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MATHEMATICAL ANALYSIS OF CIRCULAR CORROSION CELLS
HAVING UNEQUAL POLARIZATION PARAMETERS

INTRODUCTION

In many corrosion reactions the anode and cathode are spatially localized. This may
occur on different surfaces, as in the galvanic corrosion of dissimilar metals, or on dif-
ferent parts of the same surface, as with localized geometries such as crevices. Moreover
the corroding system often has a coplanar concentric circular geometry. As pointed out
earlier [1, 2], examples include some instances of pitting [3], crevice corrosion under O-
rings or washers [4], and corrosion under baracles [5], under tubercules of corrosion
products [6], or under dust particles in condensed moisture films 17].

In all such cases there is a potential difference between the central anode and the
disk-shaped cathode surrounding it. This potential difference may arise from heter-
ogeneities in the solid phase (such as dissimilar metals, inclusions in a base metal, or
discontinuities in protective films) or from heterogeneities in the liquid phase (such as
differential aeration as in crevices). Thus there is a distribution of both electrode poten-
tial and loczl current density as one moves radially from the center of the anode out
toward the far edge of the cathode.

Gal-Or, Raz, and Yahalom [8] have mathematically treated systems of coplanar
concentric circular corrosion cells. These authors analyzed the effect of various system
parameters on the total current, and more recently McCafferty [1, 2] has evaluated
the distribution of potential and current across such cells. These treatments essentially
extended to cylindrical geometries the model developed by Waber and coworkers [9-12]
in a series of publications treating semi-infinite parallel electrodes.

Two central features in the Waber model are that the anode and cathode obey linear
polarization kinetics over an extended potential range and that the anodic and cathodic
slopes are equal. Whereas the first assumption often holds in experiments, the second
assumption rarely holds, because the anode is generally far less polarizable than the
cathode.

The case of unequal anodic and cathodic lines ition has been solved recently
by Kennard and Waber [13] for semi-infinite strips el electrodes under bulk
electrolyte.

This report extends the Waber model of linear corrosion kinetics to circular systems
with unequal polarization parameters. Equations are derived for potential and current
distributions and for the total anodic current, and _cneralized calculations are made.
Comparisons with experimental results will be made elsewhere.

Manuscript submitted February 7, 1977,
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E. McCAFFERTY

DESCRIPTION OF THE MODEL
The Corrosion Cell

The cell geometry is shown in Fig. 1. The anode and cathode outer edges are
coplanar concentric circles of radii a and c respectively. The electrolyte thickness b is
allowed to approach infinity for bulk electrolyte.

Linear Polarization

The cell potentials are shown in Fig. 2a, and stylized polarization curves are shown
in Figs. 2b and 2c. Following Wagner [14] and Waber [9-13], an important feature of
the model is that the polarization curves are linear in E vs i over an extended range. As
pointed out by Kennard and Waber [13], if the plots are linear over only a portion of
the curve, tangent approximations can be drawn. Thus the open-circuit potentials EJ and
E? are replaced by the intersections EJ' and E2' respectively of the tangent lines with the
potential axis, as shown in Fig. 2c.

CATHODE

ANODE
Fig. 1—The corrosion cell
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Fig. 2b—Ideal linear polarization curves over an
extended potential range
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Fig. 2a—Electrode potentials across the cell. Eg
and EQ refer to the open-circuit potentials of
the anode and cathode respectively.
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Fig. 2c—Linear approximations to the polariza-
tion curves. The extrapolated values ES' and E2'
replace EJ and EQ respectively.




E. McCAFFERTY

The linearized polarization curves are characterized by the Wagner polarization
parameters

dE
£a = aQ —dl_ (1)
a
for the anode and
dE
"Cc = O—&—tr ] (2)

for the cathode, where o is the electrolyte conductivity. The parameters L, and £, have
the dimensions of length (cm), and £, # L, in the present treatment.

The assumption of linear polarization oyer an extended potential range has been
observed to be a reasonable approximation in a number of instances. For example, steels
in aerated neutral to basic solutions, with or without chloride, displayed both anodic and
cathodic plots which were approximately linear over an extended range (15]. Additional
examples include the behavior of copper/steel couples in distilled water [16], the cor-
rosion of tin in citrate solutions [17], and the corrosion of bare and coated aluminum in
chloride solutions [18]. Other examples involve specialized geometries, such as the
pitting of aluminum [19], or specialized conditions, such as the dissolution of mild steel
at high anodic overpotentials in concentrated electrolytes [20]. On the cathodic side the
reduction of oxygen on nickel in dilute HySO, [21] and of silver in KOH [22] display
linear regions. Polarization curves for a variety of metals in thin-layer electrolytes [23]
display linear regions over at least part of the potential ranges for both anodic and
cathodic processes.

In some cases the linearity may be attributed predominantly to resistance polariza-
tion, caused either by iR drops through the solution or by ohmic films on the electrode
surface. As pointed out by Stern and Geary [24], however, sometimes the combined
effects of concentration polarization plus ohmic drops interfere with activation polariza-
tion processes so that a very short Tafel region is observed. Such cases often give
straight-line segments in E vs i.

At this point it should be clear that the model invokes linearity over an extended
potential range and not merely in the pre-Tafel region near the corrosion potential, where
the usual Stern and Geary [24] linear relation is valid.

MATHEMATICAL ANALYSIS FOR BULK ELECTROLYTE
The electrostatic poientia] P(x, y, z) is given by Laplace’s equation
v2pP(x, v, 2) = 0, 3)

provided that there are no concentration gradients in the solution, the solution is electro-
neutral, and there are no sources or sinks of ions in the electrolyte [25].

With the circular geometry it is convenient to rewrite Eq. (8) in cyclindrical coordi-
nates using the usual transformations x = r cos 0 and y = r sin f. The result is

4
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0%P(r,z) , 1 0P(r2) | 0°P(r2) _
ar2 B e 922

0, (4)

where the potential P is independent of the angle 6. The general approach is to solve for
P(r, z) in Eq. (4) subject to appropriate boundary conditions and then to evaluate the
local current density i(r, 0) from Ohm’s law for electrolytes:

p . OP(r, z)
i(r, 9) 0[ Fy :]z=0, (5)

where 0 is the electrolyte conductivity.

Boundary Conditions

The boundary conditions have been discussed i1 some detail in a previous report
[1]. In brief there is no current flow across the symmetry line r = 0, nor across the cathode

outer boundary r = ¢. Thus
I:BP(r, zil i o
ar ¥
r=0

|:___ap(ar, Z)J = 0. (7)
i r=c¢

Also, the potential must be bounded at the upper physical boundary of the electrolyte,
so that

and

lim P(r, z) < M, (8)

2 —>00
where M is some finite number.
The general solution to Eq. (4) subject to the boundary conditions of Egs. (6)
through (8) is [1, 2, 8]

P(r,z) = Co + ) Cplo(yrle™n?, )

n=1

where C; and C, are coefficients to be evaluated later, J, is the Bessel function of order
zero, and A\, = x,/c, in which the x, are the zeros of J; (x) = 0.
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Linear Polarization

The remaining boundary condition relates the electrode potential E(r, 0) along the
metal surface vs some standard reference electrode to the electrostatic potential P(r, 0)
within the electrolyte but ““just outside” [26] the electrode surface. If E, and E, are
the potentials of the polarized anode and cathode respectively, at any current density,
then

V' - P(r,0) = E(r, 0), (10)

where V' is a constant which includes the various differences in electrostatic potential
across the extra interfaces introduced in the measurement of a potential difference across
the metal/solution interface of interest [27]. Equation (10) is developed in Appendix
A. :

For the anodic branch in Fig. 2b,

slope = 4l : (11)
Er,0) - B2 |9E],
which after rearranging becomes
E
E(r,0) = E2 + i(r, 0)‘%{[ . (12)
a
Substitution of Eq. (5) in Eq. (12) gives
dE| |0P(r, 2)
E(r,0) = E; O‘di a[ 3% :l (13)
z=0
Use of the Wagner polarization parameter as defined in Eq. (1) gives:
oP
E(r, 0) = E° - 50[ , z)] . (14)
0z
2=0 :
Substitution of Eq. (14) in Eq. (10) gives
)
P(r, 0) - L’a[ S Z)J -V -8, 0Sr<a (15a)
0z k-
z2=0
A similar expression holds for the cathode:
oP ;
P(r, 0) - .,cc[%_)] =V -E, a<r<ec (15b)
z=0

b

NSRS P,
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Equations (15a) and (15b) are the final boundary conditions required. The indeterminate
constant V' will vanish in the final forms of the expressions to be derived but will be
carried along for mathematical completeness.
Evaluation of the Coefficients C,

The boundary conditions in Egs. (15a) and (15b) are used to determine the coeffi-
cients C,, appearing in Eq. (9). The approach is to evaluate Egs. (15a) and (15b) using
the general expression for P(r, 2) and then to solve the two simultaneous equations. The

reader wishing to avoid the mathematical details can skip to Eq. (35).

