
JC-AflS 587 DAVID W TAYLOR NAVAL SHIP RESEARCH AND DEVELOPMENT CE—ETC FIG 20/11
NATEHES. A COeUTER PROGRAM FOR CALCULATING THE NATURAL FREQU€N—ETC(U)
aN 77 4 G WILKERSON

UNCLASSIFIED DTNSIWC/ASED 370 it

flflCflhETlAflflfl
wumu~mriu: ~



NATFREQ — A COMPUTER PROGRAM FOR CALCULATING THE

NATURAL FREQUENCY OF ROTATING
CANTILEVERED BEAMS

by

Joseph B. Wilkerson

l~APPROVED FOR PUBLIC RELEASE: DISTRIBUTION UNLIMITED

AAVIATION AND SURFACE EFFECTS DEPARTMENT

I
I

I
ASED 370

January 1977

- - I II  u



- — —~ S-~~
.-~~~~ ~~~~~~~~~~~~~~~~~~~~~~~

F
UNCLASSIFIED

SECURITY CLASSI FICATION OF THIS PAGE (~~.w Data £nt.r.d) ____________________________________

r REPORT DOCUMENTATION PAGE BEFORE COMPLETIN G FORM
EPORT MU ‘2 GOVT ACCESSION NO. 3. RECIPIENT~S CATALOG NUM•CR

I NSRD~~~~~~:3~~~y
,. %~ 4 J ~i.E4ai~ fuktlt~~ ._.,.. ~ 5. TYPE OF REPORT & PERIOD COVERED

)
~ NA~~ RJEQ.TA çOMPUTER g~ROGRAN FOR çALCuLATING

THE NATURAL ~ REQUENCYThF JOTATIN~~ _________________________r CANT!LEVERzD~BEAM~, 
. S. PERFORMING ORG. REPORT NUMBER

S. CO NT RACTORGRA NTNUM• (R( . )

t ~~~~~~~~~ JosePh B/ Wilkerson l 
_ _ _ _ _ _ _ _ _ _ _

k~4~ ~~ _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _

5. PERFORMING ORGANIZATION NAM E AND ADD RESS 10. PROGRAM ELEMENT . PROJECT . TASK

David W. Taylor Naval Ship R&D Center ~~~~~~~~~~~~~~~~~~~~
Aviation and Surface Effects Department Task Area F32.421.210
Bethesda , Maryland 20084 Work Unit 1—1690—100

I I .  CONTROLLING OFFI CE NAME AND ADDRESS 12. REPORT DATE

Naval Air Systems Command (
~
j  S~~~T~3~ J

AIR—320D
Washington, D.C. 20361 . 

_________IS. MONITORING AGENCY NAME S AODRESS(lf dlH.r.nt from Controlling Olfic.) IS. W P A . I thi. r.pors)

_ _ _ _ _ _ _  

UNCLASSIFIED
ISa OECLAS SIFICATION /OOW PJGRADINO

Is DI STRIB UTION STAT EMENT (of (hi. R po rt I ID t~ ~
Approved for Public Release: Distribution Unlimited fl I?131~fl~]BJ~U OCT 27 1977

I?. DISTRIBUTION S T A T EMENT (of li. ab.tract .rt.r.d In Block 20, II dlff.rail froai R.p.rt) 

1bU~3t!iU ti -L~.1 B

IS. SUPPLEMENTARY NOTES

-a

IS. KEY WORDS (Cø~e1Mu. a.i r.,.rs. .Id. If n.c.a.a~ aid id.ntIfy by block nuab.r)

Helicopter Natural Frequency

Rotor Blades Structural Dynamics

• . 20. ABSTRACT (Canunu. am ,.v.,. . .tda If n.c...ay aid Id.ntIIV by block maibir)

/ A computer program was developed to evaluate the natural frequencies
of model helicopter rotor blades for use in wind tunnel evaluations.

!.. This program , NATFREQ , calculates the uncoupled natural frequency and
correspond ing mode shape of the f irst, second , and third natural bending
modes for a nonuniform cantilever beam rotating in a vacuum. The program
includes centrifugal stiffening effects and allows for arbitrary radial

(Continued on reverse side)

DD 
~~~~~~~ ~473 EDITION 0? I NOV 11 IS OSSOI ETI UNCLASSIFIED ‘) / Q e”L_ ... A . ~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



-. .— -~ -. - .~~. - -~-- .~ar, .r..— ——.._..—,
~_t .  . ~~~~~~~~~~~~~~~~~~~~~~~ 

-

~ I
—
~

UNCLASSIFIED
..~.LI)W iIY CLASSIFICATION OF THIS PAGL(W h an 5.1. InIsv.4)

(Block 20 continued )

5? distributions of blade mass and stiffness properties. The fundamental
uncoupled torsional natural frequency may also be calculated for a - .
nonrotating cantilevered nonuniform beam. The blade is represented by
a series of concentrated masses connected by massless flexures. The
method of calculation for both bending and torsion is by the use of
influence coefficients and matrix algebra.

Comparison of calculated results for a uniform beam with the exact
solution shows that good results are obtained in the fundamental mode
for as few as five mass elements. However, calculated frequencies for -

~~

the second and third modes of vibration show progressive error. This
suggests that up to 20 elements should be used for satisfactory results
in the higher modes for nonuniform properties.

ACCESSICI~ for -
NflS W~~e Sect on
DDC ~..U Section fl

Li
- .!

-.
~~~~~~

1 ..

UNCLASSIFIED
~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ . .~~~.



~

4 __ _ _ _

TABLE OF CONTENT S
‘

‘ •  Page
ABSTRACT i.

