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Final Report for ONR Grant NOOO1~1—7 6—C-O695

Office of Naval Research

Janet Myhre
Principal Investigator

During the period of this grant significant progress has

been made in determining probabilistic and statistical proper-

ties for the mixed exponential distribution (Pareto Type II

distribution). This probability law is proving to an accurate

model for fitting the distribution of life lengths for most types

of electronic equipment . The research related to the mixed expo-

nential has resulted in:

1. “Comparison of Parameter Estimation for the Pareto

Distribution ,” submitted to the Journal of the American Statistical

Assoc iation. This paper shows that the maximum likelihood estimate

for the scale parameter of the mixed exponential distribution ,

using complete or censored data, is at least as accurate as BLUE

(best linear unbiased estimate) or modified BLUE. In addition ,

It is shown that the maximum likelihood estimates are more versatile

than the BLUE and modified BLUE. [Attachment C].

2. “Asymptotic Distribution of Maximum Likelihood Estimates

for Parameters of the Mixed Exponential Distribution based on

Censored Data.” Draft in preparation for submission to Technometrics

for publication together with:

3. “Problems of Estimation for a Decreasing Failure Rate

Distribution Applied to Reliability,” which has been submitted to

Technometrics and is now under revision . In this paper the pro—

per’ties of mixed exponential distribution are studied . Simple
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techniques are derived which yield sufficient conditions for ob—

taining\the solution of the maximum likelihood equations when

one or both of the parameters are unknown , even when the data

is highly truncated or censored . [Attachment B].

4~ “Approximate Confidence Bounds for Reliability; Mixed

Exponential Distribution .” A draft of this paper , minus compu-

tations of the computer results, has been prepared . Additional

simulations will be run in order to complete the study . The

• simulations run to date show that In general the bounds are quite

accurate and that the variance of the distribution of bounds Is
p

relatively small. This paper will be submitted to Technometrics

or Naval Logistics Quarterly . [Attachment F].

5. “Robustness of the Mixed Exponential Distribution in

Fitting Mixtures of Exponentials.” Computer programs have been

written which , for known mixtures of exponential distributions ,

check the comparative accuracy of fit among the Mixed Exponential

distribution , the Weibull distribution and the Exponential distri-

bution. Work to date shows that under mixtures quite different

than the assume j Gamma mixture , the Mixed Exponential Is still

fairly robust . This paper will be submitted to the Journal of

Statistics and SimulatIon.

6. “HP—97 Programs for the Computation of the Maximum Like—

lihood Estimates for the Parameters of the Mixed Exponential

Distribution .” This program makes the Mixed Exponential model

more available to users. It wil]. allow the estimation of parameters

for small to moderate sample sizes. [Attachment D].
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Additional research completed under the grant includes:

“Determining Confidence Bounds for Highly Reliable Coherent

Systems based on a Paucity of Failures.” This paper has been

accepted for publication by the Naval Logistics Quarterly . It

deals with a computationally simple method for obtaining confi-

dence bounds for highly reliable coherent systems , based on

component tests which experience few or no failures. Binomial

and Type I censored exponential failure data are considered The

• component unreliabilities are ordered by weighting factors which

are presumed known . Sensitivity of the confidence bounds to

these assumed weights is examined and shown to be low.

[Attachment A].

An invited tutorial paper was delivered at the 1977 American

Society for Quality Control Technical Conference in Philadelphia.

It deals with decreasing failure rates and the Mixed Exponential

Distribution . [Attachment E].
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DETERMININ G CONFIDENCE BOUNDS FOR
HIGHLY RELIABLE COHERENT SYSTEMS

BASED ON A PAUCITY OF COMPONENT FAILURES*

Janet M. Myhre
Andrew N . Rosenfeld

Claremont Men ’ s College

Sam C. Saunders
Washington State Universi ty

0. Abstract

A computationally simple method for obtaining

confidenc e bound s for highly reliable coherent systems ,

based on component tests which experienc e few or no failures,

Is given. Binomial and Type I censored exponential failure

data are considered . The component unreliabilities are ordered

by weighting factors which are prestzned i~~own . Sensitivity of the confi-

dence bounds to these assumed weights is exam.ined and shown to be low.

1. Introduction

Previously, confidenc e bounds for general coherent

structures have been obtained by using asymptotic methods,

such as Likelihood Ratio [6], Maximum Likelihood [8], or

Modified Maximum Likelihood [1], by using Bayesian methods

£7], or by assuming equa l reliabilities for all

• components. Asymptotic methods may be inaccurate

at higher percentiles unless the number of failures

‘Researc h , in part , support ed by the Off ice  of Naval
Research Cont ract N 0001 k— 7 6—C—06 95 .  
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is verb 1 i~~~ J i h  b~ je Ian r t r o l  thc po’~sibil of

inadv~~ tent y i: lucric in~ a th.~c is ion t Lr o u~ h the se±uo 10:.

of a prior d~ utribution , wnen the nunber of failures Ic

small , Is well known . :‘~inaily, because the assumption of

equal reliabilltiec of the c om p o n e n t s  may not aiwayc be

fu.filleci , the accuracy of a boun d obtained usin~ this

assum pti on could be in doubt. What we propose here is to

use en~ Ineerlr.~ knowleW~e wnich can be gained from acceler-

ated lIfe tests , material qualification tests , or laborato:’y

tests of components. This knowled~ e can be utilized in a

manner that provides Information about the parameter u p a c e .

It Is felt that thic intermediate ground avoids some of the

objectL)ns raisci by L3ayesivns concerning “clausical”

s~ atictacians woo operate unOer an assumption o total ignor—

ance about the parameter space. ~oreover , it attempts to

avoid the subjectivity which seems to hinder the acceptance

of Bayesian methods.

For special struc tur es, such as series structures (and

in some cases parallel and series parallel ctructur’es) exact

methods [9] and additional approximate and asymptotic methods

([14], [5], [9]) for obtaining system confidence bounds have

been developed. The accuracy of these approximate bounds has

been studied in specific sample cases for structures of order

two or three ( [5 , [9 ] ) .  In thIs paper som e comparisons are

made between the ..sunds obtained by the weighting method

developed here an . t r~proximat e  ( a s y m p t o t i c)  bounds for
P special s t ructure  -~ere approximate  (asymptotic) bounds can

be calculated .

__________ 
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2. 3~ rnmba ‘ ,c,:o:. i.~., i ’ : . l t :’1~~ .n IL~~t I o~.:;

d ince  t h e  :~:~t~l l s 0~~l i t y  of  any  ~ r a ct i cu l  c y c t ~~c:

be low , t h a t  of any  c o m p o r . cr l u  ::.~~u t  be uv~:n l u , ; er .  Th~

comm only  used t e cn n l  ju~ of oc~.a~~r . i nq  O O n i ~ic ’.~n c L ~ 0~~u :. .~c

the  p r o b a b i l i t y  of s~~c ce o s  f o a m  seq .~en c e s  of ~~ :‘no~ Ii t r l a l S

w ill n ot  be a p p lI c ab l e  he re , L e c a .~ce v l o t .~a l ly  a ll  of

c o m p o n e n t s  w il l  Oj V e  exp er i enc cc i  no f a i l ur e s  . O ~lO L

a c c e p t a n c e  t e s t o n~~. i~x t endin g  an ~uoa u t a l . . c e c  cy

[ 3 ] ,  we w I l l  exam ine  t h e  p r o b a b i l i ty  of s y st L u :  f a i lu r e s

expressed in terms of the least reliable component . ~I’he

e s t i m a t e  of t h i s  q u a n t i t y  Is then used to construct a Io.;er

c o n f i d e n c e  bound on the  s y s t e m  r e l i a b i li t y .

A q u a l i f i c a t i o n  test  for  each c omp o n e nt  c o ns i s ts  of

a number of Bernoulli trIals of nominally i ue nt i c a l  co: ;c r :~~n t s .

Given there are n .  t ria l s  w i t h  X. failures for thc I~~ com:oocnt
1 1 .

then it Is assumed tha t the  number of fa i lu res  hoc a

binomial  d i s t r i b u t i o n  where  q 1 is tha uorelIac~ llty • .~nu Is

the number  of observations. We denote t h i s  by

X~ b (n 1,q 1) for i=i , 2 , .  . . ,m.

Assume that q1 may be expressed for each ± by

(2.1) q1 a1q w he r e q = max q. and O<a 1~ l.1=1

For the present assume that the a1 are kn o w n  a . o l a  . . In

practice we have obtained the a1 from reliability ~oa1c an d

prediction reliabilities . In order to obtain confic~ nce

bound f or q , we make the following assumptions. SInce the qj

are small the distribution of may be accurately approxImat~ i

— 
:~~~~~~~~

• . • —

~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~ 
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~~ 
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by a r O i S 5 0 0  o l u t r l o n t i o n  wIth mean ~~~~~~~~ i~. .c, .050cm :

(2.2) X ~‘(A ) P ( n ,i

(For q1 as 1cr ~ e as .01, this np: osL: :atlon Is val~~i for  n .

as small as 10.)

~n upter c o n k  cu a n c e  bo~n~u I or q is Qb t ~~i~~ai .o t oo

si n ce

-

1=1 i=l

ci in ci
A E A = ~ n .q. = ~ a . n .

i 1  1=1 1. 1 i=l 1 1

The 100 u p p e r  c o nf id en c e  b o u nd  f o r  A , c a l l  i t  .~, ,  is t oe

va lue  of b fo r  w h i c h

k
E e~~ b~ /j !  = ~~~ , where  ~ =

j=0 1=1

It fo l l ows  th a t  t h e  10O~~ upper bound fo r tha unr:Iiabllity

q , call  ~t q ,  is

(2.3) A / T~ a.:.. .

:~~: i~~nt a,~t t1~n .  t~ 55 l i  ;t p ~ I I ,
~~. 0 . :  P 1 .  ~. 1 a t o  . : ‘ ‘i

c ..O. i i ~~ 
f i .~•~d~~ita t~ . 01 0 . i 0 0 : ,~~~ I0 .

In order to obtain a lower c .. :ifl ucoce Lounu fa r  th e

reliability of a coherent system with component re~ Iab±lit ion

= (p 1,. . . , p ) , let

= l—q~ = l—a 1q for 1=1 ,.. .,m

whe re a1 and q are defined as in equation (2.1). dyst.m

______________________ 
• . - -.- — . ~~ .—- 
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r e i i a u~~i i t y,  h ( : ) ,  :: , ‘ :y :, Ln: be ax: 0~ s5e: a:; a func ’_ia:: O~

aLn0 . L e t  t oe  induce..: f~ nct 00 Se •o:ioat . i L y  ~:O ~ ..~ uI

h (L) = h(i—a 1 q,. ~~~ m~~ 
= t~( ;;a)

where a = (a 1,. . . ,n~~) . Toe f u n c t I o n  h(q;u ) is s o r i o o ~~i

d e c r e a si n g  as a f~~: I 2 t i o n  of q .  h en c e  a l o w . :  c:nfic~ nce

bound on r u l l~~b i l i t y,  h ( q , a ) ,  is h ( q ; a )  .‘:her ~ ~ Is an

upper confidence bounc on q.

To illustrate tooso c o n cep t s , c U n S i i C c  th e  f o l l o w I ng

examples .

Examole 2 . 1 :  For  t h e  f ol l o w i n g  b r i d g e  s t r uc tu r e  of f i v e

in d e p e n d e nt  .com~: ~nen t

1.1 the component reliabi lities are s. for i=l ,...,5 t h e n

the  sys t em r e l i a b i l i t y  is give :  sy

h (~~) = p 1p 14 + p
2p5 

+ p 1p
3
p5 + p . s , :.

— 

~1~~2~~3~~4 
— p 1p 2 p 3~:5 

— p 1p 2
p~ p — p 1 ::3 0

— 

~2~ 3
p14~ 5 

+ 2p
1p2

p
3
p 14p 5.

Rewriting in terms of toe u n r el ia bi l it io s  1—n . = q =1 I 1

for 1=1 , . . .  ,5 yields

=

—2q (a
1

.t .,a
3
a ,4

i r a r n  eng inee r ing  a n a ly o e s  i t  i s  known that comp ~ ner . t

1, 2, 14 and 5 h a ve  t h e  same unrclias~ 1Ity. ;:owever , It in

— . _p~~
p._ . _.. -•-

~ 
. -— -.- - - • •  — . — ..

~~
— 

- 
.— ..—.- . 
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assumed t h a t  c a m s  ~n o n t  3 is on i  3/10 rio sore I a slo  a: toe

o the r comso : : an t s  . Ass, .oo tn e  :~ t o w i n g  wo~ g h s o

results.

o J c s oI m : Y n 0  a . n .— a— — 1—

1 1 10 0

2 1 10 0

3 .3 20 0

14 1 10 0

5 1 10 0
N )

duppose a ~,d:0 cr: fiJ~ nco bound is desired. dlnce k = x~ = 0 ,
i=l

~ Is the value of a fo r  wroi ch  c
_b 

= .10, so 
~~ 

= 2.333.

Hence an upper bound on the unreliability q, at the 900. level ,

is g iven  by q = A / ~ a.n 1 = 2 . 3 0 3 / 1 4 6  = 0.050. F i n a l l y ,

the  de s i red  90~ lo wer c o n f i d e n c e  bound  on r e l i a b i l i ty  Is gIven

by h ( q , a )  = 0 . 9 9 5 .

For bridge s t r u c t u r e s  it is not possible to compute

A p p r o x i m a t e l y  Opt imum H] or~ PaLo: : :  . : : i x i : ao icn  [ . i~ s

asymptotic methods are generally not applicable unless failures

are observed.

Example 2.2: Assume a series structure of order five has known

weighting factors a1 and sample sizes n . where i 1 ,2 , .  . .,5.

For industrial problems we have ifl .cii l ound tI .:t u:urmple oh;a ;

are not equal but are roughly proportional to the unreliabili—

t ies with the most unreliable component h a v i ng  the smallest

sample size. o n  : i I L ;  a , ’ t tha t Pd P a d , e ; ~ ac id a

et~~~n t I v  ~~ ~~~~ ~o t.h ar. r~~ b i ld  and

- ~~~~~
. ~~~~~~~~~~~~~~~~



a r . .
~~~~1~~~~

1 1/2 140

2 1 20

3 1/~4 00

14 1/2 140

5 1/2 140

A s s u m I n g  one I s ilur e  on comp on ~ nt 2 , 
~~~~~ 

= 
~~~. o9 at  th e  ~~~

c o o f a d e a c e  1eve~~. Usi ng ( 2 . 3 )  we t ar~o t o ut  q = .03o~~. a 000

1’
our  co n f i d e n c e  bounu on sy s t e m  : e l l c bi l i t y  Is

.1=1
h ( q 0 ; a)  = . 0 9 7

The bou n d s ostain ~d b  y a p p r o x im at e  or a s ym p t o t i c  ::.et:.oJ: fl .’. [H’

~~ much l~ :er thar. tP:s t.ounu , fu: exam; L:

A p o r o x i m a t e ly  O p t I m u m  ( A u )  Sc; ~am = . ~20

::odifl~ d ::aximu;n L ik o l i ho o d  bo~~n .~ ( : ihL :)  = .

Po isso n A p p r o x i m a t i o n  ( L A )  b o u n d  = .

