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FORWARD

The purpose of this investigation is to find the theoretical

solutions to scattering of electromagnetic fields by dielectric bodies

of revolution. This is the first part of the final goal of solving

scattering by buried dielectric objects. The princi pal technique

used in this investigation is the unimoment method which was developed

for the purpose of solving scattering by dielectric bodies under

contract DAAKO2—71—C—0206. The app lication of this method to scattering

by dielectric cy linders in a 2—dimensiona l space has been reported in

the final report of the above contract. In this report , we shall extend

the method to scattering in 3—dimensions. In the application of the

unimoment method , one frequently has to deal with the finite difference

or finite element method . In this report , we start with a discussion

on these two methods regarding their differences and similarities. A

method of inverting banded spars~ mdt rix Is also dt eloped , ~~~ t inally ,

the development of a special potential formulation of the M~ucwell’s

equations for the axial syt!lnetric problems, and the solution of the

scattering problems.
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FINITE METHODS IN ELECTROMAGNETIC SCATTERING

Kenneth K. Mei, Michae l E. Morgan and Shu—Kong Chang

•1 Department of Electrical Engineering and Computer Sciences
and the Electronics Research Laboratory

University of California , Berkeley, California 94720

ABSTRACT

Recent development in the unimoment method ’ has brought finite difference
2

and finite element methods3 into the computationa l techniques of electro-

magnetic scattering, in this paper the various finite methods and their

potentials in the scattering computations are examined . A section on

programming technique is included for those uninitiated and the applications

of the finite methods in 2-dimensional and 3—dimensional scattering problems ,

together with some of tt~e associated computationa l subject matters are

presented .

Research sponsored by the U. S. Army Research Office Grant DAAG29—77—G—0021,
and the U. S. Army Mobility Equipment Development Research and Development
Center Contract DAAKO2—75—C—002 .
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• Introduction

Recent development in the unimoment method
1 has brought finite

difference2 and finite element methods
3 into the computational techniques

of electromagnetic scattering. Finite difference had been a dominant

computational method of solving partial differenti 1 equations , until it

• was overshadowed by the finite element methods in the mid—sixties. Recent

development in sparse matrix algorithms has also changed the manner by which

the finite methods are implemented . Originally , the relaxa t ion methods were

the main tools of solving finite difference equations , but now almost all

finite equations are inverted instead of iteratively solved . The finite

element method which was first developed by the structural engineers is now

applied in almost all engineering disciplines . It is now well understood .

Mathematical analysis4 and sophisticated techniques
5’6 have been developed

for it. In antenna and scattering computations the finite techniques are

still like new found friends, and the acquaintance with them Is yet to

be developed. The purpose of this paper is to examine those methods from

the stand point of one who is interested in electromagnetic scattering

computations. A section on programming technique is included for those

uninitiated and the applications of the finite methods in 2—dimensional

and 3—dimensional scattering problems , together with some of the associated

subject matters are presented .

Finite Methods

In this paper the term finite methods is meant to include finite

difference, weighting function , Galerkin ’s and finite element (or Ritz

finite element) methods. Literally any numerical method that approximates

continum mathematics by discrete mathematics may be termed a f i n i t e  method,

however, that is not usually what we mean. For instance the moment method

—2—

-~~~ —-•~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ 
-

~~~



-

~~~~~~~

of solving integral equations is not classified as a finite method. A

finite method is traditionall y used to SolVe’ dif ferential or partial

differential equa t ions directly.

During the last fifteen v e ir s omputati n in e1~ ctroma gneti s ittering

problems have been actively pursued almost entirely in terms of integral

equations. Needless to say the d r ii t  to integral equation is very natural

and for good reasons . In integral equations the computations are limited

to the scatterer or antenna while in the finite rethod s they are generally

spread over the entire space. In integral equations ~~ie r~ diat i n

conditions are automatically satisfied while in the finite methods they

require special numerical treatments which are often unsatisfact ory . Recent

advances in communications and remote sensing have urgently demanded the

results of scattering by dieLectric and lossy inhomogeneous bodies. The onl y

practical approach to such problems appears to he direct solution of

partial differential equations rather than soluti jn by integral equati on ,

the formulation of which in an irihomog ’neous medium is already i dift icu l t

task. Recent development in the app 1i~ ations ot tjfljto met~ ols
’ has

essentially cleared the way for general applications of the fLnite methods

in electromagnetic scattering .

For the sake of brevit y we shall discuss the methods fir s t in one

dimension . Let~~~ be a different ial operator or more specifically for

illustration we set ~~ d 
-~ The objecti’~e of the finite me thods

dx~
is to solve the equation

• ~~ $(x) = 1(x) (1)

with boundary conditions 4(O) = a

= h

— 3 —
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In most numerical methods , the independent variable is discretized

as shown in Fig. 1. The formulations of the finite methods are illustrated

in the follow ing:

Finite difference from fundamental meaning of derivative :

— 24). +
1 

= 
~~~ i = 1 ,... ,N - 2  (2)

(Ax)  1

Wei ghting function method I (WFN 1)

j

l 
d
2
$~ x) 

W
~

(x)dx = J f ( x ) W
1

(x )dx  = l~~li. .M (3)

Weig h t ing function method II (WFM II) (Integration by parts of WFM I)

- 

1 

~~~~ —‘dx = f ( x ) W . ( x ) d x  (~~)
1 

~ 
~ Jo

Galerkin’s method

N
q (x) = E a .C.(x) and Set W . (x) In (~e) t .  ç

1
(x)

1 = 1

(Ritz) Finite Element

Minimize I = 
~l 

[(~~~)
2 

+ 2f~~]dx (5)
JO ~

In most text books the weightin g function methods ~re not distinguished by

whether integration by parts is used or not. For convenience of the

following discussion we shall c l i  it weighting function method II when

integration by parts is used , otherwise weighting function method 1.

We shall name the set of functions which are used to approximate

the solu tion ~(x) th e trial functi on s , thus

-4- 
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N
4 ( x) = E a~~~.(x )  (6)

1 = 1

where are trial functions. W .(x) are a set of weighting functions.

The following are a few definitions of ‘ommoni , used terms :

patch function — functions which are zero outside an element and its

close neighbors , such as those shown in Fig. 2.

element — a line segment (one dimension), area (two d imension) or

volume (three dimension) as a result of diseretization.

interpolate — a set of trial functions is termed interpolative

if it is unity at one node and zero at all othe r nodes . An interpolative

trial function has the property that

N
4(x) 

~~ 
a~ C 1

(x)
i = l

where a
1 

represents ~(x .).

conformity — a set of trial functions is terned conforming if each

of its members is continuous.

Only those methods that use pat ch functions as trial fon t ions and

weighting functions will be considered as finite methods.

