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MATHEMAT iCAL ANALYSIS OF CIRCULAR CORROSION CELLS
HAVING UNEQUAL POLARIZATION PARAMETERS

INTRO DUCT ION

In man y corrosion reactions the anode and cathod e are spatially localized . Th is may
occur on different surfaces , as in the galvanic corrosion of dissimilar metals , or on dif-
ferent parts of the same surface , as with localized geometries such as crevices. Moreover
the corroding system often has a coplan ar concentri c circular geometry . As pointed out
earlier [ 1, 2], examples incl ude some instances of pittin g [3], crevice corrosion unde r 0-
rings or washers 14] ,  and corrosion under barnacles [5], under tubercules of corrosion
prod ucts 16] , or under dust particles in condenscd moistu re films [7] .

In all such cases there is a potential difference between the central anode and the
disk-shaped cathode surrounding it. This Potential diffe rence may arise from heter-
ogeneities in the solid phase (such as dissimilar metals, inclusio ns in a base metal , or
discon tinuities in protective films) or from heterogeneities in the li quid phase (such as
dif ferential aeration as in crevices). Thus there is a distributio n of both electrode poten-
tial and local current density as one moves radially from the center of the an ode out
toward the far edge of the cathode.

Gal-Or, Ras, and Yahalom [8] have mathematically treated systems of coplan ar
concentric circular corrosion cells. These authors analyzed the effect of various system
parameters on the total curren t, and more recently MeCafferty ( 1 , 21 has evaluated
the distribution of po tential and current across such cells. These treatments essen ti ally
extended to cylindrical geometries the model developed by Wabe r and cowo rkers [9-12]
in a series of publication s treating semi-infinite parallel electrodes.

Two central fe ature s in the Waber model are that the anode and cathode obey linear
polarization kinetics over an extended potential range and that the anodic and cathodic
slopes are equal . Whereas the firs t assumption often holds in experiments , the second
assumptIon rarely holds, because the anode is gene rally far less polarizable than the
cathode.

The case of unequal anodic and cathodic linea tt lofl has been solved recently
by Kennard and Waber [13] for semi-infinite strips ci electrodes under bulk
electrolyte.

This report extends the Wabe r model of linear corrosion kinetics to circular systems
with unequal polarization parameters. Eq uations are derived for potential and current
distributions and for the total anodic current , and ~~neral ized calculations are made.
Comparisons with experimental results will be made elsewhere.

Man uscript submit te d February 7 , 1 977 .
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E. McCAFFERTY

DESCRIPTION OF THE MODEL

The Corrosion Cell

The cell geometry is shown in Fig. 1. The anode and cathode outer edges are
coplanar concentric circles of radii a and c respectively. The electroLyte thickness b Is
allowed to approach in~ nity for bulk electrolyte.

Linear Polarization

The cell potentials are shown in Fig. 2a, and stylized polarization curves are shown
in Figs. 2b and 2c. Following Wagner [14) and Waber [9-13) , an Important feature of

• the model is that the polarization curves are linear in E vs i over an extended range. As
pointed out by Kennard and Waber [13) , if the plots are linear over only a portion of
the curve, tangent approximations can be drawn. Thus the open-circuit potentials E~ and

are replaced by the intersections E~’ and E~’ respectively of the tangent lines with the
potential axis, as shown in Fig. 2c.

~EEIE~~
I ELECTROLYT E

Fig. 1—Th, corrosion cell
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E. McCAFFERTY

The linearized polarization curves are characterized by the Wagner polarization
parameters

La = 
~~~~~

for the anode and

= (2)

for the cathode , where a is the electrolyte conductivity. The parameters C~ and L~ have

the dimensions of length (cm ), and L~ ~ £~, in the present treatment.

The assumption of linear polarization oyer an extended potential range has been
observed to be a reasonable approximation in a number of instances. For example, steels
in aerated neutral to basic solutions , with or without chloride , displayed both anodic and
cathodic plots which were approximately linear over an extended range [151. Additional
examples include the behavior of copper /steel couples in distilled water [16] , the cor-
rosion of tin in citrate solutions [171, and the corrosion of bare and coated aluminum in
chloride solutions [181. Other examples involve specialized geometries , such as the
pitting of aluminum [19], or specialized conditions , such as the dissolution of mild steel
at high anodic overpotentials in concentrated electrolytes [201. On the cathodic side the
reduction of oxygen on nickel in dilute H2 S04 [211 and of silver in KOH [22] display
linear regions. Polarization curves for a variety of metals in thin-layer electrolytes [231
display linear regions over at least part of the potential ranges for both anodic and
cathodic processes.

In some cases the lineari ty may be attributed predominan tly to resistance polariza-
tion , caused either by iR drops through the solution or by ohmic films on the electrode
surface. As pointed out by Stern and Geary [24], however, sometimes the combined
effects of concentration polarization plus ohmic drops interfere with activation polariza-
tion processes so that a very short Tafel region is observed . Such cases often give
straight-line segments in E vs i.

At this point it should be clear that the model invokes linearity over an ex tended
potential range and not merely in the pre-Tafel region near the corrosion potential , where
the usual Stern and Geary [24 1 linear relation is valid .

MATHEMATICA L ANALYSIS FOR BULK ELECTROLYTE

The electrostatic poten tial P (x, y, z )  is given by Laplace’s equation

V2P(x , y, z )  0, (3)

provided that there are no concentration gradients in the solution , the solution is electro-
neutral , and there are no sources or sinks of ions in the electroly te [251 .

With the circular geometry it is convenient to rewrite Eq. (3) in cyclindrical coord i-
nates using the usual transformations x = r cos 0 and y = r sin 0. The result 

is4
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a 2P (r , z)  1 ~P (r, z )  
+ 

a 2 P(r , z )  
= 4r ar az 2

where the potential P is independent of the angle 0. The general approach is to solve for
P(r , z )  in Eq. (4) subject to appropriate boundary conditions and then to evaluate the
local current density i(r , 0) fro m Ohm ’s law for electroly tes :

i(r , O) = — 0[aP~~~~
] ,  (5)

where a is the electrolyte conductivi ty .

Boundary Conditions

The boundary conditions have been discussed iii some detai l in a previous report
[1]. In brief there is no current flow across the symmetry line r = 0, nor across the cathode
outer boundary r = c. Thus

[ aP (r, :) 1 = 0 (6)
L ar j r= 0

and

[ aP( r ; z) ]  = 0. (7 )

Also, the potential must be bounded at the upper physical boundary of the electrol yte ,
so that

lim P(r , z )  < M , (8)
z —# oo

where M is some finite number.

The general solution to Eq. (4) subject to the boundary conditions of Eqs. (6)
through (8) is [1, 2, 81

P(r, z) = C0 + ~~ C0J 0 ( X 0 r)e ~’~~ , ( 9 )

where C0 and C,~ are coefficients to be evaluated later, J0 is the Bessel function of order
zero, and X~ = x,~/c, in which the x ,~ are the zeros of J 1 (x) = 0.

5
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E. M cCAFFERTY

Linear Polarization

The remaining boundary condition relates the electrode potential E(r , 0) along the
metal surface vs some standard reference electrode to the electrostatic potential P(r , 0)
within the electrolyte but “just outside” [261 the electrode surface. If E 0 and E~ are
the potentials of the polarized anode and cathode respectively, at any current density ,
then

V’ — P(r , 0) = E(r , 0), (10)

where V’ is a constant which includes the various differences in electrostatic potential
across the extra interfaces introduced in the measurement of a potential difference across
the metal/solution interface of interest [27]. Equation (10) is developed in Appendix
A.

For the anodic branch in Fig. 2b,

i(r , 0 ) - 0  di
slope = ____________ = — , (11)

~~ 
-
~~~ r ’o dE

~~~ ~~, 
— a

which after rearranging becomes

E(r, 0) = E0° + i(r , ~~~~~~ (12)

Substitution of Eq. (5) in Eq. (12) gives

E(r , 0)  E0° - a~~~~ [aP o~ z]  (13) -:

z 0

Use of the Wagner polarization parameter as defined in Eq. (1) gives:

E(r , 0)  = E~° - ~~~~~~~~ (14)

Substitution of Eq. (14) in Eq. (10) gives

P(r , 0) - La [ aP r~ Z)] = V’ - E~, 0 ~ r < a. (15a)

A similar expression holds for the cathode :

Pf r , 0 )  - LC
[aP~~~

Z)
~ = V’ - E~, a r c. (15b

)6
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Equations (15a) and (15b) are the final boundary conditions required . The indeterminate
constant V will vanish in the final forms of the expressions to be derived but will be
carried along for mathematical completeness.

Evaluation of the Coefficients C,~

The boundary conditions in Eqs. (15a) and (15b) are used to determine the coeffi-
cients C,, appearing in Eq. (9). The approach is to evaluate Eqs. (!5a) and (15b) using
the general expression for P(r, z) and then to solve the two simultaneous equations. The
reader wishing to avoid the mathematical details can skip to Eq. (35).

— 
The general expression for P (r, z) was given earlier by Eq. (9). Use of Eq. (9) in

(iSa) gives

C0 + ~~~ Cn(1+Ca Xn Wo(Xnr) V ’ - E0°, 0 ~ r < a .  (16)

If this equation is multiplied through by rJ o (X m r) and integrated over the domain of
applicability (from r = 0 to r a), then

~ 0 rJo(Xm r)dr + f ~~ c~(1 +L 0 X n )rJ o (X n r Wo (X m r) dr
r 0  ‘— 0 n 1

= (V ’ _ E~’)j  rJ o (X m r) dr. (17)
r 0

The first and third integrals can be evaluated from a standard recursion formula for
Bessel functions [281 ; that is

~_ [xJ i( x) ]  = xJ0(x), (18)

which, upon appropriate variable change and integration, gives

JrJo(Xr)dr -~ rJ1(Xr). (19)

The second integral to ~~~~ called ‘2’ ii

‘2 ~ f ~~ Cn ( 1 + C a X n) I J o (X n r Wo (X m r ) d 1 ~ (20)
r 0  ne l

or

I
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‘2 = L c~(1 + cA ,1) rJ0(X~ r~~0(X ,~ r) dr. (21)

The summation can be split into two cases: n = m, and n m. Thus

12 = Cm (1 + L X )  f rJ ~ (X m r) dr

a
+ L Ci~( 1 + L a X n ) j rJ o ( X ri r) J o ( X mr) d r .  (22)

n�m

Substitution of Eqs. (19 )  and (22) back into Eq. (17) thus yields

C0 aJ 1 ( X ~, a)  + C~1 (1 + C X )  j  rJ ~ (A m r) d r