ADMINISTRATIVE INFORMATION 1

INTRODUCTION 2

I ~ COMPUT ER PROGRAM 2

GENERAL DESCRIPTION 2

ANALYSIS 3

CENTRIFUGAL STIFFENING 3
INPUT/OUTPUT 5

RESULT S 6

BENDIN G 6

TORSION 8

CONCLUDING REMARKS 8
APPENDIX - NATFREQ PROGRAM LISTING 37

LIST OF FIGURES
1 — Blade Bend ing Diagram 9
2 — Discrete Mass Representative 9

3 — Blade Torsional Representation 9

4 — Diagram of Centrifugal Stiffening Effect  10

5 — Typical Breakdown for Blade Mass and Stiffness
• Distributions 10

6 — Model Blade Cross Sections 11

7 — Compar ison of Calculated Na tural Frequency with
Exact Solution for A Un iform Beam 12

8 — Compar ison of Calcula ted Mode Shapes with Exact
-; Solution fpr  A Uniform Beam 13

9 — Tors ional Na tural Frequency Calculations for A
Uniform Beam 14

LIST OF TABLES

1 — NATFREQ Inputs for First Option 15

2 — NATFREQ Inputs for Second Option  16

3 — NATFREQ Output for First Option 17

~iL~ —— -——..—  

~~~ - .- --~



~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~

LIST OF TABLES

Page
4 — NATFREQ Output for Second Option  26
5 — Comparison of Calculated and Measured Natural

1 Frequencies  35

~~~~
.

~1l
‘

A __.~~~~~~~ _ -. ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~ ~~~~ 
_

~~~
_

~~~ — — - . .- .. . ~~~!_ . .- ..... .-__ - .-— ._ -_ . .  ~~~~~~~~~~~~~~~~~~~~~~~~ -- 
. -



ABSTRACT

A computer program was developed to evaluate the na tural
frequencies of model helicopter rotor blades for use in wind
tunnel evaluations. This program, NATFREQ , calculates the
uncoupled natural frequency and correspond ing mode shape of
the first , second , and third natural bending modes for a
nonuniform cantilever beam rotating in a vacuum. The program
includes centrifugal stiffening effects and allows for arbi-
trary rad ial distributions of blade mass and stif fnes s
properties. The . fundamental uncoupled torsional natural
frequency may also be calculated for a nonrotating canti—
levered nonuniform beam. The blade is represented by a series
of concentrated masses connected by massless flexures. The
method of calculation for both bending and torsion is by the
use of influence coefficients and matrix algebra.

Comparison of calculated results for a uniform beam
with the exact solution shows that good results are obtained
in the fundamental mode for as few as five mass elements.
However , calculated frequencies for the second and third modes
of vibration show progressive error. This suggests that up
to 20 elements should be used for satisfactory results in the
higher modes for nonuniform properties.

ADMINISTRATIVE INFORMATION
The work presented herein was authorized and funded by the Naval

Air Systems Command (AIR—320) under Program 6221].N, Task F32.421.210 -

.

and was accomplished in 1970. The David W. Taylor Naval Ship Research

and Development Center (DTNSRDC) Work Unit was 1—1619—100. Preparation

of this report was funded under Work Unit 1—1619—200.

Al]. data required for the computer program described herein are

in U.S. customary units. Measurements of model geometry and frequency

measurements were also taken directly in U.S. customary units. Hence,

U.S. customary units are the primary units in this report. Metric

units are not given in order to avoid confusion with the required

program inputs.
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INTRODUCTION

The design of helicopter rotor blades requires the ability to

analytically predict their natural frequencies. It is also necessary

to know the frequencies of model rotor blades , even if they are not - -

dynamically scaled , to avoid resonant amplification conditions. Resonant

amplification occurs when the blade natural frequency coincides with an

integer multiple of the rotor rotational frequency. The condition is due

to the existence of aerodynamic forcing functions which occur at integer

multiples of rotational frequency. Operation at such a condition results

in excessive blade deflections taking the mode shape corresponding to the

frequency of excitation. For magnitudes of forcing functions which are

low relative to blade stiffness, this results only in higher stress

levels; but for higher magnitudes of forcing functions (occurring at or

near the blades fundamental frequency), the resonant amplification

dominates the blade motion causing severe fatique stresses as well as

affecting aerodynamic performance data.

COMPUTER PROGRAM

GENERAL DESCRIPTION -

The computer program NATFREQ was developed by the author to satisfy
the above requirements. This program calculates the uncoupled natural

frequency and corresponding mode shape of the first, second , and third
natural bending modes for a nonuniform cantilever beam rotating in a

vacuum. The program includes centrifugal stiffening effects created by ..
spinning of the rotor blade and allows for arbitrary radial distributions •

of blade mass and stiffness properties. Since this analysis is intended

for rotor blades, henceforth the beam length will be referred to as
radius and intermediate lengths along the beam will be referred to as
radial positions. In helicopter rotor terminology the bending of the

beam is taken to be in the out—of—plane direction. That is, the blade
bending takes place in a plane perpendicular to the~ plane of rotation
of the rotor as shown in Figure 1. Conditions of precone and aerodynamic

dynamic damping are not accounted for.

2
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1: The first uncoupled torsional natural frequency and mode shape is

also calculated for the eantilevered nonuniform beam. Rotor rotational
effects on the blade torsional frequency have not been included in the

analysis since they generally have small contributions at the relatively
- high torsional frequencies of model rotor blades.

ANALYSIS

- .  The method of calculation for both bending and torsion is by the use

- 
of influence coefficients and matrix algebra as outlined in Hurty and
Rubinstein) The blade is considered to consist of a series of con—

- . 
centrated masses connected by massless flexures; see Figure 2. Root end

conditions of the blade are taken at the radius r , which is adjusted to

suit the particular geometry to be modeled . Blad e mass locations r1,
- .  

r2, . . .,  r~ from the center of rotation are arbitrary and do not have to

be evenly spaced. Flexures between the masses may have any distribution

of stiffness, but an individual flexure is considered to have uniform

stiffness over its length for evaluation of the influence coefficients.

The accuracy of results therefore depends on the number of masses and

fl exures used in the model, as more mass elements provide better repre-
sentation of even a uniform beam.

