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FOREWORD

Target motion analysis (TMA ) is a critical function in naval combat con-
trol systems. In many situations , bearing is the only information available and
bearings-only target motion analysis is the foundation of the TMA process.
This report is the result of research directed toward the estimation of target
position and motion parameters via bearing measurements generated by a single
moving observer. However , the modeling and theory presented are applicable
to the general case of multiple moving or stationary observers. The estima-
tion algorithm can also be applied to navigational systems in a situation where
a vehicle observes the bearings to transmitters of known location. The theory
presented in this report can be extended to include the processing of multiple
sensor information when available to improve the performance and capability
of TMA in naval applications. Implementation of this estimation al gorithm
should provide significant improvement in the convergence properties of auto-
matic TMA solutions.

vi
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POSITIO N AND VELOCITY ESTIMATION
VIA BEARING OBSERVATIONS

INTRODUCTIO N

The problem of estimating the position and velocity of a body traveling on
a straight-line course from a history of bearing measurements is considered in
this report . The body is assumed to emit an appropriat e si gr~al ; and , j r the
general two-dimensional problem , the bearings are viewed from observers eon-
fined to a plane that includes the target. The situation is illustrated in figure i
wnere it is desired to estimate the position vector rT = (r TX rTY )’ and velocity
vector VT = (VTX VTY ) ’ of the observed body from noise-corrupted measure-
ments of the bearing $. The inverse situation where the body observes the
bearings to transmitters of known location represents a system capable of pro-
viding navigational information.

y

rTy (t o )
/‘ T A R G E T

TRACK

~~~ ~3~~(t ~~) v1~
rT (t n ) - _ / _   — 

I/ I VT/ O BS ERVER
/ N O . 2 1

OBSERVER OBSERVER I
NO. 1 NO . 3 I

OS SERVER NO. i 
I

rT (t O ) r 1 ( t )  
S

Figure i . Geometry for General Two-I)imensional Bearings-Only
Motion Analy s is  I’roblem

Defining x~ = (r TX rTy VTX V1.\.r as the target state , x0 = (rOx rOy vOx
V~~~)’ as the observer state , and xj ~ XT  - x0 as the relative target state ,
the problem of determining x~ has been posed as a nonlinear estimation
problem. A common method employed to obtain a solution has been the extended
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Kalman filter , although this method has experienced convergence difficulties .  1, 2
The formulation of the motion analysis problem as presented in this repo rt is
exact and automatically casts the model in a linear form with Gaussian meas-
urement perturbations. Thus , linear estimation techniques appl y, and the
problem of algorithm stability normally encountered in nonlinear estimation is
avoided and improved system performance is achieved.

The modeling and theory presented provide a solution to the general
motion analysis problem. However , this report is devoted almost exclusively
to the important special case where all bearin g measurements are generated by
a single moving observer as illustrated in figure 2. The dynamic model that
results when the observer is also traveling at a constant velocity represents an
unobservable process. 1, 2 In a typ ical situation , observer motion is often re-
stricted to straight-line segments and each segment is termed a “leg” or
“phase ” of the motion analysis problem. It is well known that only a relative
solution (i. e., estimates normalized by the slant range r 5) can be obtained on
the first leg. To obtain an observable process for the purpose of estimating the
actual value of the target state , an observer maneuver is re~ red. Thus , esti-
mation of target state fro m bearing observations requires a minimum of two
legs of data. This observahility property of the dynamic process results in a
piecewise convergence of the state estimate. It is this property that distin-
guishes the passive bearings—only problem from the more conventional target
trackers and motion analysis systems. ~~~~

y

TARGET
TRACK

V T x 
— VFT, I T y

SECOND LEG V T

FIRST I I
LEG OBSERVER

r0y — — — TR A C I

I I

r 15 
—

Figure 2. Special Case: All Bear ing M ea s u r e m e n t s  Generated by a
Single M o v i n g  Observer

- , - .
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In the next section , a representation of the target-observer motion process
that is inherentl y linear in form is deve lop ed ; this departs from past effo rt s
where linearization about the nominal  or estimated target state is required .
Determination of the target position and veloci t y  is then direct ly derived from
the application of linear estimation theory . Next , the properties of estimators
for “piecewise observable ’ sy s t ems  and the initialization of the recursive al-
gorithm are examined in detail. The practical implementation of the motion
analy sis a lgor i thm is then discussed , and experimental results are presented.

MOI)ELIN G OF THE TARGET-OBSERVER I ) Y N A M I C S

A plot of the target and observer motion was shown in fi gur e 2. The
cliscrete-.time equation for the target  state assuming constant velocity is given
by

~1 0 t 0
S: 1 0 t 5 x~1.(k) = ~~O + 1 , k)x ~~(k 

~, (1 )

o o 1 ,

where t~ is the t ime  increment between data samples , and ~~(k + 1, k~ is the
discrete transit ion matrix .  The oh ser y er  motion is unrestricted and given by

r (k F L I  1 ~ 
r r (k) 

- 

V (k~1Ox Ox - Ox (.) )r0 d\ 1 )  0 1 Lrov 0
~~ 

S V~~~(k~~

E quation (~ ) can be recast  as
0

x 0(k + 1)  = ‘7~(k+ 1 , k )x 0
( k)  + 

N (3)
T 4v (k)Ov

where

= \ ( yk  I — V0(k (4 )

is the in c re mer ita 1 - ha n~i in the obse r ’~ e r ye b e  i t ~~. The hea r in  to the target
is defined by the re la t ion

tan ~ (k) = I i .1. (k )  - r( )\ (~ V I r .1.~, (k ) - t Ov ~~~ (5)

. - - --“

~~~~~

.- 
--- . .~~~~~~~~~ .-
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or , equivalently,

[r TX ( k) — r0x (k)] cos 8(k) — Ir TY
(k) — r0y (k) l  sin 8 ( k)  = 0. (6 )

The bearing measurements viewed by the observer are noise corrupted; that
is ,

fl m (k) = $ ( k )  + V ( k ) ,  (7 )

where ii (k) , is assumed to be a purely random sequence with zero mean and
variance o~ (k ) .  When the measured bearing is used in place of the true bearing
in equation (6) , this  r el at ion ship beco m es

Ir TX (k) — r0~ (k) I  cos $m (k) — 1r T~,(k) — r0y (k) 1 sin

[r T (k) — r L ) (k ) I  cos 8(k)  — Er~~~(k) — r0 (k) J sin 8 (k) cos V (R I

- Ir .1.~ ( k )  - r
0~

( k ) I  sin $ (k) + [rTy(k) - r0~
(k)1 cos 8(k) sin I’ (k)

= — r 5 (k sin I) (RI , (~~)

where the last step results from substi tuting equation (6 ) and ident i f y ing the
quantity

r 5 ( k )  — lr~~~(k — r0~ (k l 1 si n fi (k + Ir T\.(k — r0~~k 1I cos 8(k )  (9 1

as the slant range between the ta rge t  and the observer. Rear rang ing  equation
(~ I to so l ate the unknown quant it i (‘S V i  (‘1( 1S

r0 ( k )  ( ‘OS $~~~k — t ()\ (k )  si n

= r .1, (l\ I eos $ (ki — r ,1, ( R )  ~~~ 8m~~ 
r (k )  sin V ( L i , (10)

where t h e  left—hand side is available as a measurement. Defining

H(k1 = 111$ 1~ (k ) J  ens $ (k) —sin  $ m~~~ 
0 01 ( i i )

and
z ( k )  = H (k)x

0(ki ( 1 2 )

as the measurement mat r ix  and measurement  equation , respec t ive l y , equation
( l U i  a s sume s  th e  om p a r t  fo rm

/ (L ) l l ( k ) x 1,(k) 77 (R i , (13)

L _ _ _ _ _ _  .~~~~~~~~~
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~vhere the s\ -~t i  fl d~ a . t m i i s  : t I ’

(k~ I i  4 ( k . I , k~~ l~~; (14 )

and where

77 1k z. ~ d. , ~ i L (  ( 1 5 i

repre se nts the Inca S Ur e  im nt n~ ~~‘ . li n he pe eta rhat ions V R )  are Gaussian ,
the stat i sti s I 17 ( k I  I I - ’-

= r5 (k s in  V ex p (~ ~~~~~~~~ di ’ ‘I , ( 16a

\ 2J ~~ /

and 

a~~( R ) =  ~~ !~~ (k) s in V ( k ) ex 1)~~~ ~~~~) dV

4 r (k) ~1 — exp [—2 o~ (k) 1 r 2 (k ) o~~(k),  ( 1Gb)

where M (k) and o~ (k) are the mean and variance of 17, respectively. Thus ,
given equ~iions (13), (14), (15), and ( 16) ,  the problem of determining the target
position and velocity (i. e . ,  target state vector) f rom a history of noisy bearing
measurements

Z(k) = [z(k ) z (k—1 ) .  . . z ( l ) ~ (17)

has the form of a linear state estimation problem. The problem is complicated ,
however , by the fact that even for the noise-free situation the matrix pair
[~~, H(k) ] is unobservable during the f irst  leg. That is , the matrix

k
L I~I ( i )  4~(i , k) ]’ [11(i) c~ (i , k))
i — i

is only positive semi-definite and does not achieve full  ran k unt i l  an observer
maneuver occurs (see appendix A).

