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Chap ter 1

INTRODUCT ION

The continuing search for lighter , stronger , more economical

structures , particularl y in the aircraft and missile industry , has led

to the investigation of various composite materials as a possible app li-

cable type of construction . Many of these materials are orthotrop ic and

multi-layered and have nonlinear physical properties . Tests on actua l

structures have proven that some of these materials are unlike conven-

tiona l structural materials in many respects. Although much has been

learned about composite material behavior in the past few years , there

are still marty areas that are unknown and unpredictabl e . These charac-

teristics pose many difficult problems for the desi gner and analyst .

To obtain the most efficient use of these composites , suitable analysis

and des ign techn iques mus t be developed .

The aircraft and missile industries have many app lications for

shells of revolution and are continuall y sear ching for ways to decrease

the weight while maintaining or increasing the strength. The possibilit y

of ach iev ing th is by use of composites has created much interest in their

application . The need for techniques to ana lyze these structures was the

prime mot ivation for this present effort . This stud y investigates

an or thotropic , laminated shell of revolut ion with shear deformation .

The rap id development of the digital computer in the last two

d ecades has con tr ibuted si gnificantly to the analyst ’s ab ilit y to treat

these comp lex problems . Numerical methods that wou ld have been impossible

1
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to employ prior to the computer are now quite popular and are used

extens ively throughout the stress analysis community . Both the finite

e lement  me t hod and f i n i t e  d i f f e r e n c e  techniques are used today to solve

comp lex structural problems. Each of these has features which make its

app lication more suitable to a particular type problem.

The finite element method was chosen for this present development

for severa l reasons . Because of the flexibility of their size and shape ,

finite elements can represent a given bod y, however comp lex its shape

may be , quite accurately . Structures with holes or discontinuiti es can

be treated with little difficulty . Problems involving variable material

properties and geometry such as are encountered with fiber composites do

not present any additiona l difficult y . Geometrica l and material non-

linearity can be dealt with relativel y easily. One of the principal

assets of the finite element method is the ease with which boundary

condi t ions can be r e p r e s e n t e d .

The essent ia l f e a t u r e  of the  f i n i t e  e lement  method is t ha t  the

governing different ial equations of equilibrium of the shell are approxi-

mated by a set of al gebraic equations . This is equivalent to substituting ,

for the actua l structure , an assemblage of discrete elements inter-

connected at a finite number of nodes. The element stiffness is then

evaluated and superimposed to obtain the tota l stiffness matrix of the

e n t i r e  s t r u c t u r e . F ina l l y ,  t he  nodal fo rce  e q u i l i b r i u m  equa t ions  are

solved simultaneously for the noda l disp lacements of the comp lete

system (1-5].

In shells of revolution, the structure is divided into a number

of shor t fr us tums which are connec ted at their nodal c ircle. The

~ 
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assemblage is made through equilibrium and compatibility requirements

at the nodal circle . Mayer and Harmon [6) employed the conical frustum

(singly curved ) element in the earlier stage of ana lys is of shells of

revolution . Popov et al . [7] used the bending displacements due to

ed ge loadings from the exact shell theory rather than the usua l assumed

displacement functions . Their result showed no significant improvement

over the simp ler assumed functions . Grafton and Strome [8] used conica l

elements in a true finite element technique . The results are very

satisfactory for shells with a straight generated curve . However , there

are still some inaccurate moments due to the approximation of a doubly

curved shell by a singly curved element . This is mainly caused by the

discontinuity of slope at the nodal circle of the substitute structure .

To remedy this problem , Jones and Strome [9] developed a doubl y curved

element which matched both the location and slope of the orig ina l shell

at nodal circles , thus avoiding unwanted discontinuities of slope at

these locations. Khojasteh-Bakht [101 used two loca l coordinate systems ,

viz., curvilinear and rectilinear coordinate systems , to formulate his

el ement . The latter proved to be a better approach because it can

treat certain constant strain states which the former was unable to

acdommodate .

Recent ly ,  a finite-element technique including transverse shear

effect has been attempted . Clough and Felippa [11) have described a

simple shear distortion mechanism which can be imp lemented by expressing

the total rotation of a cross section as the sum of the rotation on the

middle surfa ce plus a uniform shear strain through the thickness .

Klein [12] has appl ied the matrix disp lacement finite element

approach to the linear elas t ic analysis of shells of revolution under

-: — , — - . 
~~~~~~~~~~ — 
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4

axisymmetr ic  loads. The shel l  is idealized as a ser ies  of conical

f rus t a , joine d at noda l c i rc les . The externa l forces are appl ied at

the noda l circles. A comparison with these solutions is made in

Chapter 7.

Sharifi [13] used an incrementa l formulation for the nonlinear

finite element ana lysis of sandwich structures . The nonlinearities

considered were due to large disp lacements . Included in the analysis

are axisymmetric shells with axisymmetric loadings and boundary condi-

tions. Curved element s were used in the development .

McNamara (lV ~#l investiga ted nonlinear dynamic problems by using

an incremental stiffness finite element analysis . Both geometric and

material nonlinearities were considered .

Becker arid Brisba ne [151 developed the equations for an axisym-

metric , orthotrop ic shell using a strai ght line element . Their develop-

ment did not inc lude shear deformations . Shear deformations are

important for the analysis of fiber composites .

Nickell and Sato [16] used a curved shell element to analyze an

orthotrop ic , layered shell of revolution . Shear deformations were not

inc luded in their ana lysis .

In this present effort , the finite element method is used with

a curved shell element considering a nonlinear laminated , orthotrop ic

shell of revolution and transverse shear deformations.

A polynomial representation of the meridional curve of the shell

was chosen which matches the disp lacements , s lope, and curvature at the

nodal points. Nonlinear terms are inc luded in the strain-disp lacement

relationships. The stiffness matrix is then derived using these non-

linear relations .

V V
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5

There are four degrees of freedom at a node , viz ., two translation ,

one bending rotation and one transverse shear rotation. The f ield

equations similar to Reissner ’s theory of thick p lates [5) were used as

a guideline for formulating the shear deformation degree of freedom .

The procedure employed was similar to that of Clough and Felippa [II].

The classical Kirchhoff-Love assump tion for normals to the midsurface

was relaxed in favor of the assumed shear deformation mode.

A computer program was written imp lementing the derived equations .

The element stiffness matrix was formed by numerical integration. Much

of the data is generated internall y in the program . The program is

limited to ten different materials and 50 nodes , but it can be increased

by increasing the dimens ion statement accordingl y. The p rogram is

re lat ive l~’ fast . Nost of the example problems run required from 3 to 4

seconds execution time on the CDC 6600 computer .

- - ,... 
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Chapter 2

ELEME NT GEOMETRY

The shell to be considered is axisymmetric ; therefore , it is

sufficient to define only the shape of its meridional curve . The finite

element method will be used for this analysis . The element is shown in

Figure 1.

Fi gure 1. Curved Shell Element .

The element is curved and the two end points of the element are

denoted by I and 3. For a shell whose reference surface is a surf ace of

revolution , the lines of principal curvature are its meridians and

parallel circles. The principal curvilinear coordinates of the reference

6
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surface are the angle D between the normal to the reference surface and

the axis of revolution and the angle ) describing the position of points

on the corresponding parallel circle. Since this development is axisym-

metric both in geometry and load, it is independent of ~~.

A local coordinate system for each curved element is constructed

between two adjacent noda l circles by drawing chords between the points.

This rectangular Cartesian system which is normalized by the chord

length ~ is denoted by x-y . The global coordinates are represented by

r-z. The angles shown in Figure 1 are related by the relation

(1)

The ang le t~ is the angle between the normal to the reference

surface and the axis of revolution. The angle ~ is the angle between

the chord of the element and the z-axis. The angle ~ is defined to be

the ang le between the chord line (the x-axis) and the tangent to the

curved surface at any point .

From Equation (1),

sin ~ = cos (~ + ~) = cos ~‘ cos ~c - sin ~ sin ~ (2)
cos ~ = sin (~ + ~) = sin ‘~ cos 4’ + cos ~ sin 4,

To approximate the meridional curve , the following substitute

curve is assumed :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (3)

where £ = chord length of the element. (0 < x < £)

L _ _  _ _ _ _
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Dif fe rent i a t ing  Equation (3) with respect to x

d — 

2(a
2 

- a
1
) 3(a

3 
- a

2
) 2 

4(a
4 

- a
3
) 

~ 
5a
4 ~

— a  + x + —  — x  + — X  - - - — X
dx 1 2

2 £~ (4)

= 

2(a 2 
- a

1
) 

+ 

6(a
3 

- a
2
) 

+ 
12(a4 

- a
3
) 
~2 ~~~~

£ 3 4

The constants  a 1, a 2 ,  a 3, and a4 
can be determined by evaluat ing

Equations (4) at the end points

a 1 
= tan

a
2 

= tan 
~l ~~ l (5)

a
3 

= 

~~2 
sec

3
~2 