It is well—known tha t the finite difference equations are derived from

Taylor ’s series. It is not difficult to relate the finite difference

equation to the W.F. method . Consider a quadratic patch function

Qi
(x) = A1 + B

i
(x - x~ ) + C

1
(x - x~ )

2 (7 )

passing through 4(x1 1), 4(x1) ,  ~~x1÷1). it is immediatel y evident

A — •(x ); B = 

+ (xj÷1) — 
4(x~~ 1) 

~~ 

4)(x1~~1
) — 2 ,(x) + 4(x~~ 1)I I i 2Ax ‘ f 22 ( A x )

— 5—
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N
In (3) let 4(x) = 

~~~ Q, ( x )  , t h e  wei ght ing i unot l o i s  W (x) ~e

1 = 1

5 (x — x . ), and we find tha t (I) m d i  S to t ~ f m i t  o dl f f r  no ‘- qua t ion (2)
M

On the other han d , in (5) let ;( x )  = ~~~~

1 = 1

I J0 ~L~~~~~J 
i~~~~. ( x ) ]

2 
+ 2 1 

~~~ 1 
~~~~~~~ ~dx

1 M
= (2[ E a~~~’(x~ ]~~ ’(x) + 2 f~~~(xHL1 x 0

3a . 
~ i = l

j = 1,2,.. .M (~~)

which is equivalent to (4) if the trial functions ~.(x) and the v i g hting

fun s W .(x) are the samo ~~~t of functions , and W , (0) = W~ (l) = 0.

restrictions

While W.F. method I and II seem to b r ilv a simple m ath em atical

step away from each other , their num eric al constraints are quite different.

In the simple examp le of Eqs. (1) and  (4), It is t v d e n t  that in ~ .F.

method I the trial functions must be at ~e ist Quadratic and the weight ing

functions be integrable; while in  ~~~~~~~~ m h o d II . the trial functions can

be linear and the wei ghting fun tion m i s t belong t o  C ’ , (W’(x) integrable).

The consequence is: one can us linear funotions as trial functions in

W.F. method II , but not in method I.

Another important observation is tha t the union of the set of trial

functions must cover the entire rci ’ion , while the wei ghting functions are

no t so required . Thus , in the W.F. methods , the we ight ing functions may

be sampling func tions e.g. pulses or patch functions which do not overlap ,

such as shown In Fig. 3 as opposed t those patch l unctions of Fig. 2

which are used as tri a l funot ions .



One impor tant  p roper ty  of sampling is th at d i s c r e p a n c i e s  in the  t r i a l

fu nc t ions may be suppressed by t he  wei g h t i n g  f i n o t l o n s .  An obvious

disc repancy in t h e  W.F. me thod I u s i n g  p i e c e w i s e  q u a d r a t i  t r i a l  f u n c t i o n s

is that the t r i a l  f u n c t i o n s  are lot conforming, is illustrated in Fi g. .

If we use the left of the quadratic for x — -
~
-
~~ < x < x . + and

i 2 — — i  2

the right quadratic tar x 1~~1 
— x x~~~1 + 

‘

~~ , the di so ii t itlu ity

is obvious. Yet  it  causes no i l l  ef ~ t ec oi~ t he  wei g h t  j ug  funot ions

are zero at the d iscon i n ui t i e s .

The case of d i s  n n t  i n u i t v  ho ones ve ry  s e r i o u s  f o r  the  f i n i t e  e l emen t

method,  since the  t r i a l  f u n c t i o n s  are now chosen to  he the weig h t i n g

func t ions and the  un i i i  of t r I I  UI) ti ns mus t  coy ,  r t h e  i t  j r .  r eg i o n .  The

der iva t ives  at the  dis ontinui t i ’ s r , , L i l t  in  l o l t a  f u n c t i o n s , and t h e

square of de l ta  f u n c t  ions a re  n t  i n t t g r  a h i n .  That  i s  why e l e men t s  mus t

be conforming in the  t i n i !  c e l e m e n t  n !  h o d .  H owo ” r , b e i n g  n o n — c o n f o r n i n g

may s t i l l  not be f a t a ]  in t h ~ f l n i l r n i i~t n ,t~~L,J . F r . l u e n t I \  t h e

i r regular i t ies  are ignored  and t h e  input  it  i o n s  St  i ll Toy v i e  I

resul ts, a l thoug h j u s t  as f r e q u e n t l y  t h e y  m a y  fail. Non con form in~ elements

are o f t e n  r e f e r r e d  to as “v a r i a t i o n a l  c r i me ’ in f i n i t e  e l e m e n t  l i t e r a t u r e s ,

and there exis ts  a t e s t , known as th~ pat ch test ,” w h i c h  may he used

to predetermine  whe the r  a s p e c i f i c  t no n — c o n l o r m i n g  e l e m e n t s  would

converge to the correct result. In one dimension , conforming elements

are  easily obta ined  even f o r  hi gh o r d e r  p o l y n o m i a l  1 ap p r o x i m at i o n s .  Any

p iecewise p o l y n om i a l  f u n c t  ion , wh I h is n o n — r e i n  a t  o n l y  one node i s

a conforming element. In two a r  m or e  d imens ions  u n i o r m i n g  r e q u i r e s

ex tra e f f o r t , which may result in  in reasing t h e  number of nodes or the

hand of the matrix or b o t h .

—7-
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One Dimension F i n i t e  Methods

Consider t h e  W . F .  me t hod I I  u s i n g  l i n t ir  f u n  i o n s  f o r  b o t h

and W.  (x)  such as those shown in F i g .  2.~ . Th e i n t egr a l  iii C

f rom x~~ 1 becomes

‘ I 4 . — : .  t i+l  i~. -

J 1 t — l  1 1 + 1  ~ 1
— dx ~~~~~~~~~~

- - dx
x. ~x •‘o< 3’ . ‘. x

1—

4 .  — 2 . +
= — ~~~~~~ 

~~ ~ 

~~i (~)

which is almost i d ent ica I to  the t m i  t o  d i i i  r o n  e q u at  i ou (2) cx. pt

that the r i g h t  hand s i d u  of (2) is c i  Us a t  ion . in i  that of ( -~ ) is

weigh ted  by a I m eat - p o t  ch f u n c  t i o n .  i n d t t  t h e  h~~se u t  t h e  we 1c : t in g

f u n c t  ion may h . r d i c  d ~ i t  hou t  any I f e  on t i .  -~~ i i t  j on

Now , cons ider  .i i ui - I r u t Ic tri a l ‘uncti on usc - i in W.  F.  me t hod I I  , i .e

— . — 4.
i~-l 

‘ i ‘i ’l ~~i ~
‘ i—l 2

c1
(x )  = 

~~~

. + - -

~~

-
.
~~

- - -  - ( x—  x .) — - - --- ~ --~~~——-- -- - --—----- (x- x .)

