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C H A P T E R  1

JN’I ’HODI’ CTION

1.1 Contents  and Organizat ion of R eport

Chaper I contains the study objectives and a discussion of the

applicability of the newly developed Optimal Spline Me thod to ship

classification and to the system identification of a i rcraf t  nonlinear

aerodynamic flight regimes. Summarized in Chapters II and 111 are

its successful application to ship classification work and to an on going

aircraft  identification study~ . A detailed mathematical  development of

the Optimal Spline Method is derived in Chapters IV-X . Chapter IV

con tains a mathematical descrip tion of the problem investigated in the

study . Six different cases of the problem are discussed in Section 4 .4 .

The Optimal Spline Method is derived in Chapter V as a solution to the 
V

posed problem of Chapter 1V. The analytical expressions for the quanti-

ties of Case 1 (i .e. the case applicable to aircraft  system identif icat ion )

are derived in Chapters VI and Vi i .  The analytical expressions for the

ship classification case (i.e. Case 2) are derived in Chapter Vi i i .  Cases

3-6 are treated in Chapter LX.  The procedure that determines the s ta r t ing

estimates of the knots and their locations is described in Chapter ~~~~ .

Chapter XI gives the conclusions .

~Study to Develop and A pply N onlinear State Es timation and Parameter
Identification Techniques to the High Angle of Attack/ Sideslip Flight
Regime of Conventional Aircraft and to the Hover and Low-Speed Flight
Regimes of V/STOL Aircraf t . Contract No. N6226 9— 7 6 -C -0 342 ,  N aval —
Air Development Center, Warminster , Pennsylvania 18974 .

1 
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1. 2 Study Object ives

A non l in ea  j unc t io n  (~~I f l  he chopped into subare s  hav ing  smal l

nonlineari t ies which can be adequately represented by simp le sp line

funct ions . The domain of a subare  is called a spline region arid a point

jo ining one spli r ie region with an adjacent one is (-ailed a knot . The

piecewise comb ina t ion  of the simple splin e func t ions  tha t f i t  the suh are s

is a spline i-epr -esentation of the nonlinear function . Spline representa-

V 
t ion~ can closely app roximate the nonlinearit ies of any funct ion .  The

goodness of fit  depends on the number  of spline regions and on the locatio~.

of the knots . The first  objective of this study is to derive an automated

method thai minimizes the number  of spline regions and opt imizes  the

locations of the knots to provide an adequate fit of a given nonl inear

func t ion .  This has been accomplished by the development of the Optimal

Spline Method discussed herein. The second objective is to app ly the

derived automated method to two important  app lications. This ob je ct ive

has been accomplished by the success fu l  application of the Optimal Spl ine

Method to ship classification and to system identif icat ion of a i r c r a f t  non-

linear aerodynamic flight regimes.

1. 3 ~ pplicabili ty of the Opt imal Spline Method to Ship Classification

A major technological area challenging our  U .S . Fleet is the
over- the-horizon detection , classification and targeting of surface shi ps.

V 
The in troduction of weapons like the HARPOON , the TOM AHA \~ K , and

the ALCM have brought about new requirements in ocean survei l lance.
Ac tive and passive sensors are required to provide beyond the hori zon
knowled ge of all vessels under all weather and communication conditions.

2
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A lat -ge gap in ~;ut -veil1ance capability cur ren t ly  exists in bad wea thec

for  non-communica t ing  targets.  The high range resolution radar system

is a candidate having great  potential to fill  th is  gap. C u r r e n t  technology

allows the existence of radar systems capable of obtaining su r face  shi p

signatures (stern-bow profiles) having classification potentiai [ h I .

Accordingl y, identif y ing a shi p signature is lar-gel y a sof tware  problem.

This r epor t  p i o~ ides a very  important  contribution to this area by

presenting a new technique - an Optimal Spline Method - which generates

the independent  fea tu res  of a shifl signature for classification purposes.

The integrated signal returns of a high range resolution radar

system provide data from which the radar cross-section per range cell

of a ship can be estimated. Radar cross-section is a measure of the

amount of a ship ’ s supers t ructure  contained in a range cell. Consequently,

a graph of the radar cross— sections per range cell drawn over a ship ’ s

length (i. e . ,  a s tern-bow profile) provides a means for classif y ing ships.

The stern-bow profiles are the s ignatures  for ship classification. The

separate supers t ruc ture  masses provide peaks in the profile \\ hile the

absence of supers t ruc ture  appears as valleys. An automated techni que

is needed for determining the number of separate supers t ructure  masses ,

their separation from each other , their locations and their  extended wid th s .

These are the independent  fea tures  of a ship ’ s stern-bow radar cross-section

profile. The Optimal Spli nc Method is an automated technique that fu l f i l l s

this need.

Stern-bow profiles of ships lend themselves well to quadrati c spline

representations. Quadratic spline functions have the flexibility to fit any

ship ’ s s tern-bow profile and , most importantly, they have coefficients

that represent the independent features.  These functions are mathemati-

cally described in Section 4. 2. The spline coefficients provide the features

for pattern recognition, and they are equal to the number of spline regions.

3
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‘ Ihe  problem of ident ify ing a pat tern increases exponen t i a l ly  w i th  the

number  of fe:iture s . Each set ot data contains a fixed n u mb e t -  of ind e-

pendent features .  if too many spline regions are used the independent

features  are distributed into a higher number  of spline coefficients,  in

thi s case the set of spline coefficients form a dependent set of f ea tu res ,

making the classification problem unnecessarily complex . An indepen-

dent set of features can be determined by min imiz ing  the number  of

spline regions. This can be accomplished by opt imizing on the locations

of the spline regions for each fixed number of knots and by minimizing

the number of knots. This is precisely what the Optimal Spline Method

accomplishes.

1. 4 A pp licability of the Optimal Spline Method to Ai rc ra f t~~ystem

identification

The inability of empirical and theoretical techniques to accurately

predict the nonlinear aerodynamics of the high angle of a t tack/s ides l ip

domain for conventional a i rcraf t  and the propulsion induced aerodynamics

on V/ STOL aircraft  has spurred interest in extracting these effects f rom

actual flight data . Efforts  to develop suitable nonlinear state estimation

and parameter identification techni ques for app lication to the high angle

of attack! sideslip flight regime of conventional a i rcraf t  have been under-

way for several years. Dynamics Research Corporation (DRC)  has

developed a unique proprietary approach to nonlinear state estimation

and parameter identification called the Estimation-Before-Modeling (EBM )

identification method which determines state-dependent aerodynamic

models for the forces and the moments acting on CTOL and V/ S T O L  air-

craft in any flight regime. DRC is currently under contract to the Nava l

Air  Development Center to model a conventional a ircraf t  and a V/ STOL V

aircraft  usin g the EBM identification method .

4
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The EH\ 1  identification method covers two phases -- state esti-

mation followed by model s t r u ct u r e  and parameter  determinat ion.  Dur ing

the state estimation phase noisy flight records are processed by a uni que

propr ie tary  1)HC estimation approach which uses quadrat ic  sp line f u nct i o n s  in

generating optimal, smoothed time histories of all a i r c r a f t  states , forces

and moments.  Various applications of spline funct ions are given in

References [2-12].  Quadratic sp line functions are used in DR Ct s approach

to model the unknown time histories of the forces and of the moments.

Each quadratic spline function is a function of parameters  called knots

as well as a function of time , The location of the knots influen e the

performance of the estimation unless a sufficiently large number of

knots are used in the modeling of each force time history and of each moment

time history . There is a limit , however , to the practical number of knots

that can be used in a computer program. That is , the number  of simu-

ltaneous equations that must  be solved in the estimation process grows

at the rate of one parameter per knot per quadratic spline function . Since

there are 6 quadratic spline functions - one for each of three forces and

one for each of three moments - the number grows at the rate of b per

knot. For the case of 10 knots per quadratic spline function there is a

total of 87 simultaneous equations; the additional 27 simultaneous equa-

tions are due to parameters other than those related to knots. The

computations and the storage requirement of the estimation process
grows exponentially with the number of knots. Consequently, it is advan-

tageous to use as few knots as possible while maintaining an excellent

estimation performance. This advantage is realizable by optimally

selecting the kno t locations. The Optimal Spline Method is an automated

technique that performs an optimization of the knot locations and as a

result better models of the force and moment time histories are obtained,

leading to improved system identification of aircraft .