+ ~~~
— sec

3
~~ 1 

- 4 tan 
~2 

- 5 tan

a4 
= 

~~2 
2 

- 

~~~~~ 

sec3~ 1 
+ 3(tan 

~l 
+ tan ~~)

where the subscri pt s I and 2 on ~ and R referenc e 
these items to the

I and J nodes r e spec t ive ly.

The follow ing geometrical relations are g iven w i th  respect to the

element :

i~r r  - r

z — z

~
, ~/~~~)

2 
+ (~ z)2 (6)

Ar
sin ~ =

‘~~1.cos ‘
~ 

=

V , V . 

V . —

__V ~?V~~~_



9
After the substitute curve has been established , all the geometric

quanti ties can be written as follows :

tan ~ =

r r
1 + x sin 4’ + y cos ~4í

dr 
= sin 

~
, tan ~ cos 

~ (7)

= ~~~ = - .L sec ~dx dS dx R
S ince

tan ~

= 
~~~~

- ( tan ~) = sec2~ 4~

therefore

- — s e c ~~dx R

The quantity d~ /dS is negative since ~ is decreasing as S is increasing .
Therefore

~~~ 
-~~~ sec~~ (8)

and

cos ~ = sin ~ cos 4’ + cos ~ sin
(9)sifl 4l cos~~~ cos 4’ ..sin~~~sjn .
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Chapter 3

TRANSFORMATION OF COORDIMATE SYSTEMS

The disp lacement vec tor of a material point on the m idsur face

in the local principal curvilinear shell coordinate is denoted by

{f JT = [u , W
c~ <c~ ~~c ’ (10)

where

U
c 

= the disp lacement along the meridian.

w = the t ransverse  (no rma l )  displacement .

= the rotation about a merid ional tangent .

= shear deformation.

The disp lacement components which r e fe r  to the local r ec t i l i nea r

coordinates , x-y , are

~~r
jT = [u , W

r~ 
K
r

p 
~~r ’ (11)

and to the g lobal coordinates , r-z , are

{f)T = [u , w, ~, 7] . (12)

The transformation between these components can be seen as

follows :

10
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c C r (13)
= [~~ 1 (~~

where

cos f~ sin~~ 0 0

-Sin~~ cos ~ 0 0
[q 1  (14)
c 0 0 1 0

0 0 0 1

and

sin 41 -cos ‘~ 0 0

cos 1~ sin ‘~ 0 0
[q I = . (15)
r 

0 0 1 0

0 0 0 1

t._ ... ~~.. .. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .. ...~ _. V — ~~~~~ 1lga



Chapter 4

STRAiN-DISPLACEME NT REI.AT IONS

The genera l nonlinear stra in-displacement relations for large

rotation but small strain were derived by Novozhilov [181 and later

corrected by Tsao [19) . For shells of revolution with axisymmetriC

loading , the strain displacement relations can be written as

du wc c 1 2
e1 dS R 2 c

e ~~ 1- (u cos~~~~+ w  sin l )
2 r e c

V dv u
C c

c dS R
(16 )

u
d l  C c

= 
dS \ dS R~~~~

7l

~~~ u
cos~~~ 1 C C

V = - 
r

= -7
£ C

The s t r a i n s  defined in E q u a t ions (16) are now transformed into

the local rectilinear coordinates as follows (recall that dS = 
dx

C05 ~

du dvr 2 r . 1 2
e
1 

= ~~~
- cos ~ + cos ~ sin ~ ÷

e
2 

= L (U
r 

sin ‘
~ + w

r 
cos 4,)

12

~ 

—
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= - ~ 
~~r + ~~~~~ ~~

r 
+ 7r

2 2

K
1 

= ~~~~~~~~~~~~~~ ~~ - 
2 COS S .f l  ~~ + sin cos2~ ~~ 

(17)

.2 2 du d~
+ 

si_ n ~3 - cos ~~~~~~~ - —~~ ~~~~R dx dx

= - (2 ~ ~
“
~r - ~ 

~~ ~~
‘
r) - 7r

“i. 
= 7r

. .
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Chapter 5

SHELL DISPLACEMENTS

The shell  disp lacements  are written in local rectilinear coordi-

nates. They are represented by four degrees of freedom at a node: two

translations , one bending rotation and one transverse shear rotation .

U = U COS ~ + w s in  f~c r r

W = -u sin ~~+ w  cos ~C r r

dw /dw \c _~~ c~~~dx (18
dS \dx ) dS

= 

~~ 
( ~~~ ~~~ ~ + ~~

r 
C05 - U

r ~~~ 
- y

r ~~~ 
~

= 

~ 
(~ 

~~r ~ 
~~r 

~~~~ ~ + + tan

As was done by Khojasteh-Bakht [10], the displacement field is

assumed to be represented by

U = Q  + ( ~~X
r 1 2

w = + + C,
5

X + a
5
x
3

dw U
C C

r dS r

14 
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X
r 

= 

~ 
(
~ 

~~~~ sin ~ + ~
‘
~
‘r cos ~ + + tan (19)

U
r 

cos 
~ 

W
r 

Sifl ~

r r

du dw 
2

= - sin ~ cos ~ + -
~~~~~~~ Cos ~ + 7

V
r 

= -Q~ sin ~ cos ~ + (cx4 + 2 Cx
5

X + 3 cX
6
x~) cOs~~

7r 7 ~~~~ &t

In matrix notation t h i s  can be written as:

u I x 0 0 0 0 0 0 
a1r a2

w 0 0 1 x x2 x
3 

0 ~r 
4

= (20)
0 -sc 0 c

2 2xc2 3x
2
c
2 0 0 a5r (V

~~6

0 0 0 0 0 0 1 x a7
r a8

where

S = Sin ~~, C = cOs ~ .

This Can be written symbolically as

= 
~~~~ 

(21)

where {cri is the generalized disp lacements vector for the curved shell

element. This displacement function allows rigid body motion without

inducing strains .

V .~
V
~
_ V

~ VV ~,VtV _ ._ .
~~_ .~ _ . 

.-



--- - - -, - V-- - .  - - - - - - - -. -~~~~~ -V  — —----_ -. - - - V . V . - . . .

16

The shell disp lacements shown in Equation (20) represent 4 degrees

of freedom at a node, twi :ranslation , two rotation. The 8 degrees of 
V

freedom connected w ith the nodes of the element are wr itten as the

disp lacement vec tor

e1
T 

= [u i, W 1, 
~rl’ 

7r1’ Ur2~ 
W r2~ ~r2’ ~r2~ 

(22)

where subscripts 1 and 2 refer to the I and J nodes respectively .

Th e gener al ized displacements are related to the nodal point

d isp lacement vec tor ~b~J by

{a~ = [A] {b;) . (23)

is evaluated as follows :

I) A t x = 0

a1 rl

O w3 ri

= 7rl

sin 
~l 

COS 
~l 

+ cx4 cc~~
2
~ 1 

= rI

2) At x 2

U
1 

+ 
~~~ 

=

0
3 

+ 0
4
2 + 0 2  + a

~
2 Wr2

0
7 
+ 0

8
2 — 7r2

2 2 2 2
- 0

2 
sin 

~2 
COS 

~2 
+ 0

4 
C05 

~2 
+ 2a~2 ~~~~~ 

~2 
+ 30

6
2 ~~~~ 

~2 
X 2

.

— — — .;__:~~~~~~ t ~~~ . — — . 

V 

V . ,
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Solving this system of equations gives

1 rl

U - ur2 ri
£

a = w
3 ri

0
4 

= ~~~~ ~~~ 
~i 

cos~~~ 1 
(U 2 

U
n )

C05

/tan 
~2 

÷ 2 tan /tan 
~2 

+ 2 tan
a = u  I 

~~~~~~~~ I5 r 1 \
,,
~ £

2 ,/ r 2 \

- _4 WrI + ~~ w~~ - ‘rl 
(2 

2~~~
) 

- 
r2 (i 2)~~~~

u
1 (tan ~2 

+ tan )~~ U
~ 2 

(tan 
~2 

÷ tan
+

+ 
~~~ 

W
1 

- w
2 

+ ‘
ri 
(2

2 2~~
) 

+ ‘r2 
(2

2 2~~
)

07 = 7rl

7r2 - 7r1
£
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Therefore , from (23)

1 0 0 0 0 0 0 0

- -
~~ 0 0 0 0 0 0

0 1 0 0 0 0 0 0

-a 1 
0 b 1 

0 a1 
0 0 0

[Ar] a
2 

- -4 -2b2 
0 -a2 -4 -b4 

0 (24)

;a
3 

~ :~ ~ :~ ;~~~~~ :~~ :

o 0 0 -~~~~~ 0 0 ~~~0

where

a 1 

tan

2 tan + tan
a2

tan + tan
a 3

1
b 1

= 2
cos

b
2

=~~~~~~2

b
3 

= 

~2 2

1
b4 2

£ cos

_______ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ . . 

_Vi — - ~~~~~~~~~~~~~~~~~~~~~ 
.
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1
b5 2 2

2 cos

The transformation of {
~~~~~

)
~~~ to the global coordinate {

~~~
}

~~~ is

g iven by

= [RI {8)e (25a)

where

UI
W i

xl

{5)e 

~ 
1 , (25b)

U
2

W
2

2

‘
~“1

and

sin 4’ -cos ~ 0 0 0 0 0 0

cos~~ sin~~ 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0
[R] = 

(26)
0 0 0 0 sin 4c -cos 4’ 0 0

O 0 0 0 COS 4V s in 4’ 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

- _ 
~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - V A



r
~~~~~

