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S lN G [JL A RIT I [~S IN Tiffi 1) 1 S’~R I BUT E ON Oi l’ l IE

INCREMENTS OF A SMOOTh Fu NCT ION

l)onald Geman

I ) epar tmen t  of Mathematics and Stat ist  i c - ~tJ n I vers I t y  of Massachusetts at A mhe rst

and

I)epartment of S t a t i s t i c s
Un ivers i ty  of North Ca ro l m a  at Chape l lii 1,I ~ I. By the “dist rihut ion of the increments ” of a Bore! iunct ion F: I ~~ . I~ U~

I I mean the measti rc

I I
A ( B) = f f l ( I : ( s ) _ F ( t )  )dsd t

0 ( )

t
I B a Bore l set in hR . A is the convo lut iofl o occ upat ion mea~ I1r(’ ’’ i ( B (

:1 m { 1~~~(B) } w i t h  ~i ( — R )  ; here m in Lehesguc measure. When (I <~ m, w I i t ( ’

I for the Radon-N i kod ym der ivat ive (x )  (the “ loca l  t ime ” of F at \ )  ( t t  cuIir~ c

<< m imj )1 ics \ << in and

• 
(1) A ( x )  (x l  = f i ~ ( v )  ~( x+v )dy

A it hough this paper treat s onl y smoot h F ‘ s ( a t  I (‘a st 1 ) , t he re I ~ .i i i t  I’a~ k groiiutl

COIl S I st S OF two genera l results  f rom 3 I Throug hout , ~ w i I i  demli ( a IionIn’ ~~;I t I

Tb is work was part ia 1 1 y supported by Nat i ona I Sc i ence h ounda t i ( )f l  g r a n t
MCS 76—065 99 and by the Off ice of Nava l Research Cont r:Ict NOPUI4 -T~ ( - ( 1 5(19 .
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Bore ! mc~ - urat) Ic Funet ion . h)cf inc

1 1
I ( ~~; h )  = f f ( s ) - F ( t ) ) d s d t  = f~dA

0 0

Then (a) if 11 is even , decrea sing on (0 ,’ - ) , an d no nintegrable on ( ( 1 ,1 ) , 1 hen

I (~~; F) = for •~~~~~ ~ ( h) p ‘~~
< m with IL V i f  and onl~ i t ’ I (~~;F )  < 

~~; iL

N~~ tor F di f fercnt iabh c a. e. , ~i 
<< in if and on! v if l) () :_ it : F’ ( t 1

ha S I chesgire m eas u re 1). Suppose F C ( i . c .  has a cont I nuous der’ i ~~;i t i ye , l i i

uisua 1 convent i o f l s  aI)Out the cndp() I lit 5 )  aIId l)
~ ~ 

, in( h o 
) = 0) . I hen , a’ .

I R ‘I heorern s t a l e - , I in  A I x )  = 
~~ . I lie idil it ion:il :P;sumnIpt u r i s  w i d e  ‘ i i

x
I)cl ’LL a r t  r iot  ii~ t d c d hir t h i s . I Ilence I (~~;F) . for sonic 1)1 i) and SII

0 I. hcc ; i i rsc \ • flu i fli p I i

(~~
) I(~~;F)  = f ~( x ) ~~) x ) d x

So , t he quest ion in ses ( o r  w h i c h  ~~
‘ — Ill part I t i i la i’  , w hit’Ii 1111)1101 o f l y  () I i( ’ -~

i s  I (~~ ; i )  K - ?  l i i  i i ,  d~’j uem ~t ls on t h  u i a t i i r t  ot the s i r u u u i l a r  p o i r ~~~
; o t

.i c ,J: ~u 110W ~ ~~~~ F j .~ 
‘ .~~~i ti~~ - “O t / 0 H,! , i l l  t (  lut n l i

~ 
i • ~

t i f l i l t , K;iv 1)
0 

- 
~~~~~~~~~~~~ I !  a

1 
• i ’ ~ . .. :l

\ 
I. l i t  \ .  = ( a .  ar i l 1 t

~ B.  ~ )l( ’nuot C I ht d i T I C  c i  ;~u u1t  ~ I
’ 

• I r s~i i cli t he I
I in I j

t 1~~t J~ I~ ) w i t h I ” ( t 0~~l - ’ ( t j -  I) I If l d F( t 1
) - ! - ( t J  = \ . - - \  i s  s \ n i - a i r ’ I c

i hou i t  V and COnt i iii - (1 . or the  e rs  ion o f  i (  x ) ~‘I u. eru !~ ) I I

‘I ’! lh’OREM. A ( x I I HI 1 110(015 On hR \ { B ~ 11111

• A ( x j  A ( x )  -0 •: 1 m m  -~~- - - n -— -- — ‘ m m  -
~~~

—
~~~~

— - -
~~~~~ - I I 1..

