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1. Su~~nary of research accomplishments.

This is a sum~ary of the research accomplishments during the period

from September 16, 1973 through Septembe r 15, 1957, which 1. the duration

of the particular grant under review. Th. grant was a continuation of a

project covered by four previous contracts or grants (DA—l1—022 -ORD-1869,

1935—1961, DA—AROD —31—124—G231, 1961-1963 , DA—A&OD—31—124—C 737 , 1965—1969 ,

and DA—AROD—3 1— 124—G 1l34 , 1969—1973) for which a combined final technical

report was written in April, 1974. The publications listed in this

report will be those of W.S . Loud which were not included in the previous

final technical rep ort .

The first phase of the work was the completion of the project on

stabi lity regions for Hill ’s equation . The results were published in

the paper I i]. The main result was a description of the asymptotic be-

havior of the stability regions for large values of the parameters in the

equation. Equations for asymptotic curves for the stability boundaries

were obtained in a number of cases.

The principal thrust of the work on this project over moat of the

four—year period has been the study of branching pbenomso.a associated

with general boundary—value problems for ordinary differential equations.

The problem considered has been:

(1) x’ — T(t,x,u) Ax(s) + Bx(b) — k

where it is further assumed that there is a solution x0(t) of the p~oblem

when p • 0 • If the associated variational problem

• F
~
(t ,x0(t),O)y Ay(a) + ~y(b) — 0
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has nontrivial solutions, there is the possibility of branching of the

set of solutions of (1) at p • 0 into several solutions all reducing to

x0(t) as p -‘ 0 • The case where the differential equation in (1) is

a scalar equation of higher order than first has also been studied. Also,

the parameter p in (1) has been allowed to be a vector so that the case

of several parameters varying independently is included.

Results have included a qualitative description of the simpler cases

of branching for both the vector case and the scalar case. The qualitative

results depend on the ranks of certain matrices associated with the problem.

The technique in th. vector case is as follows. Let x(t ,F ,p) be that

solution of the differential equation in (1) for which x(a) x0(O + ~

Thus x (t) — x(t ,0,O) . Then define the vector function F((,p) by

— Ax(a,C,u) + Rx (b,P~,p) — Ax~,(a) — 5z0(b)

— A~ + B x(b,C,p) — x0(b) •

Solutions of (1) then correspond to parameter values (C.u) for which

7(~,u) — 0 . Let S be the n x n matrix F~(0,0) end let N be the

n x (elm) matrix F~ (O~O):P~(O.O) where a is the dimension of p

There is no branching if 3 (and hence N) is of rank ii • For values

of rank S less than n there is often branching at F~ — p • 0 the

exact form of branching depending on the rank of I~ , which is at most

n and also at most rank J + a , When rank J n— l and rank K — n ,..

there is a manifold in u—spac e passing through the origin with a well—

determined tangent hyperplan. such that for p on one side of this

manifold there are two solutions of (1) while for u on the other side

of the manifold there are none .
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The results for a scalar equation of second order with one parameter

were presented in 1975 at the International Congress on Nonlinear

Osciallations in Berlin . The proceedings of this congress have not yet

appeared as of October , 1S77. The results for a scalar system of second

order with two parameters are given in the paper (2] and have also appeared

in s~~~ ary form in the proceedings of the International Symposium on

Cynamical Systems held in Gainesville, Florida in Xarch , 1976. Th. results

on vector systems have been obtained to some extent , and a fairly exten-

sive paper is in preparation. Sines the results were obtained with the

support of this grant, copies of the final paper will be sent to the Durham

office.

A fur ther phase of the project has had to do with the group inverse

of a differential operator and its application to branching problems for

nonlinear system.. The group inverse of a square matrix A is a matrix

such that AA1A A , A A A  A* and AA~. A~~A . Such a matrix exists

uniquely if and only if the range and null space of A have no nonzero

elements in comson . The same results hold for linear operators in Hu bert

space for which the null space of the operator and the adj oint operator

hay, the same finite dimension. Such operators include ordinary differential

operators which appear in certain branching problems, particularly with

the technique developed by C.sari , Hale , and others for periodic solutions.

Results in this area have been btained and a paper embodying them is in

preparation . Again since the results of the paper were obtained with the

support of this grant , copies of the paper will be sent to the Durham

office.
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II. Students supported by the project.

During the period of the grant under review no stude nt received

support from the project. The reason for this was that 1 had reserved

the funds for Ph.D. students, and in recent years I have not bad any

Ph.D. students.
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III. Publications.

This list includes publications which have appeared since April, 1974
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1. U.S. Loud: Stability Regions for Hill’s Equation, Journal of
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2. W.S. Loud : Branching of Solutions of Two—Parameter Boundary—
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