V 
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‘[‘he Optimal Spline Method is being utilized in a stud y to

develop and apply nonlinear state estimation and parameter identi-

fication techniques to high angle of attack/sideslip flight regimes

of conventional aircraft and to hover and low-speed flight regimes

of \T/STOL aircraft. The results [13] of one phase of that study will

be presented at the 4th AIAA AFM Meeting in August  8-10, 1977.

6
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CHAPTER 11

RESULTS OF’ A N  APPLiCATiON OF’ THE OPTIMA !.
SPI IN E METHOD TO SHIP CLASS1E”ICA’I’lO.N

In Figure 2-1 it is shown how the Optimal Spline Method fits into DHC ’ s

approach to ship classification. Note that it is the final block in the feature

selection process. Specifically, it extracts the important features of the

IRFP stern-bow profile. The IRFP stern-bow profiles are generated by the

Image Reconstruct ion From Projections ( 1RFP) Method which reconstructs

stern-bow images using high range resolution radar data. Before present ing

the results of an application of the Optimal Spline Method to ship classification

it is necessary to discuss the background of IRFP stern-bow profiles.

A test bed high range resolution radar system having a resolution of

30 feet was used in a Naval Research Laboratory Measurerr~~nt Program

sponsored by the Navy Space Project Office (PME- 106) of the Naval Electronic

Systems Command to generate profile data of fifteen ship types . Examples

of the radar data collected on passes over each of three ship types are shown

in the top three plots (1st , 2nd and 3rd projections) of Figures 2-2 through

2-5 .  The IRFP method which was applied to the top three plots generated

the bottom plot called the reconstructed image of the stern-bow prcfile

( i . e .,  IRFP stern-bo w profile) . On Run No. 38/Pass No . 8 of the U.S .S .

BARNEY the upper three profiles of F ’igure 2-2 were taken at the aspects

(measured clockwise from the ship ’s bow) 202 °, 165° and 135°, respectively.

Note the measured radar cross-sections 362. 5540, and 2061 square meters

taken at the first , second and third projections, respectively. The projected

length of the ship at each projection is noted also. The horizontal axis of

each plot denotes the number of range cells (50 feet per range cell) measured

from the stern to the bow along the projection. The vertical axis denotes

the radar cross-section of the ship ’s portion contained in the range cell.
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Figure 2—4 IR I- P Resul ts  of Run  No. 32 /Pass  No. 1 on the U . S .  S. DAHL ;HE N
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The botto m profile is the output of the IRFI ’ method r-esul ting IV
I-V OI l I  the

input of the upper three profiles. This is the reconstructed image of

the U. S . S. BARNEY. The left end of the profile represents  the stern

and the ri ght end the bow. The IRFP results of another pass over  the

U. S.S. BARNEY are given in Figure 2-3. A broadside drawing of the

U. S.S . BARNEY (DDG-6) is given in Figure 2 -6 . Note the similarity

between the IRFP stern-bow profiles of Figures 2 -2 and 2-3 and the

superstructure of the U.S.S.  BARNEY in Figure 2-6 . The IRFP results

of a pass over the U. S. S. Dahlgren and of a pass over a Danish tanker

(the ESSO DENMARK)  are given in Figures 2 -4  and 2 - 5 , respectively.

A drawing of the U. S.S . DA}-ILGREN is presented in Figure 2 -7 . A

picture of the ESSO DENMARK is shown in Figure 2 - 8 .  In all passes

the upper three profiles have been normalized to a total cross-section

of the projection that lies between the cross-section of the other two

pro~ections . The IRFP profile has been normalized to this sam e cross-

sec U on.

The results of the application of the Optimal Spline Method to the

IRFP stern-bo w profiles of Run  38/Pass 8, Run 40/Pass  6 , Run 32/Pass  1

and Run 44/Pass  1 are contained in Figures 2-9 through 2-12 , respectively .

In this application the radar cross-section is normalized to unity.  The

coefficient of the optimal spline function for each spline region is symbolized

by the notat ion ‘ PBA R ” . Optimally placed knots are denoted by the notation

“Ol’TlMAL ” . For example , in Figure 2-9 the value of r 1 , ( i .e . ,  the f i r s t

component of the p vector Equation(4 . 16)) for the first  spline region

j~0.0, 0 . 7 2j  is eq ual to 0.19; the first knot is optimally located at 0 .72 .  The

second knot is optimally placed at 2 . 7 5 .  Since each range cell represents

50 feet along the ship t s length and since the stern starts at zero it follows that

the first knot falls at 0 .72  x 50 feet 36 feet from the stern , the second at 138

fee t , etc.
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I
The number of knots , an output of the Optimal Spline Method , is five

for both U . S .S . B A R N E Y  passes - Figures 2-9 and 2-10. Note that  eigh t knots

were calc ulated for the U . S .S . DAHLGREN and seven for the ESSO D E N M A R K

- Fi gur -es 2-11 and 2-12 , respectively. The knot locations and the optimal

spLi ne coefficient values are tabulated in Tables 2-1 and 2-2.

Analyzing the f i rs t  two columns of Table 2-1 and the f irst  two columns

of Table 2-2 we see that for both U .S. S. BARNEY passes the knot locations

and the coefficient values are in good agreement. Looking at the third column

of Table 2-2 we observe that the coefficients for the U .S. S. DAHLGREN

diffe r from those of the U . S .S . BARNEY in sign as well as in magnitude.  These

differences together with the difference of 5 knots for the IJ .S. S . B A R N E Y

versus 8 knots for the U . S . S .  DAHLGREN make it easy to distinguish these

two ship types.

It is also easy to distinguish between the ESSO DENMARK and the

U . S.S. BARNEY because (1) there are five knots for the U . S .S . B A R N E Y

and seven for the ESSO DENMARK , (2) their knot locations differ  consider-

ably and (3) their optimal spline coefficients diffe r greatly in magnitude for

some of the spline regions.

Furthermore, it is easy to distinguish between the ESSO D E N M A R K

and the U .S.S . DA HLGREN because (1) their coefficients differ in sign and

(2)  they have differences in knot locations.

Optimally locating the knots has two advantages. The first is the

extraction of the independent features for classification purposes. The

second is the reduction of the least-squares error. In Table 2-3 is

presented a comparison of the least-squares error between optimally located

knots and equally spaced knots . The least-squares error of Run No . 38/

20
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Pass No. 8 for op timally located knots is . 01 and the error of the same

run for equally spaced knots is . 87 . The ratio of the error associated

wi th equally spaced knots to the error associated with optimally located

knots is 87. In all cases this ratio is greater than 10.
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C HA P T E R  111

RE SULTS OF’ AN APPLICATION OF’ TIlE OPTIMA L SPLINE
METHOD TO Al RCRA FT SYSTEM IDENTIFI CATION

Aerodynamic  der ivat ives  are highly dependent on the angle of

attack variable a and the sideslip angle variable 8. Thus , these angles

are important state variables in the state-dependent m odeling of the

forces and the moments that  act on an aircraft. Presented in Figures

3-1 and 3-2 are applications of the Optim al Spline Method to angle

of attack and sideslip angle flight test data of a light jet trainer  air-

craft. The Optimal Spline Method calculated twelve knots for the angle

of attack data and optimally located them as shown in Figure 3-1. it calcu-

lated eight for the sideslip angle and optimally located them as shown

in Figure 3-2 . The first  knot denoted by ‘ OPTiMAL for the sideslip

angle is optimally placed at 4 . 62 seconds; the spline coefficient which

is denoted by “ PBAR ’ is 0. 02 for the f i rs t  spline region , 0. 30 for the

second spline region, etc.

E qually spaced knots have been used to fit  the same ang le of

attack and sideslip angle data. The result of using twelve equally spaced

knots on the angle of attack data is shown in Figure 3 - 3 .  The fit  is

not adequate at the times 3. 5, 5 .5 , 7 .5 , 9 . 3 , 10. 7 , 13. 7 , and 14. 7 .

