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ABSTRACT

A Fortran IV program is developed for comnpting the percentage points of' the ('hi-square distribu-
lion, The Newton-IHaphson procedure is uiised with good initial approximations. The maximum number of
iterations is tour and in rmost cask's only one or two ire needed. An extensive table is given of the percentage
points x2 in term.s of v, a positive number, and Q(vx 2-), the probability integral of the ('hi-square distribu-
tion.
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i. IN IROI)UCTION

The pnniaryv objective of tlits paper is to descr he the effective use of tile Newtoii-Raphson procedture
(N - R,' for finding the percentage poiints of the (Chi-square distribution, For a given value of Q(vIx 2 ) and ")le
ofl ' > 0. tile value of \2 is found, where

Q(I\2I I c-tt1h12)-I it, >0 (i),2

0•-< Q(vlX2 ) •-1. I'tvlx2 )- I - Q(vlX2 ), e(vlO) I. (2)

I lere I'( ) dkenotes tile complete gamnia funct ion.

The tlhtal results otf fills study are a Iortran) IV program which is listed ti Appendix C, and ant extell-

sive table of tx.rcentage points with six correct significant ifigits. The pr, igram was tused on the CD('C 67W4

to construct the table which conftaiins 7200(K) entries. Tihe entire calcual it in took nlky 7.5 minutes lth an

average of 24,V - 1 ) itefatiokis j'r entry. The table is given t Appendu\ A. A very CmdeltSed %erslon is al•o

gpven ill Appendl It primarily to exhibit a corrected copy of tile table tit I I pp. WS4-()S€, . *I lie program

wa-s also employed t) chwck a table of 5 2'0 entries by Hlarter, 14, pp, 137-111. No errors larger thant one

unit in tile last place were found. h'hley ar•e listedin Sectioln 5.

Becausw tile not ation is miuore c•l nvenient , we shall work with thle imci mnpiete vallm tfunctioIln rltios,

INa. X) alld QJu, V). 12 1 intStead fi' the corrIsodig 11,\2 )an QIv\ 2 ). where

0, l " -- Ith dt P; (vi21\f2) (4

I j*2"'

iI' rl.,l,itwlllhtt IhWe..i t 41 i 2 -td (31. M4) aife welkl-wn w d ea to k w "w usinlg 51),

lir CAs" tetlvtew e. %c lo , t•t-it the I V - r I I ll, ti ZIi t1 tjftv11c ;€ie lt~1iite i '! tll i4411.|iptllm: a tmt I.

4fla tw.lt|sdl"14h /t (X t I w Ottl 0 I fi llwfjte ts 1\ gel ht

t~t~ :: t, + f -Aroi'&•. ,0::. 1 .. |•



It' convergenice occurs so that

lir n .', 0')=L. (7)

and moreover it''(v) 4: 0, then

hill [1f"+j 1.0 - -I"'/JU)~,"~ (. pp. 329,3301. )

0.--W L

A glance at ( 8) shows that for t,, 1 suftticiently close to i' tile en or in t,1 is approx .imately proportionail t)
the square of the error in i ,Tllbs is the attractive teatutre of the IN - R ), and it applies in our case since

" 1d'/dx. or (/(1dQ x. is always positive, or negative. resp)ectively for x > 0, i.e.. never /ero.

In order to succest'ull.v use the A,( - R) to tfid x from Ila. x) or Q(a. x). the fOllowing quest ionts

iequired a•flirnmative answers:

I ) ('an Ila. x) and Q(a. x) he computed efficiently to high telative accuracy?
2) (l an "agoo-d mitial approximation to .x, denoted hereafter by x,0 . always be to0und?

3) Will the (A' - R) always converge for such x,,'?

"I reating the third quiesýtilon first, it is easy to show from (3) that for 'ixed a -z I . Ila. x) is concave tor

all v > 0. and that for a > I , •la, x.) has ain infltction point at x = a - I with I t coivex f'or 0 < x <a I :,ild

concavc' for x > a - I . Similar prolerties hold totr Q(a. x). Typical curves are shown in Figure I.

It canl h shohwn (malytitally or trom a geometric interpretation of the (N - R) that coner•-,e will

00,11ur when a . I pr•,itded . - x, and also when a > I i I-t =a - I. I hus global .'ot,,ergeme :can aisy.,,
rwbme v.l,,..d wit hout| imuch ttfic.uitv.

Nse.erthele,..%, exliieti•.tlation ,,hows that if .\' Is Choswn ,,mpls to milic co.tvegelnc• n the wai1 ilut

d•::•k.i , heatte o convelgewe ill tilost cas•s will 1%e slow. 'Ih''u•lore toI bttel etticl.lck . Ot t b %•ete

tn h.. t.t" J•r,..• clos" Itto- ' ' fox e,, ti thowt•h, thie Sutfilt t cwll ditiol.ns toted above n!Iull. llot lie

IF ifuwt~ I. T 'I cte.J uw. of I'Na. 'V) ali Q(1. x) tui timed a,.

'a



sat isfi,-. Convergence t hen wouldfie he istab~lished f ront comnipite r results. This ap~proach lead to a set of
inlitial I pproxitua I ion s depend ing on It. (2 and a. miuelI that tar c ý I - :(c =~ 5 X( 10-13 ), no more than
ton r it eration,, f'~ lit he (A' - R ) were nieeded to( obtain v correctly i4) about 8 significant digits iii every cast'
itied itid tding the 7-1,000 ent des ot the lable lin Appendix A.

[r the [V - R'~) to work so well notm only arm 'Joud" starting values A11 required. but also It, Q and
the ii tfirst de rival ij s mnnst lie available to hiigh prec ision. IN i prc-nted no problem because ()fa previons
si udN ot ours. 121. tran whinch a computer prit grain %%ias develi ipd ivingPI and Q2 to 12 niiliticam t digis
lta all a " .0 x '-0. 1 lic h ighi precision teuintremen is are. necessary, afct cirse, when x i,; desired to many%
digits. Ill addition. t hey aite also needled whein P is ver '% close to zer)or on (ie at herwisse the last terml on the
right hapd side of 16) could carry not tefiable digits with disastrous dettecs i)1 tile iterations.

C'learly' thlen, thle three qunest uiois posed above can he answered lin the attirniat ive. and c mnseqnen thy at
ct niputer pi ngramn based on lthe fN - R ) to f ind the percemiage panits ot the chbmsqure distrbutitni canl be
conlstructed.

Inll lite next Section 4)we obtain the tint ial approxiiiut ions tor x. lin Sect ion .;, tile criteria fo r term iiat-
Inig thle 0 - R)' are specified. Ill Section 4. t he computer pog)irami is described. aiid a flow chart is given.

2.INI I IAL APPROXIMtATIONS

l o btectu1ve lit tfil, sect ion is to give appri ximations for x whiich result in rapid (it 'ei ecatilie
(A- R) to at final cetiiiiate tar x. -;it x*. By tapid canvet gence we mnean that not more thtan 4 itet at ions ar

flecessarsN tot about S correct sigitnticaint digits in x *.

e% reman k hewe that sonic at the. aiialý'%us belt 4W is heuiristic Wihthe empihhasis ankiulblt anid
a Itaiiqii vlwtilcwnc ill thle usc, at the RN-k), at C1expese of tQ" i~ 1He usehiliiess of the initial 3pprt4ima.
tit1 Is VIS ae CSinil bycmputer expefinlieritatiown No effort Is malde to obtainl ;ssocicated error

b~ounlds onu Ixr - Yi %s here Vu, dentotes the millt al ap ~uia o

I le input Values It Act. WO andi (hi. V11 are dentoted Isy P and F2 epc sey or fihe fointauldtciat
ibis sct: o in1, ks well1 as Sec ol= A and 4. the tias ch~art ott pagte II will be heli.-ol,

'No' a it' tit! 111 tilthu .ppttiinat huts I tit x are usedl depenlding on whethevi 41 < I on 11 1 . 11I a I , theni

0111ict ng i 2.ý I lirsi.let

I 1Xe1It tof it .4 ha% be x 1. 1- ti't, it il is itsslimed thai x' > I . theni with a <I

B It I ft.-4



"I his inequality implics . < .7985 contrary to the assuimption x :> 1. Thus with x < I an approximation fo;
.l). say U, can 11 obtained from

ha.. X) (10 )I(++ 1)1! (a+ 2)2!

by dropping all terms but the first, ix,,

IJ11'(a + N). I)

Thils result is improved by using tile first iwo terms oft 110) with II). Inl this case

O.r

X (ul -" + B .4 5.