5

_ _ _ _  ~~-. - -
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E S T I M A ’I ’I ( ) N  O F T \ J t G U 1  ~‘l A TES

The ~~~~~ ~~~~~~~~~~~~ I ’, mot on a n : i l ~ si ! roh le fl Is  st~I t ( (  I is follows: Given
the veclo i — v a l u e d  r :~ i~ ~ozii  ro _ ess x (~ I :~n observed random var iab les  Z (k) =

[z ( 1~ z (k— l 1. . . z i l l ’ , find an e s t i m a t e  ~. k~ th : i t  n i i n i m i / e s  the expected loss
E L( € ) ~ = I: L I E  ~~k -- \ L ) E  I I  ~. Un d er  assumptions  tha t  ar e  ( in s i s t e n t  with
prac t i ea l  ~-~ nst r a i n t  s an I t e si red  u - h a y  i e l , the opt i nrt l  e s t i m a t e  is given by the
conditional expectat i ) f l 5

~(k~ L i  = F[x(k)~ 
‘/(l
~i1 . (18)

If the random processes  are Gauss ian , th e  ( o n ( I i t i u n a I  expectation is identical
with the orthogonal projection of x ( k )  on t h e  m e a s u rem en t  ~p e e  • 9 , 10 How-
ever , i f L ( E )  — f 2 and the (‘St ~I)) fl~~ S a i r  r e s t r i c ted  to l ie a l i nea r  combination
of the measurement  Z i~L) , then the opt imal  estimate is also the orthogonal pro-
jection. ihus , linear est imation is bettered by nonlinear estimation only if the
random t rocesses  ar e non-Gaussian and then only if third-order and higher
p r o b a t i  it  d i s t r ibut ions  are eonsidere(l .  ~ For the bearings—onl y motion anal—
vsis ; r  :h l , m , 11(k) is ~en e r a i ly  ass u med Gau ssian , and the near equality of
equation ( 15) holds for ty p ica l  noise env ironments;  thus , l inear estimation
y ie lds  th e  optimal e s t i m a t e for essentiall y all performance cr i ter ia .  A unified
t r e a t m en t  on the t h e o ry  of l inear es t imat ion is now presented.

L EN I~ \ I~ I s i  I M~~’l ION

I h v e n  the d\ n a i n i e  sv st eni

x ( L l )  ~~( R+1 , R l .\ ) L (  (19)

and ni~ a su - ment equation

H (k )x(k )  - - 7) ( R ) ,  (2 0)

the vector Z(k) of equa t ion  ( 17 )  (‘an be written is

Z O i  A O i ) x O )  + N ( L i , (21 )

wlu - i c

1I l l ( L - 1) I ~~(k - l , k ) I

I ( 22 )

l l ( l ) f  ~~( I , k ) I  J
6

_ _ _ _ _ _ _  - _  ~~~~~~~~~~~ . - - - —



TR 5260

and

N(k) = [77 (k) 71(k-1)... 77( 1) 1’ . (23)

The penalty or loss assigned to state error defined by

L = E ( I  I x(k ) - ~(k!k)I I
2
~

= trE ~[x(k) - ~ ( k E k ) j  (x (k) -

= trP(k ) (24)

serves as a measure of the quality of the estimate, where t r f . ]  denotes the
trace of the matrix and P(k ) is the error covariance matrix. This loss func-
tion is minimized when the state error Ix (k)  - ~Q ( k !k ) j  is orthogonal to the
available data; that is ,

E ~[x(k) — ~ (k !k) ] Z ’(k)~ = [0J = null mat r ix . (25)

The state estimate assumes the form

~ ( k j k )  = B (k)Z(k) ,  (26)

where the linear combination of the measurements defined by the matrix B(k)
is to be determined. Substituting equations (21) and (26) into equation (25)
yields

P (k)A ’(k) — B(k) [A(k)P (k)A ’(k) + R (k) 1 = [0J , (27)

where
H(k) = E [N(k)N ’(k) J

0 . . . 0~~~

0 o~~(k—1) 0 . .

0 .

— 
I . . . . (28)

. . 0~~~

L° . . . 0

and where

- E 1x~~)x ’(k ) I  = ~~(k , 0 x (0
~~~

’
~~ 

0) (29)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ i _  -~~~~~
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is the covariance matrix of x (k)  without any measurement , and P~ (O) is the
a priori covariance of the unknown vector or state. From equation (27) , the
optimal value for the matrix B(k) is

B(k) = P (k )A ’(k) [R (k )  + A (k)P (k ) A ’(k) J ~~

= [P~
1
~

k) + A’ (k)R (k)A(k )] 1A ’(k) R ~~ (k), (30)

where the last step results from the matr ix inversion identity of equation (B—i)
presented in appendix B. Note that , if P (o) = ~~ l and H [OJ— or , equivalently,
H i s f i n i t e  and p (o) = l~m cr~ I , then

B~k) = A ’(k ) IA ( k ) A ’ ( k ) 1~~ (31)

is the pseudoinverse of A(k) yielding a minimum norm solution for the unknown
x( k )  for the underdetermined case (fewer equations or measurements than un-
knowns) . 10, 11 When the number of measurements exceeds the numbe r of un-
knowns , the inverse in equat i on (31) no longer exists and one is forced to edit
the numbe r of measurements to achieve a compatible system. If noise is
present (B ~ (0 1), the identity in equation (30) holds and all the measurements
may be employed in extracting the estimates. Note that , if P~~ = [0], implying
no a priori information , the relation

B(k) = 1A ’(k) fl ’(k)A (k ) 1~~ A’(k ) R ’(k) (32)

results , which  y ields the weighted least—squares solution for the overdetermined
case (more measurements  than unlmowns). 10, 11 The transi t ion between cases
is given by the general form of equation (30), which based on equations (21 ) and
(2( ;~ , represents  a “gcneralized ” inverse of the m atr ix A(k).  (The re laUanship
of B (k) to the standard generalized inverse  or pseudoinverse , and sequential
est imation via the Kalman algorithm is treated in the next section. )

With the optimal estimator defined by equations (26) and (30), the error
rovar ianee matrix in equation (24 ) becomes

l ’(k J k )  P (RI — B (k)A(k)1~ (LI
X 

1 (33)
= P (k ) — P ( L I A ’ ( k ) ( R ( k ) + A ( k )P  (k ) A’ (k ) J  ‘~~~~~x~~~’

w h e r e  t h e  f i r st  s tep u t i l i z e s  the fact that the optimal value of x is orthogonal
t o  the s t a t e  e r r o r  and J Ix— ~ I I x— ~~1’~ = I ( x— ~~)x ’ . By use of the mat r ix
inv t  i s i  in lemma equation (13—2 )—appendix B, the optimal error  covariance
m i t  r ix  I ) ( ’ ( O I f l ( ’ 5

— 1 — 1 — 1P(k~ k 1 1I
~~ 

(k) ~ ,-\ ‘ ( k ) R  (k ) A ( k ) I  . (34)

_ _ _ _ _ _ _ _  ~~~
--_
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Combining equations (34), (30), and (26) yield s as the optimal estimate

~~(kI k) = P(k)A ’ (k)R 1 (k)Z(k).  (35)

The updating of the state estimate ~ (k I k), and its measure of quality
P(k lk ) ,  as new measurements become available is efficiently accomplished by
a recursive algorithm. Recasting equation (34) in the form

P ’(k lk) = P~~ (k) + A~(k) R~~ (k)A(k ),  (36)

utilizing equations (22), (28), and (29), and notin g that

H(k+ 1)
A(k+1) =~ 

LA(k)~~(k , k - - i)

permits the updating of the error covariance matrix to be expressed in the form

P ’(k+l I k+l) = [~7’(k+1 , k)P (k)~ ’ ( k÷ 1, k)]~~

k)

÷ 2 
1 H’(k-i-l)H(k÷l)

o~~( k-i- 1)

= [~~ (k+l , k ) I  1[P 1(k) + A ’ (k) R (k)A(k )] c~~’(k÷ 1, k)

+ -H ’ ( k + l ) H ( k + l ) .  (37)
o~~( k+l )

Substituting equation (:34) into equation (37) and invoking the matrix inversion
lemma (equation (B — 2 ) )  ie l ds  the computational convenient form

P(k+1 l L ~ 1 )  P(k+l IRl — P(k+I !k H ’ k+l

Ill (k’IIP(R ’ lJkH’ (k+l

. H (k 4 1 )P (k+  i !i ~~, (38)

where

P(k÷ 1 1k ) ~~(k+ 1 , k) P (L E R ) ~~
‘ ( k+ 1 , k) .  

(39)9
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Equation (39) represents the predicted value of the covarianee matrix , and
equation (38), the corrected or updated value. Note that by direct expansion
of equation (36) it can be shown that

P 1(kj k)  - (~~(k , 0) P (0) (~~‘ (k , 0)]~~~

k
+ ~ 2 (IH(i)~~(i ,k)1’~ ~[H(i)~~(i,k)1}. (40)

m l  a
77

(i)

Observahility assumes that the second term of equation (40) is positive definite.
However , as noted earlier for the single moving observer bearings-only motion
analysis  problem , the observabi l ity  of the matr ix depends upon whether or not
an observer maneuver has occurred . This behavior and the problem of initial-
izing the covariance ma t r ix  are detailed in the next section.

From equation ( :33) the updated state estimate following a new measure-
ment is given by

x (k ~ 1I k+1 )  = P (k+ 1Ik+1 )A’ (L-~i ) R ’(k+1 )Z(k+ 1)

= P(k -i- 1) I k ÷ i ) I H (k+ 1) c~ ’ (k_ 1, L) A’(k)}

I I L  1
(k+lr 0 Iz(k+1)

(41)
L o  H(k~ L~~~ J

A fter  some man i pulat ion , the substitution of equation (38) into equation (41)
yields

~< ( k -i-1 J k + 1)  — ~(k + 1 I k )  +K(k -i- 1) [z(k 1-i ) — H(k + l)~ (k+1 Ik ) ] ,  (42 )

where

~ (k + 1 E k )  = ~~(k+1 , k)~ (k 1k )  (43)

is the predicted target state , and the correction based on the latest measure-
ment is applied with gain

K(k +1) P(k+i l k ) H ’( k + i ) r I 1 (k +1) P (k +l 1k) H ’(k ~ l)+ a~~(k ÷ 1) r ’. (44)

Equations (38), (39), (42),  (43), and (44) are the Ka lman—Buc v f i l ter  equations. 12

This l ink  between regressive least squares and Kalman f i l te r ing for observable
systems was established ear l ie r  by Bryson and ii~ l3 and Fagin l4 .

10
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PROPERTIES OF LINEAR ESTIMATORS AN I IN ITIALIZAT ION
OF THE H F:CU H~ lV I: A LGORI TIIM

Given the set of simultaneou s linear equations

Z (k )  A sk)x (k)  4 N(k ) ,  (21)

where without loss of general i ty  it is assumed that the d ata are normalized such
that E (NN ’I = ~~

2 I the general solution is classically given by 15

A ( k) Z ( k)  + [I — A (k)A( k) ]W . (45)

The matrix A~’t k)  is the pseudoinverse of the matr ix  A (k), and W is an arbitrary
vector. 15 The pseudoinverse of A (k) is defined by

(46)

when -\ ‘ k )A R) is of full rank , and by

A~~(k) = [A ’(k )A( k) ]~ A i k )  (47)

when the system is unobservable. Since -Y (k ) \ ki is symmetric , an
orthogonal transformation T exists such that

A ’ (k )A(k )  = TA T’ , (48)

where

0 0 . . . 0