+ ~~~~~~ C~( 1 + La X,,) L0 rJ 0 ( X ~ r) J 0 ( X ,~ r ) d r

n~~m

= ( V - E ~ )~~~~aJ 1 ( A~ , a ) .  (23)

The second inte gral in Eq. ( 23) is a Lommel in tegral 129]:

(~~2 _ ~ 2 ) XJ ~ (~ x~J ~ (Øx) d x  = 
[X 13 J ~ (~x)  - 

~~~~~~~~~~~~~~~~~~~~

(24)

whe re the primes denote differe n tiation with respt et to the whole argument and not just
x. Thus , when n ~ m,

f rJ 0 ( X ~ r) J 0 ( A ~ , r ) d r  = I J 1 A , i J 0 (X ~~a) -

2 ~

When n = in , the integral becomE’s .1 rJ (~ (A m r)  dr , which i s I ht ’ rt main in g integral t

evalua ted in Eq. (23~. However , when n = ~~ the right-han d side of Eq. 25) gives ( I / I ) .

so that l’llosp i tal ’s rule must he used . In this case the ‘ I n i t r a t u r  and denominator ar t
diffe rentiated with respect to A ,,. and th en X~ is allowed to approach A m .  The result
(omi tting several steps) is

~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ -~~~~~~~~~~
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Lo
rJ 3 xm r d r  = 

~~~~ I J ~ (X ,~a)  + j ?0’m ’)L (26)

Use of Eqs. (25) and (26) in Eq. (23) gives

Co~~~~ aJ i ( X ma )  + c,~( 1~~C0 A,~)~~ 14( X m a) + J~ (X m a ) I

+ 

~~ 

Cf l ( 1 + L ~X n ) 
a 

[ X nJ 1 ( X n a ) J o ( X ma ) m J o (X n a ) J i ( X ma ) ]

n~~m

= (V ’ _ E ,~’)~~~~J i ( X ma) .  (27)

Equation (27) is one of the two simultaneous equations to be solved for the set C,,.
The second equation follows fro m the boundary condition on the cath ode given in Eq.
( 15b) . The approac h is the same as has jus t been completed. P (r , 0) and aP(r, z) / az at
z = 0 are evaluated from Eq. (9), so that Eq. (15b) becomes

C0 + C,,(1 + L~X , ,) J o ( X ,,r)  = V’ - E~ , a < r < C. (28)

Again the equation is multip lied by rJo (X m r)  dr and integrated over the appropriate
limits , which in this case are from r = a to r = C:

C0 f rJo (X m r) dr + J ~~~~~~ Cn ( 1 + L c X n )rJ o ( X n r)J o ( X m r) ~~~
r 0  r a  n=1

= ( V ’ -E ~ ) rJ o ( X m r) dr. (29)

The first and thi rd integrals can be eval uated usin g Eq. (19):

T~ LceJ i ( X mC) - aJ i(X m a) 1 + ~~~~~~ C,,(1 + LO X,,) L:a rJo(Xnr)Jo(Xm r) dr

v’ -
Am 

E cJ i ( X mc) _ a J i (A m a ) 1 .  (30)

9 
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By definition XmC ~ X m and J 1 (X m ) = 0. Again the summation can be split into two
cases, so that Eq. (30) becomes

Co- -i--- aJ1(X,,,a) + Cm( 11~Cc Xm ) f 1~4O~m
1)th

+ ~~~ C,,(1 + L
~
X,,) rJ o (X ,,r)J o (X m r) dr

n*m

(V ’-E~)= - 

Am 
aJi(Xma). (31)

The integ rals in Eq. (31) can be evaluated as before fro m Eq. (24). A simpler approach
is to add and subtract f ~ rJ~(Xm r) dr to the second term and to add and subtract
f rJo(A,,r)Jo(Xm r) dr within the summation sign: Then Eq. (31) becomes

..- .aJi(Am a) + Cm (1+CcXm)[f r 4 X mr d r - 
Lo

r
~~~~

m
~~~~]

r
+ 

~~ 
C~(l + C~A~)[f rJo(A,,r)Jo(Amr)dr - f rJo(X,,r)Jo(Am r) dr

n~~i 
r 0  r 0

n*m

( V t — E°)
= — 

C aJi(Am a). (32)
X m

The integrals involving the entire interval from r = 0 to r = c are the usual orthogonality
relations [301,

- 0 , n*m,

= { ~~[4(Amc)J ,n m , 
(33)

and the integrals from r = 0 to r a have already been evaluated per Eqs. (25) and (26),
so that Eq. (32) reduces to
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~~

—
° aJ ~ (X ,,,a )  + C,,,(1 + C~X~1 ){~~ J ~ (X ,,,c)  - ~~ LJ~O~ma) +J 2 (X a ) ] }

+ L C,,(1 + ,C
~X,,) 

A~ ~~~~~~~~~~~~~~~~~n# m

( I ’ ’ —

= - 

Am 
aJ i ( X m a) .  (34 )

Equations (34) and (27) are thus two simultaneous equations in C0 and C,,.
Addition of the two equations eliminates C0. The result , after considerable algebra, is

Cm [ ( 1 + Lc~~~ )  
4 ( xm) 

+ (
~~

a c ) (~)(~) A m1 +~~~(~0 -L~) 
~~ 

C,,W,,~

(E° E°
= - 

o c 
(a)

~~ (xm .
~) t  (35)

where Am and W,,m are defined by

Am = ~~ 
[~ 

~~ ~
) + J ~ (x m 

~~
)] (35a)

and

W,,m = 
~~~ [‘~ (xn~~)J0 (xm!) - ~ ‘ J0 ~ ~ ~~~ ~

)j. (35b)

Equation (35) thus generates a series of equations, say k of them , where m is fixed in turn
from 1 through k.  These k equations are solved simultaneously to give the coefficients C,,
from n = 1 to k.

The indeterminate constant Vt cancels out in the generation of the set of C,,.
Also , when L~ = L~ C, Eqs. (35a) and (35h) reduce to the pre vious case [1, 2]:

- 
(‘~ _ _ _ _C,, — - 

~~ x ., \ J1~ (X ,,) (36)
x,,~~1 + C _ _ ) -___ _

where the dummy variable m has been replaced by the more general n.

11
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E. M C CAFFERTY

Evaluation of the Coefficient C0

The remaining coefficie nt C0 can be most conveniently evaluated by going back to
the ori gin al pai r of equations: Eqs. (16) and (28). The approach is to multiply through
in both equa tions by rdr and then to integrate over the approp riate limits . The opera-
tions are straightforward , so that it is not necessary to detai l the proof here. The
resulting two equations are

+ 

~~~~~~1 

Cn ( 1 + C a X n )~~~ J i O~n a )  = ( V ’ -E ~ )~~ (3 7)

and

(c 2 _ a 2 )
~ 0 - ~~~~~~ ~~~~ +C ~X~ ) j _ J i ( X ,,a)  = (V _ E ~ ) ( c

2
~~~~ (38)

, i=1

Adding Eqs. (37) and ( 3 8 )  and solving for C0 gives

C0 = V - 
(~~)

2
E~ - (c

2 ;a
2)E o 

- 2-~~
(C0 -C~)~~~ C,,JI(x~-~). (39)

Electrode Potential

The electrostatic potential P(r , z )  at any point in the electrolyte is given by Eq. (9) :

P(r , z)  = C0 + ~~ ~~~~~~~~~~~~~~ (9)

Use of Eq. (39) for C0 in the above gives

P(r , z )  = V’ _ ( ~ )

2
E: _(c

2 _ a
2)E~ - (C a — L~) ~~~~~ (x~ ~

.)

+ ~~~~~CnJ0(x n~~i ) Z
hI C

. (40)

12
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The relationship between the electrostatic potential P(r , 0) in the electrolyte near
the metal surface and the electrode potential E(r , 0) vs a standard referen ce electrode
is given by Eq. (10). Use of Eq. (40) with z = 0 in Eq. (10) gives

E (r , 0) = (!)
2

E0 + (c

2 _ a
2)EO + 

~~(C0 -C~)~~~ C~i J i (x 11~~ )  
- ~~~~~~~~~~

(41

where the C,, are determined from Eq. (35). Again the indeterminate constan t ‘V

vanishes in the fin al expression.

Local Current Density

The local current density i(r , 0) along the metal surface is related to the electrostatic

potential P (r, z )  by Eq. (5). Perfo rming the diffe rentiation on P (r , z)  as given in Eq. (40 )

and insertin g the result in Eq. ( 5) yields

i(r , 0)  
= ~~ CnxnJ0(x n~~)t 

(42)

where again the set of C,1 is determined from Eq. (35).

Total Anodic Current

The total anodic current is related to the local current density by [1, 2 , 81:

‘anodic = 
Jr:o J i(r , 0)rdr dO (43)

or
f.Q

271’ j  i (r , 0) r dr (44)
r 0

Use of Eq. (42) in (44) gives

‘anodic = 
~~~~ 

~~ CnxnJo (x~ -f-) r dr (45)
r 0  n — i

or

‘anodic = 

~ 
c,,x ,,Jo (~,,r ) r dr.  (46) 

_ _ _ _ _ _
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The in tegral can be evaluated from Eq. (19), so that the result, omitting a few steps, is

= 2ira 
~~ 

C,,J 1 ~~~~~ ( 47)

where again the set of C,, is determined f rom Eq. (3 5).

MATHEMATICAL ANALYSIS FOR A THiN-LAYER ELECTROLYTE

I f the elec tr oly te is a thin layer of height b instead of bulk li quid , the boun dary
condition given by Eq. (8) is replaced by the requirement that there is no current flow
across th’~ outer boundary of the electrolyte:

____  = 0. (48)

The other boundary conditions are the same as for the bulk case. The general solution
of Laplace’s equation subject to the restrictions of Eqs. (6), ( 7), and (48) is

P(r , z )  = C0 + C,, cosh [ff.~ (b_ z )] J o (x~ ~). 
(49)

The coefficients C0 and C,, are evaluated from Eqs. (15a) and (15b), as was done for the
case of bulk electrolyte. The procedure is exactly the same as for the bulk case; hence
only the results are listed below.

The coefficients C,, are given by the systems of simultaneous equations

C
m{[

1+C c 2! tanh (x m -~)] 

J 8 (~m) 
+

+ ~ (C~ - C e)  
~~ Cn W,,m sinh 

(~~,,P) = - 
1 

b X rn (
~~
)

~~~1 (xm 
~

) ,
cosh (x m —) n~~i cosh (x m 

~j~ ,i�m C

(50)

where again Am and Wnm are defined by Eqs. (35a) arid (35b) respectively ari d m takes
on the values 1 through k successively.

