t • - a s c- I ni:

( (  . ) v = — 
1 

~ 
)v  — 1  

( L) i  (~ , 
.‘

1 ° t en I to u fl ~ 1 ~ ‘ 1 o ’ ~ I • —
~ s -~ 

• 
~ . 1 ii e’ - I • -‘ [

or i . t~1 • a ’ -  .- - i ’  1 ‘t~~l e  . -  . ~
- I ~

- i~~ i .  i i ’  — ) . ; - - ‘ -  ~r-o~_ e  i~
r I~ ~

(
~r I r r i l  t - -~- n  i • -

~

s i l l  C a • r ~ S OP C S 1 C p • 

~~ = ( - w ) / 
* 

a s 1 17  1

e i ‘ i  - -  I e o~ 
- A 

- ( ) i 4 . s c  es a t  ~ h .~ ~~~~~ I *

I q -~ c c 1 r c 1 e ‘ • h n m ”  ~ a s • ‘ -. e I

D . , a e  ‘- v  C ~e s .  r 
~ C t  O1”C t ’  • _ i)~~ iC t i~~fl~~~ CC’ ’ 5’ ’ - J C L ’~~

1 0 ( 
• . 

— I- eon 9) j - -: . . -  ri i ,, ‘ , 0
‘‘~~~~~ ~~~~~~~~ ~~~~~~~ ‘ - - ‘ “ - a s  •- ø r . ,,

~~~ 
. o ’ ’ -~~~ . i r , ’ -

~~~~~~~~~~~~~~~

( i )  i s  ~~~~~~~~

( i i )  n ’~~- ‘ b ~ ii~~~

(i i i )  C
~ 

mee s ‘~~~~ s .~’ c - . 4

S u h s e q u e n t ’~ - -- c ‘ - i l l  S ‘i- - • 1 ~t I ‘~~~~~ ‘. .  ‘ . ‘ - i i )

holds . I ii ~v I c- i  o f  eq - i a on ( - 1)  ‘ - - • ‘~ r~- •.~~ L a ~ ~ . 
- 

•

2 . - *of R x H having the s~ ri~’ rop er i ’’ as

Define 
0 1

a { v  C V
1 

= /7 f v (x , )  sin ~~ ~~~~. ~~~~~~ , ~~~~~
two s i t i ; a l e  z e r o e s  in [0 ,P i )  a n- I  

~~~~~ 
-
~~ 

1

s i m i l a r l y  S with -i ,(-9 )< 0. Since ‘-‘ c cons i de ’ f u i c t i o n s

w h i c h  are even  in z and s i n c e , for v C H , v 1 is  con t i nm , ;v .~~- .’
+ ~

d i f f e r e n t i a b l e  i n ‘
~~, th e se t s S a I C  0 0 ( 0  in H~~. loreove r .

near (w~~,0), C~ ~ {~~~,0) is -a subset of 1R 4 ~ and s i - i l a r l y

f o r  C .  9- serv e th a t v ~ S
4 and v n e r i - l - J i~ in z ir i nl ies Hat v

has t he i r red L’ ci 51 e p e r  i O i  2,,- 
* i . P. ~r I S t he  1 O~~S t inc 5 1 1 1

per iod .  ~f u (x ,y) V ( X ,~~~If ) the n u has the i r r e d u c , b l e  n - e i o - i  ~~
-36-
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i f  (u~~,fl ) is the onl y no i n t  i n C~ w i t h  v = 0 , t h e  d s s C r ’ f l o v  10

p r o ved. Since , f o r  some n n i ’j ihu r hoo ~ H o f  (~~~,O ) C 0 H an d
— - . • + + ~~~ i- 2n U are d isjoint , C~ cannot leave R x n ea r 

~~~~~~~~~~~~ 
a r d

hence ever ywhere. Up to here , the proof f o r  is t h e  S a I l e .

I t re m ains to show that (~~~,O) is the only p oint i’1 C
~ 

= C C~
w it h v = 0. A s s u~iie the contrary: Then ,th or c e - i s l s  a s c ’ q l n - r - c r