- .  
Representation of the blade for torsional calculations is similar to

that for bending. Concentrated mass polar moments of inertia are connected

by torsional springs , as shown in Figure 3. The radius r0 for the root end

condition and the radial positions of the polar moments of inertia are

taken to be the same numerical values as used for the blade bending

calculations. As previously mentioned, the torsion mode is uncoupled from

the bending mode and is calculated only for nonrotating conditions.

CENTRIFUGAL STIFFEN ING
The equations of motion for bending of the nonrotating blade may be

expressed in matrix form as

W.C. and M.F. Rubinstein, “Dynamics of Structures ,” Prentice—
Hall , Inc., Englewood Cliffs , N.J. (1964) pp. 110—136.

I i~._ 
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Em] {~ } + [K] {~} {O} —

where 1K] ~ the square symmetric stiffness matrix

[ml the diagonal mass matrix
the column matrix of deflections

At each mass element centrifugal forces act to restore the b lade to

its undeflected position; see Figure 4. The effect of the restoring

force P~ is compounded by the moment created about position r 1_1 and other

inboard elements. This restoring force , proportiona l to the square of

rotational speed, has a considerable impact on the blade out—of—plane

bending frequencies. The centrifugal force acting at mass element mi ~~

CF 1 m1 r1~~
2

This force exerts a restor ing force component perpendicular to the blad e,

shown in Figure 4 , wh~ ipp roxlmately

j CFi sin G j

where sin 6i// r1
2 + ~~2 For small deflections , < < r~ , this

reduces to

sin = 6
i/r i

which gives the restoring force to be -:

F1 m1~~
2 

~~
This restoring force is added to the matrix equation of motion to give

[m] (6) + [K] (6) + ~2 ~~~~ 
(6)  a (0)

for the governing equation of natural vibration for the rotating blade.

Solution of the equation of mo t ion is accomplished by matrix 
- - :