At each of these times the smooth curve falls outside the statistical

limits of the noise. Shown in Figure 3-4 is the result  of the use of

eight equally spaced knots for the sideslip data . An unsatisfactory

fit is even more pronounced here than it is in Figure 3-3. Conse-

quently, equally space knots provide unsatisfactory smoothing unless

an abundance of them are used . The Optimal Spline \-lethod

provides an adequate fit with a reduced number of knots by optimally

locating them so that the resulting smooth curve can stay in phase

with the data.
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( I l AP T E R  Iv

M A V [I I E M A T I C A L  i)ESCxtIPTION OF PROBLEM

4. 1 Time l’unct ion Representa t ions

The problem being investigated deals wi th  the representat ion of a

time func t ion  by the superposit ion of a family of s imple func t ions  w h i ch

are easy to define , generate and implement. In part icular , it is sought

to minimize the number of parameters in such representations, whili

maintaining a required degree of accuracy.

Let f(t) denote a square integrable time function defined over a t ime

interval [T , T1]. Let d(t) be a measured time history of f( t ) :

d( t)  f ( t )  77 ( 4 . 1 )

where  i~ is a stationary Gaussian process with variance a 2

Let [ a (t) n = 1, 2, --- ) denote the family of simple square integrable

functions to be used in the superposition. Since onl y a finite r iumuer  of

terms, N, is possible for a practical realization of f(t ) ,  it is necessary

to choose coefficients q1, q2, - --, q~~ so as to render a minimum to the

criterion:

T N
E = ~ [ d(t) - ~ q~ a (t) j 2 dt (4 . 2)

T n 1
0
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I - o i  ~~ - ~-ase of a complete o i-th ono r -xna i  func t ion  se r i e s  (e . g. • 1- cu 1~
) 4 - 1 ~ ,

\ \ a l s h . H a a r )  the m i n i m u m  is a t ta ined  by ma k i n g

i fq - d ( m )  a (t) dt ( 4 . 3 )-I,
0

and the e o ’ I - o i -  E monoton ica l ly  d4~~’ reases to the va r i ance  2

becomes very large .

The advantage  of us ing  orthogonal  series is the ease wi th  wh ich  the

opt imum q ’ s of (4. 2) are computable , i. e . ,  us ing  E qua t ion  (4.  3).

I r equen t l y, a large value  of N is needed in order tha t  the error F is

s u f f i c i e n t ly close to a 2
. Large values  of N are d i sadvan tageous  in

some app l ica t ions  (e .g . , ship c l a s s i f i c a t i on  and a i r c r a f t  system iden t i -

f i c a t i o n ) .  There are nonorthogonal  func t ion  series that  provide exce l len t

f i t s  and use onl y smal l  va lues  of N .

One such nonorthogona l series Ls composed of qu a d r a t i c  sp line f u n c t i o n s .

Before introducir i g these funct ions  the solut ion of ( 4 . 2 )  w i l l  be der ived

for nonor thogonal  series. Def inet  the row vector  q T as

= (q 1, q 2~ ‘ q0
) (4 . 4 )

the row vector aT (t) as

~~
1 (t)  = (a~ (t ) ,  ~ 2 (t ) ,  - - -, ~~ ( t ) )  ( 4. 5)

tThe superscr ipt  T denotes transpose.

I
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th th V -

and the ma t r ix  B whose i row and j column e lement  I) . is ~‘ iven  hv

- ~ .( t) ~ (t) dt (I . ( I )

iJ 1 j
0

The solution of (4 . 2)  is given by

‘-I
f

a B d(t)  a( t) dt (4 .~~)

0

For the case that B is the identi ty matr ix this solution reduces  to (4.  3).

4 .2  QU -~DRAT 1C S.PLINE F U N C T I O N S

C onsider the following general 2nd order nonlinear d i f fe ren t i a l  e q u a t i o n

~ (t)  = f (t ,  r ( t ) ,  ~‘(t)) (4 . 8)

where  r and f are scalars and where f is a continuously d i f fe ren tiab le

func t ion ,  in tegrat ing both sides of this  equation twice with  respect  to

t ime over the interval [‘-1’ , t ]  gives

r( t )  = ~(T 0) + r (T ) (t - T )  + :~ ‘ f(s , r (s) ,  -( s))  ds d~ ( 4 . 9 )

The double integral can be rewrit tn as

~~~~~~~~~ 

6 (s , r)  f (s, r (s ) ,  ‘(s)) ds dT

where

1 s s
ô (s , T)  = 

1’ ( 4 . 1 0)
0 s > i.
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In t e r c h a n g i ng  the order of in tegra t ion  and car rying  out the i n t e g r a t i on

r e su l t s  ui

(t - s) f (s, r ( s) ,  - ( s ) )  ds

Consequent ly r (t )  can be rewr i t t en  as

r ( t )  = r r (t - T )  + (t - s) f (s , r(s) ,  r ( s ) )  ds (4. 11)

- 
. 

~~~
. -where r = r ( F ) and r

0 
= r(T ). This equation is the integral

equivalent  of the d i f fe ren t ia l  equat ion. The in tegra l  term is evalua ted

as follows: The total tim e domain of interest [ T ,  I f ] is divide d into a

number of subregions [T~_ 1 T .], j 1, 2, -- - , m+1 called “splines ”.

The points 1’ , T , -- -, T are called knots. h ere, T = T ..  The
1 2 m m+ 1 I

in tegra l  can be wr i t t en  equivalent ly as a sum of integrals  over each

spline region , i. e .,

j- 1 T
r( t) = r

0 + r (I - T )  + 
~ $ 

k (t - s) f (s, r(s) ) ds
k=1 Tk l

— I t I

J ~, (t — s) f (s , r (s) , r(s)  ) ds (4, 12)
j — l

where  t€ [T~~ 1. Ti ,  j = 1, 2 , - - - , m+ 1. By choosing su f f i c i en t ly many

splines we can model f (s , r (s) ,  r ( s ) )  as a constant  ‘it . over each spline

region [T~~ 1~ T .], j = 1, 2 , --- , m+ 1. With this  approximation r ( t )

becomes

Tk l  + r k
r ( t )  = r + (t - T )  + 

k=1 
(T
k 

- Tk l
) (t - 

2

( t - T . ) 2
1-1 (4 .13)
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where  t€ [T . 1 , ‘F .]. ‘l’his is the quadratic spline function. ‘I he fam ily

of such func t io ns is generated by l e t t i n g  the knots and the par ameters

r , , , - - - , ‘r vary over thei r  regions of d e f i n i t i o n .  In vector
0 1) 1 in

form ti le quadrat ic  spline function can be w r i t t e n  as

r ( t )  = 
T (t; T) .p (4 .  14)

whe re the knot vector T is given by

T = (T 1, T 2
, . . .,  T ) ,  (4 .15)

where

= 
~
‘
~i’ “~m+i r , ‘ )  (4. 16)

T (t; T) = ( a 1 (t; T), a2 (t; T), . . .,  a~~~ 3
(t , T ) )  (4. 17)

a~~~2 (t ;  T )  = 1 (4. 18)

a~~~3 (t ; T) = t - T (4. 19)

and where , for j = 1, 2 , , , , , m+1,

0 T �t ~~~T,
0 * j - 1

(t -

a. (t; I~ 
= 

2 T 1 
� t � T. (4. 20)

(T~ - T . 1 ) (t - 

T . 1 + T. 
t � T.
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1
In an applicatio n to ship classification the function r represents the

radar cross-sect ion per unit ran ge resolution ( i . e. ,  density) along the

length of the ship from the stern to the bow . Since this density is zero

at the beginning of the stern and at the end of the bow the constraints

r = 0 (4 . 2 1)
0

r(T ) = 0 (4 . 2 2 )m + - l

m ust necessarily be invoked. The coefficients r , ,j = 1, 2 , ...,  m+l

provide a composite picture of the ship ’ s superstructure.

To put the quadrati c spline fun ctio n in the notation of Section 4. 1 let the

vector T be fixed and define

cr .(t) = a.(t; T) j = 1, 2 , — —— , N (4 . 2 3)

where N = m+3.  The vector 91 corresponds to the vector i~.