(~~~~,V 0) 
C C

~ 
n (12

4
x S), S = S~ U S~~, SUC~ t’~ -~ t I

~~~
I 2

~2 with ~2 ~ L 2 Theref ore v 0 . V 1 
i( 0 )  = H h o l i s

which im plies n ~~~~ 
-
~ 0, u i (0) = 0. In -v e~- ’ o

r (3. ~) an d

Theorem 4.4 we conclud e that r u S t  C O 1 I 1 C 1 i e  i i i t h  t ‘ e s elu * ion c

constructed in Theore ~ 5 . 5  for l a rg e  i . ~ i t  ‘ 4 105C u C ’ l J~ ion - h a v e

period near whereas u has ne riod r e a r  ~1• S iero v C ~~, t e
(Li 0 

0
i e ri o d s are irreducibl e and t h e  C o n t r a d l r *io r : f O l l o i s .

Subsequentl y, the constants ~ and ~. a r e  t a L ~~’i f r o :u  Coro1 ~~u r ,- - . -;

2 °
f o r  =

LE 0 -~ 5.4

Suppose t h a t  c a s e  II h o l d s .  T h e n , f o r  s i f t  i C 1 ,~ !: 1 ’  0 ’ I i  1 ~,

the r a r o j e c t i o n  of C~ ~~~~ x i n t o  f (I• ’l s en i’i t~~r v a 1 ( C ,~
b > 0.

Proof : We show first that C 4 is contained in S o - - ic in p r v a l  ( 9 , t
Other i-i is e , s i n c e  ~ < 3~i for  ~ < A < 4n~~, t he r r  is a s ’ i i e ’ c e
+ 2 0 + -i 0 .’

C A , A 1. -
~ ~ , such t h a t  C~, intel - Sects (3~i }  ~ I-i ~a r ev c ry 1~~

Hence , i-ic h a v e  a se qu e n c e  U n E F ~~ w i t h  PCI m d  2~11 r~-~ ~~

satisf ying — in V I O W of II — E (u ,,) -
~~ 0. fli v~~-I - inq (C . ’ )  by

yie l d o

u u f (ii )
- A A~~~( —.!~— + —

~(~~) n 1 (1
~~
) E (u 11)

As in t h -3  nroof of Theo rci- ! f . 2 one oh ta i s -, s i l o e n  cot-

u /h (u ) ccnv e eg in q towards so i-~e i i i  ~~~~~~ . rtirY ’rr ’or - ,

f (U 0 
) IL (u 9 1 n It ~~~~ (

~ ) h ence i ’ ~~~~~~ . T b e at , . ‘ eon  a t  i on

-- 
-- 

-



im p 1 i CS ~ 
-
~ 0 i l l l a d  ‘ hu s ( ~ , ) = H . P1 nc e ~l 1

hav e t he  i r r L d u c i ) l e  pe ’ - i ’ i  H / ’ 3i a - I s i n c n  F ( - i 1 ) = 1 h r l J s ,

U p O S S e S ’~~5 t h e  s a - i e p r o e ’ - i - t i f ’ S .  l ) i - r v . ’ , t - /  ( P  iS r e  ~u c b

sol a t i on i n ~ er ( -- 2 
~ - 

T hr e r~ - . 

* 
I ‘- e - r n  ‘c t I o n o r I et c

t~~ is  c o o t  t i e c d  i t - i o o ~~ ’ i n t - ’r- .’ al ( -
~

, ] .

U o i-i , 1 et he x -~~ 
-i I n (

~ (~~~) * 
\ ) . v I r a w  o r I T we ~ av e

su p E( u ) < r~ w h i c h , h-v ( C . ’ ) ‘r j r ’ l t c :
u E r A 

1

2 s Up 
+ 

I ’ ~1 i- ~ =(
~ 

,v ) c C  I
7

a ,h0)

for every - a C (0 ,h )  , - h e r e  the C o1s 0n * n n lv  d ei - n ! ~ an a .

Therefore , C~ p oss e ss es n r a - r’ i t Pla ce C is :onat ’c ted a n d

c l o s e d , th e sari ’- is ~ r l I c a  fur  i t~, pro . ) ” nO  ion  a n - i h i c ’ : - e \ o s
the  a ss ” r L i o n for C~~. In i d a n t i c a ~ a r i~uf l e nt  h o l d s  for C .

tie c all a n o n t r i v i  1 1 s o l u t i o n  of (5. ~
) s i n a - a l a r  , if i is t h y

of f u a c t i o n s  in t A t  d - i ’~ n o t  h 1 1 O n r ~ ti-

N ci ’ e t h a t  SUCH a s i - - I l I r  ~u l u t i ~~’ IA is co ’ a~’r i o di c i n v or

0 1 i s  c o n s t a n t .

T F I E O R [ ’ l  (~ . 5

Let II -a a d - hvD o th es is 1 1 h v-a l i d  0 1  1 I S S ViP -- - > 0 be

~ if f i C ent 1 j  5’ :la 1 . T h e n  
* 

i— c  i s a n i q t  o r .  a 1 r ( it ) c

c o n t a i r i n o  ‘1 S u c H  t h a t , for ever y a 3 , t h e r e  ..\is t s a r

o n i q ira So l i t i on u of 5 . 1) w i * H [ ( i  ) ‘a o ni P ) a
0 . -‘-m a n  t raYs - C S 0 l ~ A t i f l f l S , t h e n  a e  t~~oc  n~ i - ~~cr~~ - y

l a r g e  perio d .

ru i - t he , - i,,i- e , t h e r e ~ - < i s t  1 i  s i l l u i e r  S o l i ~~ o’i~ ‘i~~ s a t i s f in ~
u (0 )  = - -

~ , a (0 a , . ( ) ) P , [(- . v m a n  a , CL

f ro m [ -
~ 
, -; i t o  / i S c o o  t ‘1 ~I 5 . 1 ~ . 

-

Pr o o f  : A~~c n r d i n g  o II .i i  ~av e ~~~~~~ T h n  l i n’ -’ r  m a n  ~ - : i

f r o m  H l ( C
( .a) i nt o L mo C 0Il~ -H I O U S  O n - I  1!l J f - C t i V r  iy fl orn i  l~~r .’

:1c~uCe , :~~ i s  c o n H ’ i - i o i e .  ~~i r c e  iS C0! - n y Ct ~ m l  h r ’ ’ n cd ii