We seC Ithat I - u/ta + 1 >0. Indmd. lu tro ,10). u < x ifr x < I c. ui/lc a ,if( + I < .Ia + I < v and
It-u!(a+ I > I -x>x .

Itf < .45 twith a < I ), thei all approximation .f i bouind tru•lii tro tlite .iii!otlý Sites

I a a- Ii -lAd - 2)

(t a,. x x .. ii-, i + . . + + .. . ix UOi, 26~." ', (1

Ilc wiaam % e 1 •ir t IIf o ly tI wif ist Irill k In tilhe li lt IIland 1 i1%1 %& k I I

I;tmr a 1 i. x" ti I -I 1st tIs i ifi onl ite hIt d mi~ atiiiiesi . Itie 1 ullllig at a ill! alconxi ant Lolliht'i

-i e - il. !1't

1 III osliimale tiii xl is theli il l,-ovd tb V by usin it ki I tit) to ¢e!
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%%c Impov tiifltte resuilt still I urtlit' b. usn i at pi r ~ffoxihilttl on Q, 1

~wlisitag* Its giwn Kii by far x onl tilt' right handsi de oft 420., we hawe

'1--iIl W -a h'i-h vt~/ + -i B < .4i. 0<a< 1.

%%c dwirt'>s here 171101% to show that thte argumnitits o? thle logarithmlls [itt 21 )are alwts psj)Sitin tor
*tdllll1SSlhkA VlUCS at a. X. Indeced. stice it1< .45,

v tnit - tin 1 .4 t.,, Y7%5, 42

s iiha tt ? ItI ''' I. %Nc. Ilaxe t-.w II S, kit al a ~

v %%c j I. eIt ttran I11S) thit +~d C ta - 1Ir >' ' -t. %castv- at I . Iett
.7 hni o at)l/i <4. 1. Also. + 2 -a> .S -2a> 1 74%50

It 1, ;,K"shib whgrrl x ve ti the ~hkrnid tt the camrtie.otr detcrimricd 0:t61oQA that I I)IN
R I te sit :I1) As It I, loi~kv tot Vo, %ýV%:htiscit91 Rft 4iS. 'I ltbjt . Ii is botote that (1 1 kwhei It AS3

Lke its uIr I , I m Ii~ L: Xjq Iti to Im o2 11- It Ia eti e "I 'in b% vitlL etpctiwtattn
*~ ~ ~ tm tha ot JIMn0 '~4 %Itl, 'II'"v t t 4 n i: r~ utab thel v4t d~ bo d loto l these, IitnatwtOii1

* W~I% to tak%; li, a' tihe Iatter at andi A 0k~vl

'1. w E itdo~ tOwt &oij 1b isliet .I\ -tfl rrvnttn n ctoitit it k ýj. A
,jnautrI ~ ~ ~ y i tdk~i it Olewr Il't a v'ilkI (

NI



%here tilie cellet t iellt % me detk'rtiiwed bv the (MyI inev I1mnunm error k riteri.n 111i alkw t,

V, 311 2 9''22 I S741 I, M~C~I A}S 15~ 4W'

-l Io n ~~ 7202 SxWitS /p, 1AMNO1310$~7 mW~J~

( OT~ulr r~tI? Iad"M~e lotI tHe r~~InIm""rr r'afImc m.ror is ;th, harur thin P4JI' ;,a 10-

~Iilh~t e~'r~. I s~t glcl "iei nI . p a)i Ith IWI rmk*An~ tmoi m~I~u &'niI.tnitguu 'llir'l i c ti, ý.u

nuiner1f '.fr ,inil ifellomma~tour I r, , iiu t () 12tI I ._ P 21. In,' tton"Pi W" I A0 therI i v a -a b

h . 14 y, - Gl S 0 1 + ';4' s 2T

'UAc ionm ~k hewe W~! itn mrrunot'e ;erston 't 1c~ A ikon I Itci vt. .1ppf\ltumit uIf Irk of V '0

It Im I -h S4~ sf~\' '

Mcpal 1"o" V''~ Iv Ii~w I sprjim "I 'N",

~hei I-< 2uI.c i 1 -,r it ha I I I ha vI4 t3 A. op It,", vu:'~' it~ 4 i n!

W- l~ i- till



The root in (31) with the plus sign, x(+) should not be used, because it does not yield a good
approximation to x when x/(a + I ) is small. Indeed, the approximation for u given in (29) is only good if
x/a + I is small. Therefore, we have from (29)" - u. In addition, we also conclude from (30) that in fact
u < V. so that

u/(a + 1 ) < V/(a + 1) << 1. (33)

"Then expanding the radical of (31) gives the desired result, 'f v fromn x(-) but not from x(+) which
precludes the use of x(+).

The choice between %• and fo (x(-)) was made by experimentation. TI'e conclusions were: If
P< 1/2, a -< 19, .i•< 0. 11 (a + I ) and a '> 4, or instead of a > 4, a < 4 and P <, hi, where / equals that i = 1,
2, 3. 4 for which la-- il is a minimum and it,= .15, 112 = .05, n3 = .01 -n4 = .001. then x• from (32) is taken
as x0 . (.)n the other hand x0 of(26) is taken as x(, under the conditions specified earlier, or when P < 1/2,
a < 19, -o •<0.11(a + 1),a <4 and P>ni.

MWhen > 1/2 and a> I I, then again .0 is a satisfactory choice for x0 . If howeverP> 1/2 and
I < a < 11, then experimentation shows a better estimate than io is obtained from

-(x0 y I - a)gn :io - hI [(Io - 2 - a)/(•'0 + 1 (34)

provided that in addition we also have

-ill• > 4a. (35)

Iutatiotn (34) is obtained in much the same way as (21) so its derivation is not given.

3, CRIERIA FOR TERMINATING (N-R)

il tiul s ctIon we di.cusl thle wavs in wich the IN - R) is terminated. Since we are intercsted ill
tI W ." cort-¢ct to Tlhouit 1% ,�lgit icant digits we required

ix < -'.1 Xxý%, x 5 x IIo. 43ti)

-'? v &•" ote• lthv'.W Ilefit ol (tA - f-), It' the itequalify hols, then x\. anld "\'N-I ag.re t) at least 4

g~tt - 1-.1 01!o lhlw,ýVo. tit1Itte% ha 1t% dos Iti K. mtgwg by (8

"" "• " Kixv1 - " x- V1 07)

W,11" A -'4ws llhle e, iWx14-60 vrr t¢ pr ;ttn tIS 110h1 0,llt ie ýMjlu•ae Oi. tile W ien "•T. I 'l -ie
tiittiIJI tac ;mt hA 1;1- MIC11 a and P;Aye Urge. I'M Ce*JlaIiiC. A S 12 wVilegt a Itl)". t) u-

hil t K~ ~AI3 trite' iit hawe a !'wt vj a'N .cryt kitw 14)., Il in tt. fill file e\ 11114e ~ab%%vt xgi.lit I tol (t).jarVjtdV
w~l i I I -Ualitilt i01114 t CsIWj' IApult tesuht.; AtI1fl~otI out cmut uioiml dtwnbv from~u 07 1

7



Although tile priinai\ goal is to insure thev accuracy of'x*' to aboot 8 Cignif'icanlt digits ( it is recalled
X* is the final iterate from (A' - R )). See page 3. A secondary obicci ive is to satisfy (401 or 04 1 below.

I " In this connection, we required onice (36) was satisfied. that

ix\- l-x~; lIa+I x~)~2 kv Vs~ i f a > V. - 1 (38)

or

1XV -V -I. ['(-VA + 1 -.a)(XX. t 2 -a) <- 2XVA.(x,\- + 1) i f (I !,- • A - 1. (39)

11'(36) is satisfied holl the ap~propriia't'ein~equtalit., f 38) or t39). is not. then one more iterat ion of (A' - R
is carried ont hefore stopping the prlocedUre. W e note in this case x* v~ At X = 5 X 10-5 no cases
were founld Where the designlated inequality, (38) or (39), was not satisfied, hiowever for Smaller \,alies of
X. for example 6 X 10-7 some cases did occurV and oneC more iteration was made.