algebra to give the characteristic eigenvalue (frequency) and eigenvector

(mode shape) . The method naturally gives the lowest , or f undament al , .-

~~~

frequency which will satisfy the equation for natural harmonic mot ion. •

The second mode shape and frequency is a forced solution , requir ing it

to be orthogonal to the first mode . The third mode shape and frequency

is then forced, requiring it to be orthogonal to both the first and second

- -—~~~~~~~~~~~~~~—~~———-.
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modes . This is accomplished by the sweeping matrices of reference 1.
Since the higher modes are based on the fundamental, they reflect
accumulated error and are therefore less accurate than the fundamental.

INPUT/OUTPUT

There are two options within the NATFREQ program . The f i rs t  option

is the most accurate, allowing specific distributions of mass and s t i f fness

properties to be read in. This requires that these distributions be

precalculated from detailed engineering drawings or available from some

other source. The second option is used for preliminary estimation (or

for quick approximations) of frequencies and mode shapes when less

information is available. This option requires only a minimum of inputs

and uses programmed equations to internally estimate distributions of mass

and stiffness. The procedure for calculating frequency is the same for

either option once the property distributions are obtained .

Input format for the first option is shown in Table 1. The labels

shown in Figure 5 wIll help to identify and understand the inputs of

Table 1.

Inpul format for the second option is shown in Table 2. Use of this
- - 

option requires ànly blade root (RO) and tip (R) general geometry. Mass
- and stiffness properties are calculated by internal functfrrn statements

which are defjned at the beginning of the program. Those in the current

- version calculate radial distributions for an elliptical blade cross section

with the ellipse major axis in the plane of rotation. Thickness ratio and

- 
chord leng th are considered to be linear with rad ius fr om roo t (RO) to tip
(R). The type of blade sections for which this program was written had a

hollow cross—sectional shape, shown in Figure 6. First approximations to
- 

natural frequency were obtained for this shape by assuming solid

elliptical properties and then subtracting those properties attributed to
- the hollow, or cut out, cross—sectional area. Several inputs of this

option are devoted to this purpose and are described in Table 2.

- Use of the second option for beams of solid elliptical cross section

is easily done by setting all of the cut out inputs to zero. Use of this

option for beams with cross—sectional geometry other than elliptical will

1 5 -- -~~~~~~~---~~~- .~~~~~~~~~~~~~~~—A —



require changing the program function statements to equations which

are appropriate for the geometry.

Groups of data may be submitted back to back with either program

option. The program will read the first data set, execute, return to

read a second data set, and so on. Normal exit is produced by putting

a card at the end of the last data set with a zero i~. cclumn 5. (The

program exits when the variable N is read in as zero.) A complete program

listing of NATFREQ is included in the appendix.

A typical output for each of the two options is shown in Tables 3 and

4. Table 3 (for the first option) shows a printout of the input

distributions and the influence coefficient matrices for bending deflection,

bending slope, and torsional deflection. The natural frequency and mode

shape follow for each of the first three bending modes and for the first

torsion mode, in that order. The output frequency has the units of

radians per second, and the mode shape is normalized to 1.0 at the last

mass point XD(N) rather than at tip R.

Table 4 (for the second option) shows the printout of input blade

geometry and material properties , followed by the calculated distributions

of blade mass and stiffness properties. The rest of the output is the

same as for the first option described above.

RESULTS

BENDING

A lumped mass model for calculation of natural frequency allows for

better description and greater accuracy of results for the general case

of nonuniform mass and stiffness distribution. However, some judgment is

required in modeling the beam to be analyzed to ensure that a reasonable

representation is provided to the program. A nonrotating beam with uniform

mass and stiffness distrilition was analyzed as a check case to evaluate

program accuracy and the sensitivity of results to the number of mass

elements used. The results (shown in Figure 7) indicate that 20 mass

stations are required to give near exact results fur the fundamental

frequency of the uniform beam; but even 5 elements can give very close

~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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results. For this same number of stations tht~ second and third natural
frequencies show progressive error , ind ica ting tha t 10 stations or more
should be used for good accuracy in the higher modes. Figure 8 shows the

calculated mode shape for 10 mass elements and for 20 mass elements

compared to the exact mode shape for a uniform beam. As shown, the

calculated mode shapes are in excellent agreement even for 10 mass

elements for the first two modes. Note that these modes have been adjusted

to be normalized to 1.0 at blade tip R for comparison to the exact

solution.

The above adjustment is easily done by assuming that the mode shape

is linear near the blade tip (a good approximation for the first three

mode shapes of cantilevered beams). The calculated mode shape Is adjusted

by linear extrapolation of the two end points to estimate the deflection at

tlp R b y

(R-r )
6
R 

= 6 + (6 — 6n—l~ (r —r )n n-i

where 6n is the last value from the output mode shape (1.0) and 6~~i 
is

the uex t to last value. The new mode shape , ó’
]

I is then obtained from

6’ . = 6./6
i i R

The program has been applied to the calculation of several model rotor

blades. One such application was for the blade with the root and tip

cross—sectional geometry shown in Figure 6. These blades incorporated 8.6

- - degrees of geometric twist, as depicted in the figure, and were tapered In

thickness ratio. The cantilevered root end began at r0 
= 0.~ 33 fe et and

the blade tip was at R 3.333 feet. Mass and stiffness properties we~e

calculated from the detailed engineering drawings for 20 stations. The

results from NATFREQ for these blades are shown in Table 5 as compared to

the blades experimentally measured nonrotating frequencies. Two of these

blades were manufactured ; the measured frequencies from both blades are

shown. Table 5 shows excellent to good agreement between the measured and

calculated natural frequencies.

7
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TORSION

Torsional natural frequency was also checked against the measured

frequency of the above—mentioned blades. As shown in Figure 6 the model

blades had a hollow duct along the entire blade length with an open slot
at the rear edge of the duct. This slot made the blades behave similarly

to an open, or C, section. Partial closure was provided by discrete

posts (near the duct rear edge) which were spaced out along the blade

• radius. Therefore, effect ive values of J estimated along the blade span
were used in NATFREQ for torsional frequency calculations. The comparison

of calculated to measured torsional frequency is shown in Table 5. Although

the comparison is not as good as for blade bending, it is acceptable con—

sidering the effective J values which were used.

Torsional calculations were also made for a uniform beam as a check
case. Figure 9 shows these results as they vary with the number of

concentrated inertias used to represent the beam. The fundamental mode

shows only 0.4—percent error from the exact uniform beam solution for a 5

inertia element representation. This suggests that only 5 to 10 inertia

stations may be required for good accuracy when calculating the natural

frequency of most nonuniform beams.

CONCLUDING REMARKS

The computer program NATFREQ has been shown to be quite accurate for

the cases of uncoupled bend ing and torsional natural fr equencies of
uniform beams. Calculated natural frequencies for a model rotor blade

also showed good agreement with measured values. Care should be exercised,

however, to ensure that the program is provided realistic physical inputs

when modeling any beam. For Instance, beams which have sudden changes in
stiffness or mass In some region should have more mass (flexure) elements

in the model for that region. Also, beams which have a point mass at some

radius in addition to their distributed mass should be modeled accordingly.

An additional mass element should be used at the appropriate radius in lieu

of distributing the point mass into the adjacent beam elements.

—~~~~~~~~~~ .- E - ~~~ ~~~~_ - ,p- ~~~~ -~~ -~~~_~~~___  ~~~~~~~~~~~~~~ -~~~~~~~~~-
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Figure I — Blade Bending Diagram
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I TABLE 1 — NATFREQ INPUTS FOR FIRST OPTION

Format Var iable Description

IS (one card) N Number of mass stations
(not to exceed 21)

15 (one card) 10 Option control (1 for this table)

5El2.5 (up to 5 cards) ARAI Array of N section area moments
of inertia, ft4

- - 5E12.5 (up to 5 cards) ARAJ* Array of N section area polar
moments of inertia, ft4

5E12.5 (up to 5 cards) ARM Array of N discrete mass weights,
lb

SEl2.5 (up to 5 cards) ARP* Array of N discrete mass ~olav
moments of inertia, 1b/ft~

5E12.5 (up to 5 cards) XD Array of N mass stations from
center of ro tation , ft

3E10.4, 3FlO.2 E Youngs modulas of material, lb/f t2
(one card)

Shear modulas of mater ial , lb/ft2

- DEN Density of material , l b/ f t 3

ON Rotor rotational frequency, rad/sec

R Blade tip radius from center of
rotation, ft

• RO Blade root radius from center of
ro tation to roo t end cond ition, f 1

*These values may be set equal to 1.0 if torsional calculations are not
desired; they should not be set to zero.

**Set C to a large number (i.e., 10
15) if torsional calculations are not

t. desired .

r
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TABLE 2 — NATFREQ INPUTS FOR SECOND OPTION ~- -

Format Var iable Description

15 (one card) N Number of mass stations
(not to exceed 21)

IS (one card) 10 Option control (0 for this table)

4FlO.2 (one card) TCR Blade root thickness ratio
(taken at RO)

TCT Blade tip thickness ratio
(taken at R)

CR Blade root chord (in—plane
dimension) , f t

CT Blad e tip chord (in—plane
d imension) , f t

4F 10.2 (one card) Blade tip radius from center of
rotation , ft

RO Blade root radius from center of
rotation to root end condition, ft

ATP Area of cross—sectional cut out
at blade tip, f t 2

ART Area of cross—sectional cut out.
at blade root radius, ft2

5E12.5 (one card) ZMIT Area moment of inertia of cut out —

area at blade tip, ft

ZMIR Ar ea moment of inertia of cut out
area at blade root rad ius, ft4 J

ZMJT Polar area moment of inertia of
cut out area at blade tip, ft4

ZMJR Polar area moment of inertia of
cut out area at blade root radius,
ft4

FJ Empirical correction factor to
obtain torsional J term from the
calculated section polar area
moment of inertia

3E10.4 , P10.2 E Youngs modulas of material, lb/ft2 —

(one card) 2
C Shear modulas of material, lb/ft

DEN Density of material, lb/ft3

Rotor rotational frequency , rad/sec
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TABLE 5 - COMPARISON OF CALCULATED AND MEASURED

NATURAL FREQUENCIES

- Mode NATFREQ Measured
of Calculated (rad/sec)

- 
Vibration (rad/sec) Blad e 1 Blade 2

1st Bend ing 121.9 118.7 121.3

2nd Bend ing 634.9 603.8 612.0

L 3rd Bending 1470.0 - . 1521.8 1545.7

p 
1st Torsion 919.9 1097.7 1030.4

I

1

L
~~~~~~~~~~~ Li
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APP ENDIX