V .

~~~~~~~~~~~~~~~~~~~~~~~~~~~

V V

~~~

V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~~ 

-- 

20

Substitut ing (25) into (23) gives

{~~~~~ [ A ]  
~~r 

[A
r] ER] 

{~~~P 
[A]{6}e (27)

where

[A] — [A
r] ER]

sin ~~. -cos~~ 0 0 0 0 0 0

______ 
0 0 

~j~!~
_i -COS 

~ 
0 0

cos . sif l~~ 0 0 0 0 0 0

-a 1 sin cos 0 a
1 

sin -a 1
cos 0 0

a 2 s in  -a 2 cos -a 2 sin a 2 cos

IA 1  = -3 cos . - 3  SIf l  
-2b

2 
0 

+ 3 cos • + 
-b

4 
0 (28)

-a
3 

s in  . a
3 

cos a
3 

sin _3
3 

C05

+ 2 c o s , + 2 s i n . b 0 - 2 c o s~~ - 2 s in~~ b 0
.3 .3 3 ,3 ~3 5

0 0 0 1 0 0 0 0

0 0 0 -
~~~~ 0 0 0 -

~

L .. - ~~~~~~~~~~~~~~~~~~~~~~~~~



V 
- - — -~~~

Chapter 6

STRESS-STRAIN RELATIONS

For an axisyimnetric shell of revolu tion subjected to axisynimetric

loading s, the stress resultants and couples can be expressed as

N 1 E11 E 12 E 13 E 14 0 e
1

N
2 

E21 E22 E23 E24 0 e
2 

V

M
1 

= E31 E32 E33 E34 0 K
1 

. (29)

V 

M
2 

E
41 

E42 E
43 

E44 0 K

0 0 0 0 E55 -y
~

The quantities are related to the principal curvilinear coordi-

nate system with 1 as meridional direction and 2 as circumferentia l

direction . Symbolically this can be writ ten as

{s} — [E] {€ } (30)

where [E] is the elasticity matrix . The detail derivation of [E] is

given in Appendix A.

Subs tituting (19) into (17) gives

{€} — (
~ ‘]  {~~~ }

— [
~ ‘] [A] {&)

e 
— [B) {B)

e (31)

21
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[B] = E~ ’I [A]

Diff erentiating the disp lacement functions with respect to x gives

du
- a

dx 2

= 0
4 

+ 20
5 

x + 
~~~ 

X

dy
- a

dx 8

2d w
— f=2a +6Q

6
x

dx

2
d u
— t -O .
dx

Substituting these relations into equation (17) g ives

e
1 

= 

~2 
~~~~~ + (u4 

+ 20
5 

x + 3u
6 

x2 ) cos ~ sin ~ +

1 1  - . 2 3e
2 

= 
r [~°l 

+ 
~2 

x) sin 4’ + (~~3 
+ 0

4 
X + x + 

~6 
x ) cos ~

= -cos3~ (2u~ + 60
6 

x) - 
R
1 

Si- fl 
~ (u

/i 
+ ~~~ x + 

~~~ 
x
2
)

+ 
~ 2 

C05 
(0

2
) - 

~8 
~~~~~ ~

= - 
cos 

~ [cos
2 

~ (04 
+ 20

5 
x + 30

6 
x )  - sin ~ cos ~ 

~2]

- 
COS 

~ (07 
+ 0

5 
x)

‘
~ 

-(0
7
+0

8
x)

...
- ——

~~
.——_._

~~~~~~ 
,.- -.
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From these equations , the matrix (‘D’) may be obtained and may be

sp lit into two matrices [~~ 2] and [~“1 containing 
linear and nonlinear

terms .

{c} - E~ ’i {a}

— (i~~
i2 i + L~ tnI) {cx.}

where is given by

V 

.V, c

~~~~~~~~~~~ 

‘
~: 

:.1_

~

.

1 

~~~ ~~ . (32 )

0 ~~~~~~~~~~~~~~~~

o a 0 0 0

and the non-zero first row of [ 1 ’ I ~ ] is

[~,jni — [o ~~~~~~~~~~~~ 
f
~
05

~~x 0 ~~~~~~ xcos2~ x ~~x
2cos

2
~~ . 0 0] (32a)

The subscript 1 is used to denote the first row of the matrix.

From Equations (13) and (21)

- [~I ~~~~ - 
~~~~~~ 

[A] {
~~~

}
~~~

- ~
%
~~ 1 

~~~ 
- ~q 1

T 

~~~~ 
(33)

= 1~~~1
T [~ I [A]  {

~~~
}

~~~

— [N] {
~~
J

~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - . . .

. 
_ 

j
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where

[N] — [q]
T [~ ] [A] . (34)

The element sti ffness matrix and equivalent nodal force may be

obta ined from the follow ing formulas:

[ke] = f J  [51
T 

[B] [BI dA (35)
A
e

{ F~~~ — ff [NI
T 

{~~~ ) ~~~~ (35 )
A
e

where is the surface traction vector. The derivation of Equations

(35) and (36) is given in Appendix B.

1 0 0 0

x 0 -Sc 0

0 1 0 0

2
T 

0 x C 0
[1 =

2 2 (37)
0 x 2 x c  0

3 2 20 x 3 x  C 0

0 0 0 1

0 0 0 x

sin k -cos 4, 0 0

cos l, sin 4i 0 0
[ c i i —  

0 1 0 (38)

0 0 0 1

V • V  — ~~~~~~~~~~~~~~~~~~ 

- 

--.. . . . . . .V .  ~~~~~~~~~~~~
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sin 4, -cos 41 0 0

x sin 4’ -x cos 4’ -sc 0

cos 4, sin 4r 0 0

T x cos 41 x sin 41 c
2 

0
[it’] [q ] = (39)r 

2 2 2x cos 4, x sin 4, 2 x c  0

3 3 2 2x cos 4, x s i n 4 1  3 x  c 0

0 0 0 1

0 0 0 x

= Py 
(40)

0

wh e re

px pt
c05

~~~~~ Pn
51.m

~~

Py 
= Pt 

5 i.fl ~ + p cos ~

~~~ ~} (41)

= ~q 1
T 

~~~ (42 )
s in  . cos - 0 0

— 

C05 . 0 0 (43)

0 1 0 0

0 0 0 1~ 0

p
x 

s i n  • + cos

.p cos ~~ + 
~ 

sin (44 )

0

1~) 

~~~~~~~~~~~~ — —  .
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p s i n 2 . + p cos • s in  + p cos2 - p sin cos

x s in 2 
+ p~, x cos s in  .. + - Py X COS • Sin

2 2
p x 

cos s~~n • + p
~ 

cos • - p
~ 

co s sin • + p~ 
sin

- 2 2x cos - s i n  - + p x Cos - p x sin • cos . + p sin

1 1  Iq~J ~) = 45)
2 . 2 2 2 V 2 . 2p x 

x sin - cos . + p
~ x cos - p x sin - COS - ~ p X Sin

3 3 2 3 . 3 2x s in  .. coa - + p K COS - - p X 5~~f l • COS - + p K s in  -

0

0

p x 
x

py

py 
x

2
p X (46 )

3
py 

X

0

0
— S

This value may now be substituted into equations (34) and

(36) to obtain ~Fe}.

- . . . ..~~~~~~~~~~~~ r~~~~~~~~~~~~~~~ - —-- - V 
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Chapter 7

RESULTS AND CONCLUS IONS

NUMERICAL EXAMPLES

To demonstrate the numerica l accuracy of the method , some selected

problems were solved and compared to known results.

First, a circular , monolithic , thin plate with clamped edges and

s u b j e c t e d  to a u n i f o r m ly d i s t r i b u t e d  load was considered . The pla te

had a radius of 100 inches and a thickness of 1.0 inch.  Young ’ s

modulus was I. X 10
6 

psi and Poisson’s ra tio was 0.3. The plate was

divided into five elements .

Us ing only f ive elements , the results from this program agree to

within 77.of the exact results using large deflection theory shown in

[201. For the particular loading case , elementary theory dif fers from

the exact solution by ove r 7O~.. The results are shown in Figure 2.

A compa rison with Klein’s [12] solution using linea r analys is

is shown in Figure 3. Th is was the analys is of a circ u lar , flat p la te

under axisymmetric pressure loading. It can be seen that as the number

of elements increased in the linear solution , it approached the nonlinear

solution using only five elements.

A hemispherical shell is shown in Figure 4. A comparison was

made with the theoretical values presented in [2). The values calcu-

lated using the ORTHO2 program agreed with the theoretical values

within the accuracy with which the curves could be read.

27
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Fi gure 4 . A Hemispherical Shell Solution by Finite Elements
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The radial deflec tion and mer idional moment fo r a cy lindrica l

shell subjected to a unit edge load is shown in Figures 5 and 6. It

can be seen that the present ORTHO2 program agrees very closely with the

exact solution. These solutions are for a linear analysi.s.

E — tO x 1O~ ~~~
i’-0.301 lb/In.

t = 0.01 in.

_  

r 51n. 

_ _

1.O in. 2in. I 21n.

0.5 in.
10 ELEMENTS AT 0.10 in.

3.0

— THEORETICAL

.~~~~~~~~~~~~~~~~~~~~O ORTHO 2PROG~~~~~~~~~~~~~ORTHO 2 PROGRAM

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
x i m.)