~~~ ~‘2 ~ 0

~ o O • . . . .
A .n-q~

0 . .

0 . . . . 0

diag [A~J 101
- (49)

[0 1 [OJ ~~

I i
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where n is the number of states and is the degeneracy of A’ (k)A (k) . Thu s ,
the pseudoinverse of a symmetric matrix is defined by

= TA T’
I l l

~~~~~~liag~~~ (On
iJ

= T  
- 

T’ . (50)

Li°’
The value of ~ given by equation (45) represent s the best estimate , in a

weighted least-squares sense , to equation (21). This solution is unique when
A ’( k)A ( k)  is nonsingular since , by equation (46), the second term in equation
(45 ) vanishes.  When the process is unobservable , that is

k
det [A ’(k) A( k ) l  = det E 111(i) c1~’ ( i , k ) ] ’ [ l l ( i )  ~~( i , k)} = 0 , (5 1)

i - 1

a (q~~) parameter family of solutions for x(k) exists. h owever , even in th is
case~ particular types of solutions can be singled out by imposing additional con-
st r a i n t s . A common selection , from the infinity of solutions , is that of the
m i n i m u m  norm. Since the two vectors comprising the right—hand side of equa-
tion ( I 5 ~ a re  orthogonal , 10 , Ia the minimum norm solution occurs when \V = 10],
and is gi ven by

x(k ) = \~ 
( k ) Z ( k ) .  (52)

In the mot i on analv s is problem for the relat ive target state x~ = X ,1. — X
0th i s  solution (i.e. , equation (52 ))  y ields the null vector dur ing  the ent i re  f i rs t

phase deg) .  However , under these cond hi t ions , a range-normalized solution is
often sought. From the tore go ing  d i sc u s s i o n s , it is clear that such a relative
motion solution must hi derived from the second term in equation (45) .

l u  comp ute 
~‘ I 5 ”~ 

s( q uenti~1ll y , one employs

= P Ls(k ) A ’ ( k ) Z ( L ) ,  33)

\\ a r t - , in  th is  ( 0 5 1 ,

P 15 )k) = [ A ’ ( k) A ( k ) ]~~ . ( 5 4)

A s  ~ liii the process ing  of equation ( a - I )  in the preceding section , use of the
m a t r i x  inversion lemma is the Rev to the sequential updating of ~dk  1k) as new
mea surement s become available.  h I o wd vr r , until  the number of measurements
equa Is the numb er  of states rin dI ( lu r ing  the entire f i rs t  leg of the single moving
disc  r~ er problem the process is not ohser~ able and A ‘(k) ;\ 1k ) is s ingular .

12 
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Under these conditions , algorithms capable of generating the exact pseudoin-
verses are given by C line. 16 However , in this report , consideration is given
to the use of a positive matrix P (k I O)  in computing the inverse , that is,
approximate PLS(k) in equation (‘~4) by

P(k lk) = 

~ LS~~ 
= [P (k J 0) ~~ ÷

~ (k , 0) [P 1(0 0)  + ~~~ ‘ (k , 0) A ’(k) A (k)~~(k , O)i~~~’(k , 0), (55)

where P(0 l0)  is large. Note that this form for P(kjk)  is directly achieved in
the development presented in the preceding section and results in the standard
Kalman computation , with P(0 I 0)  representing the initial error covariance
matrix. The effect of P (0 I 0) on the computation of P(k) for the specific choice

P(O E O) O.~ I (56)

is now examined.

Substituting equation (56) into equation (55) yield s

P(k ]k) = 
~ (k, 0) [~~~

—
~ 

I + A~ (k)A 1(k)] c~’ (k , 0~, (57)
a 0

~ here A (k) = A(k)~~ (k , O). Since A~ (k)A 1(k) is symmetric , an orthogonal
transfor~nation T 1 exists such that

= A 1(k)A 1(k) = •I
1~~1T~ , (5~ )

where

f~
ii~[w j } : [öTJ

I 
— — — 

, i = 1 , 2 , . . . ,  n ~~~~~~

LEO]
Substituting equation (SS) into equation (57) yields

P(k k) = ~ (k , 0) T 1 [-
~

--
~ I + C? i ] ’TI ~~~~

‘ (k , 0)

13
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P. 1 
Th1

(Iiag[—9 -

~ 

I [0]
(1

( 1

— — — — ~I’~~ ’ k , 0)

[0] -13 1
a

I ~~~~~1

[0]

= (L , o~ • i -
~ 

I - - - - T~ ~~~~
‘ L , O~. (59a)

~epa r a t i n g  he olise e l i  and unol  i s er v a h lv  co m p o nen t s  of P(k L~ permits
equa tion (59a )  to b. ia~~ :is t  as

P - - -

~di ng --
~

——j — I [0~

P(k~k = ~~ t T- , n i
i 

- Ti~~’ (k , 0)

(0]

P S 
- 

-

~ ~~~~ 
[v ]

~

I i

~

i’ ’ d (

~

)) (59b)

(0 1 [ i i ]

--
- 1 ~~~~ 1 1 1 -

= ( l I I g ~~~~ — — __________

1 2 ÷ 1

~ I1~~~~~L . .  —
~~~

L yr
(Li (i~~

i-I
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it follows that

P(k l k) = ~ L , 0) c~~’ (k, 0)  [~~~ 
ik , 0) ~~~

‘ (k , 0 + 
~~~ Ls(k) 1 ’P Ls(k)
00

+ ~ (k , 01 ~~~~
‘ i L , I)~ [ I  - Pis (k) ~LS(~~

1’

P i s (k) - 2 P 1 :~ 
~ k . 1) 1 

~~~~
‘ (k , 0) + -

~~~~ 
PLS(k)]

’P
Ls(k)a0 00

+ ~ ~k , 0 )  
~~~

‘ (k , 0 ( 1  - A~ (k) A(k) 1. (60)

Substituting equation (s 0) into equation ( Sg) shows that the measurements are
indeed processed by a matrix that approximates A (k) . Specifically ,

P(k~k) A ’ (k) = A (k) = A (k)  
~~~ 

1 LS~~~~~~” O)~~’(k , 0 + P LS( k ) I ’A (k ) ,

- 

a~ (61)

where use of the identity A
4

AA ’ = A’ has been made . Thus , the introduction of
an appropriate nonsingular P(O I O)  (specifically, P(0 I O )  = o ~~I as detailed above)
permit s the standard recursive algorithm to be employedl in the calculation of
the pseudoinverse matrix A i (k) . The second term in equation ((~0) has no effect
on either the estimates or the Kalman gain since

P(k lk) 1l’ ~k) = 
~ (k, 0)c ~ ’ ik , 0) [c ~ (k , 0)~~’(k , 0) + 

~~~~~~ 
P Ls(k) ] 1P 15( k )H ’ (k) .