‘I
(10)

then ,

d~~. ( x )  4i+l 
- 

~I ~ i + l . 
- 2

~~i 
+ 

~i-l
= 

~~~~

_ _ + ~~ (‘c — x ( i i)
dx 2.x

dW .
If the weighting functi on is even with respect t o  x ., ~~

—
~~

- w i ll be odd

function w.r.t. x , ~hus the first term in (11) viii have no contribution
d~,. (x) dW 1

( x )
In the integra l of the produc t 

~ 

- -
~~

———- , and we shall  get an

equa t ion aga in  id~ rt foal to t finite d if I e relic e eq n o t  ion.

It  seem s tha t a l l  f m i t t  m et h o d ; c ci i  ho r d e i c o d  t o  t h e  s ine e q u a t i o n s .

The f i c  t is h~~t • in  t h i s  p a r t  I cu  l i t  ex .~mp l e , t h e  second order  po lynomia l

opera ted  on by t h u  d l i  r o t  m l  ‘ p o r i t i r i s t i l t s  I n  a ‘l is t  m t  As a r e s u l t ,

—- i. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~
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fo r th is  exampl e  a samp ling we i ght log I unut l i i  sot is as good mc an ,

distributed wei ght ing function s ’t  . I rideed , t h~ q uad rat IL f i j i ;  t i’~n’, i t .

the best approxima t I on  func t i (ill s one can g e t  to solve th is C a rt i i  ul it

problem , because the different f.il , 1 i.l t i i  Is ‘i t 1st ted not only r th.

nodes but also between nodes , and ;mny mtte mpt to use hi gher ordered

approximations usu.1 I ly makes t he opp r - x ima t ion worse rather than b e t  t or

Two Dimensiona l Problems

The above is the tory for o n e — d i m e n s i o n a l  c- ;n,i t ions. I i

dimensions many of t~~it above discussions ire s t i l l  v a l i d , but t h. re ire

o t h e r  c o m p l i c a t i o ns .

(A) Confo rmi ty

C o n f o r m i ty  of e l e m e n t  .s In  one d i  mer i s I .n is fle er  a p r t  I en , 0

in t w o — d i m e n s i  r~ it is  a major p r o P  1cm when h i g h  orde r  a p p r o x i n i t  ian ’;  a r e

to be cons idered . o i i s i d er  a t y p i c a l  m i t e  e l e m e n t  d i s c r e t i z a t i o n  In

Fi g. 5. The e l emen t s  a re  t ri a n g ular m d  the t r i e l  f u n c t i o n s  a re  pyr a m i d a l

l ike l i nea r  p a t c h  f u t i :  i o n s .  O h j  l o i n  I y a v i s u a l  r e p r e s en t  a t  1 .11 ci f  t he

r e l a t i o n  between our t r i a l  f u n c t I o n s  and 1ie p r o b l e m  go e r e t r y  r equ i r e s  the

use of one ad d i t  t o n a l  d imension . A v p l - .i I t r i s C  f ; i ; i c t  i~~n c o n s i s ts  of 6 e l e m e n t s

and 7 nodes. Referrin g to p ig. 5 , u l inear t r i a l  t u n c ti o n  c e n t e r i n g  at

the point I , con sists t six p lanes which h -iv& va l ies one at the point I

and 0 at the other node , s u c h  as  shown in Fig . s.

It is evident t h a t  t h e  lin t .- i t - e lement s ar t con fo rming, i.e.. any

linear combination of ‘;uch tr i a l ~unOt ions shill nave no discontinuit y .

The second order approximati on in the u nite element methods uses

a piecewise quadratic function lot :(x,v) w it h i n  each element ,

~~x ,y) = a
0 

+ i
1
x a

2Y 
~- , I ~~ X V  a x 2 

+ .i
5
y
2 

(12)

S -.

- 
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The quadra t i c  f u nc t i o n  of (x , y )  has  six decrees of freedom . The

three nodes of a t r i a n g u l a r  e l e m e n t  a r~ not s u f f i c i e n t  to d e t e r m i n e  the

six c o e f f i c i e n t s  of the  q u a d r a t i . E x t r a  nodes need to be added , su c h

as shown i n  Fi g. 7 , in which a node ’ i s  d e s i g n a t e l  nc each side of i t t

e lement.  These t r i a l  f u n c t ions a re  now c o n f o r m i n g .  Quadra t ics  w h i c h  ar e

u n i t y  a t  one node and ze ro  a t  t h e  r e s t  if  t h e  nodes of a t r i a n g u l a r

element can be f o u n d  e i t h e r  by i n v e r t  ing a 6 x h matrix or by using an

area coord ina te  system (for de ta ils see r e f s .  [ 5 ] ,  [ 7 ] . )  The second o rde r

approximation in t h e  f i n i t e  c i  t i n - u t  me thod g [V o n n e t  t er  a c c u r a cy  h u t  i t

also increases the number of uod~~s and i n c re a s es  the bandwidth of the

matrix.

In f i n i t e  d i f f e r e n c e  a s s u min g  -quare mesh , the usual five point

equat ion fo r  the  L ap l a c i a n  o p e r a t o r  g ives , ( r e f e r r i n g  to F ig .  5)

4 i+N + 
~~+i 

— ‘
~~i + ~i — l  + 

~ i — N  
= 0 ( 1 3)

It is a result  of quadratic a p p r o x i m i t  ion of ~~ x , v) near 4 . ,  h u t  i t  is

not a comp lete q u a d r a t i c .  Indeed . a f i v e  p o i n t  e q n . i t  ion c- n ot  r e p r e s e n t

a comp lete quadratic which has six coe ffi tents. the missin g term in

(13) is a
3 

x y ,  w h i c h  can he o m i t t e d  if t h e  mesh is re c t a n g u l a r .

The t r i a l  f u n c t i o n s  r e s u l t  in ( 1 3 )  are  not  c o n f o r m i n g  but  the

discrepancy is a g a i n  suppressed by t h e  we ig h t i n g  f u n c t i o n s .  Again , f o r

solving Lap lace ’s equation ,the quadratic equati ’n of (13) satisfies

the differential equation he-iw& ’°n nodes a long the  mesh , and i t  should  he

a better approximation than the nine toint finite difference equations

( f o u r t h  order pol y n o m i a l )  which satisfies the differential equation only

at the nodes. Many eng inee r s  hav e heen s u r p ri s e d  t o  f i n d  tha t  t h e i r

n ine  poin t f i n i t e  d i f f e r e n c c  e q u a t i o n s  g i ve  worse  results than the

-lu
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f ive point f i n i t e  d i f f e r e n ce  e q u a t i o n s  when d e a l i n g  w i t h  Lap lace’s e q u a t i o n .

(B) Consistency

Because of the sampling property of the  f i n i t e  d i f f e r e n c e  equa t ions .

there are frequent inconsistancits , particularly whe- n dealing with

inhomogeneous media. In the case of a Helmholtz equation for a

cont inuously  inhomogeneous med ium , the finite d ii feremn t- equation is ,

~i+N + 
~i+l 

+ - 
~~~~~~~ ~i-l 

