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NEL Technical Memorandum
b No.  TM-759

15 January 1965

A STUDY OF THE EFFECT OF ELEMENT SPACING

on

PERFORMANCE OF LINEAR ARRAYS,

by
Donald E. Bennett and R. P. Kempff

This Memorandum has been prepared because it is believed that the informa-
tion it contains may be useful to others working in allied fields at

NEL, and to a few persons "or activities outside NEL. It should not be
construed as a report since its only function is to present information

on a small portion of the work on NEL Problem L30251.
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THE PROBLEM

It is well known that the beamwidth of the main lobe of the direc-
tivity pattern of a linear array with elements spaced at half wavelengths
may be narrowed by lengthening the array, and increasing the number of
elements in proportion.

The beamwidth can also be decreased by placing more elements in
the given array length, thus spacing them closer than a half-wavelength,
and at the same time applying shading factors, including phase reversals,
to the elements.

On the other hand, the array length can be shortened by spacing
the elements more closely, without increasing the beamwidth more than
a prescribed amount. Of course, shading factors must be applied.

Closer spacing of the elements, together with shading affects the
directivity pattern, beamwidth, signal gain, noise gain, signal-to-noise
gain, and the directivity index, in various ways.

The principal purpose of this study is to determine the degree of
degradation of the array performance which results from a reduction of
beamwidth or array length. The unshaded array with elements at half-

wavelength spacing is used as the reference.
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RESULTS

The beamwidth can be reduced and the directivity index increased, compared
with that obtainable with an unshaded array of equal length, if the spacing
is less than 3/8 A\ and appropriate shading is applied. The price paid is
a reduction in signal gain and signal-to-noise gain.

Tables and graphs show the effect of element spacing and shading on
array performance parameters, namely, minor lobe level, beamwidth, sig-
nal gain, noise gain, signal-to-noise gain, and directivity index. The
price payable for "superdirectivity" can be readily determined for the
arrays considered, and estimated for.others. For example, the logs of
signal gain and signal-to-noise gain appears prohibitively high for long
arrays. Also, Yaru has determined (Ref. 13) the large currents necessary,
and the accuracy required, to achieve superdircctivity in transmitting ‘
arrays with close element spacing. It would be equally difficult, if

not impossible, to design and operate corresponding receiving arrays.
RECOMMENDATIONS

This information should be made availahle to persons interested
in arrays with a small number of elements, and who desire to achieve

greater directivity than can be obtained with conventional designs.
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ADMINISTRATIVE INFORMATION

This problem was initially assigned to Donald E., Bennett, a
student employee. The work which he had completed between June 1961
and September 1962, on a part-time basis under NEL Problem L302 was
extended and compiled for publication by R. P, Kempff between December

1963 and October 1964, as time permitted.




PREFACE
Articles concerning the possibility of greatly reducing the beamwidth

of the directivity pattern of a linear array have been published. In places
where the practicality of using such an array is considered, for example,
reference 13,'only extreme cases are used, and it then appears that such
techniques are of limited value. In this report enough different cases

are considered so that interpolations can be made, and the rate of change

of array performance with respect to the number of elements and spacing

can be noted. From these data, it may be determined whether or not a

particular array would be useful in a specific situation.

The mathematical techniques used to determine the shading factors and
beamwidth are those outlined by R. L, Pritchard in his article, "Optimum
Directivity of Linear Arrays," which appeared in the Journal of the Acous-
tical Society of America, volume 25, No. 5, September 1953. (Ref. 6.)

DEFINITIONS 4
Some confusion seems to exist in the definitions of array gain, di-

rectivity index, signal gain, noise gain, coherent gain, incoherent gain,
signal-to-noise ratio, etc., and the following terms are used interchange-

ably in the technical literature.




a., Signal gain and coherent array gain

b. Noise gain and incoherent array gain
c. Signal-to-noise gain and signal-to-noise ratio
d, Directivity index and array gain

In this memorandum, the first member of each pair will be used and is
defined below:

(1) M+l=number of elements in a linear broadside array with uniform
element spacing d.

(2) B, = shading factor of kth element.

(3) S = maximum signal gain = (T Ek)a.

Ratio of array output to that of the center element in response
to a plane wave arriving from the direction of the main lobe, Same phase
at all elements. This quantity is called "signal gain" for short in the
text and figures.

(4) S = average signal gain, averaged over all directions in space.

S = E(Ek)2+ f(%), where !

| a M M+l o
; f(§) =22 T B B sincg;i)

1=1 k=141 k-1 k °
(1)

For derivation, See Appendix.

(5) N = noise gain = Z(Ek)a.