3. Sensit ...vitr o: ~n~~iaance or .o :: to t.m zo;.;

The q u e s t i o n  tout arises is , u n a t  is the real sifference

between the bounu s ou t a l n e d  p r e su m i n g  t h a t  a is k n o w n  when

in fact i t  may not  be .  A measure  of the  err~ r caused  by t h i s

s u p p o s i t i o n  upon the  bound o b t a i n e d  s h ou l d  be f o u n d . Le t  t he

estimates made by the experimenter for t h e  v ah ie s  of a= (a 1,. . . ,a )

be Uerute ;I by u= (~~1,...,a) . The e st i m a t e  of  t h e  u p ; . ar  b o .~nd

constructed using ~t in equation (2.3) wIll be denoted by

(3 .1) = A / ~U u

I~~ ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~
••

~~
•
~~
•

~~
• •

~
•
~ 

-. 
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:..‘. , J . L . I:

:‘f e r ~:oces so t . ;oen  t h e  e x a c t  b o u n  :s o u t a ln e a

ex an o l o  1 . 3  and  t o u n d s  0 0 0a i o .:i U5 lfl~ ‘Jar ous  a Ore

b e l o w .  The c o rr e sp o n d in g  ;~o , : : : :Li and L A bounds  ar c~ a L o c

gIven. (~
‘ne asterinjo by the  a 1 or ci. . i n d i c a t e s  t oe

c o m p o n e n t  on w h i c h  too f a i l ur e  is a s s u m e d  to  : O ’ I O occ~ rreu . )

C o m s o r e : :t  n .  a .  a ( l )  ( 2 )  ( 3 )  ~~~( 1 4 )  ~~ ( 5 )
~~~~~~~~~~~~~~~

—.—-— —1— — 1— —1——— --1——- — 1— — 1—— —1—

1 140 1/2 1 1/2 1 1/5 1/100

2 20 1* 1/2 1/14 1 1* 1*

3 80 1/14 l/ ’4 1* 1* 1/10 1/ 100

140 1/2 1* 1/2 1 1/5 1/100

5 ~40 1/2 1 1/2 1 1/5 1/100

We igot  log ;~eth .o d .897  .9 0 6  .92 8  .9 15 .878  .817

A0 .820  .87 1 .882 . 082 . 020 . 010

.8 19 .9 16 .95 0 .95 0  .819 .819

L 
PA .836 .806 .806 .806 . o C 6  .806

Note the weighting in case 5 which must be assumed In order

to obtain confidence bounds which are close to the A0 or

~i~LI  methods. in general , we would not expect the engineering

estimates of’ the to be this different f r o m  the correct

weights.

We now introduce the following notation for subsequent use:
— 

m m
a ., = a4/ E a = ~ a.,n4 =

.L 1 a 1=1 ~ .L .i. .L

ci m
r ci . = ~~/ Z ci ~1 = = / E c z

A. .4. j~~~~ 1 (1 1 1  ~ 1 1 1

fl ( 1) = m in(n 1,... 

- . ..-.~~ - .. - :~~:..-~: ~~~~~~~~~~~~~~~~~~~~ -.-



9

Theorem 3.1 : Let h (q ~~; a)  deno te  the true lower confidence

bound for a series system of or der m ,an d let  h ( ~~~; a)  be t he

estimated lower bound. Then the absolute difference , V ,

between the true and estimated confidence bounds for a

series system of binomial components of order m satisfies:

in+1 A
(3.2) V = j h ( q  ; a )  h ( ~ ~afl S S  where s = 

U
u U 1—s fl (1)

and if

(3 .3 ) n.a =n.
~~

E n

then

(3.~
) lh(q~ ;a) - h (~~ ;a) I < ~-~~(i_ 

~
)+ ~~~~~~~~ 2) where t=

Proof : By definition we obtain for the relIability of a

series system

m in
( 3.5) II h(2) = 11 h (J . —a q) = 1 — s q + s q 2 ± .. . + s q~i Ia 2a ma

in In In
where s = E a  s = E a a  ...s = f l ala 1 2a 1 j ma 1=1

From (3 .5) ,

(3.6) V < Is~~q~
_ 

~1cz.~cJ + 
~~~~~~~~~ ~2a~cJ ~~ .. . + ~~~~~~~~~~~~~~

RecallIng ( 2 . 3 )  and (3 .1) ,  (3 . 6)  becomes

(3.~
’) V < )  — + A 2 ~~~~~ ~ — 

1<1 a1a~ ~~~~~~~~~~~

— u Ea 1n1 ~ct 1rt1 u (Za 1n~)2 (Za1n1)2

In 
_________  _________... 

U ~~~fl1~~~(Ea~ n1) ( E c i
1

n
1

)

To establIsh ( 3 . 2 ) ,  we note that  If a1>O for all I , then

r

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _
_ _ _ _ _ _ _
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a a . . . a
Ii < . <I~. ~i ~2 1k / 1(3 .8)  — < t -

(Z a 1n1) ‘~ ( 1)

By (3 .8)  and the fact that for positive x and y,

< m a x ( x , y) ,  expressIon (3.7) may be b o un d e d  above  by

m k/ A  \ rn+J. AE ( u 
= 

S—S 
— where s U

1—s 
~ (1)

A ssuming (~~.3)  we no te  tha t  ( 3 . 7 )  b e c o m e s

m
(3 .9) V < ( - h ) E ~~~~~~~~~ — E & .~ + . . . + ( . ) 0 )  n~i. —

\ f l  / j <j  
1 J 1 ~ \ f l  / 1 ~ 1 ~

Let t = A /Fi , then ( 3 .9 )  becomes

(3.10) P < t2 
~ 

— E ~~~~ + . ÷ ~
m~~ — — iiE i .

i<j j i<j 3 1

Using the method of La Grange multip lier’s on the fir s t  term

of (3.10), the rnaxiruwn value of E ~~a , sub j ec t  to the
1<j

In

restrIct ion that  ~ ~~~~. 1 , is obtained at a = 1/rn
1=1 1 i

for j = 1,2 , . . ., m . Thus

(3.1’) Z — Z &~~ J < max( Z , E ) <

i<i .isi

The other differences between the corresponding

symmetric polynomials are certainly less than un i ty .

Therefore , assum in g them to be unity and performing the

geometric sum , Z t1 (t3_tm+l)/(l_t) we obtain a bound
1=3

on the remaIning terms . Assuming (3 .3) , we obtain

1 3 m+].
V < t 2 (~~~— ) + thus establishing (3.14). H

U

~~~~~~~~ 
.—

~

.. ..—
~ 

, .  

-



1].

For small n .~~, the bound obtained from ( 3 .2)  is
(‘-

large, particularly If one or more faIlures have been

observed. For example the absolute error bound obtained for

the data in Examples 2.2 and 3.1 is .211 . In practice,

however, when a sampling scheme such as that given in

Example 2.2 is used, there is adequate engineering knowledge

behind the choice of the so that errors of such large

magnitude are not encountered. If l i t t le  Is known about the

weighting equal component sample sizes are recommended .
Example 3.2: Consider a series system with equal sample

sizes for each component :
component a~ n1

1 1 20 1/2

2 1/100 20 1

3 1/100 20 1/11

Assume no failures, then for a 90% confidence level

2.3026.

The actual error in computing the series system
confidence bound is

lk(~~;cL)_h (q~;a)I= I . 889— .8851 = .00 11

j For this example , the A0 bound is .892 , a difference of .007

from the correct bound. However, by Theorem 3.1 an absolute

bound on the error would be

+ t~
_t’~

’
~ = .0059

~2mn J 1—t

where ~ = 
Au 2.3026 and m 3

TI 20

~~vIously if the true bound were higher , say . 887 , then the A0 would differ frc~n

the true by only .005 and the actual error would be only .002. However, the

point to be made is that we often have more information than siiiply the structure

and the sample size and when we do , it should be used .

It should be not~ed that if the order of the structure is Increased to 20

the absolute error bound is still only .0080.

—— — - . , . —.—..... .. — ‘— -,.—-l..— ,.-- ~ 
.

~~~~~

....—..- -.-.:—



We now wish to e x t c~ d t h i s  error dete~ :~in~ tiur . ~~~~..

parallel structure of’ m Compon:n~ s. 1~1 ~; : r k ~~r:~ I ,

the r e l i a b i l i t y  of a pa ra l l e l  st r u c t ur e  of b i n n m I a l  c ’;m—

ponents by:

m
h(~~) = 1 — 11 ( l— p 1)

i=l

Writing h(a) in terms of q we ob t a i n

h ( p )  = h ( q ; a )  = 1— 11 a1q.
i=l

Theorem 3.2: Let h(q~ ;a) denote the true lower confidence

bound for h(~), and let h ( ; a )  denote  the  e s t i m a t e d  lower

confidence bound for h(2). We obtain

in(A
~/m)(3.12) V = ~h(q ;a) — k (~~~;a) I 

~ m
R n
1=1 1

Proof : (3.12) is proved by noting t hat

m in

(3 .13)  V = I
1=1 1~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

For a1>0, the quantity P = = exp Zn I is
(Ea1n1) L (Ea1n1) J

maximized when Un a
1 

— in Ln (Z a~n1) is maximized.  This

In
maximum occur s at a = ( E a1n1)/mn for j=1,2,...,m

Thus the maximum value of Pis 1/(Mmfl~ 1) . Since each

______ _________________ -.—.~
.... 

~~~~. —r—-—-- — -— — .
-— - - -~~~~~~~~~~ .“ -— . 

__________________________________________________________



__________ 

Ha
1term in the difference — is positive ,

(~:a1n1
) (E a

1n1)

the absolute value of the difference cannot .exceed l/ (m m fln 1)

From this (3.13) is established:

In(A ,‘m)
V . II

I~’
n1

~x~ mp1e 3 .3: Consider a parallel structure of order two

where no failures occur in testing

component  a1 a1
1 1/2 Lb 1

2 1 20 1/10

For a 9O~ confidence bound A = 2.3026. The 90~ lower confi-

dence bounds for system reliability are :

2
h ( q  ;a) = l-q 2 fl a .  = .9983Lb

U - 1

2
h ( ~ ;a) = 

~~~~~~~~ 

2 a = .9 9 9 7 0U u 1=1 i

The actual difference between these bounds is l.36xl0 3 . From

Theorem 3.2 the maximum possible error due to incorrectly

choosing the weights is 1.66x10 3.

The A0 bound is . 99 62 9  with a difference from the

corr ect bound of O . 5 x l 0 ~~~.

j I
~

-.



We now cons ider  a se r iu s  j. n i n f l e l  structure of’ or der
k

in = 2 in
1 

whi ch  c o ns is ts  of k p a r a l lel  s t ru c t ur e s  in s ur l e s;
1=1

the 1th paral le l  s t ruc ture ha s m1 component s . P a r t i t i on

= 

~~~~~~~~~~~~~ 
Into ~ = 

~~~~~~~~~~~~~~ 
w h e r e

= 

~~m + .. . +rn . +1’ ”’~~m + . . .+rn )  
. The re l ia b il ity of

1 j— l 1 j

k
the system Is given by h(2) = H h 1(p~~) w i t ~A h . ( r ~~) be ir s.

1=1 3

a parallel structure consistlr .C of m . c o m p o n e n ts .  ~ ow let

q m ax (q 1,. . .,q 1~) where again q1=a1q for 1=1 , . . . ,m . The

corresponding partition of a is ~ =

Therefore expressing the reliability in terms of c~ we o b t a i n

k
k ( q ; a )  = H

1=1

Therefore we establish the error on the lower confidence

bound estimate for a series parallel system by

Theorem 3.3 : Let h .(q~ ;a1) be the true lower confidence

bound for the 1th ( 1 1,2 , . . ., k) paral lel  s t ruc tu re  of order

, and let h1(~~~;a 1) be the associated estimate of the

lower confidence bound . Then an absolute bound on error

in estimating the confidence bound for a series parallel

system Is given by:

k k
(3.111) I ‘I h 1(q~~,a1) — 11 h1(~ ;a ) t

1=1 1=]. 1=1

where

_ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _ _ _  - . ,,— . .—
~~
...,,.——-—. 

~
—— 

______ __
.J•

~ —
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(3.15) = 
(~~~~~‘(T~~ 

)

that Is £1 Is the bound on error of the 1
th pa ra l l e l  s t r u c t u r e .

The are the s arspie sIzes  of t h e  c o m p o n e n t s  made during

the qualification tests .

Proof : By Induction. For the case when k=1 , see Theorem 3.2.

Let k=2. For conven ience set

• = : ( 
~ 

) 
~ • =;~ ( .

~~ 
; .

~ 
)

Then jf
1

f
2 

— £1~~2
! = 

1~~
’
2 

— 

~1~~ 2 
— +

If1(f~- ~~~ 
+ £ 2 ( f l- ~~~ ~ Ir 1(~~- ~~~~ 

+ 2~~ 1 ~~~~

~ If~— ~2 I + If1— ~~ 
+ c 2

. 
-

Assum - expression (3.lLb ) is true for k=n . It holds  fo r

k n + .i. sinoe ,

n+1 n+1 n+1 11 n
II f1 — H ~~~ . = II f1 — H ~ . + 

~~~~~ ~ — 

~n+i ~i=3. 1=1 1 1=1 ~~~~~~~~~ 

1 1=1 * 1=1

+

• 
~ ~~~~~~~~~~~ ~n+i~~ 

+

~ ~~n+f ~n+1’ + ~~l l f
1~~

n~~ 1~ 
< (by induction)

n n+1 n+1
1
~nfl 

£n+l I + Z 1 f
1
— 
~~ ~

= E l f 1— £~I = E c ~ . H

Using a similar partitioning procedure for a parallel

• .

— -.•-—-- -———-- —~• •- .-—.- a 
~~~~~~ 

_.- r-_- —-



k
series structure of order m = I m , then  th is s y s te m

1=1

consists of k series structures In parallel , wher e the

1th series structure has order in1 . Then j~ = (j
~~~~~~

, .  ,~~~) ~
k k

h(E) = 1 — It (1—h .(j~ ) )  and k(q;a) = 1 — 11 (1— ; . ( q ; a . ) )
J=J . ‘~ j=1 J 3

The maximum error made by estimatIng the lower confidence

bound is obtained from

k
Theorem 3 .Lb : Let ;L(q ;a) = 1 — H ( l— h . .(q ;aj) be theu 

i=~ 
j  u j

true confidence bound on the reliability of a parallel
k

series structure of order m= I in . And le t
1=1

k
h(~ ;a) 

= 1 — II ( 1— h (
~ ;a ) )  be the associated estimate of

U =1 J ~ j

this lower confidence b oun d . Then
k

(3.16) 8 = Ih (q~~~;~~~) — h (
~~~; a ) I  < I

~ —s 
rn+ 1 j=1 ~

where t = _~1~ ~~~~~~~~~~~~ and s Is defined i.n Theorem 3.1
l_S

j 
•

Proof : Expanding B we obtain

k k
B = H (1—h (q  ;a ) )  — H ( 1— h (

~ ;cx. . ) )
j=i j U J 

~~~~~ 
j U 

~

By Theorem 3 .3,
k

B < E 1 ( 1 — h  (q  ;a ) )  — ( i— h  (
~ ~~ ) ) I

j=1 i U J ~ u

k
Z ( h (q ; a ) — k ( ~~~; a ) ~j u J j u j

where for the 1th branch of this parallel structure we

define (by Theorem 3.1)

_______ -~r-



1’. •

~. ia-f l
- ~ ;~~)I

Ic
Th u s E <  I t  . H

j=1 i

Examp~le 3. 1 : Consider the follcwi:j; structure .

- 

I_
component a~ n . a

~~~1 ~~~~~~ ~~~~
1 1/14 100 1

2 1/ Lb 100 1

• 3 1/Lb 100 1

1/14 100 1

5 l/1 100 1

6 1 150 3/14

7 1 150 3/14

8 1 150 3/11

• 9 3/ 14 250 1/14

10 3/Il 250 1/11

We assume 1X 1= 1 and we desire an 80~ c o n f i d e n c e  l eve l .

• This will yield X
~
= 2.99 . Simple calculations she;-: us

= 950 q = .00315

= 962.5 = .00311

h(q
~
;a) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = .9 9 9 9 9 Lb

h( ~~~; cz) = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = .999999

• . - —  - — - _____ — — • — —  •— 
• ~~

- 

~~~~~~~~~~~~~ 
. - -
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,~C r~:s~~i:; . an a s t s .~i ~s r - e r  o 1  ) . 3 d ’- l O  , u n I  ua•:~~J ~: :1 o:

3. 3, a :~.a x1ms: ~. ~.a s s iu i . u ; - r - o r  o: 3.~~. lU 5 .

~l .  j ~~c a n t  ~ai ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

We now cxam~ ne ccm; en~ nts ‘-.‘ho~ e life l en g t h s  are

known to be ex p c n en t i  a l .  If  the  qua1if ~ c a t i on t e st  t im e

for the 1th c om p o n e n t  i s  T 1 , w he r e  i= 1 , 2, . . . , ra , t h e n  t he

number of failures during the interval E0 ,T1) fol o;:s a

Poisson distribution w i t h  ::;csn A . ? .  . Def ine

(14.1) A = a.X where A = m n n  A . and 0<a . <l
1 1 11 1

Let X1 denote tb~- n u m u e r  of o bse r ve d  f a i l u r e s  d u r i ng  (0  ,
~~

then X1- P (a
1

XT
1) . If all m c omp o n en t s  are inuo l endont ,

- ~X 1 F ( A I a 1T.)

The upper confidence bound obtained here is completel y

analogous to the  bound  o b t a i n e d  i n  ( 2 .3 ) ,  i . e .  t h e  u e pe r

100~ % confidence bound on A , say A , is

=

ReliabIlity at time t, R(t;A1,.. . ,A ) ,  may be w r I t t e n

as h(At;a) where X and a are defined in (14.1). It follows

that a lower 100~~ confidence bound on system reliability

Is given by h ( A t ; a )  where  a is the vec tor of t rue  we ights .

5. Sens1t~riity of ’  Con ~~ dence  B o u n ds  to A umod Weisht

4 When the true w eights  a are e s t ima te d by a then the

estimated lod ~~ lower confIdence bound for system reliability

becomes

(5.1) h ( A t ;a ) where X = A /Ea 1T.

For the exponential s -ries case ~;e s :;.n e e:-sur by ::enns 0 ’

t n~ r a t i o :

__________________________ • •— ••• •• —•“:
~ 
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(5.2) R 
k (~~t ; )
h~~~t ;~~)

W e w i l l  she;.- t h a t  In th e  case  of oqus i  com ~ . n e n t

test t Imes  for  ser i u s  syste-::is , t h e  ~~s O V e  r a t i o  is .~ •~ont .~ t a l i  y

one . That  is , the e s t i m at e  IS equal t o  t h e  t r u e  ,~~~ i c i : ’n . s ~

bound for any weighting ~i

Th~~orc~~~~ .~ : For a series s y st em  of ord er  n ,

(5.3) t~~p _ X
~~t~~~~ 

— < R < ex I) 
~~~~~~~~~~~~~ 

-

\‘( i )  ‘(m ) /  
— a 

\~ ( l )  ~~~( .~~~~I

/

where T (1) min ( T 1, . . . ,T )  ~nd T (~~) = m a x ( T 1, . . .