Figure 5. Cylindrica l Shell with Unit Edge Load.
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o ORTHO2 PROGRAM
— THEORETICA L

5 0-

1’)

0
20

10 —

0

—10 0.1 0.2 0.3 0.4 0.5 0.6 0.1
x (in.)

Figure 6. Meridiona l Moment for the
Cy l indr ical Shell .

A spherical shell under uniform norma l pressure was analyzed .

The shell and its properties are shown in Figure 7. A comparison was

made with the exact solution given by [18). It is readily seen that the

present solution agrees with the exact solution very well .

The numerical influence of the shear deformation becomes much

cl earer when a c ircu lar sa ndw ich plate with clamped edges subj ected to

a distributed load of 14 psi is considered . Th e p late has a rad ius of

10 in., the thickness of core layer is 0.75 in., and the thickness of

upper and lower facings is 0.028 in. and 0.022 in., respectivel y. Young ’s

modulus of facings is lO~ psi , Poisson ’s ra tion is 0.3, and the shear

modulus of core is 30,000 psi. The p late is also div ided into 5 , 10,

and 20 elements. The results are g iven in Figure 8. The maximum deflec-

tion of the p late is shown to converge to the theoret ical value of

0.0415 in. as repor ted by Plantema [19].

— . —VV-•- V— -V.V~—- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ -. ~~~~~~~~~~~~~~~ —--.-- 
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EXACT0.0415 — — — — — —  —.
0.04 -

0.03 I I I
0 5 10 15 20

NO. OF ELEMENTS

Figure 8. Convergence of Center Deflection
of Circular Sandwich Plate .

Nickell 114) obta ined  a s o l u t i o n  for  a cy linder loaded with a

radial load on one end and a moment (see Figure 9). The results are

compared with the present solutions in Figures 10 through 12. The

results agree with Nickell ’s within the limits of accuracy with which

th e cu rves can be read .

M

~~ R 18 5 in.
I t 3.Oin .

I I L - ~~~O in.

L I

77,’777i~ ,fu,, ,,/,, / 77

Figure 9. Locally Loaded Cylinder.

. .~~~~~~~~~~~~~~~~~
- - .- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

.- ——
~~~~ 

—



V~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ V V

34

400C

1000 ~~—rn.t.n.

xoo

f\ _ _
‘,~,,“ ,,,/

¶
! 2000 

— THEORETICA L
OINTHO2 SOLUTIOR

J

1000 V

C,

I I I
0 5 10 15 20 36 30 36

LENGTH hflV)

Fi gure 10. Bending Moment Versus Length.

0V04~
1000 ~~—,n.i1n.

0 O36~~ 
...E ’ ci..

1500 lar.,,.

0.020 -

0.025 -

o,o20
— THEORETICA L

0015 \ 1H 2 
SOLUTION

-0.006

— oole I I I I I
0 5 10 15 20 25 30 35

LENGTH lat.)

Figure 11. Displacement Versus Length.

___ 

- -
. . 

V



. ~~~~~~~~~~~~~- . -- ~~~~
,V

35

1000 Ib—En./in.
1500 - .*f_t~ ~~~9~0O lb/i n

~~ in. I

I . I I
1000 ,

~
— THEORETICAL

I • ORTHO2 SOLUTION
1 -

4
w
I
06

0 — u _ I-...t I-s—S-I

-200

-400 -
500 I I I I I I

— 0 5 10 15 20 25 30 35
CYLIN DER LENGTH (in.)

Figure 12. Shea r Versus Length.

S h a r i f i  [13] analyzed a clamped c i r c u l a r  sandwich p late under

a unifo rm lateral pressure . A comparison with his solution and the

linea r solution is shown in Figure 13. He used an incremental formu-

lation for a nonlinear finite element analysis of sandwich structures .

The nonlinearities considered were due to large displacements , as a

result of finite rotations , and p lastic deformations of the facings .

The ORTHO2 program solution agreed very closely with these results

as evidenced in Figure 13. The nonlinear solutLon differs signifi-

cantly from the linear .

V — — ----
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Fi gure  13. Transverse  D e f l e c t i o n s  in a Cla mped
Circular  Sandwich P la te .

CONCLUSIONS

A method for performing a nonlinear analys is on an or thotropic ,

laminated shell of revolution has been pres ented. The shell was assumed

to be torsion-free. The classical Kirchhoff—Love assumption for nor-

mals to the midsurface was relaxed in favor of the assumed shear

deformation. The method is quite gene ral and app licable to any shell

geometry possessing axial symmetry.
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A finite element method that used the displacement model was

selec ted to analyze the system. The meridiona l curve of the shell was

represented by a series of curved elements having local coordinates.

An element was developed that matches slopes and curvatures as well as

displacements at its noda l circle.

The geome tric approximation of curved shells usually assoc iated

with the finite element method is minimized by using the curved element .

The use of this curved element significantly reduces the meridional

bending moment usually present at the noda l circles when a curved struc-

ture is approx imated by a straight line (conical) segment . A smaller

number of elements can be used in comparison to that of a conical

element .

A computer program was developed to solve the derived equations.

The p r o g r a m  was shown to be a versatile and flexible method of imple-

menting the basic theory. Several problems were so lved and the results

compared with both linear and nonlinear solutions from the literature .

In most cases , the results from this program agreed with the linear

solutions within the limits of accuracy with which the curves could be

read . Agreement with nonlinear solutions was good and could usually be

further improved by taking more elements . The shell thickness and

pressure may vary linearly along the mer idian . The convergence and

accuracy of the method were found to be entirely satis factory as evi-

den ced by the numerical examples .

The Gaussian Quadrature Integration method was used in the

der ivation of the stiffness matrix . Several tests were made to determine

the mos t eff ic ient method. As many as eight points were used. Af ter

_ __ _  ~~~~~~~~~~~~~~~~~~~ 
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examining the different schemes, it was decided that the two point

Gaussian Integration scheme gave the best results .

The acc uracy obtained by this met hod depends directly on the

extent to which the assume d disp lacement patterns are able to reproduce

the deformation actuall y developed wi thin the element. Sin ce the chosen

displacement patt erns sa t isf y the requirements of completeness and

conformity (continuity of disp lacement a t element boundary ) as the si ze

of the element decreases indef initely ,  the solution obtained converges

to the exact s o l u t i o n.

The f inite element method is obviously a powerful too l in the

ana lys is of or thotrop ic , compos ite structures. There still remains

much work to do in this area. A logica l extension of t h i s  work is to

include stability criteria . Other items which should be considered in

the futu re are : crossove r ef fe ct s , cracking or “craz ing” of the matrix

mater ia l , an appropr ia te  f a i l u r e  cr i ter ion, and m a t e r i a l  propert ies

whicl are different in tension and compression.

_ _ _  
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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Append ix A

V 
ELASTICITY MATRIX

Individua l curved finite elements can , in ge neral , be composed

of a number of anisotrop ic layers of vary ing thickness along the

meridiona l coordinate. For a sing le lamin i , considering shear deforma-

tions , the constitutive relation is given as

L ~~~ 
Q~2 0 0 0

T 2 ~ .:? 2 0 0

T
LT 

0 0 Q~4 0 0 
LT (A-I)

0 0 0 Q~5 ~

T r 0 0 0 0 
%6

where th transverse norma l stress ~~. has been omitted and the laminae

are  o r th o t rop ic with respect to the princ ipal elastic axes L-T. These

axes need not coincide with the axes of the curvilinear coordinate system

1-2 , (F igure 14), (1 is the meridiona l direction ) and

Q~1 
— E

L/(l VLT VTL)

— E ’ ’ l -‘
~l2 “LT T ~ 

VLT VTL

- VTL ELI (1 - VTL vLT)
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‘
~22 

— E
T
/(l - VLT vTL)

(1’ — G44 LT
(A-2 )

Q’ — G
55 L.~

+ 

~
N L

Figure 14. Materia l Axes .

Equation (A-I) can also be written for the kth layer in the following

forms :

~ii Q~2 0

2 ~~~ ~

k 
0 0 44

k 
LT

(A-3)

and -

[L.
fr 

= 

0 
~ 

{7
L~~

1 T~~ k 
p6 6 k  7T~~ k

-~~ ~~~~~-_ V . 

~V
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To develop a theory for struc tural laminates with individual

layers having their elastic axes oriented at various angles relative to

the coordinate axes , the stress-strain Equations (A-3) must be rotated

through the posi t ive  ang le  ~ so that the transformed stress-strain

equations are

0
1 ~ 11 ~ 12 ~ l4

0
2 

= Q l2 ~22 ~2 
(A-4)

T 12 k ~ l4 ~24 Q44 k ~ l2 k

and

T 0 

~
T

2r  k 

- 

0 
~66jk l~~2~~J k

where

Q11 
= Q~~ 

cos
4 + 2(Q~2 + 2 Q~~ ) sin

2 - 
- cos

2 
+ Q~~~2 

5j f l  V

+ 
2 

- ~ ~~~~ sin
2 I cos 2 + Q~2 

(sin
4 

-
~ + cos

4 )

= Q~ 1 sin
4 

+ 2 (Q~2 + 2 Q~~~4
) sin

2 
cos

2 
+ Q~~~~ 

~ Og~ I

(A- 5 )

= + Qj~ - 2 Q
~4
) sin cos

3 
+ (Q~~ - Q~~ + 2 Q~~ ) sin

3 cos

= - 

~~2 
- 2 Q~~ ) sin

3 
- I  cos - + (Q~2 

- Q~~ + 2 Q~~,) sin I

= (Q~~ + Q~2 
- 2 Q~~ - 2 Q~~

) s in2 -
~ cos2 I + Q~4 

(sin” cos
4 

~)

Q55 
= Q55

~ 

~~ ~~~~~~~~~~~~~~~~~~ . — - . V — . ._ _ .
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Subs tituting the midsurface strain and curva tures into Equations

(A-4) the follow ing expression is obtained :

0
1 

e
1 

IC
1

0
2 

= 
~~ k e

2 
+ 

~ k (A-6)

1
12 2e 12 2ICl2

and

1lfr 
= 

~55 0

T
2~ 

0 
~66 72t ~

By integrating over the total thickness of the laminate , the

generalized stress resultants in terms of midsurface strain and curva-

tu re are g iven as

V...
N

N
2 

[Ci [D*1 0 e
2

N12 2e 12

( (A—7)
[D*i ED] 0 ‘2

M12 21(12

0 0 [Si
— —

—— - ~~~~~~~~~~~~~ ~~~~~ ~~~~~~—V t~~~~~~fl . 
~~~~~~~~~~~~~ 

. 