00

The effect of P(O 0) on the estimates clearly depend s on how closely A ~ approx-
imate~y\~ . As a cautionary note , it should be pointed out that in selecting values
for o~5 for in i t i a l i z ing  the computation of P(k) ,  the choice of an overly large
value results in computational d i f f icu l t ies  since the recursion formulas involve
the differencing of large quant i t ies .

The optimal state estimate is defined b~ equation (42),  which upon re-
group ing of the te rms  becomes

÷ l l k÷ l)  = [l - K(k+1)hl L-~l)]~~(k+1 ,k) ~ (k k) + K(k + 1) z ( k - ~l, .  (62)

15
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The general  solution to ~ q I i a  t ion (~ 2~ ~s

X ( k k l  - 0 k , ~ I~~~( 0 1 (
~ ~~ ~~, j ) K (j i z t j ) ,

: 1

where

c’ (k= 1, k = (1 - K~k-~ liii tk-~1)]~~(k~ l, k). (63b)

It is shown in appea .li X t t i l t

k -
~, 0 1 k , j l1 - I j i z h  -\ k t Z ( k ) ,

j= 1

‘ ‘ I  11 — :\ ( k ( : \ t k )  ~~~~~ i i ) ,

~vhich ~Ilio\ ’.s v q u : i t l o i i  -~~ I to he ~as a st I s

X(klk ’ = :\ l k ) / i k (  ~ - A~ t . \ t k ) ] ~~h : 0 ) .  ( l ; 4 t

Thus, when the pr oce ss  is unoh —a i- ~ W i t - , t he  m i n i m u m  norm solution is
realized by initializing the recursive algorithm with ~(Ol0) 

= [01. To obtain
other solut  i on s , such I S  t h e  r~ In g ~ - — t r a l a l i z e d  solution lu r i n g  the first leg of
the s i n g l e  mie. io~ ohse ’’  ‘ i  3 ) r o l I l e ~ n . requires an appropriate selection of

~(0~0).

The i ( i a t i a? tshi p ol th e - eSi I mate x ( k j k )  wi th  the  c las si ca l  least—squares
50 1111 iou can ne es a t t l I s h e ~I iv  ~~i t s t ( t t I t i n u  e y i l i t t i 0 n  ( d l  into equation ( 64 )  and
u t i l i z i n g  e q u a t i t u t  ( - I S ) ,  \~l ier i  \\ ~: L ~~H i .  ~~i’c ifirally ,

~~(k t k )  = 

~~~~~ 
- I~ ~i t f W , ), ~ i i k . n ( -13 l) 1~~lk ) ] ’(~~i s l h )  - 

~( h l t 0 j ,

where for olt~~- rc Ibl ’ sv s t t ’m s  III 
~~ ~~t k i  ( t t ]  m d  A = I . T h u s ,

the est m a l t ’  of t h e Ka man — si ‘. li :1 Igo ‘1 I t n t  a s\ mpt  t i j  ieallv yields  the pseudo—
inverse  so lu t ion .

1

I.

~
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APPLICATION TO THE MOTION ANALYSIS PROBLEM

This section is concerned with various stat e representations for the
motion analysis problem and the resulting estimation algorithms. For the tar-
get state xT, the results of the preceding section apply directly and the esti-
mate is given~ by

xT(k+h f k+1) = 
~T (k+ 1!k) + K(k+1) [z (k+1) - H(k+1)

~ T (k+ 11k)] , (66)

where

=

This representation is preferred for the general problem of multi ple observers.
However , for the single moving observer problem , the relative target state

r (k)

— . _ r (k)
X R 

-- X T - X O — 

V~ (k)

V\ (k)

is often of interest and equation (42) reduces to

= 

~R (k +1 J k)  + K(k+1)[H(k+1)x0(k+1) 
- h (K+1)

~T
(k+1Ik)]

= X R (k+l j k )  — K(k+ 1 )H (k+ l )~ 1~(k÷1 jk ) ,  (67a)

where the predicted state is given by

~~~~~~ 
1k) = ~ (k+1 , k)

~R (k 1 k )  - 
[V  ~ \ 0( k).  (h 7h )

The estimated target velocity vect~ r V~1-( k -+ - i !k + 1)  c,~an be obtained by addling
obse rve r veloci ty components to V~~

(k 4 1 I k+l I and V~ (k+1 fk + 1 ) ;  that  is ,

l—~’ fl%\‘.1, (k+l l k +f l I  V (k+ 1 J k + l  
~I \ 0 (k+ l)  I V= 

A + .

H.1 (k + l !k + 1~~ ~~~~~~
The re la t ionsh i p between the  various estim :ites is illustrated in fi gu res 3a
through 3c , where the covariance and gain m a t r i c e s  are generated via  equat ion s
(:1st  and ( - i - i ) , respect i~-e1v .  The recursive est imat ion  of the relative target
state x 1~(k t  is su m m a r i  ied in tab le 1.

17
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Table 1. Summary of the Recursive Estimation of the
Relative Target State x~~(k)

State Vector:

xR (k) = fr (k) r (k) V (k) V (k) ]’ (1-1)

Initialization: *

~~~(0 !0) (~~ (0) sin$ (O) ~~ (O ) cos $m (0) 0 0]’ ( 1 - 2 )

P ( O J O)  =a ~~I , where a~ = constant 11-3)

Predicted Stat e:
L0 0 1 ~~~~~1~

XR(k+hlk) ~~
k+l ,k)

~R
(kfk ) - ~~V~~(k) ( 1-.4)~

L 0 0 0 1

Predicted Covariance Matrix:

P(k÷ 1~ k = ~~(k+l , k )P(k 1k )~~
’ (k-4- 1, k) ( l — 5)~

Measurement Matrix:
H(k+1) = jcos 

~~~~~~~ 
—sin 

~m~~~
1) 0 0 ] ( 1 — 6 )

Gain Matrix Comput ation:
K( k+l )  = P ( k + l l k ) H ’ (k + 1 ) E H ( k + 1) P ( k 4 - l I k ) H ’ (k + I )  ÷ i~~(k~~l)0~~(k + l ) ] 1 (1- 7)

Updated State:

XR (I lIh+1) = x R (k+l
~

h )  - K (k + l )H(k+1 )~~~(k + l J k  (1-5)

Updated Covariance Matrix:

P( k+l k~~ ) = (I - K(k +l) H (k +U] P (k -4- l 1k )  (1-9)

Target Parameters:
= I~~(k 1k+1 + ~~(k+ 1 1k -F 1)) ’ 2 (1- 10)

CT (k + l lk + 1 )  = tan 1 1VT~
(k+1fk+1LV .l .\.(k+l (k-fl ( 1 (1-11)

ST ( k + l l k + 1)  = ]V~.~ (k÷1 lk÷ 1) + V ~ ( k + i J R 4 1 ) ] 1 
~ (1 - 12)

$(k+lI k+ 1) tan ’1~ x (k+1 Jk+1 ) ’~~, ( k 4 l I k ~~1) I  (1- 13)

*Thit ia hiz a t ion  is discussed in the next  section.