Inequalities (318) and (39) are employed to test whether

IIta.\) - PI<XI itý P< 1/2. (40)

Q(a, X;%.) Qf I Q ~ < 112, respectivels . (41)

ldeall\ý . e wouild like thai 13S) always implies (40) and (39) alwa\ys im pl ies (41 ). 1 his will not alwa~ s he
the case beca use o fithe approx imiat ions that aie used to g~et (38) and (39). In general hoWeVel cotmput ci
results itidic:t te that 3138) and (391 work quite well in establishing (40) and 141 ).

%e dIerived (38) in the following way Lel P,, denloIe Ila. X,, I dking" two termils of, the 'I as 10r sti ie"
e\paiisioii ol ' A'holit V~.\ we have

"'I ng the e\1)tessiollis

ltd.~~1,J l'o'I* i *'

Rw.x ]lu v\)ýi o. v.\

'4V



Using, this result in 042)

a(P-Pv)IP.r.. .(PX(]\'I)(x -XA') _. (a + I XN)(XxN)/xN, (XN <a+ 1). (45)•+ + 'a+ lI

Now using an approximation to (37) in (45), namely

Lv -. ,\. I/X,. -K L - xV_112 /xxNV (46)

•.•12
W X- IIA- N -XN- - /X,

we have

Ia 12/2 < .(7IPpvIIPv I a- (a + I -:-)-, - I XA'IIXN XN -1 I!XN, XN <a + 1. (47)2a+l

Constraining the right hand side to be iio greater than X yields (38).

Inequality (39) is obtained in much the sarne way. Again

(Q - Q)!Q.v " (Q A'Q., Xx - XN). (48)

Approxiniat ing QN by (19), and differentiating (4), we obtain

IQ'./QN I . (xN + 2 -a)I(x.,v + 0), xN >a -2, (49)

which when used in (48) gives

IQ-.,\I !Q,\, - llXv. - 2 - O)i/X,, + I )Itx - .I (50)

Thus appi oximaling (37) as above by (46) and using the result ill (50) gives

) + 2 -a)Ix, + I -l.\ ,'-, v_2,Vf\..(X,. + 1I, X,\ >U - 2. OSl)

G'4,i!•Nlltlllln the rflý)it hand side to lie lit) gleatef than X gives (31)). SiIlce tile appltoill.ation tlol Q., gliven b
(I1' h, Illipiovvs wilh Ii iicleaslig X,, we ued IaS~) ) +i- x • ÷ I iatiht twinai xV\ >o - 2,

4. C'OIIUTEI R PROGRAM

'I lhe ilw l itt the eLlld ol Ilv u'ch i llil o t page I I '4lowI I Ii i oite detail tile has1i orgaliw/alloli and
(low otl ihe lmtPtarn, IhV Ilovs Illliked (lA' :tId (ret iIt Itkatllul- I'Mm ,il" 'the (N - R) whih -tie use'd.
"I ihlt\ (Wie icll to the algititiIIhI

x,, I-x I I - . X") - J'IRIt i. n it 0i. 1 .... (S2i



and®O [eters to

X1+ X1 1 + MQa, x~ ) - O)NO~, x,,)I, ?I' = 0.,.., (53)

whr( licii is rccilled P, Q, u are given and R(a, x) is defined by (14,. For P•< 1/2, ('52) is used and when
P > 1/2 (53) applies. By a single call to the incomplete gammna fuinction ratio routine(PA X 6), 121 , the
quantities Ila. x,, ), QWa, x,, ) and R(a, x,~ ) are computedl to an accuracy of one unit in the twelfth significznt
digit. (There is aln option of obtaining 6 or- 3 significant digits. instead of' 1 2, if desired.) If a < 100,
R(a. x,,) is always available !rom (PA X' 6). 1In order to obtain R(a, x,, ) when a >, 100 and 3a < 4x < 5a
however, anl appropriate modificat ion of the original version of PAX 6) was made.

The conditions under which (N - R) is terminated were discussed in thle previous section. Essentially,
thle iterat ionls cont inue until

XAN - X.V -1 <1X'N (54)

Then for NAv <a + 1, (38) is checked, or- if XN Ž> a + I then (39) is checkcd. Denoting the final output
vralue for x by x*, if the applicable inequality. (38) or (39), is satisfied then x* = xN, if it is not satisfied
then one more (N - R?) iteration is carried out and x* xN+1.-

Tile nrowam is presently set with '=5 X 10-5. By arguments given previously this insures close to
8 correct significant digits f-or thle Output value X*. InI the case of the table in Appendix A. X was set to
5 X 10-6.

A refloc! lo of the vter% 2oou initial approximatioýns (xO) for x is tho fact that no case was found where
mnore than 4 iterations was required. i.clluding the 72,000 entrie~, of the table in Appendix A. Thle miethods
by which xO is obtained were diZCUSSLd in Section 2.

Au estimate Of thle 'average coml-puting timeI per case 'lor the CD)C 6700, with X = 5 X 10-5, is about 4
milliseconds.

A teatutre of the prograum perrmits the user to :pecif) a starting value, x0 , of his own. Thus if' the user
desires more significant figures in x* , he need only make'an add itiona' ,all to thle program specifying x() as
thle last vaiue u x * obtained, Or, it miaybe that the user can, in special t-icircumstaice~s,'actLIlly Supply bet ter-
, tarting. Values thazi1 thoset givenI by thle p)rogrami.

Ai~ a result I this 0p)(10n Ifor tilie user,* the possibility o I a poor hoice lot xvo arises. I'r t' mnuple

Xt < f I r such that x~ < 0, or .(I ýtch thatI many i I rattuons of i R ) al-c needed.L With this in I nill d,
ýif additlova~l out put locat ion, call it Y. is allot ted to intrithe user ote er'oS in) input or floor clioict S for

Y. #1~)* , a ;~lt'Ilve in!t egr. i:alt s thie number o a' terit ions by (N - R'~).

ItP . tlw itgi 'ter a of a <I , .4':' A, (wee 10~)), and cax11At + Il m- 14
k it P I. 0, ot P'0 Q 1 Ili evel'y clse all acceptdbke value I'm X ts givell.

* It - 2 CY. a %-- o has been) speca lied. No x" is found.
It - 4 c .l 4 Q ~~ 5 X 10)-11. i.e., I',11%d Q -ýI - j'are 11ot collpille.N stnad

Yt~c), xII Siecified byi thle uset Is llewlltve. No X0 is ttnund.
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If- 0 c Y. 20 ilerations of (N - R) have occurred. A poor choice ofx(" by the user is indicated, x*
is given but it may not be very accurate.

If- 7 c )'.x,, from (N - R), using (52) or (53) is negative no value forx* is given.

It is the user's responsibility to check location Y.

The program has been validated for values of a ranging from 10-6 to 106 with Pf le, I - El, (e = 5 X
10-13). The program experienced no difficulty. Also 1larter's table of percentage points 141 were used as
a check. A list of the errors found in his table is given in the next section.

Finally. we remark that it is possible to speed up the program by requiring fewer correct significant
digits in x*. For example for X = 5 X 10-2, the average computing time is reduced from 4 to 2 milliseconds
with x* good to 3 or 4 significant digits. A further decrease in computing time for X = 5 X 10-2 can be
achieved by requiring less accuracy in tile computation of f, Q, say 6 significant digits instead of 12. This
is accomplished by setting a parameter in thePAX 6 saihroutine, (see 121 ). Under these circumstamLes the
average computing time per case would be about 1.5 milliseconds.

5. ERRORS IN HARTER'S TABLE

H larter's table is a tabulation with 521)0 enrties of\,2 ill terms of 1) and NVj\x2 ). It is contained ill 14.
pp. 137-1 611. The input values of v and P(vlX2 ) that he used also make up part of the input for the much
larger table ill Appendix A of this report.

A careful check i" I larter's results shows that 139) of his values for \2 are in error by one unit in the
hthm significant digit which is also the last recorded digit. Certainly such errors detract very little from his
table. We list the necessarv corrections below. Tihe page number in 141 is given first as at ho: ding. The
first, tfourth, and seventh columns refer to values of rv, the second, ftifth. and eigth columns refer to values
of INV, \2). and the third, simth and mnith columns to trhe asst oated error. Ifa plus one 4+ I ) occurs ill tile
erl or column (denoted by FI tfill means a tine shOuld be added in tile last place of Ilarter's tabulated result
I-0 \2; in case a minus trte ( - I o occurls a one shotuld he subtracted. For exaumple, tile liting below indicates
ain error on page I I' l , v 322, IPI'l\ .05N). It is slhown a the error colimnn as a (-I ). Thelefore Ilafter's
result oAf .14.MS4 should lw changed to x- 3 .4,47.



