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When Government drawing s , specifications, or o ther data are
used for any purpose other than in connection with a definitely
related Government procurement operation , the United States Govern-
ment thereby incurs no responsiblity nor any obligation whatso-
ever; and the fact that the governmen t may have formulated , fur-
nished , or in any way supplied the spid drawings, specifications,
or other data , is not to be regarded by implication or otherwise
as in any manner licensing the holder or any other person or cor-
poration , or conveying any rights or permission to manufacture ,
use, or sell any patented invention that may in any way be related
thereto.

This report contains the proceedings of the 5th U.S. Air
Force/Federal Republic of Germany Data Exchange Agreement ~~eting
covering many investigations conducted in both the United States
and the Federal Republic of Germany as part of the Data Exchange
Agreement number AF-68-G-7416 entitled “Boundary Layer Effects.”
The meeting was sponsored by the Air Force Flight Dynamics Labor-
atory and was held on 28/29 April 1976 in the Air Force Wright
Aeronautical Laboratories ’ auditorium at Wright-Patterson Air
Force Base, Ohio .

The contribution from the United States was research per-
formed within the Air Force Flight Dynamics Laboratory and other
agencies such as the U.S. Army , U.S. Navy, N.A .S.A ., and various
American Universities.

The contributions from the Federal Republic of Germany were
research program s performed at various DFVLR laboratories such as
those of Gottingen and Porz Wahn . In addition , data was pre-
sented on research carried out at Universities at Karisruhe,
Berlin , and Hamberg as well as various Aircraft O mpanies with
the Federal Republic of Germany were also presented.

The research reported was conducted from June 1975 to April
1976.

This report has been reviewed by the Information Office
(ASD/OIP ) and is releasable to the National Technical Information
Service (NTIS) .  At NTIS it will be available to the general pub-
lic , including forc n nationals.

Requests for this report should be directed to: U.S. De-
partment of Commerce, National Technical Information Services,
Washing ton , D.C. 20230

This technical report has been reviewed and is approved for
publication .

to, 4~ ~ ~~~~~~~~~~~ANThONY W. FIORE ROBERT D. McKELVEY , Col, ~~~~USA? Project Off icer Chief , Aeromechanics D~~jsfo~t
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Germany signed a E~~ta Exchang e Agreement numbered ~F-68-G-74lh entitled
tBoundary Layer Effects. The purpose was to exchange data in the area
of boundary layer research . It includes both experimental and theore-
tical boundary layer research at speeds from subsonic to hypersonic in
the presence of laminar , transitional , and turbulen t boundary layers.
The main effort in recent  years  has been on turbulent boundary laycrs ~~~~~~ ~ —S
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FOREWORD

The 5th U.S. Air Force/Federal Republic of Germany Data Ex-
cha nge Agreemen t Meeting entitled “Boundary Layer Effects” number ed
M.W .D.D.E.A . AF-68-G-7416 was sponsored by the Air Force Flight
Dynamics Laboratory . It was held on 28/29 April 1976 in the Air
Force Wright Aeronautical Laboratories’ Auditorium in Bldg . 450 at
the Wright-Patterson Air Force Base , Ohio . This report contains
the detailed proceeding s of tha t meeting . It contains both theore-
tical and experimental data covering a great variety of topics in
the area of boundary layers. The speed range is from subsonic to
hypersonic Mach numbers. The types of boundary layers were lami-
nar , transi tional , and turbulent; both fully attached and separated .
Some similar problems in the area of hydrodynamics are also in-
cluded .

The experimental research includes investigations of £‘~ gnus
effects at supersonic speeds , high Reynolds numbers boundary
layers , shock-wave boundary layer interaction s at transonic and
hypersonic Mach number , turbulent separated and reattached flows ,
as well as the influence of turbulence levels in the free strain
on the development of boundary layers.

The theoretical work is mainly concerned with computer solu-
tions of the Navier Stokes equations higher order boundary layer
equations , and unsteady boundary layer equations. Also included
are new turbulence models and engineering approximation methods
for the three-dimensional boundary layer case .

One paper was not received in time to appear in these pro-
ceedings. The paper was titled “}{eat Transfer From a J’otating
Dis c” by Dr. Tuncer Cebeci of the Douglas Aircraft Company, Long
Beach. California.

The paper of Dr. Joseph ~~~rvin of th e Ames Research Cen ter ,
N .A .S.A .: ~~ffet Field California was originally presented as an
AGARD paper . The A i r  Force Wi shes to thank NASA for permitting
Dr. ~~rv in ’ s participation in thi s D.E.A . meeting .
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WELCOMING REMARK S

by

Demetrius Zonars
Air Force Flight Dynamics Laboratory

Wr ight-Patterson Air Force Base , Oh io

The Air Force Flight Dynamics Laboratory is most pleased to

host th is DEA meet ing  between the United States and the Federal

Republic of Germany . The Laboratory is delighted with the pro-

gress under this DEA and of ten  times i t  is referred to as the

model Data Exchange Agreement because of its widespread activity

in an area of great importance in aerona~itics. The boundary layer

continues to be a very important di scipline in aerodynamics.

Recen t experi ences of contemporary aircraft , whi le f lying at high

ang les of a t tack , have indicated flow separation which oan lead

to many unexpected r e su l t s .  We have found a i rc ra f t  departure

characteris t ics  to be influenced strong ly by the asymmetrical

shedding of vort ices on the lea si de of a symmetrical shape . This

phenomena causes lateral forces which contribute significantly to

the departure aspects of aircraft at high angle attack . May I

suggest that personnel from both nations examine this particular

phenomena as a part of this Data Exchange Agreement. Solutions

to the asymmetrical loadi ng s would be a significant contribution

to understanding a phenomena which can plague the aircraft and

missile design engineer . This, of course, is only one of many

undertakings in this joint program . Many fine developments have

come about as a result of thi s DEA and we encourage you to continue

this effort with great vigor .

I would like to take this opportunity to welcome you all to

this joint meeting and wish you a very successful symposium .
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INTRODUCTORY RE MA RKS

by

K. ii. Gronau
Bundesminis ter iu m der Ver teidigung

Bonn , Germany

As th e represen ta tive of the Ger man ~~.nistry of Defense and

the administrative project officer , I would like to thank Dr.

Zonars on behalf of all the German participan t s for  his war m wor ds

of welcome. This wi ll be the f i f th mee ting held by both the Ger-

man and united States scientists under this Data Exchange Ag ree-

men t. It will be the first time a D.E.A . mee ting has taken p lace

a t Wri gh t-Patterson Air Force Base. For eight years now we have

exchanged data in thi s particular field of science arid I think it

is safe to say that the D.E.A . has been very good for both our

countries and both our scientists.

The proceedings of our last meeting , which took p lace in

Gottingen in June 1975 have been published and sent to all those

that arc active participants in this D.E.A . The most importan t

six tasks to be considered -in the future have been outlined in

tha t repo r t by Professo r Wal tz , who i s the German technical pro-

jec t of f i ce r  of the D ,E.A.

As the spokesman of the German delegation , I should like ver y

much to thank Dr. Fiore and Dr. Harvey for the extensive prepara-

tion s for this meeting. The present agenda indicates that the

meeting should be f r u i t f u l  to everyone invo lved .

I hope tha t thi s two-day meeting will impart  to all partici-

pan ts new ideas and orientations for current work through the

presentations and discussions. In addition , I hope it will deepen

existing persona l contacts  and occasion new ones .
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INTR ODUCTORY COMWNTS

by

Al f r ed Wa lz
Technai~~cne iJn i v e r s i t a t  Ka r - ls ruhe

Karisruhe , Germany

I would  like to add my comments to tho se of Dr .  0 . Zonars  and
D r .  K.  Gro nau by emphasizing the  fac t  tha t in the case of ac tua l

l i f t ing body des igns the complex three dimensional flow pheno mena
encountered  in f l i g h t  can not be described either by potential
f low theory or the boundary layer equa t ions  a lone .  I n t e r a c t i n g

separa ted flow fields which involve both the non-viscous outer

reg ion and the boundary laye r appear to be the primary area of

presen t interest for most D.E.A . activities. The tool to attack

this problem and to bring together diverging results is without

doubt the “Navier-Stokes Physics .”

Details of the research accomplished under this D.E.A . wil l

be used to determine the present state of the ar t so tha t new

approaches to this problem can be defined and new work can then

be ini tia ted under the new D .E.A .
The presen t n~~eting will surely offer an opportunity to

define the program achieved since the past year ’s meeting in

Got tingen as well as the program for future activi ties.
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THEORETICA L INVESTIGATION S OF ThE THREE-DIMENSIONA L
TUR~~J LEN T BOU NDARY LA YER ON SWEP T WINGS

by

J . C .  R o t t a , G . R .  Schneider

D e u t s c h e  F o r s c h u n g s -  und Versuchsans ta lt
f u r  L u f t -  und Ra u m f a h r t  E .V .

Aerodynamische Versuchsanstalt Gottingen
D-3400 Gottingen , Bunsenstrasse 10, W-Gerrnany

Abstra ct

The three-dimensiona l turbulent boundary layer on an infinite

swept wing is used as a test vehicle to study four different tur-

bulence models. The differential equations are solved by finite

difference procedures. The results are compared with the wind

tunnel measurements on an infinite swept wing model.
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List o1• Symbols

C1. local skin fric tion coef f i c i e n t , Cf 2(r/P) /u
2

0
C static pressure coefficien t , C = 1 - (u /u
p p r ref

F kinetic energy of turbulen t fluctuations (per unit
of ma ss

F dimensionless  correc t ion f u n c t i o n

H shape parame ter in the streamline coordi na te system ,
6

H 1/~~~~f(1 - u / u ) dy

‘ ‘  corrected mixing leng th , ( = FL

Zmix mixing leng th , ~/r/p/ (~~~/~ y)

L length  scale

N r a t io  of eddy viscosit ies w i t h  respect to direct ion
normal and para le l  to local s t reamline

s , n r ec tangula r  coordinates (s paral lel  to local mean
streamline )

T5~~T~ m u l t i p l y i n g  f u n c t i o n s  for  nonisotropic eddy v iscos i ty

U , V , W mean velocity components (in x,y,z-direction )

u ’ , v ’ ,w ’ components of tu rbulen t  veloci ty  fluctuation s

U v e l o c i t y  of undis turbed  flow

x ,y,z system of rectangular physical coordinates (z parallel
to leading edge of wing , y normal to surface )

a angle between the u -di rection and the x -axi s ,
a=  arcs in(w/ur ) r

sweep ang le of the leadi ng edge

crossflow ang le , f 3 a  _ ae

6 boundary layer thickness (where U / U  0.995 )

( scalar eddy viscosity
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5. /K v .  Karman c on s t a n t

momentum thickness parameter in the streamline coordi -.I 
n a t e  sys tem ,

- u /u )u  /u dyii j  S re S re0

v kinemat ic  Viscosi ty

P den si ty

r , r components of shea r stressX 2

r resultant shear stress

angle of mean velocity gradien t

ang le of resilitant shear stress

Sub scripts

e outer  edge of boundary layer
r r e su l tan t value

re resul tant value at outer edge of boundary layer
s paral lel  to the direct ion of u (external  stream-reline )

w wall

x x-direc tj on

z-dir ection

13

_an• —-
---5-— --



1. In t roduc t ion

W i t h  the  computat ion of three-dimensional  turbulen t boundary

l a y e r s  on bodies at incidence or on swept and yawing wing s, one

is confronted with a two-fold problem . The one results from the

poor knowledge on turbulent flows and is to choose a proper tur-

bulence mo del , which is capable of describing the three-dimen-

siona l boundary layers correctly. On the other hand , it is sus-

pected that the execution time for numerical solutions and the

storage requirements are orders of magnitude greater than for two -

dimensional flow and also fo r  three-dimensional  laminar b o u n d a r y

layers .  In order to a r r ive  at  u se fu l  solutions in pract ice , a

compromise is necessary, where simplified turbulence models will

be p r e f e r r e d  at the expense of accuracy .