NATFREQ PROGRAM LISTING

C PR OGRAM NATFRE Q
C THIS PROGRAM CALCULATES THE FIRST THREE NA TURAL BE NDING
C FREQUENC IES CF A NONUNIFORM BEAM ROTATING IN A VACUUM.
C PROGRAM BY J. B. W ILKERSON , CODE i619
C
C FUNCTI ON S T A T E MEN TS
C ELLIPTICAL CROSS SECTI ON, TAPERED THICKNESS RATIO AND PLANFORM
C TH IC KNE SS RATIO (XI

TC(X) (TCT—TCR)~~(X—R 0)/RP + TCR
C CHORD IX )

CIX) (CT CR) (X RJ)/RP 4 CR
C DUCT IN1~ RNA L AREA I X)

A II X) = (ATP—AR T )~~IX—k0 )/RP • ART
C DUCT ARE A MOMENT OF INERTIA IX ), FLAPPING

ZMIIX) = IZM IT— ZMIR )’ (X—R 3 )/R° 4 ZMIR
C DUCT POLAR A REA MOMENT OF INERTIA IX), TORSION

ZMJ (X) = (ZMJT— ZMJR )~~IX—R0)/RP + ZMJR
C BLADE MASS IX)

AMS(X) = DEN~~(3.1..1S95TCIX)’CIX) ’2/4.— A I I X ) )
C BLADE AREA MOMENT OF INERTIA (X), FLAPPING

AMI(X) 3.j~ 159~~TC(XI 4 3~C (X,”4/6~~. — Z M I (X I
C BLADE POLAR ARE A MOM ENT OF INE F~TIA (X) , TORSION

AMJLX) 3.J~~j59CTC(X )IC (X)*+~~C (j.,TCI X)**2)/64.. — ZM JIX ) - -

C BLADE MASS POLAR INt RTIA IS CONSIDERED TO BE AREAPOL AR INERTIA ’DENSIrY
C END FUNCTION STAT EMENTS
C

DI MENSION XOI22),A ICI22,~ 2I ,BIC (22,22),CIC(22,22)
CAI MENSION ARA I (22 ),ARMI 22 ),A RAJ (22)
DIME NSION ZIU (22,22),ZTL (22,22)
DI MENSION AICPI22,22),BNON(22,i),0YN122,22),DYNS (22,22).Y (22),

1. YN (22),V r4jSI22),SWPM(2,22),ARP (22)
COMMON A ICP ,GNON

5 Cfl~ TI NUE
READ .i,N

- - IF (N) i6~ ,j , 66 CONT INU E
00=32. 174
READ 3,10
IFILO ) 7,7,8

A C0NTINU~REAO ~QI~, (ARA I lI),I=1,N)
- -  READ 206, (ARA JII),1 1,N)

REA D 200, (ARM(I), 11,N )
- - READ 2(i~~, (ARPII),I=L,N)