19
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IMI ’L F:MENTA ’I’  ION OF THE SINGLE OBSERVER TMA ALGORITHM

The computation of the gain and covariance matrix in table 1 requires
knowled ge of the slant range r 5(k ) ,  which is init ially unI~~own to the observer.
h o wever , from equations ( 32 ) and (5:1) it should be noted that lack of knowledge
of the flOis e variance

2 ‘
~o~~(k)~~ r (k)0 (k)

in the computation of P(k) does not preclude achieving an estimate. For ex-
ample , if the noise var iance  is assumed stationary, representing equal weight
on all data , a least-squares estimate results. Since the role of the noise var-
iance in the computations is to assign a weight to each measurement , a near-
optimal implementation can he realized when the range is slowly varying by
assigning a constan t value for r 5(k) .  Int roducing the normalized covariance
matr ix I~N (k J k) such that

P ( k f k )  r~ ( k l P N (k 1k ) (69)

permits  equations (1-5) and (1-9 )  to assume the normalized form

r (k) r PN ( k - I I k ) H ’ ( k + l ) H ( k + l ) P N ( k ± l !k )l
PN (k +l Ik + 1)  - 1 l N~~~ h I ~~ 

- 
2r ( k ’ - 1 L H ( k + 1 ) P

N
( k .  l J k) H ’( k - 4 1)+a ~,(k+ 1)

_ 
1 N °’~~ 

Ik H’ k~ 1 )H ( k + I ) P \ (k~ l J k )
P~~( k = 1~ k) - 

2 (70)
l I(k m 1

~~ N~~ 
- ~ I k ) H ’ ( k ÷ l ’ a~ (k * 1)

where

1 N~~ 
il k ) ~ (k~ 1, k ) P N (k k t  ~ (k+ 1, k ) ,

and whe re a~ is the variance of the noise perturhing the hearing measurements ,
and the last step in equation (70) is approximate ly  sat isf ied for  s lowly vary ing
i’5(k ) . S imilar ly , for  the gain matr ix , subst i tu t ion of equation (69) into equation
(1— 7) y ie ld l s

PN (k + l lk )H t (k + 1)
K(ki l) . 

2 (7 1)
H(k -f1)l)N

(k4 1tk)H’(k+1)-+-a
~
(kt 1)
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Thus , the computat ion of OntO I0g4- 1 ~k )  and l-~m l ~ - I m is ind ependent of target
rang-c when 1’\(l) ! 0, is h; s -n n i ~ - 1j c - n h it of I - ,~ I m ) p .

In the  i n i t i a l i z a t i o n  1 the s t a t  m’ v e t .- t O  i’ , I t  i s  seen f r o m  equat ion  ()5 m that
i mposing a m i n i m u m  n orm s c i u t i n a  on t I l e  - d a i l y ’ t a r g e t  s t a t e  

~ R 5T —

( I .  e . ,  s e t t i ng  ~ i~0 ) I 0 m  0 J )  r e s u l t s  in t h e  I r I v i n i  solution x R (k i k l  J O ]  for  all
k on the f irst  leg .  1 gt -n ’ratc a r e l a t i v e  n otion t -~m u l g e — n n r m n h i / e d ) so lu t ion ,
it is observed f r o m  equat ion ( 1 —  ~ - I that  the  W t l f l  m a t  r i x  -q ~~- u  i t t ’ s  Ofl the
“estimated” d o s s— range t - e s u d u : i l ;  t h a t  i s ,

H (k)
~ H O t  1 1 k m  = ~~(i~ I l k )  c o s [ 8(k ’f l  V W + t m ]  - ‘~~k ±  I k~ sin [d 1k - 1) 1)]

= -~~) k ’  1 si nJ ~~ k t l m  - ~~m L 1 k )  V (k~ 1 ]

-- ~m k ~i l k  sin( ~ 8 ) k + i m  4 V k 1) ] . ( 7 2 )

Th u s , i f in the in i t i a l  s t a t e  -sl I m a te  t he eel st i ye  v e l m i c  1 ’. 5 z e r o , t he solut ion
for  ~ ~~k 1 is prupo r t ion a l  to (or scaled by) the i n  i t t  al — I  n a t  range t ’st i m a t e .
This is a m i e s i r I t t l e  c har a u t  c m i  st Ic f m ’  the st m o n i t o r , and t h e  i n i t i a l i z a t i o n  of
the s tat e  e n-i t I ma t s :  g i v e n  Iv

( I I )  s in  8s m

u ( U )  ( ‘ i ’ - fi ( ( 1
5 in

‘ ( I  

j  

(73)

i s used in t h i s  r e p o r t .  On t h e  se - m n m l  leg ,  l Im e s\ ~ t t I t t  bec omeS m c l ser v a h le ;
thus , the s c a - i m n I l  l e l ’ l f l  i f l  e’ j 1I~It ! t I1  h o  t i lc ’~ a n t  the  s ig n i f i c a n c e  of the  i n i t i a l
v a l u e  for  ~p d i m i n i s h e s .  In the  i n i t i a l i z a t i o n  n i  the el m’ , ( i ’ i ance  ma t r i x , exper-
im ental S t I l I l i e s  h a y s ’  shown that  the ( ‘ b l O t  I -

a m  a~ 1 , ( 7 -1 )

where  - r~ ( U m , prntluc ’es’ g ic t cml  ‘osults  in m end / Ifl  g the k’s i red es t imator
p e r f or m an d -’c. l” rnm e q u a t i o n  (6W it  is s m ’ s - n  t h U  settin g cT~ r~~) lb  i s  equiva-
lent to i n i t i a l i z i n g

H m m m  : 1 1. (75)

This i n i t i a l  i i at i on  can he ~ht cwn I ’ gc n m - r : I t  e v, - g i l t  s on new at a in a manner tha t
takes into n o - c l I n t  the s i , ’ ’  ci  t h e  I n - n I r i n g  m ’ 1 i n I f l ~~t - t e t w i - e n  s : u m n p l e s  in r e l a t ion  t i

the b ea r ing  e r r o l -  ( I L l s ’  l i i  l l l e a ’ - l t l ’ ( ’ O l en t  a l m s — ’ . I ’he n n r r n n s l i i e m l  a l g o r i t h m , in-
c lud ing  i n i t i a l i  ; s t  ion , iS  s I l m l l n ri ’ I ’ l i  t n  1 : 1 1 1 1 1  2.
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Table 2. Summary  of the Normal ized Recursive Algor i thm

State V e c to r :

x 11(k ) - [r (k i - (k I \‘ (k )  \‘~ (k ) J  ‘ - ( 2 — i l

In i t i a l i z a t i on :

~~( 0 l 0  ~~(O ) s in $ (0) ~~( O)  co s ~~~(0) 0 0] ’ (2 -2 )

W 1 (2-3 )

P redicted Es t ima te :

~ R ( k + 1 J k )  = ~~(k ’  1, k)~ 1~( k l k ,  - L : ~ 
(2-4 )~

Pi’ edi ctc’d Covariancc !~1atrix
P \ ( k - h l k ) = 

~~(k+ I , k ) P N (k~ k)~~
’ (k 1 , k (2-5 m

Mi :s su i’ t’ment Mts t  d ix :

