— -

AD=AD46 394 WISCONSIN UNIV MADISON MATHEMATICS RESEARCH CENTER F/6 1271
ASYMPTOTIC FORMULA FOR THE DERIVATIVES OF ORTHOGONAL POLYNOMIAL==ETC(U)
AUG 77 P 6 NEVAI onuszg-vs-c-oozu
UNCLASSIFIED MRC=TSR=1784

END
LNED
|2-77
DoC




e -

“l“ll Illll2 E

iy “"T*"',

NATIONAL BUREAU OF STANDARDS
MICROCOPY RESOLUTION TEST CHART




MRC Technical Summary Report #1784

AN ASYMPTOTIC FORMULA FOR THE
DERIVATIVES OF ORTHOGONAL POLYNOMIALS

Paul G. Nevai

ADAD 46394

Mathematics Research Center J
University of Wisconsin—Madison

|

E

E_ 610 Walnut Street |
F Madison, Wisconsin 53706

August 1977

(R%ss}ved August 4, 1977)

North Carolina 27709

i
- ll
[ - :
‘ (> i
b
.- __J .' i
"3 (W Approved for public release |
" . . - - 3
« 7 Distribution unlimited ]
i ¢ 4
r”:i;pJ;;;;ed by ‘
U.S. Army Research Office 1
P.O. Box 12211 P Nati?nal Science Foundation
Research Triangle Park Washington, D. C. 20550




UNIVERSITY OF WISCONSIN - MADISON
MATHEMATICS RESEARCH CENTER

AN ASYMPTOTIC FORMULA FOR THE DERIVATIVES OF
ORTHOGONAL POLYNOMIALS
Paul G. Nevai

Technical Summary Report #1784
August 1977

ABSTRACT

An asymptotic expression is found for the derivatives of orthogonal
polynomials on the unit circle. The condition on the weight function is

local and the result is stronger than the previous ones.
SIGNIFICANCE AND EXPLANATION

When expanding functions into orthogongl series and investigating the
convergence of the derivatives of these series one is led to consider the
asymptotic behavior of the derivatives of orthogonal polynomials. In the
paper we show that essentially one can differentiate the asymptotic formula
for the orthogonal polynomials in order to get asymptotics for the deriva-

tives of these polynomials.

AMS (MOS) Subject Classification - 42A52

Key Word: Orthogonal polynomials

Work Unit Number 6 - Spline Functions and Approximation Theory
P

CTDINIITION AU BRI ® ar
Ub». Sl PR Faa -

{

fil |

(1) the United States Army under Contract No. DAAG29-75-C-0024 and
(2) the National Science Foundation under Grant No. MPS75-06687 #3.

Sponsored by




AN ASYMPTOTIC FORMULA FOR THE DERIVATIVES OF
ORTHOGONAL POLYNOMIALS

Paul G. Nevai

Let o be a bounded nondecreasing function on [0,2n] taking infinitely many values.

Then there exists a unique sequence of polynomials (vn(do)]:=o such that ¢ _(do,z) =

a (d0)z" + ..., a (do) > 0 and
n n
2
1 T o e
s ]0 ¢, (do,z) ¢ (do,z) dao(0) = 8 (z=¢e") .

One of the basic problems in the theory of orthogonal polynomials on the unit circle
is to find asymptotic expressions for ¢n(dc,z) as n »+ o . There is aq extensive liter-
ature dealing with this question. (See e.g. [2], [3) and [7].) 1In order to obtain asymp-
totics one has to assume that o behaves nice in a certain sense. Usually there are two
kinds of assumptions: globally o must satisfy a growth condition and locally (near 6,

z =e€e ) o0 has to be smooth. The weakest condition Qnder which one can prove asymptotics
for ¢n(do,z) belongs to G. Freud [2).

Let the Szegs function D(do,z corresponding to o be defined by

£ 1+7e-it
D(do,z) = oxp{——-f log o' (t) ———— dt!} (lz] <1 .
an =it
-1 1-ze
If
n
(1) f log o' (t)at > -=
-n

then D(do) ¢ n,(|z| < 1), D(do,2) #0 for |z] <1, D(d0,0) > 0 and

lim_ D(do,re'®) = p(ao,e®)

r+1

exists and |D(do,e1t)|2 = ¢'(t) for almost every t e [-m,nw] .
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Using the notion of Szegd's function we can formulate Freud's result. Assume that

i : : .
(1) is satisfied and in a neighborhood of & (z = e e) o 1is absolutely continuous with

0O<m<o'(t) <M <o for le-t| small and
» L8
@ o (g)—ot(t))z 2 o
|e-t| small
Then
(3) 1lim (\on(da,e‘e) = @ s RO w oy

n-> o

In the end of L. Geronimus' book [3] fourteen other conditions are given all of which

w(k)

o (dg,z)

imply the asymptotic relation (3). The problem of finding asymptotics for
(k = 1,2,...) seems to be more difficult. There are only a very few papers investigating

the relationship

(4) Viw e (@8] - 2" F n@oey 3 =0 (z = ei%) .