4.3  A GE NE RA L TIME 1-T N C T I O N  OPTIMIZATIO N PROBLEM

The quadratic spline functions introduced in the previous subsections

provide a family of simple functions for the representation of a time

function. The quadratic spline functions form a nono rthogonal function

series that quadratically depend on a paramete r set T of knots. In

general, then, a family of simple f unc tions for time f unc tion represen ta-
tion will depend on a set of parameters such as T and the dependence

will be possibly nonlinear. Consequently a general time function

I

~ 

~~~~ ri: .
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I
Optimizat ion problem has the error criterion

1 - 2E(y,  
~~~~~ 

= ST
’ [d(t )  - ( t ; T) • gJ dt (4 . 2 4)
0

where

T
a = (q 1, q2, ~~~~~~~~ 

(4. 2 5 )

T 
~~~~~ 

T) = (a, (t; 
~~~~, a2 ( t ; T), . . . , a~ (t; T)) (4. 2 )

and where the (m+ 1 ) dimensional vecto r T denote the set of parameters

on which the simple functions a. (t; T), i = 1, 2 , - -- , N, depend . In

the case of quadratic splines the vector T represents the set of knots.

Since the argument q occurs linearly inside the square brackets the

error criterion E(q, T) can be minimized with respect to q, holding

T fixed, to give an analytical expression for 
a 

as a function of i .

Equation (4. 24) can be rewritten as

E (q, T) = 
~~~~~~ [d

2 (t) - d(t )  aT (t T) qJ dt

- 

~T0 
[d(t) - ~

T (t; T) • q]  aT (t; T) ‘ q dt ( 4 . 2 7 )

Minimizing E (q, T) with respect to a give s

S ~~~~ [d(t )  - aT (t; T) . q a . (t; T) dt = 0, j 1, 2, - --, N (4.  28)

Or, equivalently, in matrix form

A
B(T) a (I) ~‘ (T) ( 4 . 2 9 )
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I
A

where q (1) denotes the optimum q, the vector

(y . (
~ ). v2 (~~~ ‘ ~~~~~~~~~ ~ N ~~~~ 

( 4 . 3 0 )

has components

T 1 d(t)  a . ( t; T) dt. 1. 2. --- , N ( 4 . 3 1)

and the matrix B (T) has elements

T f
b. (T) = 

~~~
. (t; T) a (t; T) dt , i , j  = 1, 2, —— , N (4. 32)

A
Substituting the optimum q (T) into (4. 27) gives

A 
1 f ~ T T A

E (q (T) , T) = d~ (t ) dt - ~ d(t) c~ (t, T) . q (T) dt (4 .  33)

o T 
—

0

since th e second integral  oc (4 . ~~) is zero by way of (4 .28) .

Us ing the definition of ~ (T) we 
(-a n rewrite (4.33) as

A I I f 2 
A

E (q (T), T) = d (t)  dt - 
~~~~ (T) 

‘ q (T) (4. 34)

- 0

Since the f i rs t  term is independent of T it will have no bearing on the
A

generation of the optimum T . Consequent ly. we redefine the e r ro r

criterion E as

E (T) = 
T (T) B 1 (T) ~ ~~ 

(4. 35)

which is the last term of (4,34).

1

_ _ -V -V____ __ i_ 
-- - V - ~~~~~~~~~~~~~ - - - - ~~~~~~~~~~~~~~~ -



Our objective is to maximize (4. 35) with respect to the knot  vector T

in th e p resence of the constraints

T~~1 ~ 
‘-1’.. i = 1, 2 , — — — , m+ 1 (4 . 36)

whe re ‘I’ = Tm-~1

4 .4 V A R I O U S  CASES OF THE QU ADRAT iC SPLINE O1~TIMIZATIO N
I~ROBLEM

The quadratic spline function r(t) is given by (4. 14). In some problems

the values of r(T ) and r(T f ) are known a priori and in other problems

the values of r(T ) and ~‘(T ) are known a priori.  When this is the case
0 0

su ch knowledge reduces the dimension of the coeff icient  vector q. The

following cases cover a spectrum of applications.

( ase 1. No knowledge about r(t)  is knowr. a prio l-i .  In this case

~ (t; T) a (t; T) (4. 37)

I = (4.38)

Case 2. The values of r(T
0

) and r(T
f

) are known a prio ri:

r(T ) = c
1 ( 4 .3~~)

r(’I’f
) = c

2 
(4 .40)

i” or this case it is convenient to redefine the data d(t)  as
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(t — 9’
~1(t) d(t) — C

1 
— (c

2 
— c

1
) (‘I’ — 9~~) 4 . 4 1 )

and to define

T .. . *q = (r i , r2
, -—- , r 1

) ( 4 . 4 2)

and ~ (t; T) with the components

(t - T
T) = a .(t; T) - a .(T f ; f )  (T

f 
- T )  ( 4 . 4 3 )

for j = 1, 2 , --- , m+ 1. This case with c 1 c
2 

= 0 applies to the ship

classification application.

Case 3. The values r(T ) and i~( T )  are known a pr ior i :

r(T ) = c
1 (4 44)

= c
3 

( 4 .4 5 )

The data is redefined as

d(t )  = d(t) — c — c (t — T ) ( 4 . 4 6 )
1 3 o

In this case the vector function a (t; T) and the coefficient vector q

are given by

T (t; T) (a 1(t; T), a2(t; T), — — — , a 1(t; T) ) (4 . 47)

T .. ..
= (r 1, r 2 , - — — , r~~~1) (4 .48 )

I
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_________Case 4. ‘[‘he value of r(T ) is given a pr ior i :

r (T ) = c (4 . I I I )

0 1

The data d(t )  is redefined as

d(t)  = d( t)  - ci 
(4.  50)

The vector function ~ (t . T) and the coefficient vector ~ 
are defined as

T (t ;  T) = (a
1(t ; T), a2(t; T), — - -

, a~~~ 1
(t; T), a~~~ 3

(t; T) (4. 51)

T 
= r 2

, r~~~ 1, ) ( 4 . 5 2 )  
V

Case 5. The value of ~( T )  and r(T
f

) are given a prior i :

‘r (T ) = c3 
(4 . 53)

r(T 1
) = c2 

(4 . 54)

The data d(t) is redefined as

d(t) = d(t ) - c2 
— c3 

(t - Tf
) (4. 55)

The vector function ~ (t , T) has components

a.(t; T) = a .(t; T) — a.(T 1
; T) (4. 56)

I

‘ I
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I

for j = 1, 2 , - - -
, m+1 . The coefficient vector a is defined as

T ..
q = (r 1, r 9, — — — , r~~~ 1 (- 4 . ~

Case 6. The value of ~( T )  is given a priori

i-~(T ) = c
0 3

The data d( t )  is redefined as

~ (t ) = d(t)  - c3
(t - T )

The vector function a (t , I) and the coefficient vecto r q are defined as

T) = (a (t; T), --- , a (t; T ) )— — 1 — m+2 —

‘F •‘ •a (r
1, 1 2 r +1. r )

41
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The problem is to r n a x im i / ( -  E(T) of (4 .35)  with 1-espect to the knot

vector T. Several gradient methods are available for carrying out

the op t imiza t ion :  steepest descent , Newtor i-Rap hson , Newton . Gauss-

Newton , Fle tcher-Powell  and Davidon .  Newton ’s method is appealing

because of its quadra t i c  convergence propert ies.  It can be implemented

since the Hessian matr ix  is analytically computable .

The derivative a E Q 7)  has a Taylor series expansion V

dE(T b ) ~ E ( T a
~) ~

2 E(T a)
= + (T b _ Ta )ÔT 2 - -

hi gher order terms (5. 1)

If E(T) has a maximum at T = Tb then

~ E (T b )
= 0 ( 5 . 2 )

In addition , if the higher order terms are sufficiently small compared

to the other terms of (5. 1) then Tb can be approximated by

Tb 
= Ta 

- [ a 2 E(T a) ÔE(T a)

~T 2

42

—V-V - -



Suf f i c i en t  condi t ions  for the existence of a local maximum value of

1-:(T) at T = T 1
~ are  given in 114 , 15] and are that ( 5 . 2 )  is satisfied V

and that V

> 0, i • 2. 4 , 6 , - -—  (5.4)

< 0, i 1, 3. 5, — — —  ( 5 . 5 )

where

E11 E12 , , .

E21 E22 . . .

= ( 5 . 6 )

E~1 E12 . . .

- 2  b
E nk = 

o E(I ~ , n . k 1, 2 , — — — , i (5 .7 )
~ T~~ Tk

A
Sin ’-e  the hi gher order terms are seldom zero the optimal value T
is obtained through convergence. That is, if T3 = T k represents

the solution of U~.3) for the kth i terat ion and if Tb = T k+l  represents
the solution of ( 5 . 3 )  for the ( k + i ) th iteration then

= l imit  T k~~ (5. 8)

Since

= 8 1(T) y (T) (5 .9)
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we can r e w r i t e  F(T) in the fol lowing forms

E (T)  ~‘t (r~~) y (T) (5 . 10)

= ~
T (T) ~ (T) ( :~. 11)

In much of the following development the a rgumer .t T wil l  be lef t
A

out of the various functions such as b , q, y, B and thei r  de r iva t ives .

The vector -
~~