The constant C0 is given by

14
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C ~ - (a)
2

/ 0 
- 

~ c2 _ a
2)

~~ o 
- 

2a 
~~ 

- Le ) ~ C,, sinh (x n ~ ~~
(51)

and

E (r , 0) = + 
~~~~~a

2)
~~o 

+ 
~~~~~ 

( L a - .L~ ) ~~ C~ sinh ~x ,, ~~~

)

~~~~1 ~x n ~)

- ~~ C,,cosh (x n~~ ) J o (x n~~ ) .  (52)

The local current density is given by

z(r , 0) 
= ~ LCnx n sinh (xn~~)Jo(xn~~). 

( 53)

and the total anodic cu rrent is

an OdiC 
= 2~a 

~~ 

C,, sinh ~ ~ ) J i (x ~ ~) .  (54)

When b -~ oo, C,, (thin-layer) X sinh (x ,,b/ c)  -
~~ C,, (h ulk) ,  so that the exp ressions for thin-

layer electrolyte reduce to the corresponding equations for a bulk electrolyte for large
b.

The various expre ssions for the thin-layer and bu lk cases are summarized in Table 1.

PREVIOUS CASE OF EQUAL POLARIZATiON PARAMET ERS

When L~ = = C, the preceding results for bulk and thin-layer electrol ytes reduce
to

E(r,0) 
(~ )

2
E~ + (c

2
~~a2)Eo 

Ji(x,,~~
+ 2( !)(E~ - E ~~) 

L 
C , J0(x,,~r)~ (55)

n — I

15
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t a b l e  1 Summary of Rela t ionships for Copl an ar Circul ar Electrodes under a Bulk and a
I ’h in-La ver E l e c t r o l y t e . The hyperbolic functions in the uppe r par t of the brackets apply to

thin avers , and aw n’ placed by 1 for a bulk electrolyte. The numbers in parentheses re fe r
to e q u a t i o n  num bers in the t&’x I

~~~~ Ifi - ic ’  c t ~ (‘~

[ ~, ft an ~~(x rn~~ )~~
1 J g (x )

1 e L ~ — 
~ 1’ 2t rn or

L(~~~~~~~ )
2[~~~~~~~~~~ 2 

J~~(x m~~~~ 

{
~~

nh(x

~~~~)}1

+ Cn 
{sin~~(x n 

~
} ~~ ~ (x~ ~ ) ~o (x m 

~ )

~~~o; J
- ~~~~~~~~~~~ ~

x m f)1 = 

{cosh (x m 
b} 

j 1 
~

,,, 
~
-). ( 3 5, 5 0)

Electrode Potential

F I r . ci + 

(

~~~~~~~
2
~~i; + ( C 0 

- ~~ 
{sin~ ~~ 

~,

cosh x 
—)

- 

~
{ ~r

fl

C}Jo n ~~) (4 1. 52)

Local ( ‘ ii m n  t l i t  u s i t

bsinh —
ifr 0) 1 \ 

or c}
~
0(
~~~
) 

-12 53)

I , ( al  ~iio dii ’ C urr ent

~~nodi~ 2~ o 
sinh (x n 

~) J1(x~ a)
or J c (47 , Fi l l

16
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i (r  0) a ~~, ~~~i (~
,, ~ r

____  = - 2 —  (F ° F ° ) ‘

~ 
—

~~~~~~~~
—

~~~
- ----—---- J 0 a ,, ). ( 5 G l

and: 

. 2 

1 
+

anod ic 
= — 4n’ -~- ‘E° — E °~ “ — ~~— -—  (57~o ~~~ 

C ’ /~~~ r x 0 1
x 0 L’ + C—. Q] J(~ (.v ,, )

where in each of the above

~ 
1, bulk e’ “ ~roIyte .

Q = ,
~
~tanh (i,, .

~~

.), thin layer.

These equations are the same as those previously reported except that the sign s of
electrode poten tials in Eqs. ( 55) th rough (57) now conform to the convention that the
n oble di rection is the more posi tive.

NUMERICAL EVALUATION

Values of La and £,~

In general the anode and cathode have different polar izabi lities (the two electrode
potentials respond differently to the passage of current). In many instances the anode is —

the less polarizable. This is illustrated by many electrode kinetic studies carried out
under care fully controlled conditions. With iron , for exa m ple , in a variety of deaerated
electroly tes, anodic Tafel slopes of 30 to 80 mV/decade have been observed , while the
cathodic slopes were 120 mV/decade (31-34]. Other metals in the iron group (nickel
and cobalt) have been observed to behave similarly [35].

To cite two more examples, cadmium undergoes self-dissolution to Cd~
2 in acids by

two consecutive single-electron transfer reactions , and indium goes to 1n~
’3 through th ree

consecutive single-electron transfers. The observed an odic Tafe l slopes are 40 to 5Om V/
decade (0°C) for cadmium [36] and 22 mV/decad e for indium [3 7 1 ,  in good corre-
spondence with the theoretical values of 2.303 RT/ (3/2 )F and 2.303 RT/ (5/2 )F
respectively. The hydrogen-evolution reaction on both surfaces gave cathodic Tafe l slopes
of 115 mV/decade and 120 mV/decade respectively, indicative of a sing le-electron trans-
fer characterized by a theoretical value of 2.303 RT/ ( 1/2)F.

In more practical situations where conditions are not as well defined , Tafe l behavior
is not alway s observed , but instead polarization curves sometimes display segments whic h
are approximately linear in current (rather than the logarithm of current) over a con-
siderable potential ran ge, as discussed earlier. In these instances the cathode often again

17
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is the more polarizable. Figure 3a shows a schematic Evans diagram [38] for a bimetallic
couple unde r cathodic con trol . Other possibilities , howeve r , include an odic control
( Fig. 3b) and mixed control ( Fig. 3c). This last case would approximate earlier treat-
ments [1, 2, 8] for La = L~.

Values of W agner linear polarization cu rves compiled [ 1, 2 1 from the literature in -
dicate that La is generally of the order of 1 to 10 cm while L~ is usually 10 to 100 cm ,
although there are exceptions. In data tabulated by Gouda and Mourad [15] for steel
in a variety of neutral to basic solutions both with and without added chloride , the
cathodic slope dE/ d i l  varied from 1.5 times to approximately 20 times the anodic slope
but with most ratios in the range of 5 to 10. Specific conductivit ies were listed for only
three solutions , for which values of L~ are calcu lated to be 0.9 , 1.9, and 48 cm , with —

correspondin g L~ values of 7.5 , 12.2, and 193 cm respectively.

TOTAL C~ 1 (a)

CURRENT

~~- L’ = 100

E~
( 1 .00) (0.00 )

TOTAL 
(b)

CURRENT :
I L’~=~0.1 /  - - L’ = 1

~~— -±
E E ,, 

E

( 1 .00 1 (0.00 )

(c)
TOTAL

CURRENT -

L - - 
E 

- -

Fig. 3—Schemati c representations of cath -
odic . anod ic , and mixed control with
La fixed at 1 cm in each case

18 
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Hulk Electrolyte

h r  the calculations in th is  s e c t  m u , the anu di c polari zation I~ mete r is fixed at
= I cm . l”igure .1 shows the l ) ( t t l ’ f l t lUl  ( l i s t r ih u t l on  E( r , 0) for L 0 = 1 cm and L

~ 
= 10

cm for fixed values of !~
‘
~~ = 0.00 1~ and E~Y 1.00 V. ‘l iii ’ t ’oeff ici ents ( were calculated

up to 
~~

‘
l ’.)0 

using the syste m of s imul taneous equations gene ’rat ed by Eq. (35).  These
simultaneous equa t i ons  wer e solved using the (‘l)C :3~~OU t’uimp1~ ei’, and the coefficients
were then Su l ) St i t t u t e d  in Eq. ( - I i )  to obtain th e  eh’ctrode potential distribution. Con-
vt rL’t n c t was asse sse d t v n u m e ri cal e va lua t ion .  ‘11w computer  program is given in
Append ix  B.

Figu re .1 also shows potential distribution plots for L0 = t~. = 1 cm and £
0 

= C~ =

10 cm , calculated from E q. (55). It is evident that the pot ential behavior of the
electrodes with unequal an odic and cathodic polari zation parameters cannot be deduced
fro m the two separate curves for the equal polar ization par ameters.

The corresponding current density curves for the thre e sv stc ’ms are shown in Fig. 5.
it is seen that the values for the case of unequal par amete rs are intermediate between th
two cases where £~ = = 1 cm and 

~ a = 10 cm.

E , - 1 0 ) —. T

a
—5 (—5 )—~~L ~L 10

-—

I— L’ L I
0.5 —

F-
0
0. - -

LiJ

0

1 , L . 10 ~~~~~~~~~~~~~~~~~ 
. .

I— - 
•
.•.~~~~~~~

‘

I A N O D E  C A T HODE
E - 0 0 1~ -- 0 0.5 ‘ 0

1 A DI(  ‘S ( 1 0 )

Fig. 4 —  Compar iso n i t  e l e c t  - i. ’ 1. : cl i ~ t r i b i i t ic ,ns for
equal  and u n e q u a l  p o l r i ..ii i n ,  H .er . ,rn ” 1 e r ~ w i t h  b u l k
ei l t t c t re ) ly te  (anode ’ rael Os a 0 5 t e n . cat bode radius c 1.0

~~~~~ 1 /  () n t ) t n i l  l-.~’.’ 1 0 O ( i
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0 8 .  , -
ANODE CATHODE -

/
- L’ 1 /

U 0

C.

0 . 2 -

0

NL~ 1 . .t~~~~~~~~ _J ~~~~~~~

-~

- L’,, L 10
=—,-— . “—.— . . . a

o . 

0~5 ‘ 1 0
RADIUS . cml

Fi g . 5—Current distributions correspondin g to the
electrode pote ntial distributions in Fi g. 4

Figure 6 shows the potential distribution calculated from Eq. ( 4 1 )  with n = 100
for a fixed value of L~ 1 cm but with variable £~~. Corresponding current distribution
curves calculated from Eq. ( - 12) are shown in Fig. 7. When 

~a = 1 cm and £~, 0.1 cm .
the galvanic couple is under anodic control , as depicted in Fig. 3b . and the electrode
potentials across the metal - -tu rfa ce of bo th components are polarized up near the pot ential
of the uncoupled cathode.