Correctints s 0 I larter's Table
,v-L- "r. _7..,+v vIX2) L

I'Pag 138

, .2000 +1 .0005 + 8 .4oo +
4 .0250 +1 7 .4000 |- L .9950 +1

Page 139

.0001 +1 16 .3000 - I 18 .2000 +I

.9750 - 1 16 .9750 +1 I') .5000 +I
12 .0001 +1 17 .999) +1 20 .9995 +l
3 +1 1 8 .0001 +1K i4| .0100 +1 18 .+so0 +I

Page 140

o+, , 27 a9900o -..

23 .0005 +1 28 .00 +1,90 +

Iage 141

"32 .9000 - I 31K0 +11 3 .900000
3 . (1 - 1 38 . 00 +! 3() .7000(1
34 .8000 - I is .5000 + 40 .9990

Page 142

2 ,70 +1 440 + I 47 9750 {- I4 -, 1 ( + 1 4 4 [ t)() S(), + ] 4 0 4 50 -I)

44- .2000 -I .99 + 50

Page 143

I'+ 14 +

"fI.I ~ i II i 9Il!-I f.i+t

72 .qllf+-1 •' . 05( + 1,? i -+1t-, .q i
S? .I7Si +1 56 +- 1i .0440 -

.52 . 1+ 1057•OS.... "i.... . " ..... .. 1.00

J ,M I .11.€1i'! P .1 i~ t jWI

h~e A 44

{t -tJ ; ,! ,i~ 1iqt J , i4)i(O

f) 14 +14 Its 1141 -' + I

(its

64+1j 7, - S1

I -i 1.1I1 -v L141

-+



S( Io l oullons lo I f arlr's 'I able ('(i litntied
..... . .. .. . .. .. .. . v I,(Ilx •) l . V /'IVl ) -•

Page 148I';'.I 4 -

P'age 14'9

[1172 ~1000 + 1. -11 I IL~o1+ IF 119 .000) I + I
l';agL" 15;0

Page 151

+19 1-2 - .01-00 -- - I 3100 .
Page 15 2

Page' 154

I[--7+4 1 o 18,4 .0500 1 jj 88 .9750 +1

Y 2) 1~ 1 L .0(MX) +i11 200 1.0500 1 +

I'.hgc I Sb•I I "MOO + lot 1 77 97 4 i 20 ......... JI.

Page 157
VI 05-j 2 f-0IA 30 10

Kige 157

"7.. -

ýJ~ .92~000 1 ~ 3O ~1)

54
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ILICI-NTAGE POINTS OF1 Q(vlx 2 ) -- TA1BLE A

This appendix contait a tahle of x2 asa fun;tiok n(4 and( Q(vIX 2 ). It is a muci larger table 0, n the

ones contained in I I, pp. 984-.9851 . 14, pp. 137-1(,11. There are 72,000 values ot <2 tbuilated to six
:onect significant digits with I 200 values of v and 60 values ot Q( VX2 ) takinjg the following values:

v: 0.1(0.1 )1,3(0.2)2((0.25)42.5(0.5).SI2

Q: 0.999999, 0.999995, 0.99999,).((tl). 0,)99 .0)9)O, O.9g)05, (.). 0.(97. , ).()5, 0.9925, 0.99.
0.9875,0.985,. 0.9 (0.005) 0.95, 0.92S, 0.9 (0.05) 0.5, 0.475. 0.45 (0.05)0.10, 0.075. 0.05
(0.005)0.015, 0.0125 (0.0025) 0.0025.0.001, 0.0005, 0.0001, 0.00005.0.00/010 0.000005,
0.00090,) I .

Ihe %alukht s d) %2 arte expressed ill liormlalized torlnn. ki:•r exanplC to'r (Q .=t)97 and v = i.9, we have
\2 .357377 - 02 = .357377 X 10-2 or for Q = .9t25. 5 v = 9.9 wve have \2 = .233478 01 = .23347,S X 101.

An cxltcmnl,,el\ coidellsed vetlon of this table Is given in Appendix B starting oil page 104.
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PERCENTAGE POINTS OF Q(vIx 2 ) - CONDENSED TABLE B

In this aplpendix, we give -i condensed version of the table in Appendix A. The value, of Q and v arc
taken from the table given in [I, pp. 984-985 1. There are numerous errors in that table. One of the largest
occurs for v = 7, Q = .99 5. They give x2 = .989265 instead of a corrcct value of X2  .989256.

The values of X2 are given to seven correct significant digits in Table B.
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GAMINV - PROGRAM LISTING FOR COMPUTING x FROM THE INCOMPLETE
GAMMA FUNCTION RATIOS AND a

Purpose

This subroutine, for a givcn P, Q and a, is used to find the x value for which

P= e r-l•-dt e-ftt-ldt, a >0, x >O0

0o~ j

Q=I-P

calluig Sequence

Call G(AMINV (a, x, x0 , P. Q, IiIR)

where a. x. P, Q are as above x0 is anl optionlal hlput starting valihc. x., must he set to icro if user does not
waint tit specify a starting value. IFRR is a parameter set by (ANIINV. Normally II-IlR is an integer from
I to 1 ) whicl denotes lhie number of iterations lhe Newton.lRaphsoii metlih has taken to colmutele thie x

value. Iil-R is stoted iit Y(S•e page I0).

ilIRU 0 wheln chller a - I or a I I w th Ql'jj) Ž7 .45 anud '(a)/( I +a) < I0-14 • orP 4 , Q U op

P Q O.IQ = In every casv al aaxcepla•le value o x ivs given

IkIIR - 2 when a W U. No x value Is givent.

WHIt;{{' - 4 u¢1 .Iueu •P*' (- It > 5'lO"1'+ Nox v'ahlu is gism.'

II;Rk W-hoi~exft < U'. No x %A sate'.ge.

tll¢,,iwl tlt• h u StL KAl-Kt ht¢ lISu ithid 1h¢ % takenl 1.
4104400ki~. to ~oliptpite lite V ahlue ilac0 v
melt hbut Ituy, •lt IV ) ry 4...uratv.

WIAR I %Iwoe wet 1u1'. '. kie ! "I~ tukof a M1411 V441tug *lltc.

flfgi~culc I A ~to aeuei U%" s'to 1the NAla 1..*14~o !0 tutiJ

. 1104

+ I7

, 4.4, + -+. .. ". + +, - .. . S : . + ::'+ + .



aind onle of, two other inequalities (38) or (39) are satisified. If (38) or (39) is not satisifie&one more
itcralic ý;i is done.

Accuraicy, One can expect about 8 corrcct significant dligits in the output value of x. This can be improved
by another call to the routine with that x specified as x0.

Restrictions: a > 0. X() ý> 0

It ' P=0 and Q =I then x =0 is returned.

UP =' I and Q = 0 then x =10320 is returned 11½+ Q - I I < 5.10-13.

Rem~ark: GANIINV uses 3 subroutines, I'AX6, EVA and GAMC03.
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Program iUiting - GAMINV

SJ31OJtINE GA'41NVj AtX401P1S3010,O!,T)

DATA RTZ/I.9i'.2 13562 3?310/,ALAN/.,#-5/,TALA04/1.E-4/tEPS/41E-5/t

IF ( PIsEO.0..ANOsQI6EQs1. ) ETUPN
Ir' ( PI.NE.1..OnR .Ql*Nc..0. I GO TO 2611

2011 C04TINUE
IF CA.GT.3. )GO TO 4.:15

;t-TJRN
2J15' C0~4TINJE

IF' ( ASS(P140!-ie).LE.EPSL I GO TO 2: 1?

RE TURN
2U17 "ONtINUL

IF i S3*GE*ý* ) GO TO 2J'1
112~-5
RETURN

ZCi.1 C34TINUE
IF ( AoNE.Lo GO TO 2w5L
SN Pi - A LOG (II)

20511 CDNtINuE
IF ( S33.E O.; e GO TO 3312
XEMSS
IF ( PI.LE*0*5 IGO TO 3017
10O TO 3317

3011 ^ONrINJE

A~z (PI*A*T5)**(T3)
XI:AP/ Ci.-AP/(A.1.))
t3s(XN*A) /(A~i.)
XNPL'K.'
IF ( T39LTeEPS3 I R.E TU ýN
IF ( ICN*LEsii*57 GO TO 3015
81LNxALOGV30.
ASIA-I.