The general expression for P(r, z) was given earlier by Eq. (9). Use of Eq. (9) in
(15a) gives

Co + ) Call + LAM(N,r) = V' - EZ, 0 <r<a (16)

n=1

If this equation is multiplied through by rJy (A, r) and integrated over the domain of
applicability (from r = 0 to r = a), then

a Qi 22
Co f o (\pr) dr + f 3" Call + LA )rlg (arMo () dr
r=0 r=0 p=1

a
- (V'-Eg) f rJo(Kmr)dr. (17)
r=0

The first and third integrals can be evaluated from a standard recursion formula for
Bessel functions [28]; that is

d .
;:-‘E:Jl(x)] = xJy(x), (18)
which, upon appropriate variable change and integration, gives
1
ero(h) dr = S (V). (19)
The second integral to be called /,, is

f 3 Call + LA g(AarNg (A 1) (20)
r=0 npnel

W

I,

el
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CX)A‘ a
b =¥ Ga+E f rdo(\yr ) (A1) dr. (21)
n=1 r=0
The summation can be split into two cases: n = m, and n # m. Thus

a
I, = cm(1+£a>\m)f rdg(\,r) dr
r=0

o0 a
+ 3 00+ D f 1y (Ayr Mg (A1) dr. (22)
n=1 r=0

n#m
Substitution of Egs. (19) and (22) back into Eq. (17) thus yields

a
co)\i aJ,(\a) + c,,,(1+,ca>\m)f rd3(\,r)dr
m r=0

= a
+ C,(1+L,N,) f rdo (X, )y (N, 1) dr
r=0

n=1
n#m
o ek
== (V -Ea))\—aJl(xma)' (23)

m

The second integral in Eq. (23) is a Lommel integral [29]:
X9 X9
(a%- p2) f xd,(ax ), (Bx)dx = |x{BJ,(ax)d; (Bx) - aJ,;(ax)Jn(ﬁx)}}
X : )

(24)

where the primes denote differentiation with respect to the whole argument and not just
x. Thus, when n # m,

a
f rdo(Agr)dg(A,,r) dr = FEF N1 (M@)o (A @) = Apdg(Apa)d; (A a)].
0 ™

n m

(25)

When n = m, the integral becomes [ rJg(Amr) dr, which is the remaining integral to be
evaluated in Eq. (23). However, when n = m, the right-hand side of Eq. (25) gives 0/0,
so that I’'Hospital’s rule must be used. In this case the numerator and denominator are
differentiated with respect to X\,, and then A, is allowed to approach X, . The result
(omitting several steps) is

8
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a a?
f rdg(A\p,r)dr = & [JZ(\a) + JE (N, 0)). (26)
r=0

Use of Egs. (25) and (26) in Eq. (23) gives

1 2
Co=— ady(\pa) + Cp(l +.£a7\,,,)“—2 W2\ pa) + J2(Apa)]
m

¥ 3 Gl +ENg) 2" - DN (@) g (@) = A Jo(Mga)d ()]
n=1 An’)\m
n# m
= (V' - B9) 5 1 (\pa). (27)
m

Equation (27) is one of the two simultaneous equations to be solved for the set C,.
The second equation follows from the boundary condition on the cathode given in Eq.
(15b). The approach is the same as has just been completed. P(r, 0) and 0P(r, 2)/0z at
z = 0 are evaluated from Eq. (9), so that Eq. (15b) becomes

Co *+ ). Call+ LA = V' - B2, a<r<c (28)

n=1

Again the equation is multiplied by rdy(\,r) dr and integrated over the appropriate
limits, which in this case are fromr =a tor = c:

c e =2
00f rdg(Ar) dr + f 3 Col1 + LA Irdg (Aar)dg(r) dr
=a

r= r=a n=1

c
- (V'-Eg)f rdo(Ar) dr. (29)

The first and third integrals can be evaluated using Eq. (19):

Co = ¢
)\—m [edy(Ape) - ady(Apa)] + Z C,(1+ LA,) f rdg(\,r)do(A,, 1) dr
n=1 r=a
V' -E
o T [ed; (A\pe) -adi(Apa)]. (30)
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By definition \,,¢ = x,,, and J;(x,,,) = 0. Again the summation can be split into two

cases, so that Eq. (30) becomes

C c
- 1 aT1(Apa) + C(L+ LeAy) f rd2(A\pr) dr
r=a

m

+

0% c
2 c,,(1+£c>\,,)f rdo(Ar)do(N\pr) dr
n=1 r=a
n¥m

(V' -EQ)

- o S P ad;(A,a). (31)
m

The integrals in Eq. (31) can be evaluated as before from Eq. (24). A simpler approach
is to add and subtract [J rJg()\m r) dr to the second term and to add and subtract
J ; rdo(Xpr)Jo(Ap, ) dr within the summation sign: Then Eq. (31) becomes

Co c a
'T“Jlo‘m“) + C (L + L Ny) f rJg()\mr) dr - f rJg()\mr) dr
m r=0 r=0
& e a
+ L, Cal+LAy) f rdog(\pr)do (A, r) dr - f rdog(A\ar)do(AmT) dr—J
n=1 r=0 r=0
n¥m
V' -E?
e (__c_)a.ll(x,,,a). (32)
x"l

The integrals involving the entire interval from r = 0 to r = ¢ are the usual orthogonality
relations [30],

0 , n¥m,

[y P 2
-[-o rdo(A\ar)Jo(\pr) dr °—2 WEAp0)l ,n=m, 2

and the integrals from r = 0 to r = a have already been evaluated per Egs. (25) and (26),
so that Eq. (32) reduces to -

10
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CO C2 2 (12 2 2
B ady(A\pa) + Cp(1+L.A,) < JOO\mc) i [JO()\ma) +J1 Anpa)]

m

X Z Cp(1 + LeAy,) {‘ —a"‘[)\n‘ll()‘na)']oo\ma) T )‘mJOO\na)Jl()‘ma)]}
z RS

n=1 n m

n#m

(V' - EQ)
= - ——— ai(\na). (34)

m

Equations (34) and (27) are thus two simultaneous equations in Cy and C,,.
Addition of the two equations eliminates C;,. The result, after considerable algebra, is

xpy SBlx,) x 2 e
Cm[(lwc—:') ks (&-&)({')(ﬁ) Am] el -hd ) O W
e n=1

n¥m

(EZ - E2) {q a
- )

1
A= 3 lzlg (xm %) + J12 (xm %)j' (35a)

and

2
Xn a a Xm a a
wnm = T?{,l (xn Z)Jo (xm -E) = x—" JO (x,, E)Jl (xm ;)J (35b)
Xp —Xm

Equation (35) thus generates a series of equations, say k of them, where m is fixed in turn

from 1 through k. These k equations are solved simultaneously to give the coefficients C,
fromn =1 to k.

The indeterminate constant V' cancels out in the generation of the set of C,,.
Also, when £, = L, = [, Eqgs. (35a) and (35b) reduce to the previous case [1, 2]k

a a'
(E® - E2\5 /)N xn;)

[ x\ o) o)
Xy kl + [ -

where the dummy variable m has been replaced by the more general n.

&

11
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Evaluation of the Coefficient Cy

The remaining coefficient C; can be most conveniently evaluated by going back to
the original pair of equations: Eqgs. (16) and (28). The approach is to multiply through
in both equations by rdr and then to integrate over the appropriate limits. The opera-
tions are straightforward, so that it is not necessary to detail the proof here. The
resulting two equations are

2
—c(, Z ol + E k)= J (\,a) = (V'-E;’)ﬁi (37)
and
2 _42) 2 _ 2
(C—Ei— Z Cp(1 + L\ )—J1(7\ g = (V'-Eg)(c 5 ) (38)

n=1

Adding Egs. (37) and (38) and solving for C gives

S o2 gt 2
cg-v-<_c>Ea-< . >E-2—(£ £)ZCJ1< > (39)

n=1

Electrode Potential

The electrostatic potential P(r, z) at any point in the electrolyte is given by Eq. (9):
— r\ =xyzlc
P(r,z) = Co *+ ZI Colo (xn?>e ) ©)
n=

Use of Eq. (39) for Cy in the above gives

2 2 2
P(r,z) = V' -<_Z> EC -<" ; >E° --—(1: - )Z .0 <x,,c)

C n=1

e C,.Jo<"n%)e'x"m' (40)
n=1




NRL REPORT 8107

The relationship between the electrostatic potential P(r, 0) in the electrolyte near
the metal surface and the electrode potential E(r, 0) vs a standard reference electrode
is given by Eq. (10). Use of Eq. (40) with z = 0 in Eq. (10) gives

2 2 2 2 =
a c‘ -a 2a : . a I
E(r, 0) = (;) Ez? * ( 2 >Eg 7 ‘_2' (°Ca —.f.(.) 2 : (’nJl ("ﬁl?) & z : CIIJO (xnz>~
c

4 n=1 n=1
(41)

where the C, are determined from Eq. (35). Again the indeterminate constant V'
vanishes in the final expression.

Local Current Density
The local current density i(r, 0) along the metal surface is related to the electrostatic

potential P(r, z) by Eq. (5). Performing the differentiation on P(r, z) as given in Eq. (40)
and inserting the result in Eq. (5) yields

ir,0) 1 < r

-2 b3 C"ano(x,,—c), (42)
n=1

where again the set of C,, is determined from Eq. (35).

Total Anodic Current

The total anodic current is related to the local current density by [1, 2, 8]:

a 2m
Ianodic = ( J‘ i(r, 0) rdrdf (43)
Yr=0 “0=0
or
a
Linodic ™ 20 f i(r, 0) rdr (44)
r=0

Use of Eq. (42) in (44) gives

o & r
Iodic ™ ~—c-f L Cpxndy <x,, ?> rdr (45)
r=0 n=1
or
om0 < ¥ r
lanodic - Z J CnanO (xn—c-> rar. (46)
n=1 “r=0
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The integral can be evaluated from Eq. (19), so that the result, omitting a few steps, is

I
ﬂ@'f = 2r aL i <x -) (47)

where again the set of C,, is determined from Eq. (35).

MATHEMATICAL ANALYSIS FOR A THIN-LAYER ELECTROLYTE
If the electrolyte is a thin layer of height b instead of bulk liquid, the boundary

condition given by Eq. (8) is replaced by the requirement that there is no current flow
across the outer boundary of the electrolyte:

0P(r, 2) (!
I: 3z :lFb = 0. (48)

The other boundary conditions are the same as for the bulk case. The general solution
of Laplace’s equation subject to the restrictions of Egs. (6), (7), and (48) is

= x
P(r,z) = Cy + Z C, cosh [—cg (b-z)JJO (x,,%). (49)

n=1

The coefficients Cy and C, are evaluated from Egs. (15a) and (15b), as was done for the
case of bulk electrolyte. The procedure is exactly the same as for the bulk case; hence
only the results are listed below.