When .L~ >> La,  S t i l l  as .C0 = 1 cm and L e = 100 cm . the system is u nder cathodic
control , mis i llust rated ~chemaiically in Fig. 3a. [“or this case . Fig. 3a predicts that the
electrode potential would approach the values of the open-circuit potential of the anode
and the (~m •f lp f l t  wo uld be much less than for the case of an odic control ( for fixed La ).
These’ expected trends are verified in the r’- ,~ l t s  of the n umerical analysis shown in Figs.
6 arid 7.
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E — i o  L’~~: 0 . 1

L’ 10

T2~~~~~~~~~- ~~~~~~~~~~~ _—.~ .---—~‘--—

= We 
-. 

E 5 
-=0 O~~ ANODE CATHODE

-I_______________ ~~~~~~~ 
_- .m--_ - -0 0.5 1 0

RADIUS , r cm)

Fig. 6—Distribution of electrode potential across circu lau
cel ls under bulk electrolyte with £~ fixed at 1 cm , co m-
bined ~~ith various values of £~ (anode radius a = 0.5 cm ,
cathode cadi,.es c = 1.0 cm , = 0.00 V, and E~° = 1.00 1’)

Results in Figs . 6 and 7 for L~ = £~ = 1 cm also provide a check on the consistenc y
of the present method with the previous relationships for equal polarization parameterc -

Both current and potential distributions calculated from the set of C~ resulting from Eq.
(35) with L~ and L~ both equal to 1 cm agree with the results obtained from E qs. i 55t
and (56).

One additional trend can be seen in Figs. 6 and 7. For this system of !Lxed .L0. the
more polarizable the cathode (the larger La ), the more uniform the potential and current
distribution.

The total anodic current was calculated from Eq. (4 7) for the systems with 
~u fixed

at 1 cm with variable L~. Results are listed in Table 2.

The total anodic current can also be calculated from the schematic Evans diagrams
shown in Fig. 3. For the anodic branch

dE Ecoi.i. -E:
= ( 59 m

a corr

21
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f i x e d  at 1 - 
/

0

0 . 61-
~ 4,~~~~~A--~~~ 4

-~z
LU

~ \(L . 1

~~~~~~~~~~~~~~~

0.2~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ \~~~~~~~~~~~ f

• • ~ -20
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- - 
~~~~~. = 100

0 . . 
•—-- .- - —.-— —e - -

- L - I - ._
0.5 1 .0

RA. DIUS

F’ig. 7 -- - Distr ibut ion of curre ’n t across circular  cells under  bulk
- ) c c t ~ - ) v t e -  cvc h I ,, f ixe d , t t  1 cm and combined w i t h  various

~ . i i t J . s  of ~
. tr:c .nle’ radius a 0 . .. cm , cat hode radius c = 1.0 cm ,

f- ’; t r io t , and E ’  = 1. 1)0 
~ )

and for I l i c  cathod e branc h
-. I~ .

= - -- --  -- -. , (60 )
- . nr r

whe re’ I .,~,,., 1- t On ‘ r io c i i  r i - i t t  I t h e  1et ~t . t e  e l i c  t t m - u m l  referre d to earlier as ‘
~~~~ od~~~ 

)~
= 

~a
’ ,i  ~~‘ 1 I~. ~~, A~ where .4 g . n - I -

~~~~ 
are t h -  area — f  anode and cathode respectively.

I s of E . 1  ~
. ( I )  tcd ( ..

~ 
) n l’.qs ( O~ 1 1t’)d ( l ’i u l

.) .)
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‘lab le 2 — — (‘omparison of ‘lota l (.‘urren t (‘alculate ’d fr cm l’ .v nt  I ) lmig r ams and f r  rn 8u ni mo-
tIon of Current . l ) i s tnhu t ion  (‘urve s for Circular  (‘oup le ’s t ’ nd e ’r i~u l k  E l e i t r o l y te ’ I an n i e  r m t t l i t i ~
a = 0.5 cm , cathode radius c = 1.0 cm , I~ = O ut) c , anti E~’ = 1. 1)0 t )

r £ 1 ~~~~~~~~ 

- - 

I :.~~~/ iJ , 
- 

/ Nfle , dlc ut ; 

-

I Calculate d f rom Evans ( ..‘alcu laD-d from(c m )  ( cm )  I - . . . , —[)iag ram~ Eq. ( 1 1 I l’,q~ . I In I and i - l i

1 0.i 
- 

0.760 
- - - - 

0.607 
-

1 0.589 0.185
2 0.471 0. 101

10 0.181 O.l6~)
20 0.103 0.099
50 0.0445 0.0137

100 0.0228 0.0227

10 10 0.0589 (3. 1)576
100 0.0181 - 0.0179

100 100 0.00589

I I.~’’ V°corr ,‘ 
—

— = . 6 1)
U £~ L~

~~~im ‘t c

where again ‘corr has the same meaning of !inodic in Eq. ( 4 7 ) .

Values of I~~odic /U calculated from Eq. ( - 17 )  are also listed in Table 2. I h e - s e -  calcu-
lated values agree with the results from the computer an alysis for L u = 1 cm coup led
with cathodic val ues of .t~. = 50 cm and £~ = 100 t m , whe re the current  d is t r ibut ion  is
uniform , as shown in Fig. 7. There is disagreement between the results of the Ev ans-
diagram analysis and the computer an alysis for those systems where there ’ is a nonuni form
distribution of curre nt , and this divergence is greater the more pronounced the locali zed
attac k at the anode/cathode juncture .

Results for La = t c = 10 cm and L~ = L ,. 100 cot are a!sm i nc lud e d in 1 n h I -  2.
Cut-rent distribution plots puhl i s h ’d in an c a i ber n -~ ort  [ 1 J  we re near l y un i f orm b r  the ’
former system and exactly SO for the la t ter .  ‘[‘he’ current  d i s t r ibu t io n  fe La = 10 c -ni and

= 100 cm was calculated from E q. I 121 nod was also t hs -r v e s l  t o  he ’ un i fo rm I t h e ’  p h
is not  shown here.) Thus there is good t o o t m e n  1 b e t  ~ neil  Evan s-diagram a t i l v s e s  and
computer calculations for the cases where there is a on i f orn i  current  d i s t n I t u ~ t nt

Thus the classic Evan s polarization diagr ams cannot he used to  ae - c i i r a t e lv pr edict
the value of galvanic currents . t i i ie ’ss th e  anod e and cathode components each he -h at- ’’
un i fo r m ly.
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Thin.Layer Electrolyte

Figure 8 shows the electrode potential E ( r , 0) for L~ = 1 cm and L <~ = 10 cm for
differe nt electrolyte thickn esses. l’he coefficients C,~ were computed up to 

~~~~~~~~ 
from

Eq. (50) and were used in Eq. (52) to obtain the potential  distributions. The computer
program for thin layers is given in Appendix C.

Figure 8 shows that the potential distribution is almost uniform for bulk e le ’c t r cnl y tm .
but with thin layers most of the polarizat ion takes p lace’ near the anode cathode ’ junctur e ’.
The anode center and cathode outer edge are virtually unaffected by the t rL ’senve of e’ach
other for the thinnest electrolyte of 0.001 cm.

The corresponding current distributions are shown in Fig. 9. The local current
densities were calculated from Eqs. (50) and ( 5 3 )  with n = 100, except near r = 0.0 and
r = 0.5, where 125 terms were used. For the thin layers there is a geometry effect  in
which the corrosion attack is concentrated near the anode/cathode boundary .

- -

E — 1.0 1- ELECTROLYTE
THICKNESS

-
~~ 

— b=0.001(crnl . ,,,,
/

/ t oo i o~~

/
/

_i I-

b~~0.050 ~~~~~~~

W BU L K
ELECTROLYTE

ANODE CA T HO[t E
- I -

0 0 5  1 0
RADIUS , e l

Fig. ti— Dist rib ut ion of electrode pot ential for £~ = 1 cm and
4, 10 cm for different electrol yte thicknesse s (anode
radi us a 0.5 cm , cathod e ra dius c 1. 0 eri e , E~,

’ 0.00 V .
and E~~= l . 0 0 V)
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0 3 .
A N O D E  C A T H OD E

BULK -

j O _ i n  
-

I-)o
—

~ b 0 010 
- ~~e-_.. ~~~~~~ • • _~~

~~~~~~:,i ~~~~~~~
I 

~~~~~~~ ~
RADIUS. r 1cm)

Fig. 9—C u rrent distribution for 4, = 1 cm and £~ = 10 cm
for different  electrolyte thicknesses. The cell paramete rs
are the same as in Fig. 8. (Limits between which the local
current densities oscillate as computed fro m Eq. (53) are
indicated for the anodic points. Limits are not shown for
the cathode but are appro ximately half the range of t~~
anodic points )

Figure 10 shows the total anodic current calculated from Eq. (54) for two different
combin ations of La and L~. In both cases the total current approaches values for the bulk
for electrol y te thicknesses of approximately 0.1 to 0.3 cm.