T~z-B1LN -. A3 )*ALOG(TBLN) AL G T + -A / l l
XNsAIIAK( XNtX~4)

3015 :ONTI4JE
IF ( PI*GT*0.5 ) GO TO 3317

3017 OO01'INUE

3021 :,ONrINuE
CALL PAX6 ( AtXNoPtQtJoR
IF ( P*GTole ) GO TO 9071
10 ( P.EQ.os@OR*QfcQ.O. I GO TO 9071
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rfogfant Usling - CAM INV

UIt ITeGE*20 I GO TO 4O)ý
Tko A3 3 ( NFl-XN)
IF ( T1 *Gto (ALAMO X1dPI)) r~n TO 301*

xr ( .LE*(XNPI-I.) ) ýO ro 3325

r3vfl0 CAP j-XNPji$ A8S A-X4Pl-1*)
T5' ITAL AII.XNPiOXNPLOAPi) fA
IF ( T3oLE.TS ) RETURN
G3 TO 3129

3020 :ONTINUE

15rTALAM*XNPi' (XNP14,1.)
Iv C T3*LET5 ) RETURN

3029 zO'4TIN4JE
CfkLL PAX6 ( AXNPLPtOJR
It ( PGT.1. GO TO )3?1
IF ( Ro )oi CALL E,/A(AtXNPL1,R
XNsXNPJ

II zI1 +
IF ( It.GE.2;' ) GO TO ~d9
R-ETURN

3O1 DNeT14JE
X N*XNPI1
ý3 to 3v1zt

!312 ZO4TIM4US
IF ( I.GT.i. )GO TO -;33L
CALi A MCO03 A AHPE PS,9T5 I
3lxQI*T5

IF ( 3i*GEo0.L', GO TO 3Si11
at ..N4ALOG (gi)
A3zA-1.

X~z.31LN-(A3)ALOG(-8iN)-LG T+oA/Tlo

IF C KNeGE*O.67 IGO TO 3316
T3zI. /A
APx( P1*A*TS) **(T3)

XNz4PIAX1(XNXM )
3316 ;04TINUE

IF ( P1.LEo~o5 ) GO TO 3-.+17
3317 C04TINUE

ITz3
3321 CONTINUE

:ALL PAX6 C A,XNqPqOJjR
V ( P#Gtolo ) GO TO 90?1
IF ( P.EO.O..oORoQoEQ#a. I GO TO 9071

IF ( IT*GE*20 I GO TO 3009
TlsA3S(KNPI-XN)
IF i 1i sGT*(ALAH*XNPL)) GO TO 3331

IF C 4LE.(XNPL-lof ~2 TO 3325
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i1fojrom 1.sin ,Af

T~a (TALAII'ENPlXNPI APl) iA
IF T3.LE.T5 ) ETURN

GO t3 332?
3325 CO~4t!NUE

T3mTl'tCNPI4I.-Al*(XNPI.Z.-A)
TS*TA..A t4'NP1 C XNPL4 1 .
Ic ( T3.LE#T5 ) iRETUqtN

3327 O'04T1I4UE
CALL PAX6 ( AXNP1,PqQqJql
1ý ( P.GT.1. ) GO TO WiiT
IF ( RoEO.o.o CAiLL EVA ( AtX~4Pl,tp.
XNzKNPi
E42LsKNPto(1.4(o-QIjiR)
IrTz I T + I
IF ( irGc,20 i GO TO 3039

3334 cDo4rINJE-

GO TO 3321
5 !31 CO'4fINU--

Ic ( 01 .GT.O0.5 1 TmSOit(-2.0ALOG(PI)
IF ( 31.LE-11.5 ) T:SQ.RT( -29*ALOG('21)

L 11.*661 67202 Sd6,8)*T-3*Jii Fj221 Cd7i.1)/
I I ((I(. '6I7 0614a1 8ŽL26E~-1T*±.2736 44'697 A2223)*T

1 +5406h9 15977 6C3q)*tsb.uL.5 37656 25462)*T~ts)
I: C PI.LE.O.3 IXP=-Xc)

1:zXPIRTZ
G?*@66,,6o 66666 6b667*(XPSO-le
XC3=XKP SQ*XP

Z,3s(XP C3-7.*XP)/dt.RT2)

G33C9.'XP4TMN'XP+2b*.XPC3.'.33.KXP)/(486C.*RT2)
T I s2 A
RT2ZA:SORT (TI)
X42@5'( Ti +G4TAC+'JR2+* TI *G5/(Tl*'tT2A))
IF' I PI*ST.OsS ) GO TO 5471
IF AeG l~ I GO TO 3501
IF X N.GTe(,±1 fCA*1.III GO TO 3CL?
IF I T.'.. I Go To 5469

AP95sA+*.
L 33! Nr CAP ps
1' 1 PI@GToC2(L3) I GO fO MC?

51s69 C014TINUE
CALL ;A;CO3 ( ANEPSTi I
T39to/A
X5s(PIf*AT1)*4IT3)
f3SOS~T(io-('..*X5I/CA.1.)
XNa(2.KX51/C1.+T3
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Phoiram Listing - GAMINY

GO TO 3917
5~7 t? ,ONT INUE

1ý ( AeGE.11.*O 3GO TO 3317
I - ( 9'4 *LFe(16.*54A) ) GO to 331/
CALL SANC03 ( AqlEPSTl

BILNuALOGM(8)
x~-iN(.%*LO(4-.~(X *2.-A)/(XN.1.) 3
G3 To 3317

9071 Zolrl'4JE
I r x -
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huigraii Usting - GANIINV

SJ3RDjt7NE PAX6 4 AtX,.~iS,24NSqIOP3,P
014ENSION VAi0,8Za~.3),B~ SA(20)4 SOQUO

9.. F01441 ( IHUJi. As rE22.1i.,Jh XE PE22*1'.
,j F~qHAT 4L5H £bPUT Eiv-Q0 )

I -v/2.'266 73S52 3.532 CIZ to
2 P1/2.1179 26L61 929;#2 ;--*L It
.3 P21o.9i63 83438 *L9L'. EO' it
4 Plf/3.b0~3 54370 1815'. E-2 /,
5 1Ii2915C5 88758 6si~bl E#2 It

7 Q2.'1.5;$2 79743 0,4i76 7-#A If,
a Qu)AO i
9 Z#,3*.0'5 92610 2..162 ýP2 I

Z3ATA
I. C1' I/ . 5 i 89!;7 I1813 COZ. ,
2 Cki3*3932 61107 34v4# it
3 C~l i 5298 3-..6% 4.694.C E*Z I,
4 .04/160 1 U 22722 23567 X4.1 It
S C~sZIOi1 582iG 86J.9 rol It
6 Cof 5. ý#.L9 S51716 76971. E-L it
? C?t/1.So8f F6857 .5 6271"E-7 It
8 A12-10/-2.9961 J7477 P.3342 E-3/t
9 A.2~41/-1-.9i.73 d91.. 23251 ý-2 I
DATA

L. AL'N-2*2695 *5135 39os57 ---1 I,
Z A L 243 1-2 766.6 1 304b G 96'tS :_ I t
3 4.PPi'./-2. 2319 24.597 34.165 E-2 It
4 9"rO/i95620 92305 286-4 E-? to

'4 9:f2/1.ý516 75107 0b793 t
7 8.f3n,.9073 3201O 07135i It
* s3if'/1. /0
9 0.' 13s 7J -#5 94~69 Sc,9 1 E+? /

L 3if79095 09253 27898 E#2 It
2 32/1*3135 409'.8 94610 stz to
3 3316*3699 "2644' 65631 Et? .49

4. 0#12*7756 54..7 '.3988 J;02 I)
5 0;/leI.0 15293 52295 Eit It
6 36/192782~ 7273M 9.2291# .91 /L

C :Tsr~SP(0P3,13*/0P139J6 Oil*
C *SfEsSP(Dp3ol?sj*/OPaJlS5 39241s
C 0STeaSP(0%(tt36d 82bl.eV01P5L91 f86 a. 1
C 5%T~sSP(0P156bZ uZ53J./OIV7G36h 16-ofi *3

I CSfS/eoG5.49 4Si6 46935r..5 It
2 Z4SF4/.fl42Z 66600 5.4C12FE2 It
3 C5151l.9'.? 2..'737 ?MS9E*2 to
I. ;SIZI.2'354 144191 7'.166f,-9 2 I,
9 G&,19,51.?712.. SUR 9c0a~ it
& RflPZ/Z.506$ 262N. 63130 1
7.RT211I?2ft 5,01654 52
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P~rogramn Listilig -GANIINV