Ratio of array output to that of the center element in response




to randomly phased noise arriving at all elements, such as circuit noise.
(6) S . signal to noise gain = (ZEk y
N ZZEkss
A measure of the ability of the array to discriminate between
a desired signal arriving from the direction of the main lobe, and randomly
phased noise arriving at all elements, such as circuit noise.

(7) D.I., = directivity index = ratio of maximum signal gain to

average signal gain.

D.I, - - ZE)

5 (g P Q)

A measure of the ability of the array to discriminate between
a desired signal arriving from the direction of the main lobe, and plane
waves arriving from other directions, such as isotropic ambient noise. (See

Appendix for certain conditions when D, I, = %) .

Array gain is a measured quantity and is often used interchangeably
with directivity. In a 100% efficient antenna, the measured array gain

equals the calculated directivity. For actual arrays, the gain equals the

directivity multiplied by the array efficiency. (Ref. 1lk)




DISCUSSION

Most emphasis in articles on linear arrays has been placed on the

mathematical representation of directivity patterns such as shown in Figures

1 and 2, where the directivity patterns of three linear arrays are presented

respectively non-normalized and normalized. Each array is 2\ long and has

egual minor lobes of -25db:

Number of Spacing
Elements
A
a. 5 3
A
b. 9 A
4
c. 17 %

Figure 2 shows that the beamwidth is ‘indeed reduced by increasing the number

of elements and keeping the array length constant., Conversely, the beam-

width could be held constant while the array length is reduced, by spacing

a given number of elements more closely. In the subsequent discussion the

effect of a reduction of element spacing on afray performance is investiga-

ted in some detail.

SHADING FACTORS
In general, the shading factors of the elements are less than unity,




and for close element spacing, alternate elements require negative shading
factors. Figure 3 illustrates this point. The length of both arrays is
two wavelengths, and a minor lobe level of -25db has been prescribed. In
Table I are listed Tschebyscheff shading factors for linear arrays with
from five to twenty-five elements, spaced from % to.% wavelength, with a

-25db minor lobe level.

BEAMWIDTH
Beamwidth is defined as the total width in degrees of the main lobe

between half-power (3db down) points. The method of calculation is outlined
in the Appendix.

Table II shows that the beamwidth of an unshaded array increases
rapidly as the element spacing 1s reduced, because the array is approaching
the characteristics of an omnidirectional hydrophone., The beamwidth of the
shaded array is somewhat wider than that of the corresponding unshaded array.
The same material is presented in graphical form in Figure 4, where beam-
widths cah be predicted for various unshaded and shaded arrays. Returning
to the example used in Figures 1 through 3, the beamwidth of the shaded
S5-element array with half wavelength spacing is 253 while that of the

9-element array with quarter wavelength spacing is l9ﬁl, i.e. a reduction

of about 25%, But as we have already seen in Figure 3, one price paid is




the reduction of signal gain by 32,L4db.
What additional price must be paid in the form of degradation of the
signal-to-noise gain and the directivity index will be shown later.

SIGNAL GAIN
"Signal gain," or strictly speaking, "maximum signal gain," is defined

in this memorandum as S = (ZEk)a. This must not be confused with the term
"array gain" often seen in the literature which is denoted as "directivity
index" here.
When some shading factors are negative as in the 9-element array
sum
in Figure 3, the algebraic/ EEk is less than if they were all positive,
Thus, the signal gains of the five and nine element arrays are +10.6db and

-21.8db, respectively. The reduction of beamwidth achieved in this manner

is about 25% as shown in Figure 2,

e b A S e

In a more complete fashion, signal gain as a function of element
spacing and the number of elements is shown in Figures 5 and 6 (not normali-
zed and normalized, respectively). A minor lobe level of -25db has been
prescribed. In Figure T, the material of Figure 6 is rearranged by using

the number of elements as an independent variable, and showing the decrease

of signal gain as a family of curves. Observe that at half wavelength 5




spacing, the decrease of signal gain is zero for any number of elements. It
is important that a reduction from half wavelength spacing results in a far
greater decrease of the signal gain when the number of elements is large, than
when it is small. How much reduction in signal gain can be tolerated depends
largely on the required signal-to-noise gain. (See below under that heading)
In Table II the dependence of signal gain on the number of elements, element
spacing and shading is shown. For the wishaded array, signal gain increases
with the number of elements but is independent of the spacing, as might be ex-
pected. The signal gain of the shaded array is always less than that of
the corresponding unshaded array, and decreases rather rapidly as the element
spacing is decreased. This is a consequence of the use of negative shading
factors (Ref. Table I). When the elements are closely spaced, the signal
"gain" actually becomes a signal losé, compared with the signal output of a
single unshaded element.
NOISE GAIN

Noise gain is defined@ in this memorandum as N = Z(Ek)a. This is the
array output in response to noise arriving at all elements at completely
random phases. N 1is independent of the algebraic signs of the shading fac-

tors, and is therefore always a positive quantity.