The coefficients C,, are given by the systems of simultaneous equations

x () Xm(a\2
Cm{lil +£c—:' tanh (xm —:il 2 2m + (L, —.,Cc)—:(%) tanh <xm g)Am}

(L, - L) (Eg - E7)
+—a——a—-—Z‘CW sinh b=— - - . ngE,
2 nm R b\ x e/ 1\™ ¢
¢” cosh <xm —> n=1 cosh( — 4
e nEm c)

(50)

where again A, and W,,, are defined by Egs. (35a) and (35b) respectively and m takes
on the values 1 through k successively.

The constant C, is given by

14
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2 2 2 =2
¥ ae. c -a b 2a P b a
€G=¥ - <?> ES - < - >1',(.' i (L, - L) Z_‘ C,, sinh <x,, ?)J1<xng>v

¢ n=1
(51)

and

2 2 2 e
N a ~0 c=a " 2a ) T s [ b a
L(". 0) = <;> 1'.(1 i 5 [L(l 25 "(E (La - L() 2 : Cn sinh !\Xn;>¢]l <x,, ;)
n=

. Z_: C,, cosh <xn g—)JO (xn %) : (562)

n=1

The local current density is given by

ir,0) 1 v , b r
__0_._ = Z nz;lc"x" Slnh (xn?>J0 (xn z), (53)

and the total anodic current is

Iomytt s
ano < = 2ma Z C, sinh <x,, g)Jl <x,,—z>. (54)
n=1

When b - oo, C,, (thin-layer) X sinh (x,b/c) = C, (bulk), so that the expressions for thin-
layer electrolyte reduce to the corresponding equations for a bulk electrolyte for large

5 b. #

The various expressions for the thin-layer and bulk cases are summarized in Table 1.

PREVIOUS CASE OF EQUAL POLARIZATION PARAMETERS

When L, = £, = L, the preceding results for bulk and thin-layer electrolytes reduce

2 2 _.2
E(r,0) = (%) EC + <c 2")53
(&
A 0 _ [0 L /
+ 2(C>(L,, EQ) ).

X
n=1 r,,[l +L -éi' Q] J&(xp)

to

15
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Table 1- Summary of Relationships for Coplanar Circular Electrodes under a Bulk and a
Thin-Layer Electrolyte. The hyperbolic functions in the upper part of the brackets apply to
thin layers, and are replaced by 1 for a bulk electrolyte. The numbers in parentheses refer

to equation numbers in the text.

Coefficients €,

i [ tanh (x,,, %) 1

| Tm Jg(xm)
| | P+ 1.‘.~.— 5
€l | 2 or
L 1
B2 (xp=) + 92 (xp2)| | tanh (x,, =
Xmfa 21 ¥¢ xmc 1 Xm Xrn
* L - -‘r'T(:) 3
or
)
. — 2. Ca
c? vosh(xm —> n=1 b x3 - %5
n¥m 1
or
1

Electrode Potential

/

Er.0) = (£
\ C

o2

Total Anodic Current

I
anodic
= B
a e
n=|

Cn

- cosh | x, 9) )
b3 \ e

= L, Ch or okxn
n=] 1

b
2 2 a2 = sinh =
N o i CES8 o 2 B ("c) [, @
) g r < >I"' ¥ 2 (La-LC)nZ-‘] Cn Jq \"‘n _\

(35, 50)

or
1

(41, 52)

(42, 53)

(47, 54)
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a
: oo I (x, - |@
i(r, 0 | 1 < 4 ) [
L__) = - 21 (EC - E2) \ £ Jy kx" l), (56)
g 2 fed x 4
5 A=l [l + C—"Q]Jz(r )
¢ 0\*n
and:
a
o J3 —->Q
I : 2 22 1 {%n
anodic 8 o _po S Sl < ol (57)
= an = (Eg LC)Z_‘ = et
L N 1+ L—Q|JF(x,)
where in each of the above
1, bulk e’ « (rolyte,
tanh (x,, 2), thin layer.
c

These equations are the same as those previously reported except that the signs of
electrode potentials in Eqgs. (565) through (57) now conform to the convention that the
noble direction is the more positive.

NUMERICAL EVALUATION
Values of £, and [

In general the anode and cathode have different polarizabilities (the two electrode
potentials respond differently to the passage of current). In many instances the anode is
the less polarizable. This is illustrated by many electrode kinetic studies carried out
under carefully controlled conditions. With iron, for example, in a variety of deaerated
electrolytes, anodic Tafel slopes of 30 to 80 mV/decade have been observed, while the
cathodic slopes were 120 mV/decade [31-34]. Other metals in the iron group (nickel
and cobalt) have been observed to behave similarly [35].

To cite two more examples, cadmium undergoes self-dissolution to Cd* 2 in acids by
two consecutive single-electron transfer reactions, and indium goes to In* # through three
consecutive single-electron transfers. The observed anodic Tafel slopes are 40 to 50mV/
decade (0°C) for cadmium [36] and 22 mV/decade for indium [37], in good corre-
spondence with the theoretical values of 2.303 RT/(3/2)F and 2.303 RT/(5/2)F
respectively. The hydrogen-evolution reaction on both surfaces gave cathodic Tafel slopes
of 115 mV/decade and 120 mV/decade respectively, indicative of a single-electron trans-
fer characterized by a theoretical value of 2.303 RT/(1/2)F.

In more practical situations where conditions are not as well defined, Tafel behavior
is not always observed, but instead polarization curves sometimes display segments which
are approximately linear in current (rather than the logarithm of current) over a con-
siderable potential range, as discussed earlier. In these instances the cathode often again
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is the more polarizable. Figure 3a shows a schematic Evans diagram [38] for a bimetallic |
couple under cathodic control. Other possibilities, however, include anodic control |
(Fig. 3b) and mixed control (Fig. 3c). This last case would approximate earlier treat-
ments [1, 2, 8] for £, = L.

Values of Wagner linear polarization curves compiled [1, 2] from the literature in-
dicate that £, is generally of the order of 1 to 10 cm while L. is usually 10 to 100 c¢m,
although there are exceptions. In data tabulated by Gouda and Mourad [15] for steel
in a variety of neutral to basic solutions both with and without added chloride, the
cathodic slope |dE/di| varied from 1.5 times to approximately 20 times the anodic slope
but with most ratios in the range of 5 to 10. Specific conductivities were listed for only
three solutions, for which values of L, are calculated to be 0.9, 1.9, and 48 cm, with
corresponding £, values of 7.5, 12.2, and 193 cm respectively.

TOTAL L= (a)
_ CURRENT | ~
1]
|

3 G
(1.00) (0.00)
1
[
| | 1
~ /
| corr_ b
TOTAL | » (0) 3
CURRENT| :
{l ‘L‘L:o.u : o =1
} /o
L5 PN P 7 e
SN ES
p- corr
(1.00) ? (0.00)
|
f (c)
TOTAL |
CURRENT | o
{1 |
T oA

Fig. 3—Schematic representations of cath-
odic, anodic, and mixed control with
Lg fixed at 1 ¢m in each case
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Bulk Electrolyte

For the calculations in this section, the anodic polarization parameter is fixed at
{, = 1 em. Figure 4 shows the potential distribution E(r, 0) for £, = 1 cm and L. = 10
cm for fixed values of 1-.'(‘,) =0.00 V and [‘,‘(‘" = 1.00 V. The coefficients C, were calculated
up to Cyyp using the system of simultaneous equations generated by Eq. (35). These
simultaneous equations were solved using the CDC 3800 computer, and the coefficients
were then substituted in Eq. (41) to obtain the electrode potential distribution. Con-
vergence was assessed by numerical evaluation. The computer program is given in
Appendix B.

Figure 4 also shows potential distribution plots for £, = (. = 1 ecm and [, = [, =
10 cm, calculated from Eq. (55). It is evident that the potential behavior of the
electrodes with unequal anodic and cathodic polarization parameters cannot be deduced
from the two separate curves for the equal polarization parameters.

The corresponding current density curves for the three systems are shown in Fig. 5.
It is seen that the values for the case of unequal parameters are intermediate between the
two cases where £, = £, =1 cm and £, = [, = 10 cm.

"fm: Sk s O]
E L4 L 10 ) r L
5 t, _,__0__0__—0-47*(71"
: P
53 b o
< ;1_____0__,.—&/
= s e
g 05—
=
o
& -
w
g L |
n N - ——
2o Ln0 e
S .__.__—-.—"
w
-
w
ANODE : CATHODE
ES —~0.0 L I 1 I | i | J
0 0.5 1.0

RADIUS, 1 (cm)

Fig. 4-Comparison of electrode potential distributions for
equal and unequal polarization parameters with bulk
electrolyte (anode radius a = 0.5 ¢m, cathode radius ¢ = 1.0
em, £ =0.00 V, and EZ = 1.00 V)
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08 , e
ANODE CATHODE

i |t it i i A

. r,0) o

04 :

LOCAL CURRENT DENSITY
)

et et e e e

a7 -
RADIUS, r (cm)

Fig. 5—Current distributions corresponding to the
electrode potential distributions in Fig. 4

Figure 6 shows the potential distribution calculated from Eq. (41) with n = 100
for a fixed value of £, = 1 cm but with variable £,. Corresponding current distribution
curves calculated from Eq. (42) are shown in Fig. 7. When £, = 1 cm and £, = 0.1 cm,
the galvanic couple is under anodic control, as depicted in Fig. 3b, and the electrode
potentials across the metal surface of both components are polarized up near the potential
of the uncoupled cathode.