Figure 11 compares the potential distribution for La = 1 cm and L~ 
= 10 cm to the

cases of equal polarizati on parameters : La = L~ = 1 cm and L~ = .C~ 
— 10 cm for an

electrolyte thickness of 0.001 cm. Figure 12 shows a similar curve for L~ 10 cm and
= 100 cm. In each case the potential distribution for the system of unequal parame-

ters is not related in a simple manner to the individual distribution curves for each of the
two equal parameters.
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~~A L U I  FOR BULK E L E C T R O L Y T E  
-

0 1  . - L , I
- I~ 10

000 1 001 0 1  10  10

U

U
O 1 0 2  VALUE FOR BULK E L E C T R O L Y T E
z
4

4 -

0 1 , L ,, - 10
100

0 -

000 1 1 11  0. 1 10  10

ELECTROL ’ IT E  THICKNESS

Fig. 10— Total anodic current  computed as a func t ion
of electro lyte thickness for two different combina-
tions of 4, and C~ (anode ra dius a = 0.5 cm , cathode
ra dius c = 1.0 cm , E~ = 0.00 1’ , and E~ = 100  V)

E l O ~ 

7,
~~~C~4

- /~~~~~ L . L

L’,, L iO-— .~ -/ _._— L i L  10
0

E - f l 0 ( - -—--’ ---——
~~~

—
~~~~~~ANODE CATHODE

I - - - ~t -
U 0 5  1 0

RADIUS . r (cm )

Fig. 11—Comparison of electrode potent ial  dis t r ibut ion
for equal and unequal polariza tion parameters for a th en -
layer electrolyte of thickn ess h 0.00 1 cm (anode radius
a = f i F e  cm , cathode rad ius  c = 1 . 0  cm , R~ = 0.00 V, and

• 1.00 Vt
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- i O  ~
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- -

H

L 100 /j

I 

0 5

~~~~~~~~~~~~~~~~~/V  
iO . L ~ 100

E - A N O D E  C A T H O D E

0 0 5  1 0
RADIUS , r CITII

Fig. 12—A second comparison of electrode potential dis-
tri bu t ion for equal and unequa l  polar izat ion parameters
for a thin-layer electrolyte of thickness b = 0.00 1 cm
(anode ’ radius a = 0.5 cm , cathode radius c = 1.0 cm , E~’ =

0.00 V. and E,~ = 1.00 V )

SUMMARY

A mathematical model has been developed to describe the distribution of potential
and current across circular corrosion cells havin g unequal anodic arid cathodic linear
polarization parameters. This analysis is applicable to systems of bimetallic galvanic
couples or to systems wi th a localized geometry effect , as in pitt ing corrosion.

The potential distribution in a system having unequal anodic and cathodic polariza-
tion parameters is not related in a simple manner to the separate distribution curves for
the two cases where the polarization parameters are equal .

For bulk electrolyte the value of the electrode potentials depends on whether the
syste m is under anodic , cathodic , or mixed cont rol. Current distribution is more unifo rm
for the more polarizable combinations of electrodes. Thus the total corrosion ut-rent
calculated from the Evans diagram is in error if the individual  current distributi ons are
not unifo rm .

In thin-layer electrolytes there is a geometry effect in which the electrod€ - polanz .a-
tion and current flow is concentrated near the an ode/cathode j unctur e . In a typ ical sys-
tem the tendency toward bulk behavior occurs at about 0.1 to 0.3 m (1000 to  3000

27
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Appendix A

RELATIONSHIP BETWEEN THE ELECTRODE POTENTIAL AND THE
ELECTROSTATIC POTENTIAL AT THE METAL/SOLUTION INTERFACE

-~~~~ pointed out by Bockris and Reddy I Al I .  it is impossible to measure the electrode
potential of a metal/ solution interface without introducing additional extraneous inter-
faces during the measurt ’me’nt process . This is illustrated in Fig. Al , where the electrode
potentials of the’ coplanar anode and cathode are to be measured versus the reference
electrod e .

~~~~ 

~,‘, ‘ , V ,~~Hl’

pf ‘~~ R~ f )f  I I

I I

C I R L U e T  1 —...) A - IR~ 1 ~‘ ••Ø7
1 C

-——--4 — — — — ~ ..j. __ ..
~

Fig. Al  ~l e . t h o d  of measur ing  t h e  eloetru de potentials of a
cop lanar  anode (.- \ )  and ‘a t  hod,’ (

In circuit 1 the measured electrode potenti al of the an ode E~ v. the reference
electrode is related to the potential d i f f e rences across the various interfaces by

I~~ -P ( r , 0)] 4 I l ’(r , (
~ - c ~ }~ e f I  + 

~~~~~~~~~ -~~M 1 
) = E 0. ( A l )

where Ø - ~ is th l c c t r n c t a t i ’  potential ‘‘just inside ’’ the metal A and P (r , W is the electro-
static p o t e n t i a l  in t h c  solu tion ‘‘just ou t  ~it le ’ ‘ I c  metal I .-\2 - Similarly 

~ Ref and 
~ M

re fe r re spe ~‘t ive l ,~ 0 )  t h ~ ‘ c t  ro~t a t  p o t e - ~~
- ‘ ‘ii j U st msido the solid-phase re fe rence elec-

trode and l i s t  i l i S i  i t  the ’ conn ect i t ig  win ’ .

______________

~~~~ii: 
_ _  4
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Acco rding to Bockris and Reddy [ A l l  the potential differenc e across a nonpo lar i-
zable inter face such as ~ Ref /50~~ tI0fl is a constan t , so that

+ P(r , 0) 
~~~Ref + (

~~Ref ~~~~~ 
= ( A2 )

where V’ is a constant. Use of this definition of V in Eq. ( A l )  gives

V’ — P (r , 0 )  = E0, 0 ~ r < a. (A3 t

Similarly measurement of the electrode potential of the cathode E~ in circuit 2 gives

(ØA - 0c)  + [Ø
~ 

- P(r , 0 )1  + [ P ( r , 0) - + (
~~~~~~~ f 

- 
~~~~~i ; )  

= E~ . ( A 4 )

The 
~~ 

terms in Eq. ( A4) cancel , so that

V’ - P(r , 0) = E~, a < r c. (A 5)

Thus

1E0,  0~~~~r < a
— P(r , 0) = (AG)

LEe, a < r ~~~~c

Or denoting the electrode potential along the metal surface as E(r , 0) gives

V’ — P(r , 0)  E( r , 0), t A 7 i

which is Eq. ( 10) in the main text
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Appendix B

COMPUTER PROGRAM FOR COPLAN AR CONCENTRIC CIRCULAR
ELECTRODES WITH UNEQUAL POLARIZATION PARAMETERS

UNDER BULK ELECTROLYTE

F P ~~G k A M  J ’~~ Q 8ULK
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C

( A :~~A~.lijS UI- A 4sJ~~E
C L 2 k A L I C S  -j~ C A T l - € C ~
C ~, : C l ~~~~T A 5 C E  4 . O~~~ G ~ A t )~ L S
ç
C L A : A ~~~~

-
~~~~ t t .  w A t ~N~~I’ P

~~~UA ~~~ L 2 A T l F F ., ~ A . A ~~f- t c- p
C L C 2 C A I . - 4 .. IilL ~ AL i~~E~ P1LA ~~l / A T It? s P A k ~~P~ETf - . e4
e X ( f r ) :M T I - .  L~~~tl I.~ (~~ U~~SS~~L F L N C T I ~~ t ~ ~RDE~ J~~R11
ç ~

( C ) : l N T ~~I-l~~A C l~~L P C T E P ~T I A L  £ L t Z K G  t t - E M~~T A L  SJ~~FA C E
C ~ (k , C ) : ~~~ T~~NT L : E L € C T € r E  P t T E ~~~1~~t. A L~~w G T I~E M E T A L  S U P c - A C E
C E C k , O ) : C8 ’ I s T A N 1 — t ~ ( 1~ , C ) p  w I l t -  ~~~ ~~~~~~~ a s T  C A N C E L L I N G  ~) j T  p5 l w ~~

C F l N * ~~. E * t i R~~~ S S l 5 ’~~, 5 . )  ~ E~~S~~A~~
) ~ 5 

~~~~~~~~ C T  L. A N  BE S E T  E~~~ J A L  T I  L c - R~’ ,
C
C ~I-. E L - E ~I-~ l u l E N t s  C O a~~L C~~ut - F. ~~ t L t-~ t ’ -.t - L  ~ N I IE ~ OL L l~’,G ~~ .I A ’ V s
C
C
C ~~t I - i , 1 )  • S Lfr  C~ —
C 3 N~~1 N C
C
C L ’ E ! A L ~~T 8 T A L  A ’ i l [ . I C  CL~I~~E~~T C l~~I L E C  bY  !p,F ~GI-i IJ t J C T l t - I T Y

IL~~C A L s L 0 C . A L  C FNT r E N S I l Y  “P” l!~~C PY T W E  Cd’~UuCT l ’v I T ~

~~~~~~~ L 4 , L C , I Y P I A L , I L I C A L
L l P ’ E N S L ~~s s ( j . C ’ O ) , Y I 1 O C , 1 3 C )  , b I I C C , 1 C O I
F 1*3 , 14 1~~9~~6S Sb

1 F . E & ~~ I C , A , C , L A , L C . E A , F L

~~~~~~~~~~ (6 f 1.~,ll
FP~~N 1 ij , A ,C ,LA . L C , E A , EC

i~ 
c r e , ’~a l  l — ~ , ,5x ,2 t - A z  n O . 5 . 55 , - C s  ~ 1C ,S , 5 x ,3 e ’ LA ~ ~ i,O . , ’ s ,Je1 L~~: 

c- i

~~~~~~~~~~~~ A :  ~ 5x , 3e -EC ~ F1 1.~~,/ / / / )
F~~j s T  12

j~~ 
H. t , ! ’ A I  ( , .~~~~ )~5 s f lr.j ’ ~ ) 1I-~ ~~~~~~~ t n  s I p 4 tjL~~A NE( .iuS E~~u A T l ~~Nc Us c

1C 1” S R LV E  w Te- E C€E ~~F 1 C l E N ’ ~ C~ AN t C 5
fr~~ L 5 1  ~, j

13 F 1 - k M A  C . .’,~~ - l  
~~ LL T I -~ Ct F R l E’ s~~5 ‘ .(

~ ~ t N F R A T ) - D A t ~E L I S ’ E ’ ~ 
:)E~~’~

1• • ~ / I

i R l N T  ~~4

~ 4 n ’ k e i * T  I I X , ’A ’, A I J A P T I A L  C s t - C e , t~~~~ E P ’ .  sM , T W E  V A L U E  a~ R I M, ’.)  IS ~
1 L - ~E I-  I-e s

I-~ - ’ 1

32

~~~~~~~ .~~~~~~~~~ ~T .. ~~~~~~~~~~~~~~~~~~~~~~~~



_ _ _ _  ---- ~~~~~~~~~~~~~~~~~~~~ -~~~~----.- -~~~~~~~~~~~~~~~~~~~~~~~~ --~~~~~~- --

NRL REPORT 8107

5 ,  F t ~U~~M * T  t , s , sM. , 9 5 , s X ( f r ) . , 1 3 5 , .)- . ,1 4 * , s Y ( e e ) . ,11 X . s H ( M , 1 ) S , 5 O % , .& I M ,
t1C) . ,9X ,.P4 IM ,5O )s .OX ..i~tM , 1 O O i 5 ,//)

C

C ~~~~ ~ *I-IT 1)c- T H E PRr ~G~~A M C~~NE~~A T E S  ‘ Mc - S Y S T E M  3F S t M U L T A N ~~6 US
C ~~~~~L A T I ~~~~N S  uS~~[) IN S t ) L 5 l P~G ~ FN 1~~E C l E F t  l~~1 E N T S  CQ A N D  C S U R N ,

C A L L  4 E S Z E W R  ( ,)C~~C , N € , *i
C -  40 ~~~~~~~~
1 1: 5( R ) / C
~2 s 1 , G . C L C . T 1)
T 3 Z P E S J ( x ( M ) ,O I
7 4 z t T 3 , . ~~) / 2 . Q

1 7 z F E S j ( ’ T e ,~~ )
T b , 1)

ic  Y M ) z — ( L A — E C . A / C ) . I 1 e , x ~~~~I

20 i~ ( N , , ’~~~4 )  
~1. ’2

21 b ( P ” ,P e ) : S
Cr ~~ E .50

2 2  7 1~~: X ( ~~ ) / X ( N )
I 1.3:1 - C / I l .  ~ — I T  ~ ..?

15 SE E 
~~~ 