~
—çj
~
- - — log j x — B 1 ~ 

— log x — h i .

~ Iii j Il n t  iij , H’ ,

3Ii) I ~~~ F)  ‘ i~~’ I~ I J ho I x~~ B dx }

I n  ;‘1 ir t  i c u l d r , i t  I : ;  vi 7u , tu i i  1 t r , - ~~. i,i~ n ,  ( V , ) , I / u n 
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3

I ( ~~;F) < <~~> f ~(x)log 1/x dx <

~i2. ‘I’he fact that the singularities of A occur among the points {A - A • }  is
I j

fairly obvious , indeed for F as above ([4])

(4) ~(x) = ~ I:I(s)1
1

sc F ( Ix })

(Since ‘~‘~o~ 
has measure zero , it doesn ’t matter how n. is defined there.

Clearl y Ct is well-behaved off (A .) , and, in turn, A off {A . - A .} .  (A e t m i a l i v ,

(4) is valid for any F such that F’ ex is ts  a .e . ,  although “s~ F 1
~~ x l ) ”  must

be replaced by “s€ F ’({x } )  n ( I ’  ex is ts , f inite)” and neither F({  IF ’  I = “1)

nor F({ F ’  doesn ’t exist }) need have measure 0.)

The Co-Area Theorem [ 2 J ,  app lied to the i.ipschitz function s ,t ~ F ( s ) - F ( t ) ,

lead s to this expression  for t o :

(5) A(x) = ff u~~~’ (U 2 
+ (F’ (t)r1~~~~Il(dsdt)

here Li = I (s , t ) : F) s) — F  ( t )  = x} and II is one—dimensiona l Ila usdorff measure in

IR ~~. l’hi s shows c lear l y where A might exp lode . Nonetheless , I w i II not ret  er

aga in to (5) , hut instead work w i t h  the version of A g iven h (1) w i t h  as

in (4) .

That the s I ngu I ar it i es of to a r’c I oga r it hm i c I s perhaps not a S (‘V Id emit , a mid

emerged in a curious way. To get an idea of when I ( u j ’ ;F)  i s  f i n i te ,

c hoose a convenient random funct ion X ( t ,u) , (0 • t I , ~ ~~~, w i t  Ii snout Ii

t ra l ector I es am id compute the expected va lime I I  it  u4.~ ; \ ( • ,~~~ 1) of the r ; mrut lum c i  r I ;ih I c

-
~ I ( t ~ ; X (  • ,uu) ) . For inst t’u .’e , I et \ ( I  , i~~) be G a u s s ian , mean 0 ) , ( s , t I

F( X ( s) X (t  ) )
~~~. I hmeim

_ _ _  
_ _ _ _ _ _  _ _ _ _ _ _ _ _  -

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~



4

1 1 w  2
= f f f  ~ (x )[2 ro(s ,t )[ 1exp{- ~~~~~~—} dxdsdt

(1 0 —~ 2o (s ,t )

For simpi ic i ty ,  and to insure the d i f ferent iab i l i ty  of the sample t unic )  ions ,

suppose there are c o n s t a n t s  () < C
1 

< 
~2 

< c1 I s- t I < o ( s ,t) < C , I s - t I  ~ s ,t .

(For  example, X( t ,o) i s  stat i onary, r ( t )  EX t X 0) / r IO) , t/  0 , rind

< ‘ . )  A stra ightforward computation y ie lds (for ~ even):

2 y
El i ( o 1 ;X( ’  , I&i ) ) 

~ 
< ~ <- 5 e~~ f ~(x)dxdy

equivalently , Mq (x )  I 1
X
~~(u)du is intcgrahle around the origin , say over  10 ,1 1 .

I f  ~ is decreasing on (0 ,~ ), then M~ (x) is the usual maxima l function:

M
1

( x )  = s u 
~‘ 

_L j L 1 ( y ) d y , 0 < x < I
0<u<x <v<1 Ii

hence M
V 

1 1 [0 ,1 J  i f  and onl y if ~eI. logI. , I .e .

f~~~( x ) l o g ~~~( x ) d x  K

W hether or not 1,11 is monot one , Fuhini’ s theorem shows

I I

5 M111 ( x ) dx = 5 ~(x ) log  (Ix
0 0

(:onse( Iuently, I (~~; X (  ,~~) )  ~ a .s. for any 0 • 