-
~~~

- has components , -
~~

-
~~~

- , . ,. ,

- 1 m

These components are given by. k 1, 2, - -- , m ,

AT d AT c~B A
= 2 c i  _ _ _ _  — a ( l2)

JTk àT~ 
-

~ 
dT k

which is obtained by use of the identif y

____ -: - B 1 
~~ B 1 (5 . 13)

The elements of the matrix 
~T’2 are

given by, k , n = 1, 2 , --- , m ,

= 2 -1 iy AT

k ~ ~~~~ 
T k

- ~“ —~~-~~~~ ~~ ‘ ___  

~~~~~ -
~1~ 

B ’ ~~

AT ~B -l ~~ A AT ~~~ A

‘-I —k- ~ -! 
~ ~~~~~ 

(j . 14 )
k n 2 K
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I
Consequen t ly ,  in o t -der  to solve (5 .  3)  we need the fol lowing c omput ~- i

foi k , n 1, 2 , ——— . rn:

-1 A
~~, I 4 , B ,~~j

Express ions  for  the above quantit ies can be derived for  each case

discussed in Section 4 .4 . These expressions are derived for  Case 1

in Chapters VI and VI I .
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C H A P T E R  \‘l

ANALYTICAL EXPRESSIONS FOR THE Q U AN T i t I E S  OF CASE 1

6. 1 The B Matrix

The elements of the symmetr ic  matrix  B are given by

~~ 
Tf a~ (t ) a~ 

( t )  dt
T0

for j , i = 1, 2 , , m+3 where  the a ’ s are defined by (4 . 18) - ( 4 .  2 0 ) .

The argument  T has been dropped.

For i = 1, 2 , — — -  , m +l , define

Z~ T~ 
- T~~ 1 (6 . 1)

S~ Tf — 
( ( ; . 2)

For i = 1, 2 , ----  , m +1 the following equations can be der ived:

b~1 
~~~

-

~~~~

- 
+ ~~~~~~~ 

~‘ 
+ 

~~~~ ~ (6 . 3)

For i = 1, 2 , --- , m the follow ing equation holds:

2 3
zi+l Zj-fI S~

= ~ i ~ i~ l ~ 12 
+ z1 ] + —i—— +

~ Z~ S141 - Z~÷1 S~ I I (6 . 4)
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The fol lowing equation has been der ived tor i = 1 , 2 , - - -, r n - I ;

j  i — ’ 2 , — — — , m =  1:

~~ = 
Z I Z ! [ (S~ ÷ [ S~ (S~ + Z~) ~ ] +

- ~~~~ 
z 1

2
~ (S~ - ~~ ) - 

~~~~~ (6 . 5)

E quations (6. 6) and 6. 7) hold for i 1, 2 , --- , m+ 1.

b. ( in + 2 )  
= + 

~~ 2 

~~~~ + E~~ S1
2 ( 6 . 6 )

b . = ~T - T  - S ] b . +1 (m + 3 )  f 0 1 (m+2 )

- 
1 

+ S 2 + 
Zi ~~ (r  7)2-4 4 1

b = T - T (~~. 8 )(m + 2 )  (m+2)  f o

(m+3 ) = (T f - T ) 2 (t ; . ( I )

b( 3 )  (m+3) 
= (T

f 

2
_ T ) 3 (6.  10)

3
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- ~ B -6. 2 [he  — Matrix

The elements of are denoted by

____  = b 13 k (6.11)

Note that

b 1~ k = 0 unless i, i = k or k + 1 (6. 12)

The follow ing equations, (6. 13) - (6 .  23) ,  hold for
k = 1, 2 ,——— , m:

In addition , Equations (6. 13) and (6. 14) hold for j 1, 2 ,--- , k - i :

bjk k = -
~
j— Si~~ 

( S~ - + ~~~~ (6. 13)

bJ ( k + i )  k 
= - b

J k k ( .  14)

2 
~~ zb kk k = Z k Sk ~ 3 2 (6. 15)

b k ( h + l )  k = + ~~~~ 
~~~ (Z

k+l  
- Zk ) (6 . 16)

- ~~~~ - Z~~

b( k ÷ l ) ( k ÷ l )  k - - Sk
2 

Zk+l (6 . 17)

Zk+ 1(
3 S k

_ 
2~~~

I
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Note that

( 
h ( k + l )  ( k + 1) ,  k 

= -2 b
k (k+ 1) .  k

Equations (6 . 18) and (6. 19) hold for j = k+2 , --5 m+ 1:

2 2 2
bkj, k 

= 
~ Sk I S~ S~~ 1 

+ -
~~~~~

-- } - (
Si-I  ~ ) (S~ -

- -
~~~~

- z~
3 (6 .18)

b(k+l)j k 
= - bk, k 

( 6 . 1 9)

Sk 2

(m +2 ) ,  k 
= (6 . 20)

Sk Sk
(m+3) .  k 

= - — + —j ’-- (T f - T0 ) (6 . 21)

b(k+l ) (m+2), k 
- bk (m+2),  k 

(6 . 22)

b(k+ l)  (m+ 3) . k 
- bk (m+3),  k 

(6 . 23)

6 . 3 The 
~Tk~

3T n 
Matrix for k = n; n = 1, 2, - - - , m.

The elements of 
~T~

2 are denoted by

2 = b . .aT ij ,  nn

1
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Note that

9
~ b1~ = 0 unless i or j  = n or n+1 (6 . 24)

Equations (6. 25 )  and (‘i . 26) hold for i = 1, 2 , - - -, n — i :

Abj~~, nn = — 
2 

(S~ + S~~ 1 - Sn) (6 .25 )

bi(n*1), nn = - ~~~~ r~ri 
( 6 . 2 6)

3
bnn , ~~~~~ 

- Zn Sn Sn _ i  ± 
2~~ ( 6 . 2 7 )

b (n+ l )  (n~ i), nn = Zn+i Sn Sn+l + 
Zn÷i 

+ 
2Sn 3 

(6 .28 )

b - 
bnn , nn + b(n+i) (n+1), nn

n( n+ i ), ~~~~~ 

- — 

2 
(6. 29 )

Equations (6.30) and (6.31) hold for j = n+2 , --- , m+l:

bnj , 
~~~~~ 

= - - Sj S~~ 1 (6 .30)

= — b~i3 ~~ 
( 6 . 3 1 )

bn(p V.l±2) ,  nn = - 5n 
( 6 . 3 2)

9

bn(m+3), ~ “ 2 
- S~ (T f - T0) (6 .33)

b(~ ÷ 1) (m+2) ,  ~~~~~ 
= - bn(m+2) ,  nn (6 34)

b(n+1) (m+3), nn = - bn(m+3) ,  nn (6 .35)

I
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6. 4 The — ~~~~~~~~~~ Matr ix for  k = n -s- l; n 1. 2 . --- , m -l.
~ k r n

The elements of are denoted by b. -
T~~ 1 T~ ij ,  (n+1 ) n

Note that

b13, (n - r i )  ~ = 0 unless i and j  = n . n+ l  or n+2 (6 .36 )

bnn , (n ÷ i )  ~ 
— 0 (6 .37)