Table II shows that the noise gain of the unshaded array increases




with the number of elements but is independent of the spacing as might be
of

expected. The noise gain of the shaded array is always less than that/the

corresponding unshaded array, and decreases slowly as the element spacing

is decreased. This is a consequence of the use of shading factors (Ref.

Table I). Figure 8 presents this material in graphical form.

SIGNAL-TO-NOISE GAIN,
(ZEy

ZfEkIZ

as the directivity index, but equals it only when % is an integral multi-

S/N!is defined here as This is not in general the same
ple of %, or very large (see Appendix).

Table II shows that the signal-to-noise gain of the unshaded array
increases with the number of elements, but is independent of the spacing.
In the shaded array it is always less than that of the corresponding un-
shaded array, and decreases rather rapidly as the element spacing is de-

creased. This results from the sharp drop in signal gain and the slow de-

crease in noise gain, as the spacing is reduced. Figure 9 shows these data
in graphical form, and can be used for configurations not listed in Table II.

DIRECTIVITY INDEX
The directivity index is defined as the ratio of maximum signal gain

. AR =(2E P and 5=%(E P+ £(&
to average signal gain. Dolie = = where S—(ZEk) and S E(Ek) + f(k) :

1l




£@)
The last quantity/is defined in the appendix, ' equation (9), and becomes

zero if % is an integral multiple of %, or very large. Only in those

cases is S = N, and the directivity index equals the signal-to-noise ratio

N E(Ek)2

Table II shows that the directivity index increases with the number
of elements, and decreases with decreasing spacing. The decrease is, however,
less rapid for shaded than unshaded arrays. This is, of course, the resul®
desired in "superdirective" arrays. Figure 10 presents the directivity in-
dices of three shaded and unshaded arrays for direct comparisons.

The computation d directivity indices for the arrays with many close-
ly spaced elements is critical because the numerator is small and the two
terms in the denominator, namely N and f (%), are very ncacly equal and
of opposite algebraic signs. Hence they werc omitted in such cases in
Table II. Yaru pointed this out in reference 13 where in an extreme case

9

coefficient errors must be less than 10 ° to achieve current distributions

accurate to one decimal place,
SPECIFIC APPLICATIONS TO A FIVE-ELEMENT LINEAR ARRAY,
Let us now restrict our discussion to a five-element linear broadside

array with uniform element spacing. Figure 1l shows directivity patterns of

12
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a 5-element array with gquarter wavelength spacing, and with various minor
lobe suppressions using Tschebyscheff shading. It is readily seen from this
figure and Table III that with increasing minor lobe suppression that:

a. Beamwidth increases,

b. ©Signal gain increases,

c. Noise gain decreases,

d. Signal/Noise gain increases,
e., Directivity index decreases.

If a narrow beamwidth is desired, higher minor lobe levels and a low signal-
to-noise gain (actually a loss) must be accepted; on the other hand, if a
higher signal-to-noise gain is desired, a greater beamwidth must be accepted.
It is interesting that the accompanying variation of the directivity index

is less that ldb, Figure 12 compares the direétivity patterns of a 5-element
array with quarter wavelength spacing, when unshaded and with 1lidb minor lobe
suppression (similar to the 15db suppression pattern in Figure 11). Somewhat
unexpectedly perhaps, the beamwidth of the shaded array is narrower than
that of the unshaded one, but the shaded array has a much lower signal-to-
noise gain (actually a loss of 8db versus a gain of Tdb for the unshaded

array), while its directivity index in somewhat higher. The signal gains of

a 95-element array with three different minor lobe suppressions are shown as

13
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a function of element spacing in Figure 13. It is of interest to note that

the signal gain is greatest with -15db minor lobe levels if the spacing is

between % and % wavelength, whereas ;t is greatest with -35db minor lobe ;
levels, if the spacing is less than % A .

Table IITI also shows for comparison the characteristics of a 5-element
array with half wavelength spacing. It is readily seen that with increasing

minor lobe suppression that:

a. Beamwidth increases,

b. ©Signal gain decreases,

c. Noise gain decreases,

d. Signal/Noise gain decreases,
e, Directivity index decreases,

The last two quantities are equal at half wavelength spacing, and vary
less than 1ldb. Therefore, here the primary choice lies between low minor
lobe level and narrow beamwidth, which cannot be achieved at the same time.
Thie cannot be achieved with quarter wavelength spacing either, but there

the signal-to-noise gain may be the deciding consideration.

1k




APPENDIX

DERIVATION OF EXPRESSIONS

Average Signal Gain

™

5= & ! P(0,)s1n0d0dy (1)

ocC—5
=

P = Re; R = directivity function.