nr>ro

k ¢(k)
n

(See [4), [5) and [6].) 1In all these papers it is assumed that o satisfies some very re-
strictive conditions. 1In particular, o has to be absolutely continuous and (0')-1 € L2
In [4]) and [5) the authors apply strong methods of approximation theory. The purpose of
this paper is to show that (4) can be proved undcr‘Frcud's conditions. 1Instead of approx-

imation theory our approach is based on the following two observations. First, it is easy

to prove (4) provided that o is very nic» locally. Second, the weak asymptotics

2

-0 do(0) = 0

(5) lim 2m

n-=>oo

w < TR L G e e
'{ lV’n(d0,0le) = eine D(do’,el'e)-ll

always holds whenever (1) is satisfied. (See [2]), §V.4.)

In the following A will denote a closed interval in [-2m,27], AO is its interior
and B is the corresponding arc on the unit circle. If P is a polynomial then P de-
notes the polynomial whose coefficients are the complex conjugates of the corresponding

*
coefficients of P . The polynomial vn(do) is defined by

* n— -1
¢n(d0.z) =2 wn(do.z ) [

We have therefore by (5)

e




2

10117 ag(0) = 0

T, :
(6) lim = Iwn(do,ele) - D(do,e™")
n—+« -T

provided that (1) holds.

Lemma. Let o be such that (1) is satisfied. Let A and Al c Ao be given. Suppose

that o is absolutely continuous on & and o'(t) =1 for t e A . Then for every fixed
- - * —~
k=0,1,... n kl\pt(lk) (do,2)| and n k|¢r(k) (d0,2z)| are uniformly bounded for z e 8,y -
Further (4) holds uniformly for =z € El -
Proof. Fix A2 so that Al c Ag (e Az c Ao . By a result of L. Geronimus [3)
* i0 jlgh=
(7) e’ (do,e’®) = p(as,e™®) ™ + o(1)
{0 -
uniformly for 6 € A2 . Because of the assumptions D(dcy,e1 ) 5 is continuous on A2 -
We have
3 k .
a * i0 a * i * i@
[ ¢ (@o,e™ )| < |[—% t¢_(do,e™) - ¢ (do,e” )| +
R agk b (/n)
k
4 *
+|=— ¢ (do,e” )| .
ok 1/n)

Therefore by the local versicn of Bernstein's inequality (see [1], p. 896.)

k
o :
max l—d—; ¢n(do,ele)l &
6ech. do
1
K
* * 3 * i
const[nk ¢« max |e (dc,eie) S e (dc,ele)l+ n2 max |¢ o (do,ele)h .
n [vn]) [¥n]
6e A2 eeA2

Consequently for k = 1,2,...

k *
i6
(8) | &5 0l do,e’®)] = o)
dae 1
* (k) | k ¢ e ;
uniformly for 6 e Al . Hence |¢n (do,z); = o(n’) uniformly for =z € A1 if kx > 1

is fixed. Now we have

i@ in® * i0
v’n(do,e ) =e v-'"(du,e:l ) R




pifferentiating this identity and using (8) we obtain for k =1,2,...

X : S
(9) : 2 ¢ tics'Y = (im® 2™ o¥ o™ 4 ota®)
dek n n

uniformly for 6 ¢ A1 . This is also valid when k = 0 . Replacing differentiation in 6
by differentiation in 2z and using the fact that (9) is valid for every k we obtain (7).
THEOREM. ILet o satisfy (1) and let z = e"'e be fixed. Assume that o is absolutely

continuous near 6, 0 <m <0o'(t) <M< for le—tl small and (2) holds. Then for

every fixed k = 1,2,... the asymptotic relation (4) holds true.

Proof. Pick up a sufficiently small neighborhood A of 6 and define % by
do(t) for t¢ A
dol(t) =
dt for te A .

Let the function g be defined by

1 for t ¢ &
g(t) =
o' (t) for t e A .
If A 1is small enough then do = gdol, 0 < m, < g(t) < M1 < © and

o
g(6)-qg(t), 2 -
I_"(——-C_t )“at <=

Note that 01 satisfies the conditions of the lemma. Let us expand ¢n(do) into Fourier

series in wl(dol) . We have

2n

(10) 0, (do,z) = o= I ¢, (a0,e') K (a0 ,2,e'%) o, (t)

where

n
xn(dol.z.y) -!,Zo wn(dal.z) wn(dol.y) .