2 S~~ 1 Z
n ( n + l ) , (n+ 1) n - n+ 1 ( + 

2 (6 . 38)

bn(n+2), (n+i) n = - bn(n~f~i), (n+i) n (6.39)

b(n+ i )n , (n+1) n = bn(n+1), (n+1) n (6.40)

b(~~ 1) (n+i), (n-f-i) n = — 2bn(n+i) (n-*i) ~ 
(6.41)

b(~+1) (n -i2), (n+i) ~ 
= bn(n+i) (n+1) ~ 

(6.42)

b(n+2) n. (n+1) ~~ 
= - b~(~+1), (n+i) n (6.43)

b(n+2) (n+1), (n+1) n = b~(~+1) (n+i) n (6.44)

b(~+2) (n+2), (n+l) n = 0 - ( 6 . 4 5)
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6 .5  The - -  Matrix for k n’2 , - - -, m; n = 1, 2, - - -, r n - 2Jr kS i 
___________________

The elements of 
~T 5 T  are denoted by ~~ kn

Since B is symmetric we consider only those elements b~3 w ith i~- j.

b~3 kn = 0 unless i = n or n+ 1 and j = k or k+i (6. 46)

2 Sn Sk
bnk , kn = Sk (~~~~~~~~~ 

- 
) ( 6 . 4 7 )

bn(k-i-l), kn - bnk , kn (6. 48)

b(fl+ i)k, ~~~~ 
= - bnk , ~~ ( 6 . 4 9)

b(n+1) (k+1), kn = bnk kn ( 6 . 5 0)

6 .6  The y Vector

The elements of V are given by

= j~~ f d(t) a~ (t)  dt (6 .51)

for j = 1, 2 , - - -, m+3. Since the data d(t) is given in discrete

form rather than continuously we write the discrete form of (6. 51) as

Tf - T 0 I

~‘.1 = E d~ a3 
(t 1) (6 . 52)

i= i

where I is the number of data points and where
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I
d~ = d(t~). i = 1, 2, — —— , I 

(6 .53)

t j j  t~ + At ( 6. 54)

T f - T 0
= — i 

(6.55)

= T~ + ( 6 . 56 )

t1 = T~~—~~~ — ( 6 . 5 7 )

For j = 1, 2 , - -- , m define the integer J( j ) so that it satisfies

the inequalit ies

tj ( j )  ~ T~ < tJ(j )+ 1 
(6.58)

Consequently , ‘~ is given by

= 
(Tf - T0) 

~ 
d~ 

~~~~~ _

- T ) 2 
+

i=i  1

Z 1 
d~t~ + z1 ~~ 

— T 1 ) 
i= J ( i) + 1 

d~
) (6 .59 )

i = J ( l) + 1

For j = 2, 3, --- , m, is given by

(T 1 - T0) ~~~ (~~~) (t~ - T~~i) 2
— d

~ 2 *
i =J ( j— 1) -f - i

I z- I
Z~ E d1t~ + Z1 ( 

- T3 ) ~ d~) ( 6 . 6 0 )

i= J (3)+ 1 i=J (j ) -
~
- 1

Furthermore , Ym+i is given by
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(T f - 1’s) 1 (t - —

)‘rn+l = 1 - 
d1 2 ( 6 . 6 1 )

and , Ym+2 and Ym+3 have the equations

(Tf - T0) I
= i ~ d1 ( 6 . 6 2 )

i=1
(T 1-  T0) I

Ym—3 = 
~ d1 (t 1 — T0) ( .  63)

i= 1

3) ~

6.7  The Vector for k = 1, 2 , --- , m

The elements of_ ~Z~~ are denoted by

~ yj

~‘j,  k (6. 64)

From (6. 59) - (6 . 61) we derive

- 0 J 
= 1 ,  2 . - —— i k — i  ( 6 .6 5 )

(T f — 
T0)

~k. k = d1 (t~ 
— T k) ( 6 . 6 6 )

1 ,1 (k)+l

Y (k~~1), k — 

~ K , k ( 6 . 6 7 )

~j . k 0 j  = k +2 , - -- , m+3 (6 . 6 8 )
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6 .8  The Vector for n = 1,  2 , ---- , m; k = n , n+1 . --- , m
oT k0T n

The elem ents of 
~T k n  

are deno t ed by

ST k~Tn 
= ~J , kn 

( 6 . 6 9 )

For k ~ n we note that

kn = ~~~ j = 1, 2 , — — — , m+3 ( 6 . 7 0 )

For K = n we can check that

= 0 unless j = n o r  n *l  ( 6 . 7 1)

(Tf- To)
nn = - 

I - 

d1 ( 6 . 7 2)
i=J(n)+i

nn = - ( 6 . 7 3 )

55

—--~~~--- -V~~~~~~~~~~ V— - — =-- ---— ~~~~~~~~--~~~~-- -



- -

( ‘ l I A P T E R  VIJ

A N A l  \ I I (  Al  F X P R E ~SSIo~\’- I OR A N t )
~ l k  oT k~~1 ,1

In Section 6 .7  it is shown that the vector ~~~~~ has at most two
ôT knonzero components . In Section 6. 2 it is shown that the mat r ix

has at most two nonzero rows and two nonzero columns.  The

sparseness of the nonzero elements in these vectors and matr ices

greatly facilitates the calculations of and . TheoTkôTn
formulas for these derivatives are given in this section.

It is convenient to make the following def in i t ions  for  n = 1, 2 , - -- , m;

k = 1, 2 , — — — , in:

m+ 3
= L bjn ~ 

q~ - (q~ 
- qn+ 1) b (7 . 1)

rn -I- 3
C~ = b1~ n~ 

qj  - (q~ - qn+ i)  bri~~ ~~ 
( 7 . 2 )

i= i  2

= h flk - h fl( k f l )  + h ( 1 )  (k~- 1) ( 7 . 3 )

rn÷3 m~ 3
E nk = E b .~ ~ 

b k k h~3 
( 7 . 4 )

i= l

m+ 3
C = E b . (h . — h , ) (7.5nk in , n ik i (k+l)

where  the matr ix  H is given by

H = B 1 
( 7 . 6 )
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with elements ~~~ i . 3 1. 2 , - - -, in ’ 3.

I
N ote  that

1
~kk . k + b ( 1) (k~~l ) ,  k = - 2 b k (k+ 1) ,  k 

( 7 . 7 )

b b = - 2 b  (7 .8 )
nn , nn (n4 1) (n+ 1) ,  nn n ( r i+i ) ,  nn

The f o l l o w i n g  analyt ical exp ressions have been de rived , having

made use of ( 7 . 7 )  and ( 7 . 8 ) :

- 

~ k+ 1~ ~ k, k 
( 7 . 9 )

a = 2(~~~ 
- 

~k+i~ 
A
k 

+ 
~~~~~~~ 

- ~~~~~ b
kk k 

(7 . 10)

= 2 - ~~ ÷ 1
) 

~~k, k 
- A k

) - (
~~~~~~ 

~k+1~ 
bkk k 

(7.11)

q
T ~~~ 

= 0 for k ~ n (7 . 12)
- 

~T~~~Tk n

T
= ‘~ , ~~~~~~ 

- ~~~~~ (7 .13 )

T
____ 

-l 
____B = ~~ n~~

’i-c, k 1nk 
(7 . 14)

n k

B 1 
~~ = 

~
>‘k , k I(~~ - q~~~1

) Gnk + 1
k 

A ]  ( 7 . 1:~)

~T B~~ :~: 
= V~ 

~~ 

[(q ~ 
- ~~~~~ Gk I- 1nk A k ] (7 . 16)
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F~’or n = 1 , 2 , — — —
, i n — I  and k n - f l , r i - 1 2 , — — —

, in it can be s how n

tha t  (7 • 1 7) holds

AT ~
2

B A

~T ~T q = 2 b k kn 
(q - q~~~1

) 
~~~ 

- ~~~~~ (~ . 1 )
k ri

F’or n = k i t  can be ver i f ied that (7 . 18) holds:

AT ~~~ A
= - ‘~n +i~ 

C (7 18)

— 

~ I ’ ~B -1 ~B A 
-~ T ~ T q A A k ~~~ 

+ (q - q 0~~1
) A k G flkn k

- q~~~~) A G kn 
+ (q - q~~~~) 

~~~~~~~ 
- 

~~~~~~~~~~~~~ 
Fflk (7. U)

Consequently, it follows from (7 . 12), (7. 14) - (7. 17) and (7 . 1~~) that

the following Equation (7 . 20) holds for k = n and E quation (7 . 21 ) holds

for k~~~n :