When £, >> L, such as £, =1 cm and L, = 100 cm, the system is under cathodic
control, as illustrated schematically in Fig. 3a. For this case, Fig. 3a predicts that the
electrode potential would approach the values of the open-circuit potential of the anode
and the current would be much less than for the case of anodic control (for fixed L )i
These expected trends are verified in the results of the numerical analysis shown in Figs.
6 and 7.
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ELECTRODE POTENTIAL, E(r,0) (volts)

| L.=10
r
WW :
| E. =100
€ ~00F ~  ANODE CATHODE
1 ' R &) A0 P 15 i i J
0 05 10

RADIUS, r (cm)

Fig. 6—Distribution of electrode potential across circular
cells under bulk electrolyte with L, fixed at 1 cm, com-
bined with various values of £, (anode radius a = 0.5 cm,
cathode radius ¢ = 1.0 cm, E¢ = 0.00 V, and EZ =1.00 V)

Results in Figs. 6 and 7 for £, = L, = 1 cm also provide a check on the consistency
of the present method with the previous relationships for equal polarization parameters:.
Both current and potential distributions calculated from the set of C,, resulting from Eq
(35) with £, and L, both equal to 1 cm agree with the results obtained from Egs. (55)
and (56).

One additional trend can be seen in Figs. 6 and 7. For this system of fixed L[, the
more polarizable the cathode (the larger £.), the more uniform the potential and current
distribution.

The total anodic current was calculated from Eq. (47) for the systems with L, fixed
at 1 cm with variable £,. Results are listed in Table 2.

The total anodic current can also be calculated from the schematic Evans diagrams
shown in Fig. 3. For the anodic branch

o
corr ~ Ea

I

corr

E

\dE
o7 (59)

dI

a
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[
L fixed at 1 T A

0.8+ 32
Y

T P

itr,0)

o
=
s )
\v
e

LOCAL CURRENT DENSITY,

RADIUS, r tcml F

Fig. 7—Distribution of current across circular cells under bulk
electrolyte with £, fixed at 1 cm and combined with various
values of [ (anode radius a = 0.5 cm, cathode radius ¢ = 1.0 em,
F2 =0.00 V, and E2 = 1.00 V)

and for the cathodic branch

dE

drl

RN, .. (60)

| €

where [, is the corrosion current (the total anodic current referred to earlier as I, 4ic)-
I, =i,A, and I, = i A, where A, and A, are the area of anode and cathode respectively.
Use of Egs. {1) and (2) in Eqgs. (59) and (60) gives
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Table 2—Comparison of Total Current Calculated from Evans Diagrams and From Summa-
tion of Current Distribution Curves for Circular Couples Under Bulk Electrolyte (anode radius

a = 0.5 ¢m, cathode radius ¢ = 1.0 em, £ = 0.00 V, and E! = 1.00 V)

C C lcurr la, { Iun(:du' o,
@ = Calculated from Evans i Calculated from
fen) {em) { Diagrams: Eq. (61) L Eqgs. (35) and (47)
1 0.1 0.760 [ 0.607
i 0.589 l 0.485
2 0.471 t 0.401
10 0.181 ( 0.169
20 0.103 | 0.099
50 0.0445 1 0.0437
100 0.0228 \ 0.0227
10 10 0.0589 ; 0.0576
100 0.0181 f 0.0179
|
100 100 0.00589 l 0.00589
Foors Eg B
= . 6
u Lo £
—_—  ——
Au A(.

where again [, has the same meaning of / in Eq. (47).

anodic

Values of I,,qi./0 calculated from Eq. (47) are also listed in Table 2. These calcu-
lated values agree with the results from the computer analysis for £, = 1 ¢m coupled
with cathodic values of £, = 50 cm and L, = 100 c¢m, where the current distribution is
uniform, as shown in Fig. 7. There is disagreement between the results of the Evans-
diagram analysis and the computer analysis for those systems where there is a nonuniform
distribution of current, and this divergence is greater the more pronounced the localized
attack at the anode/cathode juncture.

Results for £, = L. = 10 em and £, = L, = 100 ¢m are also included in Table 2.
Current distribution plots published in an earlier report [1] were nearly uniform for the
former system and exactly so for the latter. The current distribution for £, = 10 ¢cm and
L, = 100 ¢cm was calculated from Eq. (42) and was also observed to be uniform (The plot
is not shown here.) Thus there is good agreement between Evans-diagram analyses and
computer calculations for the cases where there is a uniform current distribution.

Thus the classic Evans polarization diagrams cannot be used to accurately predict
the value of galvanic currents unless the anode and cathode components each behave
uniformly.
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Thin-Layer Electrolyte

Figure 8 shows the electrode potential E(r, 0) for £L; =1 cm and L. = 10 c¢m for
different electrolyte thicknesses. The coefficients C, were computed up to Cj, from
Eq. (50) and were used in Eq. (52) to obtain the potential distributions. The computer
program for thin layers is given in Appendix C.

Figure 8 shows that the potential distribution is almost uniform for bulk electrolyte,
but with thin layers most of the polarization takes place near the anode/cathode juncture.
The anode center and cathode outer edge are virtually unaffected by the presence of each
other for the thinnest electrolyte of 0.001 cm.

The corresponding current distributions are shown in Fig. 9. The local current
densities were calculated from Egs. (50) and (53) with n = 100, except near r = 0.0 and
r = 0.5, where 125 terms were used. For the thin layers there is a geometry effect in
which the corrosion attack is concentrated near the anode/cathode boundary.

ELECTROLYTE |
THICKNESS

= b OAOOHCm)\

0.5 —

CATHODE

{

-
o

.l

05
RADIUS, r (cm)

Fig. 8—Distribution of electrode potential for £, = 1 cm and

L. = 10 cm for different electrolyte thicknesses (anode

radius @ = 0.5 ¢m, cathode radius ¢ = 1.0 ecm, EJ = 0.00 V|
and E = 1.00 V)
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Fig. 9—Current distribution for £; = 1 cm and £, = 10 cm
for different electrolyte thicknesses. The cell parameters
are the same as in Fig. 8. (Limits between which the local
current densities oscillate as computed from Eq. (53) are
indicated for the anodic points. Limits are not shown for
the cathode but are approximately half the range of time
anodic points)

Figure 10 shows the total anodic current calculated from Eq. (84) for two different
combinations of £, and £.. In both cases the total current approaches values for the bulk
for electrolyte thicknesses of approximately 0.1 to 0.3 cm.

Figure 11 compares the potential distribution for £; = 1 cm and £, = 10 cm to the
cases of equal polarization parameters: L, = L, =1 cm and £, = L, * 10 cm for an
electrolyte thickness of 0.001 em. Figure 12 shows a similar curve for £, = 10 cm and
L, = 100 cm. In each case the potential distribution for the system of unequal parame-
ters is not related in a simple manner to the individual distribution curves for each of the
two equal parameters.
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(47__——"——_‘
L 0.1 o Ly=1
g — £.=10
= h
= ;
T 0.001 0.01 01 1.0 10
=
o
Q
20.02¢ VALUE FOR BULK ELECTROLYTE
2 ] e e i
< e
< &
E 001/, L, =10
Le="100
0001 0.01 0.1 10 10

ELECTROLYTE THICKNESS (cm)

Fig. 10—Total anodic current computed as a function
of electrolyte thickness for two different combina-
tions of £, and L. (anode radius a = 0.5 cm, cathode
radius ¢ = 1.0 em, EJ = 0.00 V, and EZ = 1.00 V)
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Fig. 11—Comparison of electrode potential distribution
for equal and unequal polarization parameters for a thin-
layer electrolyte of thickness b = 0.001 c¢m (anode radius
a = 0.5 em, cathode radius ¢ = 1.0 em, Eg = 0.00 V, and
E?2 =1.00 V)
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Fig. 12—A second comparison of electrode potential dis-
tribution for equal and unequal polarization parameters
for a thin-layer electrolyte of thickness b = 0.001 cm
(anode radius a = 0.5 em, cathode radius ¢ = 1.0 em, E =
0.00 V,and E? = 1.00 V)

SUMMARY

A mathematical model has been developed to describe the distribution of potential
and current across circular corrosion cells having unequal anodic and cathodic linear
polarization parameters. This analysis is applicable to systems of bimetallic galvanic
couples or to systems with a localized geometry effect, as in pitting corrosion.

The potential distribution in a system having unequal anodic and cathodic polariza-
tion parameters is not related in a simple manner to the separate distribution curves for
the two cases where the polarization parameters are equal.

For bulk electrolyte the value of the electrode potentials depends on whether the
system is under anodic, cathodic, or mixed control. Current distribution is more uniform
for the more polarizable combinations of electrodes. Thus the total corrosion current
calculated from the Evans diagram is in error if the individual current distributions are
not uniform.

In thin-layer electrolytes there is a geometry effect in which the electrode polanza-
tion and current flow is concentrated near the anode/cathode juncture. In a typical sys-
tem the tendency toward bulk behavior occurs at about 0.1 to 0.3 ¢m (1000 to 3000
um).
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Appendix A

RELATIONSHIP BETWEEN THE ELECTRODE POTENTIAL AND THE
ELECTROSTATIC POTENTIAL AT THE METAL/SOLUTION INTERFACE

As pointed out by Bockris and Reddy [A1], it is impossible to measure the electrode
potential of a metal/solution interface without introducing additional extraneous inter-
faces during the measurement process. This is illustrated in Fig. A1, where the electrode
potentials of the coplanar anode and cathode are to be measured versus the reference
electrode.