— II 1k’ 1) V0S $ k  - 1) -s in  
~~~~~ 

1) 0 0] (2-6 )

(in in \ l ns t  d ix  (onUaitation:
K) k ’  I )  - P~~ k 1 k ) H ’  (k 1) J H ( k + i ) P N (k i i  k) fl’ (k4 1) + a (k +1 ) ]  1 (2-7 1

[pdated State:

~1~( k m  I l k  - 1) ~ 1~(k ’  i j  k ) - K ( k 1 d I ( k -  1)~~~(k 1) ( 2 - 5 1 -

t I O l n I t ’ t l  ( ‘ t c v tl rj n l l l c t ’  M n s t i ’ i x :

P N ) k ’  i l k - i l  = 1- K ( k 4 l l H ( k 1 ) J I ) \ (k + I 1k )  (2 -9 )

I n rget I ~:i r a m  etcr s
A ’ A ’-’ j - ’r ( k m  I c 1) ~r ( k ’ I k - i )  ~ r ( k  - i l k - ’  1)] (2 - 10 ) 1

( 1,tk i l k ’  i ,  t a n ’ I V . 1\ )k ‘ i j  k ’o  v .1.~ (k ~ I l k ~~l ) 1  (2- 1I~~

1 k m  1) = IV ~ .~ (k- ’ 1 Jk- ~ 1) V j ~ , (k+1 I k + U J  (2-12 )
A — I A  A
B t k - 1 1 k ’ l  tan J r ( k ’ l ! k I (  r ( k I I k ’ 1 ) J

‘)O
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PROPERTIES OF TIlE TMA SOLt ’TION

The convergence of the recursive solution (Kalman) to the least-squares
estimate as the number of measurements increases — see equation (65) —

permits the behavior of the linear TMA estimator to be discussed in terms of
the idealize d estimate of equatis~n (45 ) .  Note that the measurement matrix A(k) ,
defined by equation (22) ,  is a function of the measured bearing and hence the
measurenwnt noise &.‘(k). It is shown in appendix A that under noise-free
conditions :\‘ k)A (k) is singular over the entire first leg. Since for the TI~lA
problem the min imum norm solution ~(k) = A ” Z(k )  is the null vector , the first
leg solution prior to an observer maneuver must be the second term of equation
( 45) . This represents the range-normalized solution.

In the experiments described in the next section this  solution is indeed
observed under low-noise condit ions.  h owever , when the level of the measure-
ment noise is substant ia l , ,-\‘ ) k ) , - \ l k s  becomes nonsin gu lar  even on Li l t  first leg ;
and hence the factor ]l - ,- \ “ ( i - c ) : \ ( L m ]  in equation ( - IS )  v a n i s h e s  and the solution
for any initial  conditions collapses toward the m i n i m u m  norm solution. This
behavior appears to he abated in the 1o~ — noise case by pr epro ( ’ess ing of the
data and approximate computation of -Y (k) . To de m o n st r at e  the consister.cv of
the first  leg behavior when 1\’ ) k m , \ ( k )  is  nons ingula r , i . (‘ . • t o  sImo ~ t hat  the
addition of noise to the mat r ix  A k )  does not al ter  sy s tem ohserv abi l itv , recall
that the measurement s are generated from the nm -a~ t i r s - t hear ings  and observer
posi t ion by equation 12t :  that is

z ( k)  = l ! (k )x 0(k) l I ) k ) x , 1, lk ~-

On the first  leg,

Z(k) [z(k ) , i l k — i )  I l l ) ] ’  ,- \ L x 5 , l k l . (76)

since observer t-el oc i lv is constant.  ( ‘ o n s s ’ q u e n t l v ,  the  - s t  mate  is  given by

~(k~k ) = ,\ t (k) Z(k) 4 [l ;\ ( k ) A ( k ) J ~ (k U )

= ‘ k) \ (k~ x ,1~ k + ,-\ (k ) N ( k )  ~ ( I  — ,-
~~ 

- (k)i ~ (k) ]~ (k 0 )

= A~~( k ) A ( k ) x ( 1~k ) 
~ 

- \‘1 ( k ) - \ ( k )  J~ (k  I t ) ;  77)

or , a l ternat ively ,  the error on the f i r s t  leg is

= El - A ’ (k) A (k) 1E~ ,1, (k) - 

~T (
~~

011 - A ( k ) N ( k )

23
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= XT (k) - A t (k)A(k) (k) - [I - A ’ (k )A( k) ]
~ T(k

~
0). (78)

When the level of noise is substantial , A ’(k )A(k) becomes nonsingular; and

x (klk) -A ’(k)N(k) = xT (k) - x0(k) . (79)

Thus , prior to an observer maneuver , it is not possible to identify the complete
target state and the TMA estimate tends toward the minimum norm solution .
Following a maneuver , equation (69) has an additional term and the estimate
approache s the actual target state. The effect on the solution generated by the
algorithm of table 2 is given by equation (65) and can be shown to produce a bias
that fades as the nu mber of measurements increases. Substituting equation (21)
into equation (45) y ields

xT(k lk) = xT(k) ± A
#

(k)N(k ) , (80)

which reveals an additional source of bias. Since both A ’
~(k) and N (k) are

functions o f the  measurement noise v (k’t ,  the expectation of the second term is
non-zero. This bias is structural and not inherent in nature; it is a common
occurrence in parameter estimation problems in control theory , 18 and in the
linear prediction techniques of signal processing. 19

2 -I  
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E X P E R I M E N T A L  RESULTS

Representative target-observer geometries were s imulated on the ,-\N /
UYK- 7 computer in the Systems Analysis Laboratory at the Naval Underwater
Systems Center. White Gaussian noise wi th  zero mean and 0.5 standard devia-
tion was added to the data generated by the dyn a m i c  model as shown in f igure  4.
Preprocessing of the target hear ing was s imulated liv averag ing  twenty 1—seco nd
samples to provide a bearing measurement for  a single (moving )  observer tar-
get motion analysis a lgor i thm.

T A R G E T  O 8 S E R V E R ~~~O D E L  I I E S T I M A T O R  —

V 0 l i — S E C O N D  S A M P L E S )  I M E A S u R E M E N n I I 2 0
~~~