+ 
~ i-N 

= 0 (14)

where the field points ‘I i+N~ ~~~~ ~~~~~

, ~~~ ~~~

. , ,  are assumed to b e

in a homogeneous medi um c 1
. Let  i be rep laced by i + 1, we f i n d  

~~~~~
,

are now assumed to be in a homogeneou s med ium t .~~1
. This type of

inconsistency, whi le  t o l e r ab l e , i s  not ve ry  satisf\ing theoretically.

The problem becomes more s e r ious  when m n o de  is s i t u a t e d  at a m a t e r i a l

d i s c o n t i n u i t y  such as shown in  Fig. ~~~. Is re~ i r e ’  s eve ra l  ways  ‘u

handling m a t e r i a l  d i s c o n t i n u i ti e s  in th e f i n i t e  d i f f e r e n c e  method bu t

in general they ar e not  sat i s f y i n g .

In the f i n i t e  e lement  m e t h o d , the f l c l d s  a r e  c l e a r l y  ~den t i ~~ied in

each patch , hence t h e r e  is no ambiguity l ike  t h a t  of the f i n i t e

d i f f e r e n c e .  F u r t h e r m o r e , the q u a d r a t i c  functions in the finite element are

p iecewise q u a d r a t i c  and a t y p i c a l  t r i a l  function actuall y consists of

six piecewise q u a d r a t i c  f u n c t i o n s , wh i l e  in the  f i n i t e  d i f f e r e n c e  method

the requirement of t w i c e  d i f f e r e nt i a b i l i t y  on the  t r i a l  f u n c t i o n s

necess i ta tes  a s ing le p o l y n o m i a l  to cove r  a group of connected nodes.

(C) FlexibiUt 1

Because the p ol y n o m i a l s  in t h e  finite elements method are complete ,

the method is essent  Li i  ly  in d e p e n d e n t  of t he shape of the  t r  iangu 1.-ir

e l e m e n t .  In t 1 . -  1 I n  1 i ~ d C I C !  C 0 I hi’ I • t I i -  pol v i i  m l  a I I s I ucomp I e te 

~~~~~~~~~~~~~~ ~~• -~~~~~~~ - - - • - -  ~~~~~~~- - •
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hence it is r e s t r i c t e d  to res - t i t u p i m  Is r m e s he s .  I t  c i i ; he made t he’

independent  of mesh geom e t r y ,  sw ’ -v , t  . by -is in , : e s i .  p o i n t  d i f f e r e ’ ; m -

mesh such as shown in F i g .  9. [ t i l t e d , b r  a s i x  p i n t  f i n i t e  d i t ~~e r v n u e ,

since it is now independen t  ol mesh geomet r \ ’ , t lie lie-nh is no

needed . The o n L y  r e q u i r e m e n t  is t h a t  the nodes ire rel at ivel y uni f~~r m lv

d i s t r ibu ted . A su rvey  it recent developments in variabl e grid finite

d i f f e r e n c e  ;aethods can be f o u n d  in  R e f .  E d ] .

The usual a p p l i ca t i o n s  of t i c  f i n i t e  l i f f e r e n e method  use re tangular

mesh , w i t h  the b o u n d a r y  nodes s p e c  i c i l y  t r e a t e d  by e x t r a p o l a t i o n  ‘r

i n t e r p o l a t i o n. 9 The m e r i t  of such  a sho etne  is the  s imp l i f i e d  p r o c r a mm i n g ,

an~ the d i s a d v a n t a g e  is r e d u c e d  accura cy and the  d i f f i c u l t i e s  i n v o l v e d

in f i n d i n g  the  norma l d e r i v a t i ve s  f r o m  t h e  s)lutje)n. In the  f i n i t e  e l e m e n t

method , using triangul a r e l e m e n ts , i t  is n e c e s s ar y  to s to re  i n f o r m a t i o n

about  the l o c a t i o n s  of t h e  nodes , end .‘l so ‘ h ’  i n f o r m a t i o n  about the e l e m e n t s ,

i . e . ,  the nodes w h i c h  f o r m  i p a r t i c u l a r  e l e m e n t .  F i n i t e  d i f f e r e n c e

metho~~ using v ar i ab l e  mesh should  r e q u i r e  t h e  sam e i n f o r m a t i o n , i . e. ,

the i n f o r m a t i o n  abou t  the  n e i g hb o r  ing node s i t  a c o n t r o l  f l t C e  m u s t  b e

a v a i l a b l e .  C o n s e q u e n t ly , f i n i t e  d i f f e r e n c e  m e t i i o - I  u s i n g  v a r i a b l e

mesh is about as f l e x i b l e  as the  f i n i t e  e l e m e n t  m e t h o d , and t he  de~m r e e

of comp lex i ty  in programming f o r  b o t h  me thods  a r e  ibout  the same .

The conclus ion  is t h a t  the  f in i t e  d i f f e r e n c e method is about  as good

as l inear approximat ion in the finite element method . The h ig her order

app roximation in the  finite element method should be more accurate than

the corresponding approximations in the finite difference method , yet the

finite element method would require more nodes. The finite difference

method using a rectangular gr id is sinpie to program but less flexible, and by

— 1  2 —



.