A t the Euromech Colloquium N o .  60 , which was held at Trondheim ,

No rway ,  in Apri l , 1975 o~i the subject “Three-Dimensional Turbu-

lent Boundary Layers  in External  Flows” , a sys temat ic  comparison

was made of the performance of available calculation methods [i] .

This was achieved by selecting test  cases prior to the meeting

and inviting the origina tors of variou s calculation methods to

compute the test  f lows , re fer red  to as “Trondheirn Tr ials” . The

resul ts were compiled and discussed by L.F. EAST [2]

It  appeared desirable to us  to test  f u r t h e r  turbulence  models  and

to make more detai led comparisons. The present i nves t iga t ions

are concerned w i t h  three-dimensional tu rbu l en t  boundary layer ca l-

cu la t ions  on an i n f i n it e  swept wing in incompressible flow , where

four differen t turbulence models were used . The work is not yet

comp leted , such that  only prel iminary r e su l t s  can be presented .

2. The Equations of P.~~an ~tition

The equations of mean motion for  the boundary layer on an i n f i n i t e

swept wing are shown on Fig. 1. A Cartesian coor dinate system is

in t rodu ced , in which the 2-axi s is parallel to the leadi ng edg e

of the wing and the y-axi s is perpendicular to the surface . The

flow quanti ties are assumed to be constant in z-direction. We

14
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have the momentum equations for x- arid z-direction and the con-

tinuity equation . In the idealized case of an infinite swept

wing with irrotational free flow outside the boundary layer , the

velocity component in z-direction , w , is independent of x and

z . In a wind tunnel , however , the conditions of the i n f i n i t e

swep t wing can be approximated with more or less accuracy only.

In par ticular , with the experiment made at the National Aerospace

Laboratory of the Netherlands ( NLF ) 3 , the measurements  indicate

a slight variation of W wi th x. This means actually that the

outer flow is either not completely irrotational or not indepen-

dent of the z-coordinate. For this reason , the  term Ue
dW
e
/dX

is included in the second momentum equation .

3. The Turbulence Models

3.1 Survey

A survey of the four turbulence models , which have been included

in the inves t iga t ions, is g iven in F1g. 2. The de tai ls  of the

models  wil l  be described sub sequen t ly .  The f i r s t  column of the

table  gives a brief symbol , by which the models are distinguished

in the graph s to be shown later . The first model uses Prandtl’s

mixing length formula , extended to 3-D boundary layers. As an al-

ternative to this , the mixing length formula is applied in combi-

nation with a generalized eddy viscosity concept , such that dif-

ferent values for the eddy viscosity are used with respect to the

shear stresses in streamline and cross flow direction. The third

mo del is based on the par t ia l  different ia l  equation for the kinetic

energ y of turbulent  f luc tua t ions. The turbulent  shear stresses

are determined from Prandtl’s relations . With the fourth model

three par t ia l  d i f fe ren t ia l  equa tions are used , namely for  the

kinetic turbulence energ y and the two turbulent  shear stresses.

3.2 The Mixing Leng th Fo rmula (Model ML)

The mi xi ng length mo del has been described by G . R .  SCHNEIDER 4

already at the previous DEA Meeting in Gotting en , 1975 and calcu-

lated r e s u l t s  h ave been di scussed . The detailed assumptions are

15
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compiled in Fig. 3. The two shear s t r e s s  components are calculated

with a scalar eddy viscosity, ~~, wh ich  is determined f rom the

mi xing l en g t h  fo rmula .  Michels model is used for the mixing

length , which consists of a length , L , which is represen ted by

a hyperbolic tangent function . ~
( is the von Karman constant of

the logarithmic law of the wall and L
e 

is the value of L a t

the edge of the boundary layer . A multiplying correction function

F is introduced to take in to  accoun t the ef fec ts of the viscous

sublayer . v i s  the kinematic  v i scos i ty .

3.3. The Generalized Eddy Viscosity (Model MLGJ

With the mixing leng th model just described , the vector of the

resultan t turbulent shear stress has the same direction as the

resul tant of the mean velocity derivative with respect to the y-

coordinate. Experiments indicate , how ever , tha t the two vec to rs

may have d i f f e r e n t  d i rect ions .  This points to a reduced eddy vis-

cosity in cross flow direction. Calculations with a reduced eddy

viscosi ty perpendicular to the direction of the external stream-

line were presented by T.K. FANI-4EL~P and D.A . HUMPHREYS [5].

With the generalized eddy viscosity concep t of the model MW , the

eddy viscosity is presented as a second rank tensor in planes

y const with its principle axes in direction of local mean

streamline and normal to i t , Fig. 4. The coordinates of the edd y

v i scos i ty  tensor are determined from the scalar eddy viscosity by

multiplication with dimensionless factors T8 (=1) and T(0.4).

With respect to the shear stresses in the cartesian xz-coordi-

na te  system , the relationships shown on Fig . 4 are derived. The

Fannel~ p-Humphrey calculations are a special case to the MW-
model .

In the special case of isotropic eddy viscosity, characterized

by T
~ 

= 1 and T
b 

= 1, the mode l MW reduces to the model ML.

3.4. The Kinetic Turbulent Energy Equation and Prandtl’s Shear
Stress Relation (Model EP)

The two remaining mo dels both use the partial differential equation
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for the kinetic energy of velocity fluctuations [6, 7], which is

given on ~~çJ. 5. E denots the kinetic fluctuation energy per

uni t of mass , L is a characteristic length scale . The equation

has terms for turbulent production due to the work done by the

mean r a t e  of s tr ain , dissipation of kinetic energy due to vis-

cosity, convection of energy by the mean velocities , and diffu-

sion due to turbulent mixing . iWo empirical coefficients , c

and kq~ 
appear in the equation , for which the values 0.165 and

0.6, respectively, have been used.

The shear stresses of the model EP are calculated from the

energy, E, and length scale , L, by relationships which were

proposed by PRAND Th in 1945. k is another coefficient, which is

related to the coefficient c by k c
h/3

. The model represents

a high Reynolds number approximation , and the contribution to the

shear stresses due to the molecular viscosity are completely ne-

glected. This means the mode], does not describe the flow within

the viscous sublayer. For the length scale L the same distri-

bution is assumed as for the function L of the mixing length .

A partial differential equation for L has been used neither
with the model EP nor with the model ET.

3.5. The Shear Stress Transport Equation (Model ETj

The model ET differs from the model EP in that Prandtl’s rela-

tionships of the shear stresses are replaced by par tial differen-

tial equa tions , the so called shear stress transport equations

[6,8], Fig. 6. Each of the equations has four terms of different

physical meaning . These is production due to interaction of mean

rate of strain with the turbulent motion , there is destruction of

turbulent shear stress due to the tendency of the turbulence to

isotropic distribution of velocity fluctuations , there is convec-

tion by mean motion, and finally there is diffusion due to tur-
bulent mixing . Three empirical coefficients occur in addition to

those which appeared already in the energy equation. a~, = 0.2

and k 0.6 are chosen and k is related to a and c.
q pr p

The length scale , L, is the same as in the energy equation.
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Like the model EP, this model ET does also not apply to the

viscous sublayer .

3.6. Relations between the Turbulence Models

The turbulence model s, excep t for the model wi th the generalized

eddy viscosity concep t (Model MW), present a family of models,

which can be derived one from the other . In order to show this ,

le t us  star t wi th the mo st comp lica ted model , the one which in-

cludes partial differential equation s for turbulent kinetic en-

ergy and turbulent shear stresses (Model ET), Fig. 7. If the

convection and turbulent diffusion terms are neg lected in the

transport equations for the shear stresses , the shear  stress

equa tions reduce to Prand tl ’ s rela tions. Consequently, the

model EP. which uses only a partial differential equation for

the turbulent kinetic energy is obtained . If then the terms for

convection and turbulent diffusion are neglected in the energy

equation , one arrives at the mixing length formula . Since all

four models are used with the same assumptions for the length

scale , i t is expected tha t the investigations will a i v e detailed

insigh t in to the inf luences of the par ticular fea tures of the

models.

The equa tions are solved numerical ly by a f in i te d i f ference

me thod. Details of the methods are partly described in Reference

[4]

4. Results

We have applied the calculations several of the Trondheim Trials.

At thi s presentation we will report only on comparisons with van

den BERG and EL.SEMA.AR ’s swept wing experimen t [3], which was de-

noted as case Bl at the Trondheim Conference . On a wind tunnel

model measurements have been made in the incompressible turbulent

boundary layer under  i n f i n i t e  swept wing cond i t ions .  In the

model a pressure gradient is induced on a 350 
yawed flat plate by

mean s of a suitably shaped body near the plate. The boundary
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layer tha t develops on the surface of the flat plate starts off

as a constan t pressure two-dimensional boundary layer and changes

slowly into a three -dimensiona l boundary layer leading to a three -

dimensional separa tion close to the trailing edge. Extensive

measurements have been carried out , including mean velocity pro-

f i l e s , flow angles , local skin friction coefficient and Reynolds

stresses [9]

Fig. 8 gives the pressure coefficient as mea.ured along the cen-

tre line of the model . The pressu res as deduced from the mea-

sured dynamic head at the boundary layer edge deviate from the

measured wall pressures near the separation line . The calcula-

tion s are based on the approximation by a polynomial of degree

5 to the pressures deduced from the dynamic head measurements.

The flow ang les at the edge of the boundary layer is seen from

Fig . 9. The flow angles calculated from the assumptions of in-

fini te swept wing are smaller for both pressure distributions

than the measured angles. If one calculates the veloci ty, W ,

from the measured flow ang le , one obtains a W slightly increas-

ing in downstream direction . As already mentioned , this mean s

that the idealized conditions of an infinite swept wing are not

exactly met with the experiment . The polynomial approximation of

degree 5 to the measured flow angles is used as input for the

calcula tions in addition to the pressure distribution deduced

f rom the dynamic head . W i t h  these data , t he  r e s u l t s  of any cal-

culation method comes closer to the experiments than with the

assumption denoted by number 1 and 2.

In the following f igures , the development of four characteristic

parameters of the boundary layer will be shown .

The comparison of the calculated thickness of momentum loss in

the direct ion of the external  s t reamlines  w i t h  the experimen t of

Reference 3 is presented on Fig. 10. Up to a value of x - l.Om
the resu l t s  of all  four  models agree well with the test data .

Farhter  downstream the agreement deteriorates.