E C O N D 3 A M P L E S l  I —

I I _ _ _ _

I ~~ l~ .sl ~) ~~ l k l  ~i

~
O

~~SERVEJ1I~ I 
_ _ _  _ _ _

_ _ _  _ _ _  _ _ _  

~~~ L0
+ I A V  I k I

Figure ~l. S i m u l a t i o n  1 ) i n i g m ’ n i m  of ,\ I c t i o n  ,~n n i I v - d s ~ \ ste al

The v e h i c l e  t r acks  for  the f i r s t  t n m r g t ’ t — ) t c s ( - r \  s - i ’  g s - u m s ’ t  ‘~ considered are
shown in f i g u re  Sn. I3oth \ ‘ eh R ’ I s z s a re  t r a v e l i n g  n i t a v on s t a nt  5(55 (51 of 5. 1 21 i
meters/second , and the obse i’vei’ I r n i v c ’  rs~ ’s f o u r  I I I —  — t ’ v c c n d  I ‘ ‘g s  i nvo lv in g
course changes of 90 . In t h i s  f i r s t  ‘ x ns  mp lc , I n st  mnt ane ( su s  or I ) I s i n t  maneuvers
are used .

The relative motion plots of the solutions obtained on the f i r s t  leg (shown
in figure 5b) demonstrate the property of the  a lgor i thm ~summarized in table 2)
to provide solutions scaled by the in i t i a l  r an ge  e s t i m a t e  under  the conditions of
low measurement noise and no jitter in oh s s ’ r \ s’r  ve loc i t y .  Figure Sc show s
the tru e and estimated target t racks for V , I  r iou  s i n i t i a l  r a ng e  ( ‘ - i i i  mns l  v s .  Note
that , as predicted , the dependency of the sohit ion on the  in i t ia l  range est imate
fades rapidly once the process becomes observable. F i gure Sd through Sg show
the behavior of the components ol the estimated t a r g e t  st ate ~~~( k ( k )  as a funct ion
of elapsed time. It should be noted tha t , on the  second leg for the  par t i cu la r

25
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geometry considered , the vehicles are running parallel and the rate of change of
the bearing angle is zero. Under these conditions , except for the transient
immediately following the maneuver , no further improvement in the ~‘elocitv
estimate along the line of sight is possible and this is reflected in f igures Sd
and 5f.

The target motion parameters often of interest  as’ s’ t he i ’afl g( ’ , course ,
and speed . Plots of the range , course , and speed er rors  for the f i r s t  example
are shown in f igures Ga through Ge for  two in i t ia l iza t ions  (~ (0 - 10 , 000 m et ers
and ~(0) - 0 , which is the minimum norm solut ion ) .  The er ror s  via the appli-
cation of the extended Kalman f i l ter  (based on the l inear iza t ion of equation (5)
about a nominal trajectory , see appendix D) are also shown for purposes of
comparison. Note the substantial course erro r and partial divergence of the
range solution that occurs on the second leg when the latter method is emp loyed.
Fortunately, in this  examp le , the situation is corrected following the next ob-
server maneuver.

Two other encounters are shown in f igures 7a through 7d and fi gures -Sa
through sd. In both of these cases , the turning rate of the observer is con-
strained to ~ /second . This constraint represents the effect of f in i te  thrust in
space applications or the restricted turning rate of hvdrodvnamic vehicles in
marine applications . In the second target-observer geometry (f igure 7a), the
extended Kalman f i l ter  exhibited premature  collapse of the covariance mat r ix
resulting in solution divergence. Such ins tab i l i t y  of the extended Kalman f i l t e r
solution in the targ~’t motion ana ly s i s  ( ‘l ’M A ) problem wa s  f i r s t  observed by
Fagin (see M u r p h y — i .  This in s t ab i l i ty , however , is fundamenta l  to  nonl inear
modeling and is a g g r n s v a t v c t  in t h i s  p a r t i c u l a r  appl ica t ion  by the fact that  the
estimated state used in the l i n e a r i z a t i o n  process is not ob se rvab le  d u r i n g  t he
cr i t i ca l  i n i t i a l  iwr ’iod of the  problem. 17 ‘J ’h e mode l ing  presented in th is  report
precludes thi s d i f f i c u l t ~’ . Bias  errors in the estimate ~1id not appear significant
for the particular geometries and noise environment examined.

26
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Fig ure  Sn .  Vehicle Tracks for  Targe t—Observer  Geometry N o . 1
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Bearings — on i ’-  I :  ol iOO a r t  l v s  is c- rno ’lel 1 ’  ~fl the form of a l inear  ~1:it e
estimation problen~ when the m eas u rem e n t s  arc -  L ) n e r a : e c l  from the bear ing  oh—
5) l’v O t  iO ) 1~ ~- i a equation (12 1. I O f ) ]  I n o n t t i  ion of I ’ ’ ~~~~I i t  }I)fl  ( 12 t requires  know l-
edge of the emitter ’ s v’ r ’ i n ~~, loc ation of the  ohser~ er , and t ime of obsc -r\ I t i o n .
For the special case ol a singl e m o v i n g  I ’il se rv e r , emphasized in t h i s  report ,
the r c ’so l i i ng  t v n a r n c process is unob s c:-- , d d e  o’~ the f i r s t  leg.  The relationsh ip
between recurs ive  l e a s t —  :-q ra  re~ and ~:i l  m a r  f i l t e r i n g  wh en  the v n an ~ie process
is unobservable is detai led . An e s t i f l O i t i O n  - 1 t 1401’ i  J I m  d : I I I l ’ 2 t , inc lud ing  in i t ia l -
iza t i on , i s pr esent e( i  that ‘ - x h i b i t s  consi stent  heha -r i lo -  for all ta rge t—observer
geometr ies  examined.  ~d i n i m ur n  n o r n  s d u t  ions  I r e ’  provided on the f i r s t  leg of
t he problem ; and (~o n ’ ( -  rgence to t h  (-on~p ) t ’ t ’ so l t ~ ion is a c h i e~’erI fol lowina
mareU v ers  1i~ the ol serve r tha t i c i -u l t  in tm dy n a m i c  process h ( - ( ’ C ) r n i n L t  ohSer\’ —
able . Convergence of t h e  ( - s t im : t e -  of a r-.4x-t e l a t e  is  ( I I - r e n d e n t  U~~Ofl the velocity
variation under taken  by  the  ohs i- i -~ i n ~ \ ‘ e ) i i e !e . N o :itt t-mpt was made in this
report to o p t im l7 e  the oic-o r \ - c  r m a n e uv e r s  to improve I ’o n \ e r g t ’n m - . ‘ t h i s  is an
area fo~ fur ther  s t u l I v .

Sinc e th i -  ga in  an d covariance m a t r i ( - I are dependent oI1l\ upon the meas-
ured b e ar i n g s , eh : tng( ’s  in t a rget  v e l o c i t y  have t he s:l n-lc - ~ f l e e t  on these quanti-
t ies as o F - i - I ’ \ a ’r  m a n e uv e r - . Thus , eva — d y e a c t i o n  b~- the t a r g e t  can produce
fal se  solut ions and e o iIvel - g e I l I e of t h e ’  coyar i ance  m a t r i x .  Random perturbation
i n the target  y e )  oc i t v  eon t ic ha p13 e d  H the  11 l i i  ion of plant n o i s e  to the model
of ( ( R I o t  t a r  ( 1) .  When th e hi a d i n g  I :h:I n ge s 00 er: : l Ic t -n  l iv I he o ) I — e r \ ’ e r  are su f—
I i c i e n t l y  l:i r 14e, the  ar l 14 Ie  i i’acI:i ~ ,t may r I - ~~I I i r C  flCW I f l l en t ) a  ~ V S t ( ’ m S :  tl fld th e
p roblem is fu r ther  comnl j ( - I t  1 1  h~ t h e  :1 ) 1 i t  ion of h1:l S I t r o r s  introduced be-
tween t h ~ ( 1 :110  legs.  The more general  thre e— k i n ’ u ’ns io l la l  problem using addi-
tional p a s s i ve  seosor  i n p ut s  is I I I  : r en t lv  under -101k’ .

- - -‘II ~tiiJ1 r vri . rn - Ilr-II1IJB . e]I  — 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~ -~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~ - --
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A PP ENDD~ A
— OBSEBVABILIT Y OF THE NOISE-FREE TARGET-OBSERVE R PROCESS

To provide insight to the behavior of the bearings-only motion analysis
prob lem , the observability of the noise—free case is examined. Observability
for time-vary ing systems requires that the n x n matrix

k
~ I H( i )  ci, (i , k)]’  IH(i)  i,(i , k))  = A ’ (k )A (k )  ( A — i )
i i

be positive (Iefrni t e .  Since the rank of the product of matrices cannot exceed
the rank of individual matrices , that is ,

Ran k (AB) � Ran k (A) or Ran k (B) , (A—21

Han k (A ’A )  = Ran k (A),  (A-3)

the sy stem is u n ob s e r v a b l e  if the ran k of ,A (k) is less than the number  of states ,
which  is four in the two-dimensional motion analysis problem . From equations
( i t , ( i l l , afl (i ( 2 2 )  we have

rii(k)
H( k — l ) c i ’  (k—1 , k)

I1(k —2 ) 4~ (k—2 , k)

A (k

LiI(’i )~(l , lc )
~ ( k) Slfl 8 ( k)  0 0

cos $ ( k — 1 )  —si n 8 ( k — i t  -.t~ cos fl (k— 1 )  t sin ~ (k — l )
cos $ ( k — 2 )  — s i n $ (k — 2 ) — 2t cos $(L—2t 2t sin $(k—2)

( A -4 )

$( 1)  -sin ~ ( 1) - (k- ; )t cosfl(1) (k - I ) t  sin

A — I
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If the bearing rate is zero , imp ly ing $ (k +i )  = 8 ( k ) , then the f i r s t  two columns
and the last two column s of the mat rix in equation (A--i ) are linearly dependent
and the rank of A(k) is  I w o . Phys ica l ly , th i s  i m p l i e s  that it is not possible to
determine the slant range of the t a rg e t  and th e  component of the relative velocity
VR = VT - V0 along the line of sight. For thc ’ case where the single moving
observer is t r ave l ing  at constant v e l o c i t y  and 1$ l i t  ~ 0 , the rank of A(k ) can
he shown to be th ree .  To d e t e r m i n e  that the  m a t r i x  ,- \ ( k )  does not achieve full
rank pr ior  to d)b Server maneuvers , n o t e -  f r o m  equa t ions  1 1 2 )  and (13 that in
the noise-free cas e ’

i I ) 1 ~ )\ 
~

1l: I ~0 J ,  (A -5 )

where the behavior of the i’c I a t i  (0’ 1:1 r’ g( ’ t  ~ t I t  I - I I  I l - i -a an t  00cc’  rvcr  ~‘e i oc i t \ ) is
def ined i)\’

- ‘ x 1~(k+ 1)  L -- I , k t x ~ k . ( A - I ; )

By comparing equations (, -\— d t  and i A — I ;  I I t  U e qu a t h  ns  ( i t t  and ( 2 ) 0 , one
tains an equation that is s i m i l a r ’  to  e q u a t ion  (111 ;  t h a t  is ,

_-\ ) k x  R h P~I , ( , - \ — 7 )

or

.- \ ‘ )k -\ ( k I x 1
( k )  l U .

It is (‘lear that in o r der  f~i r ’  e q u a t i o n  ( , - \— ~- l  I I ’  l~~- s : r t i s f i i , ’ - l , e i t h e r  the  t r i v i a l
solution x u (k )  — I I

~ is u n i q u e  o r  ,\ k I  is II  1 I f  fu l l  - ( I l L , in wh i ( ’h  case n on—
t r iv i a l  so l u t i o n s  ‘~~0~t II  i ’~~j ’ t ~ I I . o , e ’ t ’r . Ir - oni  i ’ 1 u I i i 1 I f l  ) 5 )  101 ’ has

V t ’ ( I  I )

R i o  ta n 1 ~ - r  0)
vi v

t ;in~ t sin 8 lI )~~ 
~~~~~~~~~~~ 

R ( 0 ) ~ , t A - h )

and it  ~S I h or  I I I r I  :t n i - _ 1 1 : I i ’ I t : : I I  I .  i’ f : I m i ! (  I I I  ~I l T l l 1 I o n s , se:i i eei by 1’~~( 0 l ,
e x i s t s , t h i s  c I I I I : I I I  fl is 1 I I I L — t l ’ : i t e I l in  IIgl,i ’’ I -  \ — 1 .  (‘ oncl - qtII ’n h l \ , th~ - rank of
the m : r t r l \  ,-\ ‘ ( k I \ l k )  15 ti l t  l - ~ ; ’ i : I I I l l  fo u r’ , l i i i ft sy st em  is f l I ~ I Ih se r ’\ : t l l l e

d u r i n _ t  t h e  fi r - st  p h i ’ -o’ ( U - g I  I t  t b -  I I I  I I I  ) - g - - — I I n i v  mo t i o n  : r n a l - c i s  p r o b l e m .  I ’ l l ’
th e  s’, —i t e r r )  t o  Ii - ( i l l  - IL - _ i  I - I l l ,  - , an :ui i l i t  i n a l  I m i  ‘ :i i i  v nI le ’ j  o n  I _ n t measu re—
ment is r ( ’ qu i r ’ I ’ I i ; t h i s  i s  I o ’ : I I i / I ’ I  h~’ :~ I ’ l l - I n _ p  fl l i i i ’  V i ’ I I l I j t \  I f  t h e ’  I l ) I s e r ’ \ ’ ( ’ t’
( i .  t ’ . , by an o h - i t ’ r -  i - i ’  r l l a n i ’ I i \

— 2
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APPEND IX B
MATR IX INVERSION IDENTITIE S

Given the n x n positive ( le f i f l i t e  matr ix  P , the m x n matr ix  A , and
the m x m posit ive definite matr ix  R , then

PA’ F R ,-\PA ’r ’ - P-i + A ’ I~~’A~~
1A’ R 1, (B- i )

and

[I ~~ + A ’R 1AJ P - PA’ FR 4 APA ’]~~ AP . (B-2)

Proof:

‘1. Pr e— and pos t—mul t ip ly  equation ( B — i )  l)v the nonsin~~~lar matr ices

~
p— 1 + A’ R I A ] and U A P ,\ ’],  respectively .