~~

—

~~~~~~~~~~~~~~~~~~

‘-.---‘-—

~~~

- - -_

~~~~~~~~~~~

_ . - - 

~~~~~~~
-
~~~~

-

~~~~~~~~

--- -_—

~~~~~~~~~~~~~
-

using star meshes it can be made more f lexible but its comp lexit y is

raised to tha t of the linear finite element method . The me thod ant ‘ier-

often used is the W.F. method Ii , with w h i c h  one may use p iecewise-

polynomial t rial functions ‘is in t h e  finite ele rr ”ri t me thod yet with a

much relaxed conformity requirem ent. It will he’ e v s r thvh i le project to

investigate whethe r the r e l ax e d  c o n f , r m i t v  r e q u i r e m e n t  on W. F . mtm th d II

can reap some of the benefits of higher order a p p m x i r i at i o n s  without

increasing the nodes or bandwidth ci the r es ulti rm ’, m atrix.

Prog ra~~ ing Techniq,ue

To implement the finite methods one need first to descr ibe  the  geometry

and construct  the mesh , followed by generating the matrix and solving the

matrix . These basic steps are described in the f o l l o w i n g :

(1) Mesh Construction

In most practical problems , the node number s  are large and the

mesh topology is complicated . Therefore , it is almost an impossible task

to i n s t r u c t  the  compute r  In an ex a c t  mesh ge om etr y . The b es t

s t r a t e g y  is to c o n s t r u c t  a r u l e  w h i c h  t h e  p r o g r a m  can  f o l l o w  to gene ra t e

the mesh a u t o m a t i c a l ly .  There  a r .  m cmiv w i v s  if  i ! m t o n a t i :  mesh g e n e r a t i o n .

In the fo l lowing  we s h a l l  d e s c r i b e  one of t licu , which we have used

very e f f e c t i v e l y :

(a) Construct  a regu la r  mesh ins ide the c i r c ul a r  oundar

This can be done in many w i v s  a f ew  c~f w h i c h  ar e  shown in Fi g.  10.

These mesh can be genera ted  a u t o m a t  i c i l y .  F i g .  lO(i Is used if the

center part  of the c i r c l e  is inc l uded . F I g .  1 0( c )  is used when the center

pa rt of the c i r c l e  is not Inc  l r i d t ’ I t o  t h e  i i i i  t i  method .

— l 3—
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(b) Find the intersections 0? t Ile s - i t t e r e r  c o n t o u r  w i t h  the  mesh

li ne

If the mathena t ici l formula o m m e s c  a : t er e r  c on t o u r  is known , it

is relatively easy to find t h e  I ri t u r - e c t  ions si t ic : contour with the

mesh lines. For the mesh geometrY ot Fig. 10(c) i t  is a p a r t i c u la r l y

easy task , because we o n l y  need to f i n d  the  i n t e r s e c t i o n s  bi-’tween the

contour and the  r a d i a l  l i ne s .  One of the two n e i r e s t  nodes to an

in te r sec t ion  po in t  ~f lo n g  the r a d i a l  l i n e  is now s h i f t e d  t o  the  i n t e - r e c t i o n

• po in t .  The rest  of the noda l  p o i n t s  a long  the  p ar ~~i u J a r  radial i mu t s

are now shifted so as to make the perturbation equall y distributed. It

is noticed that there are two possible orientations of the diagona l

• hypotemuse  of the triangular el .-ae ’mc t s between two elj iceui t radial lines.

We shall call those  element~ of F i c .  l la , l e f t  handed  ( L H )  e l e m e n t s  and

those of Fig. l lh , r i g ht handed (RH ) e l e m en t s. The choice on the’ t y p e

of element may be made based on t h e  r u l e ,

R > R . LH elemen ti+l —

R < R . ~ RH elementi+l 1

Using the above ru l e s , the  con tour  o f a d i s t o r t e d  r a i n d r o p  is d i s c r e t i z e d

in Fi g. 12.

( 2 )  Computation of M a t r i x  Elements

The key to the programming  of ;rrrv finite method with variable elements

is the name l is t  of nodes , wh ich f o r m  a p a r t i c u la r  e l e m e n t .  R e f e r r i n g  to

Fig. 13, we generate an array ELEN (T , J), where I , is the  number ing  of the

element and the dimension for J is three. This array is used to store

the lJst of the nodes which form the particular element 1. For example ,

F.LEM( 12,l) = 3; El FM (12 ,2)  = 6 , Fl .F2’ ~( 1 2 , ) )  = 7. O f course , the coordinate

— 14 --
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locations of each node should be stored in another array.

Wi th the i n f o r m a t i o n  of the  e l e m e n t s  and node ’s a v a i l a b l e , we now

consider the genera t ion  of the matrix elements. In the following , we

shall consider the generation of the matrix element of the two—d imensior~~l

Helmholtz equation using the weighting function method II. Thus we

compu te the in tegral ,

(VU . Vi~ + k 2 (JW .)ds  ( l ~~)
S

Both U and W w i l l  be p iecewise  l i n e a r  functIons , therefore the re-su it

will  be iden t ica l  to the  f i n i t e  e lement  method.

A typ ical l inear  element h , w i t h  nodes ( h )
1

, (h )
2

, (h )
3 

should have

the f i e ld  w i t h i n  the element described by a linear function ,

U (h) 
= a (h ) l  + a ( h ) 2 x + a ( h ) 3 Y (16)

The coef f i c ien t s  a (h) . are  found by m a t r i x  invers ion ,

— — 1 —
a (h) 

= N (h)  U (h )  
(17)

The vector U (h)  cons is t s  of the f i e l d  at the nodal  p o i n t s  hence

(i = 1, 2 , 3) ,  and

1 X (h ) l  ~‘( h )l

(h) 
— X ( h ) 2  ~ ( h ) 2

1 ~~~~~~~ 
~ ( h ) 3

Let us consider W . to be a linear pyramid function which is unity at node I

and zero at the  surrounding six nodes , s wh  as shown In Fig. 14. Throughou t

the entire process of weighting Integrals , each element will be weighted

by three different weighting functi on s , each of which may be represented

-15- 
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by a linear function which is u n i t y  at one node of the  element and zero

at the other two . The function which is unity at node (h)i is actually

par t of the we igh t ing function (h)i , and the coefficients generated by i t

are associated with the (h) ~ 
th eq ua t  ion or t me (ii) 

t i c  row of t i m e  n m i t  r ix.

To each U(h) 
in an element ii , t he re  are t h r e e  a s soc ia ted  weig h t i n g

f unc t ions W(h)j ( j  = 1 ,2,3). Let W (1). be p a r t  of W ( 1 ) .  em ich is associated

with the element h and w h i c h  Ic,is v ,clmne at t hem iod~ - (h) arid zero re t the

other two nodes of element Ii.

W
~ h) 

= b
~ h ) l  + b~h))

x + b~~~) 3 Y ( 18)

and

—j ,— 1 —
b (h) 

= N ( h )  m~

where

The gradient of t (h) g
ives;

o o 0 
a ( 1 ) 1  0 0 v 

- -

VU = 0 1 0 a = ~) 1 0 ~ • 
- 

( l~4)(h) 0 0 1 
( h )~ o n f h )  ( m m )

( h ) 3

and the gradient of W
~h) 

is,

0 0 0
= 0 1 0 N 1 

n • (20)
(h)  0 0 1 

(h )  
~

The integral 
1(h) ~~(h) 

‘rw dm ; n s,

- T 0 0 0  1 0 0 0

~~h) ~~ th) 
0 1 C) N (~~) 0 1 0 N

(~~) 
ri . ds

= ~~ I .
~ (~~l )

(h) (h) ‘ ( h )

—1 6—
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where A (h)  is the area of the e lement  h , and p 1 
= 

~~~h ) 1 ’  P~~1) ) I 
~ ( h ) -3~

is recognized as t h e  c o n t r i b u t i o n  to the r~m I t r i x  e l e m e n t

G[(h)j, (h)i] ( i  1, 2 , 3 ) .  T h i s  v . e l u e  shou ld  be a c c u m u l a t e d  in th e array

C in the location G[(h)j, (h)iJ .

S imularly the second i n t e g r a l  of ( 1 5)  can be carried out by

k
2 

~~h) 
U ( 1 )  h) ds k

2 

‘( h )  
L (h )  NJ) 

~~~ 

[1 ~ ~~~) N~~~ ~ . ds

(2.~)

l x v

= k
2 j U (h )  N~~~) 

L 

x~ N~~~) ~~~ . ds

= k 2 J 11( h )  ~ (~~) ds ( 2 3 )

th — j  - - . t i e
The I element of the vector d j) 

is thus the contr ibut ion to the (h)j

row and (h)i
th 

column of the m a t r i x .  The i n te g r a l s

I . .  = f x
1
y~ ds (2 4)

~ (h)

may be found by u s i n g  the  L ’c rc ! c c s c r d i n ; c t e s ,

U = x—x
C

v = y _ y
c

= (x(h)1 
+ X ( h ) 2  + x ( h ) 3 ) / 3

= 

~~(h ) l  ~ ~ ( h ) 2  +

— 1 7 —  
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The f o l l o w i n g  t a b l e  g ives  t h e  mo st  u- , e l u l r - ’ - , e l t s  [ 1 0 J :

i + j  I . .
‘1

0 A ( a r e - c ~ t r i c n y l e - )

1 0

A ,  i i  i I2 
~~~~~~ 

~~~~ + ml 
f ’

_ 
~)

A i j  i~~ i j
3,4 

~~~~ 
( \ 1 ~~V~ 4 + U

5 4 j~~~~~+ u ~~v~~)

where u x - x
i (h)i c

v . = y  . - v
1 ( h ) i  - c

and

A = det N (h ) I /2

If k2 = k0
2

c where c ( x , y )  is a f u n c t i o n  of p o s i t i o n , we n aY r e p r e s e n t

c (x,y)  by piec ewi se po lynomia l  f u n c t i o n s , and t h e  i n t e g r a l s  can be found

accord ing ly. - 
-

(3) Solving the linear equations

The dimension of the unknown vec tor  u is u sua l l y very la rge .