14 , 1)
T j b s ~~E S . . e ( T j 4 , Q )
13 7~~ ( ‘ T 1 I — ( 1 1 2  • It ~ • 

- I
E l M  , T ) : IL A L C  i s  I A / (  ..~~ ) ) • 113. 1?
or ~ -~~~

3 C 5 : 5 . 5
I F  ~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~

~~1 ~~‘1”~ 3~~, X i ~~ ) ,~- .Y i M ) , E ( ” , 1) , r t M . 1 O ) . -e i ~~, 5 3 ) , 3 ( M , i 0 O i
“ I ( 3 i , l 4 , 1 i ~~s , ’-5 ’,~~)

~:
C. ~~~~~~~~~~~~~~~~~~ .~ T~~~~ ~~‘!5f ~~ fr ~~I ~ S l M ~~t ’ & ’  ~ IJ c t - : - , A ’ I - ~ s4 s

~ ‘ .-t C I -~~ C l 1 ” ’ S  ~~ Lb ’
C.

‘ I-’t 5 . ~’-5~~ T I . t  L t F L A C F S  ~ - t  c ’~’~’1i~’~ ~~~r- ’  pe w~~I.., T UE S~~L U T I € ¼
C ~~~~~C ’~~~ R $ ,  ~~~~~~ IME c~~’,5 ’A 5 I  ~EC I~~w S  ~~( M )  C C F I N E D  IN S I ’ A Y F M F N T  ~9
C £‘ -~~ ~ . A U r ’ ) ’ ~Y 1 e-.~ 5 L tl~~ i~~ ~E C ’ E’ ~~. ‘‘- SF S~~L U ~~1~~N V I C I b P S

A ~~r, ’’- , ‘.e F ., A a Li l t1 55
C

L A .. “A 1A c. , , (b ,Y , 1 0 0 . 5 C C . O , U F ’  I

..
~~~~

$ . - -

- ‘ ‘p.. ~~~‘ 
- ‘ 

~ /

- 
~~~~~ 5~~~~,j . L~~— - ~

,‘- . 
,
~~ I

33

_ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~



Pu— -,-—- --- - -—---——- -— -- - -s- - —---- - — - — - —----------- - ---— — --- - -

~~~

---- - -

~~~~~

-

E. MCCAFFERTY

U C . A L L L A ’l~~\ j I Te4 r~~~I c j C l I ~~t CO

t . U l * ’.i 41

~1 t I ~ ” A ~~ ( , , / , , 1 1 1 , I C A L C L L A T I € P i  E~ ‘i~E ~~~~~~~~~ CC .,’,’)
F~~1\ T  4 2
~ 

‘ ‘. ‘ -* ~~ t 2 e I s . e US~~i.LT l A ~.~. ,~~3 5 , 1 2 b , I * ( P s ) . A / ~~
) , 4 X , 4 H Y ( T ~ ) , 1 2 X , i 4 W P I .J N N I

t :  s..~ ~~~~~
F~~l ’ T  43

- “ “A ’  I 2 $ 5 , 7 P i 5 e C T € P S , 9 5 ,~~~ * ( N I . A , C , b 5 ,.1.,1.$A ,Q H.8FSSELl: ,SX ,9k1r
1I, ’. L t - I, - :)

i. i - l ’ 1  4 4
4 4  t ‘- “ ‘ - A T  ,* , . , . , c s , .x~~e ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1E - ~f r Z E i~U. , 1 O X , SL 1 i T A L e , / / )
~ ‘ i I AL: I,0
V ‘t . :i ’~~~
X~~A C I X ( N ) • A / C
~ E S S t L 1 : d E 5 J ( X s A C , i )
‘ , f r

~~EI-~E . Y I N ) S d E ’ ~Sb L t
A L  I T S T  A L S  1E~~P’Z F~~c - s 1~,~ 45 , -s , 5 ( N ) , Y U ~) , * N * C , b E S ! E I . 1 , 1E ~~M Z E M M , 7 T ) T A L

4 5  t ’ -’ . . f r A ’  ( J X . I 4 , o ( 4 5, t 1 -.’ ,~~~~ ) )

Q

t 3 : t A / (C . . ~~~~t ) . t 2 , O . ( L A . L C ) ) 1Z I I ’ * L

c - P I N T 4 7 , / 1 . L ~’ ,i’ !
4 7  t t ) ~~~ A ’  ( / / / / , ‘ A , .~~I - L l ’  e i 3 . ~~,5~~,3~~Z g s  E l J i~~,5 X a 3 M Z 3 s Ei3~~5)

~~‘ 1 N T  4b , C O
4~~ t~~ N~-’A ~ ( / / , / , ‘~s , . ~i- C O s  t 5~~ ,~~ )

C C A L r C . L A I I - ; \ (- , 1 T~4 T I T A L  ANt ~~ T L  C L w ~~E N T
C

c - I - I N’  70

~c F ( ~-” — A T  ( / / / / , i , 1 1 , .C A L C C . L A ’ l I P .  ~ F I I E  T( ~’AL .  ANeDI c CUPQ~~~’Y ’ ,/ ~~l

~~~~~ /1. -

‘ j  t~ - l , e-~~ ’ i j 5 , . 1 ’ ,~J T A L s T ~~’A L A N t U I C  CL ’~P bN T L I V I D E D  l~Y I i c-  C~ N C t G Y I v I ”
I, s~~/ /

i-P I N T  12
~~2 F ’ ~~” ” A ”  ( 4 , X , o ’ l A ( N i S A / C , ~~ X , 1~~I4 _ (* (~.).A, C ) ,3x ,i4.e 2. C .P I .A sC SlI d’~)

F W I ’ ~T 13
t : “ “ a ’  ( b C A ,  • 1 . , 5 4 X 1 9I . ’ F b~~~ S EL 1 ’  1

c - P I N ?  74
74  F r - ’k, -- A l’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1 T I - ’ M i ’  - T . , 9 5 , .1 T C ~ t A L s , / , )
I ‘E “ A L :  0~ C
V 7 9  ~~~~~~~~~

E’ S S E L ~~:,~t .5 . i ( X . A C , 1 i
C S C — \ : y ( NI i

~~~ ia ’. ,~~~ECO PY

34

~~~~~
_.. 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . - _~~~~.~
:-



~~~~ ‘~~~~~~~~~~~~~~~~~~~~~~~~~~ - - ~~~~~~~---~~~ ---~~~~~~~---- ~~~~~~~~~~~~ -~~~~~~~ - -~~~~ - - ~~~~~~

NRL REPORT 8107

I F k w I  ‘~~T s j ,,, .P l . A s C S L E 5 . b f S ~ E L 1
l i l T  A L :  I ! ’ s 1A L e T F k M I T ~~I
F R I N ?  75 ,\ ,x c ’ ~ ) ,c S~~Rs , z i - A C , e E~~s E L 1, T E s M I T P y ,  I ’ C T A L

75 c~~5 M a ’  ( 3 X , I 4 , b ( ~~X , F 5 ! , ’ ) )
7 9  C F s T j N ~~~ E

c C A L c L L A ’ l r ~~ ~ I- I t - c- L IC * ~ CL ~~N~~I - T  ~~ N b I i Y
C

F~~ LN I  do
80 ~ €‘ I-’ I- A~ t , / / / , 1 M 1, . C A L C L L A ’ l ~~N ~ “ ‘ - f  :s~~ ri.’~~EN ’ ~E~~S!’~~•,//)

F P j s ?  a i

~~ 
F 1

~ V A T  
~~~~~ I L S C A L Z L € C A L C.d I- SFN’ ~ t ’-~ I’~~~~~:~~I ’ - :~ 

‘- . ‘

jIY s ,//fl
810 c - FA t e~1i 1 W C . L l T
855 ct’ R M A T  C J 1 C O )

8t ~ F E A C )i13 , Ws
813 F I N M A T  C F I C Q )

i c -  (~~I4 , N E . W C ~~? )  e 2 0 , 9 C
82 0  F P ~~N T  83 ,1~I4

t ’3 F i i . , e ’ A I  ( / / // ,3 5 , 3 W HP: F~~,7 )

Y 4  F t c - M A ’  ( 4 S x b H x i s ) S P , c , e x , 1 2 k . C * ( ~ ) . I- / C l , . 3 x , 1~~_ i 1 , ’ ) . U C .... ’~. x t \
c - F I S T  85

85 F~~s ” A 1  C 6 2 *  • .C. ,i45 ,9t-~~Ft S S E l . 7 ~ 
)

PR~~51 d6
8t F l R e - e A ’ ( 5 a , .s . , c - , . a c ~~) s ,1 i s , .C~~L~~s . . i 2 x , .x ’ . sL . . 1 . .~~E s s F .. 2 • , 9 s . .

1 T E N R 1 L ~~C . , 9 X ,. l L iCA L . ,/ , )
I L€ C A L : 3 , 1

V M 9  N • 1. ’~
* 5 1 4C 5 5 ( S ) . H R

E F S S E L 2 . L ~E 5 , J l X ~~~C , 0 )
C SS. P5 :Y  ( N )

i I ~C A L :  l L I - C . A L * I E I~P’ IL IC
c - P I N ?  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ l L ~~~CA ~~

P 7  t t . P ’ - A ’  i 3 X , I 4 , b U X , e i .’ ,~ - ) )

~c Cr ~~’51  Y E
C

C C A L C L L A T I ’ - \  C I- Il- F C I T E N T AL ~~ l S ’ C l E L ~~~ l~~~ N

C A L E N G  ‘ “ E  F ’ A L ~~LII~~~ A C E

C
• ~~ ~~~~~~ 91

ci  F I ~~l- , Mh 1  ( / / / / ,1R 1 , S C A L C L L A T I Tt P, IF T F E  P~
- t T I - T l A L  D IS T P H ~~’ 1 ’~.,/ / )

i- i- I ’.? 9~Q~ -‘ ‘ A ~ ( i 5 , s I ? L : s ( w , O ) E L I L I i - T CE Pll :’ I T T A L  A LI-J S G ‘~~~~
- “ E ~~~ A L 

c - .
11 A C ~ •

9,.~ 
..~- 5 ’  g 2 , , ’- .,

9~~1 I - e - ’ ,-’ A ’  (~~1~~ . )
I F  I I - -. 

