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The specifi c objective of this investigation was to apply
- • / existing theoretical concepts used in aerosol mechanics to var ious

water filtration systems. Once deve loped , these equations were
used to describe the water filtration processes of concern as a
function of the characteristics of the fluid , suspended particles ,
and filter media. It was concluded that the proposed model had
the potential to predict the relationship between flaw, pressure,
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~Aime , and efficiency for the data evaluated. In addition , the
model was found to have advantages over current water filtration
models since, unlike curren t models , it considers raw water
quality and predicts filtration efficiency .
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LIST OF ABBREVIATIONS, ACRONYMS
AND SYMBOLS

= in f lu en t suspended par ticle concentration

C2 effluent suspended particle concentration

C1 
= influent suspended particle concentration

0 = d i f f u s i v i t y

= clean f i l t e r  drag constant

K2 = f i l t e r  drag constant with filter cake

= fluizVmedia interaction constant

L total f i l t er th ickness

filter cake thickness

Le streamline distance

Lf = fiber bed thickness

1
~pe 

Peclet number

= Schmid t number

AP = p~~ ssure drop

= preEsure drop across filter cake

AP f = pressure drop across filter media

= total pressure drop across a filter

R~ 
= interception paramete r

Re = Reynolds number

Sf = Sol idar i ty  factor for f i l t er media

Sf = Solidari ty  factor for f i l t er cake

S~ = particle surface to volume ratio

T = temperature
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LIST OF ABBREVIATIONS , ACRONYMS
AND SYMBOLS ( Cont inued)

VA = van der Waals forces of attraction

VR = Electrical potential betweert double layers

W f = f i lt e r  weight per unit area

= mean particle diameter

aA = arithmetic mean particle diameter

= effect ive particle diameter in a f i l t e r  cake

d f = effect ive fiber diameter as a collector

= mass mean particle diameter

= surface mean particle diameter

= 43 percent particle size in a log-normal distribution

df = discrete fiber diame te r

minimum collection efficiency particle diameter

d~ = particle diameter

f(x5) function of separation distance X~

g acceleration due to gravity

k = Boltzmann ’s constant

Carman-Kozeny coefficient

= Carman shape factor

t = time

u = approach velocity

— separation distance

= the natural function

— solids fraction of a filter cake

• solids fraction of a fiber bed
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LIST OF ABBREVIATIONS, ACRONYMS

AND SYMBOLS (Concluded)

= col l i s ion  e f f i c i e n c y  - theoretical

0 ’ collision e f f i c i ency  — empirical

= f i l t e r  cak e ef f ic iency

rI CL = in i t i a l  cake thickness efficiency

fl f = f i l t e r  media e f f i c iency

~ICD = Friedlande r sinqie fiber eff ic iency

= moJified form of 
~ICD 

that considers 0
= modified form of 

~ICDØ for the f i l t e r  cake

= fi l t e r  ef f ic iency

U g = dynamic viscosity

~BC 
= bu1~k density of the f i l ter cake

P f 
= discrete fi l ter densi ty

p = bulk density of a fiber filterfB

Pg f l u id  density

p
p 

discrete suspended particle density

= log- normal standard deviation

V
g 

= k inematic viscosity
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SECTION I

INTRO DU CTION

The priir.ary goal of th is  i nvestigation was to derive a
ra t iona l  wate r f i l t r a t ion  design concept by generalizing
f i l t r a t i o n  theories employed in aerosol mechanics, and
incorporating them with current water filtration theories.
This rat ional  design concept considers the f lu id , media , and
particles suspended in the fluid , predicting the relation-
ship between flow , pressure drop, time, and efficiency.

Modif ication of aerosol mechanics theory to provide
application for water f i ltration entails an evaluation of
the theoretical concepts upon which air filtration process~~are based. These concepts must be merged and modified
before they can be adapted to describe water-oriented systems.
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SECTION II

SMALL PARTICLE COLLECTION

The potential for collection of small  p a r t i c l e s  is
related to the size distribution of the par t ic les  suspended
in the f lu id , as well as physical/chemical  properties of
those particles. A log—normal distribution of particle
sizes is assumed for filtration consideration s contained
herein. The validity of this assumption has been
substan tiated by previous investigation s (References 1-10).

Chen (Reference 11) has suggested that an analogy
between average fiber diameter in a fiber bed and average
particle diameter in the filter cake can be made for the
on’s - -limensional case. In this system the flow streamlines

a fiber or a sphere are the same; thus, ir~ferences cani e for sphere—on-sphere collection based upon sphere-
‘ide r collection theory. Furthermore , Chen suggests

~ne effective diameter of a collector in a log-norma l
ribution of particle or cylinde r collectors can be

a:;~~roximated by the ratio of the surface mean d i a m e t e r
squared to the a r i thmet ic  mean diameter

sm ”~ A~~ 
Chen , Fuchs (Reference 1 0 ) ,  and others (Re ferences

2— 9 ) ,  suggest that , in the Stokes ’ law range , the ar i thme t i c
mean particle size can effectively be used to predict the
behavior of that portion of particles in the d is t r ibut ion
influenced by inertial forces and that the geometric mean
particle size can be used to effectively predict the behavior
of particles in the sub—Stokes ’ law range , where diffusion
forces have predominant effects.