READ 200, (X OII), 1 1,N)
- - READ 9,E,G,QEN,OM ,R,R0

9 FOR MAT (3E10.k.-3F1iJ.2)
W 8 0  .0
00 202 I=1,N

202 W8 W8+ARM(I)

2C0 FOR MATI5EI2.5)
PRINT I~.30

1030 FORMAT IIHI)
PRINT 1ü22,DEN,E,G

— PRINT 1024,OM
GO TO 12

7 CONTINUE

~~~~~~~~~~ 
____ 
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READ 2,TCR,TCT,CR,CT
READ 2,R,R0,AT P,ART
READ 200, ZMIT,ZMIR,ZMJT,Zp$JR ,FJ
READ 9,E,G,OEN,OH
PRINT 1C20.TCR,TCT,CR,CT,R0,R
PRI NT 1~ 22,OEW,E,G
PRINT 1024,011

1020 FCR MATIIML,25X461AJE GEOMETRVT//SX,iROOT 1/C =1,Fb.3.t0x,STIP T/C
1 A,Fb.3/,X$ROOT CHORD =$,F8.2,bX,ITIP CHORD zS,F6.2F5X ,$ROOT PAD
2IUS =..,FA.2,5X,*TIP RADIUS =$,F6 .~~,5X///)

1022 FORMAT (E5X,I MATERI4L PROPERTIES$//5X,$DENSITY $,F12.6,7X,tE :S,1P
3E13.5,7X,$G i~,1PE13.5///)

1021. FO~ MAT (25X,$FLIGHT CONOITIONS$//5X,AOt4EGA :S,F6.2 I
2 F CRHATI.-.FtC.2)
3 FOR~1AT(I3)

C AVERAGE A REA INERTIAS AND MASS/UNIT LENGTH — INTEGRATION BY
C FCU R POI NT NEWTON-COTES FORMULA ISIMPSONS 3/8 RULE)

A N N
RP =
N RP/ Ib . 4 N)
ARAI (1) = (AMI(R1~)+3.~~A MI (R3+H),3.~~AMI (R0$-2.

4H),AMI(RQ,3.~~MI) /8.
ARA J(1) = (AMJIRQ )+3. ’AMJ (R0 +H),3.~~AMJ(RO .2.’H),AMJIR0,3. SM)) /8.

C FJ IS A N EXPERIMENTALLY DETERMINED CORRECTION FACTOR TO OBTAIN .1 FROM THE
C CALCU LATED SECTION POLAR AREA MOMENT OF INE RTIA

AR A J ( i . ) = ARAJ (1)-’FJ
H = RP/(3.44N)
DO 10 I = 2,N
J 2’ I—3

J~ RP/ (2.’AN) + RO
ARA J4 Z 1 = (AMJ ~XO ) e J. A$JlX D4~l) .3. AN JfXO +2. ’H).ANJ(XO ,3.~ N) )/8 .
ARA J I I ) ARAJ (I)’FJ

10 ARAI (I) IA MII XO) +3.5AMIIXO4 H).3.~ AMI(XO42.~~H)+ANI IXO,3.~ H))/8.O

00 20 1 1,N
J=I—i
X C z J~ RP/AN + RC
AR M(I) = (AN S IX O ) . - S .0ANS (XO +HI+3. ’ANS (XO ,2. ’H),AMS(XO,3,~ H))~ QP/
I 18. AN )
ARP (I) = IAMJ IXO)+3. 5AM JI XO+H)43.~~AMJ(XO ,2.~ H)4AHJIXO+3 .~~H))’OEN

1 /(8.’GG)
20 WB WB+ARM(I)

XDI1) = RP/ 12. AN) + P0
H RP/AN - -

00 25 I=2,N
25 XO ( ! ) X O ( I—1 )  4 H
12 CONTINUE

PRINT 998 * .

998 FORMAT ( 1H1 ,1OX.$B LA DE CHARACTERISTICS AT COLLOCATION POINTSS/)
PRiNT 1000 —•

1000 F ORMAT (// IOX ,$X$,11.X ,$IXXIX) 1,13X,IWTIX) $,18X. $JIX)$. ILX.$IZZ(X
1) ,POLARA) .j
00 30 I ~1,N

3D PRINT 1001.XDU) ,ARAI  II) ,A RMI I I ,ARA J I I)  ,A RP( I)
1001 FORMAT (6X,F6.3, 4E20.1.)

PRINT 999 ,WB
999 FORMAT (//LOX,I8I.ACE WEIGHT ~$.F10.2)

C OBTAIN INFLUENCE COEFFICIENTS FOR DISPLACEMENT. SLOPE , *110 TORSIONAL
C DEFLECT ION
C K DENOTES LOADED STATION

A N~~~ N - 
- A

DO 80 K 1,N - -

I~~1C110.0 I ~C2’0.0
G0 10 65

80 C1aBIf~lT.K)~~F ’ ( A R A t ( T +j ) — A R A 1 l T ) I.f~2 —

4 -
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C2=(A I C I I ,K)—BIC ( I ,K) ’XD ( i ) )5 E’ (* RAI I I +3 . )— ARAI ( I ) , , C 2
1=1+1

65 BI C ( I , K ) = I X D ( K ) 5 X 0 ( I ) — X D U ) ~~’2/ 2 . C , Cj ) / I E ’A R A I ( I )
AI C( I ,K) IX D ( K) 5 X G ( I ) ~~X D I I ) / 2 . O — X D Ij ) .~ 3/6.O ,XDII )~~Cj +C2)/ (E4 AR*I(

LI) )
IF II—K) 4~ .70,70

70 L 1 + I
00 75 J L.N
BICIJ.KI BIC (K ,k)
AIC (J,K) AICIK,K) 4BICIK,K)~~(XO(J)—XD(K))75 CONTINUE

80 CONT i NUE
C TORSIONAL FLE XIBILITY MATRIX, INFLUE NCE COEFFICIENTS

00 1.00 J 1,N
00 1.00 1 1,N
I F I L — J )

1.02 Z I U ( I , J P  = 1.0
GO TO 1.06

1.01. ZIU (I,J) 0.1
1.06 ZIL (J,I) = ZIUII,J)
1.00 CONTI NUE

C OELX = LENGTH OF FLEXIBLE CONNECTION BETWEEN MASSES
C DXX = LENGTH OF ELEMENT WITH MASS PROPERTIES

OELX = XDII ) — RO
DXX = 2.’IXD (l )— RO )
00 1.20 J = i.N

DO ~22 I = j ,N
1.22 DYNII,J ) 0.0

D YNIJ,J ) = OELX / (ARAJIJ )’G )
AR P(J) = ARPIJ)’OXX
DXX 2.’(XD(J•l )—XO (J)) — DXX

1.20 DEIX XO IJ+i )—XDI J I
CALL ZA TR I XIDYN ,ZIt~,DYNS,N,N,N)
CAL L ZATRIXIZIL,DYNS,CIC,N,N,N )

C PRINT ROUTINE
83 PRINT 1~ J5

I0u~ ,- u’<MAI IIMI,30X ,$I N F L U E N C E C 0 E F F I C I t N I N * T P
11 C E S ~///,I.0X,$DEFLECTION — A IC ( I ,J )S/ )
I X 1
KP:Nd10

— 
- 85 KG N O

NNI=1
N1:1
N2 10

66 IF (KP-NNL) 87,88,89
87 N2 N
51, KON 2

G0 T0 89
86 IF(MOO (N,10)) 84,81.,69
89 00 93 D1,N

GO T O
90 PRINT 1~ 07, (AICII,J), J N1,P4~ I

GO TO 93
91 PRINT Li.JT , (BIC(I,J) ,JZNI,N2)

G0 T0 93
92 PRINT 1307. (CIC (I,JI, J NI,N21
93 CONTINUE

3.007 F OIkMAT (5X,10E12. 5)
N-NL NNI4I
N 1ZN1+10
N2 N2+10
IFIKON-1) 91.,91.,95

9’. PRINT 1009
1009 FORMAT (/30X.$ CONTINU ING ACROSS. INCREASING J

1 — */ )
GO TO Sb



-

-

4

95 LK = LK + I
GO TO

97 -PRINT 1011
1011 FORMAT (1H1,4.0X.*SLOPE — BICII,J)S/)

GO TO 85
99 PRINT 1013

1013 FORMAT IIHI,l.OX ,$TOR SION — CICII.J)$/)
00 10 65

101 CONTINUE
C
C CALCULATION OF 0 MATRIX
C

00 2 0 7  j z 1,N
207

C (AM ) MATRIX
230 00 235 J 1,N

DO 237 1 1,N
237
2 3 5  CONTINUE

IFIOM ) 21.0,21.0,2C5
C (A C) MATRIX

205 CONST 0P1 ’2
00 210 KzL,N
00 220 I 1.N

220 AICP (I,K1=CONST’AIC (I,K)
210 CONTINUE

C (I • AC ) MATRIX
00 225 K 1,N
AICP(K,K)=j.0.*ICP (K,K)

225 BNON (K,1)=1.0
CALL MATINV (N ,1,O€TER M.I0)
IFITD—1) 21.5,21.5,227

227 PRINT 2111
2111 FORMAT (2X,S’~~~~NO MA TRIX INVERSE ~“Z)0 0 T 0 360

C OY N MATRIX
24i1 DQ ZA,~ 1 1,N

DC) 21.2 J=t,N

~1.2 GYNII,J) = AIC(I,J)
GO TO 253

2’.5 00 21.7 I~ 1,N
riO 247 J 1,N
DYN (I,J) 0.0
00 25.. K 1,N

250 LVVNII,J1=DYN (I,J) +A ICPI I,K)’AIC (K,J)
21.7 C ONTINUE

C
C MATRIX ITERATION FOR OMEGA AND MODE SHAPE
C
C INITIAL MODE SHAPE —

253 M S 1
255 00 260 I21, N
263

C I T E R A T I O N
SLA MZ G.J
KQK O

262 00 265 121,N
YN ( I) 0 .0 — 

-
-

— 00 265 J*j, N - -
265 YN II) DYNII,J) YIJ ) +YN ( I )

ALAM O A = Y N I N )
C NORMALIZE MODE SHA E

00 270 I~ 1.N
270 YNII )ZYIII)/YNIN )

C CONVERGENCE CHECK
IFIABS (~~ * ND A — S LAM ) — .0~ 0L’*LAM U*) 305.275.2 75