~~~ w i t h  ~(x ) log ~ l i l t )  I I ,

and I i kew i se for any s t o c h a s t i c  process which sat I s f i e s  sevcra I mni 1(1 co mid it I i ’ T i ~

concer ning the d i s t r i bu t i on of i ts  der ivat  ive X ’  ( s ,w ) . ihi~ i S  1 ‘‘ stoc liast ic

y c I s  ion’’ of the rca ! — var ia b le  theorem above: 0111 V the ‘‘f ixed’ s ingrm lan t v  of

• ‘ at 0) i s  p icked up; the others — at { R~ }\() — depend on the spec I l ie t i m n c t  ion

111(1 W i  I I , e ru r~i l i v  (‘CCIII’ at any tix cd )Oi lit w i t  Ii pri’bab II I t v  V.

Round ing c u r t  the p icture , it fol b c’ s fr’ om a t i t o  I t  Ut o f  Ru i ni~~k:c ~

I t h i t  1 i c ,  / i c j ~ in t / c  :; :; of t in  I ! ‘ ‘run,  , , r c  • v i i  1.’ ‘ ‘ t  •, J ino:~I v ; i n i ~~l~ • ic l lc , t c u

1’ !  a St  ‘,( ‘lid:-; t Ic  j r  ‘‘~~~ so \ (t  , t t )  f o r -  wic ~ t I i :  ( I I \ ( , •~~~ i~~ 0 .  1



S

(ii) f o r  each 0) t 5 1 , X ’  (t ,w) has a dens ity  p~ (x)  which is boundud in

t and x.

Condition (ii) guarantees that {t: X ’ ( t ,Hi) = X”(t ,w) = o} is empty a.s . Our

ear lier statemen t “I (up ; X( ,w))  < ~ a. s. for any I~+ in LIogL” can t lien he St remmg th-

ened to ‘ ‘I( T L ;X ( . ,w)) < “ for all t,14 in I l o g l , a.s . , ‘‘ i . e .  the except ional o~r—sc’ t no

longer  depends on the particular tj.c .

~3. llcre is the proof of the theorenm , which uses little else than ord i nary

calculus. Recall that A is the version of dA/dm given by

A(x )  = f F’ ( s) I~~ l~ 
F’(s)~~~ dy , -

~~~ 
< x <

s€F ~~~({x +y} )  s€ F  ( {y })

(- i ) A is continuous off { B .}~ . I will show that A is continuous on

{A~-A~)~ ~~1
\{B

~
)
~~
; the proof of continuity at x dfl~\fA ~

_A
~} goes about the

same , except is eas ier .

let A 0 = m l  F(s), A
N 1  

sup F(s), and V(x) = Card{s:F(s)=x} I +

Card{D0
) < Fi rs t , riot ice that ii is continuous off {A

~ 
}~~ 1 because F’

and F ’ (defined p iecewise) are cont inuous , and because v (x+r) = v(x) t’or all

small c if 4{A. }~~~.

Now fix A i
_ A j+{t3

k
}
~
’ , I 5 i ,j • N , and let (k~ ,r9 ), 

9. = 1 ,...,q, he those

pairs of integ ers among f l ,2 ,...,N} for which A
k ~~r 

= A. - \ . .  Assum e

I:II(a1 ) 0 < F’’(a~ ) ; then F’’(ak) 
(I (resp. F’’(ak) 0) for each 1 k N

with A k 
= A

~ 
(resp. A k 

= A. ). It follows that i(\ -) u r n  t(A . -‘  ) rind
-‘ c~~~ )

~(A.~’)= I im Ct (c \  .-+r ) exist , fini te . t h e  same a r g um e n t  appl ics t ic each A L ~
A r

u4 - O 1

and y ie lds:

( * )  (X(A
k
+) < 0 ti) A -)  < =‘ , 1 5 9. 

~l ’r9.

Since A(x) is an even function and IA. -A. ~‘ . \ (R. )1’ is s e m m i t r i c  ril comi t
I I i ,J = I I I

- —  -~~~~~~~~~~~~~~~
-

~~~~
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-

~~ ~~~~
-- • . — - - ---

~~~~~
— --  — —

~~~~~~~
- - 

~~~~~



1
(I

0, it will be enough to check that A is right-continuous at A~
_A
~ . Set

K (x ,y) = a(y)a(y÷x+A .-A.) and let

N q
= U (Ak

_ 6 ,A +6), W6 = U (A -cS ,A +6)
k=1 ~~~ 

r~ r9.

also, let ~ > () be the distance from A .-A. to (A n~
A
~~~ 

(n,m) ~ (k 9.,r9 ).