More pronounced differences are ob served wi th the ang le between
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the Wall streamline and the streamline at the edge of boundary

layer , 11 , as shown in Fig . 11 . None of the models give satis-

factory agreement with the experimental data. The models ML,

EP , and El show fair agreemen t up to x l.Om . But none of these

th ree  mode l s  p r ed ic t  separa t ion  of the  f l o w , whereas  the experi-

ment shows separation at x = 1.31 m . However , the mode ls EP an d

E r  give g r e a t e r  at the l arge va lues  of x and are thus  closer

to the experimental data.

The model M L Gw i t h  the  nonis t ropic  eddy vi scosi ty  (L = o . 4 )  di s-

plays an unexpected behavior wi th respect to the angle f~
. For

smal l  val ues of x , 1~ develops to negative values and rises

steeply downstream . It predicts separation at x l.23m . The

overall agreement is not satisfactory . The model can not be

recommended in its present form .

The ra tio of displacement thickness to momentum thickness with

respec t to s treamline di rec tion , deno ted as shape param eter , 1-!

is a characteristic of the velocity profiles , which is known to

be very sensitive to variation s in the calculation methods.

Fig. 12 presents the comparison with the experiment . There is a

minor discrepancy of the initial values for the mixing length

models and the models using the energy equation . This discrep-

ancy , however , does not affect the comparison . For values

x l .Om . th~ four models predict values of H, lower than the

e x p e r i men t a l  values . The mixi ng length model ML gives the low-

est  v a l u e s . The models EP and ET come gradual ly closer to the

experiment. The model with the generalized eddy visco sity gives

poor agreement with the experiment at lower values of x.

The c a l c u l a t e d  va lues  of the local skin f r i c t i o n  coeff ic ient,

given in ~~~~ 1’3, closely agree for the methods ML, EP , and ET ,
wh~ r- as the model MW yields lower values. The calculated re-

sults follow the trend of the test data in general , but are too
low for sma ll values of x and too high farther downstream .

F u r t h e r  d e t a i l s  of the calculated results as compared with the

exper imenta l  da ta  of A . ELSENAA R and S .H.  B0ELSMP~ [o] are
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preseflte (1 in the  f o l l o w i n g  f i gu re s . Fi g. 14 g ives t h e  ang le b~-

tween local mean velocity and velocity at the edge of b o u n dar y

l.”~ver . 13 , the angle of mean v e l o c i t y  g r ad i en t , 
~ grac1

’ and the

ang le of Reynolds  shear  s t r e s s , 
~~~~ 

, v e r su’- the distance from

t he  s u r f a c e , y , for the test station 4 (x 0 . 7 9 5 m) .  The cal-

cu la t ed  r e s u l t s  of onl y the  me thods  MW and ET are p l o t t e d .

For the  mode l ML and EP the angles 
~grad 

and ~~ have the same

va lues  due to the physical assumptions. For the model ET, the

angles  /3 and 
~ rad agree wel l  w i t h  the exper iment .  The ang le

~~ r d i f fe r s  from ç~ , but the iifference between the two
grad

ang les is  considerably underestimated as compared with the ex-

perimen t. The agreement for the model MLG is poor. At the first

p lace , there is the unexpected behavior tha t the flow angle I~
ha s a maximum value at y=2 .6mm ,whereas the experimen t shows the

maximum of (3 at the  sur face . The condition d/ 3 /dy O causes

the vector of mean velocity gradient and shear stress to assume

the  same d i r e c t i o n  as the mean v e l o c i t y .  The re fo re, the  three

curves  cross a t  the maximum of 13 . The ang les 
~grad  and P~

as ca lcula t ed w i t h  t h i s  model have also maximum values away from

the s u r f a c e .

The same ang les as in Fig .  14 are plotted for station 7 (x 1.095m)

in Fig. 15. For the model with generalized eddy viscosity the

maximum of occurs now at the surface , in ag reement w i t h  the

e x p e r i m e n t .  For both models , ET and MW , (1 is smaller than
the measured values , but the model ET comes clo ser to the ex-

periment. The model ET agree also better with the experimen t

wi th respect to the angle 
~grad 

The difference between 
~
P r

and 
~grad 

is, however , again underestimated by the model ET

and overest imated by the model MW. The fact that the differ-

ence between 
~grad 

and “P r as predicted by the model ET is

entirely due to history effects , suggests that , in a real flow ,

effect other than history effects may be responsible too for the
experimen ta l ly  observed differences between 

~g rad and 
~~~~

.

The mixing length ration , ~~~~~~ , recalculated from the result-

ing shear  s t r e s s  and the resulting mean veloci ty gradient , is

21 

—. —,—- -- - -  - -   - 
_ _ __ i -

~~- ~~~
_ TmT~~~r



p lu t t ed versus t h ~’ dimension] ess d i s t a n ce  f rom the  ~ u r 1  ace N r 1 he

models  Mif. and 1~T in Fig. l b .  This l en g t h  is n o t  i d e n t i c a l

w i t h  t h e  l e n g t h  scale  L . E s p ec ia l ly .  he mi xi ng lenc t h  accord-

m a  to the model ET is c o n s ider a b l y lower t han  L , due to th e

c o n v e c t i ve  and d i f f u s i v e  e f f ec t s  in t he  p a r t  ial d if f e r e n t i a l  equa-

t i n s , b u t  i t  is h igher  than  th e  mix ing  len g t h  deduced f r o m  t h e

e x p e r i men t .

In Fig. 17 t h e  r a t i o

N t a r i ( c~~~
- R )

— 
t a n (  

~ g rad  -(3)

wh ich  corresponds  to the  r a t i o  of the  eddy v i s c o si t i e s  in t h e

t r a n s v e r s e  and s t r e a m l i n e  d i r e ct i o n , is p l o t t e d  versus  the  dimen-

sionless distance from the surface . Outside the viscous sublayer

t he  r a t ie  N = 0.4 by supposition of the value T = 0.4 lor the

model MW . For the  mode l ET the  r a t io  N is g r ea t e r  than

u n i t y  clos’~’r to t h e  s u r f a c e  and drops  to about  0 . 9  in the  ou ter

p a r t  of the boundary layer . The experimental values are , on the

ave rage , 0 .5 a t  s t a t i o n  4 and 0 .7 at  s t a t i o n  7 .

Sume t e s t  c a l c u l a t i o n s  were  carr ied o u t  in order  to  i n v est i g a t e

t h e  e f f e c t  of t h e  m a g n i t u d e  of the  l e n g t h  scale , L / ~S , on the

r e s u l t s .  The two mos t  s e n s i t i v e  q u a n t i t i e s, name l y t he  w a l l

‘- t r c ’ am l i n e  ang le 13 . and t h e  s t r e anw i s e  shape p ar a m e t e r . II

are  p l o t t e d  in Fi g. 18 and 19. L /~ is va r i ed  between 0 .075

and 0. 085 . R e s u l t s  are p r e s e n t e d  for  the  mixing l e n g t h  mode

ML ( i s o t r o n i c  edd y v i s c o s i t y )  and the  model ET.  The p r e d i c t i o ns

come clo ser to the  m e a s u r e m e n t s , if a smalle r v a l u e  of L /~S is
C

chosen .  W i t h  L / ~ = 0 .075 the  model FT p r e d i c t s  s epa ra t i on

a t  x~~~1 . l O m

5. Conclusions

The comparative applica tion of several turbulence models to the

infinite Swep t wing turbulent boundary layer reveals interesting

facts. With respect to relevan t boundary layer parameters , the

pr(-(li (-ted values agree with the experimen t at  leas t  f o r  a par t of
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t he  f low . If the  reg ion of separa t ion is  approached none of the

models gives satisfactory results. The short comings are brought

to light even more, if some further details of the boundary layer

are considered. But the comparisons i n d i c a t e  tha t a model  based

on p a r t i a l  d i f f e r e n t i a l  equa t iond  h a s  g r e at e r  c a p a b i l i t y  of co r-

r e c t l y  p r ed i c t i ng  the d e t a i l s  of the -f low , a l t ho ug h to a g re a t e r

expense .  There  is room for  m o d i f i c at i o n s of the mode l s .  In par-

t i c u l a r , v a r i a t i o n s  in the  l e n g t h  scale as sumpt ions  have s t rong

e f f e c t s  on the  r e s u l t s .  M o d i f i c a t i o ns of the models make no

sense , un l e s s  there  is evidence t h a t  the  agreement  w i t h  experi-

ments  is improved for many flow cases . ‘ Therefore, further com-

par isons are  required , be fo re  f ina l conc lus ions  can be drawn .
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SKFTCtI OF AN ITERATIVE PROCEDURE FOR CALCU LA TING TIlE 3-DIMENSIONAL
F L~~ AROUN D A LIFTI NG BODY AT  REALISTIC RE-NUMBERS I N C I J L I N O
EFF 1~C F~

. 
~F 11 ~RBU I.VNCN .

by

I t r c d  Is ;t 1 z
Techn i~~;il  U n i v e r s i t y  of K a r i s r uhe

K a r i s r u h e , Germany

N u m e r i c a l l y s t a b l e  s o l u t i o n s  of t - d i men si o n a l  s t e a d y - s t a te  NAVI E R-

~TOK[S Flows  p rov ide  i n f o r m a t i o n  and f u n d a m e n t al  iri l c~r a c t  ion ef-

f e c ts  fe tween s e p a r a t e d  and a t t a c h e d  f l o w  regions and t h e  co r re i --

pondir~ pre s su re  d i s t r i b u t i o n  on t h e  solid body s u r f a c e , up t o

r e a J i st i c a ll y  h i g h  R e - N u m b er s  (see the  paper of EL SFIOLZ- l-IAA SE).

Thi s r e s u l t , however , can no t  he r e a l i st i c  in s o f a r  a’. fo r t h i s

h inh  Re-Number  rang e t u rbu l ence  w i l l  occur p r e f e r a b l y  in the  a t  -

t ached  boundary  lay er  ( B . L . )  p a r t  and a lso in  t h e  shea r l a y e r  be-

tween t h e  “Dead W a ter  Body ” and t h e  qu a s i p o t e n t i a l  o u ter  f low .

But  t h e  k l sh o l z - I l a a s e  r r e ss u re  d i s t r i b u t i o n  may be used as a 1

a p p r o x i m a t i o n  f o r  3 -d imens iona l Boundary  Layer c a l c u l a t i o n s  in

t h e  a t t a c h e d  f l o w  region , i n c l u d i n g  t r a n s i t i o n  c r i t e r i a  ( s e e

I I I RSC I J E L’  s pape r )  and know n t u r b u l e n t  Boundary  Layer c a l c u l a t i o n

t e c h nic s .  As a main  r e s u l t , f low sepa ra t i on  w i l l  be s h i f t e d  down

‘~t r e am  aru l t h e  “Dead W a t e r  Body ’ ([) .W . B . )  size and v o l u m e  w i l l  be

decreased . The main shape f e a t u r e s  may be ( l e t er m i n e ( l  in  a n a l o g y

lo GPASUOF ’ s 2 - D .  procedure (B!~f~’g-FB W T-74- t . ERG ) w i t h  t h e  empir i -

c a l l y  justified assumption of constant pressure within thi s D .W .B.

and by r epea ted  use of t h e  ELSIJOLZ-UAASE . NAVIEP-ST O )~~S -p rocedu re .
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Thus , a 2. approximation of the solid body pressure distribution

may be obtained and used for a 2. approximation of the ~-D .K .L .
ca l cu l a t i on . An ups t r eam s h i f t i n g  of the sep a rat i  ~n ou st  be ex-

pected f rom th i s 2 .  i t e r a t i o n , because f o r  a g i ven  ang le of ~ t-

tack , a decrease of the D.W .B. volume and the c~~~responding vor-

tex sys tem wi l l  produce an increase of the c i r c u l a t ion  and of the

p o s i t i v e  pressu re gradien t in f low d i r ec t ion , hence , s h i f t i n g  the

s e p a r a t i o n  down s t ream aga in .  Therefor , convergence of t h i s  i ter -

at i o n  procedure may be expected , if a 3. i terat ion for  the in flu -

ence of thi s v a r i a t i o n  of the D . W .B. and vortex phenomenon on the

s u r f a c e  pressure  d i s t r i b u t i o n  wi l l  be t aken in to  accoun t .