I LPHAl/ 7. ji88 , ACOo/4.
I 3I/31.aCa/,X0S/I7.oa/ICEP/i.3025 55092 99405/

2 lUXL/1.0366/,UX3/2s92'.5/
i PIZ.44 13562 J?3l0Ot1/vAiAR/1OC*/

4 9LPHA5/3.29J53/bxý5,9.7/tJXr,/!.e87#.ACC5/5.E-4/
fASAVzA

A4S50.
IF ( [OP3*NE,. J GO TO LIC5
A PH4Ac ALP HAL
X3 2XDL
A CC A CC 1

GO to 1111
11C5 C 0 Irt'UE

IF ( IOPS.NE.1 GO TO L1G7
4L)'IA:ALPHA3
A: ~xC:ACZ3

UPXzUX3
;3 ro 1111

A.-.P-lA -A LP HA5
AC':zACC5

UXzJX5
1111 CO4iTNtUE

IF CAeLE..J.J *OR*XeLT.O.ei Go To) 1131
IV X KGTogei~ GO TO L151

1121 C314TINJ!
so TO 1171

1131 A'4SsZ.
R--TJR(N

1151 rz1INE~
IF ( AeLT.15e GO TO 1331
1142SORT M
IF ( ACO*LT@ACCI IGO TO 1155
IF AaGEeX ) GO TO 116L

FPs-FPFP#FPOA#X
IF ( :PG** ) GO TO 1191

1155 ZONTINJE
IV ( ;..LT.A9Aa ) Go (0 L331

17C (*?5*AI.GreX*OR*(l14S9AI.LT.E( GO TO 1331
Go TO SýI1

1161l :34riNUE
CiVINI2E
FFfvl@L.-1/C9@*-ALPHA/(3s*RTA)

IF ( FMl.LEel,. I GO TO 1121
GO TO 115!

%171 COtdZ**J(
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IProgratit listing (GAMINV

1191 ;DNriNIJE
1311 CONTINUE

133 ,34rr4JE
IV ( A.L5.X I GO TO 144L

I.31.1 CON4TINUE
IF (A.GE.30* GO TO 1343
4' :XzALO G(M
fLs-X#A*ALGX
CALL ,AMCO3 ( Ajrlp,A*CCGANS
;tzEg-P(Ti) /GANS3
ýO TO 134.9

13i63 :014TINUE

TLzA-X.A*ALOG(X/A)I.(((AI3?Q-1.3333 31333 33333)*AISQ...666 6$666o
1 666667)0AISQ-140 ) / ( 1680,*A)

131.9 C3%tTINUE
IV ( A.GToX) GO TO 1351

135t. ;ONTINJE
IF ( 49LT*1. ) GO TO L459
IF ( A.GE.X )Go To 3ýLL
5 o ro0 3 ; C

1351 C)4dTl4UE
IF ( I-LEo(.24A*(1.-X/(A+1.))*ACO)) GO TO 1171
GO TO 1350

1.v41 :DITINUE
I-- i X.G~oXO )GO TO L34u1

JaINT (TWOA)
TixA8SCFLCAT C fl-TWOA)
IF ( fl.GTo0s)GO TO 134.1
Is.I/2
AFsA-rLOA T(I I
IF C AFoGT90* GO TO 6011
S3 To biaT1

14.59 OONrINUE
IF ( XoLTo1.5) GO TO 1*61
T I xQ 2*X- A) / (I oX)
10 1 R.,LEo(ACO*X*Ti**2))GO TO 1311
IF I RoGto(.o1~lX*Ti) 10 TO 3311
GO TO 72it

1461 CONTINUE
IN361
So 0O 3011

C
c THIIS IS PART F
C
2011 COITINUE

A;G?so95 *A CC
F?sA@AI.GX
CEtsZ ,.

TsT?/:EE

1 7S



Pr'~am Usting - GAMINV

SU lqxT
2031 CONTINJE

IF ( A3SSU).GT*AC;7 Go TO 2331

A JK aT K/ 4 A C EE)
SJ~aAJ'(

2%o7i ZONrINJE

TI~z-(XOTK)/CEE
M4JI2TK/ (A*CEE)

IF ( 4eOS(AJ.o.GEo-ACC*SUtfl GO TO 241l
r s:-4*Swi

T4zr1.T?
r3.T1*T2
A1 4st r 3 -~T 4T3 (T4 +T5)-T5
A '3x - Q A NS

34C5 'ONrINUE
IF ( X.LECEP 1 6O TO 3011
IF ( XoLToX0 GUJ TO 7011
IF ( ALT.2. 60G TO 3006
V ( (R'e(X~ldI.oLE.(ACoSX#'(.*#X-A)'.2))GO TO 1311
GO TO 9011

30C6 COITINJE
IF ( RoLE,(o2ACO*(Xl.J-AM) GO TO 1311

c (HIS IS PART A

3011 CONTINUJE
HA0fACCmtACC*. 5
RO VAwK / A

SU~xN.StPl

3031 CONTINJE
CEEnCrEE.l

SliP,.SNPI 'TL

IF I flri,656 66b6666 7 1B~ GO TO 3031
30'01 CONfINJE

IF f S?4Pl*LE#"A#ACG 30 TO X051
CEcu;EEI.
SNlwP.(SNPsf;) CCU
Suu8SU"susNPI
GO TO 30'.1
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Pr~ogramn Usling - GAMINV

3051 C3NTINUE
AN SuROV A* SU"
QA4SxLe-ANS
IF ( alIO*EQ.1.ANOsANS#Gr.C.9 I GO TO 2011

C r-IIS IS PART El
C

5011 CONTINUE
AIS~a 1./ (A*A)
T~zA-X.A*ALOG(X/A)O(C(AIS2-1.3333 33333 33333)OAISQ+4*.666 66666

1 b6666?10ArSQ-140,)/(1680.'A)
RzRrA0EXP(TI)*.39d9'. 22804. 014.33
ASA V=A
As A-I.
AýPHI~s3eSQRT (A#Z*/3*)
ALPIN~a1. /ALPHY
A2THRDzA+.66666 66666 66667
OýLrAz(X-Al-s66666 66666 66667
SiCVEL1A/A2THRO
ZzEXP(*33333 33333 133333'AL0G(X/A2TH"RO))

XSIV:.K
X*(SC*SC) /2.
;trKzA3S (Ste)/RT2
T5zEXP(-X)
IF ( X*GT.0.25 1 05I TO 5361
Tia ((P3,$XPZ)*X.P1)*XfPO
T~s( (Q3oX+Q2)*X#Q1)&X4Q0
O-ELzRrX'( T1/T3)

ER Fs1.- D EL
so T3 5381

5361 COIJTI1UE
IF 1 X*GTo16s) Go TO 5371
r IsC 0,TX* (C 1+RTX* (C2,RrE ( C3.ITX* (C4+RT X4 (CSeRT X9 (C6 ,C7*RrK) )))

T3s3OOTX.(D1.RTXe(02.RTXP(O3*RTX*(D'..RTX4 (O5+RTX*0O6GRTX*OT)))))

,EgFsy1/T3
3 EI.31 - CE RF
Go ro 5381

5371 GZITINJE
Ksof

r13ALPI0.T#(ALPNL+T3 (ALPH2tT*(ALPN3T*TALPN'.)3)
r3sBET Ic1O tBETI1. (BE TZ+ it S(ET 3.TBETd))
CEFs(lo/RTX)*A1./RT Pl~rl/(T3*X))
OELsle-CERF

5381 COITINJE
Z438#10
IF ( X*LEoO.25 1Z80s(*S#'ERF*Rr2PII/T$
IF I X*GT.3o29 ZSO8.5*CCRF*RT2PI
IF i SG.GE.O. 60 GOo 5369
ZAg u-to

5369 CONFINUE
ES ESA V
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P'rogram Listing - GAMINV

Z3( L) :Z3L
ZAMI zZAO

r?s-i./ (AIS(SJ)) COYAYT-

Z3(.I 9-T7
+(r LOAT(K)-1.I *Z- (L-11

ZA(L~ s-Ti "S0*FLOAT ('0 ZA (L1)
5!91 DTINUE

V 3(2)z -. 63 33 3 33,333 3 3333 E -1Z13( 3)
V4( V 2. 66 666 666bo 66'.oTE- L *ZA(3)