Then A +6
r~

A( x+A .-A . )  = 5 K(x ,y)dy + 5 K (x ,y)dy + 5 K(x ,y ) d y
c~~.c 9.€F A -6

iS~ ~ 
W
6

111
6 r9.

l’ 1 (x)  + P2 (x) + ~~P3 9 .(x)

w h er e  the A r , ~ F { i , . . . ,q }, are distinct and 6 is small enough that the
9.

intervals (Ar 
_ (S
~
A r +6), 9.EF, are disjoint .

If 0 5 x < 6/2 and 6 < ~/2, ycW~nT6 ~~> y+A. -A .~:T~ ~~
-> y+x+A . -A • T~,2. In

particular , s U p Ct(Y#x+t~.
_
~~) < w for such x ’s. Consequently, recal l ing

y€W 6nT~ 
-

that and a is continuous a.e., I’1 (x) P
1
(O)< as x~0 (dom i nated

convergence theorem) . Similarly , P 2 (x )  < Vx ~ 0) and

S sup ct(y)f a (x+y)-a (y)Idv -
~ (I as x’~0.- y€ T 6 

w

Fina l ly , A

0 3 9.(x I = 5 K(x ,y)dy + 5~ a (y-Ai +A.)Ct (y+x)dy
A 6  A L

which converges to P3 9 .(0) < as x4 ( )  by using (*) and arguing aS above w i t h

and I’2.
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Next , F’ oF
1 satisfies upper and lower li~ 1dcr conditions o~ order 1/2 at  eac h

A ., I i N. For conven i ence , assume 0 a
0 

< a
N 1; the other cases onl y

riced some additional notation . For each a
1€I )0 and s€ [0 ,l] there are numbers