If for i 1,.. .,rn , T . E T then

— A t
( 5 . 14)  k xt ;a) E h(At;a) = C XI )  —f—- . 

-

Proof : By expand ing  th e  r a t i o  in (5.2)  we obse rve

—A~t

h (~~t ; a )  exp 
~a1T. 

Ia 1 Ia
1 

Ia .
R E .. — = = cxp —A t —

h(A t;a) U I a .T .  ~~~~
CX~~ Ia.T Ia1 

1 1 1 £

i i

It is simple to see that

Ia

T(m) — 
~~ i~~i 

— 

~( 1)
thus

/ 1  ~. \ Ia 1 Ia1 /1 i(5 .5)  — I  — I < — -
~ 

I — ——
• \‘(i) T (1~)J Ia 1T 1 Ea 1T1 ~T (1) T (. )

Therefore based on ( 5 . 5 )

- 
i 

_ _

U 1 T  T I —  — U ( j 1  T
\ (1) (m)/ \ ( 1) (m )

If for all I, T
1
E T, then the inequality expressed in ( 5 . 5 )

\

— . — ——-• .—.. .
~~~ — — 

. - — •.  - — -  — —•• — —



becomes

— . -. - 
.1 

E 0
Ia

1
T1 

;:a
1

t’ • — 

( I )  ~( r r ~)

t he re fo re  the ra t~~o oi~ ( 5 . 2)  is  i d eu t i c a u i y  one . That  is

— A t — X t
h(~~t ; a)  = e X I )  - -  -~--2:a. ~ X p  h( X t ;cL )

— fLu J ! c ~ ~~ 
—

1 i

E CXI) 
~
A
~
t/T . H

Lieberman oral Ross [3] h-ive derived a metI •od for

obtaining confidLuc e bound: ; f~~s- s e ri e s  : ;y s t ems  whose  co::.:-cnent:’.

have an e x p on ent i a l  l i fe-  d i s t r~~b u t i .o n .  ~ l-~ t est  s ta t i st i c

used in thei r  s e - t h o u  ~s b aser ;  c u  t I - c sum of s im u l a t ed  s ys t e m

failure times . For Type I censo;,ing the’ bleberman—F oss

techn iq ue w ill , in ge nera l , r i o t  u t i J I s u  a l l  of t h e  tes t

data In the  c a l c u l a t i o n  of t hy ~~r cc~:f’idcuce bound. Th

the case of no obser ve d  f a i l u re s  t h e  i~ - ’s~an—Pss : ;  m e t h o d

Is not app l icab le .  As shown by t h e  follcn-.’ ing  e x amp l e ,

the procedure we propose is not h a s ; e i - c - d by an absence  of

qualification test failures.

Ass ua.. th a t we h ave  t w u n t y  c o mp o n en t s  in

series and that rio fa i l u r e s  ha’:u be~’ n e x p e r i e n c e d  d i a l og

t e s t I n g .  As is o f t e n  e n c o u nt e a e d  In p r a c t i c e , the  t e s t

t I m e s are not a l l  e4 u a l .

component

1 1 10

2 through 20 1/10 100

~~~~~~~~~~ -~~~~~ —- - — - —~~~~~
- • ‘ -  — ‘-- . •— -- ,-—- . -•—--- - •—•-.

~---——
. —.--. •—-  • -— _
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2u 70
= 230 ~:.u 2. .’ . :. - - .~~: c :.:

1= 1

JCVL. . .\ = . L l .  e t i ; u .-

= e~-.r - -~~.~)j = . “i

Tuc A .  :..~~~us .c t 2 .  J.e i .-~. so~ :•i • . .53).

Ass .~~~ t;.~~t t:~e- ~~~. •-.~~- i . • c:. .. • ;- ’ : . co:c -ect. y

c uusL:i ~ c c . . : - .:i~ . .~~~ u one of tu~ c as-~s g~~-: a

c m’.: :. at -  ~~~~~~~~~~~~~ 
-
~~~

•
~~~~~~~~~~

1 1  1 .— ’
£ -

2 t:.r’~~~g:. 20 1/ 130 1/2 i 130

0( ~t~~~t )  . . 9 0 3  •

The m a x i s m:~ -J~ f : - - r e - : • c e  fc~~m th e  t i~~~e Lo.mcd is .U.l. h~~se J

or. The -ar e -ca  5. 1  the ratio is bosaded by

. 565 ~ R 1.156.

Thus we know t h at  r egar dless  of the  ;- ;e i g ht s  the - 8C~ b eau s

mus t  be g rea t e r  t han  . o~~l ( the  AD b o u n i  is . 8 52 ) .  c u , ac

to oe made here is that we olter. have more lnlormatoon t h a n

sImp ly the structure and the sample S I S L  and when w e- cc , it

should be used. For this example , using the ratio of i h e c r e m

5.1, it is possible to show that regardless of t he  w e I g h t  I n ;

the true bound is at least as large as the AD bound (to

two significant llgures).

In the case of equa l test times , say 100, the weighting

method bo~ rids are exact arid equal to .9814 . The AO bou:;d

also .9814 .

V

— ‘
~~~~~~~~~~~~~

‘— ‘ ‘— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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For a p a r a l l e l  sy st e m  of it ex p o nen t ~~al

components w i t h  0<A
1t< .1 for 1=1 ,2,... ,m , the  d i f f e r en c e

(5 .6) V 1h(~t;i~) — fLU~t ;a ) 1  
-

is approximately b o un d e d  above- by . 
-

m
( A  t / r : i )

- (5 .7 )
l i T

1=1 -

Proof : For a parallel system of exponential components

rn / — A
’
t

R( t) = 1 — H (,~1—e1=1

If ~x t j  < .1 then  At i_s
_A t 

. Therefore

in .. h a.  Tict
V IT Ata 1 — IT X t u . = ( X  ~ ) m 1 

— 
I

1=1 1=1 U (E a
1
T
1
)
m (I~~1T1

) m

Then by Theorem 3.2, V Is app rox ima te ly less than or equal to

- (A t/m) in
U

-Th

1
fl
1
T1

C.  Conc lu s t cr i

The weighting method developed in this paper allows

engineering kr:owledgc to be us ed  in a very simple and f e- a s . . sle

manner. If little is known about the weighting factors , t he-n

we know that for component sample sizes of as small as 20,

_ _   ~~~~~~~~
______________  — — ----.— .•—‘ 

~~~1~~~ _ c’ ‘‘ —
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if  the re are no ~a± l ure - c , the  ab s o l u t e  er r o r  boa:. J fec- a 3:~~ CS

V

sys t em of o rder  “ - ‘ is still less t h an  . 0 0 8 .  ~n sa: c T . lee - tue

actua l errors  i n du c e d  due- to  incorr ect c h o i c e  of t u e

weighting f a c t o rs  Is much  less than the absolute boar ,

Sen s i t i v I t y  st u c ie s  sho;-: tn a t  qua~m. : iam~t~~or: t. mm.

sample s iz e - s  ( t e s t  t i m e - u )  i nc rease , the  e f f . o t s  of tue-

we igr ;t s  en t h e  e s t i m a te d  co n f i d e n c e  h o u n d  c ecr e a se s .  i f

l i t t l e  is k n o w n  c tuo a t  t n e  ;- :c lgut ir :g  f a c t o r s , t: .e Sc e :•i  on

the m a xi m um p o s s i b l e  error  i n d uce d  by d i f f e r ’  ‘nt  ;-.‘e-i::m.

be r educed  s ig n i f i ca nt l y  by Icposing e q u a l  sccr.pl e si::es

(test time -u ) for the components during testing. ::o:- e~ -.- ’- :- ,

under the assumption of equivalent coanonent test times in

the commonly encountered case of exponential series systems ,

the confidence bound obtained is exact. The adva:;tagcs of

the weighting method proposed here lie In the simplic ity

of the calculations , the app licability to ~~~ coherent

s t r u c t u r e  when  few or no f a i l u r e s  o c c ur , t h e  a b i l i ty  to use

in an uncomplicated fashion engineering kricwle-ige to compen-

sate for  small sample sizes (test tlmeu ), ur,d , for larger

sample sIzes, the insensitivity to the choice  of wei g ht i n g

fac to r s .

The authors wish to thank Daniel Oiesberg for his extensive

work on sensitivity analysis.
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0. A b s t r a c t

n this paper a mixed exponential dic t r l t - u t  l u n  Is s t - ; fl~ -c

This is a two—parameter family, w ith a P a c r e - .’ i ;; no f-a l l u r e  r o t c - ,

wnich Is so m e t i m es  c a l l e d  t h e  L om ,.~x d I s t r i b u t I o n  or -  t h e  P a r e t o

distribution of the second kind . The properties of t h i s  ncae - l

are examined along with their i r n p i  ica tionc In determinin g

r e l i a b i l i ty  a s s e s s men t .  Simple technique s are derived ;-.‘hich

yield sufficIent cond :t i~ ns fu r o b t a i r , l r . L -

solut ion of the maximum likell hue-I equat ions when one or b o t h

of the parameters are unknown , e-ven when the data is highly

truncated or censored . More inp~ x ’t a n t l y ,  c o m p u t a t ion a l  technIqu es

are obtained and tested which a f f e c t  tn e ir  e f f l c I ~ nt  c ; I l c u i u t . i : n .

Censored data is the usual occurrence when life testIng mar:

types of equipment because the cost makes complete samples

virtually unobtainable.

The results of this paper are applied to censored d a t a ,

(obtained from actual testing of flight control electronic

packages), in w h i c h  failure observations are sparse.

Key Words

Rel i a b i li t y
Decreasing Failure Rate
Mixed Exponential
Ce nsored Samp le
Maximum Likelihood Estimation
Burn-in 
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I .  Introduct i-s n

There have b e en  on~ y a few ~- -- i:anctri c rc-rue’~~-s e x t _ c t : ’ - ve ’ly

examine-a for appl icat i-s n to i’d lab lilLy ; t~~e:’e r:clude tne

exponential JIstrI zutic - n of E p s t e i n — S o b e l  [-J , t h e  ‘. e i h u l l

distri tuti- u n [1- . ~~ , an -c tue fatigue model of dirnbaam—Saur’.ce:s

~ J. The one m a s t  w i c e l y  ut i l i~~ud fo r e l e c t r o n i c  component s

has seen the e xp o n e n t i a l  model , n o t  only because of its simp le

and Intuitive properties hut also because of t h e  e x t e n t  c- f’ t h e -

estimation arrd sampling procedures which have been developed

from the theory.

One concomitant development has been the Investigations of

Barlow and Proschan [SJ c on c e r n i ng  mode l s  f o r  l i f e  d i s t r i b u t io n s

which are known only to have monotone increasing (or decreasing)

hazard rates. Of course , the exponential family se rves  as tue

boundary between these classes of distributions with m o n o t o n e

hazard rate and consequently serves as an extremum for the

results of either case.

One of the early discoveries was t h at mixtures of exponential-

ly distributed random variables have a decreasing failure rate ,

see ci i ]  . Thus any two groups of components with constant , bu t

different , faIlure rates would , If mixed and samp le- i at r andom ,

exhib it a decreasing failure ‘ -rite. As a consequence , the f a m i l y

of life lengths with decreasing failure rate certainly arises

—
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in practice and ~ irticu lar’ subset- s of this f o n d l y  could rid 0”

great u t i l i t y  for  sp e c i f i c  a p p l i cat i o n s , Se-c e.g. Cossoilno

[5]. We examine one such  model .~i t n  shape  an d scale ~- a r o : n - ,- t e - r s ,

call them and ~ respectivel y, wnicn is baseri ~p on  a p a r - t I c s —

ar mIxtu re- of exponential dist:’ibut ions . Th is f a r ni4 ’

Int roduced  by A f a r i a s ’ e-v [1] and l a t e r  by Lo m ax [ i3~ as a

generalization of a P a r e t o  d i s t r i b u t i o n .

Kulldorff art,I ‘J~ r~rir::an [9] ana  V~Irrnman [13] have studied a

variant of this mixed e x p o n e n t i a l  model  c o n t a i n in g  a l o c a t i on

parameter. r2ney  obt ri i r -,ed a bes t  l ine a r  ur ’.b i a s e u  e st im a t -c  of

the scale parameter’ assuming tn-at the sr.ape parameter , call it

a, was known and In  a region restricted so that be - Lit the me an

and the variance exist , namely a > 2 .  I- .’ n er r  t n i s

:- - ‘stricti cn of a -‘ e-~~n r .~~t be m e t  di i

es t imate based on a few order statistics , w h icn -ar ’ s o p t i m a l l y

spaced , is claime d to  b e an a s y m p t o t i c a l ly  be -cu. l in e a r

unbiased esti.zate and tables of the ~e i g r . t s  as functions of th e

number of spacings are provided. In all cases , the s hap e

parameter was assumed known and the sample was either complete

or type II censored. I t  is con tended  t r : a t  L3LSi -~ e s t i mat e s  of

the shape parameter are not attainab le .

Harris and Slngpurw a~ 1a [7] examined the method of mcmer ;ts

as an estimation procedure for t h i s  same model but again wli:~

the shape parameter restricted to a 2 and with a complete

sample.

r
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:n b oth paper: ;  [~~~] 
an— i [7] , I t  is s t a t e - u  tb- it

l ikelIhood e s t i m a t e s  0Cc difficalt to obtain. i t .  a later’ p ope - : ’

h a r r i s  an-a dingpur’wol1 a [P] _‘xnL b IL t u e  ;c~~x l rn~~st I

e-qu at  ions f - r  c amp ~et e s~ ;.:ples .

In t n i s  taper the m a x i m u m  i 1 - : e l l n o  -~~~- r ‘- st m at e- s  f~~ r - - o a t h

th e s h a p e and s ca~ e- p a r am e t e r s  a:’ - o tt o  : , •~o in t  iy ar t - c

separately , with imp le s u f  f i c  I en t c o t t a  I t  I en S  ‘;~-r~ for’

tneir existence. rI~i te5e estImates -Ot’ e a’,- : ’i ’Jec fur ’  c e - r s , - : ’ -~d

da ta  ( and a f or t or i  fo x -  c o m p l e t e  s~ m~- l e s )  e v e n

w i t h  a p a u c i t y  of f a i lu r e  o b s er v a t  luns , n a m e l y  one .

‘2he existence conditions ett~ ine-i here  fo r  tue  m a x i m u m

l i k e lih o o d  e s t i m a tes a~-p1y ev en  to  t h e  c a s e  w h e r e  the var-lance

and possibly the me an do not  e x i s t :  O— ~,,i<2. I-Pure -ever’ , the

estimates of the shape parameter ,x wn o c rx n ave b -se: - s b t a r , n e - c  ::‘ . c.

actual data indicate that this region U<a<2 is I n g — u r ’ t a u t  se c a u se

all the estimates obtained of a have bee n less than unity .

2. The ~ odei  -

We postulate that the underlying [recess wuich -Ietcr’mineu

the length of life of the component under c on s i d e r a t i o n  is the

following: The quality of construction determines a level of

resistance to stress which the component can tolerate. The

service environment provides shocks of varying magnitude to the-

component and failure takes place when for the firs t time the

stress from an environmentally induced shock exceeds the  s t r e n g t h

of the component.