L TP e
N

|
|
CONNECTING WIRES |
M, |
|
1

REFERENCE ELECTRODE |
- el —.’:
|
|
|

SOLUTION

CIRCUIT 1-»,’ A 'mm;n?-—;’ (
-

e e W e s i A i i i

Fig. Al1—Method of measuring the electrode potentials of a
coplanar anode (A) and cathode (C)

In circuit 1 the measured electrode potential of the anode E, vs the reference

electrode is related to the potential differences across the various interfaces by
(¢4 - P(r,0)] + [P(r,0)-pec] + (Oper -OM,) = Eq, (A1)

where ¢, is the clectrostatic potential “just inside™ the metal A and P(r, 0) is the electro-
static potential in the solution “just outside™ the metal [A2]. Similarly ¢ger and ¢’M'1
refer respectively to the electrostatic potential just inside the solid-phase reference elec-
trode and just inside the connecting wire.
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According to Bockris and Reddy [A1l] the potential difference across a nonpolari-
zable interface such as @gp/solution is a constant, so that

64 * P(r,0) -Oger *+ (PRer-9y) = V', (A2)
where V' is a constant. Use of this definition of V' in Eq. (A1) gives
V' -Pr,0) =E, 0<r<a (A3)
Similarly measurement of the electrode potential of the cathode E. in circuit 2 gives
(04 -0c) + [6¢ -P(r, 0] + [P(r,0) = bre] + (Drer - 0ar}) = Eo. (Ad)

The ¢, terms in Eq. (A4) cancel, so that

V' <Per,0) = £, a<r<c (AD)
Thus
E,w 0<r<a
V' = P(r,0) = (A6)
By ais i e
Or denoting the electrode potential along the metal surface as E(r, 0) gives
V' - Kr,0) = E@r,0), (A7)

which is Eq. (10) in the main text
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Appendix B

COMPUTER PROGRAM FOR COPLANAR CONCENTRIC CIRCULAR
ELECTRODES WITH UNEQUAL POLARIZATION PARAMETERS )
UNDER BULK ELECTROLYTE

FRLGRAM YiNEQBULK

TS PREGRAM COMFLTES

(1) CLRRENT LISTRIBLTIEN

(2) PEYENTIAL CISTRIEBLT]EN

(3) TEYAL ANGLIC CURRENT
FOk CONCENTRIC CIRCULAR ELECTRECES CEVEREN RY 3ULK FLECTPALYTF
FPRk THE CASE WHERE ANGLIC AND CATKRCETIC wAGNER POLARIZATICN
FAKAMETERS ARE NEY EGLAL,

AzkALIUS UF ANOCE

CshALIUS Wb CATHETE

RzLISTANCE ALONG RADILS

ARzR/C

LAZANGDIC WAGNER PELAFRIZATIEN FARAMETER

LC2CATHEDIL WAGNER PELARJZATIEN FARAMETEN

X(M)3MTH LEREy OF RESSEL FULNCTIECN FfF ERDEWR JARD
F(R,0)=INTERFACIAL PETENTIAL ALENG THE MeTAL SJRFACE
E(h,()sPYTENTLSELECTEIE PETENT]AL ALEMG THE METAL SURFACE
B(h,0)zCONSTANT=F(R,0)y WITF THE FENSTANT CANCELLING YT IN TWE
FINAL EXPRESSION, SO CENSTANT [N EFFECT (AN BE SET EQJAL TE (LFROA,

The CEUEFPFTICIENTS CO ANL CSUFN ARE LEFINEL [N THE FQLLAWING FLUATIAN

K
Flhe0) 2 C o SLM (C ( (X(N)eR/C))
J Nzl NG

[TEYALaTQTAL ANELIC CLNRENT DIVILEL BY TWE CONDUCTIVITY
ILECAL=L@NAL CUSRENT TENSITY FIVICED RY THE CONDUCTIVITY

REAL LA L ColTOTAL,ILECAL

LIMENSIGN x€100),Y(10C,10C),B(1C0,1C0)

F123,1415926556

k=100

REAT 1C,AsCoLALLC,EAFL

FORMAT tok1),0)

FRINT 11,A,C,LA,LC EA,EC

FONMAT (3M1,9%X,2FA2 F10,5,5%,7FC2 F10,5,59%,3nLA% F10,5,5K,3HLC= Fy
10.5,5%X, 80 A= F10,5,5%x,3FECE F10,547777)

FRINT 12

PRVAT ((X,oGENERATIEN EF THE SYSTEM EF SIMULTANEGUS EZQUATIGNS USF
1L 77 SOLYE FAKR THE CEEFFICIENTS CO ANC CSIBN®/7/)

FRINT 19

FPORMAT (qX,oNGT ALL THE CEEFFICIENTS S0 GFNFRATED ARE LISTEMN 2ELGA
1¢.77)

FRIAT 14

FORMAT (4X,®A5 A FARTIAL CHECW, kWEN N2M, THE VALUE ©F B(M)N) IS 6
1IVEN Ry Pe,///7)
FRINT 15
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FARMAT (9X,*M®,9x,eX(M)e, 13X, 0Fe, 14X, 0Y(M)e,11X,0B(M,1)*,10x,08(M,
110)e,9%x,08(M,50)0,8X,00(M,100),/7/7) :

THIS PART @F THE PRAGRAM CENERATES THE SYSTEM 3F SIMULTANEEUS
EQUATIONS USED IN SHOLVING FER TrE CCEFFICIENTS CO AND CSURN,

«PkC21

NOzK

CALL RESZEWO (JERC,NE, X)

Le 40 M=1,K

T1zx(M)/C

1231,04( CeT})
T32RESYIX(M),0)
T42(13e9g1/2.0

15sT¢c*74

Téezx(M)spA/C

173FESYtTe,C0)

182BESU(T6,1)

163(T1/7e02)e( 1800
T1C=((LA=LC)eX(M)o((A/L)o*d)eTS )/, 0eC)
F=T1%¢T3¢C
Y(M)3=(bA=EC)®(A/C)o(TB/X(M))
Ne}l

IF (NEG M) 21,72

BE(M,N)=F

ce Te 30

112X (M) /X (N)
11321.0/(1,u=(T1cee?))
Tid4=x(N)eA/C

11526E54(714,1)
T1e=zekSu(714,0)
1172(715eT7)=(T12eT1ge78)

E(M N)z(LA=LC)e(A/(Cong))eT13e117
Ge Te 30

LELED

IF ¢hN.LE %) 20,31

PRINT $2,M, X M) F Y (M), E(Msl1),E(M,10),8(»,50),3(M,100)
FERPAT (3%, 14,72¢3%,£123,%))
CONT Nyt

SELLTIEN b THE SYSTEw EF K SIMLLTANEFUS FCUATIONS
PR Twp CPEFPICIENTS CSLBM

THE SURRQUTTLE KEPLACFS The CANSTAAY VECT RS WITH THE SALUTIEN
VECTERS, THUS, Thg CENSTANT VECTRRS Y(M) DEFINED IN STATEMENTY 19
ARE REPLACED Y The SELLTION VECTERS, TmiSF S3LUTIAN VECTERS

ARE LATER WELAWELLED &S CSUEN,

CALL MATALU(BYY+100+1C0,0,LFT,100)

0 APl L

L’ ...) AL gt LML

e

T
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CALSLLATIEN GF THE CEFPFICIENT €O

FRINT a1
41 BORMAT (/77 ,0m1 yoCALCULLAT|EN CLF TrE CukbFICLIENT CQe,//)
FRIAT a2
Gg BORMAT (28X BHSTLLTIEN 128X 1120y (XUR)OA/ZL) X @HY (N) 12X, 14HRUNN]®
16 SLP 34
FRIMNT 43
a8 FEHMAT (2AX, THVFCTEDS, 9% FRX(N)0A/C, bX, 010, 18K)9H*BESSELL= 18X, 9KTF
1hM(Fhig)
FEIAT 44
4G PORMAT (SX, N, GX,0X(N)e, 11X, oY (N)eo, 12X, 0XNAC®,11X,0B=SSELdesAX,oT
1ERM2ERG®, 10X, *LTCTAL, /)
(TETAL=D,0
Lr 4aé¢ S WL
XNACSX(N)*A/(C
EESSEL1=dESJ(XNAC, L)
TERMZEROBY (N)*BESSELY
LTETALz2TETAL®TERMZFERE
FRINT @5 ,N X(N) Y IN) o XNAC, BESSELL, TERFZEN® , 2TATAL
45 FORMAT (3X,l4,003%,F12,%))
48 CONTINUE
(1z((A/C)ee2)oc
123(1.0=((A/C)eeg))okC
(32(A/(Co®2) ) (Z,00( A= LC))OZTETAL
FRINT 47,/414¢2,23
¢) FORMAT (//7/,5R08k21s €13,9,5%,3F 263 E13,5,5%, 34233 E13,9)
CC3eg1-22-48 '
FRINT 48,C0
4E PORMAT (///7,5%,3kC02 £13,9)

CALCULATESN b TRF TETAL ANEDIC CLARRENT

FRINT 70
70 FRmMAT (//7/,31n109CALCLLATIEN EF TrE ToTAL ANBDIC CURRENTe,//)

FRINT 71 .
71 FORMAT (1X, o[ TQTALSTETAL ANEDIC CLARENT LIVIDED HY TWE CGNCUCTIVIT

1ve,/7)

FRINT 72
72 FORVAT (43X 0MAINYOA/CIEX AZH. (X(N)0A/C) 1 3Xs14N2,CoPToACOIEN)

FRINT 73
78 FOwvAT (pCx, 010, 14X, GFoFESSEL18)

FRINT 74
74 FORMAT (5X,0%0,5X 00X (M) e, 11X, 0CSLRN®, 12X, *XNACO 10X, @3ESSELI®,9X 0

LTFRMITETes9X, o TETALS,//)