Let me sketch some essent ia l  deta i l s  abou t the sequence of s teps

to be brie in this research program .

For simp l i c i t y,  let me s t a r t  w i t h  the  2-dimensional case , fo r

w h i c h  the  procedure in quest ion is already studied and realized

s u c c e s s f u l ly .

F i r s t , I want  to s t a t e  t h a t  t h e r e-a r e  three kinds of i n t e r a c t i o n

between the o u t e r  quasi-po t en t i a l  f low f i l e d  and viscous e f f e c t s :

1. Boundary layer ( laminar  and t u r b u l e n t  s t a t e ).

d isplacement  e f f e c t , slightiy c i r cu la t ion  decreasing ,

Fig . I .

2 .  D i sp lacemen t  by Flow separa t ion w i t h  s t rong c i r cu lat ion

decreasing e f f e c t , Fig . I I .

3. Flow Separat ion in 3 Dimensions , Disp lacement  i nc lud ing  the

Induction Effects of V o r t e x  Forma t ions a t  small  Aspect

Ratio s. Example: Axi symmetric Lifting Body , Fi g. III.

The numerical calculations for such an iterative procedure are

of course , time-expensive. But presently started simplifications

in the physical and numerical concepts seem to promise an eco-

nomic state for thi s direction of res.~arch .
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F Il! uI- ’i l 1 ( - \ I -\~— I I  ( I S  ON ( ) ‘ lPlr r I N ( ; 6 — I )  ~ [SCOIJ S ~~~~
-\ [ I I 1 ( ; l I  R l t N f l t ) -  N I r I R I  R~—

h
+

I- • L i shol  and i’~. I wise

I. I n t r o d u c t i o n

For many purposes , the flow f i e l d  induced by a v e h i c l e  under
f r e e - f l i gh t  condi t ions  is of great  i n t e r e s t .  The p r i n c i p l e
phenomena are described by p o t e n t i a l  f l ow - and b o u n d a r y - l a y e r -

theory thoug h both of them are v a l i d  only  w i t h i n  r e s t r i c t e d

areas  of the whole  f i e l d .  Moreover , detached f low becomes a

.- ev e re p rob lem .

Comple te  r e s u l t s  of the viscous flow may be ob ta ined  from the

x a v i e r - S t o k e s - e q u a t i o ns .  Though there is much experience of
severa l aut hors , cer t a i n  numerical difficulties arise from the

viscous eq ua t ion s i t s e l f , especial ly when c a l c u l a t i n g  at h igh
Reynolds -numbers .

I I .  Formulat ion of the Problem

The incompressible , l aminar , steay state 3-fl f low past a body
of arbitrary shape is to be calculated z,w 

-

fro m the Navier-Stokes  equations u s i n g

:~:~~~~t: :::rm::ational -_n stre~~~~~irect ofl

domain as indicated. When formulating 
- — 

-
~~~~ y , v

-•-~~ x uequations , all quantities used are non -

dimensional ized b-y the free stream

quantities and a reference length according to the body ’s

geometry . The body is s i tua ted  in” ide  the computational

+) Wissenschaftliche Mitarbeiter bei Prof. Wal z , Emmendingen

d o  Technische Universit~ t B e r l i n
In s t i tu t  fu r  Thern~~-F1I!i ddynamik
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domain and its shape may be gi ven by a certain n umber of

gridpoints  that  have been previously defined to be located

on the body ’ s surface .

I I I .  Basic Equations and Boundary Conditions

E l i m i n a t i n g  the pressure gradients  from the Navier-Stokes-

equations y ie lds  into the vo r t i c i t y - t r anspo r t  equ.s

= V (c~~~~) - Vu~~

= V( c~~~
’) - Vv~~, ( 1

= V (c~~~ ) - Vw~~

w h e r e i n  the ro t a t i ona l  vector i s  def ined  as

= {~~X
; ~Y ; ~~Z

} ~~
X

=W
y

~~V
1

~
z

~ =v -u
x y

(Supe r sc r ip t s  denote the component of a vector , subsc r ipts

indicate partial differentiation with respect to the direction

indica ted. ~ is the Laplacian operator and the V Lagrang ian .)
÷

Combining the c o n t i n u i t y - e q u .  Vc - 0 and the  ro ta t iona l vec tor

gives three more partial differential equations governing the

ve loc i ty  components (see also [1]).

& = - ; A v =~~~~~-~~~~; ~w = ~~~~~-~~~
’ ( 3 )

The e q u a t i o n  for the  pressure coe f f i c i en t  c~ = (p-p,,,)/ p~
4.

( 4 )
p x y z y z  z x  x y  3Re

The las t term on the ri ght should not be neglected but i ndeed

turns out to be important for proper results [2 ] .

4 )

— -- ~ — — r -  ‘
~~~
‘ — —~~~~ i~
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The outer boundry conditions are taken from the free stream

quan t i t i e s  or from symmetry c o n d i t i o n s , r e s p e c t i v e l y .  At the

ou t f low boundary down stream the body , there will be used no

specific B .C. but an extrapolating routine [3].

According to adhesive effects at the surface of the body,

there are addi t iona l  “ inner ” boundary cond i t ions , i . e .  = 0.

IV.  D i f fe rence  Scheme

Some fundamental  problems of d i f f e r e n t i a l  app rox ima t ion  may

be discussed using the model equa t ion

- A . f  + B ~ f = 0  0 < x < l  ( 5 )
x xx — —

B.C .:f(x = 0) = O; f (x = l ) = 1

where in  A ,B are cons tan t (B > 0 ) .

Ax
,~ 

A,
The exact so lu t ion  is f ( x )  = (e B -1)/(e -1)

Assume a constant step-size t~x = x. - x. = const.
i i—i

Then w r i t e  f 1 = f (x . 1)

= f (x 1)

f 3 = f ( x . 4. 1) .

In t roducing  second order centered differencing

_ _ _ _  
2+ 0 (t~x )

f
1

- 2 f
2
+ f 3 2 

(6)

f + O ( i ~x )
xx 2L~x

yields into

- (f 3 - f 1) + ~~~ (f 1 - 2f
2 

+ f 3) + 0 (~ x 2 ) = 0; Q ( 7 )

Now the quantity Q corresponds to hal f of the local “cell”-
Reynolds -number. Direct dolution by a Gauss-algorithm shows
the problem : If I Q I < l , qualitatively correct viscous solutions
are obtained while for IQI>l severe oscillations arise [4].
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v . i ic r ~ t l y e  procedures fa il when IQ I> ! as the  main

d i i f L ) fltI f the n a t  cix system is no longer dominant.

Iost vcr . t~ r s t  o t t l e r  u p w i n d  di f f e re n c i n g  • i c o i d s  bo th  of the

d i i  c - i l  t res . i~eplac i ng the fi rst deri cnt jun streamw i se by

f~ - f
\ > f = _

~L _ ~~~~_~~_ + 0 (Ax)
-\ Ax

f . — 
( 

~

\ K Q :  £ = ~ ~- + 0  A x (x Ax

gives

\ > 0 : -2 ( f , - f ) ~~- (f ~ - :f~ + f~) + 0 (Ax) = 0
— I Q •

., 

(

\ < 1) : -2 (f~ - f ,) + ~~
- ( f

1 
— 2f , ~

- f .) + ()  ( A x )  = 0

This t orunu lation is interestin g also for another reason : a

disturbation si l l  go downstream with the local flow component

which seems to he reasonable from the physical point of v i e w  [2]

t~hen -\ > I) equ . 9 )  leads to

(2 + 
~~

- ;  

~~ 1 
— 2 1 f, + ~~ f + 0 ‘Ax) = (I ( 10 )

) c Con i es obvious ~l iit the m a i n  d i a i ~ot j : i 1  i s  d o m i n a n t  e v en

heii 0 -~~
- 1 .  Fu r ~ h e i n o r e . l e t  0 tend  to i n f i n i ty , the  f o r m u l a

e l v e s t 2 f~~, r~~~i t  is , osc illations do not occur .

)n cc )th (ci hand , t h i s  me thod produces expl i cit artificial

viscosity [51 . From Taylor ’s expansion we get 2 ~1 = -

g Th~~~, t h e  t r u n c a t i o n  erro r changes  the  q u a n t i t y  B in to  B + ~
- AA x.

I ndeed , as o p t i m u m  d i f f e r e n t i a l  app rox ima t ion  should he of

e x t r e m e ly  h i ~~h o rde r .  in v e s t i ca t i ne  t h i s ,  o s c i l l a t i o n s  become

t h e  bas ic  nrob lem an a i n .  Recent  test  c a l c u l a t i o n s  in  order

to e l i m i n a t e  o s c i l l a t i o n s  when so 1vin ~ the model e uu a t i o n  have

shown t h a t  the  approximat ion  should reach the order of some

which  depends on the v a l u e  of 0. So up to the Present

date  t h i s  way of s o l u t i o n  seems to be ra ther  u n r e a l i s ti c .  In

o the r  words , as lone as i t  i s  i mp o s s i b l e  to use e x t r e m e ly  h i g h

orde r aPproximatio n the baSic oroblem of osci h a t  ion cannot

be so lved  d i r e c t ly .

l lowever , an ind i rect s o l u t i o n  becomes p o s s i b l e  f rom i t e r a t i v e

- l a  mp i ng chit rac t en St i C s .  Thus, the pro!) I ciii reduced to con St r’s

i - -I

—5-----. ~~~~
. 

—-——— .-- -.-— --- - ,  - -~~ - - 5 -  —



a - - i  h i  c and con cc r~~en t app ro x i  mat ion  t h a t  a v o i d s  exp i i  c i t  n u m —

‘,‘ r I c i i  \ i —‘Co S 1 t V . h u e  t o  t h i  s a i m , the  pr nc i p 1 e ide a  s

mod i fy  t h e  first der i v ; i  t ive as follows

L - f ~~~~ f~~ - f  f_ - I ’ f~~ - f ,
f = = ~~~ (~~~~~; _ ± +  - 

+ 0 ( ‘ x )  ( I I  )
x 2 A x  2 i ’ x  A x

Re c r i - i ~~ tc) the I oc;I I t’l ow di rect ion , one of t lie Va I ues

n a y  hc t a k e n  t t ’om p r e v i o u s  i t e r a t i o n .