_______  ‘ - ~ ‘ ‘- - —- - — — — —  
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If the  t i m e  bet ;-.e’:n :;boc , -u; ot  c , . c.a~ r,l~,si- - is - x ; - n e n t  l ol l . ;

distributed with a me - a: ,  :- -~ 
- u- nc n-u. r- .- ,It :- ,, ti , ::. I::e

l i fe  le n gt h  of each comcr::ent ‘.-. Pu b- ,: ex: -_ n - - nr Pu ar-I:.

w itn a f a ilure ra te  wh i ch is a e te .- : . d : - -  by On e  ~ i t  a :

It follows that each compon ent tiOS 1 5ani ~ n t  : - iPu~~:- ’:

that the variability in man ufact ure arti i n sp e c t  : - c .  t e c :n i- ;  ~~‘ - ;

f- -rces sc-rae components to be e xt r e m e  I , p - w h Ile a f- - ’ -: t - 

are bad and most are in between.

Let be the  l i f e  l eng th  of a c o r a p o r i e t i t  1:. sa ::. a s e rv i c e

e n v i r o n m e n t , w i t h  a co n s t a n t  f a i l u r e  r a t e  A w u i c i r  is cnt :n- ’.w n .

The v a r i a b i lI t y  of m a n u f a c t u r e  d e t e rm in e s  v-a r-ic-cs p e r c en t a g e s

of tu e  A — v a l u e s  and th i s  va r iab i l i t:,  can be l en c r i be a  by s c -m e

distrlbuti-~rt , say q

Let T be the life length of one of the components whPuh

is selected at r andom f rom the  p op u l a t i o n  of m a n u f a c t u r e d  c a m p - u —

nents. We denote the reliability of this component by R and

we have

R( t ) = P [ T  > tJ for t > 0

Let A be the random variable which has distribution (I

We can wr i t e

R( t ) = E A P [X X > t~~A = A~ = f e Xt du A )  . ( 1)

Because of having a form which can fit a wide variety of prac-

tical situations when both scale and shape parameters are dis-

posable , it Is assumed that 0 is a gamma distribution , i.e.
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.

for S L -A . l e -  ~i:’-e ,

*
_ i _ l  —~ /~

= ~~~~~~~~~~~~~~~~~~~~~~~~~~ for )~ > 0.

I’nat t u b  a I :. I s :- n .: a , even on-sn m i x i n g  as fe -; as

five e - j u a i r , ‘.-.-I’s~-:: e . ‘ 
, :. ‘

~~~; n-: n cn-u-;n by re-cant .cor’r:

of Sunjata in or , .nc ;  : L I :  ~e .  ‘. : ‘ : c P u  P u P ] .  It  ~
‘o~~~cs’i~- from

equa t ion  (~~~) to ot  t~~e :- - ~-~nc tc-un Is

R ( t )  = = e ~n ( I + t ~3)  ( 2 )
(l+:,i~~

The failure rate can be snow-ri to c-s

q(t) = , ( 3 )

which In accord with the result c Barlow and P r o s o h u n t  [ 2] ,

is a decreasing f u n c t i o n  of t > 0 .

A similar derivation and dIscussion has bee :t given earlier’

by Cozzolino [5] and Is included here for completeness , as w e l l

as for what Ins ight It m ay provide intD the physical meaning

of the parameters .

For this family, since £n(l+ t~3) < t p  f u r  a l l  ~ > 0 and

t > o
R ( t ~ , 

- ap t  
(~~~)

- -4
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This sIrs ; Ic ’ r e l a t i o n s h i p  p rov ides  a b asI s  for  compar i son

s u b s e - 4 u e n t ly  w i t h  the exponential model.

i t  can be shown that

E [T]  = [~~( a — l ) ] ~~ for  a > 1
2 2 1 (~~)Var[T] = a[~3 ( a — l )  ( a — 2 ) ]  for  a 2

These formulae have been gIven previously in numerous places.

when It exists , the standard deviation exceeds the mean as

It wIll for all DFR distributions. For example , if

a = ~~ then we see the standard deviation exceeds the me an

be a factor of ~2.

Of course , alternatIve parar:-~teri :ations can be ma-J o for

this same model of m Ixture-s of exp one rtti-ally lived components.

We now mention such an alternative p-or’ameterization for later

comparison and dIscussion. Let ‘x = y/ ~~~ in e q u a t i o n  ( 2 )
I

and we obtain the distribution

R(t) e
_ )

~~~~~~
t
~~ for t o , (6)

p

with hazard and hazard rate , respectively , given by

Q(t) = y / 8 f 
~~~ 

, q ( t )  = for t > 0

_ _ _  — — - - -  — - .- - - - - -- — -- —~~—~~- -~~ ~~~~~ --~~~-- -- --—-- - - - -



The reason f~~r t h i s  r a ra r s et e r i z : it i o n  i t ;  t h a t  -
~ 0 ;-t e are

proviuca wo t n a m~ an~ ngt ul limitin g c-is tr imnt t i c - ti , n ame 1:; t n t - :

ex p o n e n ti a l , s i nce

I s -  I — yt.
u r n  R ( t )  = exp~ — y u r n  ‘

~~~~ = e

H owever , In the  Pu - ’t r iu i a t  ion g ive n In e q u a t i o n  ( 7 )  , ~? is no

longer a scale  p a r a m e t e r .

3. P r o p e r t i e s  of  t h e  mode l

We now t u r n  to a b r i e f  e x a m i n a t i o n  of SonS e of the  rr ’oper ’ t Lea

of t h i s  f a m i l y  of d i s t r i b u t i o n s  as e x p r e s s e d  in the t oO  -alter-not ’:

parameterizations . Let us in t r ’o du c e  th e  n o t a t i o n  for ’  a r an d o m

life length T

when P[T > = ~aZn (l+t~ ) for t > o ,

T J
2
(y,~~) when P[T tj = e

(
~~~

t
~~ f o r  t > 0 . (~~)

The first property , WhiCh it has in common with the Weibull

distribution (arid a fortiori the exponential), is contained in

Theorem 1 : If  T
1 

is a life length with survival distribution

as defined in equation ( 7 ) ,  far’ I = 1, .  . . , fl , 

-.~~~~—- - - — .-~ — - — - -. - -.-—-—- - 
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t he n a s er I e s  systems of r , such  In d e p e n d en t  c om p o n e n t s  ol Pu

h ave  a su r v i va l  d i s t r i b u t I o n  J 1
( a

1+ . . . +a , P )  In the same

f ami b y .

P r o c - f :  . l i :sply c- i: , s i d e r

F {m i n ( T 1 , . . .  
~
Tn) 

> t] = 

~ 

= 
(l÷t~~)~~~~ 

~~

Note  t h a t  the remark is the sam e even  if we use thc -  s e e - c -n - i

pa r ar s et e r i s at i on  of the  model , n amely ,

Corol l ary 1: If  T1 J 2 (y 1,~~) for  i = I , . . . , n are ir:cep’r:de:.t

observations as defined in equatIon (8) then

n
mm T j

9
(~~~~~~~

+ . . .+y ,~~)
1=1 n

The Importance of t h i s  p r o p e r t y  is in the case of d e t e r ’m i r . i r : :

the t ime to  f i r s t f a i l u r e  w i t h i n  a fleet of similar system.. .-;hich

have  p oss ibly  d i f f e r e n t  shape  parameters . From ti is r-:sult t h e

appropriate fleet reliability calculations can be made - .

The next property , which we consider’ to be even more signl—

ficant , Is tha~ a “ b u r n — i n ” te st of a compone nt  w i l l  y i e l d  a

residual life which Is also in the same fami ly . The r e s i d u a l  l ife
/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Tb of a component is defIned to be the life remaining after t~ me

h given tha t  the componen t  is alIve at time h , namely

T
h 

= [ T— h IT >

This property seems to be shared only with the exponential among

______________________  - - - - -  - -  —---- - — ----- - — -- - --_----. I ~-~~o v”—-----~~~~~’-’- 
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common parametric :‘ars i l i e s  of l i f e  d i s t r i h u t i - . m n . . The r e su l t  Is

Theorem 2:  I f  
~~ 

is tne hasa r’u i-at : fur a r andom v a r i ab l e  T

w i t h  p a r a m et e r  ~~~ tn~ fl tue C O f l U i t  i O ns  fur l’etJ Idea l  I I  f -  I .

to be In t h e  sore I ’a m l l y  is t h a t  f u r  any xc - ‘ 0 , bcw , s u e r ’ :-

exIsts ~ su ch t u o t

q 0 ( t + h )  = q ( t )  for  al l  t > 0.

Thus  we have

C o r o l l a ry 2:  A b u r n — i n  for  h u n i t s  of t i m e  on a compon-:nt -.~:ith

in i t i a l  l i f e  T — J 1(a ,~~) will yield a residual l if e

- J
1
[a ,~~/(l+h~~) ] .  I f  T J2(y,~~) then Th - 

~2 
~~~~~~~~~~~~~ ~~~~~~~~~~~~~~

It f o l l o w s  t h a t  t h i s  l i f e  l e n g t h  mode l is “ used  b e t t e r  thor;

new ” or “new worse than used” in the sense t h a t  we have  s t o c ha st i c

In e q u a l i ty  b e t w e e n  a new component and OtO~ t h a t  has b e e n  b a r -n e d

In , namely

T~~~~Th fo r all h >  0.

An Importan t consequence of this property is that one can

calculate the value of the increased reliability attained by

burn—in procedures as compared with t he  cost of c o n d u c t i n g  t h e m .

It has long been the  p r a c t i c e  to burn  In electronic components

based c~ intuitive ideas of “infant mortality ” in order to  p r o v i d e

reaso n a b l e  assurance of h a v i n g  d e t e c t e d  ~~il  defectively assembled

u n i t s .  This model , whenever  it Is applic able , makes possible an

economic analysis. A v a r i a t i o n  of th~~ result has been discussed

~ [3].
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;~ Comp:~r i s o n  w i t h  h x p o n e m t i  ( P u :  no ~~~

Data has been a c c u m u l a t i n g  f-j r yea r s  in t h e  a s se s s m e n t  of ’  t h e

r e lI a b i l i ty  or ’ e l e c t r onic  e q u i pm e n t  for  w h i c h  t he r e  was no adec ~-~Oe

s t a tI s t i c a l  m o d e l .  The  f o l l ow i ng  c - i f :  t c u l t~~es were  r e c u O n i i : e - i

sy practitioners: 1. The a s s u m p t i o n  o f  cr -n s t a n t  or I n t e r - e a s in g

failure rate seemed to be incorrect. 2. However , the d e s i g n  of

thIs electronic equipment indicated that Individual items Sh o u l d

exhibit a constant failure rate. A mixed exponential life

d i s t r i b u t i o n  a c c o u n t s  for  bo th  the  design knowledge and t h e  ob-

se rved l i f e  leng ths . ( ‘(ax imurs l ihe l i hood  p r o c edur e s  all-u-; far’

j o in t  e s t i m a ti o n  of t he  p a r a m e t e r ’ s  of tL~~s d i s t r i b u t io n  m i  tu e  m a o ’:

c-a~~~:r;iy en c o u n t e r e d  s i t u a t ion ;  where  c o m p le t e  d a t a  is not  av a i lab l e .

We now ~ lve sc-roe a c t u a l  da ta  sets  f rom two d i f f e r e n t  l o t s

of flight contro l electronic packages which illustrate these

points. dach package has recorded , in minu t e s , ei t h e r -  a f a i l u r e

time or an alive tIme . An alive time is sometimes called a

“run—out ” an~ is t h e  t ime the  l i f e  t e s t  was t e r m i n a t e d  w i t h  the

package s t i l l  f u n c t i o n i n g .

Fi r s t  Dat -a S~~t

Failure times: ~~, 8 , 10

Alive times: 59, 72, 76, 113, 117, l2~~, l~~5, l~~9, 15 3,

l~ 2 , 320.

Second  Data  Set

Failure times: 37, 53

- 

- 
Alive times: 60, 6L~, 66, 70, 72, 96 , 1a3.

If’ we assume that the data are observations from an exponential

di s t r i b u t i o n  ( constant  f a i l u r e  ra te  A ) tI’ien us ing  the to ta l  

- —  -- - —,.---—- -—--— -
~~~~~~~~~~~~ - - - -
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life statistic , we have the estit:,ates of r e l i ab i l i t y g lv - : n  Pu

the l e f t  hand side of the table . If we assur e t h a t  t he  - i ot a

are obse rva t i ons  from t h e  mixed  ex p o n e n t i a l  d i s t r i b u t i - u r ;  of

equation (2) then using estImation technIques derive-i rus so—

quently in this paper we have the estImates fur relIability

given in the right hand side of the table .

E x p o n e n t i a l  est . -Jxed e x p o n e n t 4  o b  e s t .
of r e l i a b i l i t y  of r e l i a b il i t y

t Ime t Set 1 Set 2 .met 1 d o t  2
In m m .  ~1( t )  p

2 ( t )  p
1( t )  

_____

6 .988 .981 .915 .976
10 .9 80 .969 .896 .961
30 .9 i4 3 .9 11 . 855 .896
50 .906 .856 .836 .8~ 3

100 .8 21 —— .810 ——
p 130 . 77~4 —— .801 — —

.00017 .00312 ~ : .O ~4 53  .~420

~ : 1. 03 .01

I

Looking at the data from the two sets we would expect that at
P

least for the first fifty minutes the reliability estimate for

the second set of data would be higher then the reliability est-

imate for the first set of data , because in the first set 3
p

-: failures out of 114 trials have occurred in the first ten minutes

while in the second set only 1 failure out of 9 trials has occurred

in the first fifty minutes. However , under the exponential

assumption the reliability estimates for the first data set are

consistently higher.

j  - ~~~—- — —
~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ 
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Note that the mixed exponential ‘-stimates are more consIstent

w i t h  what  the  da ta  s h ow ;  t h a t  is , for  at leas t  the  f i r s t  ~0

mInutes we expect the r e l I a b i l i t y  e s t i m a t e  for  the sec o r t d  set

of data to be h igher  than  the  r e l i a b i l i t y  e s tIm a t e  fo r  the

first set of data. iieyond this t i m e , however , say at 100

minutes , the  data  i n d i c a t e  tha t  the  r e l i a b i l I t y  e s t I m a t e

f rom the  f i r s t  set of da ta  shou ld  be higher  t h i n  r -  (-a-

bility estimate from the second set of data. Usiug mixes

exponential estimates this Is the case.

A statistical test to determine whether the data require a c o n s t an t

or decreasing failure rate was run on the data f rom Sets 1 and 2.

For data Set 1 we reject constant failure r a t e  in f avo r  of de-

creas ing failure rate at the .10 level. For data Set 2 we canr~- t

reject the constant failure rate assumption. In this case ,

however, the constant failure rate estimates for reliability and

the mixed exponential estimates for reliability are close. For

data Set 2 one should not estimate reliability much beyond about

70 mInutes since we do not have data to support those estimates .

5. Sstim :ition of Parame te r s  w i t h  Censored Dat- a

Let us assume throughout this section that we are given

t 1,. .. ,t~ as observed times of failure while tk+l~~•~~• 
,t~ are

observed alive—times both obtained from a J1(a ,~~) lIfe distri—

F butlon with 1 < k < n . We define two functions for x > 0

—1
S ( x )  = ~ Ln ( l + t  x )  , S ( x )  = -

~~ 
E (l+t

i
x) (-9 )

3. 1=1 1 2 1 1

A result  on the maximum l ikel ihood e s t ima t ion  ( m . l . e . )  of the

unknown parameters Is now given which utilizes data of this type .

V ‘I

— —---‘-—.-- —--- - 
~~~~~~~~~~~~~~~~~ 
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-

~
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Theor em 3: Under  the  a s s u : - r t i o n s  ~roi conditions g i ven

( 1) When p > 0 is known , there exL;ts a unique

m.l .e. of a , say a , g iv en e x p l i c i t ly by

= k/S 1 (B)

( i i )  When a > 0 is known , ther e ex i s ts a u n i q u e

m .l.e. of B , say B , g iven  e x p l i c itl y by

B = A 1( 0 )

where  A is the mono tone decr eas in g func t ion —

defined by

A(x) = kS 2 (x) 
- axS 1 (x) for x > 0

with primes denoting derivatives.