~~~~~~~~~~~~~~~
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275 SLAM = ALA ND A
00 280 Iz1,N

280 VIfl ZYNIL)
KQK=KQK. 1
IFII(QK—20) 262,262,265

265 PRINT 1034. KQK
1031. FQRNATliM1//////20X,$~~ NO CONVERGENCE ATSI3S ITERATIONS ’51)
305 CONTINUE
300 FRQ = 3..Q/SQRT (ALAMOA)

PRINT 1035.HS.FRQ .KQK
1035 FORPIATI1Hi,20X .~~M0OE SHAPE$,I3.SX,$MAT. FREO :$,E12.5.5XSITERATION

3.5 *~~,~ 3/)
PRINT 10’.0 ,(YN(I).I=1,N)

1040 FORMAT (1O (/SX,F12.81)
GO TO (320.350,360,360).NS

C
C SECOND NODE SHAPE
C

320 115=2
C SWEEPING MATRIX

SWPM (1,1.) =0.0
00 330 J 2,N

330
C SAVE FIRST MODE SHAPE AND DYN MATRIX

DO 335 I=1,N
YNIS(11 YN(I)
00 335 J 1,N

335 OYNSU,J) OYNII,J)
C NEW DYN MATRIX FOR SECOND MODE

F 340 L 1 1 5 1
00 345 I 1,N
DYN (I,L) 0.0
00 31.5 J 115,N
OYN(I,J)ZDYNS (I,J)
K=1

342 OYNII,J) = OYN (I,JI+OYNS(I,N)~~SWPM (K,J)
KZK,1
IF (k-L) 342,31.2,345

31.5 CONT INUE
GO TO 255

C
C THIRD NODE SHAPE
C

351. 115z3
SW PM( 1,2 )z 0 .0

SWPMI2,1) =0.0
SW PNI2,2 ) 0 .0
ONOM1 :ARNIt)5 (YNI2)’YNIS(1I—YMISI2)’YN(1))
DNOM2=A RMI~~I 5(YNI S(2) ‘YN ( t )— YN IS ( t ) Y N(Z ) )
00 355 J13,N
SWPM (1,J)ZIYNIJ)’YNIS (2)—YNiSIJ)SYN(2))’ARMIJ)/0N0111

355 SWPMI2,J ZSYNIJ)’YNISII)—YNtSIJ)’YNII)) ARMI J) /ONOM2
C NEW UYN MATRIX FOR THIRD NODE

GO TO 340
C
C TORSIONAL FREOUEI+CLIS
C
C FIRS T NODE
360 MS I.

00 1.50 I ~ i.N
00 1.40 J t,N

440 OYNS4Z,J) ‘ 0.0
1.50 DYNS (I.I) z ARP(I)

CALL ZATRIX (CIC,DYNS,OYN,N,N.N)
C INITIAL MODE SHAPE
500 00 501 I I.N

_____________________________________



501 VU) = OYNII,N)/OVNIN,N)
KQK 0

C ITERATION
502 00 501. 1 = 1.N

YNII) 0,0
00 501. J i,N

501. YNCI) = OYNII,J)’YIJ) • ‘VNII)
K O N V = 1

C NORMALIZE AND CHECK CONVERGENCE
00 508 I = 1,N
YNII ) = YN (I)/YN (N)
IF(ABS (YN (I)—Y(I))—.0001’YN(I)) 50B.508.506

5-06 K0 NV ; 0
S~~8 CONTINUE

IFIKONV) 510,510.370
510 00 512 1 = t,N
512 VII ) = YNII)

K QK Z KQ K ,1
IFIK QK—30 ) 502,502,514

511. PRINT 1031., KUK U
370 DENOM 0.0

M5S MS-3
4 00 1.60 J = 1.N

1.60 DENOM = OY N(N ,J)~~Y N(J )  + OE NOM
FRU SO RT(Y NIN)/OENO M)
PRINT 1050,MSS,FR1,ICQK

1050 FORMAT (IHI,LQX,$TOR$ZON NOOE$,I3,5X.SNAT . FREQ s1,E12 .5,SX,SITERA T
lIONS :5.13/)
PRINT 101.0, IYN (I), I ~ 1,N)GO TO 5