ITETAL=D,0

LA 79 v2ian

x“ACsx(N)ea/{

BFSSELL=AFSJ(XWAC, )

CSLENzY (N

‘;ir\ i t cL A g
50y AV ILRADLL
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P




NRL REPORT 8107

TERM[TOTEZ, oP|eAeCSLENOBFSSE(LL
ITETAL=ITOTALSTFRM]TEY
FRINY 725,N X (N)oCSUBN XNAC)RESSELL» TERMITAY, I TATAL
75 FERMAT (§X,14,6(3%,E42,5))
79 CONTINUE

CALCLLATION Wb THE LECAL CURRENT CENSITY

aac

FRINT 80
80 FORMATYT (/774 R ¢oCALCLLATIEN £F TRE L QCA| CUHRENT DENSITYe,//)
FRINT 81
By FORMAT (gX,eJLUCAL2LECAL CURRENT TEANSITY NivIDzsl BY THE COANPLCTIV]
11ve,/7/7)
810 REAL 811,KCUTY
811 FARMAT (F10.0)
812 REAC B813,RK
813 FOKMAT (F1C0.0)
IF (KRR NE.RCUT) E20,9C
820 FRJNT 83,KR
83 FORMAT (////,3%,IKRR3 FE T
FRINY g4
B4 FORMAT (45X DHX(N)OR/C)EX 12H, (X(N)SR/C), Ix,18=(1/C)eCSLrANeX(N))
FRINT 85
85 FOKMAT (60x,e0e,14X,GFeELSOELZ3)
FRINT g6
86 FORMAT (55X, eN®, 6L, 0X(N)e, 11X, e(SLPNe, 12X, o xNRKC®, QUX oESSELD®,9X v
1TERM]LOCe,9X, o[ LECAL®,77)
jLecaL=0,0
[ ARG NE],K
XNRC2X (N)®KR
EFSSEL23BESJ(XNRC,0Q)
CSLRAN=YIN)
TERVM]LOCE(L.J/7C)eCSUEN®X(N)eBESSELE
ILECALsILWUCALSTERM]ILEC
FRINT 87,M,X(N) CSURN, XNRC)FESSEL2,TERMILAC, ILICAL
BY) PORMAT (3X,l14,6(3%,E32,%))
A9 CONTYINyF
6P Te 812

CALCLLAT[®ON b THE PETENTIAL TISYRIELTYIRAN
ALENG ThE METAL SULRFACE

aacaoo

G0 FRINT 91

Gy FORMAT (/777,111 oCALCLLATIEN EF ThRE FOTENTIAL DISTYRI3YT[ENe,//)
FFINY 92

9¢ FORMAT (X, ePOTENTLSE(R,0)2ELECTRTLE FETENTIAL ALONG TWE METAL SL*%
1FAaCFe,///)

92C REAP 921 ,Hw

923 FCRVAT ($10.9)
IF (RS NELRCLT) 630,1C0
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FRINT 94 ,RK

FORMAT (/477 ,)5%ks3WRR=
FRINT 95

EPRMAT (42X 8HXIN)@R/C X, 12H,
FRINT 96

FORMAT (40X, oU® 13X, 14FCSIBASRESSELCT  IX ) INTERMFOTL =, X, 12F=0N-5LY
1FATLS)

FRINY 97

FOARMAT (55X, oN®,Gx X (N)e, 11X, eCSLBEN®, 12X, sxXNRCe, 10X, e3ESSFL2e,EX, e
LTERMPOTL @i 99X, oSUMPET o, GX,eFQTENT 0,/ /)

SUMPETL=ZQ.0

LA 95 N33,K

XNKCaX (N)®RR

EESSEL22BESJU(XNRC,0)

CSURN=Y (N)

TERMPOTL  sCOUBNeSESSELZ

SUMPET_3SUMPUTL+*TERMPET|

FOTENT 2« (CJeSUMFPATL)

FRINY Q& , N, X(N))CSUBN, XARC FESSHL2 i TERMFETL ,SUMPRTL,PATENTL

P 3

(XIN)SR/C), 29X, 14HRUNNING SL™ 2F)

FARMAY (8X,14,7(2%x,F13,%))
CONTINUE
GO TE 929
ENL
SUBRECUTINE BESCFREUJERL JNE ¢ 2ERE) 000001¢"
ICENT NUMBER = C20Q07RCO 00000101
TITLE - (EROS OF THE FESSEL FUNCTICN GF THE FI3ST KIND 00000102
ICENY NAME - CS=NR_-gF52EFRUY 0000C101
LANGLAGE - 3600/2800 FGLRTRAN 000N0104«
COMPLTER = CDC-3E0Q0 000N0105
CONTRIBUTUK = JANEY F, MASUN, CGLF 781y 00000104
RESEARCF CEGMPLTATIEN CENTRR, MIS DIVISIAN 0JQncic?
ERGANIZATIWN = ARL = NAVAL RESEARCKF LAHERATARY, 0000010R
wASHINGTEN, [.C, 20390 00000109
CATE - 1 JULY 1571% 00000111
FURPESE = TO FINL THE PIRST M (ERES &F (SUBN(X) FUR 0SN<H, WRERE 00000111
M IS SULPPLJEL, EY TkE LSEK, [N THF SJURRGUTINE CALL 00000117
CIMENS]CON XUAUC4) ) XJA1 (), X AZ(2)aXJA3(6) 1 XJAAL6) 1 XJAS(9 ) ZERD(L) 00000200
CATA(XJAQ=2.4048255577,5,52007¢€1103,8,6587279129,11.791534439), 00000300
1 (XJA1®3.8317(59702,7,C155R€465€,10,173468135), 00000400
2 (XJhAgeb.,1556¢23,6,4172441), 0000050N
ki (XJA326,3801619,9,7€10231,12,0152007,16,2234640,15,409414#%, poQnoégr
4 22,58272%%), 000007¢0r
5 (XJAd437,5883427,11,064/09%,14,3725367,17,6159660,20,8269830, 00000800
[} 24,019C195), 00060900
7 (XJAo=2H,7714€E38,17,2366042,15,7001741,18,9801339,22.,2177999, 00021000
a 25,4353411,2¢c,62661F8,81,8117167,34,95887813) 00001100
F123,1419926550 ¢gon12ge
FELEEA OeJyRD®JERT 000n130n
GF TE (1,2,3,4,5,6)J6FLe1 00001407
L7 11 [=1,NO 000n1500
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FFCL,GT, 4000 TO &0
CERA(T)sxJAd(])
11 CONTINUE
RETURN
2 LB 1¢ ]314.NO
[FEL,6T 3060 TO 20
(FRP(Ty3xual(l)
12 CONTINYE
RETLRN
3 B 43 I‘Il'\m
IF(146T,2)060 Ty 20
(HRE(T)=xvA2(])
18 CANTYINUE
RETURN
a4 [7 14 [=21,N0
IFC1GT,62068 T 20
CERE(LYaxXJASL])
14 CONTINyYE
RETULRN
5 E@ L3 2l NG
IF(1,67,6000 TO ¢C
(FRECT)sXJaa(l)
15 CENTIANUE
RETURN
& L6 1€ [=1.N0
IF¢1,67,9060 To <O
ZERE(T)=xyaS(!)
16 CONTINYE
RETL RN
2C EETAz(P[/4,u)% (2,00 cRLe4,0¢]+1,0)
hizHETA®E.§
wW2swlenl
(ERC(T )b TA=(HELD=1,0)/w1®(1,0%1,0/wPe(d,0e(7,0eHALN=31,N)/8,0
©1,0/w2e0352,09(82,CoFULDeFCLE=-587 Ue'i@LDe8779,0)715,0
41,0/420(064,00(8646 ,C*FQOLLerLTeFrELL=153855 ,UsHELDoRALD
41589743, CoFCLN-€277287,7)7105,0))))
GO TE (11+12,13,14,15,14), 0Rpe1
10 ENL
FUNCTION dESU(XIN)
CATA(RD=,2027544947FE) ) (R1==,FECCHEGEGLE/), (R28.38831312263F0),
1(H3=2=.90578674277E4), (K43 ,10830F568F3),(KS2-,73485335935),
2(HE=,29212672487E-2),(K73-,£6505C0170571E=9),(KA=2.64538018051F*R),
R(S0=,2827544947EE),(512,21659747743E6),(528,70046825147E3),
4(A0=¢,5323429902E2) 4 (A1=24,621770a11EkL),(A225,2448314672E-1),
3(H(3=,44%84594896k3),(F12,75227204E5/5k2),
A(CQG==1,2359445551F1),((012-2.,77¢c8521056),(C23+4,9517399176E€-2),
7(0N12,8300594528F2) (b 2€64,)1(G24,7228664K5E21)
B(D(=,174960752585E3),
AlkwnNz , YHOHB/27495GF 7)), (RR1z=,

N

¢5721F7) ,(RR2=,40945213625E5),

114283
H(Rk3z= n666)119KEAED), (FKAZ,57575414025F1), (RRD=2,27914475519F-4) ,8FSJ

00001600
0c00170n
00001R00
ouoniege
9c0n200n
3002100
€20Ne?0"
cconeson
000nedon
00002500
onon2sogn
0000¢700
giCnespn
acongoon
00003000
00008109
5003200
00003301
00003400
00003500
000036010
00003700
0J003REN
ocondeon
co004conN
ooondior
00004200
00004300
go004dQr
000043507
CJ00460"0
020%47gn0
00004807
00004900
90005000
0°00512¢C
¢00ns520n
00005300
8ESJ 1
BESJ
8FSJ
BESJ
BFSJ
8FSJ
BrSJd
BESY
8kSJ
8+SdJ
BeSJ