(iii) When a ,B are both unknown , the m.l.e. of B

say B , is given i m p l i c i t ly , when it exists

posi tive ly and f i n i tel y, by

= B~~~(0)

where B is the function defined by

S2 (x)  S1 (x)
B ( x )  = _____ - 

S~~(x) for  x > 0

and the m . l . e . of a , say ~ , is given expli -

citly by

= k/ S
1

(8)

P roof :  As a r e su lt  of the t e s t i ng  assumed , we have observed  the

events [T~ = t~] for i = 1,... ,k and [T. > t~] for i = k+l ,. .. ,n. Then by
definiti on , the log-lik elihood L is given b y 

~~~~~~~~ 
- ~~~~~~~~~~ — —- - - 
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L k n
e = 11 f ( t - )  Ti R (t.)

i=l 1 j~~k+l 
-~

Substituting and t a w i n~ ~oq i r I t h m .;  we f I n - i

L = k tn(aB) - a~~~~t n ( l + t . B )  - ~~~Zn(l+t .B )

In order to find the m.l.e. ’s we consider t h e  p a r t i a l  derivatives ,

which a f t e r  sub s t i t u t i o n  f rom ( 9 )  , are

= - S ( B )  , ( i J )cx 1

= -ci S1(B )  + !~- S7 (h) . ( I I )

Thu s if B > 0 were  known , we o b t a i n  ~ f r o m  (~~~~ ) .  Th is  pr ove s

(i)

Correspondingly, if a were known , the m .l.e. of B , say

B , is obtained from A(B) B ~~-~~ - = 0 . So that B = A 1 (0)

Note that A is a decreasing function of B which has A(0) = k

A(~) = -na . Thus there always exists exactly one solution B

for any a > 0 whenever 1 ~ k ~ n . This proves (i i )

If a and B are both unknown then in order to obtain the

maximum likelihood estimates jointly we must solve simultaneously

equations (10) and (11). Substituting the solution for a from

equation (10) into (11) and dividing through by k ~ 1 yields B

- —----S 

~
—
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as the solution , when it exists positivel y and finitel y, of th e

equa tion B(x) = 0 w h e r e  B has been defined previously. This

p roves ( i i i ) .

When both parameters are unknown in the J 1 (~~,B) di strib ution

condi tions are needed on the samp le to insure that the maximum like-

lihood es timators a , B both exist.

Lemma 1: A necessary and sufficient condition that no m.l.e . ’s

exist for a (censored) sample from the J1 (a , B) distri-

bution is that the inequality

+ 

j=l 
~n (1-t~) • 

~~ ~~ 
T 1 (1 TP > ( :2 )

be s a t i s f i e d  f o r  a l l  x > 0 , where

t.x

1 + t.x 1 = 1 , ... ,n . ( 1 3)

Proof: From (iii ) we see 8 exists positively iff ~ is a z e ro

of B ( x )  on ( 0 ,~~) iff i t is a zero of t he  f u n c t i o n  o t x )  =

-xS 1 ( x ) B ( x )  on the same in terv a l s ince xS 1 (x) has no zeros there .

- Since C xSj - S1S2 we see 
-

C’ xSI + S’1( l - S 2 ) - s~sl ( 114 )

where f rom ( 9 )  we have

- - - - -~~~~~ ------- — - - .—~~~ ~~~ — - - - -- - -~~~~~~— - 
- 

— - 
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S~ (x) = 

~~~~ 
, S~ 1x ) = ~~~ 2 , S~(x) = _ _ _ _ _ _

j~ 
(1+ t~x) ‘

7~ 

(l-’- t~x)”

But notice that C(0) = 0 and since

n k
-, —, 9n(l+t.x)

= n ‘ ~~~~~~ 
= 

~~~~~ ~~~~~~~~~~~ 

~~~~~~~~~~~~ 

= 0

)1 i=l 1

It follows that C (co ) = n . It is clear that if C’ (x) > 0 fo r  a l l

x > 0 t h e n  t h e  e x t r e m e s  o c c u r  at B = 0 , a = . Thus the m. l.e . ’s

do not exist , but since the si gn of C’ (x) is the same as that of

x C ’  I x ) f o r  x > 0 , by making the definitions in (13), we see a

NASC t h a t  C ’  Ix )  > 0 i s  t h e  i n e q u a l i t y  of equation ( 12 ) .  I I

T h e 5 : - : r r i  -~~: 1r. -- -~ualitv for 1< k< n

~ ~~~t1 it ~ < ( l ~~)

a su~~ -~~~~~:: u - i lt i o n  w h i c h  a ( c e n s o r e d )  s ample  f rom a

J~~(’~,~~) dIr Ib’st~~on m u s t  satisfy In order that maximum likeli—

hoo-~ estimators of both p a r a m e t e r s  e x i s t  both positively and

r i t e ly  .

P r o o f :  To se e t ha t (15) implies that B > 0 must exist , we note

by con t i nu i ty of C s ince  C ’ ( O )  = 0 , tha t i t is s uf f i c i e n t to

show that there exists an x > 0 for which C” (x) < 0 . From

equa tion ( 3 )  we find

k k

C’(x) = 

~~~ 

+ 

~ 

t . x  
_ _ _  + 

i — l  

n(l + t .x) 

~~ (1+t .x ~~

________ - . 
.

.

- - - - . - - - - - . - — - - — ~~~
-
~~~~~- — -~~~
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C ’( x ) -

.~~e exam Ine 1~~m , ma~< i n 1  use  of t~~c ac t  t h a txx -. 0

l im = and we use (j 5 ) to  ins-ar e CT ( x )  < 0 for x
x - ~~0 X

sufficiently small.

We now examine th :-  joint -sst im at i o n  pr -ob  ~ -m for ’ t h e  a l t e : - n a —

tlvely parrimeteri :y-d model J 2 ( a , p )  of e q ua t i o n  ( 8 )  in t h e  s l t u l t —

tlon assumed heretofore , namely  in  t h e  ca-se we have both f a i l u re

times and censored 1lf ~ t In e s . d i n c e  t he  transformati on

(a,B) -. (a/~~,~~) Is one—t u—one f-o r a ,~ > 0 , the max Imum l~~kelIho-o U

estimators of y,~ are immediately obtained. One must check-:

that at the boundary , ~ = 0 , the  max imun l i k e l i h o o d  e s t i m a to r

~ reduces to the usua l  e st I m a t e  ob t a ined  in the  case of c o n st a n t

failure rate. But this can be done straigh t fo: .-iardiy .

We state formally

Theorem 5: Und-~r- the a s s u m p t i o ns and c o nd i t i o n s  given for a

sample from a J
2

~~~~ r ,p ) distribution when; both pur- nimeters use

unknown the m .l.e. of ~ is implicitly given , wuen it e x i s t s

by ~ 
= B 1(0) wuere B was defined in  T h e o r em  3, an-U su e  m . i . e .

of y Is given by y = -~~ . But  in the  case of ~ = 0 we have

n
= k/~~ t 1 w h i c h  is the  u s u a l  e s t i m a t e  of a c o ns t a n t  f ai lu r e

1

rate using the total life statistic.

6. Computational Cons d er a t  i ons

The question wti ich now arise:; is: what kinds of samples w i l l

satisfy condition (15)? I f  k = n we see (15) is equivalent w i t h

(
~ 

~~~~)z < ~~~~~ (i ~~~~ )2

from which we have the -

- 
~~~~~~~~~~~~~~~~~~~  

- - ----
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A complete -sa::n-le of f a t  l u r e  t tues w i l l  s-u t is :‘y

the s u mp ~~e :;turi~ ;~r - r - :- v~~j5 ~on c- x e  a; t : -  s-o~- s- le  a- - u . .

Of Course frum equatIon (5 ) - t a d  t he  c o m m e n t  f u l l  u-; a-? s - - ~-

t a ut  f ur  t u e  J , ( c L , B) p ;i ramete r ’ i : at i o r i , t h e  s t a n u u i -~ ~ev i a ’ t o:.

-JOeS ex - ;ec- -u the :::--;in for those  va lues  01 the pa:-une be 15 -n. -~

me an -and standara -Jeviat~ on exi 5t. L h u s  for a l l  coma

~n cu are sufficiently large , this requi rement shoul-l be sit Is

Reran-k: A sample with k < n f a i l u r e  t imes  and the r cm a ia i : i ,~ a — k

observatIons truncated at t 0 w i l l  s a t i s f y  ( 5  ) if

t 0 
> ri4l + \~!~~~~~ + 1  n 1 ~~~~~~~~

- for  n 1ar ~ e (I~

where r~1 
(t1+. . .÷tJ/k is the average failure time .

Proof: To see this note always t1
2+. . .+t 2 

> (n—k)t~
2 an- i thu.;

we -ire assured that (15 ) must  hold if

2 2k 2t 0 > 2t~ r) 1 + 
—

~~~ (r i 1)

By the quadratic formula tnis is equivalent with e q u a t i o n  (1~ )

with the s e c on d  expression following f rom the  f i r s t  two terms of

the binomial expansion. H
In the  calculation of 13 the equation , C (B) = 0 , m u s t  be

solved where C(B) = BS~~(6)d 2
(B) or 

k

C(B) = 
~~ 

- ~ ~n(l+t B) 
~

P l+t~~13 
~
‘
~ i ~

p

_ _ _ _ _ _  - ———— ---- —---- .— --— 
~~~~~~~~~~~~ 
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where t 1, . . ,t~ arc failure t i ii e~; ari d t k÷ l , . . , t , are cer:-u r e d

l i f e  t i m e s .  ~Ve introduce notatio ;i for t h e  sam ; 1c mo a :. ’ s u s  f o l l o w s :

= 

~ 

~~r = 

~ 

~~ r f o r  r = l ,2 ,~~,.. ., (I:)

then using the two expansions , v a lid for l x i  < 1

~2 -,

in(l+x) = x - + —s--- - 
i- -— = 1 - x + x -

and s u b s t i t u t i n g  i n t o  C and s i m p 1if y i n ~ we f i n d , u pon  n e g l e c t i n g

t e rms  of t h i r d  o r d e r  in 3 , t h a t

( l ÷ n 1B ÷ n ~~B ) ( c 1+~~2~~~+ c 3~~~) - [~~l 23+~~33
2
] = 0

M u l t i p l y i n g  the  f i r s t  two t o g e t h e r  and collecting t e r m s  y i e l d s

-)

- - (~~3 
- 

~2~ l 
- 

2 ~~~~ 
=

Now we n o t i c e  t h a t  t h e  c o n d i t i o n  e q u a t i o n  ( i l) , c a n be w r i t -

ten  in the  n o t a t i o n  of ( 1 7 )  as >

Thus our computational procedure to decide upon the parametric

representation of the distribution governing the observations which

have been obtained is contained in the following.

Algorithm : Given t1,.. . ,tk as failure times and t k+ 1 ,. . . ,t~ as

- 
censo red  t i m e s  f r o m  a J 1(cz , B) d i s t r i b u t i o n

(i) Compute the samp le moments q~~, ~~~~~~~ ~~ ~~

- --~~~~~~~~~~~-~~~~~~
- - - -

~~~~~~~~~~~——
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( I I )  I f  -~~~ , < 2n
1-t 1 , a S s um e  obs c : ;u t  t o r n ;  are  fr - em ; 2 ( - ( , cj )

t . e .  c e n i s t a n t  f a i l ur e  r-a t ~- , r~~r t r l b u t , i o n -in-I :sti; ;ito

r by

k
n~~1

li t )  i f  ;. > , assume ob ser- -.- -- jt lens ar c  f r o m  J
1

(r .r~)

~iI st r i u u t l o n  anu c- n:s u~ e

— ~2 ——

— -

S - --

t:u -r4 ~_ ;e t b :  ::c- - ;t o :, — R o r  as-or ;  . a t e r n t t  ic - r i  pn’m cedare , aar r -~ Iy

4 ’ — , -, ,-- — -
— ‘.1 , -i- ,

C(~~~) -

~n+l  = — , 
-

~ 

= :m ,
~ 

, t inS

~ ~~~~ 
-*

- k
n
Z -en(l+t .~~)

j=i -~

PractIcal experience indicates that the iteration conver- des

very r a pi~~l y .  2-lure the  f u n c t i o n s  are v e r y  s I m p l e  a sma l l  pr-c—

grararn ;ible  e l e c t ron i c  calculator , such as the ii P— 65 , can be used

to obtain snese estimates. Programs for the Hi - — f 5 and h~—5 7

are a - i a I l -a s l e  f r o m  the authors .

7. Cc-nc us :5

i f  u componen t  has a l i f e  d i s t r i b u t i c - u w i t h  an ir;c:’-?: s nl C

f a i i u r - e  r a t e , the  I n fo rma t ion  n e c e s s ary  t o  -st I m a t e  I t s  p a r a m e t e r - s

must  c o n t a i n  f a i l u r e  t imes . In p r a c t i c e  t h i s  r r . o l r t s  t h at  v I r t u a l l y

no observed f a i lu res , w i t h i n  a f’leet of oper ;i t  ional  -norapun ents ,

provide little information with which to assess reLiability.

—-- __ -~~~ ~~~~~~~~~~~~~~~~~~~~~~ 
- - ‘ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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2 1

If a component  has a constant fa~ lu re ratc- then a o t r i  fa  I

t imes  and a l ive  time s c o n t r i b u t e  e qu a l l y  to Its ‘st tm-a ’. 1 a..

The preceeding study su~;dests that If a component has a

distrIbution with decreasing failure rate it Is t he  a liv e  t i s - s

within the data which contribute principally to th e  e s t i t at  i o n

of the parameters .

The p roblem of ob t a in ing  the  usua l  s a m p l i n g  d i s t r i b u t i o n s

of the maximum likelihood estimators of tue p;trameters for t:.e

decreasing failure rate model studied seems to be diffIcult

bec aus e the  es t imates  are only  i m p l i c i t l y  de f i n e d .  - or e ov e r ,

the usual proofs for the asymptotic normalIty of t h e  ~~~~ 

- 
-

which define the asymptotic mean and variance, do not -ti~~D i y

even when censoring is type I or t y p e  I I .  A u s e f u l  a r y m r : - t o t i c

theory ra-ast be developed for the general censoriaq m o d e l .

________ —~~~ --~ - - - - — —~~~~--~ ------—-~~~~~
---- --- —.—----—-- — --- - —--
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HP—97 r ROi’;RAI’~;T; FOR THE C ~H } U TA T I ON OF F AX I M U F  LU : I T L I H O O D

ESTIMATES FOR TU E PARAMETERS OF’ THE

MIXED EXPC-N }-;NTIAL D I U T R I B U T I O N

Reliab~ tt~- r-odcls for  e l e c t r o n i c  componen t s  mus t  be f l e x i b l e

enough t,o h an - a - di e both complete and truncated data and the corn-pu—

tatia-nc Involved should be straight—forward . For these

reasons , as well as its appealing Intuitive properties , the

exponential model has been used extens ively . However , in many

applications I t  c a n n o t  be assumed tha t  the  components  have a

constant ?ailu:’e rate and for these cases the mixed exponential

model has been d e v e l o p e d . This model  can be thought of result-

ing from a mixture of c o n s t a n t  failure rates and results in the

d i s t r ’ i bu t i i sn  F ( x )  = 1 — ( 1 + p x Y~~ with reliability R ( t )  =

( 1 + ~t ) ~~~ and a decreasing failure rate. This model has been

studied in reports 1, 2, 3, ~4 ; and in 2 i t  is seen t h a t  the

maxim a-rn-. likelIhood estimates of a and p are p r e f e r a b l e .

The 14.L.E. of p and a for a sample of’ k failures

t1, t2 ,  • . • , tk and n=k alive times , tK+1~ 
• . . , t~ requi res

the numeric solution of

k 1 n n t p
H ( p )  = 1/k � (1 + t 1, p )  z ln ( l + t , 1p ) — z = 0

1=1 j=l ‘-~ j=l

for~~~ and a =  
~ 

k

�l lri (l+t
1p )1=1

A sufficient condition for H(~~) = 0 for some p > 0 is tha t

\ / n  \ 
n 22/k ( 21 t

1
J ( 21 t , J < 21 t 4 . If p cannot be found

\i=i I \ j=i  ‘/ j=l -~

/n
t hen  the  e x p o n e n t i a l  model should be used with X = k/(Zt

1\ 1



— 2 —

As th ’_ c sala-L ior : of H (p) = 0 can only be attained by

iterative r n - n - - f ’ h- -Os , programs for the HP—97 have been developed

which allow t i _ c -’ - u ser  to  c o m p u t e  p and a for  a t es t  cO not

over twen t~- items. The first program , A , wi l l  tes t  the

s u f f i c i e n t  c o n d i ti o n s  for  the  so lu t ion . The second program ,

B , wi l l  use i n t e r v a l  h a l v i n g  to app rox ima te  p. the solution

of H(p) = 0 , a c c u r a t e  to within an error of .0001. The third

program , C, will use this p to approx imat e a

These programs will allow the mixed exponential model to

be used as extensively as the exponential model in applications

of reliability theory .

- -. - —- ‘.-—- .--‘ ‘— --1~
-
~~ 
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~~~~~~~~~~~~~~~~~ ~~
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p

INSTRUCTIONS /

Store n, the number of items on test in E, and k

the number of failure s in D. Store the time t., , failures first ,

in the registers one throug h n , where n ~~~~ - 20. After the

data has been input the programs may be run in order wi thou t

re-entry of the times.

Program A will return + 1 if the sufficient conditions

are met and the user should run program B . If the conditions

are not met , — 1 will be returned and the reliability is
— At  -

~ kestimated as R(t) = e where -“-- = _____

t .
•~~. 1

1=1 -
~~~

Program B will return an approximation of with

error ~~. .0001. If no estimate occur s between 0 and 50 the

program returns a negative and 1as above ,the reliability should
-x tbe computed as R(t) = e

A
Program C will return ~~ based on the data and the

found by program B.