The small particle forces that normally exert significant
influences upon collection efficiency are interception ,
inertial impaction , di f fus ion , surface properties , and
electrical properties (References 10-15). The first three
of these forces greatly inf luence the determin at ion of
collision efficiency; the latter two propertie3 are most
influential from the standpoint of coll ision su ccess . For
th is reason , one would expect that a combination of these
systems would provide the basi s for sma ll par ticle col lection
theory.

It is essentia l to consider suspended part icle removal
in the filter media as involving at least two separate and
distinct steps: a transport step and an attachment step

2



(Re fe rence s 10 , 11). Part icle  transport is a physical—
hydraulic process; thus , it is affected by those parameters
which govern mass transfer (References 8, 9). Particle
attachmen t is normally a surface property of the particles
involved; thus, it is influenced by both chemical and physical
parameters (References 15, 16). The two primary mechanisms
involved in attatchment success are particle electrical and
inelasticity (stickiness).

Most theoretical investigations into water filtration
processes have considered only the physical transport (Ref-
erence 17-20) parameters, such as filter media characteristics
and flow rate , to have significant influence upon filtration
operations. The results of these investigations, as discussed
by O ’Melia and Stumin (Reference 21) , with respect to f i l ter
performance , di sagree in terms of the relationship between
flow , time , pressure drop , and efficiency. Their ability to
predict design parameters for unique systems is subject to
question .

It is proposed herein that disagreement among current
water filtra~ion theories lies in the empirical base uponwhich they are founded. This permits contradiction because
it does not allow theoretical prediction of the relationships
between flow , time , ef f ic iency,  and pressure . Thus , when
these concepts are transposed to new cases , di f ferent particle
size distributions or particle surface characteristics may
cause wide variations between the true relationships and the
prediction made by the different models . It seems plausible
that the apparent inconsistencies among water filtration
models may originate for two reasons: (1) two or more
transport mechanisms may be simultaneously effective but not
considered and (2) significant surface properties either
unknown or assumed to be insignificant are not considered
and thus are not controlled.

In discussion of the first item, the transport mechanisms,
it is felt that the concepts from aerosol mechanics may be
the best available. These concepts are those of Stokes’ law
and mass transfer used to predict particle collection efficiency
in air filtration systems. It is felt that these concepts
can provide insight into the transport mechanisms of water
filtration . Fried].ander (References 8, 9) has successfully
correlated data on aerosol filtration by fibrous filters
opera ted at low flows, with the following efficiency equation :

n = 6M ~
213R~

112+ 3R 2R 1/2 (1)lCD SC e c 
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where ri is Friedlande r’s single element collection
e f f icie~~9, ~~~ is the Schmidt number , R, is the Reynolds

~ r~i’.er , and ~~ i t~he j f l t .  - t’cept i(~fl t 1 fl1et (~ ~ ( the  : it . i o ‘.i £
particle—to—collector diameter). The use of collection
efficiency here indicates that all collisions are success-
ful . This, however , may not always be the case and a more
complete discussion will ensue Li the next section . F~ r
this reason , 

~ICD 
will be redefined as the effic~ency

of collision (transport from the fluid to the collection
sur~ace). The Schmidt number , used in Equation 1 , is a
“‘easure of the ratio of transport by convection forces to
the transport caused by molecular diffusion . Tr.e term is
equal to Vg/D where V g is the kinematic vi scosity of the

fluid and D is particle diffusivity . The Reynolds number is
equal to Pgdf”/Ug where ~g 

is fluid density, df is the fiber
diameter, v is fluid velocity, and 

~ 
is the dynami c viscosity

of the fluid. The product of the Reynolds number and the
Schr-idt number is defined as the Peclet number. This parameter
expresses both influences simultaneously.

In a fiber bed of depth Lf~ the single fiber collision

e~ f iciency , can also be described :

C

lCD = 4C~fLf 
in (2)

where ‘ lCD is the single f iber  collision e f f i c i ency, d f
is the fiber diameter , Lf is the fiber bed thickness or bed

depth , C1 is the inlet particle concentration , C2 is the

effluent particle concentration , and is the solids fraction

of the fiber bed (the ratio of the fiber bed bulk density ,
°fB ’ to the discrete fiber density ~~). This equation

relates small particle collection systems to overall filtration
colleetion efficiency since C1 and C2 are , respect ively,  the
gross filter influent and effluent particle loadings.

It is necessary to evaluate the assumptions employed by
Friedlander (References 8, 9) in Equa ti on 1. The equa tion
is composed of a rational base with empirical coefficients.
Broad application to experimental data ~as confirmed themerit of the expression and the coefficient .  The 
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importan t assumptions made by the Friedlander equation are:

1. The primary transport mechanism described is dif-
fusion . Interception is introduced as a boundary condition
on the diffe rential equation . Other transport mechanisms,
such as sedimentation and inertial impaction , are not
directly considered; however, these mechanisms , because of
their nature , fall within the boundary conditions described
for  interception.

2. N , the Peclet number , is much greater than one.
This assum~~ that  the transport by convection forces is
large when compare d to d i f fus ion  in the bulk flow . Molec-
u la r  d i f fu s ion  is considered to be predominant in the
boundary layer near the surface of the f i l ter  media. Thus ,
diffusion of small particles near the media surface controls
the overall rate of transfer.

3. R is less than one. Lamb’s (Refe~’~nce 22) solution
for the ve~ocity distri bution around a sphere in one dimension
is assumed. This allows comparison of both spherical and
cylindrical collectors with the same set of equations when
the effective collector diameter is used.