A -Pt4S IxL FI'NJ'#*ALPIN V
A-P I:.'3 'L PISQ* ALP I NV
S9(2) :.IB(2)*ALPMSQ
S A ( ) V A (1) 6ALPHC3
fi5:S3(1) *S3(2)
rI?:SACI)
VýM3) -(Vqld4-.0625oZ3(Sl,'.5S555 55555 55556E-i
VA(2):...7613 01476L i6.7bE-i#ZA('4)-or5S555 55555 55155oE-Z*ZAC5)
T25:A.:DHSQ

5395 CONTINJE
17915-L
T23zT23*ALP61SO
S3(15)xV6(I5)*T23
S4dIT) SVA(17)-T23*ALPINV
T15zT15*S3C15)
f1fxtll.SACI7)
IF ( 4dS(Sa(I3J).oLT.TOL.AND.AeS(SACJ7))eLT.TOL I GO TO 54.31
1S~2015
15315+1,

rZSS4#*FLCAT (15)-?.
Z9(13) a-77.rZ5*Z,34jj-j)

Z 4 3) xT 7S C+(T2 o)*t

ZA (13 +11z -"*S0.CT25 t3o) OZA ( 13
PIC sof~t
GO .TO ( 539?tS399PS..a1,S;JS,5,St4a7,S1.C9,I1S;L54L3,s5.IS1b'31,,N

53(j? CONTINJE
V d4o) 9- Z0( S)-.16444 4.o~44 444 44Z13 (6) + # 2Ji14 14 L4 6' eI44mE-2 0 3 (7

I) 11*41666 6.6666 666b?E-1
VA43IuIZAC5)-o267LA# 26571 1.2,5?4ZA(6)..OO*k25'ZAC7))*.37O3? 03J33

1 7370E-1
G2 rO 5395

53M'3 CO4T~IUE
V9(51s-(Z9(6J-,24137O L4562 O1S'fZRIlCl*3'.Z S9259 25926E-OI'I(d
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Program Usitiig -(IANINV ''*I

I J f0a281 63560 2'.69lE-4*ZU(l))..3JJ337 33333 J33333F-I
V4(4)z.3.3O3 0303%o 3G3jSE-1*ZA(o)-*A5L91 66176~ 3668-.E-2IZACI)

f .5ZZ36 db .67 0194Iý-30ZA~bI-.-ji.5C 4.1152 26137t.-54ZA(91
53 13 5395

5 4C I :04TINJE
V3(6):--(Z9(7)-o.34ju 85..? 21.8f38..3C 21693 12lt9E-1*Z3(9

1 -.4.7,67 iii23 '.56N'E-3*Zf(1')*.i?c5o 32716 0'.93S"5*Za(il))*
*?.7777 77777 ?777eE-L

V%.(51--.25641 J2564. iC256E-1*ZAM7-.i76i2 14.90C 326CiL-2*ZA(3)*
I * ?oý,21 1eZ22- 7-*3b---3*ZA(9)-.?156P1 19217 93063E-J.ZA( 10)

33TO 5395

v A (sJ)-- -2 222 2 2222 2 2222 ZL- I *Z A(8) -.8R0 26 17 135 91;u #7 E-4*Z A (9) +
1 1:129 132, 8 68V'..E-20ZA(1L)-.a2518 294.46 73068E-('.ZA(i1)#
2 .621-37 7'.Jb? 13o28E-6#Z4(12)-.22-326 53177 8b923E-o*ZA(i3)

VB(?):-.23809~ 52360 952368-1-I'ZB(b)+#6818S 92672 75934E-2#L(9)-
I o9CE.2 29253 Z3273E-M*ZB(ICI..31S11 1821'. 77562E-'.28(1i)-
2 .32596 736!'3 669C7E-6*Z3(I1?)+.'u5l3 60737 22756E-S*Z9(13J

G3 TO 5395
5,.rj CONTINUE

VA(7)=+.19607 6,4313 72i49E-1*ZA(9)-.eE683E Cja35' 267,?2E-2*ZA(1l')+
1 .113o2. 47.o27 GO3357.-2lZA(11)-.66b55 77615 715)6E-4*ZAft2)+
2 #15617 53570 8d-#23E-ti*ZA13)-*13739 92297 55917F-7*ZA(14)1'
3 r313ý9 f1719L '.85O'E-13*ZA(151

V3(5):-.2ý833 33333 33433E-1*Z3(92'*.87544 99954 Z-366E-2*ZBC1:)-
2 silav2 '.4.392 7-27-0t(1+5*3 4.1632 21759F-4*23(12)-
3 si;360 1693C V58'.5E-5*Z8(13)*.632i8 50W7 629'.8E-3*"8(1.)-
3 553373 34.27; 5GJCGL-!1'ZB(1t0

G3 TO 5395
5,4C 7 C3NTINUI

VA(B35*.i?5'.3 55')o4 91226E 1'ZA(1C).*b'.96¶ 14.229 1391E-2*ZIA(11)
I aL3'...d 60331 vJo?2E-2*ZA(li0-.92u6l 864.C? 70127E-4*ZA(13)fr
2 o."9396 23607 J5J7'.E-50ZAt1d-*d#27*7 63569 5'l073E-7*ZA(15)F
3 .21.5"1 4654.8 b8959E-9*ZA(IL)-s36915 561,SC 33933E-12*Z.,117)

V3(9)=-.16518 51651 65li5E-1*Z-!(WC.65966 &.2554. 9758'9E-2*13(1iJ-
1 o127-.# 20646 3b-j5-*E-2*Z3(12)+.7t 92-'. 6,202 68942E-4*ZB(13)-
2 ,.213 83 3248 63 9520E-5*Za(1'd+*25t;0 6,,419 L25'8E-?*ZP(t5)-
3 *1(..Zt 26651 56116 E-9fZ3(16)..576*n 5b531 7402CE-L.'JZ3 UP?)

1D#' TO 5395

VA(91=+.1S37S u1ii*F Juli9 1IZA(11) -.82821 56153 6731C->-2*ZA(12)
I *.j1.b5Z 3693J 6143J9L-Z0ZA(1J).11j7S7 92o89 58911.E-S*ZA(14) t

2 *'.7L65 76'991 19)'.E-5*ZA(15)-*95231 29'.e2 983Z'.E-7*Z%(16)'
3 @92;9Z 7302*3 C-Jd5LL-)#ZA(17)-*364j.2 2597C 5936bE-il*ZA(181.+
4, .3dv53 71021 18680E-1'4#ZA(19)

VJ(IC1'.@1666F' vo6o 661-Z().39 017i41 73222 -2*Zr(12)
1 -#14C8.2 22293 58*03f-2*l(13)+.1L'.35 97'93 66735E-3*Z8C14)
2 *3T776 944.53 d398vE-5*13LI5)'.657j9 9~6457 57653E-7#ZB(1r6)-

4 #53407 93J84. 96161E-15113(19)
G3 TO 5395

VA (l1O)A;. 1.,492 75 3t,, 31564 E -I'0ZA (2) -o 80 534. 46095 24176F-2'1ZAC13)
2 *.15b25 3676L e2S2?E ZZA(14J).142'9 82760 '.399LE.3*ZA(151#
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Program Usting - GAMINV

3 .7W.,7 4*.263 9ý2691L-5*Zf.I16)..£ 7 51A. 13319 57715E-60ZA(i7)#
'. .2*aJ7 91270 d.16lZE-**ZA(16)-.lb288 lb309 64713E-C0*ZA(191t
5 *.b2ZZ! Z1293 70~3A(h.~0 82 32111E-16*ZA 121)

w43 C(itl-,15151 5151?. 15152-E-l*Zd(&2)f.8lb85 47715 '.i828E-2*Z3(t3)
I -.15164 52a4;, 2Z35E-2'Z8(14)#*136L4 '.5605 3624BE-3*ZB(151-
Z 27T1*7 99'.17 625.',jE-5*L8(Ib)*@13158 7b54.9 27?32E-6*ZB(£7#-
3 s1538j Sb5lo.. 74J73E-d*Z8(18)..'i2l3f 07414i 804)55E-11*Z8C19)-
4 @1551og 66311 87dbdE-13fZ9(2C)#*f4'.,6 60904 151 39E-17*ZB (211