VA ODO O BN AL AN
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C(RR&Z,73498182111F =4}, (RKR73-,R4206E21¢41E~7), BESJ . 13
P(SS0%,196174549G1F8),(5%12,167116738184E6),(S5522.60777258247F3), BESJ 14
F(Fu0s,6268368560631E3), (8F1:,9730009962EE2), BESJ 19
F(PL0O3,21185478331F3),(L01=,46617127625E2), HESJ 16
G(AA023,5491699975E2), (AA1=5,5544E43021E1) 4 (AA226,522308485E1), BFSJ 17
R(CLO034 482234H22EE1), (L C1=Y,7248068764),(1C281,7725579145F-1) BESJ iR
L=XxeXx B8FSY 19
1F (N, EG,0) GO TR 6 % TP (N,EGC.1) GF TE 7 9 GO T3 8 8FSY 20
6 [FCD=F1,%,2 BFSJ 2%
1 F2((((RBwIeR?)sTeRE)IeL+RH)®TeRd) el % Pa(((PeR3I)*DeR2)®DeR1)eLeRO gESU 2?2
BESY =P/ (((NeS2)eCeS1)el¢S0) § HETLRA 5FSJ  2=X
¢ IF(C4GT,6) GO TE @ BESJ 24
AZARS(x) % D3b/LC BFSJ ¢
F=((A2eDea1)eDea()/((CeEL)[+E0) 8FSJ 24
Gz ((C2eleC1)eCeCO)/(Ae((LeDY1)eL«L0)) BESY 27
BESY 2(COS(A)*(Fer)sSIN(AY®(P=0))/S0RT(A) BESJ 28
RETURN BESJ 29
7 JE(C=F 311422422 BESJY 4P
11 FE({{(((RR7®DeRNE)ONeFHE)sUeRRA) 8T eRRI)e eRR2) e[ eKRY)*DeRR( BFSJY 34
EESJIXeF/(((D*SScIeNeSH1)9LUeSSC) & RETURN BESY 32
21 IF(L,67,G) Gy Y6 9 BESJU 31
A=aBS(X) % [sF /T BESY 34
F((AAR2eD®AAL) e[ 4AAD)/((LebR1)eTekED) BESY $5
C=((CC2%D*CCLIeTeCCOY/ (A ((Terid)sLeLL0)) BESJY 34
S( LOSEAY®(GmPYeSINIA)e(C¢F)Y/SERTCAY § JF(X,.!,U)Az=A BFSY 37
EESUzA BESJ 38
RETURN BESY 3@
e FRINY 81,V BESJ 4N
81 FORMAT(//15XsbRRER IN BES.» N 3¢]5) BESY 4y
GR TE 100 oESy 42
§ FRIMNTO9L,x gkSJy 4}
G1 FFRMAT(//1oXeERRER IN BES.s ARGULMEAT X TEF _ARGE, X = e¢E17.10) BESJ 44
16C BESJUS1,E$3C geES) 45
ENL BESJ 4%
SUBREUTINE MATALCtA, X NR,ANV,ICE,LET,NACT) 000
LIMENSIEN ACNACT,NACT) X (NACT,NACT) 0oL
[FCILAY 14201 WP
3 L8 & T3,k 0n3
LA 4 Jai ,NR 0ned
4 x([,.,120,0 005
St RChitredr o 00e
ANVsAR 0n7y
¢ LFT=1.0 00t
ARIENRe1 one
Efl 5 Kzl NRL 010
DL S 011
BEVEESCAD C1¢
Lo € lsk,NK 012
(ARSF(A(T, x)) 014
1F(2-PLVET) 60647 015

,.5
C
R
<




-

11

1¢

15

1¢

17

19
1e

FilveTsy

1Pk}

ckal‘-Uh

IF(PIVAT) B8:940
CE's0,0

RETLRN

IF(IFRex) 1J,11.10

LO 1c J3KINR
23A([PRY)

ACLPR, )sA(K,J)
AlK,.)3l

[P 13 yslaNV
2=X(1PR. )

XCIPR,  J)aX(K,J)
X(Kyo)zd

LETzeDET
CETsLETeA(K k)
FIVAYE] ,0/A(KK)

LO 14 Js]R1.NR

AR, IsA(K,J)ePIVET
LA 14 [3[RL,NR
‘(llv)"(l.J)'A(lo“)"('..)
LA & Jsl,NV
IF(X(K,u)) 1909415
X(K, ) aX (K, J)*PIVEY
Le 1€ [3]R1.NR
XClow)sx(l,Jd)=AC] K)oxlk, )
CONTINYE

TFCACNRINN)) 17.5,47
LETsLET®A(NR,NR)
FIVFAT=y ,0/A(NR,NR)

Le 18 ysg,NV
X(NR,J)IX(INR,JIeF VAT
L@ 1& xs1,AR}

IsANReK

surs0.0

LG 19 Les]/nRY
SUMzSUMeAl] Lol )oX(Lels,)
X(low)sX(l,J)=SLP¥

ENC
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036
017
016
c1§
020
021
022
023
024
02%
02e¢
027
028
029
030
c31
032
033
034
035
036
037
038
039
040
041
042
243
044d
045
cae
047
048
049
050
051
052
053
C5e
055

39




Appendix C

COMPUTER PROGRAM FOR COPLANAR CONCENTRIC CIRCULAR
ELECTRODES WITH UNEQUAL POLARIZATION PARAMETERS
UNDER THIN-LAYER ELECTROLYTE

FREGRAM UNEQTHN

THIS PREGRAM CgMFLTES

(1) CLRRENT LISTRIBLIIEN

(2) PETENTJAL DISTRIELTIEN

(3) TETAL ANGCIC CURKENT
POk CONCENTRIC CIRCULAN ELECTRETES CeVehell RY THIN<LAYER FLECTRALYTF
FOR THE CASE WHERF ANFLIC AND CATHE[DIC waCNFR PULARIZATIEN
FAKAPETERS ARE NET FQLAL,

AzkALlyS ©Wr ANgCE

C=RALIYS @F CATHELCE

R2LI1STANCE ALUNG RADILS

ELENGTH=TH|CKNESS @F ELECTRELYIE LAYER

RRER/C

LASANODIC wAGNER POLAF|ZAYIEN FARAMETER

LC=CATHEDIC WAGNER PELARJZATIEN FARANMETEN

XtMY=MTh ZERO OF KESSEL FUNCTIEN EF ERDEx JARD
F(R,0)sINTERFACIAL PETENTIAL ALENG ThE METAL SURFACE
E(R,C)sFQTENTLSELECTErE PETENT[AL ALEMG THE METAL SURFACE
E(R,0)2CONSTANTeF(R,0)s WITF THE CENSTANT CANCELLING 3UT IN THE
FINAL gXPRESSION, SO CENSTANT N EFFECT CAN BE SET EQUAL TG (ERG,

THE CORFFICIENTS CO ANL CSUEN ARE CEFINED [N THE FQLLOAWING FQUATIEN

K
F(KH,0) = C & SLF (C , (X(N)I®R/C))
0 N=1 NGO

LEL BY TwE €@NDUCTIVITY

ITeTAL2TETAL ANELIC CLWRENT DIVI
VITED kY THE CONDUCTIVITY

1v
ILCCAL=LOCAL CURRFENY TENSITY T[]

‘ REAL LA/LC, ITOTAL,JLECAL

| LIMEASIEN X(1200),Y(210C,10C),8(200,100)

‘ F133,1415926536

I K100

1 REAC 10,400 ,BLENGTR,LA,LC,EA,FL

10 FPRMAT (2F1.,0)
FRIANT 11,4,C,8LEAGTH,LA,LC EA,EC

11 FORMAT (1M1.5%,2FAs FI1C,9,9%,2FC= F10,5,5%,BREB ENGTHE F10,5,2%, 3k
143 F10,5,5%x,3H.C2 F10,5,5%,2KFAz F10,5,5X,3KECe F10.5,/7/77)
FRINY g2

1¢ PEORMAT (31X, ®GENERATIEN EF THE SYSTEM EF SIMULTANEWOUS EQUATIANS USF
1L 7F SELYE FOR THE CEEPFICIENTS (O AND CSUBNe®,///)

| FRINT 13

13 FORMAT (LX,*NOT ALL T+E CFEFFICIENTS Sp UINFRATED ARE LISTEDN AELEw

:y 10,77)

| FRINY 14

14 FOKMAT (gXx,®AS & PARTIAL CHECk, wkEN NzM, THWE VALUE ©F B(M,M) [S "~
1IVEN HY e, /777)

5 OiF COPY  ©

e R Qyifgﬁ




aonco

oo

15 FORMAT

19

2C
21

30
31

49
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FRINT 15
110)0,9x b (M, 50)8 ,8X,ob(M,100)2,/7)

THIS PART @F THE PROGRAM CENERATES ThE SYSTEM 3F SIMULTANEEUS
ECLATIONS USED IN SALVING FER THE CEEFFICIENTS CQ AND CSURN,

vOREE=Y

NEsK

CALL HESZER® (JERT ,NE,X)
LO 4( M=1,%
XMpCEX(M)endlLENGTH/C
SIANRXMEBCe (e XP(XMEC) =g XP(=XMECY) /e . U
CESHXMECs(EXP(XMEC)*EXF(=XMPCY) /2.0
TANKXMBCaS|INHXMKC/COSHXMBC

T1zXx(My/C

12:1,0e(LCoTL#TANRXMEC)

T32BESY(X(M), )

143(13e92)/2,0

152T¢e14

T6sX(M)sA/C

17zBESU(T6,0)

TBSEESJ(T6,1)

193(17s%2)e(18eez)

T10=( (LA CIeX(M)w((A/L)®e2)oTGeTANLXMBC)/(2,00C)
F=154710
Y(M)Z=(1,0/COSHXMECIe(EA=FC)o(A/CIOCTE/X("))
A=l

IF (NJEC,M) 21,%¢

eV ,N) =P

GO Y& 3¢

T122X(M)/X(N)