- ~~~~~~~~~~~~ 9 3 O ~~~i C 0

~~~~~~ ~~~~~~~~~~ ~

‘

35

~~~~~ ~~~~~~~~~~~~~~~~~~~ _ _



r ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

E. MCCAFFERTY

9 3 0  c - P I N T  94 1 ”w
9 4  ~~I I w f r A T  C / / / / ,3~..~~l- RP:  ~~~~~

c - c - l I - ’  ~s
95 F P c - P ’~~~ T ( 4 ,x , a R x ( 5 ) . P , c , e x ,32 l - _ ( 5 t N ) s ~~/ C ) , C 9 X , 1 4 ~-4 ’-l L S t .~~’, ’, ~~L ’ ~- v i

P I - t l \ ?  96
c~ t t l - e ’-’ A T  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1c-~~T L a  I
i - c - l e T  97

9 7  c r c - s A T  ( 5 * , .e ,., c s , . x ( N ) . . : 1~~, .C5 G S . , i 2 x , . x e , - i C . 10~~, .3 E S 5 1 .2. , 8 ’ ~ 
, •

t T E w U F r 1 L s , 9 X ,.~~LM P t T L. , c x , .I-~~’~~
5 1 5 , / Il

S L ” P E  1 L 0  .0

Q~
s ‘~ c -C ( N )  •

C S L c - ” : s  ( 5 )
T E c - ’ - p~ y L s C S J b s.~~E c S E L 2
S L M P I T _ s S .~MP~~1L•1 E c - R P~~T L
F t  I c -N I, : C C ~i . S U ’ - P r T L  I
t - P j s T  9& ,’., x(r .),CS CR N, x I- sr ,FE~~S~~L2 , 

TEk~~
l L. SUM Pr T L , PITE\’ L

95 F ‘ c - M A T  (3 5 , ~4 , 7 (3x ,F~~3 ,~~ ) i

99 C t N T 1 ’ ~~ E
V ~~ E 920

i S O
~ 1 b P ( ~ j T j N E  B E S L t J t i ~~~.. , S t , l E~~~ E - i  C 0 1 c1 C ’

C L t E’~1 NL”~~E” C,~O 0 7 c - C C
c I t I L E  ~~E s ’

~~$ ~ F 1~~~ F FI ~~~5 F L  F L N C ~~~~PSS  E n  
~~“E F I R S T  K I ~~~~ ’ 0 t C ~~~ O~~- 0 7

C IC E ” T  NAM E — C NPL~~~ r5 2 II I J  C 3 0 C C 1 0 T
C L A 5

~~IL ~~~ 5E — - 5 6O O/ ~~~O T F1~. P T ~~ A \  o : o r O l o g
C V~~c - C T E~ 

- C D C — 3 8 0 0  O D O f l 0 i 3~
C C ’ S T t - : B C T L - w . .,ss c - y  i- , “ A t 4 I - , V L P  7 8 1 . 5
C P~~E~~~EA R C I .  C I - ’ L T ’ ~~~~I Z N  C E N T 1 - e , R I S  i~I~ IS 1’ 5
C E R C A N I L A T I e I N — S c - C  — N A S A L P E C E A S C M  L A - s A T ’ ~~H , O~~O U O 1 E *
C . . A S s I N c - ’ E N, r~~ , �c- - 590  O 3 0 t C 5 c Q
2 L A T E  — 1 ~L LY  i~~~t
C F 1 - S P E S E  — T ’ ~) 

~ I C C  T H E  I- I c - S T  M ~E i - ” S  IF ~ 5 U 9 N ( X )  FI~~ Q 5 5 ~~5,  ~ l-E RE 0 0 0 n c i l l
C ~ IS ~LP P _ l F L, I - Y  I i-E  LS~~c- . ~\ ‘c -c - S i s R l~ C T I 5 E  C A L L  O 0 O O ~~i 1 7

C I M E N S I C S  A U ( 4 ) , 5 J A 1 ( f l , X . A 2 ( 2 )  • * ,.j A 3 ( b ) , x J A 4 C 6 ) , X J A ~~{ 9 ) a Z~~R~~( 1)  030 1102 0 f l
C A 1 A t X J A 0 : ~~.4 Q 4 8 255 ’~7 7 , . , ~~2 C O 7 C 1 1 O . 5 ,8 .6Si i 2 7 9 5 2 9 e 1l .7~~

1 S 3 a A 7 9 ) .  V O~~
O T O

1 ( A l s 3 d 3 1 7 C 5 9 1 c 2 , 7 , C i 5 P e ~~6 9 5 s 1 3 . t 7 3 4 6 6 t 3 5 ) ,  0 0 O 0 ~~o’
2 ( X ,J A 2 I 1 . i 356~~2 3 , C , 4 1 7 2 4 4 j ) ,  O T O f l O ’ O ’
1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0 1 0 _ C e - 0 - -
4 ~2 .5 8 2 7 2 9 5 ) ,  0 3 0 T 0 7 V
~ ( s ~~ A 4 I 7 .~~ 5 d 3 4 2 7 , 1 1 , C 64 ’ O 9 ~~~~, 54 3 7~~~36 / ,17 ,b i,9860,  2 0 , d ? 6 9 4 10 ,  0 0 0 ’ O c - C

14 ,U1 9C 1 95 ,
7 ( A 5 5 5 7 7 1 1 1 38 , 1 2 , ! 3 1 OC4 2 , 1 5 .  / Q O 1 7 4 1 , j R , i8CiJ39 ,2 2 . d 1 7 7 9 9 ~~, 0 0 C 1 1 0 2 ~a 25 ,4 3 4 11, 2 c . 6 C 1e 3 .~~Iu P 117 1b7 ,I4 ,9~~8 7 8 1 3 )  0 C’ 11~~’

:1 , ~ 4 15’12653b c :o ’ i  CC -
o :V1 3 c ’

51’ ‘1 (1, 2, 3 ,4 ,5 ,’~)J E~~L.1 c :aC1~~c -
1 L~ 1.1 L~~1.

-
~~ 

0501150’

~ ~~~~~~~ 
-

-
- - 

-
- 

~~~~ 
‘,. ~~~ . ~

- 
~~

36

—



NRL REPORT 8107

L T ( ! , (, ’ . 4 ) ., - - I~ ) 2 C  0 0 0 0 l b O O
c : c r 17 o

11 C~’ N’ l\ t.,E 0 0 0 0 1 *0 0
C C O O 1 Q C ’

1~ ~~~~~~~~ ~~~ 0 C O ” 2 0 0 ~: 1 ( 1  , ,‘ . 3 1 ( j ) I~ ~~ 2 3 0 0 2 1 0 )
~ I~ k ? (  t a X _ A l l  I >  C ’0 T � 20’

~2 C ’ ~\ ’ P - .~E C C 0 ~ 2 3 0
a~ ~ ‘. O 0O ~ 2 4 O~’

.5 C ‘ .~ : :1 .N~ 0 3 0 0 2 5 0 0
1 F ( l , ,I .~~~~) . I- ,- 1~~, 2 0  0 0 0 8 2 A 0 8
~ 

•.,~~; - (  I I~~x~~A 2 C  II 0 0 2 0 2 7 0 1
C ’ - \ ’

~~~~~- . t 2 3 C r 2~~O~’
~ E ’H-’ \ O C D O 2 Q O f l

4 14 l~~1’ ’- ’- 0 0 0 0 3 0 0 0
~ , r; ’  

~~~~ TEl 2 2  0 3 0 O 3 i u ~
S T - I - ”  ( I  I:x .~A 3 t  I I C 2 3 0 3 2 0 1

14 C , ’l N - ~ t- 0 D 0 0 3 3 O ~0 0 0 0 3 4 0 8
S IC 15 ~:i, ’, - ’- 0 0 0 0 3 5 0 8

l r ( l , ~~~ , b ) ( ‘~~ 0 0 0 0 3 6 0 0
~ l— I’ ’~ ( I  ) : 4 . ,J 5 4 ( I 0 0 0 0 3 7 0 8

c 3 5 0 j s c n
c - E ’~ I-~~ C : 0 C 3 9 0 ’

8 C ”  15 j :~~ . ’~ -~ 0 3 2 4 ( O T
l~ H ,G’ , 9) ~~” I@ 20 O ’C0 84 1.V

~ t ” ’ (  I ) X . j 4~~{ 1 )  0 0 0 0 4 2 0 0
c C1- ’ \’ ~ 

-. ,~~~ 0 3 0 0 4 3 0 1

0 ’ 0 0 4 4 0 ”
2 EE ’  A :  ( P t  ~ 4 , ~ ) • c 2  ,0s .JE 9C. . 4  ,0 l- 1, C )  0 0 0 f l 4 5 0 ’

2300 4 6 0 1)
— i.~~: Q ,  V 4 7 ”

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 0 : 0 0 4 P 0 ”
1. 1 ,0/ 2 . 1 3 2 . J . ( 8 ! , C . i - S L C S M C L 1tC ,u . Ie ~ C. .577 ’,~~O ) / 1 5 .G 0 0 0 4 9 0 0
7 0 , O / n 2 s ( 6 4 , 0 * ( 5 9 4 9 , C ’ IL C ’ l - L .l-:-’ L 153M55 ,U.’-~- - _ D . - ~”Lr 2 3 0 0 5 0 0 0

C,’ ‘C ( 1 1 , i ? • 1 3 , 14 , 1 5 , 1 C LL- ’- ..’l C 0 0 1 5 7 0 ~
i~ E ’ C  0 0 0 0 5 3 0 0

F L \ C ’ I ~~ . f tS ..,C * N )  8E ~~. I
A I ~~ ( c - 3 ,~~ b 2 7 1 4 4 ç 4 7 I - t I ,  C c - I : .  5~~2 6 5 9 5 c 1 E / ) , c R 2 : . 3 ~l83 13 1? 2 b 3 I 6 ) ,  BFS .J 7

t ( ~’ 3 : — . 9 C S l M ~’ 7 4 2 7 7 E 4 ) ,  ( “ 4 : , 1 C d 7 C e - c~~3 ( - 3 ) , t w ’ 1:— ,7 3 4 8 5 3 ’ 5 ~ 35I  , -‘

~~
(
~‘t : ,2 9 ? 1 ?b7~~4 d 7 E — 2 ) ,  ( c - 7 ; ,e5~~S C i 7 1~~7 1 E — 5 ) , f k ~~S .6 4 5 3 8 0 l 8 0 5 1 F . ) ,  B F S J  4

~( S 5 : ,? 8 2 7 M 4 4 9 4 / E E ) , C S 1 I .2 Ib c 5 2 4 7 7 4 . 5 F 8 , ,( s2s .7 O 0 4 6 8 2 5 1 4 7 E 3 ) ,  8 c - S J  5
4 ( A Q : ~~ , 2 3 4 2 ; 9 Q 2 E 7 ) , ( A 5 : 4 ~~~ 2 j 7 / C 4 C 1 E E 1 ) , ( A 2 : 5 , 2 4 4 3 3 14 5 7 2 E . i )  a c - s~1 ~