‘

~

‘
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197 7 ASOC TEC HNiCAL CONFEflENCE TRANS A CT~CN S—P H I~ ADELPH I A

R E L L A E  t E l  i 7 ’I ’ J : u~ L;I L

Jjnet. i-i :~~r-~ , Ni r~
_c’ t o~’Institute of U-_ c c i c - an -- c j -- ~icc , C a r I a - a - - _ c n t  f len t s C o l l - ~oe

Cl a r e m n i - _ c r i t , Ua1i ~ c r - r _ c i ;~ 9 17 11

I. D I STRI EUTI C - IE ;  I N F O F T A N T  IN R E L I A B I L I T Y  THE ORI

1. Basic  D - -~~~rJ~ i on s
Let t h e  r - a nd c r ,  vur’iables ‘f deno t e  the  t i m e  to f a i lu r e  for  a

component or st r u c t u r e .

The d i s t r i b ut i o n  f u n c t i o n  at- t i m e  t is defined U-~

F ( t )  = P[T 5 t ]

Vv~~~~~~~~*&-~w~.- t’~~.oO t

The r lia~~~~i~~- at t I m e  t is defined by 
-

R ( t )  = P[T > t ]

O t .

The condit lor i a l  r r c h nb i i it y  of f a il u r e  d u r i n g  the i n t e r v a l  (t , t÷~~t )
is given b y

F(~ t It ) P [ t  < T S t+~ t]

P[T > t ]
~~LW&~J.M~~ )-

0 t t+~~t

llure rate * at t ime t is defined by

r(t) = u r n  F(~ t 1t )

~t -I.0 ~t

As~~ t-+0 ,(t + A t) -. t.

*r(t) Is known by  a ‘ir ir i e ty  of names such as hazard rate , forceof mor ta l i ty , intensity rate .

Resear ch , in part , supPorted by the O f f I c e  of Nava l Resea rch
Contract N 000l’~—76— U — O Y)5.
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i t h e  I ’ O t  ~d ,~ i t -~~ 0 n-~~ A L  L i Un - - ) , * * cx i -s t  -s ,

r’ ( ) = 

-

i~( t )

Ar _c i n c n - - - - - .ao. i n ; I  ~‘a - n -  I a- n - - ’ : - -  i~~ - 1 : - n - I  I - : ;  v - - a - n - -  n t - _  A i- - c n - - - n - i ; l r u ’ ;  ~n - --
is e - : i u i va l t _ c n-~t to a N c n - - L-n - t s  ha- : ~~- r : I 1 n -  - n - a l  ~. n -’ - -- : , - . n - N - h L i t ; . ’ of : I 1 - a - i’ - _ c •

2 . I i t n - - 1~ - -; t

~~~~~~~~~~~~~~~
• •  •

~~~~~~~~~~~~~~~~ - n - - n i : -  1’ 
\

f ( t )  = n- n - 0

= 0 ~ 1 :; - - .- :- - , - - 

- -

~

it  is ea- n - f l ; j  n-Niu .’.- n - i t E n - ’. t h e
ii n - ac rot e :‘( t )  = 

~- . t h U  moan
t i n - - - ’- to ~.t i l a - r ’ -  1 1/~k .

~~t. 1 - - l l - ~~:,; t h a t  t h e  - n - u n - n - - f l  I. [on- n-L i pr~uu-a ’ : L i t :j  a - I 1 a i l u : - _ c  iu:- ing the
I n t e r v al  ( t

0
, t

0
+ t )  1i~ g i v e n  bi!

I ’ ( t t t )  =

which i-s indcr en -l ’-nt of ~. Fi - ,- t ime I, . Pa -n - uxLl: nv1n , thu un - n rn - N i t i - an - a - n - l
0 -

p r o b a b i l i t y  of  fa l iu r - c -  N a - i ’ m - a -  ¶ h’ irN - - r o n - i  (TOO h - - : : ; , 21)0 hour— ’- ) 13
l d c n - n - t i a - ’t i to ¶ .L ’ - c o n d i t i o n a l  p r - o U r i b i l I t . y 01 ~ai 1 a -c I u r i : n - g  t h e  i r n - L~- v v ’ n - i
(1000 hours , 1100 hour-: ;) -

2 . 2  i c  i: ;n - ;~ rn - P r- - - ’ ,- :-a- ; 
-

II 1. i n t ’ ,, ’r ’v : t  1: ; - --t n - - ; - -~’rf ucc c .‘ -- ~- -. - - n - i a- n - - n - n - ’-- i rn - 1 N - r ,- n h - r i _ 1-IL ’ n - l —
t i _ c a l l y  d i s ur ’f t u t c H  — i c - - o r d i r i g  t o  an  e x ; A r o 1~-r 1t -  l a - i  d 1st:-i ~ -u t1on ;-;ith I ’ n - i l —
ur’- rate ~, t b - - n - : tin - c r i - n - m a - b I - r  of  ‘ ven n - w i n - t n - h i  ouuin b i n - - i n g  t h e  in t .~ ’ n - v a - i[ O ,t] ha n -_ c a i oin -;:;on -i Ih ;tr ibut ,io n ‘ -n - i t t -  n - n - , n -J t l u - n -  ~ t . A l n o , I 1 t h e  nun - ’ :—

**Recall that ~(t) 
= 

~~~~~~~~~~~~~ . A lso ~ ( a -  -
~ 
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t en - - a : evcn :~ un - i - a - i -o n - n - d - n - x 1 r p 1  t in - --  : n - n -- - - r - - : I  H ,  I n- - n  n- :a - : : ; :n - n n - n - I : — —
t r i b u t l -  n - n - ~‘:lt - t. :: - -a - n - : v - tio - - ~t. t h e n - n -  i a - ’  ‘1’ . i n - - - - I n - n - - n - --~ - - - n - - n - - - : ,  I n- : t i c ~~ ~~~

~~~~~~~~~~~~~ ~~‘i’~~~~

0
distribute d an-; cx~~- n - . - - r n - tla - 1 ‘, - n - ’ h J 1 - ~ r_c -i t -h ~:fl i n - n - -- - n- n t ’ >~

1 - o n - ’ - - n-a-- c:- n - i , H’ ‘L ~: in ’.a-r’ -,-: n - i: n - i, C’1 - n - I - ~~ n - i  a- - - : i ; - _ c c n - n -’ :; n - _ c r - - n- : - - ——
- - n - _ c  I - b-nt , - I - - n - n - ca 1 11; 1.1 .; ¶ - - 

n- 
- - n- n- n - - : I v  I - a- - ‘ ~( 1 n -  - r : t h 1 - t~ r - : - -

wi t h X = ‘n - /ti n - : t h - - r ,  t n - - -  r n - n - : : -. : or  I - _ c - - n t : ;  in - I [O ,/ j ~~ t -. ‘ 1 o~~a_c c- u
b u t - i o n  ~: i th  I _-x ~~ e ct L-N  r : u m : -r’ of  a r r - Ln- - n - i s  e n -  n - n - i  ‘ a- ( - - .-‘b o - - ~ n - ) ( 2  I - - a ’ s)  =

i t  N tn - a - n a Pu i n - s o n  - i i : _ c t r i b u —  1 [ N = r n -  I

tion th i-rn -

P [N n ]  = ~~~~~~~ 0 . 2  X t -  = 2

for n = 0 ,1 ,2 , - . . 0 .1

— —  I 1 ) .

- 1 
~ 3 a

• I f X = ~ and = 2 t n - n - e n

~ —8
r ,, ~ — 

( 8 )~ eP~~.—5 j — —~--n--— -

i - o n - I  : l-Nfln - t -n - h ,- - - : :‘. t n - n
t—~:.:— - : : - - n - ’ :i n - a -~~’ -’ n - - — ,- - - i - - :  ~~ - ;  i n - : - -  c- n - : ‘n -,

t i : n - ; - - —-n- oi l - ::’ ’— o - - - : ’ n - n - ’ : ; ’ h - - n - - i i ’ ’ - n -  - - - n - - - ;  i ’
n - , .  n- n-~ • 1 f n- _ n - , - - P - 

n - I n- i n - : n - n - n - - n - n - -- - t n - -i - - n - n - n - n - -  - -  1: 
c- n--N -u’ ‘_ I t  - :  h t n - - h  i - ’., - - -; - P 1 1 - n - n - _c : - n n -  I . - - ‘ ‘ - - n - n - - - : - ,_ - n - n -~n- n-~- o n - ’ o n - tn - :
u r - c:~ hi L 0 , t J  on -i n n-c n - a m : n - n - t i n - _ c L n - i~n u i a - n -  a L t :  u X ’  : - - - - 1 v - I _ c L e

~~~~
- 

= n - n - /;~- - n - n - - ‘ h i -n - ‘ t n - - n -  -‘ :- : n - : - ’ : ’ - - i n - - H : . n - IH n - n - - - -:; iv a- : 0:-
fin- I~ ‘ih -c : i- - I  .~_ ci 1 l 1: p t hin - n - i i~ n- n - n - n - n - nt , - - : - o t I - c  I I  a’ - -: ; , N , in on-a_ c I /La - n - ’ - - - i I I
be le ns t t t . n - ; n -  u i ’  t n - l a - a  1 to -i In

= i-[N =o j + I [E=i] 4- .. + i[N = ’ ] =

2.3 (Nj n- n - n - n - nj I — i n - t n - -  l b :  -n - n - p- ( $

probaLi~~1ty Nf- ri:;oty j u n - a - t 1  - - : i  
~~~~ 

0 . ~ = 1

0 2

n- Ia -n - n - . I Pp fum e t. 1 - n - n - , g, t -- - - -on: ,-:; 1 - , ; :; - ‘ ________________

peaked .  - -

When a i n - ;  a - r n - rn - 1 ‘ ‘ 1 ’ ’  n- the ~ n - c n - ’ I : : n- - Ii :- -~~. i - i t — a - ,  • I n -  n - I t ’,’ I - a - tacn - , - ’ba - O n - ’ a - n - n
t-h ’- sum of a i n l e ~~’ - r n - - 1 ’ - n t  eo. p -- rn - - -rn - t_ in - i n- r : n - rn - I-cn - ’ n - v a - n b a - h  Iran each n - - i n - t n -  I : d i : : :- e
rate k.
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A:a’ s- - - h a t -  a n - - -. t n - - -  n- a - - c t. $ a- - n - n # - n ’ J : r - c m n - ” i - - n - ,  ‘- n - - n - I l l  f - a l l  ui -en
‘ - x : ’,c l l v  I-: 1 a - h i t::; o - n - n - - ’ : : -  n - n - n - n - - I  t i 0 t _  t n - - a L- . - in - ’’ r n - to -- k:; occur ;-,‘ i • _ n-_c
I a : n - n - - ‘n - n - ~: I n - n - - n- I - : n-, On - i 0 1- n- - a- * t I n -  - n - n -  t o  - ‘i n n - I n - . t r n -~ ‘. in - - c :rn - P 11 n- _ h - - I P - - n - n - n -

a- I ~ n-c n - n - en - - - - - n- - ;  n - n -  ‘a- n - n -  - n - i  - 1 1 n I . r i a - u t  - n - n -  ‘ -n- I i n -  p: n - - n c  r n - - ’ - - n - - n - :  a = k n - tn - i - I X

‘— .1: - n - n - 0 —: ‘l — - 1 , t t -  - f - n - 11 ‘n - n - ’ ’ ’
- - La - i - - n - n - ’- n - cn -~- I n - i n - 7 . -- ‘ h-nn - : - I

n - n - n - n - l o e I - ; n - -- - - n - ’ - n - i n - n - n - n - -a-
‘.‘ n - : ’ - r i a = i , ‘ t o ~ n - n H :’- -- n - - a - n - -- 1: ;
c n - s  - n - n - n n-. , n n - .  - he  d h n - ’  i i  - n- -

- ,n- o n - n -
in - _ c - - x n - -  ‘ n - n - - - n - n - ’ i a _ i . h ‘rn - rn - - n - ’  n - i. ‘n - : 2.0

b a n -  - n -  - n - -  --. ~~~‘ n - - -’ n - n -  I n - n - -- - n - a -  ~
n-n- ~ o n - : n - n - - n - -- - t  at a -_ca-

1 .5  = i

C’- = 0 .5
1.0 

‘n- = ‘L

a = 1. 5

- 

U . 05 

P

2 . - : ‘_‘I ~ : n - 1 I ‘ > 1 : :  n - - h  a- ion
- 

-

- 

n - i n - a -n - - i t -  - t  i - - a -
- n - i  n - ; ’ I -

1( p ) = i— a -  
- 

t 1)

O - - c  n- n -— ’ --— -
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::I1f