In a linear array, there is symmetry about the array axis, so that P is

a function of © only,
m

end 5 = % [ Bsineae. (2)
o

For & linear array with uniform element spacing 4,

h JjBdcose Jepdcose . _ _ _ _ _ _
R = E +Ege + Ege * (3)
= Gl
where B8 = % .
Letting ¢ = Bdgﬁsg & 2dc§se
R = E1+Eej"w+ Engnw o
M+1 ;
and R = L EkeJ(k-l)nw or ()
k=1
M+1
R = T Ek[cos(k-l)nw + Jsin(k-l)ﬂW] ' (5)
=1

15




T ——

] 2 M 2 !
R® = [Kz E‘kcos(k-l)mk] + | £ Eksin(k-l)nw:l (6) ;
=] =] |
: |
3 = & f R°sin0d0, and with the varisble 1y , J
A |
- TRPICH, [ J' 2 i
I=-2d
X 1
_ M+1 M M+l (i"ed) (8)
8 = B ) + 2%
| 1=1 ke-i+1Ek % Z ]
: (Reference 8, Appendix)
|
I
| M M+l sin(_.I'_le_) d
By placing 2 T BB W}'— ) (9)
i=1 k‘i+l
e M+1 2 a
5§ = T (%) + 2 (10)
k=1
(a) If  is an integral multiple of &, £(§) = o (108)
because the sine functions become zero.
d d
(v) 1If T epproaches infinity, f(f) -0 (10b)
because the denominator approaches infinity (wide spacing).
a a M M+
(¢) ¢ £-0, £(3+) 22 £ & i , and
. A i=l k=i+l etk
B M+1 2, M M+l
8 = % ( + 2 3 5y or
k=1 Ek i=l k= 1""1 Fk - Fk
- M+L
S = < 2 E‘}D (close spacing) (10¢)
‘ 16




Average Signal Gain. Example

Let M+ 1 = 3 for a 3 element linear array.

R = B +5, « M4+ edoM (11)
= E| + Ejcosmj + Ejcos2my + J(Eesinnw + E3sin2n¢)
2 2
R°= R*R* = (El + E,cosmy + E3cosenw) (12)
+ (Ezsinnw + E3sin2nw)2
Expanding and simplifying,
2
R o= £ + B+ E2 + 2E B cosmy + 28, cosmy + 2E, Ejcos2my (13)
2d )
- _ A A 2 A %
5 = ig f = I3 (?2 Eg) + uElEesin(ngx> (14)
-ed T
X
) 2d 2d
+ hE2E3sn.n <"'T> + hElE3sin <2n-x>
™ am
s _ ' 2d 2d
B = (P+m+)+e gﬂlEzsi ) + E2E3six<n—i-) (15)
2d
B e

+EEsin<2 >

el

This corresponds to the general expression for S (Eq. 8) with M + 1 = 3,

i.e. M = 2,

Directivity Index

D.I. = Max. signal gain _
g Ave, signal gain

ol |m

(Ref. 9, P. 580)

17




A '
(z ﬁk) =
D'I' =
W, M ML Bin(m%)
' T (g)+2 T T B, B =5
; ) Sl il 1o

(a) If L. is an integral multiple of 3, f(%) = 0

or 10 1log (%)db.

(b) £ <= - =, £(§) -0, ana D.I. ~ =~ or 10 108 (£ )av, as in (a).
() 12 &+ -0, 2~ o3 T E_, B
i=1 k=i+l
(r5 7
and D.,I. » =—==— = 1 or 0O db.

(=5, f

(d) For other values of -i— , DsI. can be greater or less than -:— 5

18




OUTLINE OF CALCULATIONS FOR BEAMWIDTH (See Ref. 6)

For a given 0odd number of elements 2m+l choose a minor lobe amplitude L

where 0 <L<1

Let OL designate one-half the beamwidth at the minor lobe level -
B -1 { 1 -1 [1-3)}
Therr QL = sin xa cos -
1+7Z
om
where A = TH%
e
1+X 72
e o
and B = T=x
e

cosh [}; cosh™t (%)]

om
= 2md & ok
Xe = % for )\ < 2

If the beamwidth at level (e) other than minor lobe level is desired

¥ iL -1 y€
then Zem = cosh [m cosh (L)]
.. =B
-1f 1 -1 7 %n
and Os sin {ﬁcos < A )}
Same A and B computed with Z .
om

Formulae for currents for arrays of odd numbers of elements from 5 to 13

are listed in the Appendix A of reference 6.

19
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Figure 3. Shading factors for five- and nine-element arrays, Two
wavelengths long. Tschebyscheff shading.
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