Equation 1 expresses two collision components,
one from diffusion and one from interception. The

—2/3 — 1/26!JSC Re te rm represents the contact efficiency

for small particles (R approaches zero) where the molecular
d i f f u s i o n  controls .  The subsequent term , 3R

~ 
Re controls

the boundary condition for inertial  contact. The minimum
contact particle is described by the first  derivative of
Equation 1. This derivation requires a substitution for
di ffusivity

v KT 33iTPg
d
p

where V is d i f fu s iv i t y , K is Boltzmann ’s constant, T is
temperature in degrees Kelvin , 

~g 
is the dynamic viscosity

of the fluid , and d~ is the particle diameter. If Equation

1 is differsntiated with respect to particle size (particle
size is contained in all three terms), and set equal to
zero , the minimum contact efficiency particle may be
predicted:

5
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u3/3~ig
l/8

~)g
l/8 L~i

where d0 is the particle that is least likely to be collected ,

df is the fiber (collector) diameter , u is the approach
velocity, and •‘g is the fluid density. If the particle size

calculated in Equation 4 is used in Equation 1, the calculated
efficiency will be the minimum for any particle in the
population . Thus , a filter designed to collect minimum
efficiency particles, at the desired efficiency , would yield
a high confidence design.

Equation s 1, 2, and 4 have many assumptions that appear
to preclude their use in cake filtration systems. The most
apparent of these assumptions is the sphere/cylinder relation-
ship. Sand grains or particles collected from a solution do
not greatly resemble cylinders in shape. Furthermore , the
porosity of filter cakes is normally much lower than the
fiber mats typically used in aerosol filtration (Reference
6). Despite these, and perhaps other limitations in the
fi l tration analogy , it will be shown that the merits of
models such as Friedlander ’s far outweigh these inconsist-
encies for use in the prediction of filter performance.

The second property of importance to the filtration
process occurs after the transport step. This is the
attachment of the suspended particle to the fil ter at the
solid—fluid interface. This interface is presented either
by a sand grain or particle previously collected; it is
controlled by the surface properties of the particle and/or
the filter media (References 6, 23 , 24, 25). Particle
attachment, like particle transport , can be produced by a
number of d i f ferent  mechanisms . The two major  models , which
have both theoretical and practical interest , will be discussed
here .

The most simplistic colloid-chemical model, that can be
used to describe interactions between suspended particles
and the f i l ter cake , is based upon the theory of electrical
double-layer interactions (Re fe rence 2 5 ) .  Application of
this theory assumes that the net interaction between a
suspended particle and the filter cake surface ea:~ be describedby the quantitative combination of van der Waals force s of
attraction with the coulombic repulsion or attraction of the
two double layers . Although the theory of the double layer
has been developed primari ly for water- and sludge-oriented
systems, application to air systems, especially when collected
particles are liquid phase , should be analogous.

6
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An electr ical double layer exists at eve ry interface
between a solid and fluid phase. The solid side assumes an
electrostatic charge , the primary charge, which may be
either positive or negative. The origin of the primary
charge is a function of the chemistry of the material. An
equivalent number of counter ions forms a diffuse layer in
the fluid phase. When a particle approaches the surface of
a filter cake, the two diffuse layers begin to interact.
If both layers are charged in the same polarity, this in-
teraction will yield a repulsive energy potential, V ,
whose intensity is inversely proportional (to an exponential
power) to the distance separating the two particle surfaces.
The van der Waals attractive forces also increase as particles
approach each other.  For large particles, where G, the
grav i ta t iona l  constant becomes significant , the potential
energy of attraction , VA, is inversely proportional to the
square of the separation distance. If these force potentials
are added, the net interaction ene rgy can be expressed as a
func t ion  of separation distance :

f ( X s) VR — VA

where f(Xs) is a function of the separation distance, VR is
the electrical potential between the double layeri, and VA
is the van der Waals forces of attraction. If the VR force
is sufficiently strong that it overcomes VA, particle attach-

ment will be prevented. Conversely , if the VA force is
weak or negative , particle attachment will be improved and
the bond formed, once attached, will increase in strength as
VA becomes more negative.

The van der Waals attractive force is relatively in-
dependent of the composition of the fluid phase. The coulombic
potential , however, may be controlled by characteristics of
both solid and fluid phases. This aspect of the coulombic
forces contributes to the success of mo$t air systems. In
most instances, when air is the supporting system , coulombic
forces do not inhibit collision success, since their supporting
fluid ic less amenable to charge conduction than are water—
oriented systems. Coulombic forces in stir filtration can
cause filter cleaning problems because the bonding force,
at the particle surface, may be very strong.

The complexity of interrelationships between particle
dynamics and the collecting systems has inhibited a truly

7
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quantitative evaluation of collection potential.  For the
purpose of this investigation , collision success will be
expressed :

0 f ( u , V g~ ~~~ VR~ 
VA) 

(6)

where 0 is the collision efficiency , u is particle approach
velocity, vg is kinematic viscosity,  d~ is particle diameter ,
VR is coulombic force , 

and VA is van der Waals 
force. At

this point, it is assumed that 0 will be an empirically
determined value.
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MR FILTRATION EFFICIENCY

The overall filte r efficiency for a cake-type filter
regardless of fluid can be written :

= 1 - (l-flf) ~~~~~ 
(7)

where is the filte r efficiency , fl f is the filter media
e f f i cien cy , and is the f i l t e r  cake ( composed of particles)
efficiency. New ~xpressions for collection efficiency are
not within the scope of this investigation ; however, existing
efficiency expressions, used in air f i ltration theory , will
be re-evaluated and modified to facilitate application to
water-oriented systems.