n-

1 > , a 
0 

o

0 . ,  1. 0 1 .5

* ‘T ln - I~~ i n - ;  ~~- a - f l’/ ,- t ] I - t i t  n - a  ~ h a -  ;‘ p ’ I o n  - ha n- ¶ h ~’ i n - n - n - - - bet n--: ’-en
shocks- h-a-s n - n - n  ‘- ~ n - n - - o n n - o - nt m : ’ i d in - a - r i b n - t  1 ’  n - i  w i n -  hi I n n - n - i n - n - -- - r ’ata -  \ .
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a In  t h e  st~ 1 ) ’ ’ n - - n - n - a n n - n - n - i -- I  , -
~~~~ _ In - : - ‘  i n - n - C ’ n - ’ n - - n - l O ’n : ;  i ’ (n -  ) : - i . n o n - : n - n -n - - n - c  n-n- ’ - - - :  a-;

a ri -i t i n -  - - c I ’  - n - n - a -- ‘ ‘
,‘ - n - n - n -  - ‘ I n - )  I • c ( , n - -n - - -: n n - n - - Un - a - n - - - - a- ;-n- - I — >, I:: In - ’ ’ :n - ~:n - - C I ‘ n- n- 

- n- n- .- -
- ‘ - n- -

n - n - n -  ~ n - n - n - I -n- ’ . n - - n - n - n - I L  ‘/n n- i n - -  - t i n - n -  i _ n - - I b I n - n - . i --n - i I n - n - i n - n- . I n- n- n - n - 1 - n - a - _ c:.: i n - - n - n - n -. - -: - H- - n-a-
m ni n - di st _ n - -lb a-P li - n - on -’ I . h - n  n - n - n - i fl I n - a - n - n - n - n -  of I n - n - I - c -  ‘r n - i ’  - n - i t  r - a r n - n - 1 c m  ‘i n -n - a t n - n -  i~ ic- n -

Ti n - a - n--! - :in’n - l I - t j : ; P n - ’ i t j n - a - , h n - -n- tn - n t : : t - ’’ on - n - n - n -  i to - in - - n  ‘ I ’ h_ In t ’ H - - f o r
u rn -_ c , v a c u a - n - n -n- tub - :  f a i l u r e , b - a - i t  t e a t - i n - n - i ;  t a n - l u t - - - , n t e c tr on - n - in - c- ia -fl 1 n - - u rn- P
failure , etc.

W i n - e n - i  0 < a < i , n- _ t n - c -  to i j i n - n - I~
ran-- c in decr~- :n - . , i n - n - : . ‘- i -  ‘ n - n - a- n-~- I , 

- /

t i n - a - f a i l u r e  r u n - c  i n  In - n - CI’L’ ’j:- h’n - n -~ .
a = 1, t i n - - - I ’ m - h un - - .- n - - a t - -  in

c o n st a n t -  and ‘ the  n n - i , ; t n - ’ i t u ’. I - - n - n -  i s  n - i J X = 1
c-xp onen n- lal. i t  ea rn - to_n- t on - - i -n - n - n - tha t .
n - - n - n - n - u n -a 1 ¶ . h -~- f a -  1 i n - n - a -  n - ’ n - a - .  - - r - ( ) in
unbounded as t heca -n - :n-u s i n - in - i n - ilue . a = 2

3

= 1 ~2 -

1 _ _ _ _ _ _ _

2 - 5 111 x e- i  E x p o n - _ c - _ c n - n -  t ia - i I. in - n - -  nibut . i -a-n- n
Let be the  life lern -gth of a co n - ’: I-- _ c rn - - n r It in - _ c n-i nervice environrn c-n-;t-

w i t n - n -  a constant fail r-e rate X which in- ; - n - n - n - kr~own. The v~ar’ i a L i  l i t ’, of
manufacture det er’ m in - :-~-:; v a r i o u s  percen t -a-ia -’ :; a-’ t i n - c k v a l u e s  and t h i s
v a r i a b i l i t y  ca-ri be Ijer;cn-’ibed by sonic dls t r ’ib utio n n - , :;ay C.

1 a - a -  - n - - a - - - l.’ n - n - t ,n - n - a - n - n - c (I i :; P r I i n - i n - t i  O n - i .  I’. n - c - - ri \ I :n - I-; I o W f l  t I n - n - ’  ron 1 I a —
L -i l iLp 1~; a - i t - n - n - n - : ;

F~( t) = ‘ - 1:

k Is ‘ n - r n - I -  a-

- ~~

‘ 
— \ n - , - I -R~ t )  = e g( > j I \ = - - - - - — — — - — - - — 

0 ( L f t ~3 ) ’

w a -~-~~~ ~T~1~~a- 
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-
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‘I n - n - u  fa i i  Un-: rn - tn - . C , a( t- ) , i n - n gi  v - - r n -  U ’ ,- r - (  n - ,
2.0

r ( t ) = n- n- n,
_1 + i

n-i P
3 l

w h i c h  - I c c  r c a - n - n ’- a- as t i rn - c n - u n - n - n - n - a - n
1.5

= 2

1.0 -

0. ~

n - n - - n -n- i n - n -  o f  h a - n - n -  I P n - n - a-? t n-~, 
- on- n - n - - ‘on - n - n - c - a - rn - n --n - n - P - .- : I n - n - n - n - n - I n - n - I  : n - n - i  I

‘.- : a - i - n - i n -  t o l l - ; - : ;’ n- n - n - i ; - : - - n- 1 c -x~n - - o r n - ’ - n - n - L n - a - l  I i : n - t : i b a -  I .-i I :  in -  n - n - n - n - c r - n - - a - -  n -’ :, a- -‘3’- -

h a-s  a r- - n n I T h n - a j  ~ l - ’ n--.n m n - i c I i  I’ol i o w n - ;  a n - n t ; . : - “ n x n - - -n ’ n - n - t i , t o  i i n - n t n-~~ t- ’ n - ’ i n - a - n - ;  n - - a - i ,

rc a - n - r ’ ; n - r , L t e r s  - : -:n - n - d - n-~oPe  t a - n - u t  I’or ’ 11xc t a- ac- I in-ibilit ,’,’ fl:i’:- i;n-ne :; -a.

P (or  a ) dcc n -r’ n- - n - t~ en .

2 . 6  B e r n - n - u n - n - I  I i  n - - I  n - n t, n- ’ 1-  n - a - I a - n - n-
A n - ; n - _ c i n - n - r .’ , - a - r n - t n -, n- - - n-fl; -~- - to I’a i  I a - n - ’- -  - i’ , C - - n - ’ n- n- ‘ - - n--: c o r n - n-~ n o r n - - _ c n t  Ca l  i - a - a- ::

non-ne ;-r’ uuab ili n - ; n - I ito a - i a - n -n n- ’ . I n -  n--a- a- n - i > :  : n - n - n -~ at  
- 

n - c n n - i  n- :re r ’ n r n - c n - t , - n - a - a - - -.:
on l y  w i t h  a - l i e  t a - ’ n - I i a n - n - i i i t y  -‘n - P  I n - n - I a -  n - i n  t a - n - n - - n  n - u - l m n - : b i  I L~~, j i n - ;  n - n -a 1- - r n - a - - - r
n - - : r i t t n - - n - n -  c - x p i l - i a - l y  an a f u n ct i o n  of t a - n - n - n - a -. I t  n- la -’  - t i n t  n - ’ i b u t i O n  F in
exponential P ’te n

H( t ) = e~~~
t0 = -

If the distrIbutio n 1” i n - ;  Wc- .t bull t h e n - i

R ( t ) = e~~~
tO = p

Let X = 1 I f  T —. a n - a l  X = U i f  T - - 
P . ~i i_ ce B e r n - n - a - a - i l l  I i n t r i —

but ion tn-as a dn -_ cnni ty func 1~ h - n - n -  Cl ’/ n--n - fl la-/ 
0

p ( x )  = p i f  x = 1

= l — p ~~~~i I f x = O

The r e l i a b i l i t y  in a-ive n by the vain - n - I’ i n - .
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i n - n - n - — - 1. e a - n -  i ‘ n -  - a - I  n - n - A  ~~~~~~ n- - n- - ~~~~ 

+ - -  _ - -  n- ‘ - ‘ - ‘ — — - I -  _ - ,

n-i n - n -  r ’ i n - n - .  n - n - n -. n - i n - n - n - n -  - , u ’ ;~~ ’ )  ‘n - n -. ‘ i n - n -, --

n - ; n - n n - 5 9 ’n - l
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2.2 G n e d er ik o  T o rt  Gn e d e n k u , B . ,  b :tl., ( 196 9 )
r~:~i~~h~~rna t .  ~;a i  Th t ~ory  of  Rd l ab  1 ~~ , Academic i ress

1) Censored data.

2) Most powerful test.

2.3 T o r t .  o f ’  F i t  for a W~~ bu ll__Di~ tt’ibutio n
N ann , ot  a l . ,  ~i97~~Mann “ k E A P” Test
1) Censored da t a .

2) Parameter va lues  not  sp e c I f i e d .

3) Powerful test against checked a l t e r n a t i v e s .

Iv. PO IN T ES T IMA T ES FOR COMPONENT R E L i A i 3 LIT Y

1. Point  E st i m a t e s  f or ’  t he  E x p o n e n t i a l  D i st r ib u t ~~oii

Example  1.1 Comple te  sample

Lex X 1, . ..  ,X be a random sample  from a d i st r ib u t i or ~ ‘.~;ith proba-
bility aensity function

f(x;e) = Xe~~~ x 0

The maximum likelihood estimate for ~ Is given by

= — 
n_

n
L x

a — I
—

The r~axi~ urn likelihood estis~ate for i~( ) ?;iv ~’:~ h~’

;.:sur ~e ~4 i t on ~s of a p a r t i c u la r  t .:,p c  a re  t t e d .

x 1 
= 30 n m .

x2 
= 60 m m .  

= = =

= 75 m m .  - 

~~ ~~~~.

x~ = 93 m m .  i=1

R(t ) = e~~ t = e~~
OiSSt

If t 10 minutes then R( 10 ) = e ’~~
55 = .86

- ~~~~~~~~~~~~~~~~~~~~~~
-

-
-
~~~~~~~~~~~~~~~~~~~
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Example 1. 2 Type II censor in~; ( t~ xed numb~~i’ of i ’ai 1 u r e s )

Le t X (1) X(~~) 
-

. < ~~~~ be an ordere i sa:~~ ie f~ ’~~ an
expc’n~ nt ~a ~ ~ii :~t : u t ~ ~~:i w i t h  fa : lure  r a t e  X . A~~~u~r~e ‘21pe II
censorinL; at the ~~

‘ r~ f a i l u r e .

Let the  t ot a l  t e st e d  l i f e , T , be given by

T = Z X ( 1)  + (n_r)X (r,)

The rn ax in~ m l ike l Ihood e s t i ma t e  for  X i~
~ r

The maximsm likelihood estimate far R ( t )  is

e Xt

Assume ten items are put  on test and tested until the ~th item fails.

X ( 1) = 30 mm , X ( 2 )  = 60 mm , Y. ( 3 )  = 75 mm , X
(~~) 

= 93 mm

Under the a s sumpt ions  l i s t e d  aUove the  obser ved  v a l u e  of T is
30 + 60 + 75 + 93 + 6 ( 9 ~~) = 816.

r —Xt — 005tX = = -
~~ = .005 R(t) = e = e

If t = 10 minutes  then  R ( l 0 )  = — .0 5t 
= .952 .

Compare the  r e su l t s  from Examples  1.1 and 1 .2 .

• Example 1.1 Example 1.2
= 30 m m .  = 30 m m .
= 60 m m .  x2 

= 60 m m .
= 75 nu n .  ~c

3 
= 75 m m .

x~ = 93 m m .  x~ = 93 m m .

Sample size L~ Testing is stopped.
The remaining 6 It”::s
have 93 m m .  of tested
time but have not faile :

14
X = 

~~~~~~~~~ 
= .015) X = -

~~
-
~~

-
~~~ 

— .005

R ( t )  = e~~ 0 15St  
~ ( t )  = e~~~O O S t

R ( l O ) = .86 R ( l 0 )  = .95
Example 1.3 Type 1 censoring (fixed test time)

Under this  t ~st  plan we put  n I t is :a t i r n u l t a :~~ os: 1,’ a~~ :
test until time ‘i’~, . Al l  fai led ite m::  ~re ~n s t a i i t ly rep i ce:~. A l l
testing Stops at ti me T0 .

__.~
• 1l

- —• ~~~~ Y -
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N o t e 1: Th e ~ c t a l  a c c u mu l a t e d  t e s t  t i m e on a l l  h a r d w ar e  t e st e d ,
ir~~ I u i J~ :~ •

~~ : ~~~~ e!it , I :; r~ 1
0

~ it e .~ : he  b~~r of ~a i l u r e s  , H , is random .

Note 3: At a l l  t 1~-i ’~s in  (n ,T ) t h c re  are  n i tems on t est .
The t i :~.e t~~~~ :e~ -n l : : e s  , ~ ,°ii~~:; an ex n on en t  I al d l s t r i b u t~~on
w i t h  ~~~~ar~ et •_-r aX , h at  is , f~~( y )  = n X e x p ( — n x y )  y ~ 0 .

Note : ~~ ‘.-i ~~~~~ o f :;ota 3 , U , the number of failures , i~sPoL; .’ :. :-: :- e : a  n k T  , t h a t  i s  R is P ( n X T )
0 ‘ 0

No t e : The t o t a l  n u m b er  of items put on test is n + H.
The maxImu m I ~k e l i ho c e 1  e s t im a t e  f o r  \ is

n ’I
0

and for  R ( t )  Is ~
E x a mp l e  I .  -

~ R andom n u m b e r  a t ~ f a i l u r e s  and random test  t ime

ifl th i s  case i t  is s t i l l  poss ib l e  to  o b t a i n  a po in t  e s t ima te

for  X and h e n c e  r’~r ~~~~~ b u t  to ob ta in  c o n f i d e n c e  bounds for  e \t

is ve ry d i f fi c u l t .

The m a x i m u m  l i k e l i h o od  e s t im a t e  for  X is

— 
number  of failures

— 
t o t a l  t est  t im e

2. Point E st i ma te s  f o r  t h e  Gamm a D i s t r ib u t i o n

See N~ th~~1 s for  S t a t is t Ic a l  A n a l ys i s  of Rel1ab~~1ity and Life  Data
by N ann , ~3cnufe r , and ~ia~ purwalia .

3. PoInt E s t i m 2 t e s  for  the  W e± b u l l  D i st r ib u t io n  for Censored and
U n c cn s c r c~i s:~~;~~

See j~ethcds for tatistical AnalysIs_of Rellabli ty and Life Data
by Mann , dcha~er , ar~~ ~ingpurwalla.

IL Point Estiir.-ttes for the ~1ixed Exponential Distributions

See “Problems of Estimation for a Decreasing Failure Rate Distri-
bution A pplied to Reliability, ” by Myhre and Saunders (to appear in
Technometrics).

5. P o I n t  E s tir n a t s for the Bernoulli distribution

If x 1,... ,x~ is an observed sample from a Bernoulli dist~~1hution

(go/no—go), then the maximum likelihood estimate for reliabilil;g p,
Is given by

x + . .+x num b er of successes
= 

I n 
= _ _ _ _ _ _ _ _ _ _ _ _ _ _p n number of Items tested

For example if r~ = 10 ari d x
1 

= 0 , x 2 = 1, x
3 

= 1, x 14 = 1, x 5 
= 1,

x6 
= 1, x 7 

= 1, x 0 = 0, x9 
= 1, x 10 

= 1 then

p = •
~
-- -

__________________________________________________________________________________ ______ -~~ -4___________________________________________ -
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V. CUN~ i L : .J~;E }30UND~ -c~ ~~ c : : ~::; ’: 1 ; ; ~~~hJ:~~-:Y

1. he ;i~~-:_ of C d ’ a e - h o u n r i :~

Let X 1 . , X be a rando-- . ;am: le rr’nm a i~~; t r f t a  Lou

density function f(x;O) , U I s  an unl-a ~oun  ~~
-
~ r - a a : t - r .

For e xamo le X 1 , . . . , X e o u I be a a~ ci us: ~ ass 1 e f’ rex ,  a ex -ma 1
distribution w i t h  k n o wn  s tanda i cI 1ev a t  ~ an d unkuo ’-:r: mean U0

21 ( x — )f ( x ; O )  = 
~~~
-

~~~~
- exp — —

~
--— —

~~~ x < —

o 2a

or X
1 .
,...,X could be a random sas~~le f r a m  an e x p o n e n t I a l  d~ s—

t r ib u t i o n  ;-iith fa i l u r e  ra te  0.
— Oxf (x; O) = Oe x 0.

Two sided c o nf i d e n c e  bounds  for 0 are given by t h e  ranJ om
Interval  de termined  by f3 L ( X l , . .  . , X~~) and Bu ( X i , . .
where

P[BL (X i~~•~~~~
Xn ) ~ e 

~ ~~~~~~~~~~~~~~~ 
=

~ is called the conf idence  c o ef f i c i e n t .

Example 1.1

• Let X 1, . . .  ,X1.~ be -a random sample from a normal distribution

with mean 0 and known s tandard  devI a t ion  a.
• . It can be proved that Z = —

~~~~~
-

~~—- has a normal distribution
ci

n X .
• with me an 0 and standard devia t ion 1, where X = z

The confidence Interval is obtained from

P(—z _X 0  
~ z) = p

a0/V~n

This is equivalent to
/ za Z a \

— —.--~~~ ~ o ~~ + —~~\= p

Example 1.2 Larson , “Introduction to P robab i l i t y  Theory and
Statistical Inference.”

- __.- 
- - 

— 
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Suppose that the number of ounces w h i c h  a m a c h i n e  r u t s  I n t o  a
bottle can be represen ted by a r,urmzil rando~s var ab le : I t h
mean U and known standard dovI ri~ I an of 1/2 ou n c e .  ~ele~~t at r a n l a m
25 b o t t l es  w h i c h  have  been f i l le d  by t h is  mach ine . Let  X , X , . . . , X1 2
r e spec t ive ly , denote the  number of ounces they  c o n ta i n .  Tnen X is a
normal random va r i ab l e  w i t h  me an & and s t a n dar d  dev ia t ion
l/2/~~~ = 1/10 . If we wan t 95~ c o n f i d e n c e  b o u n d s  on U then  f rom
the normal table

X — 0P ( — 1 . 9 6  
~ 

1.96) = .95

which Is equivalent to

• P (~~ —l.96 i~~ 
0 ~ ~~~+ 1 .9 6 •f~-) = .95

.1 f’ t h e  ob serv ed  v a l ue s  of Lao  r : : d ~ s: :; ar ~~!~ are

= 12.0 x 6 = 12.3 x 11 = ~~~~ = 1iJ = 1 J . ~~
= 12.8 x 7 

= 11.5 x12 = 2 1 . 6  x ,~1 
= 11.9 A 2 7

x 3 = 11.9 = i i .~ ; x 13 
12.) 