- f’ ‘~~~ —

-\ > 0 f’ = — ~~~~~~~~~ + ]

< ~~ f~ = 

~~ 

+ 

( 12

-\ scheme like this has the  ph y s i c a l  proper ty  l i k e  the f i r s t

i J er  u p w i n d  method d i s c u s s e d  above.  I f  the method converges

f., tends t o  f 7 , and the  second order  centered a p p r o x i m a t i o n  w i l l

be reached i n  the end .  In order to damp down t h e  oscillations ,

s u c c e ss i v e  o v e r / u n d e r - r e l a x a t i o n  becomes n e c e s s a r y . A c c o r d i n g

to h i g h  R e y n o l d s - n u m b e r c a l c u l a t i o n , the  r e l a x a t i o n  f a c tor  ~
nust be l ess  tha n unity (under—relaxation) . Finally, controlI i r i~

w t u r n s  ou t  to be a d e l i c a t e  problem as o s c i l l a t i o n s  o n l y

v i r i i sh when w i:-  kep t  sma l l  enough . This  must be ensured by in

a u t o m a t i c  r o u t i n e  d u r i n g  c a l c u l a t i o n s .

V . Method of S o l u t i o n  for  3—fl  Problem

R e w r i t i n g  e q u . ( 12 )  wi th  respect to the conservative form of

the  v o r t i c i t y - t r a n s p o r t  equ.s  (1) leads to ~i convect ive term l i k e

x ~ 
u~ ~~ 

- 
~~~

2 ~ 2 ~ 2 ~ 2 
- U

1 ~~u > 0 (u~ ~~ 
= A x + A

(13 )

~ 
u3 - u ~~~~ 

_ _ _ _ _ _ _ _ _u < 0  t i x  
+ A x

The corresponding three dimensional approximation results from

superposing the evaluated formulae applied to each of the axis

d i r e c t i o n s . This may be done successively w i t h i n  the program-
sys tem .
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When m i t  i . i l value s c , -‘~, ,  c a re  set  c a l c u l a t i o n s  s t a r t  s o l v i n g

e q u . ( l ) .  R e a c h i n g  some i t e r i t i v e  l i m i t  one may comp ut e equ . ( 3) .
As both  s e ts  of  eq u a t i o n s  are s t r o n g l y  coup l ed t h i s  pr oc edure
mus t  he r epea ted  u n t i l  t he  f i n a l  a c c u r a c y  w i l l  be o b t a i n e d .  Then

t h e  p ressure  e q u . ( 4 )  car he so lved  u s i n g  t h e  c a l c u l a t e d  f l o w  f i e l d

d a t a .
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SOME NEW RESIJLTh ON CA LCU LA TI NG THREE-DIMENSIONA L

VISCOUS FLOWS

by

W . I1aase and E. Elsholz

This paper presents  sonic new results calculated from the three-

dimensional Navier-Stokes-equations on laminar steady state flow .

The f l u i d  may be homogeneous and incompressible .

Assume a body loca ted inside of a 3-D phys ica l ly  rec tangula r  do-

main which should be equivalent with a cartesian coordinate sys-

tem . Udi ng thi s type of domain the quest ion arises , how to real-

ize an arbitrarily shaped body in a cartesian coordinate sys tem .
This problem r e s u l t s  in v a r i a b l e  step sizes in each of the coordi-

na te  d i rec t ions , in order to get the body ’s shape as close to

reality as possible.

There exist three potentialities managing this:

1) Step sizes are generated in such mode that no

gridpoint is loca ted  on the body ’s surface .

2) Step sizes are adjusted in this way that all

gridpoints are located on the surface.

3) ~~ mb inat ion  of me thod 1) and 2).

These facts indeed allow the construction of arbitrarily shaped

bodies in the best manner. On the other hand one important limi-

tation must be observed namely keeping step size ratios of two

neighboring step sii~es wi thin values of U.S an. 2.0 - due to

numerical calculations.

Wjsscnschaftlich ’ Mitarbeitc’r bei Prof . Dr.-Ing . A. Walz ,
h rTini - r l !irwicen , c/o k ’~~h ni sch e  Uni ’v c ’r s i t a t  B er l i n , Ins t i t u t
‘-~rr rherrno - urid Flui ddynamik
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It can be realiz~-d tha t these limits are making further tr~~ubl~-

t - ~ -c a us e  it st~~uld be possible to inser t or remove mesh lines w l o - r e -

ever  i t  is necessary.  While  thi s r e s u l t s  in d ev i a  tions rom the

o r i n i n a l  con tour  ( i f  one t r i es  to use o n l y  method 2 )  we p r o f i t  by

a combinat ion of method 1) and 2). Therefore, in our p re s e n t  imi-

culations all problems of this nature become trivial more or less.

An important - nontrivial - job to do was the alculation of the

pressure distribution by solving the Poisson equation for the

pressure coefficient. There are no numberical stability prob-

lems as mentioned by RIMON/CH~~ G/1/ and other authors. Calcuin-

t ion s had been done usi ng a complete program system for solving

the compressible Navier-Stokes-equations by Mr. tlsholz . The

dashed line in figure la represent the computed rc-’ult by

I~’l~I)N/CHENG who got their pressure cli stribution by integration

along the bocly ’ t- e q u a t o r .  solving t h e  Poisson p r e s su r e  eh u a t i e - t-i

however yields in pressure information within the whole ~-o rn J ota -

tional domain.

Next figure (ib ) deals with the Ilowfi4-ld configuration t i os t  a

si here . The Reynolds number based on t h e  sp h e re  di~~r ’ i i - t e r  is I ~~~

While the upper part of thi s figure shows the photociraph of this

i lowproblc’m made by TANEDA the 1- )w -r part a i v e s  a look a~ our

computed results. Because of symmetry we calcula ‘id oily half i

t h e  sphere  and used 51 times 21 time s 41 nrid points in the x ,

z direction of the computational domain. ~~tke length , seç)ar-

ation point and loca t ion  of the  v o r t e x  i -e n t e r  compare  1 av~~u r ab ly

wi th the e cperiment .

To compute a true three-dimensional flow field t inether with these

famous hut unfortunatel y critica l high Reynolds numbers we l irs t

cal culated flow past a spheroid with an axis ratio of T~:1 under

an ang le of attack of 30 degrees /2/. Calculations turned out to

be numeri o~l1y stable although we had to handle two outflow bound-

aries on the top and on the right han d side of the domain.

Encour~to ed by hese results (and I’roui’ssor Walz) we took the

change to compute the f low f i e l d  pas t  a slender body of revolution

wit h and withou ’ an additional wing which was investigated by

-18
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AFi f-,Cfll ‘
~~~ by  mean~- of a directional probe in the ‘3m w i n ! n n  1

ci  the AVA G~dt  t i ng e n  i c r m an y  of the hFVlP . Because 01 a small

f r p ~~ stream MRch number of about O .t2 we could use our m ica-
;r e - sible proaran system in a perfect way .

The body is shown in Figure 2. It has a total l e ng t h  of 15 dia-

meter s . The nose profile has nearly the same form u~~cd by  AGAPD

Calibration Model B/4/. Span of the airfoil is four times the

body diameter , his thickness has an amount of 2(~~ of the diameter.

For our computations we chose two test cases , a first eri c without

and a second one with this additional airfoil. Morevoi r we used

an angle of attack of 15 degrees and a Reynolds number of 7.5.10
6

based on the length of the slender body of revolulion .

t’ nt rtun atel y we had an extreme lack of time because of computer

tailure , therefore we are very sorry to say that we are not able

ii present plotted results of the body/wing configuration , fur-

thermore the veloci ty plots of Figures 4 and 6~~) may be also

taken as partl y finished articles.

A l l  f i gures from number ‘3 to 6 represent vector plots of the vel-

ocity components normal to the main axis (x-axis) of the body at

a (11 stance of x/r) = 11 and x/D = 13 from the leading edge (0 =
diameter). upper figures (3 and 5) always give a look at the

m easurement /3/ while the lower ones are showing our calculations.

The centers of these trailing vortices do not have exactly the

same locations the measured have . But if the reader considers

again , tha t results are taken f rom the running i t e r a t i o n  compari-

son is not too bad in truth.

“The technique of obtaining numerical solutions of the fluid-

dynamical equations with quantitative accuracy is not trivial .

even w i t h  the  help of a h igh  speed computi ng machine ” (Rimo ri/

Cheng )

- but  i t  denotes a practicable way .

Authors greatfully acknowledge the help of Mr. Egber t
Elsholz who developed the plot program and made it ap-
p licable on an ADAGE computer of the ~~mputer Graphics
Group at the Technische Universit~~t Berl in.
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( i 1 ~ i~’~~f ‘-2-~IB[ i. , ‘I ’URB UL F ’ I BOIJN!JA RY I .  \if W-~

by

II . W . Stock
horn i c - F (2d111l

Friedrichsh~ fcn , Germany

-\ BSTRACT

l’hc I t  c - i ~ t . i  I m e t h o d  proposed hy P. F . Mv r ing  e x t e n d e d  by P . D .

~m i t h~~
1 t o  a d i a b a t i c  c o m p r e s s i b l e  f l o w s  has  been use d for the presen t

!‘urida re I aver cal cu I at Ions. The cu - ii lat ed resu I t s  s-i I I  he compared

it b - I ~ i ii able exper imental W it  a

- I he Li ~ t and  I l o x ey  t e s t  c a s e :  The boundary  flow u long a f l a t

pl :i t c , on wh ivll a circul ar cylinder is mounted vertically.

h . 1 he H a i l  and f l i cL .-n ~ te st case: The b o u n d ar y  layer flow along

the insulated side wall of a supersonic nozzle , w h i c h  ~rociuces

cr (fsssise pressure gradients.

c. The Johnston t v - f t  c a se :  The boundary layer development on a f l a t

p la te , the p otenti al flow is giv en by a two-dimensional perpen-

d i cii1 ~ir l y i m p i n g ing jet.

d . The Berg and I - l senaar t e s t  case: The boundary layer flow along

a ‘;wc-pt f l a t  p l ate with an imposed pressure gradi i..ri t which leads

to separ ation. The experiment tries to simulate flow conditions

on an infinite swept wing.

The method h as  been extended by incorporating the lag entrainment method

p roposed by .1 . F .  h r e en  vi  a l  . The co r re sp o n d i n g  changes  w i l l  be

di— ;cussed . In connect ion with test case d . the sensitivity of the

rn t ho,! t o pe Ft U dv i  t ions in the pot ent I a 1 flow dat a for houndu ry layers

‘ I  
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r c a  r -~epa r:l I ion s i l l  be shown . Fti rt hermo r i t h e  i tnp o rt an ce  of the

t’iU~
) t  t i c i l  c o r r e l a t  on ot t h e  f o r m  p a r a m e t e r s  1l 1

—f l  w i l l  lie d e m o n s t ra t e d

u s i n g  test case d . F i n a l l y bo und a ry l a y e r  c a l c u l a t i o n s  s i l l  he pre-

sent ed fo r  t ranson i c wi tigs where the t inc —dimensional potential flow

d a t , i  we re  o b t a i n e d  h~’ s o l v i n g  t h e  t r a n s o n i  c po ten t i a l  equa t ion  for
s m a l l  p e r t u r b a t i o n s  w i t h  a r e l a x a t i o n  t e c h n i que .  The r e s u l t s  on a

u n i te r e c t a n g u l a r  and a t a p e r e d  w i n g  w i t h  v a r y i n g  sweep of the lead-

in g and tr a i l i n g  ed ge w i l l  h e shown .