Differcntiating (10) by z and using the fact that vh(do) is orthogonal with respect to

gdo1 we obtain




"

= 1 it it (k)
&= fo v,(do,e™) ¢ (do),e’) do)(t) v
2n k
1 it. 4 it g(t)
+ — f wn(do,e ) = Kn_l(dol,z,e ) [1~- g(e)l

(o] dz

Using the Christoffel-Darboux formula

(dol,z) +

ddl(t) .

- * x e it
(1-zy) K _y(do,.z.y) = wn(dcl,z) ¢ (do .y) - ¢n(dol,z) ¢ (do .y

(See [2).) we get

(1—z§b

(k)

k

dz

* (k)

*
SiPY (dol.z) wn(dol,y) SR

i@

X Kp-p(@9,:2:¥) - ky

k-1
dzk—l

Kn_l(ddl,Z:Y) -~

(k)

Therefore wn (do,z) (z =e ) can be written as

(x)

(dol.z) wn(dol.y)

fa (do,z) =A 4+ B+ C
where
(k) g it = :§;
- g v i it T T "
R=v " (do,,z) +5 IO ¢ (doe’ ) ¢ (do,e )e (1 S r et U
q(t)
Mol - ]2“ T 101} do, (¢)
B = ‘pn (doluz) 2‘;" o Wn( g,e ) 'Pn( olle ) l-ei(e-t) 1
and
a(t)
2m : k-1 1 - =L
1 it 4 oo el <t g8 "
Cmkg [0 ¢ _(do,e ) LRI K _,(d0) 207 ) 0 e =S do, (t)

We will estimate

integral in A co

where a, s and j

A, B and C separately.

First we consider A .

nverges as n -+ ® . Write o and o, as

a
o= ¢ +°8

a s
+0j,0=0 + 0, ¢+ 0

3
s e TR R |

We will show that the

refer to the absolutely continuous, singular and jump components re-

spectively. It is clear from the construction that o = o:, o

Since the function

wfe

> oj and do® = gdol

1




—

e d m
10}
s Rl e i(6-t)
l-e
is uniformly bounded on the support of d(oi’ + oi) we obtain from (5) that
2n . - .
lim = [ v _(do,e’%) ¢ _(do_,e'Y) £(t) ale®(t) + dv)) =0 .
2n n n 1 1 1
n>e® 0
Now fix € > 0 and choose &§ > 0 so that 6 % § ¢ Al c A0 and
0+8
2 -
= | lew]? e ae < .
0-8
We have
646 : -
1 it it ) a, .
5= ) le_(do.e ) ¢, (do) e’ £(0) | doj(t) <
6-8
1 1
0+6 F = 04§ =
1 it ,2 a 2 1 2 -1 a 2
b IO‘G le, (do,e™™)|° g(t) dojee1 « (= [ 2 I gee)™ aof(e))
* max |¢ (do ,elt)l
ted B g
1
which by the lemma is 0(/e ) . Using (5) we obtain that
lim 51; / ¢ (a0,e'%) ¢ (a0 &™) £t) aod(t) =
nseo |o-t|>6
= g; f p(do,e )t D(dol,elt)-l £(t) doi(t)
Jo-t|>s
1
Letting € + 0 and using the lemma we finally get
(11) A=oe @02 + ot
as n + » ywhere the number p does not depend on k . The expression B can be estimated

in a similar way. The only difference is that this time we have to apply both (5) and (6).

*
Because vn(dol) weakly converges we obtain
(12) B = o(n¥)

on n+ ® , In order to show that




(13) C = o(nk)

as n + ® we use Cauchy's inequality. We get

2 R Ah e TR R E;; SRR
fel® e %" 2= | Feppr o {80 .20 )| ——9—————“6_” a(®) ™ do, (6) .
0 az 1-e
By the lemma
k-1
a it 2 2k
‘dzk'l Kn-l (dol,z,e )[ < const n

for |0-t| small and by the conditions

1_g(t:) 2
Lim 2 —a g™ a0 (t) =0 .
§>0 |t-6]<8| 1-e
Therefore we have to estimate
k-1 l_g(t) 2
% I ld—kff Kn-1 (dcl’z'elt)lz ~_—i_g(?gii-)t_)' s ALty
‘t—0|_>_6 dz l-e
for fixed & > 0 . But this is less than
2m k~1 4 3 n-1
£ a it 12 2 (k-1) 2
const - J’o I———dzk_l K _,(do .z.e )| do, (t) = con5tj£o ij (d01:2)|

; 2 2k~
which is O(n 5 l) by the lemma. Hence we have proved (13). From (11)-(13) we obtain

-k (k) o ok K) -
O (do,2) =pn ¥ (dol.z)+o(1) (n > =)

for k = 0,1,... fixed where p is independent of k . By the lemma

-k (k) e
By (dol.z) =z Wn(dol;z) + o(1)

as n + » ., Therefore

n-k w:‘k) (do,2) = z'k wn(do,z) + ofl)

and the theorem follows from Freud's result which was formulated in the beginning.
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