Current theories relative to cake—type air filtration
have been reviewed by Noll et al (Reference 26). This
review indicates tha t collection eff iciency is high (99+
percent) ; however , quantitative methods for the determination
of cake efficiency have not been made. Several investigators
(Reference s 8-lfl, 27-30) have developed efficiency expressions
to oredict the single particle upon collector efficiency.
These expressions have been generalized to predict ~he
efficiency cf a homogeneous media such as a fibrous mat
filter.

The general form of the current air f i l t ra t ion efficiency
equation can be written : -s ~f ICD$

l—exp (8)

where ri
f 

is the f ilter cloth or fabric collection , S~ is
the solidarity factor which describes the filter fabric, and

is Friedlander ’s single fiber collection efficiency modi-
f ied to inc lude 0, the probability of successful collection if

• collision occurs. The mathematics of the modified Friedlander
equation will be defined subsequently .

The solidarity factor, S , describes a characteristic
of the f i lter media , the rati~ of the projected fiber surfacearea to the filter volume. In the case of the graded media,
it describes the sand grain characteristics

:9



4W
= ( 9 )

_ry o f f

- where Sf is the solidarity factor for the filte r fabric , W f
is the f i lter weight per unit area, 

~~ 
is the density of a

di screte f iber , and is the effective fiber diameter as a

collector (i.e., aSm
2/aA) assuming a log-norma l fibe r size

distribution in the fabric.

Friedlande r ’s modified equation for the single fiber
collection efficiency can be expressed for sphere-on-cylinder
collision:

~ICDd 
= 6Nsc2”3R~~

’2 + 3Rc
2Re
”2 0 (10)

where 
~ICDØ 

is the modified value for single fiber efficiency ,

Nsc is the Schmidt number , Re is the Reynolds n umber , R~ is
the particle/collector ratio , and 0 is the empirical success
coefficient determined as a function of Equation 6.

The Schmidt number is defined:

Nsc ( 11)

where Nsc is the Schmidt number , V
g 

is the kinematic viscosity

of the fluid, and V is the diffusivity for the suspended
particles in the fluid. The Reynolds number is defined :

uaf (12)

where Re is the Reynolds number and u is the f lu id  velocity .
The particle/collector ratio is defined :

a
R = ‘13)
C af

10
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where R~ is the particle/collector ratio and is the
arithmetic mean particle size.

Although the efficiency of the filter fabric is important
when cake-type filtration is used, the fabri c efficiency
becomes far less significant (References 6, 10, 12, 15).
The cake efficiency term is the parameter of interest in
cake filtration theory .

The basis for a cake collection efficiency expression
was described by Equation 3. If this expression is written
to consider only cake filtration, it, may b~ expressed:

C2 I , /6L
~
cL
~\I= 1-~ — = l-exp 

[~~IcDs(~~a )j (14)

where is the cake collection efficiency for the conditions

described by the right hand side of the equation, C1 and C2
are the influe nt and ef f luen t suspended solids, respectively ,

is Friedlander ’s modified collection efficiency equation

using effect ive collector diameter and arithmetic mean
suspended particle diameter with the correction for the
probability of a successful collision , Lc is the cake thickness,

is the cake/discrete particle density ratio, and is
the effective particle diameter as a collector (a$m2/3A)

assuming a log—normal particle size distribution.

The first term in Equation 14 that requires further
explanation is the Friedlander (References 8, 9)

modtfiea efficiency prediction for particle interaction.
-

V This is the same equation used for the fabric with the
collector size redefined as the effective cake particle
size :