- .4
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where

[C~ 
k l  ~~ 

(k)
1 (hk 

- hk l )

[D*] = 2 
k l  

~~~~~ 
(h~ - h~~ 1

)

(A-8)

~D1 = 
~ k 1  

[~~
(k) ] (h~ - h~~ 1

)

[SI 
k 1  

[~~
(k)

1 (hk 
- hk l )

in wh ich h
k 

and hk l  = the distances , respectiv ely , from the midsurface

to the inner and outer surfaces of the k-th layer .

For an axisymmetric shell of revolution subjected to axisymmetric

loadings , N12 M12 = Q2 
— e12 = 

~12 
- 

~2r 
=

Hence ,

N
1 ~~~~~

[C] [D*] ~
N
2 11 e 2

M
1 

= (A-9)

[D*1  [D I  0 U
M2 I I ’ C 2

Q1 0 0 S
5~~ (~~1~

or symbolically

{s) — [H] {€) . (A-lO)

-.---- ~~~~ —~----.— -V.



Appendix B

ELEMENT STIFFNESS M&TRIX

The element stiffness matrix is found by writing the total

potential energy of the axisymmetric shell of revolution and minimizing

it for the impos ed cons traints and loading cond itions .

The potent ial energy for a linear elastic shell of revolution

in the absence of therma l and body forces can be formulated as follows :

= 
~~~ 

I {~ }T {~} dV - ff  {f}T {p} ~~ (B-fl
V A

1

where the vec tors {€ } , {~}, {f}, and {p} represent the strain , stress ,

d isp lacement, and equivalent surface tract ion vec tors , respec tively.

Introducing the stress resultant vector

{~) — t

where t i s the thickness of the shell, Equation (B-I) may be written as

= f ff  I {€}T {~) ~ - ff {f}T {P) dA . (B-3)
V A

1

The first integral is evaluated over the entire volume V of the

shell and the second over the portion A
1 
of the midsurface of the shell ,

where the equivalent surface tractions are prescribed . Since the state

of displacement throughout the shell is defined element by element , the

44
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total potential energy may be considered as the sum of the potentia l
7~

energies of all individual elements , i.e.,

~ e
e

The potential energy contribution of element “e’1 will now be

cons ider ed . The state of d isp lacement defined for the element in local

rectilinear coordinates x-y can be expressed in matrix form in Equation

(21) as

= [~I {o) = [
~~
I[A r I {~~ . (B-4)

Transformat ion of 
~~~~ 

into the global coordinate system may be

obtained from Equation (13)

= [q]
T 

~~~~ 
— [NI 

~~~~~ 
(B-5)

where

[N] = 1 q 1
T [

~~I [A
r
] (B-6 )

and the colume vector 
r 

represents the eight discrete parameters

(nodal point disp lacements) of the element as given in Equation (25b).

The matrix [N] is a function of spatial coordinates and describes the

defined displacement pattern.

Substituting Equation (27) into Equation (31) the following

strain-displacement relations are obtained:

{€ } — [B ]  (B-7)

.- . - -- ~~~ 
~~~-~---~~---V

,V
-~~~~

. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —  - —
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where

[B] [~~‘] [Al . (5-8)

Equat ion (B-8) is a matrix relating the nodal point disp lacement vec tor

to the strain vector. The elastic stress-strain relations can be

expressed as

= [E] {€ } (8-9 )

where [El is a function of the elastic properties of the element . Each

element can be assigned different elastic properties . If the relations

in Equations (B-9), (B-5), and (8-7) are substituted into (B-3), the

potential energy contribution for the element becomes

- 
~~~ 

1 {5ef T 
[BI

T [ E ]  [B]  ~~~~ dV 
- 
~~ 

~~~~~ T

V A
l
e 

(B-lO)

where V is the volume of the element and A
1 

is that part of the mid-

surface area of the element which coincides with the midsurface area A
1

of the shell over which the equivalent surface tractions are prescribed .

Since the discrete parameters (e~ are not a func t ion  of spat ia l

coordinates , the potent ia l energy of the element may be written as 
V

= {b e}T 
[111 ~ [ B I

T [ E ] [ B ]  - ff [N ]~ ~~~ .

e 1e (B—li)

S ince the assumed disp laceme nt pa tterns for each element satis f y

various requirements such as completeness and conformity , the bes t

values that can be obtained for the total nodal point disp lacements of

the finite element representation of shells of revolution are those

, .~-..- ..- 
. 

. V
- V—
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that minimize the total potential energy of the shell under the con-

straints imposed ; i.e., the best value of {~J are those tha t satisf y

the sys tem of linear equa tions

= 0 (B-l2 )

where {b} is the total noda l disp lacement vector of the system.

in forming the system of Equations (B-12), it is convenient to

have an expression for the spatia l derivatives of the potent ial energy

of each element “e” with respect to its own nodal point disp lacement

vec to r  {5e} i.e.,

(B-13)
~~~~ L~ i 

w
1 ~

‘X
1 ~~~ 

‘u~ ~~ 
VX ~~ ~~V7

j j

By use of Equation (B-b ), this expression can be obtained as

= [ff ~r [BI
T [ E ] [ B ]  ~~ej 

I i i  [N]
T 
{P~ dA~ . (B-l4)

~ 
L V e [A l

e -1

The terms in the first and second brackets are normally defined

as the element stiffness matrix EK
e
] and the element generalized noda l

point force  {F e) , respec t ive ly .  Hence ,

IK
e
) — f f 1  [BI

T 
[ EI I B I  (B- l5 )

V
e

{F e) — If  [ N I T {~} dA . (5-16 )
A
le

V _.___ .. .V. -~ ~~~~~~~~~~~
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By properly combining the submatrices in Equation (B-14) obtained

for each element , the total matrix equation representing Equation (B-12 )

can be constructed as

[K] {b) = (F) (B-17)

and then solved for the nodal point disp lacements. Once the nodal

point disp lacements are obtained , the corresponding stress res ul tan ts ,

stresses, and stra ins for the def ined disp lacement patterns can be

calculated from Equations (B-7) and (B-9).

If Equation (B-8) is substituted into Equation (5-15) and the

volume increment for a shell of revolution is taken as

dV = 2st R(x)  d~ , (B-18)
cos ~

then the elemen t sti f fness  matrix for the axisymmetri c shell ele ment

takes the form

EKe] = 2s f [BI
T 

[E][B] 
R(x) dx

= 2~t [Al
T 

[G][A] (B-l9)

where

[G] — / 1~~,1
T [ E ) [ ~~’] 

R(x) dx . (B-20)
o cos~~

The integration is over the chord length of the meridian cross

section of element .

It is assumed that the equivalent surface traction over the mid-

surface area A
1 

where trac t ions are prescr ibed vari es linearly between

the two nodal circles I and J. That is,

_  ±Vi i~~~~~~~~
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~~ c
}T — [0 0’n 

+ p’ x) 0 0] (5-21)

where {P) is the surface traction vector expressed in local curvilinear

coordinates. Transforming into global coordinates the following is

ob ta ined:

— ~~~~~ [
~~~]

T 

~~~~ 
(B-22 )

Substitut ing Equations (B-6) and (B-22) into Equation (B-l6 ) the

genera l ized elemen t nodal for ce vec tor becomes

{Fe} = 2~ ? [ A l
T 

1~~1
T 

[q ][q ]
T 

1 q 1
T {~~) x)~ dx (B-23)

or

{F °~ = 2 2r I A r l
T J~ [~~]

T k I T 