I . INTROF)UCTJON

The a i m  of t h e  present  w o r k  is to deve lop  for  c a l c u l a t i n g  c o m p r e s s i b l e ,

tu r b u l e n t boundary  l ayers a prog ram , w h i c h  s h o u l d  serve t o g e t h e r  w i t h

a program for transonic potent ial flow d a t a  in the design procedure

f o r  three-dimensional transonic wings. Via iterative calculations -

p o t e n t i a l  f l o w  and boundary  l ayer  f l o w  - pressure  d i s t r i b u t i o n s  on

w i n g s  i n c l u d i n g  v i sc o u s  e f f e c t s  w i l l  be c al c u l a t e d  for attached flows.

2 .  CALCULATION MET HOD

2 . 1  I n t e g r a l  Method ( D . F .  Myr ing E l )
, P . D .  S m i t h  [2 1 )

The boundary layer calculation is based on the  i n t e g r a l  method developed

by f l . F .  Myr ing~~~~w h i c h  has been ex tended to compressible f lows by P . D .

S m i t h ~~~
1 . Onl y a brief description of the  method w i l l  be g i v e n  here ,

for  d e t a i l ed i n fo rma t ion  see R e f .  1 , 2 .

The i n t e g r a l  e q u a t i o n s  for t h r e e - d i m e n s i o n a l  boundary layers  are

w r i t t e n  in n o n - o r t h o g o n a l  c u r v i l i n e a r  co r rd ina t e s . Only a d i a b a t i c

f l o w s  are cons idered . For the  s o l u t i o n  of the  problem the  x and y

momen tum equations and the entrainment equation are used . The three-

d i m e n s i o n a l  boundary layer  v e l o c i t y  p r o f i l e  is decomposed in a p r o f i l e

in t he  d i r e c t i o n  of the potential flow , X , (streamwise direction)

and orthogonal to X in a profile in  the d i r ec t ion  of the  secondary f low ,

Y , (cross-flow direction). Empirical relation s (Mayer- 14
~ or Johnston-

[5] p r o f i l e s )  a l l o w  the  c a l c u l a t i o n  of the cross-flow profile as a

func t ion  of the streamwise profile. The integral quan tities which

appear in the X , Y c o o r d i n a t e  sys t em , can be evaluated easily from the
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str c-amwxs e and cross-flow profiles. The choice of the nonorthogonal

c u r v i l i n e a r  c o r r d i nat i ’  : iy s t em  x , y ,  in  w h i c h  t h e  bounda ry  l aye r  dev-

e lopment  w i l l  be c a l c u l a t e d , d e t e r m i n e s  t h e  f u n c t i o n a l  r e l a t i o n  be tween

\ . Y and x ,y  The i n t e g r a l q u a n t i t i e s  in the  x ,y  s y s t e m  can he c o m pu t e d

from those i n  t he  X , Y sys tem . For t he  s o l u t i o n  of t he  r e s u l t i n g  s y s t e m

of three par tial differential equations the following emp irical relations

are  used :

- The v e l o c i t y  p r o f i l e  in t he  s t r e a m w i s e  d i r e c t i o n  can be repre-

sen ted by power law profiles

- The Ludwieg-Tillmann equation is used for the calculation of

t he  s k i n  f r i c t i o n

- The i n f l u e n c e s  of c o m p r e s s i b i l i t y  are t a k e n  i n t o  account  by Ecke r t ’ s

re fe rence  t e m p e r a t u r e  concept

- For the  c a l c u l a t i o n  of the  en t r a inmen t  c o e f f i c i e n t  the  f o r m u l a t i o n

of Green ~
61 is  used .

2 . 2  Lag E n t r a i n m e n t  Method (Green et al  )

The lag e n t r a i n m e n t  method of Green et au 31 has been used to  a m e l i o r a t e

the  c a l c u l a t i o n  procedure . The or ig inal  version of Myr ing  uses an

expression , de ve lo ped by [lead , for the en t ra inment  c o e f f i c i e n t  F
which is correlated to the shape parameter 11. This co r r e l a t i on  is based
on measurements  in e q u i l i b r i u m  boundary l aye rs .  P . D .  Smi th  

[2 ]  
has used

an express ion for  F = F(11) as proposed by Green 
161 which  is val id  for

compressible flows . Both Head ’s and Green ’s correlation should be

applied only in the case of equilibrium boundary layers . The lag
e n t r a i n m e n t  method however c a l cu l a t e s  the e n t r a i n m e n t  c o e f f i c i e n t  F

via a d i f f e r e n t i a l  equa t ion , where the change in F is set propor t iona l

to the deviation of the actual boundary layer from that in an equilib-

rium state. Hence Green ’s et al .~~~
1 method should  yield results which

are more reliable.

2 .3  Boundary Condit ions

Myring has shown for the incompressible case that the result ing
three d i f f e ren t i a l  equations are of hyperbolic nature . This situation

is not changed by the in t roduct ion  of compress ib i l i ty .  Hence , the two
outmost characte r i s t ic  direct ions  define the domain of inf luence and
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dependence.  I t  may t he re fo re  be deduced t ha t  boundary  c o n d i t i o n s  are

needed a long bounda r i e s  across which  c h a r a c t e r i s t i c s  are en te r ing  the

reg ion of integration . For the three-dimensional boundary layer  this
is equiv alent to say ing tha t boundary condi t ions are needed along
boundaries across which boundary layer fluid is entering the integra-

tion reg ion . It also follow s that boundary conditions need not to be

s p e c i f i e d  a l o ng boundaries across which fluid is leaving the integration

area .

The ac tual  progr am w i l l  be used for ca l cu l a t ions where no boundary
condi t ions are a v a i l a b l e . h ence , the presen t version is such tha t

errors may be introduced along parts of the boundaries and propagate

alo ng charac ter is t ic l ines  in to the ca l cu l a t ion domain .

3. COMPARISON WITH MEASUREMENTS

3.1 Fa st  and Hoxey ’ s Tes t Case

Ea st and Hoxey [8] measured the boundary layer development in the law

speed reg ime a l o n g  an unswept f l a t p la te on which a cylinder was mounted

vertic a ll y , see Fig. 1. The reg ion up st ream of the separat ion l ine
on one side of the symmetry plane was investigated . For the calculation

ri cartesian coordinate system was used . Fi g, 2 shows the computed
and me asured bounda ry l ayer quantities for different y-stations. The

experimen t indicates separation for x ~
- 1 .0 in the symme t ry p lane , none

of the ca l cu l at ion procedures predic ts th i s  behavior .

3.2 Johnston ’s Test Case

Johns ton [51 inves t igated the three-dimensional boundary laye r in

i n c o m p r e s s i b l e  f low on the roof of a tes t sec t ion in which  a pressure
d i s t r i bu t ion was produced by a je t imp ing ing aga ins t the hack w a l l  of
the test section . The pressure distribution was not measured in sufficient

de ta i l  fo r a bo und ary layer  ca lc u la t ion , such that the external flow
[91 -d a t a  s e t- i obtained from a potential flow calculation for vertically

imp ing ing Jets. For the boundary layer calculation a cartesian coordinate

system was used . The results are shown in Fi g. 4.
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3.3 h a l l  and Dicken ’s Tes t Case

F l a i l  and D i c k e n s 
[10] 

measured the boundary l ayer development a l o n g  t h e

in5 niated side wall of a supersonic nozzle. The measuremen ts were made

al ong three streamlines denoted by A , B , and C , Fig. 5, which also

shows the nozzle geometry and the Mach number distribution along stream-

line B. A nonorthogonal coordinate system was used in the calculation ,

ia which the ~-direction was iden tical to that shown in Fig. 5 and the

x-dir cc tio n followed the indicated streamlines. Fig. 6 shows the

results along streamline B.

The change in s i g n  of the curvature of the streamlines A , B , and C

indicates a change i n  s ign  of the  pressure  g r a d i e n t  in t he  y -d i r e c t i o n .

In  su ch c a s e s  t h e  c r o s s - f l o w  p r o f i l e s  are of t h e  “ c ross -over” type ,

i. e. , the cross-flow velocity changes sign w i t h i n  t h e  boundary l a y e r .

Such profile s can not he represented by a quadratic correlation , such

as Mager or Johnston cross-flow profiles. Nevertheless the computed

r e s u l t s  are in  good agreement with the measurements.

3. 1 Berg and l:lsenaar ’s lest Case

The experimen t of Berg and Elsenaar is of s p e c i a l  impor tance , as

out of the ava ilable measurements of three-dimensional boundary l ayers

this experi m ent simulates the flow conditions on swept wings. Berg and

I lscnaar probed the turbulent boundary layer on a swept flat plate

(33 0 sweep) in incompressible flow . The tunnel wall was formed such

that the adverse pressure gradient was sufficient to separate the

boundary layer. Furthermore , care was taken to achieve infinite swept

wing condi tions by desi gning the contour of the side plates. In Fig. 7

the potential flow data are shown for different interpretations of the

flow quantities. Curve 1 corresponds to the measured quantities U
e 

and

a , curve 2 was evaluated from measured U~ and the infinite swept wing

condi tion and curve 3 was deduced from the wall pressure data and the

infini te swept wing condition . The shaded region indicates the area

where separation was observed in the experiment . The calculations were

perfo rmed in  a nonorthogonal  co r rd ina te  system , where the  x -d i r e c t i o n

was identical with the tunnel axis and the y-direction was parallel to
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the l e a d i n g  edge of the plate. \ll y-der ivatives were identical to

:ero (infini te swept wing concept). Fig. 8 shows the results based

err e x t e r n a l  f l o w  data corresponding to curve 3. Included for com parison

ire the results of a n o t h e r  i n t e g r a l method proposed by Michae l and

Cous t e ix 
l~ -\11 calcula tions do not predict separation .

F i g .  9 and 10 show t h e  r e s u l t s  for M ager-  and .J o h n s t o n-p r o f i l e s  for  t he

different external flow data. Fig. 9 g ives  t h e  r e s u l t s  of t h e  l a g

e n t r a i n m e n t  method u s i n g  Mag er  p r o f i l e s .  For t h e  w a l l  p res su re  da ta

(curve 3) none of the  c a l c u l a t i o n s  p r e d i c t s  s e p a r a t i o n . The r e s u l t s

includ ing lag entrainment lie closer to the results of Michel and
L i ’ ]

C o u s t e i x  , who used a more e l a b o r a t e  in tegral  me thod , Fig . 9. For

the  e x t e r n a l  f low data , corresponding to the  measured va lues  of U
e 

and

(curve  1) ,  t h e  p resen t  c a l c u l a t i o n s  p r ed i c t  separa t ion  for  both

Mager-  and J o h n s t o n - p r o f i l e s , where  the  use of Johns ton  p r o f i l e s  t ends

to i n d i c a t e  s epa ra t i on  too earl y.  The r e s u l t s  in Fi gs .  9 and 10 in
t o t a l  i n d i c a t e  how sens i t ive  the  present  c a l c u l a t i o n  method reacts  on

r e l a t i v e  s ma l l  v a n i a t i o n s  in the  e x t e r n a l  f l o w  f i e l d , i f  t h e  boundary

layer  i s  c lose  to  sepa ra t ion . Fi g .  11 compares t he  c a l c u l a t e d  e n t r a i n -

merit c o e f f i c i e n t  F w i t h  the  measu remen t s  u s i ng  Mager  p r o f i l e s  in t he

o r i g i n a l  ve r s ion  of the P . D. Smith  method and w i t h  the  lag  e n t r a i n m e n t

method i n c l u d e d . As can be seen the  agreement  u s i n g  lag e n t r a i n m e n t

is by fa r  be tt er .