rI
DO [6

~~~
3
R;

h/2 + 3R~ R~
/
’2] 0 ’ (15)

where is the Friedlander modified collection efficiency ,

Nsc is the Schmidt number, Re is the Reynolds number , and
is the ratio of the arithmetic mean suspended particle size
to the effective suspended particle size acting as th.
filter cake. Where the log-normal standard deviatic~ ,

JV  
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is reasonably low (O g less than 1.8), R~ approaches 1.0
because the arithmetic mean and effective particle siz~ are
nearly equal. This is one of the reasons that cake-type
filters are so efficient. When R

~ 
approaches unity , collection

by inertial forces is a function only of the Reynolds number.
The probability of successful particle collision , 0, is an
empirically determined value. This term, and its associated
variables , was discussed in the section on small particle
collection . Methods to evaluate this factor and the deterini-
nation and statistical mathematics required to estimate the
coefficient were not within  the scope of th is  investigation .
It is felt, however, that recognition of the e:dstence of
the term and identification of it as a problem area may
stimulate research toward definition of the parameters
involved in particle attachment.

The remaining terms in Equation 14 reflect the solidar-
ity relationship between the collector and the fluid!
oarticle suspension as filtration occurs. This factor is
expressed for the filter cake:

Sf = 

~~c 
( 16)

The values of 
~
‘
~~
‘ 

a~~ and are calculated from particle
arid flow data. The cake thickness , L

~
. is a function of

the suspended solids concentration , the unit area flow,
arid time. It can be expressed as a rate function :

dL
~ 

C1un~,

~BC 
(17)

where dL
~
/dt is the rate of increase in cake thickness,

L
~. 

with respect to time, t; C1 is the unit volume concen-

tration of suspended particles in the bulk flow of the
fluid ; u is flow per unit area or approach velocity; n~,

is cake collection efficiency; and 
~BC 

is the bulk density

of the filter cake. Because the object of this calculation
is determination of the rate of change in cake thickness
to ascertain the rate of efficiency increase , it would be
difficult to include efficiency as a variable. Fortunately,

12
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through use of numerical integration techniques on the
digital computer , the efficiency can be included by successive
evaluation . With this in mind , the change in cake thickness
over a given time increment can be expressed:

= (18)

where 
~CL is the efficiency for the initial cake thickness.

This equation can be integrated with respect to time between
t1 and t2 :

t 2
f C u

AL C = ~ 
...L n CLdt (19)

tl 
PBC

where L
~ 

is the change in cake thickness over the time
increment. If Equation 19 is evaluated over very small time
increments, it can be numerically integrated. Cake thickness
can thus be expressed as a function of time , (in the form of
an i n f i n i t e  series as t~t approaches zero), fluid velocity,and suspended particle concentration.

The other parameter used in Equation 16 that may be
non-constant is the ratio of the cake bulk density (mass
per unit volume of filter cake) to the density of a discrete
suspended particle. In most instances this parameter is
assumed to be constant for air and water filtration processes.
The significance of cake compression in these systems is
normally small; the converse is true, however, in some
liquid filtration systems. The affect of cake compression
can be very significant; this is most commonly observed at
the high pressure differentials encountered in sludge filtration
(Refe rences 31-33). Cake compression plays an important
role in the relationship between pressure, flow, and time;
however, fortunately, Equation 19 can be manipulated so that

is eliminated and thus the solidarity factor is not
affected. This manipulation can be accomplished by combining

V Equations 16 and 19 and substituting 
~BC’~p ~~~ ~~ 

cake
bulk density and is discrete particle density) for

6C ut p
_ _  

BC

~~ ‘~~‘~~

13



the bulk density terms fall out to yield:

6C ut
S~ = (2 0 )

~ a~ ~~
Thus , as with fiber beds, cakes are dependent upon particle
size and continuous density for description of their  f i l t r a t ion
efficiency properties.

The remaining term in Equations 16 and 20 that requires
de scription is 

~~~ 
the effective particle size. This is

Chen ’s (Reference 11) sphere/cylinder collector approximation
as discussed in the section on small particle collection.
This term, which is dete rmined from analysis of suspended
particle size distribution data , may be expressed :

(21)

where is the effective particle size as a collector , asm
is the surface mean particle size , and is the arithmetic

mean particle size. The values of asm and are determined

from particle size distribution laboratory data.

Many statistical methods can be used to manipulate log-
normal probability distributions; however, the most straight-
forward method for engineering application is the graphical
solution. If the raw particle size data is plotted as a
function of percent by mass lees than that size on log-
probability graph paper , a graphical solu tion for many
different particle means may be accomplished (Reference 1).
A sample plot of this nature is shown by Figure 1.

The f irst procedural step , af ter data is plotted , is
estimation of the mass mean particle size , d~~ , and the

geometric standard deviation , Cg~ The value of can be
estimated directly from the plot at the 50.00 percent particle
size. The standard geometric deviation can be estimated:

o — o.sI 84-13% + 
amm 1 (22)g a @l s . 8 7%j
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where °g is the es t imate  of the log-normal standard dev ia t ion
and ~ is the mean particle size corresponding tc the respectivepercentages.

Once particle size distribution analysis has been
accomplished, the effective diameter for the collector can
be determined from Equation 21. This diameter is e f f e c t i v e
collector size used in the Friedlande r (References 8, 9)
equation and in the solidarity expression .

Using the concepts and mathematics developed by Equations
7 through 22, the overall collection efficiency equation
from air filtration theory as modified for application to
water—ori ented systems can be expressed :

= i-exp [—s fnIC~~ 
+ S~ nICDd)] 

(23)

This expression can be derived directly from Equation 7 by
substituting values of terms in Equa tion s 6 throu gh 22. The
complete derivation is contained in Appendix A. The derivation
of Equation 23 permits the air filtration theory , upon which
~t is based, to be applied to three major water filtration
operation s: san d f i l tra tion , diatomite filtration , and
s1udge or slurry filtration . The general form of t h i s
equation does not require modification to describe any of
the fluid/particle systems; however, other forms of Equation
23 are more applicable to air filtration systems . Equation
23, however , is unique since it does have application to
both air and wa ter f i l tration systems.

16



SECTION IV

FLOW . PRESSURE , TIME , ~ND EFFICIENCY

Energy loss across an ideal filter can be described by
Darcy ’ s law (Re fe rences 10 , 26 , 34 , 35) :

= K~ Lu (24)

where ~P is the energy loss expressed as pressure drop, L is
the filter thickness, u is unit  flow or approach velocity ,
and E D is a constan t that describes the interaction of the
f l u i d  suspension and the f i l ter  media under given physical/
chemical conditions. Using the relationship given by
Equation 24 , the constant , K D, can be evaluated as a function
of pressure drop , f i l t ra t ion  velocity, and f i lter thickness:

K D =~~~~ 
(25)

thus , for the ideal case, an increase in pressure drop must
be accompan ied with an increase in the product of f i lter
thickness and flow velocity . If the filter thickness is
contained by the thickness of a fiber bed, the pressure and
veloci ty are di rectly propor tional. This ideal case holds
only for a clean (particle free) f lu id since the entrapment
of particles by the filter (either fabric or cake) would
modify the value of the filter constant. For this reason
KD should be considered as a time dependent functionV 

rather than a constant for the fluid/particle separation
process.