~~~~ 

R(x )  
dx

whe re

— —V -~-sin ~ -x sin ~
2

-x sin~~ -x sin~~

COS ~3 x cos

T T x cos~~ x
2

cos~~[~ ) [~~l 
~~~~ 

= P ( 
2 ~ 

,;~ 
3 

)
x cos~~ x cos~~

3 4
x cos~~ x cos~~

0 0

0 0
...
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Appendix C

EQUILIBRIUM EQUATIONS BY VIRTUAL WORK

The equilibrium equations governing the shell behavior can be

derived by using the princip le of virtual work.

From Equations (21), (23), and (25a)

= [ c v ] {cJ

— [~~~ l [ Al  
{~;}

= E V ~~l [ A 1 [ R ]  (u
g
) (C-i)

— [4][A ] (u
g
)

g

where IN) — f~ )[AJ and [A) = [A ) IR)

Let t h e r e  be an a r b i t r a r y  and non-zero v i r t ua l nodal  d isp lacement

b {u
gJ about  the deformed pos i t i on  which  r e s u l t s  in a v i r t u a l disp lace-

ment and virtual stra in The b prefix denotes a virtua l

change in the quantity concerned .

By means of the pr inc ip le of virtua lw o r k , the following expression

can be written:

6{u )
T 
{Q) - f 5j,~~T (1) dA - j  b{~)

T 
{F) dA (C-2)

g A 
m 

A 
S m

m m

where Am 
is the referenc e sur f ace  area of the shell , {~) is the app lied

nodal force vector and {F ) is the surface traction vector . The stress
5

50
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vector {T) is g iven as

— [C](€J~

— [C][41 ’][AJ{u
g
)

Substituting Equation (C-i) into (C-2) the following is obtained :

~1~u 
)T 

~Q} + ~~u )T j  [NI
T {F ) dA — f ~{~ )T ~~T) dAg g 

A S rn 
A m

m m

or

~~~ 
}T {~) - f ~j~ )T {T) dA (C-3)g 

A
m

where {pJ is the equivalent nodal forces of the element defined by the

pr inc ip le of v i r tua l work .

Substituting Equations (23) ,  (25a), and (31) into (C-3) gives:

b{u )T {p) - f ~{u )
T 

[Al
T 

[~,~~]
T 

{T ~ dA . (C-4)g 
A 

g
m

This results in a nonlinear matrix equation for the equivalent

noda l forces {P), i . e . ,

{p~ - f [A ]~ 1~~, 1 T [C][~~’)  [A) {~~} dA (C-5)
A g m
m

Equation (C-5) is now linearized by writing it in the  form of an

implicit different ial.

- - V . . - —  _________
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— f t~ [Ai
r [1~1 I ) T 

[C]1 4”][A) {~ ) dA
A g m
m

+ [A]~ ~~(11~1 *1
T [C IE I t I ’l) [Al {u~) dAm (C-6)

+ f  [A] ’r [*I ’][C][~~’][A] ~ 
{u ) dA

A g m
m

it is assumed that a change in the transformation matrix during

an incremen t of load may be neg lected . This permits neglecting the

first term on the r i ght hand side of equation (C-6). The second term

results in the well known initial stress matrix while the third term

accoun ts for the e f f e ct of the increment of stra in and may be sp lit

into two terms separa ting the l inear and nonlinear d isp lacement terms .

[Al
T [1~1 t ] T [CJ [’~”][A1 ~ {u~) dAm

[Al
T 
[~lt .€]

T
[C][~~t .~J [A] dAm ~ 

{u
g
} +

[Al
T 

[~~~~]
T [ C ) [~~’m] [A] dA ~ {ug

) +

[A ] T [~~Ifl 1T [ c I [~ ’2 ] [A ]  dA
m ~ 

{u~) +

[Al
T [~~l f l ] T 

[c1[~~’n][A] dAm
L
~ 

{u
g
) —

(IK
(0)

I [K
(2)

l) L~
{u
g
} . (C-7)
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The last three terms have been collected into [K~
2
~~] and will be

called the initia l disp lacement matrix. If the area increment of the

she l l  is taken  as

dA • 2it R (x) dxm cos

then  the element sti f fness  matrix for the axisymme tr ic sh ell element

takes the form

T[K d
l — 2it f [B] [C][B] R(x) dx

0

= 2~ [Al
T 

[d EA l

whe re

[B] — [~‘ ‘ ] [A ]

and

Ed] = ~ [~~I]
T [ C ] [ ~~’]  R ( x )  dx

The integration is over the chord length of the meridian cross

section of elemant .

INITIAL STRESS MP~TRLX

The second term of Equation (C-6 ) can be written as:

[Al
T 

~~ ( [ I D I ]
T 

[CI [~~’]) [A] {ug
} dA —

2f [Al
T 
(
~[~~~IT) [C][~~’]EA ] {ug

)dA
m 

—

2
~m 

EA]
T 
(
~ [~~~]T) {T) dA - (C-8)
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Equation (C-8) can be broken down into a summation of the five

stress resultant  components , i .e .,

2f [Al
T 

~~~ 1
T {~} dA — 

~ 
f i.[A ]~ 2V~V {~~ T) dA (C-9)

A i-I Am m

where i is the index of the stress resultant components and {~~,T) is

the transpose of the corresponding ~th row of the matrix [
~~‘] .

Since the derivation is based on the current deformed position

of the shell element , the increment ~~~~~~ can be w r i t t e n  as follows :

2. .L: 1 Tj — 2:~~~~nT} —
1

and

~~‘ nT
2~ ~ 

} .~x

0

-sin ~

0

— [0 -sine 0 1 2x 3x~ 0 0) ~~

2x

23x

0

0

-. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ -~~~~~~~~~~ V- -V —- -. V - , ’ -~~~~~~~ - —.--—.- 
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Append ix D

THEORETICAL BACKGROUND

Some of the basic concepts used in the derivation of the equations

presented in the main text are presented in this section.

GEOME TRY OF SHELLS

The geometry of a shell is ent irely defined once the midsurface

and the thi cknes s at each point are specified . Hence , to describe the

shel l  space , the  middle  su r face  or r e f e r ence  s u r f a c e  of the shell must

be specified . Let and 
~2 

be the curvilinear coordinates for the

mid-surface and let them coincide with lines of principal curva ture of

the surface , and let ~ be a coordinate norma l to the midsurface as sho’.~n

in Figure 15.

~,
�— 

~~~~~~~~~ -V.
~~~ ~~~ I ~

-V

~ 
j

/ ç ~~~~
$
~~~~ 

a2

/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~a1 H2

Figure 15. Typical Shell Element .
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_
~_1 
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The position of any point in the midsurface can be defined by

the curvilinear coordinates a1 
and O~~. The location of any point in

the shell can be related by the three parameters a1, u2 ,  and ~~~. With

this curvilinear coordinate system, a line element in the shell space

surrounding the inidsurface can be expressed in terms of the differen-

tials of the orthogonal curvilinear coordinates as follows :

dS2 ‘.4(1 +
~~ _~

)

2 
dcf~ ÷4  (~ +

~~~
)2 da~ + d~

2 
(D-l)

where A
1 

and A
2 

are the midsurface metrics and R
1 

and R
2 

are the

princ ipal radii of curvature of the surface .

STRAIN-DISPLACEMENT RELATIONSHIPS

The genera l nonlinear strain-disp lacement relations for large

rotation but small strain were derived by Novozhilov [18] and later

correc ted by Tsao [19]. Supp ressing the nonl inear terms , the following

strain-displacement relations for linear theory of shells is obtained:

1 /1 .~
1’U v ~A 1 w

1 /1 ~V U ~A2 ~\
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

(D-2)

1 /1 ~v u 
~~l\ I / 1 ~U V

7l2 l + A z
l

A
1
A Q

2)~~~ l + A
~~~~~~~~

K
~~~~~~~

— ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ 
— . V _ V ~~~V .~~~V
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.~U 1~~~ W U 1

1 / l  ~W V
~2r 

-

~~~~~~~

+ 

~ ÷ - ~~~~~~~~~~~~~~~~~ 
‘
~

whe re the fu nctions U , V , and W represent the d isp lacement components

ca used b y s t ra ining of a mater ia l  point or ig ina l ly at point (a1, c~ , ~)

in the  shell  in the  
~
, 

~2 ’ and ~ direction , respectively

To incorpora te  the  t ransverse  shear d e f o r m a t i o n , the classical

K i r c h h o ft - L o v e  assumpt ion  must be abandoned . The ma te r i al l ines  orig in-

ally straight and normal to the midsurface of the shell remain straight

but are no longer normal to the deformed midsurface (Figure 16). Th is

imp l ies  that the transverse shear deformation is independent of the

coordinate r .  Hence , the shear rotation can be represented by some

average value of the shea r strain at midsurface. The disp lacement

components of a point in the shell can be expressed , as a Eirst approxi-

mation, by relationships of the form

U ( ~~1, 
~2’~~ 

= u(.~1 ,7
) + ~~~~~~~~~~~~~ 2~

(D-3)
= v(a1,a2) + ~ 2

(.
~l~~ 2)

—

where u , v, and w a re  d isp lacements of the point at midsurface , and

and 
~2 

are rotations that represent changes of slope of the normal to

the rnidsurface. It should be noted that terms u , v, w, 1 1 
and 

~2 
are

func t ion s of U
1 
and U

2 only .