The power law p r o f i l e s  used for  t h e  d e s c r i p t i o n  of t he  v e l o c i t y  d i s t r i b u - -

tion in the boundary layer in the direction of the external flow do not

represent the conditions in a boundary layer which is close to separation .

The momentum loss in t he  f l o w  c lose  to the  w a l l  can not he desc ribed

c o r r e c t l y  for  s t rong  adverse  pressure  gradients. Hence , the r e l a t i o n
between the shape parameters Il l and ñ in the P . D . Smi th method which is

based on power law p r o f i l e s  is be l i eved  to be one of the  m a i n  reasons

for the unsatisfactory results.
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The d o m i n a n t  t e rms  in t h e  e n t r a i n m e n t  equa t ion  for smal l  c ros s f low

e f f e c t s  are

= 

~ 
[F~ h l 1 ~~~~~- - III + 1)  (1 + .2 M~ ) ~2_L 

~

_

~

-

~~~~
} 

i (1)

I t is obvious from equation (1) that the h i - H  correlation governs

t h e  change of the form parameter II.

To d e m o n s t r a t e  t he  i n f l u e n c e  of the  H 1 - I {  c o r r e l a t i o n , three  d i f f e r e n t

c o r r e l a t i o n s  have  been used to  c a l c u l a t e  the  Berg and E l s enaa r  t e s t

case .

l i i  ( 1)  = 2 11/ (11—I )
(2 )

(1) - — (hl-l ) 2 /2

11~ ( 2 )  = 3.15 + l . 7 2/ ( H - l )  - 0 . 0 1  (H - i )
2

ii 
(3)

H (2 )  = - (H - l ) 2 / E l . 7 2  + 0 . 02  ( H - l ) 3 ]

H 1 (3) = [H 1 (l) + H1 (2)1/2

(3) = [~~~ ( I )  + 
~~~ 

(2 ) 1/ 2

The differen t correlations are shown in Fig. 12. Equation (2) iesults

from power law profiles , which can also be used for adiabatic , com-

pres s ib l e  f lows~~
31 . Equation (3) was proposed by Green t31 . Equation

(4) represents the mean value between Equations (2) and i4). Fig. 13

gives the resul ts obtained for Mager profiles and wall pressure data.

I t  is seen cl ea r ly  tha t  a more elaborate correlation for H 1 -iT is needed
in order to obtain more reliable results. A one parameter profile

family like the power law profiles fails to describe a reliable H1-H

rel ationship, possibly a two parameter profile family 
[14 , 15] may

improve the s i tua t ion . Fig .  14 shows the results  for the skin f r ic t ion
coefficient calculated for the different potential flow data using

Mager and Johnston p r o f i l e s , wi th  or without  lag entrainment and using

the different H1-H relationships .
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-l . \ ! . ( I I l A T I ONS uF Tbll~ BOUNDARY i.AYER HLV I.l~ )l’MFNl ON
WI \~~ -~ IN  11W Ii1.ANSON IC FLo W REG IME

- 1 Fin ite Rectangular Isi ng NACA ~ 3AOO ( )

The ;rne ~ sure distribution on t h e  wing  of t h e  w i n g - b o d y c o n f i g u r a t ion ~~~
61

sas  c a l c u l a t e d  with a relaxation method ~~~~~~~~ ~~ for an a n g l e  of attac h

of 2
0 

and a Mach numbe r of 0.9. Fig. 16 shows the pressure distribution

in the w ing section close to the fuselage (wing section 1) close to

the ti p (wing section 9) and in the middle of the Wing (wing section 5).

.1 . 1.1 Initial Condi tions

The bound a ry layer calcula tion was done in a cartesian coordinate system.

i’ime y-st ;it ions correspond to the nine wing sections. As initial condi-

tions laminar boundary layer quantities were used which would exist in

the st agna t ion l i ne  of an unswep t cy l i n d e r , the radi us of wh ich  i S  equal

to the nose radius of the wing. In the vicinity of the stagnation line

t i m e boundary  layer thicknesses do not change. Consequentl y, the calculi -

ti on can he started with the stagnation quantities close to the leading

e d o . Two different calculations were done starting from 0.04% chord

and l~- chord. No difference did show up . Fig. 16 shows the boundary

layer development on the upper surface in the 5th wing section starting

from 1% chord for different initial conditions. The continuous line

gives the resul ts for the initial conditions obtained from the stagna-

tion line quantities on the unswept cylinder; the dashed line shows the

calculations for 10 times and the last curve corresponds to 100 times

these initial conditions. As can be seen , the calculations are rela-

tively insensitive to the perturbat ions in the initial conditions. The

differences decay from 1 ,000% and 10 ,000% at the leading edge to 2% and

15% respectively at the tra i’ing edge .

4.1.2 Results

Fig. 16 shows the pressure distribution and boundary layer quantities

on the upper and lower surface in the wing sections 1 , 5, and 9. The

calculations were started at 1% chord and the initial conditions were

those on the cylinder. The results show qualitatively the expected

behav iour of the boundary l ayer developmen t . In the region of the
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pressure rise on t h e  upper  s u r f a c e  between 5O~ and 60% chord the boundary

l ay e r  grows r a p i d l y ( f 1 , ~~~~~, H) and the skin friction C
1 

decreases . A

simil ar behaviour is seen close to the trailing edge.

4 . 2  Ca ic tilat ions of t h e 1~oundary Layer E)evelopment on a Tapered Wing
w ith b: t ms elage

The p lan  form of the wing is shown in Fig. 19. A nonorthogonal coordinate

sy s t e m  w a s  used , such t h a t  the c a l c u l a t i o n  proceeds a l o n g  percen tage  l i n e s .

The  Mach numbe r  w a s  O. S3S and the ang le of attack 0.5°. The calculation

~~:is cons ide red  as a t e s t  case , to see how t h e  d a t a  t r a n s p o r t  from the

p o t e n t i a l  f l ow  p r o g r a m  and the  automatic generation of the coordinate

s y s t e m  worked o u t .  The p ressure  d i s t r i b u t i o n  shown in  F i g .  17 was

oI)tained with a r a the r  crude grid and the solution was not fully

converged , but good enoug h to make the f i r s t  t r i a l  w i h  the  boundary

l ayer program . As initial conditions the stagnatior. line boundary l a y e r

q u a n t i t i e s  on swept cy l i n d e r s  were used . Fi g . 18 gives an idea of the

displacemen t surface on the upper and lower surface and Fi g . 19 shows
t h e  potential and limiting streamline inclination distribution. The

displacemen t thickness r5~ of the three-dimensional boundary layer can

get negative (see Fi g .  18 in the first wing section) as 6* is calculated

from

~~ (fI~~e
u1~~

*) + 
~~~~ 

( f i(;~~Vi 6~~) = 

~~~ 
(f1 P~U0A 1) + 

~~ 
20~ U~A2) (5)

where f1and f2 are functions of the components of the metric tensor ,

u1 and v 1 arc  the components of U and A 1 , A 2 the displacement thick-

nesses in the x- and y- direction respectively.

5. CONCLUSIONS

Calculating the different test cases an advantage of this method gets

obvious , without a change to the program the boundary layer development

was .alculated in different coordinate systems . The results as compared

w ith measurement s show a satisfactory agreement. The inclusion of the

l ag  e n t r a i n m e n t  method  does improve the p r e d i c t i o n s . I t  is seen that the

p r e s e n t  method is rather stable , i .e., perturbation in the i n i t i a l

c m li t i mus decay rapidl y.
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LIST OF SYI ’IBOL S

C f S k i n  f r i c t i o n  c o e f f i c i e n t
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M Mach numbe r
u V e l o c i t y  component in the  ex t erna l f l o w  d i rec t ion
x , y ,  Coord ina tes

Angle  between the  p r o j e c t i o n  of the e~ terna 1 f low di rect ion
d i r e c t i o n  onto  the  su r f ace  and t h e  chos~”~ x - d i r e c t i o n

II Angle between the projection of the external flow direction
onto the surface and the limiting streamline

Boundary l ayer  t h i c k n e s s

D i s p l a c e m e n t  t h i c k n e s s  of t he  t h r e e - d i m e n s i o n a l  boundary
layer
Displacement thickness corresponding to the velocity profile
in the external flow direction

tm~ , .  Displacement thicknesses defined in the chosen x and y
coordinate system

011 Momentum thickness corresponding to the velocity profile
in the external flow direction

p Density
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x ,y , z Cartesian coordinates where x is in the free
stream velocity direction

V Flow velocity

Y Conical y value normalized wi th respect to x

Normalized y value of plate bow shock location

Z Conical z value normalized with respect to x

o Body f low turning ang le

Body flow turning ang le including viscou s e f f ec ts

O Bow shock ang le

Pre ssure ra tio
P Densi ty
U Shock ang le with respect to spherica l surface

Cross fl ow angle on uni t sphere

Subscri pts

c Cross f l ow componen t

n No rma l componen t

r Radial direction component in spherical system

T Values related to triple poin t

o Component parallel to 0 axis

Component parallel to ~ axis

In troduc tion

In the design of an aerodynamic body subject to hypersonic

flow it is important to understand the nature of the flow field

that will develop around the body~ One of the most important

reasons for understanding the flow is due to its high heating po-

tential , not only in stagnation regions , bu t near flow interfer-

ence regions as well. often in hypersonic flow bow shocks gener-

ated by various portions of a configuration will trigger boundary

layer flow separation. The separated flow , after negotiating the

adverse pressure gradient presented by the shock , will attach it-

self to the surface and cause heating rates at reattachment which

can sometimes exceed those at the leading edge stagnation regions .
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Without adequate knowledge of this three-dimensional separation

and reattachment phenomena and its associated heating capability,

a design may not properly account for the higher heating rates and

subsequent stru tural failure could occur .

One of the more common configurations that cause shock in-

duced boundary layer separation is the axial corner , typically

occurring on a vehicle at such locations as the wing -body , body-

tail or inlet junctions . Strong bow shocks are generated by the

surface impinges on the boundary layer of the second surface im-

posing an adverse pressure gradient on the flow . As a result of

this pressure gradient , multiple separation bubbles can occur

which , in three-dimensional separation , will scavenge off the low

energy flow of the boundary layer . The reattaching flow then con-

sists of high energy air which causes the elevated heating rates

experienced in the reattachment region of the surface .

Because of the bow shock induced separation characteristics

of an axial corner , the corner configuration was selected to gen-

erate the hypersonic flow field studied in this investigation.

To enhance the separation features of the axial corner the bound-

ary layer to be separated was developed on a surface aligned with

the flow to insure that the bow shock of the surface would be

weak and the boundary layer large. The second surface was in-

clined so that the flow would be compressed and a strong bow

shock generated. Thus the axial corner configuration selected

was highly asymmetric , consisting of a wedge and a flat plate.