The pressure drop across a fiber mat caused by particles
entrapped by the mat can be expressed:

— f K2C1u
2dt

or integrating: 
V

17



AP f K 2 C1u 2 t ( 2 6 )

where /~P f is the pressure drop across the f i l t e r  cloth ,
K2 is a constant that describes the filter drag caused by
interaction by the f i l t e r  cloth and part icles, C1 is the
uni t volume particle concen tra tion , u is the unit area
flow or approach velocity , arid t is time . The pressure
drop across an air filtration system may thus be described:

= K1u + K2C1u
2t (27)

where is the total pressure drop across the filter ar.cJ
1(1 is the drag constant for the “conditioned” fiLer bed.

The only parameter that required further clarificat ion
in Equation 27 is K2. The constant is expressed in the

literature (References 5, 36 , 37, 38)

K 
_ kc .~3. 2 

(l—E.~~) ~ 282 g P Spg p

where K2 is the drag term (pressure drop per unit area
weicht per unit velocity), k

~ 
is the Carman-Kozeriy

(References 37 , 38) coefficient, q is acceleration due to
gravity , is the dynamic viscosity of the fluid ,

is the fluid density, S~ is the particle surface—to-volume

ratio, c is the voids ratio of the particles in bulk ,

and is the density of the discrete suspended particles. V

This investigation was not primarily interested in
fibrous filtration ; however, much insight into cake per-
formance can be gained from the theory presented with
respect to fiber beds. For example , if Chen ’s (Reference
11) effect ive collector size i s  assumed to be correct ,
pressure drop and f low can be consi dered in a manner
analogous to efficiency . With this analogy in aiind , the
generalized pressure loss equation for  air f i l t r a t i o n  systems
may be written :

18



= ~~ + 
~~c 

(29)

where P~ is the total system pressure drop
, AP f is the

prt~ssure loss across the fiber bed , and APc is the pressureloss across tne filter cake.

If the filter i abric is assumed to be only a supporting
system for the filte r cake, as is the case with most cake
filtration systems, then the initial pressure drop caused by
the fabric is a function of only the conditioned cloth
characteristics , thus ~r goes to zero for the start of each
filtration cycle :

= K1u + K 2 C1u2/ (3 0)

This can be assumed since the conditioned cloth is cleaned
so that only the cake is removed and the entrained particles
remain in the fabric. The value of K1 is defined :

K1 = WfR2 (31)

where K 1 is the filter cloth drag constant and Wf is the
filter cloth weight per unit area.

The value of K2 remains to be defined. This drag term

is analogous to the filter resistance terms (empirically
determi ned) in water filtration systems. In fact., the K2
expression can be derived directly from the Carman—Rozeny
(References 37 , 38) relationship (see Appendix B).

The advantage of air filtration theory , however , does not
lie in the ab i l i ty  of Equation 30 to predict pressure drop
fo r a clean filter bed. The advantage realized incorporates

. 
basic water filtration theory with efficiency concepts
developed in aerosol mechanics to permit semi—theoretical

• prediction of the pressure , time , flow , and efficiency
interrelationships for water-oriented systems. Since re-
lationships in water filtration to predict headloss are
generally modificationsor empirical improvements upon the
Carman-Kozeny relationship, this common ground permits

19



comparison of the different headloss relationships in water
filtration to the headloss relationships in air filtration.
The importance of this relationship cannot be overemphdsized
since efficiency and pressure drop theories in water filtration
are primarily empirical (References 35, 39, 40, 43-48) and
do not consider the characteristics of the fluid ,’particle
suspension to the necessary degree.

The most commonly used headloss equations for water
filtration systems are shown in Table 1 along with the air
filtration headloss equation. It should be noticed in Table
1 that all of the water—oriented equations are modifications
of the Carman-Kozeny relationship. Using the equation s
shown in Table 1, headloss ratios (the ratio of headloss at
any time to the initital clean bed headloss) were plotted as
a function of specific deposit , 

~~~, 
in Figure 2. Because

specific deposit is an indirect measurement of filter efficiency
in terms of the total mass of suspended particles per unit
volume of f ilter , Figure 2 indicates that filter efficiency
changes through a filter run as the slope on the curves
change.

All of these expressions attempt to describe the filte r
bed (or cake) during the filter cycle as a two-variable
system. The primary variable is the change in porosity due
to clogging by the suspended particles. The secondary
variable deals with the change in the surface area of the
matrix grains due to deposition. This second consideration
is related to the first in that the change in bed porosity
is a function of the amount of ma terial col lected . Unfor tunately ,
most researchers (References 35 , 39 , 46-48) in water filtra-
tion have concluded that the effect of thcreaeed surface area
is too complex for mathematical modeling and thus infer that
it is related to the solids loading and mode of deposition
or the hydradynamic characteristics of flow . These two
variables are major considerations in Friedlander’s equation
for collection efficiency in air filtration systems.

Two additional variables are considered by some of the
equations in Table 1. These are the tortousity factor
(Le/L ) and the Carmari (Reference 49) shape factor , k0.

The tortousity factor is related to the streamline distance
increase and it, like the change in porosity and the changem a  , is an attempt to relate the e f fect of mater ial col-
lected in the bed upon the pressure drop. The shape factor ,
k0, changes as a function of the material collected in the

filter section ; however, this change is second order. These

20
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TABLE 1. SUMMARY OF HEADLOSS EQUATIONS
IN WATER FILTRATION

Investigator Equation Proposed
2

H (S~\ fx \ (L~\ 
______

Deb—1969 A W ~ TI ~X ) t L I( L
- 

0 
~ 91 \ 0/ \ o/~ 0 ( 0 — ( -i

~eb- l969 (35) ~ +G(l lO k0)~ 
~~~~