2 2
= 2 [ f (A - 

~
, ) +

(
~ — q  ) [ ~ ~~~( -+- (q — q  ) I ”n n~~1 n , nn n n n-f l nfl

2 G  (A  - y ) J )  ( 7 . 2 0 )nn n n . n
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= 2 [ f nk
(A

n~~~ Y n, n A k Y h , k
)
~~

(q 0 
- 9~~4 l~ 

(q,~ - ~~~~~ (F k 
- b k kn~ 

~

(q .~~~ ) G  (A - +
k 1k~~i kn n n , n

(q
~ 

- 

~~~~~~~~~~~~ 

G nk ~~ k 
- 

~ k~ 
~ (v.21)

I
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I I A P T E R  \ ‘ll l

A N A L  Y~1ICA I V V . ~ I) H l .S .V.~1 ( ) V .\= ; i - OH TI lE  QUAN’I ITIES (ii’ THE
SIIll~ ( l ~~~-~-dl - 1( ATI0N ( A SE — ( ASE 2.

8. 1 The H Ma t r ix

‘I he e lements  of the symmetr ic  mat r ix  B are given by

fi , = ‘f ~~(t)  ~.( t )  dt i, j = 1, 2 , - - -, rn+ l  ( 8 . 1 )
13 T 1 3

0

where the &s are defined by (4 .43) .  In t eg ra t ing  ( 8 . 1 )  a f t e r  the

substi tut ion of (4 .43)  gives

A = b . .  + a . a , b - a b .
13 13 1 3 (rn+3) (m+ 3)  1 j  (m+3)

(T f~~~T )  (T
f

_ T
0

)

- a b . i . j  = 1, 2 , — — - , rn -i- I (8.2)
i

(T
f 

- T )

where b. - is defined in Section 6. 1 and where
13

a . = Z . (S . + Z. ),  i = i ,  2 , — — — , rn-i-i (8 .3 )

2

8.2  The —
~~

--
~~~

-- Matrix

The elements of -4~f~ are denoted by

I

= 
~ i k 

( 8 . 4 )

~T k

I
V 
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N t e  that

i j  k 
0 unless i , j  = k or k÷ l  

( 8 .3 )

The following equations , (8.6) — (8.10) .  hold for k = 1, 2 , -- - , m:

E quations ( 8 . 6)  and (8 .7 )  hold for j 1, 2 , --- , k — i  and for

j = kr2 , — — — , xn ± 1.

~j k ,  k b
j k  k 

a
3 

Sk b(m+3) ( m*3)
(T i, >

2
f 0

S b , a .k j ( m -+- 3) 
______ 

b ( 8 . 6 )
- (T - T ) 

- (T - T (rn+3)k , k
£ 0 1

~j (k +1 ) .  k = - 

~j k , k 
( 8 . 7 )

= b + 
2ak Sk b 2S b - -

~‘kk . k kk , k — 2 ( in+3 )(m+3 ) - 
k k(~~~~J

(T f 
- T )  (T f - T )

2b(m±3)k , k ak
- 

(T f 
- T )  (8 .8)

k = b(k+ 1)k k 
+ b (m+3)(rn+ 3 ) (a

k+l 
- ak ) Sk

(T
f 

-

- 

~~m+3)k , k (ak+l 
- 

~~~ 
+

(T f 
- T

(T f T )  (b ( +3)k 
- b(~~~ 3) (k + 1 ) )  ( 8 . 9)

3kk , k + 
~(k+ 1)( k+ 1) k 

= - 2 8(k+l)k , k 
(8. 10)

I
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~ B - -

8, 3 [he 
~T ~T 

Matrix for k = n; n 1, 2 , - --
, rn

k

The elements of are denoted by
~ T~~

~ 2~ 
-

= 
~i3, f lf l

Note that

= 0 unless i or j = n o r  n+1 ( 8 . 1 1 )

E quations (8. 12) and (8 . 13) hold for i = 1, 2 , - - -
, n-l , n -2 , — — -

, mi 1:

pin , nn 
- b1~ ~~ 

- (a1 b( 3)(~~~ 3) 
- bi(m+3) )

(T - T )2 (T
f 

- T )
f 0

- a. b( ÷3)~ rm (8 . 12)
(T

f 
- T )

a = - (8. 13)
i(n+l) ,  nn in, fl-fl

2
8 = b + 2 ~ 

S b(~~~ 3)(~~~ 3) a b (~~~ 3)(~~~ 3) +
nfl , nn ~~~ 

~~~~~ 

2 
-

(T - T )  (T - T Y
f 0 1 o

b 2S b a b
(m+3)n 

- 
n (m+3)n, n 

- 
n (m-l-3)n , nfl (8 14)

(T
f 

- T )  (T
f 

- T )  (T
f 

- T )
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I

nn 
= b (~~~1) ~ ~~ 

+ b(m::~)(fl~+3) I a~ - a1~~ 1 
- 2~~~ 2 I  +

(T
1 

- T )  ~ b(m+3)(n+l)  
- b(m+3)n + b(m+3)n nn (a n 

- a~~~1
) +

4S b 3 (~~. 15)n (in+3 )n , n

ann, nn + 
~(n+ 1)(n+ 1 ), nn 

- - 28(n+ 1)n , ~~ 
(8.16)

8 .4  The 
~

Tk~
Tn 

Matrix for k = n+1; n ~ 1, 2, - - -
, m-l .

The elements of 
B
~~T 

are denoted by

2~
= 8ij, (n+1)n 

( 8 .17 )

Note that

(fl+i)fl = 0 unless i and j = n, n+l or n+2 (8. 18)

8nn (n+ l )  = 0

(n+l)n 
- b(~~~1)~ ( f l + i )f l  

+ S~ S~~~1 b(m+3 )(m+3)  ÷

(T - T ) 2
f 0

- 

(T 1
- T0) I S~~~1 b(m+3)fl ~ 

+ S~ b(m+3) (n+l )  n+ 1] (8. l~~)
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I
6n(n+2 ) (n+1 )n  

= - 

~ n(n+ 1), (n+ 1)n ( 8 . 2 0 )

8(n+l)n  (n+ 1)n 
- 8n(n+ 1), (n+l )n  (8. 2 1 )

= — 2R (8 ) ) )

~(n+1)(n+l) ,  (n+1)n ‘ n(n+l) ,  (n+ 1)n

(ri+ 1 )n = 

~ n(n+l) , (n+ l)n  (8 . 23 )

(n+ 1)n 
= - 

~ n(n+l) ,  (n+l)n (8 . 24 )

~(n+2)(n -fl ) ,  (n+l)n 
= 

~ n(n+l) ,  (n+l )n  (8 .2 5 )

(n+1)n 
= (8. 2 6 )

8.5 The 
~T ~T Matrix for k = n+2 , --- , m; n = 1, 2 , - - -

, m-2 .
k n

The elements of 
~T ~T are denoted by

k n

ku 
= 8 2~~T~~~T “ij, knk n

Since B is symmetric we consider only those elements $ ..

with i 
~ j.

= 0 unlessi n o r n+l a n dj = k o r k+ 1 ( 8 .28)
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= b~~ ~~ 
- Sk 

b(m+3)~~~ fl

(T f 
- T )

s 
Sk b( 3)(~~~ 3) 

- 

b( +3)k k ( 8 )e)
(T - T )  f o

f 0

8. 6 The ~ Vector

The elements of Ô are given by

- = d(t ) a .(t ) dt (8. 30)
-~ T

0

for j = 1, 2, - --, m+l . Making use of (4. 43) we obtain

a .  = - a. 
~
‘m+3 

j = 1, 2 , --- , m+1 (8. 31)

(T
f 

- T )