~~~~~~~ 

= i l.~~ ~~~~~~~~ = 2.3

X~ = 11.8 = 12.2 l2.~ = 1 2 . 0  11.8

x
5 

= 12.1 x10 = 13.0 = 11.8 x 20 = 12.2  x 2~ = 11.7

Then

• X = 1 2 . 0

BL = 12.0 — 1.96(1/10) = 12.0 — .2  = ii.8

Bu 
= 12.0 + 1.96(1/10) 12.0 + .2  = 12.2

2. Conf idence  Bounds  for  the E x p o n e n t i a l  D i s t r i b u t i o n

Example 2.1

Let X1,...,X~ be a random sample fro m a d i s t r i b u t i o n  w i t h

probability density function

f (x;O) = Xe~~~ x >  0

It can be shown that Y = 2k �2 has a distribution (a chi—
1=1 n

square distribution with 2n degrees of freedom).

____  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

P(a  < 2k L < b) — p
1—1

1 Mi 1 1 1  L — — r~~ 
—
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• 
This is equivalent to

í a h i
~~ < X < 2~ X~ j  

=

If the X 1,. . . , X denote l i f e  t imes for  some f a r ’ L i c ~l i ar 
~
. :

of equipment then the r e l i a b i l it y  at t ime  t is given by

R ( t )  =

A confidence in te rva l  for  R ( t )  is ob t a ined  by

p ~e
_b t/2~~~1 < e~~’~ < e_ a t/ 2

~~ ] =

Using the data from Example 1.1 of fection 1V w i t h  ~ = .5~ an
n = L~, we have a = 2.73 and b = 1 5 . 5 ,  a 9 0 2  c o n f i d e n c e  i : i t e rv ~~1 fo r

R ( t )  = e
)
~t is

2ex~
_
~—(-~~--8~

— 
— . 030t — . 005t

, e

If t = 10 minutes then the 90% confidence Interval for R (t) i s
( . 7 14 , .95).

Exa~:.a1e 2.2 Type i i  censor I n~- ( f i xed  n u r :b e r  c: f a i s~~eT

1~~ C~~~ ).( 1) < !~( ) < • < A 
~ 

b .•~ an er~ -u i s::- u 1  ~ f’ra: - .
e x su r . e nt i a l  d i s t r i su t i o n  n i th  f a i l u r e  r a t e  k .

Assume Type 1 c en s o r i n g  at the  1, th  fa il ~~ •~
• Let the total tested lIfe , T, be g iven  by

r
T = 2: ~~~~ + (n—r)X

i=l ‘ / 1

Epstein and ~3obel (1953) proved that. ‘1 = 2~ T has a
distribution with 2r degrees of freedom.

—

1OO~% confidence bounds for X are obtained from using the fact that

P(a c 2kT b) = p

P(a/2T < X < b/2T) = p

~ —~ ~ V - - -
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Two sided confidence bounds for the reliability at tim’; t are
obtained from

—bt/2T —X t —at/2T 
—P(e < e < e  ) - ~~~~~.

A lower p + ~~~~ boun d is obtained from

p (e
_
~~~

/2T)t e~~~~) = p + ( -~~~
.)

Using the  dat a fço m Examp le  1.2 of No ct  ion IV , t h e  d er r e e s
of freedom for  the X d i s t r i b u t i o n  are 2r = 8. if p = .90
then a = 2 . 7 3  and b 15.5.

Two sided 90% con fidence bounds for e~~~ are
15.5 2 . 7 3

= e~~~~
2 

< e~
X
~ < e~~~~

2 
= e 00 17t

If t = 10 mInutes  then the  bounds  become ( . 9 1 , .98)

The one sided 9~~ 
= (90  + ( 100— 9 0 )  lower  boun a Is

— . 0095t —Xte

Example 2.3 Type I censoring (fixed Lest tir~e)

Under this test plan we put n i t ems  on t e st  s~~m u l t a r i ’rous1y
and tes t  u n t i l  t Im e  T . All  f ai l e d  i tems  are in s t a n u l - ,’ r o n l a c e d .
Al l  t e s t ing  stops at ~ ime T

0
. See Example 1.3 of Section IV.

It can be shown that If b is the l00~ percentile point from

a X 2 distribution with 2(R+l) degrees of f r e e d o m  then an upp er
- lOOp% confidence bound for X is obtained by

P ( 2 n X T  < b )  = p

< 2nT~ ~ 
=

A lower 100~~ c o n f i d e n c e  bound for  e~~~t is obtained by

~~ 0 �ri ’1’ 0 < e~~~
t) = p

co tha t  the lower bound on R ( t )  is e

If n = 8 , T0 — 102 and R is observed at r = 3 then

for ~ — .95, b — 15.5 (recall that the decrees of freedom on the

X 2 is 2(r+1) where r is observed number of failures In the fixed
time nT0) .  Thus ,

- - —!  ~~~~~~~~ — — - —
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bt  i .
2ri T0 I ’ 3a L an d

— . 0095t  — X Le < c = E ( t )

w I t h  p r o b a b i l i t y  .95.

3. Con fi dence Bound : ;  f or dr i s ima  l i s t , r i b  at .  t en

See t-iethods cot’ ~; L a t  :; t ~cr1  P~i a I ’~.; i s  f -~~i i a ~ 111 t y ann
Data by Mann , d cha fe r , an d  i n Cp u r - :- J -i I la

14. c o n f i d e n c e  B ou nd s  r e :- t h e  Wt: ~ bu11 L i s L r ’ i b :t. ~cn fo r  Cen sor ’ec i
Uncensored D at a

See “An Exact A sy m a t o t l c a l ly  l~f ’f ic l ent  C c , r i f i d e n c o  B o u n d  fo:-
Reliabi 1 ity in t h e  Case of the  W ’ ib u l  I L i s t  r ib  at  ieu  ,“ ~~~~~ John :;
and Lieberman , Techn es ie t_c - i r a , Vol .  ~~~, Lo. 1, F ob .  1566; also ,
Me thods  for  ~3 t a t I ;~ t L c al  1naiI:~’:; is . . . , by -Iann , J ch a f ’ er , n u n
Singpurwalla

5. Con fidence Bounds f ur- Be r n ou l l i  D I s t r ~~b u t i o r i

Let X1,...,X~ be a random sample from a Bernoulli distr-l~~uticn .

Example 5.1

n
Assume that E x. = k , tha t is , ~: su c c esses o u t1

of n trials. A 95% lower  c o n f i d e n c e  b o u n d , 
~L ’  fo r

p is the value of p for which

If k = 0 then 
~L 

= 0.

To Illus trate : i f n = 10 , k = 8 and confidence

coefficien t = .95 then

=

• Thus If’ p 5 .511 the  p r o b a b i l i t y  of observing 8 or more successes in
10 trIals Is 5 .05.

-c (Jf) •,~

1’ 
-~~~~~~~~~~~~~~~~~



— 9 —

If n = 5, k = 11, c o n f i d e n c e  coe~~~i ci e nt  = . 5 5

r)
~: () (.112) ./ (.5d)~~ -% = .05y = 1 1 ~Y

Example 5.2 Normal approximation

Let X 1,. . • ,X1~ be a random s : i r ~:p 1e from a Bernoulli

di s t r i b ut ion  w I t h  p r o b a b i l i t y  d en s i t y  f u~~ct l u n

n f( x )  = r
X ( l ) l

~~ x = 0 . 1
z has a Binomial distribution w i t h  p :~t - a m c t ers  n ar id  p.
1=1

By ‘.:-al Limit Theorem

—ri p
________ is ap ;~r - ox i m a t e 1 y  B ( 0 , l )
‘fnp (l—p)

r E X . — n p  1 
2

P ______  < zj f (J/ f ~~)e
Y ,‘2 dy =

J~p ( l — p )  -z
- 

~X .—np1
________ < :~ ~‘ ( L X 1— n p ) 2  < z~ rip( l—p )

v n p ( 1— p )

(~~X 1
)2 — 2n p (~~X1) + n 2 p 2 

< z 2 np —

- . 

(nz 2 + n 2 ) p 2 
— (2ri~ X~ + n z 2)p + (~ x 1) 2 < 0

This quadratic in p has 2 real roots

I,.’1- 
• - — 

~~~~~ -- - - —~~~~
•
~~~~ — ‘  

-
~~~~~~~~~ ~~

— 
~~~



- -

solve for’ p 1 ,p 2 .  The c o n f i d e n c e  i n t e r - v a  I beco: ::es ( n
1 , v 2

)

example , if n = 100 , ~ X1 = 65 ar id p = .95 then

r E X 1— n p  1
P 1— 1 . 9 6  < ——-- — —  < L9 1~

L ~
‘n p ( l - p )

______  < 2 ~~~~~ l0 , 1100p 2 
— l~~, ’~U0 p + ~~?~~5 

-
< 0.

10/p C i - p)

Roots  are = .55
• p 2 

= •7- ’
~ 

t /
>~~~~

( . 5 5 , .7 14 ) Is an a pp r o x i m at e  95,~ con f i do n c e  in t e r v a l  for’  u .
.55 is a lower 97.5% c o n f i d e n c e  i n t e r v a l  fo r  p.
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r-:a nn , b . R.  , :;ch af ’~r , R.  L- . , and S i n i -p u r sr i  1 Ia , H . D. ! et h o d s t’ or
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PRELIMINARY DRAFT

APPROXIMATE CONFIDENCE BOUNDS FOR RELIABILITY :

MIXED EXPONENTIAL DISTRIBUTION

I. Introduction

The mixed exponential model for the probability that a com-

ponent (or system) Is successfully operating at time t, R ( t )  =

(l+p t)~~~, was developed for use where the exponential model had

been assumed but the data showed a decreasing failure rate [2].

The maximum l ikel ihood estIma tes of the parame ters , either

singularly or jointly , have been shown in [1] to be fair ly accura te

and In general preferable to using the best linear unbiased estimate

of 
~~~
. The est imates  obtained by the method of moments are quite

inaccura te.

Since the joint maximum likelihood estimate of a and 
~, 

(a ,~~) ,

Is not avai lab le in c losed form , it is d i f f i cu l t  to obt ain the

joint distribution of (a ,~~) and hence diff icult to der ive an exact

lower conf idence bound on reliability. It has been shown , however ,

that for fixed a and type II censoring of the data the distribution

of ~~~ is independent of 
~~~
. In addition , it has been shown [3]

that for fixed a and general censoring (type II, type I or general

t ime censoring ) the distr ibut ion of ~~~ is asympto t ical ly  normal

and independent of p as the sample size and number of failures

become large . In these cases confidence bounds for p and hence

• for relia bility can be obtained using either the simulated dIstri-

bution of ~~~ or when appropriate the asymptotic normal distribution

_________ ______ — ~~~~~~ ~~~~ — ~—
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4 If ai s un known , section IV gives a method for obtaining

approximate confidence bounds for reliability. Simulations

demonstra te the accura cy of t hese boun ds as a funct ion of sample

• size, num ber of failures and con fidence level .

II. The Distribution of ~ when a Is Known

• For known scale parameter a it is shown in [2] that the

distribution of pip is independent of ~, where 
~ 

is the maximum

likelihood estimate of p from a sample of’ size n with k failures.

While this d i s t r ibu t ion  is Independent of p ,  it does depend on

n, k, and a, thus it Is necessary to know the dis tr ibut ion for

• each triple (n,k,a). If the distribution Is known then upper

(lower) bounds can be found for p sInce if P [p/p>b] = a then

P[p/ >~ 
= a. From this expression lower confidence bounds on

the reliability R (t) = (l+pt)~~ can be derived .

For each tr iple (n ,k,a) with p = 1, 2500 p’ s were simula ted

and the resulting percentiles of the distribution obtained . Thesa

simula tions were done for a = .05 ,.l ,.2, . . . , .  9, 1.0, 1.2,

3.0, n = 25, 50, 100, 200 and a range of k’s appropriate

for each n (i.e., for n = 100, k = 5, 10, 20, . . . 100).
The graphs of these simulations appear to be approximately

normal for all but small k and thus illustrate the result proven

in [3] that the distribution of p/p , for fixed a, is asymptotically

2N ( 1,a ) ,  where .

1 k 1—] .
2 I r(n+1)r(n.-i+1+2/a)

a 

I~i~i r(n—i+1)r(n+1+27~)

— —-—--- —7 - —. -—
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To determine the values of (r.,k,a) for which the above approxi-

mation holds, one hun dred simula tion sets are run for each (n ,k,a),

where in each simulation set one hundred p’ s are estimated . Each

simulation set sample of p’ s is tested by the Kolmogorov—Smirnov

goodness of’ fit test for a N (l,a2) distribution .

• Compilation of computer results

to be Inserted here.

In checking the distribution ~~~ the mean has been computed

for each sample and is aiway-6 slightly longer than one , say 1.023.

Thus , even thou gh t he distribut ion appears to be normal it may

be necessary to use a more accurate mean to get the proper fit.

III. Percentiles of the ~~~~~ Distribution

Since the percentiles of the pip distribution depend on

(n ,k,a), the variation in the percentiles were studied as func—

LIons of a and k. For a fixed n and k it appeared that

the 90th percentile point , b , was log log related to a. Linear

regressions were run to f it ebzlm(lna + c and these were found

to be significant . Further study Indicated that these 90th

t percentile points were linearly related to 1/a. When regressions

were run for fixed n and k to fit bzm (l/a) + c , where a varies

through .05 ,.l ,.2 , . . . , .  9, 1.0, 1.2, . . . 3. 0, the results

ere excellent with R2 > 99. The bounds were also found to be

linear functions of 1/k when n and a were fixed, and when regressions

were run to fit b— m (l/a) + n(l/k) + c the results were good with

multiple > 90. SImilar results were found to hold for the

80th percentile points.

____________________ — -—--- — -- w -  — -.--
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IV. Confidence Bounds on Re l i ab i l i t y

With our knowledge of the distribution of ~/P it Is easy

to construc t a lower bound on reliability if the shape parameter ,

a, is known . If P[p/p > b] = y t h e n  for all t > 0 and a > 0

p[(1+p,bt)
_a 

< (l+~~~)~~~] = y. Thus , if a is known a priori and

if b can be determined f or t he part icular n , k, and a, then

R(t) = (l+p/btY ~ Is a lower conf idence bound on the true relia-

bility at a y level of confidence.

Unfortunately in most applications a is unknown and a and p

must be jointly estimated. In this case it is proposed that

R(t) = ( l+At ) _a be used as the T—confidence level lower bound

on reliability where A= P ;’b ( )  and b ( a )  is the y—level bound on

~~/p assuming the true a = a.  If In fact p/b > p and a > a then

R(t) will be a lower bound on R(t) for all t, but in other cases

R(t) may be lower than R(t) for some t but not others.  Thus

the validity of R ( t )  must be shown on an appropriate time interval

through computer simulation.

As a Is seldom one of the a for which the distribution of

pip is known , a major problem has been to calculate b(a) . This

has been solved by either us ing the linear model b m(l/a) + c ,

where the model is known for particular n and k, or by assuming

that the distribution pip is normal with $ L = 1 (or 1+E) and

2 .1 k r (n +l ) r (n + l— i+ 2/ a ) 1  — la 
Li~ir (

~~
1_1

~~
n 11+2/a) J

In either cag e to test the validity of R(t) for a fixed a , p , n, k

two hundred pairs of estimates (~~,p) are generated and for each

-w— r -
~ — 
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pair R ( t )  = (l+P/b (C) t )
_ a 

Is computed at each time t~ , p  = 80, 81,

, 99 where R (t~ ) = p. The R ( t ~ ) are compared with the

true reliability at each of the 20 times and t he results averaged

over all 200 pairs to determine the percentage of time that R

is actually lower than the true reliability. As the percentage

that results may be high because the bounds are too conservatIve ,

or be low because they are too optimistic , each R ( t )  is raised

by .01 for all the t~ and lowered by .01 for all t~, and the

corresponding percentages computed. For example , we simulated

for n = 100, k = 30, a = .1, p = .3 two hundred (& ,P) and

generated 90% bounds R(t~) for p = .80 , .81,...,. 99 usIng

the linear model b=m(l/a) + c. For this case ,

• 
R(t~ ) is less than the true reliability 92% of time

R(t~
)_ .01 is less than the true reliability 96% of time

R(t~ )+.01 Is less than the true reliability 76% of time .

This shows a fairly tight lower bound . When using b=~+~10~ on

the assumption that the distribution Is normal, the percentages

are 95% , 98% , 88% , indicatIng that R(t) is quite conservative

and the normal approximation does not fit well.

The following table indicates the accuracy of the approximate

bounds and the value of n, k, and a for which the normal approxi-

mation bounds are accurate.

Compilation of computer Results

to be Inserted here .
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