~~~ 
(
~~

) I : 0  - ~i fl~, r-~- v ,~ ~ -j I fl : ~ , ~t a- i 0 - 1 ,

~ ,it ,—

—~~ — — -. —



Take  a c u r v e  s~ i n  C~ cO ri n e c t in ~ (1~1 , v 1
) C C~ and ( , 0) C l - 1

let I u € F~ / u (x ,y) = v ( x ,ey )  , (w 2 ,v )  C s 1
} be t h e  t i a c ’

~~ r~ T h en i s an i n t e r v a l  [0 ,t~1
). If (~~~,v

2) C s 1, we

o b t a i n , in v i e w  of Corollary 4.5 , for the correspond ing i n t c t ’v c l
[0 ,62

1 , 
~2 

> T h e r e f o r e  ~(u
1
) C ( u 3 (x,y) = v 3 ( x , w 3 y) ) a~~d ,

s i n c e  a s i m i l a r  a r g u m e n t  hol d s for  C , J i s o oen.

2 1  +In v i e i - i of Lemma 6 , 4 . ,  to  eve ry  ( 1, v ) C C~ the re  e x i s t s  a
(w~~,v

2
) C C~~, (v ~~,v

2
) ~ s 1 a n d  with 0 < /1

2 
< cu~~. Thus we o b tai n

a s eq u e n c e  u C r~ w i t h  u (0 )  
-
~ ii having period 21/o t in

n n ,1 I-

increase in definite t y. ~ie conc l u de -
~ as  i n  t h e  pr oof  o f

Theore m 6.2 - that a subsequence U n c o n v e r g e s  t o w a r d s  a

:ol ut ion U 1 of ( 5 , 1 )  in lh
~ oc (~~) sa tisfyin r l

( 6 . 5 a )  u~~( 0 )  = -1 , u~~’(~~) = 0, E (u ’) 
~

2 .S i m i l a c l y  one cons tructs a solution u w i t h

(6.5 b) u~~(0) = 6 , u~~’ ( 0 )  = 0, E (u2 ~ ~

The co ot i no i tv of the map

for a € J
a 

~ u~ on the bou nd ary  of J

0 o
a c t i ng f r o m  [ c i , 6) i nto X , follows in J f ro m the c o n t i n u i t y  of

At the b oundary i-ic argue as fol l om ,s : Ever y seq l l--n c c u 1
s a t i sf yi ni u r i i (0) -* (or 6), converg e s towards u (or u~~
in H 10~ (o) since - by Corollary 4.5 - the w1’ s are u n i q u el y

d e ter m i ne d through (6.5).

T o p rove  t h a L  t~~~ s ol ution; u~ are si n q ula r , i . e .  U 1 
~ 

!~~, ~- - a

show that u~ is eithe r c onstant or not D e r i o dl c . ~lote J-at the

o r b i t s  c. {(u (y) ,i’ (y))/ y E ~I } of perio d ic 4inc t i o - is u C I

i n ~~ are s impl y closed cur ve s enclosin g ~hr? ori g in. h~ nc~~,

ac c o r d i o n to C o r ol l a r y  “ .5 , the Z do not nt e rccct ir d  s i n e