8, 7 The -
~~~~

-- Vector for k = 1, 2 , - - -
, m.

k

The elements of are denoted by

8Tk 
= 

~ 
k 

( 8 . 3 2 )

It can be shown that

k = 0 j  = 1, 2 , — - -
, k-i , k+2 , - — -

, m+ 1 (8 .  33)
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The Equations (8 . 34) and (8 . 3 5)  hold for j = 1 , 2 , - - - , m:

V = y .  - 
- S . a (8.34)

j , j  j , j  ___________ 
rn+3

(T f 
- T )

a - = - a .  - (8 .3 5)(j+ 1) , 3 3, 3

8.8 The 
~T~~~T Vector for n = 1, 2 , --- , m; k = n, n+1 , - - -

, m.
k n

The elements of 
~T ~T are denoted by

k n

~
T
k~
T 

= ~~ kn (8 . 36)

For k # n we note that

kn 
= 0 , j 1, 2 , - - -

, m+1 (8. 37)

For k = n we can verif y that

8 - = 0 unless j = n or n+ 1 (8 . 38)
J, nn

a = v + ~
‘m+3 ( 8 . 3 9)n, nn n, nn (T - T )
f 0

8(n+1), nn 
= - (8 . 40)
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_

The analytical expression of ~T and 
~ T ~T for Case 2 have

I - 
k k n 

-

the same lorm as given in ( hapter VI 1. It is only necessary  to subst i tu te

6 for V and 8 for b. It is important to modif y the data d(t )  according to

E quation (4. 41) before computing the vector 8 and its derivatives of

Section 6 . 6 - 6. 8 for their use in Sections 8. 6 - 8.8.
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The analyt ical  expressions for  Cases 3 and 4 a re  the same as for-

Case 1; the onJy d i f ferences  are ( 1) the dimension of the vec tors  q

and a and (2) the summa~~~ns of Equations (7 .  1, 7. 2 , 7 . 4  and 7. 5)

are carr ied  out over the dimension of q. Case 6 is similar.

9. 1 The B Matr ix  for Case 5

The elements of the symmetric matr ix B are given by

= b . .  - a . b - - a b  . -i- a . a , b (~~. 1)
13 j  ( m + 2 ) i  i (m+2) j  1 3 (m - ’-2)  (m~~2 )

where the a. ’s are defined by (8. 3) and the b ’s are given in Section

6.1.  ( omparing (9 .1)  with ( 8 . 2 )  we note that the analyt ical  exp res s ions

of B and its derivatives have the same form as in Case 2; it is only

necessary to make the following substi tutions together with the i r  par t ia l

derivatives:

substi tute b for b (9 . 2)
(m+2)  (m+2) (m+3) (m-i-3)

(T
f 

- T ) 2  
—

subst i tute  b . for b . (9 
~~ )j ( m - + 2 )  j (m+3 )

(T 1 - T )

9. 2 The ~ Vector for Case 5

The elements of ~ are given by
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~~~~
-

~
=

~~~~~~~~~~~~~
—

~~~~~~~
= - - -  

V V
_  V • V

= - a~ 
~m + 2 , i = 1~ 2, ——— . xn~~l ( 9. 4 )

Cons equently .  in view of Equation (8 .31)  the analyt ical  expressions

for  ~ç and its det - iva t ives  in ( ‘ ase 5 have the same form as ( ase 2;

it is only necessary to make the following subst i tut ion together wi th

its der ivat ives:

subs t i tu te  ~ for y ( 9 . 5)
m+3

(T - T )
f 0

lt is necessary to modif y the data d(t) according to Equations ( 4 . 4 6 .

4.50 and 4 . 5 5 )  before computing the y and its derivatives of Sections

6 . 6  - 6 . 8  for their use in Cases 3-5.
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PROC E l ) !. - RE F O R  S T AR T IN G  E STL\ IA’l ’ES 01” KN ( ) ‘ l~~

In this  section we descr ibe  a method for  generat ing a s t a r t i n g  ~-~ t i i n a t e

for the min imum number  of knots and s tar t ing es t imates  for the knot

values.

10. 1 A Procedure for ’  Est imat ing the Minimum N u m b e r  of Knots

l e t  \I be an integer and let the knots T~ . i = 1, 2 , - - -, \I be equally 
V

spaced across the time interval [T0 , Tf ]. Equat ion (4 . 29)  or ( 5 . 9 )  can

be solved for the values of qj , i = 1, 2 , - -- , M+3. The er ror  E(q,

can be computed using Equation (4 . 24).  if the e r ror  falls outs ide  a

required degree of accuracy  then the value of M is increased unt i l  the

computed error  lies within a required degree of accur-acy .  When t h i s

is the case the spline coeff ic ients  
~~~~ 

i = 1. 2 , — — — . M -  1 are sequenti:dlv

grouped in order , t imewise, according to positive or nega t ive  v a l u & ’~~.

1-or example , if q1 is positive , q2 , q3 and q4 negat ive and q5 and

positive with q7 negative then q 1 fo rms the f i r s t  group , q~~, q~~, and

the second group and q5 and q6 the third groups,  etc. A s i n r i t - ~p 1ine

region is designated to span each group of positive values.  The sam e

is t rue  for each series of negative values. The number of groups

determine the s tar t ing estimate for the minimum number’  of knots.

Let m+1 represent the number of such groups .

10.2 A Starting Estimates Procedure for the Knot Locations

The t i me s  separat ing the above groups provide excellent  s t ar t i ng

est imates for the knot locations. I -or  example , the t imes
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t T . ,  for  some jin

can be used as excellent start ing estimates for  the sequence  of knots

‘I ’
1~ 

1~~, T
3 , .. .,  T~~ that are used in the Optimal Spline Method of

Chapters  \ ‘l—IX .

With reference to Equation (4. 1) let ~ 2 
denote the variance of

the data to be splined. In the system ide nt ification of aircraft the

follow ing procedur e works well for estimating the minimum of knots

and for providing starting estimates of the knot locations. The knots

are recursively located so that the RMS value between the data and ~~~ .

spline fi t  is appr oximately equal to ~ over each spline region .  I !‘ i~-

is accomplished by placing the first knot so that the first sp line rt . ~ t-

- 
is the maximum of all splme intervals that have an associated RMs less

or equal to o . Each succeeding knot is similar ly placed.

I
I
I
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A n automated techn ique called thy Optimal Spline \Tethod has }~~~~V C f l

developed for- application to problems having high n on l i n e a r - i t i e s .  1t ~

app lication to ship classification and to a i rcraf t  system iden t i fi ca t ion  has

solved a major problem in each of those technological  areas. These a re ;

(a) the development of a technique to deter -mine independent f ea tu res  for

classif icat ion of ship types and (b) the development of a method that min i -

mizes the number  of parameters that are necessary for optimal es t imat ion

of fo r -ce and moment time histories in aircraft  system identif ication.

The Optimal Spline Method in shi p classification applications deter-

mines the number of separate supe r s t ruc tu re  masses, t he i r  separation f rom

each other, their  locations and their extended wid ths .  ‘Ihese indepen den t

fea tures  correspond directly to optimal spline coeff ic ients  of the  method.

The results contained in Chapter II show that ships of l i K e  type have similar ’

optimal s-7line coeff icients  and ships of d i f ferent  types exhibit lar-gc di f fer -

ences in theIr  optimal spline coeff ic ients .  in part icula r , it is shown that

the optimal spline coefficients provide a clear dest inct ion between a 1)LG

class and a 1)DG class.

In aircraft  system identification appl icat ions  the use of the Optimal

Spline Method has two advantages.  They are: (a) the o mp u a t i o n .~ and the

storage requirement  of the estimation process can be s i g n i f i c a n t l y  i-educed

without a decrease in estimation performance and (b)  an inc rease  in esti-

mation and , therefore , in identification performances can be a -h ieve d  under

the constraint of a fixed number of spliri e parameters.  Ad vantage (h ) is

demonstrated by the results contained in I- igures 3-1 th rough  3-4 . l- igure

3-4 shows the results of using eight equally spaced knots . The increase in
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pm-f o-ni ain-e du - in the application f tIo ’ Opt imal  Spl ine Method  is sh~~ i i

in l - ’igure :3 —2 . A d v a n t a g e  (a )  is i n d i r - - - t l v  demons t r a t ed  by tin ro- si 1t~-

c ) r ~ai1i (-d in 1- igures 3— 1 through 3—4 . In Figure 3 — 2  the t h i r d  and f o u r t h

knots ar- separ ated by 0. 82 seconds. In order to obtain equivalent I )( V 1- V

forinance through the use of equally spaced knots it is necessary to spa-

them at approximately 0. 82 seconds. This spacing increases  the n u m L e~-

of knots f rom ei i~ht to moi-e than sixteen . The computations and the storage

requirement increase exponentially with the number of knots.
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