Fortunately the matrix G(I ,J) is usually sparse and banded . Referring

to Fig. 13, we notice tha t the nodes (1 ,2,3,4) are onl y connec ted to

the interior nodes (5,6,7 ,8) whi ch are only connected to the interior

(1,2,3,4) and (9 ,10,11,2) etc. Representing these nodal values of the

f i e ld  by vectors ,

-18-
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“1 
= (u 1, u 2 , u

3
, u 4

)

“2 
= (u 5, u 6, u 7

,u 8
)

“3 
= (u 9, u 10 , u 11, u 12

)

V
4 

= (u 13, u 14 , u 15, u .6 )

we can represent  the  banded m a t r i x  by t he  v e c t o r  e q u a t i o ns

B .v . + A . v . + C. v . + d . = 0 ( 2 5 )
i i— l i i i is- I i

The matrix equation is thus , (ref erring to Fi g.  13)

A1 C
1 

0 0 d
1

= 
B2 A2 C2 0 ‘

~2 = 
d 2 ( 26 )

0 B 3 A 3 C 3 v
3 

d 3

0 0 B4 A4 ~~V 4 
d 4

where all A1’s a r e 4 x 4 sparse ma t r i ce s , C . ’ s are lower t r i angu la r

sparse matrices ( f r e q uen tly diagonal) and B ’s ar e upper tr iang ular

sparse matrices (frequently diagonal); B
1 

C
4 

= 0 and the  -r ecto r

represent the con t r ibu t ions  f r o m  the bounda ry  v a l u e s .

The solution can be obtained by the following block—by—block

elimination method . Assume

= Riv i + s~ i = 1, 2 , . . .  ( 2 7 )

Eq. (25) can be r e w r i t t e n  as

= — (A 1 + B
1R .)  1C~ v 1~~1 

— (A . + B
1R 1

) ~ (B .s~ 
+ 

~~~~~
)  (28)

—1 9—
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comparing (28) w i t h  ( 2 7 )  w i t h  i i+l , we get

R i÷l 
= — ( A

1 
+ B . R .) 1R.  ( 2 9 )

and

5i+l 
= — ( A . + B .R .) 1 (B . s . + ~~~ ) (30)

The above two r e c u r r e n c e  f o r m u l a s  c a n e be i n i t i a te d  w i t h  i = 1 in Eq .  ( 2 5 ) ,

which resul ts  in

“1 
= -Aj c 1v 2 

- A 1
1

d 1 
(3 1) 

- -

Comparing (31) w i t h  Eq. ( 2 7 )  f o r  i = 2, we get

— l
R 2 = —A 1 C 1 1

( 32 )
s = —A ~d —‘

2 1 1

Comparing (32)  w i t h  (29)  and (30) ,  it is clear that

= 0)
(33)

= 0 .)

The end cond it ion at I = N is

BNvN_ 1 + A
N
V
N 
+ d

N 
= 0 (34)

Subs t i tu t ing  Eq. ( 2 7 ) ,  wi th  I N , in to  (34)  we get ,

= - (A
N 
+ B

N
R.~

)
1 

(B
N
s
~

, + d
N

) 5
N+l 

(‘
~ 5)

To summarize , we have the f o l l o w i n g  p r o c e d u r e :

( I) Us e t h e m  fii t t o t cond i t  i nn s ( I I)

(II) 1o generate R~ . s~ (1 = 1 .),. ..,N+l) fr om the recurrence

formulas (29) and (30).

-2 0-
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( I I I )  Use the  end c o n d i t i o n  ( 3 5 )

( IV)  To c a l c u l a t e  V
1 

( I  N , ~— i , N— 2 ,...,l) from (27).

App lica t ions

(A) Two Dimensional _ ScatterJ~~

Equation ( 2 9 )  clearly indi cates that a l l  t h e  R . m a t r i c e s  can be

computed independent of lice boundar y values. There fare , we nay obtain

a set of the solutions of the interior problem based on a set of specified

boundary values from the same R ’s. The vectors s ’s are depend ent on

the boundary values hut their computations are not as t ime consuming as

those for  R .’s. From the interior solutions the normal derivatives for
1

each Dirich le t problem can be found.

Le t the exterior solution be expanded in a finite series of cylindric al

harmonics , assuming symmetry  w i t h  respec t  to the x—a xis ,

u(~ ) E a
n 

cos n4 H~
2
~~(k r )  r ~ a (36)

and the interior solution he expanded into N + 1 l i n e a r l y  independent

solutions described in the previous section ,

N
u ( r )  = 

~~ 
b u ( r )  r a (37)

n =  0

where a is the radius of the circumscribing circle , and the normal der iva ti ves

3U
(a) are found via the solutions u (r). To find the coefficients

a and b , we equate (36) and (37), and their normal deriva tives a t

r = a , to get

— 21—
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IT/2 N

j 
{U~~~~~ + 

~~ 

a
1~ 

cos rr -~ H ,~~~ ( k a ) 1  cos m~ d~

= b U ( a ,~~) cos rn ; d~ (m = 0 , 1, 2 , . . .  , N) (38)

n / 2  inc N

J 
{-

~
-
~ (a , ; )  + 

n~~~~O 
a co s n~ - --

~
-

~~ 
( k a ) }  cos m~ d~

N n/2 AlT (a , :)
= E b J - -? -- - - - - cos mn~ d~ (m = 0,1,. . . ,N ) ( 3 9 )

The above shou ld r esu l t in a 2 (N + l )  x 2 ( N + l )  m a t r i x  f r o m  w h i c h  the

coei ’icients can be found . A word of advice here regarding the normal

derivatives 
(r) and 

~~~~~~~~ 
(kr). In general , the  exact values of the

normal derivatives of the incident field and the Hankel’s functions are kn own

on r = a, however , it is advisable to use their approx imate values

~~
inc 

L~H~
2
~(a) and (a) instead . Them reason is that the right side of (39)

contains approxirlate derivatives obtained from the finite difference

of the nodal values. They are not equal to the exact derivatives. The

equality of the approximate and the exact derivatives can be enforced in

(39) only throu~)e the alteration of the coefficients from their proper

values . Indeed , equation (39) is more meaning ful if both sides have the

same order of approximation.