2. Substitute e q u a t i o n  (B— 1) into (B— 2 1 , y i e l d i n g ,

!P
1 

+ - P - [P 1 + AiR _ l A] A’R~~ AP ,

and pre-mult i pl~ b~’ the nonsing~lar matr ix  1P~~ 1 A ’ R 1A I .

13— 1 11—2
i l ( ’ver ’se  Blan k
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A P P E N I ) I X  C

H F ’C i ’i I SI V E  ( ‘OMI ’U’I ’A ’l ’ION 01” THF M I N I M I M N O R M  SOLUTION

Given the s ta te  t ransi t i on m a tr i x

-
~~

- (k± 1 , k) - ~I — K ( k * 1 ) H ( k + i t ] c i ~(k1- i , k) ( C — I )

( I f  the optimal estimato r , the optimal gain matr ix  K(k ) , and the his tory  lI f
measurements Z ( k )  — [z~k) z (k —i ) .  . . z( 1)] ’ , then

~ (k , j ) K( j ) z ( j )  = A ‘ ( k ) Z ( k) , and
j =1 

~~~

ø(k , 0) = [I — iY (k )A(k) )~ ’(k , 0). (C- TI
Proof:

1. Rewrite equation (C-i) in the form

(1- K(k÷l )H (k÷1 ) ]P~k - + 1 1k ) P ’(h-+1~~k)~~~(k +1, k). ( C - 3)

Utilizing the relations

P(k-÷ 1 Jk ÷ ~ ) II — K(k -4 - i ) H(k + l ) ]P (k ÷ l  1k ) ,  (C — 4 )

~~~
1(k +1, k)~ ~~(k , k + l ) ,  (C- Si

and
P ’(k+l 1k )  = cb T (k , k + 1 )P ’(k 1k ) ~~ (k , k- si ) , (C-6)

the optimal state t rans i t ion  m a t r i x  can he expressed as

0 (k+ 1 , k )  = I ) ( k + i 1k + 1I ~~ ’(k , h + i ) P 1( k l k ) ,  (C-7)

or

0 L , j l  i ’ ( k l k ) ~~ ’(j, k )P ’( j !j > , (C- Si

for  all values of ;. Since

- P(j j j ) h 1 ’ ( ( )  rT~~~ , ( ( ‘ - 9)

C~- l

- - -_ -

~ 
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the product ~ (k , j ( K (j 1 is given by

~ (k , j ) K(j ) = I 1k) ~~’(j , k t P 1
(j I i  i~( 1U H ’ ( f l  ~~

- P(k~ k)~~’ (j , k) II’ l U  c~~. (C- 10

Substituting equation ( C — i  01 into the ’ l e f t—hand side of i qua t ion  ((‘ — 2 i  and c - N —
panding y ie lds

(k , j i K ( ~t z ( j )  = P ( kj k )  H ’U ) z ( k )  ~~‘(k- l , k) H’ k- h z ( k- l i

j=i 
~~k

I ~~‘( k — 2 1k t f l ’ (k —2 ~~ ( k — 2 t  ~~~
‘ I , L i i i 1 t / ( 1  I

a k 9

= P(k l~) , \ ’ ( k)Z (k ) .  (‘— 1 1 )

Substitution of equation (h i )  into -uquat ion I C —  I i i  comp le tes the proof.

2 . Setting j = 0 in equation ~C-~~) y ields

~~k , 0) = P(k k)~~’ (0 , k ) P~~ (0 0) .  (C-12)

Since P l (0j 0 )  = ~ ‘(k , 0)P
1 (k Ob~~k , 0), it follow s that

~4k , 0) = P(k k) P 1 ( k - 0)~~(k , 0) 
j

~P(k~k)[P~~ (k~0) + A ’(k )A (k )]  - P(k k) -\ ’(k)A(k )~~~k , 0).
(C- 13)

Substituting equation (55) into equation (C-13) and recognizing that A ’ =

P (kj k)A ’(k)  s’ields

~ k, 0) = [I - A (k )A(k) ~~ (k , 0) . (C-14)

(‘—2 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ - -_ --~~~~ -~~
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A PI ’  [NI) IX I)

S U M M A R Y  OF THE -\l~~ LICA’I’i( ~~~ 01” U H F ’  F ’X ’ I ’F N I ) F i )
NA [MAN F I L T E R  TO ‘t i l l - ’ MO ’i ’l (  IN  ,-\ N , -\ I ,Y SI S  PRO BLEM

A summary of the  app l ica t ion  ( I f  t he  i - ‘~ t t  0 1 1 1 - I l  K a lm an  f i l t e r  to t he  bear ings—
only motion analy sis  l)r ’obiem is p r e s e n t e d  :rs lo l  l w  ~:

State Vector: -

x ( h )  - F r ( k i  r (L i V t k  \ ( L ) ~~’ ( 1 ) — i )
x v x v

Ini t ia l i  t a t i o n :

~ ( 0 :0 t t I ) ) )  SW 
~~~~~ 

~~~~ ~~~~~~~ $m t t h i  \
Ox~~ 

-V 0~, ( k i J ’  (0-2 1

a rx 
0 0 0

o 
2 U 0

P(0 I 0 )  = ~~~~ 
‘ I  

( 1)— ’))
0 0 o-~~~ 0

0 0 0

Predict ion:

~ (k~ i l k I  ~ (k +l , k)~~( k I k )  (0-4)

I ’ i L  l i  h i  ~ (k+1 , k ) P (k  Li ~~‘(k÷ 1 , k) (0- 5)

~ ( k ’  i l k ,  tan~~~ I~~~(h+l 1k) ‘~~~(k + 1 I k i l  (0-6)

1 ‘~r ( l- , l ~ k t  r ( k + i l k )  - -  r~’ (k + 1l k ) ]  ( l ) — 7 1

Mc ’asu r eme ’n t  Mat ‘ i x  L in c :I  r’ i / :r t  ion :

1 1 t h - H  - ,
$ ,~1r’ ~r’ \ , ,  -~~\, ,  I Ax V I x  lv ,,j x k  H

wh ere ’

- cos R t k  1 j k t  ~ t~ i~~~~ ~i) -th

x ( L + - l I \ l L ~ 1 1k

I ) — 1



TR 5260
- ‘I

= -sin $(k - 4 1 j k L - ~~~( k + 1l k )  (0-10)
- 

x ( k # I )  =~~( k+ 1lk )

= 0  (0- 11)
i x

- 

= 0 ( l ) - i2 )

Gain ( ‘I r I ) [ i l i t  ( t  a

K t k ~ I t  P(k+ 1~~k ) H ’( k + 1 ) ( H ( k + 1 ) P ( k + 1 I k ) H ’ ( k + 1 )  a j ’ (0 - 1 3)

I p ta t  t n ~ o f I- sti mate:
A A

~
(k + l 1k + 1 ) = x ( k + l I k ) # K l $ m (k + 1 ) _ $ ( k + 1 I k ) ]  (D — 14)

P( k + l I k + l )  = II- K(k4 flH(k+1 ) ]P(k+l !k)
= P(k-r- l lk ) - P ( k + l I k ) H ’( k + l ) H ( k + l ) P ( k + i j k )

fH(k+1)P (k+1 ]k)H ’(k+ l )  + c 7~~(k4- 1)J” 1 (1 )—i S)

Estimated Target Parameters:

Target Range = ~~5
( k + l 1 k 4 i )  = F (k 4 l ~ k I 1 )  + r 2 (k -~11k ~ i ) l ’ 2 ( 1) - Hi )

Target Course = (
~T ( k 4 1 l k  H tan~~~!V Tx ( k + l j k 4 1 i  \~1 ( k 1  l [ k -  1) 1 f l - 17)

Target Speed = ST (k+1 +i  = IV ~.~
(k + 1 l k + l )  + V~~~( L + 1 1k ~~1( 1 ’ I ) - H t
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