_ _ _ _ _ _ _ _- -_  T1 _ _
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~ c o n a e c - J In: I~~~~( ~
) ,  t h e  s e t  I ~~~~. for is an

o p e n  ~- • i ’ h h o  i on - a o~ ~~ . T~-~ or ”~~~ ~ : 1 , ~~ 1 , 2 , ‘ 9 V t  l r l o n q  to

s h ’ h o - ; i i I i ’ 1 OH ~ H ’ I l c O , i f  u~ 1; r o ~ c o n s ’  a n t  ‘ A t  p. ’r o d i c , it

p os ;es ses -~~~~ l e o ; ’ ‘ - ‘ i  s i m p le  ‘ - s  p r - n  p a -  i t . Si n ce u~ i s  t he

l o c a l C 1_ i i I . I it . u~~ fn cHo’:s :i’ h r li ’ - i ’ r , t r y  1- i r ’ i e i r r r - l u cj h l e

n c ri c.i - - r i ch  a - ; n ‘x ect ~~-,’ -~-.-, e si: - ’nle zero s nc- n p ’ ’ n i d , a

con~ re.~~i c t i i n  f o l i o - - s .

~~~~h / t O t h ’ - S i S  ~~~~~~ b ) ~~~. v a l ~~d i ‘, i n i l~~t ,~~ u 1t  to 1 d S  ii the

s p a r e  of  - t t n C t  i o n s

-: I v  C h1~~(’ i1~- /  -.‘ (~~, — a )  = —v (x ,:) )

1) -‘
C H O - e S O  fo r  S~ ~‘a ‘y e ’ of ~hnse a I A ’ 

~- ‘ i i c  i- i -I C e ’a c tl y t o

S j I 0~~ 1 c Z 0 ‘ O ~- S 10 1 0 ,2 nd ; - ‘ t is - -/ V j  ( 0 )  -s P ( ‘ 0) . In this

CII Sr 011 0 ota a a ‘a ; s a l  u - i o n ;  O ’ ( . I ) m i  a , ( 0) = P , ~ ( P  ) -r -~

fo - a ll a in ~h’ c b s  ~rr c i  1 o~ 3 .

r o n n L  - P Y  I 1-

Li -
- V s a t I s Iv h a  H, ‘-‘ a a - - s I s 0 • I ) en P . 1 b ) . - ore a a or

iss; -~n L t o  h o l d  , i r - t  t i ~- e  ~~~~~ ~~P s~~~~i c ~~n’ aHv s m a l l .  T h e n ,

‘ h r - a  e~~i s t s  ~n o i~~’n n - i r L t ’ o r n a e ’ H o f  P i n Le ’ (A+ )) an t a

c o - t i a u o . s  ‘- ‘ an  c I ‘ ‘  
~~ ‘~~~~~~~~ ‘ ~~~ ~ ( 0 ) ,  P C c l  I! is

a S O ]  I 
~f ( I . ) r i  I E ( 

~ 
. Far -  0 C U , ( 0 i s

p - i o i i c , ar ; C ~~~J , 
~

( )  is s i- -~al ar .

Pr oo f : ‘c c o r l i n p  ‘0 T H ’ ’ o ’ -
~ ’m -- .5 a-H ‘L Th~ 1 C ’ 1 ’  ‘- r ’ r t -  a

o~ ;a O . i r h i c  S ) i ’ j t ’ ~~-; r . i y 
~i i r ~~ch

r ac e , s dt i Y i ’,’ i o ; E~ u ) -

~ 
. Their ni - H i t s  I- t b ’

for - a -  one I : . ~H 1 ,0r h-a , ,  i of  fl i ‘a ~~
‘ . P I “ -i i S a s - a  a sal a t  i s - - -

f or a 1 - C ‘
~~ 

- - i ”  I) 0 ‘ -i - - - ; 0 1 - ;  t i 0 1 ~ o~ ( - 
- I ) ‘; ‘ s r , I n

= 0 , i j ( 0 )  = b~ r ( i ~ ~ 
f or a r b i t r . i n - v  ( a H ~- )  C ‘I .

C 0 ~ V. i icr th e c- iso (a , H ‘ 1 H . -Ic i n a r’ nrc ’ a a

.10 C O I C 1 A ’ l ’ , 1 or ever - , c r n - i o n c e  ( a
~~

,
~~~

)

con. a r q i ’ j  ao’oir :I (i ,h ) ,  t i l t ‘° “  c n r , r ; n o’ I i ’ ~- ’ r t - ’ i e i i c

U t 1 0 4  U CU ‘ -a or ~~‘ i a b~ 0 ( H) t-a -- - i ;- - 1 S a S ‘a i i ~- i on u of ( 
~ 
. 1

el I C h 
* 

‘ ,‘ C a r  a l a - v 1 . 5 , I s j O - i i v  H e  tei -m i n e d  . a m l  - ‘h a oh

-‘ - —.-,——~~-- -. - -— 

- -
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s a t i s f i e s  u 1(0) = a ,u~~(0) = b. He nce , th o - ma p p i n g  (a ,L ) . .  a

f rom hR 2 i n t o  H
~ 0~ (~~) 

is in jective and C O O t i O J L O S .  Ti ,~ oi - b i t

of u in -the (u 1, u~~)— p1 a rL e lies in ~U; h e n c e  u i s  s i n q u 1~~’ ,

q ed .
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