A few solutions of the 2—dimens iona l  s c a t t e r i n g  ~ re shown in

Fig. 15—16. The details of the 2—dimensional solution can be found in

Ref .  [ 3], -

(B) Th ree Dimensional Scat t er i~~

(1) Formulation

A truly arbitrary three d imensional scattering problem of reasonable

—22—
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size is not going to be solved economically in the foreseeable

future using any p r e s e n t l y  a v a i l a b l e  techni que. The t h r e e  d i m e n s i o n a l

scatterers that can hi i nves t  lg~cted reasonably economically are ~e xial 1v

syimnetrical. An axially svnu ne tri cal scatte rer with non—axiall y c.~rnie tr ic

incident fields can be decomposed into azimuthal modes ,

E(p ,z,~~) = 

~~~~~~~~~~~~~~ 

e ( O ,Z~~e l
~~~

q
0

H(p. z ,~~) = 

m~~~ -~ 

h , e~~ 
(~~i )

where = l 2 O r  ohms. We shall use t u e cylind cal coordinates tor the

in terior problem instead o f sp h e r i c a l  - o u r d in a t e s  so t h a t  t h e  i n t e g r a l s

resulting from the fin ite method s will he more manageable. The above

azimuthal components can be so1v~ d i n d e p e n d e n t ly  of OOL . a n o t h e r .

Let R k,. and z = kz , and ‘n i l  
and he the two scalar pot-ntia ls ,

R~~~~~~~~~~
e
m

— —

—p-’--- = h (~R in

The rest  of the f i e l d  components  can be der ived  f r o m  the po t en ti ds

0
by the following formulas:

~ x e = jf (m~ x — R~m 7~ ~~ (~~~)
m in m ,1 r m ,~

x h = jf (m ~ X 

~
‘
~m ,2 

+ R c 7 ~~~~1
) ( 4 5 )

wher e

1
m r~~~~~~~~

’ r~~~~~~~~
R

2 
- TII (-~h)

— 2 3 —  

--~~~~~~~~- - - - -~~~ ~~~~~—~~~~~~~~~ --
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The differential equations of and ;
r 2 are

V . [f m (Rc r V
~ m 1  

+ ~~ x 
~
‘ n in ,,~~ 

+ L
r~ m l /R = 0 (47)

V . [f m (Rc r
;
~ m 2  

— rn ;  x V
~~~

)1 
~r

’
~m ,2~~ 

= 0 (48)

These differential equa t ions can be recast into the minimization of the

f u n c t i o n a l ,

F L ( R , Z ,~ i
1

,~~ , , 7~~1
, 7~~2 ) d R d Z  (~~9)

wher e

L = f [Vn L n (Rc V~ + m; x vç - ) + 7~ ~~~~ 7~. — in; x ~~~ ) 1
in m ,1 r m ,l m ,2 in ,.. 2 m ,2 m ,l

- 

~~r~m ,1 
+ 

~r~m 2 ) / R  (50 )

It is noticed that  f ( R , Z) is s i n g u l a r  at the s u r f a c e s  where

Rv’~~7~ = w
~~

. This can happen when ~ and are both  r ea l .  The nodal
r r  r r

fields do not , however , behave erratic all y at these s u r f a c e s and , in fact ,

except  at po in ts  which correspond to materi al interfaces , t he  modal

field components are uniformly holornorphic.

(2) Singular integrals

In the application of finite methods to (47) and (48) or (50) the

singular integrals of the type ,

~r ,s J~ ~~~~~~~~~~~ dRdZ (51)

are of ten encountered . The integration of (51) may be e f f e c ted as fo l lows :

— 24—



Consider the in tegral

I = g(R)Z
SdRd Z . ( 5 2 )

Using the two dimensional Stoke ’s theorem,

f V x ~~~ . ã ~~ =~~ 3~~ v . d i n ( 53)

and let t ing

s+1
V(R ,Z) = — 

g(R)Z ~ (54)

we have

V x v = —g(R)Z~~ and ds = -~idRdZ

and (53) becomes

f g ( R ) Z~ dRd Z = —

~~~~~ ~f  g ( R ) z S
~~ dR . (55)

Applying (55) to (51) we get

r s+l

~r ,s 
= 

S i  
~~~~~~~ c u R  — 

~~~~ 

dc . (56)

For a typical element the clockwise contour of (56) is shown in Fi g. 17.

Consider a typ ical in tegration along a line segment , such as from the 1
th

node to the node. Along this path the linear functional dependence

of Z(R) ctR + 8 where

(Z. — Z)
~~c~ = (R . — R .)  

and 8 Z~ — czR 1

s+1 s+1
is substituted into the integrand of (56), and the term Z (ciR + 13)

is- expanded in to binomial series in powers of R. The resultant integrals

will be of the form ,
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R . n
I (n ,m) = J -;,-- --

~~
- -

~~~~~
-- dF  ‘

R . k R - m

where n = 0 , 1 r + S + 1 , t n 0, 1 we-
- - R .1_~
2 R l 1 

, :‘c = 0

I (0 ,m) = 
R i

Q R _ 
-

~ l n ( k R  — m ) — ~~~~ + m) - , - * 0 ( -

R .
I (l ,m)  = ~~~

, I 1 n(k I ~ - m )  f l n ( k R  + m )  I a l l
a ,

~~~

- R.
1

the remainder ot h a  i : e t n _-~ r~~1s i t - c ’ ;  l i e  ~r~~rie - rati - d iisjnc the to- - u r r - , r  c f r m u l

i~~(n ,m) = 1 1 (n,0) + ~~~~~ I~~(n — 2 ,m) . (s ~)

An e rip- ’rtant resul t N’ ‘em i t t ’  ci i - i  t i n - t a c t. t h u  ‘ ce- ri f o r  t n . -  cr e - ,e ot 1ossl~- -c

media , w h e r e  k = c~~ i - ;  r~ at , t n  h i - e d r . u t u r i  in I w ill pr ’iuc.:
r r

complex v a l u e s  v u -c t h e  i~~ t i~ L i t  1 t n  p - e~~ throug h the simp le nioTe si.u ~r j la rit

in the i n t e g r an d . The po le l- ’ e - i t ions f r  r tii- ea-o of rea l  and comp lex

are illustrated i n  F i . 18, and - -
~~~~ n t hi- j il t egrat Ion path def ~c t  r i t  o r

nece ssary for tt- l k , whe re - ‘- i )~ Ir e p t t h i n t ’  ‘ - roug h t t i ’ -  I~~, with

it o - r e - -ic in g P . t h e ippi op T  i t t  ‘ . i’ u r u l  log t t ii~ t Ton in ( 5 -n  - ‘id (hO)

w i l l pic~~ ’ip -en 0 d d i t L o n : ? 1 j
~ 

t i  add t o tb~ int — gra l , wh i ch is - ,-‘n t r ih u t ed

b’; the residue ol the i n i t e - g r a i .  i n n  O1- ~hai S v s to ’n  n a t r i x , ~ i l 1  t h u s  ;nclude

complex I e’nn-nts even in t h e  lo~ s less  m e d  ~ (_ -ese

Resul ts

i’ a i n g  t O n  i t - - ; n  d~- ci ~
- - ‘ r ~i i i i , - . and c o m p u t e t  i n a l  t ec hniques ,

we a re  able to c o m p u t e  t h e m  ~ - i tt e -r i rt ,’ of i l - -m e  waves i,v d i e t e c t r i t

bodies of reve l u i n n of var louis slea i- . . 
I t )  

T o  ve r  i f v  the computed results

we f i r s t comp ute hem s - c t  t o t i n g  h ’, e d t e 1 ~~c t r  i -  sphere , the exact result

of which is kn -w ~-- N t h e  cu np rt ct ions , we dcl  i r ’ e r i t c l y oh set  t i l e  c e n t e r  

~~~~~~~~~~~ ::~~~~~~~ _ _ _  . -
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at the scatterer t rum the or ig in , so t h at  ~ om p u t  at  t on a l  v - ‘ r .’ .e ~ 110’

the geometry is no au g u r  regular . Ihe- comp ~r L~~ufl oh them re -suit s Is

shown in Fi g. 19 N c r  t he  s c : m t t t ’r i t 0 -  am p l i t u d e  and F i g  , . P )  h r  t a n  pu lsE’ .