160 CONTINUE
STOP
END ~~- J

~
-1

j

- A - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~ -~~~~~~ - - -.~~~ -



I t

SUBROUTINE MAT INV INI,H1,DETERM,I0)
C
C MATR IX INVERSION WITH ACCOMPANY ING SOLUTION OF LINEAR EQUATIONS
C NOVE MBER 1692 5 GOOD DAVID TAYLOR MODEL BASIN AM 11*11
C
C GENERAL FORM OF DIME NSION STATEMENT
C DiME NSION A l  • ),BI • ) ,INDEX( ,3)
C

DIMENSION A (22,22),B(22,t), INOEX(2Z,3)
COMMO N A,B
E QUIVALENCE IIROW ,JROW), (ICOLUM,JCOLUM), (MAX , T, SWAP)

C
C INITIALIZATION
C

M M I
N N I

10 DETERM :1.0
15 DO 20 J1.N
20 INOE XIJ,3) C
30 00 550 1 1.N

C
C SEARCH FOR PIVOT ELEMENT
C

1.0 A MAX O.0
‘.5 00 135 J:3.,N

IFII NOEX (J,3)—i) 60, 105, 60
60 DC 100 K 1 .N

IF (INOE X (K,3)—L) 80. 11.0, 715
80 IF I AP4AX —ABS (A(J,K))) 85, 100, 100
65 IROW=j
90 ICOLU M=K

A MAX = ABS IAIJ,K))
lUll LUP4TINUE
105 CONTI NUE

INOEXIICOLU P).3) : INDEX (ICOLUM ,3) +1.
260 INDEXII,1)ZIROW
270 INOEXII,2)=ICOLUM

C
C INTERCHANGE ROWS TO PUT PIVOT ELEMENT ON DIAGONAL
C

130 IF IIROW—ICOLUM ) 11.0, 310, 11.0
11.0 OET ERM =—OETE RII
150 00 200 L~ 1,N
160 SWAP A IIROW ,L)
170 AIIROW ,L ) AIICOLUM,L )
200 A IICOLUM ,U=SWAP

IFIM ) 313, 310, 23.0
210 DO 250 I. 1, N
220 SWAP :B (IROW,L)
230 BIIRO W,L)=B (ICOLUM,L)
250 B(ICOLUM,L)=SWAP

C
C 0I~ IOE PIVOT ROW BY PIVOT ELEMENT
C
310 PIVOT =AIICOLUM,ICOLUN)

DETER M=DETERM’PIVCT
330 A ITCGLU I’,ICOLUM)z1.O

L - - - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~
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31.0 00 350 L’i.N
350 A (jCOLUM,L)=AIICOLUM,L)/PIVQT
355 IFIM ) 380, 380, 360
360 DO 370 L&l,M
370 B (ICOLUH.L) 0(ICOLUM,L )/PIVOT

C
C REDUCE NON-PIVOT ROWS
C
380 00 550 L1 1,N
390 IF (Li—ICOLUM ) 1.00, 550, ‘.00
1.00 1 :AIL1,ICOLUM)
‘.20 A (L3.,ICOLUM):0.0
1.30 00 1.50 Lz1,N
1.50 A It .1,L)=AI L I ,L)— * (XCOLUM ,L) *T
1.55 IF(M) 550, 550, 1.60
‘.60 00 500 1:1,11
500 B (L1,L) =B (L1,L) —BIIçOLUM,L) ‘T
550 CONTINUE

C
C INTERCHANGE COLUMNS
C

600 00 710 Iz1,N
610 L N+1—1
620 IF IINDEX (L,j)—INOEXI L.2)) 630, 710, 630
630 JROW=INDEX (L,l)
61.0 JCOLUM INDEXIL,2)
650 DO 705 K:1,N
66 0 SW A P-A ( K ,JRO W )
670 AIK,JROW ):AIk,JCOLUM)
700 AIK,JCOLUM)=SWAP
705 CONT INUE
710 CONTI NUE

00 730 K l,Pd
IF( INOEX (K,3)  — 1) 715,720.715

715 ID :2
GO TO 71.0

720 CONTINUE -

730 CONTINUE
10 j

71.0 RETURN
C LAST CARD OF PROGRA M

END
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- SUBROUTINE ZATRIXIA ,B,C,N,L,M)
DIMENSION 1(22,22),8(22,22),C(22,22)
DO 30 1 1,N
00 20 J 1,N
CII,J) 0.0

- 00 10 K 1.L

- 
C( I , J J  = CII,J) • A ( I ,K) ’B(K ,J )

— j 10 CONTINUE
20 CO N TI NUL
30 CONTINUE

RETURN

I END

I,
-~~ ~

-

I ‘ I
t i ;

1] 
A

_ __ _ _ _ _ _ _ _ _ _
- 

_ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ _ _  — —-~ ~~~~~~~~~~~~~~~



—

F ~ 
-

1 1

1
I

DTNSRDC ISSUES THREE TYPES OF REPORTS

- I (1) DTNSRDC REPORTS, A FORMA L SERIES PUBLISH I NG INFORMATION OF
PERMANENT TECHNICAL VALUE. DESIGNATED BY A SERIAL REPORT NUMBER.

1’ (2) DEPARTMENTAL REPORTS. A SEMIFORMAL SERIES, REcORDING INFORMA.
lION OF A PRELIMINARY OR TEMPORARY NATURE. OR OF LIMITED INTEREST OR
SIGNIFICANCE. CARRYING A DEPARTMENTAL ALPHANUMERIC IDENTIFICATION.

- 1 (3) TECHNICA L MEMORANDA. AN INFORMAL SERIES. USUALLY INTERNAL
• - WORKING PAPERS OR DIRECT REPORTS TO SPONSORS. NUMBERED AS TM SERIES

REPORTS; NOT FOR GENERAL DISTRIBUTION.
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