I- V . . . - 
~~~~~~~~~~~~~~~~~~~~~~ —V.— -  —-----—- --- .- ...--- - . -- - - - - -. A



-V.- --- - -.V. - V_~~~V.~~~~~~~~~~~~~~V._~~~~~_~~~~~~~~~~~~~~~~~~~~~~V.~~~~~~~~~ V.~~ . . -- - -- - -V.- ----

58

UNDEFORMED STATE

.\ \ V

DEFORMED $TATE’%
\
\

Figure 16. Transverse Shear Defornation.

subs t i tut ing  Equat ions  (D-3)  into the s t r ain -d i splacement  rela-

t ions Equation (D-2) and suppressing the terms jj — yield

e~ + 
~

c
2

= e
2

+ t ~~ 2

= 0

~ l2 = 2 e 12 + ~(2 ‘< 12~ 
(D-4)

I 
= A1 

Q
1 

- 

~~~~~ 

+ V i

-~ C~ R 
+
~~2

‘ 2 2  2

where

3A
e = -

~
-

~~
-- + —i-- —i +1 A

1 
31

i A
1
A
2 ~~2 

R
1

(D-5)

e = ~~~~~ -~~~~- + 
.Jj 

+2 A
2 ~~ 

A
1
A
2 ~~i 

R
2
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are the ex tens ional strains at the midsurface of the shell ,

I ~~l ~2 
~3A1

(D-6)

I ~ ‘2 ~~K 2~~~~A a + A A

are the changes in curvature of the midsurface in the directions of

and Cr2 , respectivel y, and

-A A
2 e 1 2 f ~~~~~~~~~~~~~ -~~~~+ - f ~~~~~~

2

(D-7)

1 ~
‘ 2 

V V
1 ~A 1 ~ 2 - ‘A2

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

represent the in-surface shear strain and twist of the midsur face ,

respective ly.

STRESS-STRAIN RELAT IONS

Assuming that the in-surface stresses can be represented by a

state of general ized plane stress , the Stress-strain relations for the

shell space and fo r the or thotropic material can be written as

__________ 

v21 
E
2

a = ~~~~~L + V

1 1 - v12v21 1 1 - v12v21 2

v12 E1 E
2

= I + C2 1 - v12v21 I I - 2

~ 

~ , V 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — —.
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~ l2 ~12

T l~ 
= G1~ ~~~ 

(D-8)

G~~ 
~~~

where E1, E
2
, C12, G~~~, G2~., v12, and v21 are the elastic constants

along the three coordinate directions [21].

Since the transverse shear strain has been ass umed to be cons tant

across the thickness , the corresponding shear stress is likewise constant

and is directl y proportiona l to the shear strain . However , from ele-

mentary strength of materials it is known that transverse shear stress

is not constant across the thickness of a beam section . Therefore , the

average shear strain , which may provide a good approximation to the

shear rotation , does not necessarily provide an adequate representation

of the shear stress distribution . Hence , a shear stress factor is used

in conjunction with the transverse stress-strain Equation (D-8) as

suggested by Nag hdi  [22], that is

T — ~ G .r 
~ir 

~ = 1, 2 . (D-9)

S u b s t i t u t i n g  Equations (D-4) into Equations (D-8) and (D-9) and

integrating across the thickness of the shell , the stress resultants

and couples are obtained as follows :

N
1 

= C~ 1 
e
1 
+ C

1~ 
e
2

N
2 

= C21 e1 + C22 e2
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N12 = 2G 12 + e12

N
1 

= D11 K
1 

+ D12 K
2

(D-10)
N2 

1)
21 

K
1 

+ D22 K2

G 
2

M
~~ 

= 12 (2 K 12 )

5
Q

1 
= ~ G 1~ 

t

5
= 
6 ~~~ ~

where t is the thickness of the shell and

E tc — 1
11 1 - -

. 12~2l

E
C — C22 11 E

1

E t
3

= 
12(1 ‘ l2~ 2l~ 

(D-1l)

D D 
E
2

22 Il E
1

= ~2l = 12 C22 
= 

21 ~ll

D12 D~ 1 
= 

12 
D

22 
= 

21

SHELLS OF REVOLUTION

The discussion will now be restricted to shells of revolution .

The midsurfac e of the shell is obtained by rotation of a p lane curve.

This curve is called the meridian and its plane is the meridian plane .

The intersection of the surface with planes perpendicu lar to the ax is

of rotation are parallel c ircles and are called parallels. For shells

L._. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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of revolution, the lines of principal curvature are its meridians and

parallels [231.

A set of convec ted normal coordinates ~, 0, and are used to

describe the shells of revolution , where ~ is the angle between the

normal to the midsur face  of the shell  and the axis of revolution, 0 is

the ang le describing the pos it ion of points of the corr esponding parallel

as sho n in Figure 17. The radius of curvature of the meridian is R1.

The second radius of curvature R
2 

will a lways be the length of the

intercep t of the normal to the midsur face between the axis of the shell ,

i.e., AP. This is because the normal from two adjacent points P and P’

on the same parallel will always intersect on the axis of the shell.

1

— 

- PARALLELS
R1 0P 00

-

R U P R2 1n
i~ SURFACE NORMA L

H 

H MERIDIAN
p.

Figure 17. Shell Geometry.

The arc length of a line element in the shell space is given as

dS
2 — 4 d~2 + 4 sin

2
~ do 2 

. (D-12 )

Assoc iating a
1 
with V and cz

2 
with 0 and comparing Equation (D-12 )

with Equation (D-l), the follow ing is obta ined:

_._ 
~~~~~~~~~~~~~~~~~~~ . _._ . . . — — - — . . 
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A
1 

—

A
2 

= R = R
2 

s inq . (D-l3)

Note that the term j~
- in Equation (D-1) is small compared to unity for
1

thin shells.

From Figure 18, by inspection, the following is obtained:

dR— = cost ,ds

or

= R
1 

cos~ . (D-14)

Figure 18. Shell Meridian.

AXISYNI1ETRLC LOADINGS

For shells of revolution with axisymrnetric loadings , all geometric

quantities are independent of ) . Consequently, all of the shell vari-

ables are independent of 0 and , starting with the relationships be tween

the s tra ins and displacements Equations (D-4) through (D-7), the

following is obtained :

- -  .- -___________ - -~~~~~=—-
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1 du w
e — —+—

I R
1
d~ R

1

I
e
2 

— (u cos~ + w sine)

1 
d~ 1

K
1 

= 
~~~

— -
~~~~
- (D-l5)

K
2 

— CoscI~

VY
~~~~

;

Setting equal to some average shear strain as

= 

~l 
‘ 

(D—16)

and substituting Equation (D-l6) into the last Equation of (D-l5) yields

= _ (~‘— ~~~~~ - ~~~ - + . (D-17)

Furthermore , let

(D-18)

where S is measured along the meridional direc tion of the rnids urfa ce .

Substituting Equations (D-18) and (D-17) into Equation (D-l5) the

fol lowing is obtained :

du w
e
1 

= +

1
e
2 

— (u cos~ + w sin4)

- ~~~~~~~~~ ~~~~~~~ a V _ 4~~ 7 ~~~~~~~ V~ ,V ~_ . V ~~~~~~~~~~~ ..~V V — -- —_ —— __~~~~~__  - ._
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d /dw u
K

1 
- - - +

K
2 

= - 

~~~~~~~~~ 

( - t. + (D-l9)

71r, 7l

The stress res ultants and coup les reduce from Equation (D-10) to the

fo l l owing set :

N 1 = C11 e1 + C12 e
2

N2 C21 e1 + C22 e2

N
1 

= D
11 < i 

+ D12 K
2 

(D- 20)

N2 = D2 1 K
1 

+ 1)
22 K

2

Q 1 =~~~G1~ ~

~ 

~~~~~~ 

- 

-
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Append ix E

COMPUTER PROGRA M ORTHO2

The forego ing der iva tion was implemented in a finite element

computer program. For convenience in reference, this program

will be referred to as ORTHO2. The element stiffness matrix was

fo rmed by numerical integration . The nodal point coordinate and element

connection array are generated automatically by the program. A shell of

revolution is first divided into as many segments as necessary . Because

each segment may be cons idered as a separate unit , different materia l

properties as well as thickness and pressure can be ascribed to different

segments. Each segment in turn may be subdivided into any number of

shell elements. Norma l pressure and thickness of the shell must be

axisymmetric , but may be var ied  l inea r ly along the meridiona l direction .

The matrix equations are solved by the Cholesky decomposition process

which  stores onl y nonzero elements  and therefore results in a significant

saving of computing t ime . The program can be used to solve problems of

thin, thick , and sandwich shells of revolution as well as multilayered ,

orthotrop ic shells such as a fiber reinforced composite. The program is

lim ited to ten different materials and 50 nodes , but can be increased by

increasing the dimension statement according ly. This p rogram requires

about 32K core storage and three scratch files . A total of nine sets of

inpu t data is needed . The flow chart for ORTHO2 is shown in Figure 19.

Am itera tion proced ure is used in the p rogra m. For the n o n l i n ear

effect , the load is app lied in increments and the coordinates are updated .

66
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This method was compared with that of using the relations in Equation

(32a) and was found to give practically the same results. Much of the

da ta is genera ted internally in the program.

ENTRY 
D

i READ NU MBER OF PROBLEMS I
i PER RUN A ND NUMBER

OF LOADING INCREMENTS

N - i  J 
I. 