— 1 — -)

~~~~~~~ between s and a. with F’(s) = F”(~~)(s-a.) and F(s) — A. =

It follows that there are constants 0 < C1,C2,C3,C4 
< w and a 6~> () suc h that

for each 1 5 i � N and 6 ~

(ha) C2 1s - a . I  S }F’(s)j s C
1 (s- a. ( , sc ( a . -6 ,a . +6)

(oh) C41s-a .1 2 ~ IF(s ) -A ~ l � C3 Is~aj 2 , sE(a. -A ,a .+6)

let F. denote the i nverse of F on .J~ [a 11 a.~~1], I � i < N-i. I:romri ( oh)

au’ ’ continuity of the F1
’s, there is a > 0 such that , for each I - - I N-I .

(7) v-A. (
1/2 

~ ~~~~ 
1/2 , y€ (A.~~6 ,A . ÷ 6 ) c c l : (J J

1
1/2 

~ (y)-a.÷1 ~~(y-A.~~1 
~1/2 

~~ 
(A . 

~~
, ~~

‘ l (.J~ 1.

Let D(i,6) = (A ., A .+6) if F” (a.)  0 , = (A . — 6,A. ) if F” (a.) < 0, 1 i

Combining (6a) and (7), and reducing 6
0 if necessary , there are constants

0 < C5, C~ < such that for each 1 s i � N-l , 6 
~

(8) (:5 () - -A. 1/2 
~ ( F ’  (F . (y)) C 6 j y -A . 1/2 , yc0 (i ,6)

and l i kewise (in case a
N 

= I) with A., t’ (i ,6) replaced by A.~~1, 10(1+1 ,6).

We can assume that for each i ,j and each small 6, either 1)(i ,6) = L ) ( j , ó )  or

I ( i ,6)nD (j ,6) = 0. l)cfining .J 0 
= [0,a 1 ~~ ~N 

= 1
~ N’ 1 and the correspond i ng

inverses F0, FN, it is clear that (8) extend s to F’ 0F
0 and F’ OF N at t he

appropriate places. (By the way , both inequalities in (8) depend on I ”  ~ 
() on

1) 0 . )

- -_ ~~ ..- - “ ~~~~~~~~~~~ .-- - --~~~-~~~~~ -.  ~~~~~~~~~~-
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(ii) u r n  A(x) /-Ioglx-B. ( > 0, 1 s i L. Suppose B 1 = A
Z~

Ak, I 9 , k N ,
x-~B.

and Ft
~(ak

) < 0, [“‘(a9.) 
< 0; the other case , namely l”’(a

9.
) F~ (a > (1 is the Same

A (x+B ) = f~~(y+x+A 9.)a(y+A~ )dy

- x l� f  a (y+X+A
9.
)a(y+A

k)dY , l x i < C

Now for c small , the conditions x l < 
~. and -~~ < y < - I x I together imp ly that

v+x+ A 9.~
l) (9 ,6 0) and y+A kt I ) ( k ,ó O ) .  Consequentl y,

A (x+R .) o C ~ f + l 2 1 1 ”2d

2 2~ c -Lx + 2e-x
= C

5 log _______

2 /x 2 - ( x l x  + 2 l x l - x

~ C log

for nI  I smal l  x , for some C > 0.

( i i i )  A ( x )  - cons t . x [ l  + 
~ l log (x-B. I I  lYx. (This is equ i valent to the “ u r n ”

par t of (Sal.) Evid entl y,

N+l

i= () ~~~~~~~ ~) ~~ I i~’ o F.  (v )

Off I~~, a is hounded . let v~T6, say A .—6 < y < A 1 +6 , \ O l I 0 ,II. keeping (80

in mind and that non—identical I)(j ,6) ’ s are d i s j o i n t :

(i(y) = 
~ 

1~: j 
(~) l l ~~F .( y ) ( + 

~ 
1 F( J  ) (~ ) l b 0l (~ ) l

I :A . =A . (‘~~ j : A . / A .  I 0

N
v ( y ) C 5 ( y - A 1 

-l/~ + v(y)supl F’ ( s )  ~I, 11 6 
= F 1 I i i  (A 1 -~

S ,A. + ’ )~
sdI6 i=I

N
const.  x [ )  +

—
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N
let V = F[0 , l J and Li = U V —A . , which is t ocmnded

i= l

A Ix) = 5 a(y)a(x+y)dy

~ ~~~ + 2 
~ 5 ( y - A ~~(~~~~~

2 dy + 
~ 5 l y - A . I ’12 Iv ~~x - \ . l ~~~~~dv I

i=l V i ,j= lV

N
S const . ’l l +  

~ 5
i ,j=1 Li

N
� const .~~[ l  + ~ lo g (x - (A 1-A 1 ) (  Ii

i , j = l

since f I v+c l 1flv l dy = O ( I og  as C 0.

A:; for (Sb), let 11 (x) = 1 + 
~~~~~~~~ 

l 1o g lx _ B~ l . Then I(~~;F) < ~ V~ i 1 (Il duir )

if and onl y if

A(x )dx < V~i€ l)(dx)

if and onl y if CSS SlJj ) < ~~~ . Since A , II arc cont inuous from Ig t () n~ ~ “ } ,x 11 (x)

th is  is the same as sup 
~~~~~~~~~~ 

< . I n  ot her word s , the “l im” part of (Sal I ;

~~u iva 1ent to “I (qi~ F) < ~ v~ci} 
(11dm) . “ Now i f  I (~~;F)  < 

~“ and ~s ( d x ) ,  t lien

it is eas~- to see , using the ‘ ‘u rn ’’ part of ( 3 a )  that ~lI is integrahl e. the

last stat ement of the theorem follows from (Sb) and t lie a forcrnent i oicccl t n i c t

that I (~ ;F) < ‘ and rj t ~ imply [0 ,1].

~ 4 . let F (t  I = . Then I) I B . I { 01 arid0

i i
A(x) = - -  log {~~~~~~~~ . x l  . 1

For F( t I = s i n  Tht  , A (  x )  i s an cU ipt Ic i ntegra I (o f  the f i r s t  ~ m t  . I w o u ld  g u t . e

more exa mp i t s , espe c Ia l i v  in ‘c lc) sc ’ d form’’ and w i th I. ; , I I t~oci Id I hit -  ouucpcc —

tat ionS (eveli for i- :1 th i rd  Ie~~r c e  po l ynom i al) a re  t o r : i d n c l c l e .

-

~

- - .. - - ~~~~~~~-~~~
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