2 — l
Mohanka—l969 C (47) = (1+p~ 

) (1-~-)

2 3
Nohanka—1969 D H 

= i+2- (2p+l )  +
ç e

Macrkle—1963 B (46) v— (l+~~-) (l—~-
0

Cainp—1964 F (3~) H (l—O+c,)~ ~~Ho (l~ 0)~ - 
2 1 

+(0 ~) 
______ ______

[~
3~~~0) ~ 

+ ]
~ kthivadivel—1966 

G(4$) I! = 
(1— e+ o) 2 1

LI, ~~~~~ (l G)2 ~~

2 2
Ives—1960 H (43) H 

= 
K ’~1 (k— pl- ) e
~ r0 (0-a)~~( l _ O ) 2

H k 2~ C1utn~This investigation 1 

~ 
-
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TABLE 1 (Ccncluded)

AThe factor ~~~~~~~~~~~~~~ is designated as

and is determined experimentally . J0~P0
2 is called overall

fiber-medium characteristics .
BG= 3.2, K = 13.3. Primarily an empirical equation.

- • G and K are empirical constants.

~p depends on surface area. It is derived from Mackrle’s

mathematical model , assuming x = y = 1.

DThis is a simplified version of the above equation.

EThjs equation is obtained by using the experimentally
determined values of x = 1.5, y = 0.75, and p “(29/s )865

by Mohanka.

FBaSed on Carman-Kozeny equation. This ratio
Is asstred c~~atant and equal to I. \ 0/

GEquation takes into account only porosity explicitly.
All other variables aie C(lrtl.ned and denoted

~2, where ~2 -

er1 volume ratio of coated filter grains sugges e
empirical determination of K . r1

2.

‘The factors K2~ and K2f are the particle and fabric
unit thickness drag coefficients, C1 is the suspended
solids load, t is the filtration time, Lf is the thickness
of the filter, and f is the solids ratio for th. media.
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last two variables, if combined , yield the Carman -Kozeny
constant:

L
kc = k0 4

where k is the Carman-Kozeny constant. If the two factors
are analyzed in terms of their performance during the filtration
cycle, the rationale for the constant can become more evident.
The shape factor is reduced during the filter run as particles
collect so as to yield the minimum resistance to flow ;
conversely , the tortousity factor increases with time during
the filter run since the streamline distance increases. As
particles are collected these two variables are complementary
during the filtration cycle; hence , the value of k remain s
approximately 5. c

This discussion recognizes that a generalized equation
for headloss during filtration should consider all four
variables. The inability to determine these variables
during filtration has often lead to approximation , idealization ,
and simplifying assumptions, which in turn give rise to
different headloss equations dependent upon the assumptions
made and the filtration system used.

Thus , we find that the headloss expression in Table 1
used in air filtration theory has no true advantage ove r its
counterparts in water filtration ; however, the air filtration
equation is supported by expressions for efficiency , allowing
description of the change in filter bed characteristics as a
function of time and suspended particle concentration.
Therefore, the advantage of air filtration theory lies not
in the headloss equation itself but in the ability to describe
the change in filter characteristics and subsequent change
in headlosa as a function of raw water characteristics.

V 

2 4 

-
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1~PPE~DIX A

DERIVATION OF EQUATION 23

Given : Cqua t~ on 2:

c
r~ = 4~ fLf 

in (A.l)

where r
~ICDø 

is the Friedlander (References 8, 9) simple
fiber collection efficiency corrected for attachment success,
df is the effective diameter as a collector of the fibers in

the filter, is the ratio of the bulk density , P8f~ to

the discrete fiber density , f1 Lf is the fabric thickness,

C1 is the inlet suspended particle loading and C2 is the
effluent suspended particle loading.

Given: Equation 9:
4W

s (A.2)
~ -

where S~ is the solidarity factor for the cloth and Wf is
the unit are~. weight of the cloth (equal to the bulk den-sity,  ‘

~Bf’ 
times the depth of the cloth, Lfs times unit

area).

Step 1 Derive : Equation 8:

fl
f 1. —exp (—SfflIC~~

) (A.3)

where is the gross efficiency of the filter cloth, Sf is
the sol idari ty factor , and is the modified Friedlander

single fiber collection efficiency .

29



Solution of Step 1:

Wf ‘~Bf
1
~f

thus , Equation A.2 may be written :

4W,,, 4c ,,L 4 -~ L,~s = _ _ _  = B L f _ f~~k (A.4)
~ 7T~~~d~ ~T~~f

3f ild f

Solve Equation A.l for In expression :

C1 4t fLfln = 

~ICDØ 
(A.5)

f

Substitute Equation A. 4 into A. 5:

ln~! S f n ICDØ ( A . 6 )

since in y — x can be exp ressed as y = eX , re-expresses
A.6 inverted :

= exp(-S f fl IcDØ ) (A. 7 )

Efficiency can be expressed in terms of C1 and C2 :

= 

C1—C2 (A . 8)
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USifl (J Equation ~\.8, re—express A .7 in terms of efficiency(add C1/C1 to both sides of the equation and multiply through

~
y —1)

= _____  = l_exp(-S
f

fl
ICDd

) (A.9)

Given: Equations 14 and 20:

= 1_exp (—S?1
~ CDø

) (A.10)

the gross cak e e f f i c i ency  can be derived in a sequence
parallel to the derivation of Equation A.9 .