As c o m p u tat i o n a l t e c h n i ques  he~ on -s inv i ’- ’  sop h i s t i ca t e d , V u - i - i f  i c  i t  i on

of the computed results s tu n  hei nou s a p r o b l e m , h e c . i u - --e c I , i sc l~~-i1 s olut iure c

at  .m f ew  specia l  g e i n n n t r  i c s  w I l l  i t  h - s i f  t i c  m i tt t i  C O l d  l flru . - ‘ u r c u i : a ’~ I n s

of comp lex p r u b  I ma - E x p c - r i t : e .  i t ci ver if ii uetion may eventually h~- ~ onl ~

way to c o n f i r m  t r u i -  v a l i d i t y  ot geni i-al p r ig r ams . Wi h iv u ’ h i t  h

and measured them bistatic scatterin g of a finit e dielectric cv li reci i’r ‘~ i t h

a sp h e r i c a l  vo id  in t h e  c e n t e r  su l u u s shown in Ftc . 21. The - crirue t ii i

and measured r e s u l t s  a m shown in I- i g .  22 — ii: I 2 II . f t i e - i r  ag ’  & ‘ e m - t c t  is

t r u l y  rema r k a b le .  th e s e  r e s u lt s  st i u 1 0  d e f i n i t i v e l y  r e n f i r m  th e- : c ; - p l i c a b i l t t .

of t h e  un imom ent  -uetho d in elect - ‘  ri O - n e t  ic scit t e t  ing  p r o b l e m s .

Further_ development

At the  p re sen t  u s i n g  li o n cr finit e ’ ehm e ’nts i r s - i  hod~~, I t  i -~ n o s s ih l e

to s - m i t ’ aX i . I l l y  - ‘ ‘ ,‘rcs - t T z ( a l  d u n I n  t r i c  s , T ; e !  I n c  r r o b l t ’m s ~T u i c t i  ‘-~~e a

m ax imum d i m e n s i o n  o~ ,ih ’ut -e~~~ using t t c  ~te 1’i d ~~ inpir e m ’  - \ t U3i l ’n

i t  is - l i f t  i u l t  t o  he e x - e c t  r e g e r i t i r r ~ ‘h ~ li m i t - i t t  n of  Vie m eN- -I t’ecjuse

i t  shou ld  depend ‘u t h e  I i  elect I - - coru-tant and 
~~~ 

‘t, - t r v ot t he  s n t t e r e r  -

At t h i s  s tage , h owever , it is q u i t e  ~- v i d e n t  t h a t  t h e  I rrmi eflat e l i m i t at i o n

~ f the met l i d  it; t r u e  cc p-c ’ : 11 y Oh t e  - - uripu t er i r e  hand I tri g t i n t  t it em I u nk-ri :

e .qu- i t ions in - ‘ i t  ge’ c losed i u p i tt - g01 urc otel y , f i n i t e ’ e lement  t e .  l un i q u e s

have been ‘-~~t e n u i v e 1~ invest i- . i t ,  by stru ctura l eng ineers and improvements

of these ic -ha l ~t i u - ’ - hive been i t - p ~~r e l  it n u b  i t the r e l a t e d  c o n f e r e n ce s .

the f m i t . ’  e l , ’ m . t t  t i n  h n t q i i e  I n - ’ ’  r t n ’  in thi s lumper lS q u i t e  e l e m e n t a r y .

Yet , w i t h  rh - t n em * sect  c u r  V t ) ’ ) t c i i  c , vu ’  have m l  r eady ex tended  the  ar t  of

— 27—
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scattering c o m p u tat i o n  q u i te sl g n i ’ i c c n m t l . - . I t is conceivable tIe - i t mote-

sop histicated fini te methods a n T  i i  ~nh a n e e  t h e  d imensions o! s i T  v~~h em

in te r io r  problems to the  p o i n t  that t h e  s i ze  of t h e  ma trix , re~-~u ln tn g f r  no

e n f o r c i n g  the cont  i n uity  coce d I t  io n s  on the  separ . i ln  I t  s u r f a c e , be u’o e’s

l i m i t i n g  f a c t o r  it  t he  c o mp u t . u t  i on .  T h e r e f o r e , t he ’ n ’ ’ s t  n u - e d i - n I  t’ b

is to e x p l o i t  t ie ’ t - ’ v ’ r at th 1- f j e t  I t e m  e’l u -:~~ci i t me - h i  m u )  t ’ j - -~ t e l  ‘r I Zn I t s

use among the e l e c t r o m a g n e t i c  c o r r u n u n i t V .

The app lication of the te -hni q e e is ver’, broad indeed .

pr oblems , such as , scattering by ad- ,’anced aemp ins itu - - , t ’ l t t  n a! ’- ~I’ ’ st p r I n  he

b i o l o g ic a l  materi al , sc -u tt e rin g bc buried ob stacl , c , ~n i -r t  t i  nvo *.’ n

can a l l  be a n a ly z e d  w i t h  f lair, - rn~ tleo ds . It i s  a l s ’  c o n c e i vab l e  t h a t

the un imoment  m e thod  c ure he i m P  i ned w i t h  the  n t e t } ’ ’ i i of mi’ment’r to - ; i l V u

a v a r i e t y  of p r o b l em s , w tm i i c l t  c i t e - - i  - oh  w i r e s  and h u t  les of re-vo l u t l o f l .

In conc lus ion , we - w ou ld l i k e  t o  i irr ~’ l t i r c i , ’ e- t i n t  t 1 e -  ~~ p 1 i - a t  Icrie i l l  ~fnlte

methods in antenna and s c a t t e r i n g  p rob l em s  is not an alternative to the

method of moment , ratt ed it I:. i t - u  s u p p l e m e n t .  I t  is o b v i , - -is t h a t  t h e m

f i n i t e  method is most un eco tu om N i l  w i r e r - t u e  me th ut of m i n c e r u t s  is mi st

economical , such as in  t u t u  w ire p r- ’i’iern s, -her e-i s t h e  i r c ~~t e m  m e t h o d  i s

most  a t t r a c t i v e  where  t h e  method ot “ u n e - i -e t ~u is mos t  C l e L r i i s V, such is scat tering

by inhomogeneous m a t e r i a l  b o d i e s .
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