~~~~~ 7
~ (r C:.1 ,2 3 ? 9 4 4 ~’5~~1Fj ) . ( L 1 : . . . 7 7 c & 9 7 1 0 5 c ) , ( C 2 : . 4 ,9 5 173991?b~~.2) , ~~ SJ *

9
i t

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~ 1: . . 1 l 4 2 ’ 3 � 5 7 2 j E / ) , c R I ~2 : , 4 0 9 4 ’ 2 1 3 A 2 ”, ) ,  E E S . . j  1’.
-~~~;c -  ~

:_ ,~~ b Jll e - l 3 ) , F w 4 : . 5 7 S 7 S 4 1 4 c ~ 5l- 5. , C , r_ ,2 7 9 - J 4 4 7 5 5 I ’~~— t ) ,8 i-5J 1,

- , - ~~~~ . - L- ~~.. - - -

37

L :~~~~~
‘ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - _ _ _ _



• ~~~~~~~~~~~~~~~~~~~ - --~~~~~~~- - ~~~~~~~~~~~~ -~~~~ - - -~~~~~~- - -- ~~~~~~~~~~~~~ - -—~~~~~~~~~ ~~~~~~~~~~~~~~~~
---

~~~~~~
-

E. McCAFFE R TY

C ( ’ ~k~~’,73 4 9 3 t 3 2 C l j F — 4 )  , C~~H 7~~- • P 4 3 C 6 5 2 1~~4 l E.7 , ,  8F.SJ 1 -
~

• (55  i:, 1 b 7 1 1 t 7 $ 1 b4 I 6 ) , ( S 5 2 1 . 6 0 7 7 7 2 ~ M 2 4 7 F 3 ) ,  8 FSJ 1~c - ( c - 5 0 s ,b2~ .so~ 58~~7 1F 3 ) , c e c - 1 . :,c - 7 3 Q C o 9 4 b 2 8 E 2 ) ,  B ES~ 1~
c- ( P L O S 2 1 1$ 5 4 7 8 3 3 1 F 3 1  • ( C r 1 :  1 4 b c 17 1 2 l 8 2 c 1 2 , , 8c-S~ 16
1 ( A A 2 ; 3 ,S45 1E l9997~~E2 ) . ( A A i:5 ,5~~44 5 4 3 C ~~j E 1 ) . ( A A 25b ,b2 2 3 U 6 4 ~~lC5E t ) ,  e ” S _ ~ I~‘ - C C L C : 4 , 4 d ?~~34”~!2 t E 1 I , ( C C 1 r Y . l !4’- G~~S ’6 4h  C r C7 , 1 ,77~ 557~~l4~~c- . ,  6 FS~ ~ :

t a x e s b1’S,~ 19
It C N , E~~ , Ø )  ‘-‘El I” ~ It C N , I - C .t ) C.)’ ¶1 7 , 50 ~~ 8 EFs J  2~s I c - ( c — c ) l , i , 2 8’~~~ 2~

1 F: (~~ ( ( , ~ ,j . j .~~7 ) . r . R 6 I . r . F 5) . r . r, 4 ) .  
~ P a ( ( C P . R 3 ) . D * R 7 ) C D . R i ) C L S R S  ~E S~ 2~

bES .~ : P / ( C ( 0 . S ,~’,s C .S j ) 0 t .S C )  ~ “E ’CI- I\ ~“s~ 21

e I~~( C , C.T ,L. ) G a 11’ 9 E~~S ..) 2~
A : A R S (x )  5’ L ) : F / E  2 F S J  25
c - : (  ( A 2 . C . A j I . D 4 A Q ) / C  t .F 1) ’r .~~0 )  B c - S J  2*

C C C 2 e ~~
.C C ) 5 t . C Q ) ,  ( A .  C ( L ’ .D l  )~~C.I.0 t I dES~ 27

El1- S U : ( C ~~s ( A , . C c - . C ) . S ! S t A ) e ( p _ 5 ) ) / S 0 c - T ( A j  ~ ES .J 28
~~~~~

7 L c - ( r . F ) 1 i , 1 1 , ?1 B~~S.i  ,5 1
23 t - : ( ( ( ( ( ( c - c - 7 e j ) e R S 5 ) . C .c c - 5 ) .~J . R P 4 ) . 0 . P ).~, 4 R W 2 ) . C . W P j ) . D . c -~. C  ~

c5 _( 3 ,
bES, j :X . F/ H C C . S S 2 ef l~~~ S 1 ). _ .S~~C )  ¶ 

~ETV’s BES .~ 3 ,

2 1 I F C t , ’; T .~~ 1 E l  T I ’  9 ~~ SU 37
A : A ~~S ( x )  b l)z ’ / t  p) , S ,~ 34

~~~~~~~~ .3~~

0 : 1  r c C 2 . U . ,~c 1 ) . r . c c o ) / ( A . N t . , )•~~‘ L C 2 ) )  ~Ls~ 3~~
A : (  VS(#).(,,— P ’ .S 1’.(I).Ct.P))/5C~~

l ( A )  I I F x ,~~~~,,J ) A : — A  B F S U  3 7
Bc -S .) 3*

C F 1 C . c -’, BES .J 30
e ‘-~~L \ ’  dl , ’ BES.) 4 f l

01 c~~P M A 1 ( / , 2 5 X . ( .(REI IN DES. . N :515 ) ~FS.) 4~
C- ’- ‘1 1~~C p E S.j 47

~ i - c - -~~ ’ ’ Q ~~ ,~~ E’- SU ~~~‘

~~0 F I S M A ’( // ~~~x . E c - P C R  IN -  ~FS_ ’ A~~C .LME N” ~ TV’ L A 0 jE . 5 : •(17. ’5) V’S.J 4 4
i t :  e ) - El . a 2 3 ’ 3 : c  E E S _  4~

INC 8)’Sj 4 ’,
t Jb Q E’ ~ ’ I5 I- -  ‘ - A I A L C T A , S  ~~~ , T V , I t E •L E ~ ,1,A C T) C O O
L I ~~E N S j  I-, A ( ’ , A C I,S A C ’ )  , X ( ~~ A C T ,5 A C ’  1 00 1
l r c  tL ~~c 1 . 2. 1

3 V 1 1:1 , .‘~ 0 0 3
1’ 4 .;i , ’ . -l 004

4 x ( ~~, _ ) : f J , 3 005
.1 A C t , l ) : 1 . 0 006

0 8 2
~ L~~’: 3 . O

C ’c
C’  S “ a l , ‘c - i  02 3

013

~: ,~‘‘ : C , 3

~ t :’ - ,S- ~ C 13
~ : A P S F ( A (  I , ‘,: t 0 14
I F ( 1 — -~~~1)  6 , 8 , ?  0 15

~ 
,,

~
- 

‘ 
~~

- -
~~ A~~~~r ~~~~~~~~~~~~

~~~~...- _ . f, 
~~~~~~~~~~~~~ - - 5

~~r ~ ~~
‘ .

- - q, ~~ -~

38



NRL REPORT 8107

) I-I~~ 8 T s ~ 
0 16

I c - c - s I  0 17
t C c - I~t I ’.uE 0 16

~~ ( P IV 0 ’ )  d .9 ,a
4 L E I . O , o  020

021
S I r ( I c -~~.~~) 1~~, 1 1 . 1 0  0 2 2

~R j~ ,J K , Nc -  0 2 3
024
025

12 A C K , ) s L  026
L 13 . ) h i , N v  027

028

X C  L P c - . j) .~~(~~, J )  029

13 ~~~~~~~~ 
0 3 0
03 1

11 LET sLET’A (4 ,~~
) 0 3 2

P I ~~F il s , . G / A ( K  , K )  03 .3
LA ) 14 J s I c - 1 . N c -  03 4

035
OP 14 l s I c - 1 , N c -  0 3 6

14 * 1 1,..)sA ( I , J ) A ( L , ~~ ) e A ( ~~ . )  0 3 7

OF- S JsC ,NV 036
I F ( X (K ,.j)) 15.5.1’ 03 5

15 X (~~,~~) s X ( K , J ) . M l 5 F T  04 0
00 16 13 IR1.Nhl Q4j

ie X (  1,~~) sA I I , J ) — A (  1 •~~) .5 ’~~.~~
) 04 2

S C 0 N T I N L jE 543

I r c A c c - c - . ,~w > )  17.4 ,17 044

17 LE T s LE y. ACN c - ,sI c- ) 045

PIV Ir TI I . 0 ,*(NN ,NF) 046
0 0  18 J 1 1 , NV  047
5 (NP ,.)):X (c-R,J ) e F I A ~)1 046

0 8 16 4 1 1, N P i  04 9
050

S U P s O . O  05 1

OF ’ 1” L I . ~~c-1 052
19 SI~~s S U U . A C 1  .L 1) 5 ( L 1 ..) 053
1e X ( I , . ) s X ( I , . ) ) SL~ C~~4

EIS C

- 
- 

C •~ — -
I— 

- 

~~~
- - ‘

11

39



Appendix C

COMPUTER PROGRAM FOR COPLANAR CONCENTRIC CIRCULAR
ELECTRODES WITH UNEQUAL POLARIZATION PARAMETERS

UNDER THIN-LAYER ELECTROLYTE
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