_ _

C U R R E N T  1 I AND I I NBP. NSEG. M . NOl , PR INT
I PR I NT 1 1 READ CA LLDA TA IN FOR READ AND

I PROBLEM f~1 PR I NT I~~I NMAT. READ El . E2 , BOUNDARY
NUMBER TITLE PR1. PR2. Gi FOR EACH NMAT CONDITIONS

CALL DATGEN — ,~~~~ 

— — — _f —r _ _ _ _ _

I I ~ — i  
I 

I
I I. I

READ AND
I PRINT DATA 

IFOR EACH I
SEG M E N T  II 

___________________________________________________________________________________

___________________________________________________________________________ 

I
READ AND PR I NT

READ AND PRINT I ELEMENT CONNECTION

~~
9

~~ ZT~~~
DE SI NORMAL PRESSURE I A R R A Y  NODAL I

l AND I COORDINATES . NORMAL
PRESSURE ANDTHICKNESS I THICKNESSI 

_ _ _ _  
__J II 

__________________________________________________H GENERATE NODAL I II I WRITE COORDINATES AND I ~ II I SEGMENT ELEMENT CONN ECTION p • p + i ]
_______________________________________________________________ 

IDATA A R R A Y  FORI ICODE=O .i.2

I 
YES 

~~~~~~~~~~

G
NO 

I

L_ ____  

Figure 19. Flow Chart for ORTHO2 .

V ~~ ~~~~~~~~~~~~~~~~~~~~ VVVV..~~~~~~~~~~~~ 
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CALL E LASMAT STORE PHYSICA L
COMPUTE E LASTICITY MATRIX PROPERTY CALL. AMA
AND GEOMETRIC LAYER — LAYER DATA J TO COMPUT~ I I
ON TAPE 3 TAPE 2
PROPERTY DATA. STORE ON A—MATRIX 

E

_ _ _ _ _ _  _ _ _ _ _  I
DETERMINE ELEMENT CALCULATESTIFFNESS AND GENERA 

— G AND F BY CALL PHIMAT I

LIZED NODAL FORCES — TO COMPUTE
FROM G AND F MATRICES . 

GAUSSIAN PHI—MATRIX
QUADRATURERESPECTIVELY

_____________________________________________________________________________________ _________________________________________________________________________ _____________________________________________________ I

CALL ST
ESTABLISH THE STRES~il__J~ 

STRAIN MATRIX 1 I TO ASSEMBLE THEt 1  TOTAL STIFFNESSSTRAIN MATRIX j I L MATRIX

________________________________________________________ _______________________________________________ I
CAIL FACTOR 1 I CALL MODIFY TO I I
TO BAND THE I I SET UP FORCE I I CALL PRESBC

FOR PRESCRIBEDI EQUATIONS AND 
f 1~~~~ ISPLACEMENT 

_______________________
L PREPARE FOR BACSUB RELATIONS BOUNDARY CONDITIONS

I _______________________________________________________ ___________________________________

CALL BACSUB 1 I 1 1
TO SOLVE THE I I CALL STRESS TO I I OUTPUT

I SIMULTANEOUS ~~~~ CALCULATE STRESSES 
~~~ RESULTS 1EQUATIONS I L AND STRAINS I L

_________________ 

I
N - N + 1

~~~~~~J Nó~~~~~~~~~

7

~~

YES

QXIT D
Figure 19. (Conc luded).
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DATA INPUT INS TRUCTIONS

1. Problem card ; Load increment card (215):

Col. 1-5 Number of problems per run (NPROB)

6-10 Number of load increments (NINCR )

2. Title card (9A8):

Col. 1-72 Title to be printed with output (TITLE)

3. Control card (515):

Col. 1-5 Number of boundary points (NBP)

6-10 Number of segments (NSEG )

11-15 Number of elements (N)

16-20 Nu mber of nodes ( N QI )

21-25 Number of materials (NNAT)

4. Materia l cards (7FlO.O) one for each material:

Col . l_lO* Young ’s modulus in meridiona l direction (El)

ll_20* Young ’s modulus in circumferent ia l
direction (E2)

21-30 Poisson’s ratio in meridiona l direction (PRI)

31-40 Poisson’s ratio in circumferential
d irection (PR2)

41-50 Enter 0. for thin shell (Cl)
1. for thick shell with

G — E/ 2 ( l+ v ) or shear modulus
for thick or sandwich shell

5. Boundary cards (515, 5X, 4F10.2) one for ea ch boundary point :

Col. 1-5 Boundary node number (I)

6-10 r-d irection 0 free (IDI.)
1 fixed

11-15 z-direc tion 0 free (1D2)
I fixed

16-20 Normal rotation 0 free (1D3)
I fixed

21-25 Shear rotation 0 free (11)4)
1 fixed

31-40 Prescribed r displacement (UP)

41-50 Prescribed z displacement (WP)

51-60 Prescribed rotation (Till’)
(angular disp lacement )

61-70 Skewed boundary (angle) (AL)

- V . V
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6 . Segment cards (lx , 212 , 15, 5 FlO.2 , 415) one for each segment:
Col. 2-3 0 Conical segment (straight line) (ICODE)

1 Spherical segment
2 Elliptical segment
3 Arb itrary curved segment

4-5 Number of layers (NLAYER)

6-10 0 NLAYER is the same as the previous (LAYID)
segment

1 New N LAYER for the segment
New layer data are requ ired

11-2 0 R-coordimate of the first node of the (RI)
segment

21-30 Z-coordinate of the first node of the (ZI)
segment

31-40 Total length of the segment if (Al)
ICODE — 0
Total subtend angle of the segment if
ICODE 1

The difference in the R-coordinate of the
first and last node of the segment if
ICODE = 2

Blank  if ICODE = 3

41-50 Angle  of s lope between the  s t r a i g h t  l ine (A2 )
segment and the r-axis if ICODE = 0
Radius of the spherical segment if
ICODE = I

Major radius of the elliptic segment if
ICODE 2

Blank if ICODE = 3

51-60 Leave blank if ICODE = 0 (A3)

Phase angle ~ between the normal to the
shell surface and the axis of revolution
if ICODE = 1 (to the first node of the
segment )
Minor radius of the e l l ip t i c  segment if
ICODE — 2
Blank if ICODE = 3

61-65 First element number of the segment (Ml )

66-70 Last element number of the segment (~~~)

71-75 First node number of the segment (Ni)

76-80 Last node number of the segment (N2) 

. . . ~~~ 
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7a. Pressure loading and thickness cards (8FlO.2) one for each seg-
ment except ICODE 3. (Replace 7a by 7b and 7c when ICODE = 3):

Col. 1-10 Normal pressure at the first node of (P1)
the segment

11-20 Normal pressure at the last node of (P2)
the segment

21-30 Thickness of the shell or thickness of (Tl)
the core layer of a sandwich shell at
the first node of the segment

31-40 Thickness of the shell or thickness of (T2)
the core layer of a sandwich shell  at
the last node of the segment .

Rep lace 7a by the  fo l lowing  set if ICODE 3.

7b . Element  cards (5110) one for each element :

Col.  1-10 Element number ( I )

11-20 Node I . (J)element connect ion
21-30 Node J (K)

31-40 Number of layers ( MLAY ER )

41-50 Layer i den f i ca t i on  code (LID)

7c . Coordinate cards (15 , 5X , 2F lO. 2 , 2F5 . l , 4 F 1O .2 )  one
f or each node :
Col. 1-5 Node number (N3)

11-20 R-coordinate of the node (R)

21-30 Z-coordinate of the node (Z)

31-35 Ang Ie between normal to the shell (PHA )
s u r f a c e  and the  ax is  of symmetry

36-40 Merid ian curvature of the she l l  ( KAPP )

41-SO Norma l pressure at tIe node (PP)

51-60 Thickness of the shell or thickness (TT)
or the core layer of Vi sandwich she l l

8. Concentrated load cards (215, F1O.2)** one for each load
component p lus one EOD card :

Col. 1-5 Node number (I)

6-10 1 for r-cornponent of the load (NC1)
2 for z-cornponent of the load
3 for moment loading

11-20 Magnitude of the loading . Positive (VI)
if the direc t ion of loading coinc ides
wi th  the posi t ive d i rec t ion  of the
coordinates

~~~~~~~~~~~ . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . .V - ~~~~~ --- -~~~V 
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9. Layer data (IS, SX , 3F10.4) new set of data is required if
there is a change in the number of layers:

Col. 1-5 Material type number (Mn )

11-20 Distance from reference surface to top (u i)
of layer at node I

21-30 Distance from reference surface to top (HJI)
of layer at node J

31-40 Wrap angle (A~~LEl)

*A11 Young ’s moduli must be scaled down by a factor of ~o
6

**The last card of the set must contain a number greater than
the total node number (End of Data Card).

A press urized hemisphere-cylinder shell was chosen as an examp le

for data preparation for the computer program. The shell as shown in

Figure 20 is divided into four segments. There are two boundary points .

With the boundary condit ion shown , there wil l  be a boundary release at

node No . I in the z-direction and at node No. 50 in the r-direction.

The total subtend ang les for segments 1 and 2 are 800 and 100 respec-

t ively  (lines 7 and 9 of Figure 21). Note that the angle of slope between

the straight line segments and the r-axis for segments 3 and 4 is -90~

since the node numbers are increas ing downward (see line 13 of Figure 21).

A set of sample data cards for this structure is shown in Figure 21.

— —a--V ~~~~~~~~ —
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SPHER ICAL ~~IELL SEGMENTS

r 

STRA IGHT UNE SEGMENTS

~: ~~~~~~~~~~~~~
100

5 in.

Figure 20. Hemisphere-Cylindrical Shell.
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