T18=21.0/(1,u=(T1cee2))

T14=Xx(N)eA/C

T15=ekSu(T14,1)

T16=bESU(T14,0)

1172(715e717)(T12eT16e¢1E)

XNECEX(N)egLENGTH/C

SINFXNGCB(EXPIXNEC) =EXP(=XNEC) /2.0

B(M N)z( AeLC)o(A/(Cosg))e(1,C/CESPXMFC)eT130T17eS5INHXNBC
GO TE $C

N=Nel

IF (NJLE,X) 20,31

FRINT 2,4y X(M)oF Y(M)2E(M)1),B(M,20),68(M,50),)3(Ms100)
FARMAT (X, 14,2(3%,E12.%))

CONY INYE

SELLYI@EN ©p THE SYSTEM CEF K SIMULTANEGEUS FQUATIONS
FER THE CUEFFICIENTS CSLBA

(9X,oM®, Gx, 0X(F)o, 18X, 0Fe, 14X, 0¥ (M)e, 11X e8(M,1),10%,0B(",




_——

E. McCAFFERTY

The SUBKQUTINE REPLACES THE CANSTANT VECTCRS Wl'H THE SAOLUTIEN
VECTLRS, THUS, THE CENSTANT VECTEKS Y(¥) DEFINED IN STATEMENT 19
ARE REPLACED BY The SELLTION VECTERS., TwFSF S3LUTl@N VECTERS

ARE LATER RFLABELLED AS CSURN,

aonoacacoa

CALL MATALG(H,Y+100,300,0,DET,2CC)

CALCLLATJON OF THE CEEFFICIENTY CC

T d @ g

FRINT 41
41 FORMAY (///7/,1H1,eCALCLLATIEN EF THE CQFFFICIENT CQe,//)

FRINT 42
42 FORMAT (20X BHSELLYIEN pZ23X 012k (XINI®A/ZC) ,2X )L 0HSINHIXIN)®, 7X,13W

1Y(N)eSTARXANHC ) 3X, 14RRLANING SLM EF)

FRINY 43
48 FORMAT (ZBX  THVECTERS (X ERX(A)eA/C 18X, 22, 17X, 10HBLENGTH/C) 12X, W

18RESSEL13, /X, 9RTERMZERLS)

FRINT 44
44 FERMAT (5X,eN®,Gx,eX(h)e, 11X, aY(N)®,12x ®XNAC®,11X,*B=SSE(1%s9X,*S

LINFXNSCe  TXx oo TERM7RREe 10X 0 LTCTAL®,//)

276TAL=0,0

. [F 4¢ \N=1.K

XNACEX (' )eA/(C

EFSSELL=gbESJI(XNAC, )

ANpCsX (' yegleivoTr/C

SINRXNC8 (e XPIX EC )Xk (X NECY) /e O

TERMEFRESY(N)OpESSELLsSINFXNBP 1

LYCTALZZTATAL*TERMZERS

FRINT a9, Ny XAN) o YUN) g XNAC 3ESSELL»SINKXNDE, TERMLERD, ZTRTAL
45 FORMAT (3X,14,7(2%x,F12,5))
46 CONTINGE

213((A/C)yee2)ea

L23(1.0=((A/Clewc))og(

233(A/(Cow2))e(2,00(L A= C)I®2TCTAL

FRINY 47,214£2,23
47 FCRVAT (///77,5%03R¢1= E13.905% 02k 2e= £13,5,5%93HZ3= E13,5)

(03etl-/2-43

FRINT 4&,CO
4e FERMAT (y/77,5%,3KC0= E13,2)

©

CALCLLATION @F THE TeTaL ANELIC CUKKENT

a0

FRINT 70

70 FORMAY (/7774 4HY sCALCLLAYIEN CF THE YuTal ANODIC CURRENTs,//)
FRINT 71

71 FEKMAT (1K,o[TGTALSTETAL ANECIL CLMFENT LIVIDED BY THE CONCUCTIV]Y
1Ye./7)
FRINT 72

Te FORMAT (9% BRX(NYOA/C o EXid2me (X(N)®A/C) 2% 1ONSINHIX(N)® ) 7X, 14K2
1,08P1saeCSUNN)

42




aoa

7

74

75
7%

eg
a1
81C
811
812
813

820
23

84

89

0
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FRINT 73

FORKMAT (60X, o10, 17X 10RELENGTR/C),2Xs17HeSINNXNBC*BESSELL)
FRINT 74

FORMAT (55X, eN®,SX eX(N)e, 11X, oCSLEN®, 11X, *XNACe, 11X, *3ESSELLI®, 99X,
1SINKXNBCo /X, ®¢sTERMITETe,6X,¢11CTAL",//)

ITETAL30,0

LO 79 N=1.K

XNACEX (N)eA/(C

EESSELL1=BESJ(XNAC, 1)

CSLRA=Y(N)

XNBCEX(N)®uLENGTF/C

SINKXNBCE(EXPI(XNEC)-EXP (=XNEC)) /e, 0
TERMITOTE2,0eP[sAeCSLFENeBESSE[1¢SINKXARC
I1TEYALZITOTALSTERM]TETY

FRINT 75, XtN),CSUBN ) XNAC/FESSELL s SINKXNNC, TERMITOT, 1 TOTAL
FERMAT (3X,14,7(3x,E12,5))

CONYINUE

CALCLLAT]GN ®F THE LECAL CURRENT PERSITY

FRINT 30

FERMAT (/77,11 *CALCLLATIEN CF THRE LECal CURIENT DENSITYe,/ /)
FRINT B1

FPRMAT (1X,®]LUCALSLECAL CURKENT CENSITY DIVIDZID By TH4g CONDUCTIVI
11Ye,//7)

REAC B11,RCUT

FARMAT ($10.0)

REALD B1J,RK

FORMAT (F1C.00

IF (KRR, NE.KCUT) £20,6C

FRINT 83,KR

FCRMAT (///7,3X,2KRRz F%,T7)

FRINT 84

POKMAT (4OX BHXIN)YOR/C)EX, 12k, (X(NYSR/C)a2X, 10RSINK(X(N)®, TX, 16K
11/C)eCSLBNeX (N))

FRINT g®

FERMAT (60X, @Ce, 17X 1CFELENGTR/C),2X,17H8SINRXNBC*BESSELZ)

FRINY 86

POKMAT (HX,®N®,GX 8X (N, 11X, ¢CSLEN®, 12X, ¢ XNKC®,10X,*3ESSFL2*,9X ¥
1SINRXNGCe ) 7X, o3 TERMILCCo,6X, o1 5CAL",//)

ILeCAL=0,0

LF BY =1.n

XPRCEX(N)eRR

EFSSEL22BESY(XNSC,0)

CSLEA=Y (N)

XNpCEX(N)enLENGTR/C

SINFXNBCE(EXPOXANEC ) =g XF (aXNECY) /2. U
TERM{LYC8(1.C/CIeCSUENeX(N)oSTIANFXNECSEESSRL?
ILECAL=zILWCALeTERMILEC

FRIAT B7 )N, X(N)sCSURN  XARCIEESSFL2 ) SIARXANRC, TERMILAC, 1LACAL

43




E. McCAFFERTY

R? FCHRMAT (J3X,14,7(5%,EL12.5))
Be CONY [NYE
6P TE 812

CALCLLATION ©F THE PETENTIAL CISTRIBLY[EN
ALENG THE METAL SLRFACE

acc o

90 FRINT 91
91 FORMATY (///7/,1A1 ,CALCLLATIEN CF TrE FOTENTIAL DISTRI3UTIGNe,//)
FRINY 92
92 FORMAT (1X,*POTENT 3g(K,0)SELFLTYRFLE POTENTIAL ALONG TWE METAL SLR
1+ ACFe,//7/) {
92C hEAD 921 ,RK |
921 FORMAT (£10.3) i
IF (KR, Mg RCUT) 630.3CC
930 FRINY 94 ,RR
94 FORMAT (////,3%X43RRRz F&,2)
FRINT Q5
S5 FORMAT (48Xs12Hy (XINIOR/C) a2 pICHCESH(X(M)0, 7X) L SHCSUBNORESSFL2,3
1X,14FRUNNING SuU™ CGF)
FRINT 96
96 FARMAT (44X, 000 ,17X,3CHELENGTR/C),3X 1 10R0COSHXNECE,6X,9HTERMPAT 3,
16X, 1¢H=CQ=5UMPRTLS)
PRINY 97
97 FORMAT (5X,oNe,GXx,oX(N)e,11X,0(SLBN®, 10X, oBESSEL2®,9X,sCESHXNRCe,R
LX OTERMFGTL® 0K, oSUMFCTL @, dX,0FCTENT e, //)
SUMPETL=0.C
LO 99 N331,K
XNKCSX (N )eRR
BESSEL2BESJ(XNKRC,0)
CSLRN=Y(N)
XNBCEX(N)*BLENGTF/C
COSMXNBCe(EXP(XNEC)*EXF (=XNEC))/VZ .U
TERMFOTLECSUBNeBESSELZOCESHXNFC
SUMPET L SSUMPOTLeTERMFETL
FOTENT 2= (CJeSUMFETL)
FRINT 98,N,X(N),CSURBN,BESSEL2,CESkXNBC, TERMPAT s SUMPOTL ,PATENTL
Se FORMAT (3X,14,7(5%,EL2,%))
$6 CANTINYE
GO YE 929

10C ENL A

SUBROUTINES BESZERO (JORD, NO, ZERO), FUNCTION BESJ (X, N), AND MATALG (A, X, NR, NV,
1D0, DET, NACT) ARE GIVEN IN APPENDIX B.
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