50 T32 5395
5.13j COW4INUý

VA(11)z.;.13333 J33333 33333E-1-ZA(131-.76226 731!9 47945E-2*ZA(14)
I t..16-12 !53r'5 5'.16B'E-Z2ZA(lý)-.1o6641 22539 53536E-3*ZA(i6)0,
2 s31363 C9io27 541'i7E-56ZA(M7-928427 17670 98726E-6*ZA(18)t
3 sj34 42786 29405E-8*ZA119)-.4'3118 23691 3403LE-10OZA(201#
co .24517 C716-1 76..8±E-12#ZAC21)-sý125i 26773 7.0d5lE-15*ZA(22)+
5 .?3671 -72b9 4J..26E-i4#ZA (23)

V3(12)z-.i38'8e 8688* 3d59E8l*Z9(13)+*79379 48362 75189E-2*Z9(i4)
1 -.1b039 76493 d917JL-2*ZB(i5)+.15a.59 78095 i1729E-I*Z8(16)-
2 .79380 81011 23ub3E-*Z9(17)+o226.al 75615 82738E-6*Z(18)-
3 o355Z5 6e41s *6..4lE-5*Z3(19)4+.29351 2513P 22109E-iO*ZB(20)-
'. s11351 52315 0i7794E-12#ZB(21)+.15785 01067 339D3E-15*ZB(2?)-
6 *33(17 12606 17530E-tq*ZB(23)

GO TO 5395

VA (12 ) =+.12345 Blc9ha± 23457E'-±ZA(14) -.75962 63771 724BOE-2*ZA1i
1 5)*.170.8S 20355 3o103-2*ZA(16)-s189l0 65799 70833E-3*ZA(17)4+
2 *L1ý72 0332w. 50449E--*ZA( 18)-.42213 44701 2794SE-6*ZA(19),I
2 931776 186!i L4Si62E-a*ZA(2L)-.11653 4OL93 25387E-3ZA(21)+
3 *54315 0~565 3534*E.tdZACZ2).#3i318 52910 85580E-±'.*ZA (23).

" " .5CJ84. 30725 1O-*0E-17*Z.A(24-.22-#78 06537 4502CE-20*ZA(23)
vq(1.3)z.12d2l t;LZ82 0512oE-lZ,3(14)+@77Qd8 28747 699l0E-2Z8(L5)

1. - LbT'47 2686! id?663E-2'lZ3(J6)f-sl7731 99594 9552?E-3*Z9(17)-
2 L.3~83 o,#173 Q5, QE'.'Z8(18)+o34937 60792 28262E-6*ZD(19)-
3 b6b84.' 70270 71J64E-d*ZB(2ba..t74i'. 50300 6e?15E.-1C*Zo(21)-
fe .47?32 7376w 28715E1L2*Z3(22)+,.1360$ 28991 583?ZE-14*Z9(23)-
5 @14!4.1 Li846 89S24E-17#Z8(24)+*234t4 67226 51062F-2i*ZB(2i)

G3 T3 5395
531 :04TINJE2

TZI. /A
CST2(( ( ((CSr *-S-)T.S3)TCT)T,15 87654 329-j*

L +.27777 177777 77778 E-1)Ti..
PA*1xz(CST (T15eT17)*TS)0fV'ZPI
AstSArd
IF ( S.oLT.). GO TO 54.41
OA44SsPAP1 K

GO TO 5'451
54' dgoIC old INJ E

A~4SsPAP1X
34'SsL .-ANS

R4ý COuINt

C 1-415 IS PART B1
C
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Program Listing --GAMINV

6011 C04TINUE
Nag
R TX 'S R T (X)
T5z--XP(-X)
RNxr3/ (RrX*GAmPT5)

c
c rHis IS PART 81 SUPPLEME~4T
C

IF ( X.GT.16s) GO TO oJ51.
T*C T*C*TX(zRx~3;~x(4RX(5RX*C+7RX))

I )
T~S00.RTX4 (O1 +RTX4 (02iRTX' I 3+RTXK (O'.PTX (05+RTX' (D6+RTX*OT)))))

OEx r* 1

43 TO 6191
6031 CONTINUE

TzL./X
TISALPHC*T*(ALPH1J.TA(AI.PH2'TC(ALPHr3+T*ALPH4)))
T3s3ErO+T#(3ET1.T*(3ET2*r'(3ET3.Te9ET4)))
OELz( T5 /RTX)*(I*/RTPI *Tl/(T3*X))
5o r3 a091

6071 CONTINJE
NzL.
RNxEXP (-X)

6091 C04dTINUE
P I:XsEL
^4-rzAF+FLCAT(N)-1.

61C1 CDO4T14UE
IF ( N.EQ.I )GO YO 6111

:EEx:-4E1l
~44(X'RN)/CEE
PN:XxPNCXO'RN
ýO TO 60~1

QAf4Sz2NCX
A'4SuI .-QANS
RE TtD 4

c
C TIIS IS PART C
C
7011 cogrINJE

AZNI1 '1.
A24S1.

SZIUX.1 .-A
449L.

71,31 CONTINUE
AMLiWEA2NOAN4~AMNN
3 2Nil aX*8 2N 0 ANB 2 NN I
A40242N"1/BzNN1
Am sA N t I
SA24s3AN-A
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Program Ustizig - GAMINV

A2N:A2.4M1.SA2-4*A24
aNxBZNMI1.SA2N4B2N
£93 z&?N/I3ZN
IF ( AaS(AN0-AM~a).GE.(ACC*AN0)) GO TO 7031
349alANO

ANS=I. -OANS

C ~r.4L IS PART 0

94111 ^o39TINUE

SUPMzSNIP
CEE:-A

9031 ýDNTINJE

)NPLx ( SNP#C ED) /X
SU s S JMz+S NPI
I. ( 43S(SNP1)sGE*ACC 3GO TO 9031
2ANS:CR*SU1) /X
ANSL. -OANS
REIURN
E43
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Program listing -. GAMINV

SU3RtOUTINE GANC03 ( AN, AG pTI.
D14FNSION C(30)
DATA ( C(1) 9Zw3p18)

I +*.572L S 6644 01533 Z# I
2 -.6538? 60075 2J254, E0
3 .hZOC,2 63503 4.9S2 Z-L
I. +*16653 86113 0229 EqC 0
5 *.@42197 73455 554413 ~--
6 -.95219 7152? 81697 -2
7 +*72 189 1.3246 6631t E-Z
a -*1165L 67591 .5907 E-29
9 -. Z~2154 61471 11.95LE-3#
1 +012805 02623 85116 E-3,
2 -.2013'. 854.78 .7862 E-4.
3 -.1250'. 93412 14.26? F-5
4. +*11330 27231 98170 E-5
5 -.20563 381416 97761 E-6
b *,,.;1bD 951. SIG# v'.i2 E-8
7 *,58020 0761.' 4.6922 E-8

AZ:^. 5AC
IzINT (A
ArzA-FLOAT(Z)
10 ( 4F,,CQ.*C) GO TO 3.09
C-i:zAF- 1.
IF ( A~F eLTa095 CEE:DAF

At4(zC(.C)*CEE

3011 :ONrINUS
CELz'.EEPHI

S U lS J '4A NK
I--C Ai$(ANK)eLT*4ACC*A3S(SUN) )) GC TO 3v31
IF C 'CEQ915 GO TO 3431
GO to 3011

3231 CONTINUE
4: SPI
IF ( Ar*GE*0.5 ) 4(i*-A#SUH)/A
TiL. .#SU'4
IF 4 AFeLT#GOS T1zAF*TL
r1s1./TI
IF 4 I.EQ.0 )RETUR'N
A ~53AF 1.
J03

3451 CONTINUE
is itl
AJaAJ#Ie
r~sAJOrl
IF ( J*LT.Z GO TO 345'1

3071 cONfINUE
Go To 3151

3091 O04VINuE
if)

183



Program Uisting - GAMINV

IF ( I.EQo1 I RETURN

3131 C34TINJE

TItFLOAT(J)•T1
IF ( J.LT.I ) GO T0 3131

3151 WONTINUE
REIURN
EN)
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Programi Lsting - GAMINV

SJ3IWOUTINE EVA (AX,R I
DATA ACC/5.E-I3/
IF ( .GEo3a. ) GO TO LI3*
TrI a- A* A..OG Wx
CALL GAMC03 ( ADHPACCIGAtIS
RaE4P( Ti) /GANS
RETURN

133CO'41INiJE
RrAtsoRr(A)
£ISjsI./(A'PAI
TlaA-X.A*ALOG(X/A)t(((AIS1S-1.J333 33333 33333WAIS00-4*666 66666
L66b666?l'AISO-I'.J*)/(1680o*A)
RzRTA'EXP(rI)**J33d94 22804. 014I3
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