Given: Equations A .9 and A .lO and Equation 7:

= ~~~ ~~~~~ ~~~~~ 
(A.ll)

where is total f i l te r e f f ic iency, ri f is gross fabric
efficiency , and is gross cake efficiency .

Derive : Equation 23:

l-exp 
~
(Sfn IcD$ + S~~nIcDd ) (A. 12)

Solution : Restating Equation A.ll by combining terms:

= 
~~~~~~~~~~ 

‘1f + fl f rl C ) (A.13)

or

~~ 
‘
~t 

_ T
~c

+ flf ~~f
’1c (A.14)

substituting Equations A.9 and A .l0 for and

-L - ~t 
= 
~
l-exP(-S;n

~CDØ)] 
+ [l_exP(-S f f l IC~~ )]

— [l—exP (-S fnIC

~~

)] [l_exP(_S~ njCDØ)] 
(A.15)
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multiplying and combining terms :

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + exp~
_ S;r ~~CDø

)

+ exP(-Sf fl
IC~~

)_exP [_(S f~IC~~ 
+ (;~.16)

or

t) = 1_exP [_(S f n I CDd + S r 1 I~CDØ )] (A . 17 )

I
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APPENDIX B

DERIVATION OF K2 FROM ThE CARMAN-KOZENY EQUATION

Given: The Carman-Kozeny Equation (9,10):

3 AP
U =  2~~~~ 2 2 (B.1)

k
~
S ~J g L (1-~.) kU gLS0

where :

-: u — un i t  a rea flow (cm/sec)

- porosity or voids ratio; 1 — (dimensionless)

- bulk dens~ ty of the particle bed (g/cm
3)

— density of the discrete particles in the bed (g/cm3)

- Carman-Kozeny constant for particle beds ,
approx 5, (dimensionless)

S - surface/unit volume ratio for par ticle beds
(1/cm). This value is defined :

S0 
- specif ic sur face of particle defined (1/cm)
This value is defined :

- the dynamic viscosity of the fluid (poise — g/sec.cm)

L - perticle bed thickness (cm)

g - acceleration due to gravity (980 cm/sec2)

AP - pressure loss across the particle bed (g/cm2)

Derive: Equation 28 for 1<2:

1<2 = 
~~ 

(l c) (B.2)
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•1

Solution : Solve B.l for AP :

= ~~c~g
1a
~~ (1 - F )

2 

(B.3)

Using Equation 13:

C1utL = 1.0 (B.4)

w~ere L is cake thickness (cm), C1 is the uni t  volume particle
concentration (g/cnt3), u is the unit area flow rate (cm/sec),
t is t ime (sec), 

~B 
is the bulk density of the particle bed

(g/cm 3), and is the gross collection efficiency of the

filter cake.

I~ Equation B.4 is substituted into B.3, pressure drop canbe re—expressed :

= ~ 
(1 — E ) 2 

~ (B.5)g g o  r

~~ is defined:

C1
u t

then:

K _____  

k
~ S2 (1 

_
~~

2 1.
2 

— 

C1u
2t 

— g Ug o (B.7)

since 1 -
~~~ = B.7 can be re-expressed :

kc 2 1—e l1<2 — ~~ IJ gS0 ~~T ç (B. 8)

this is the same as Equation 8.2.

34



P INITIAL DLS’I~ tBt7I’TC*I

•j ~~~ Tj , .~~~~~ ~~~~~~~ 1 AFFTC/DE 1
ri~~ i , , F/ ;  ~~~ 1 ESD/DE 1
1~. 

!~;;~ F,’ 2 SAMMA/MAGCB 1
Fi~ ~i:~~F / ~ AF - )I I USAFSO/DEE 1
ii.. US~1/~ i~ ’i~ 2 1 Med Service Wg/SGB 1

1 DDC/TCA 12
AFLC/SGP ARPA 1
A.FSC”~E 1 Defense Research & Engrg/AD 1
AFSC /~~D 1 (E&LS )
AFSC/SGB 1 0ASD/(I&L)ES 1
AFSCISGPE 1 USA Environ Hygn Agency 1
AFSC/DLCAM 2 Ch of Engrg/ENGMC-.RD I
ATC/SGFAP I Dir , USA WW Exp Sta 1
AAC/DEV 1 USA CERL 1
AAC/SGB 1. Dir , USA Eng R&D Lab/M~~DC 1
MAC/DEEE 1 Ch of R&D
CIN CPACAG/DEMU 2 Dept of the Army/DARD—P~E—E 1
C1NCPACAF/SOIPE I AFRCE (ER) 1
CINCSAC/DEPV 1 AFRCE (CR ) 1
CINCSAC/SGPA 1 AERCE (WR ) 1
TAC/DEEV - 1 Ch of Naval Op 1
TAC/SGPB I Naval Air Dev Ctr/MAE 1
USAFSS/DEMM I
CINCUSAFE/SG 1 Technical Applications Center 1
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AFOSR 1 National Science Fot~nd~atlon 1
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