Data from the asymmetric axial corner , which is presented here ,

was acquired for the purpose of satisfying the following basic

objectives of thi s program: (1) determining the flow field struc-

ture in a high~ asymmetric axial corner , and (2) associating

areas of local elevated heating rates with the accompanying flow

field phenomena .
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~bdel and ~ppara tus

Model and Facility

As indicated in Fig . 1 the shock interference corner flow

model used for this study consists of a flat plate with a 15°

wedge located along its right-hand side . The flat plate is 16 in.

long and 8 in. wide with a sharp , 20
0 
bevel , leading edge. The

surface of the plate aft of the leading edge strip, as shown in

Fig . 2, is a removable instrumented steel insert containing static

pressure ports in 43 locations. A recessed base plate , to which

the insert is secured , provides an access path for the necessary

pressure tubing .

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ I
f’~\\\.

> ~ —. ‘~ I

~c:o~’~- ~~~
x

Fig . 1 O rner Flow £.bdel & 0 0 0 0 0 0 0
Coordinate System . O O O O O O O O 0 . O 0 ~~~~~~ j i
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~~~~~~~

:
2 INCHE S

Fig . 2 [‘late Pressure Instrumentation
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A 6 in. high , 16 in. long wedge shock generator is positioned

on the flat plate at a 15 angle of incidence using two brackets

to ho ld it in place. The leading edge of the wedge is sharp with
0

a 20 bevel.

The plate and wedge assembly were mounted in the ARL 20-inch

Hypersonic wind Tunnel facility with the plate at 0
0 

angle of

attack and the wedge presenting a 15
0 compression surface to the

flow . The 20-inch HWT has an open flow test section with a usable

flow core of about 10 in. in diameter . Support of the model is

provided through a sting mount arrangement which can retract the

model from the flow for tunnel star ting .

Throughout the investigation the flow conditions in the 20-

inch tunnel were held constant. All data were gathered at a Mach
0

number of 12.5 with a total temperature of 1800 R and a total pres-

sure of 1200 psia . The flow was fully laminar with a free stream

Reynolds number of 093 million per foot.

Instrumentation

Data on the flow conditions in the axial corner were gath-

ered in three ways . Static pressure was recorded at 43 locations

on the flat plate , an extensive impact pressure survey was con-

ducted and an oil flow technique was employed to aid in flow

visualization .

The static pressure ports on the plate were connected by

pressure lines , passing through the sting support , to pressure
transducers mounted in the test cabin . Signals from the tr&ns-

ducers were fed from the test cabin to an Ambilog data recording

system where pressures were recorded at one second intervals

throughout each run. Because only 25 transducer channels were

available for any given run , two runs were required to record all

43 static pressures for the given running conditions. To insure

uniform flow conditions two ports from the first run were also

recorded during the second run and compared to see that the same

v&luee were indicated. Before each day of running all the
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transducers were calibrated against a known pressure source and

again checked against the source after the running was complete .

The two-run series was rerun several times to check on the repeat-

ability of the tunnel flow conditions as well as the data acquisi-

tion system .

Impact pressure information was acquired through the use of

a tunnel mounted , computer controlled probe system capable of

movement along all three axes. An extensive survey program was

conducted in whi ch the corner flow structure was probed in three

different y-z planes. For a given x location , a constant y

value was fed to the probe and the z value was stepped in 0.1

increments. The probe traveled 12 in. in the -z direction until

it contacted the wedge surface then returned to its original loca-

tion to complete each run . The average time per run was about 90

seconds . After each run the y location of the probe was in-

creased 0.1 in. and the procedure repeated. In this way the en-

tire flow structure of the corner was mapped with a matrix of im-

pact pressures with a 0.1 in. spacing . Three y-z planes were

mapped , but only the data attained at the last station ,

x = 12.5 in., were used ex tensively in this study due to the in-
creased relative fineness of the matrix at that station with re-

spect to the flow structure .

The probe was constructed of .093 in. I.D. steel tubing

filed to a sharp leading edge. The face of the probe was aligned

approxima tely 7
0 off the free stream direction toward the wedge

surface te keep alignment errors to a minimum . Lag time in the

probe system was accounted for by allowing the probe to “rest” at

the end of each 0.1 in. movement before the pressure was recorded .

A check to see if this was an adequate precaution was carried out

by comp aring data recorded as the probe went  into the corner w i t h

data taken as the probe l e f t  the corner . With th is  metho d , if

the lag time is not properly accounted for , pressure discontiriui-

ties tend to be di splaced in the direction of probe t rave l .  Lag

time problems are easily determined by overlaying data r ecorded

in opposite directions. Mo problems were encountered in this
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test and subsequent data were recorded in only one direction to

minimize running t imes .

To aid in visualizing the flow structure , several  oil flow

runs were made . After some experimentation , it wa s found tha t

discrete oil dots provided the most clearl y defined surface struc-

ture. Flow separation and reattachment lines could be identified

from the flow pattern by observing whether the oil flow lines were

converging or diverging . Convergence was interpreted as a flow

separation region and divergence as a reattachment line .

Discussion of the Inviscid Model

To accomplish the objectives of thi s study , reconstruction

of the asymmetr ic  axial corner flow field , it is useful to first

consider the entirely inviscid case for the 15° wedge-flat plate

corner. For reconstruction purposes it is possible to assume that

the flow is conical in nature , which is to say that the flow

structure grows in a linear manner with x . This assumption was

qualitatively confirmed in the oil flow tests. Fig . 3 depicts the

V SHO(~K CON I fl.OW

P%.AT ( SUA~AC ( - w~ I5~

Fig . 3 Ideal Inviscid Flow

ideal inviscid flow structure in an arbi trary -z plane of the
corner configuration . In the free stream the “cross flow stream-
lines” are directed toward the x-axis of the model. Upon encount-

ering the wedge shock , however , the “streamlines” are adjusted
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such t h a t  the flow is in the d i rec t ion  of the wedge-pla te  inter-

sec t ion  l ine . This  line , toward whi ch all the “cross f low stream-

lines” finally converge , is termed a vortical singularity . In the

immediat ~ ’ v i c in i ty  of the vortical sinciularity the cross flow

~~ch number , M , i~ subsonic so tha t there exists in the flow a
C’

cross I low sonic line where M = 1.
C

Now , if a viscous displacement effect is allowed on the flat

plate so that it appears as a compression surface to the flow , the

resulting jrivisci i structure becomes more realistic. Fig . 4 illus-

trates the new inviscid mcdel which now represents the inviscid

flow structure of a highly asymmetric double wedge axial corner in

which two bow shocks are now present. The plate develops a con-

siderable boundary layer and a weak shock is introduced which shall

be te rmed the plate bow shock. Given a nomina l compression thick-

ness seen by the free stream flow for the  wedg e and the p la te , a

location as well as a strength can be associated with each bow

shock in this  model . Using the location of the shocks, i t is a

simple matter to find a set of coordinates in the cross flow

plane which represent the location of the intersection of the bow

shocks. For convenience the coordinates are represented as ZT
and V

1 
Which are the z and y values normalized with respect to the

x location of the z-y plane of interest.

In conical flow the loca tion of two intersecting shocks ,

(Z
Tt 

~T~~’ 
is sufficient to completely describe the resulting flow

field around the point of intersection . The intersecting bow

shocks in conical flow form a triple point with a third embedded

shock and a slip surface which are detailed in Fig . 4. Is is

th i s  embedded shock which sets up the adverse pressure gradient

causing separa t ion . F low passing throug h the wedge bow shock

w i l l  acquire  a new va lue  of pressure p
4 and cross f low angle 

~~~~~~

.

Due to the characteristics of a slip surface which canno t support

a pressure or flow direction mismatch the values of pressure, p
4

and p
3, 

and flow angle , (1)
4 

and (IJ
3
~ must be identically equal .

An i ter ~~t ion process is required to simultaneously solve the
appropria te  rela t ionsh ips  for  the f low values around the tri ple
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Fig. 4 Inviscid Flow With Viscous Effects

point. The set of equations necessary for this process will be

developed fully in the section on data analysis.

By simul taneously solving the shock relationships for a

triple point, a Gonar-like~~~ solution was found which is repre-

sen ted by the structure of Fig. 4. Examination of the resultant

inviscid model shows tha t the “cross f l ow st r eamlines” ag ain are
direc ted toward the x-axi s in the f ree  stream . As the cross flow

passes through the wedge and plate bow shocks , the “streamlines”

acquire a direction toward two separate singulari ty points. The

f low of the wedg e bow shock realizes a vortical singulari ty in
the inviscj d model , but the flow of the plate bow shock is turned
again by the embedded shock and the “streamlines” are turned to a
new vortical s ingular i ty  deep in the corner . It is thi s inviscid
finger  of high energy cross flow , wi th  a high value of impact
pressure , tha t will be shown to have a significant effect in the
high local heating of the plat e.

Information given in earlier corner flow studies~
2 ’3~ using

symmetric or nearly symmetric corners noted that the bow shocks

of the two surfaces did not intersect directly but formed two

separate triple points joined by a diagonal shock in the corner.
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Each triple point generated an embedded shock which extended

toward the body surface where it caused the flow to separate.

Sli p surfaces which extended toward the corner , were also gener-

ated at the triple points. However , in the highly asymmetric

case modeled above, consisting of the plate at zero angle of at-

tack and the wedge at 15° ang le of attack , only one triple poin t

is found instead of two . The probable reason for this arises from

the previously noted fact that near a vortical singularity the

cross flow Mach number is less than one , such that a sonic line

= 1) exists in the flow . In the symmetric case the sonic

line in the cross flow behind the wedge shock exists inboard of

the shock intersection whereas the shock intersection occurs in-

board of the sonic line for the highly asymmetric case . Since im-

bedded shocks cannot exist in subsonic cross flow , the conditions

for a second triple point cannot be met in the asymmetric corner .

The wedge bow shock , however , is capable of curving near the point

of the bow shock interac tion , neg ating the need for a second
triple point and allowing the corner flow structure to exist with

one triple point. Note that the sonic line , indicated in Fig . 4,

is located well outboard of the triple point. From the above dis-

cussion the wedge bow shock below the sonic line can be expected

to be curved to meet the triple point at the required slope . This

conclusion is supported by data discussed in the following section .

Discussion of Test Data

Fig . 5 summarizes the salient flow features deduced from

the experimental test data of this investigation . The primary

inviscid flow field structure was obtained from the impact pres-

sure information and coupled to the viscous structure obtained

from the static pressure and oil flow data . Discontinuities in

the flow field were identified by plotting any large discontinui-

ties in impact pressure values in a f ie ld  of more than 1500 read-

ing s taken a~ x ~ 12.5 inches. Of these reading s, tho se taken

near the triple poin t  location are pre sented in Fig . 6 in their
re la t ive  locations with respect to the corner . As an example ,

102

. — . .  -- 
~~~

- - 
- ~~~~-

.- “i—-- 
-



for the wedge shock location a line was established separating

the impact pressures of the free stream value of 61 mm from those

reading about 250 mm behind the shock . Thus the location of a

shock with a strength of p
2
/p

1 
equaling 23 was established . In a

similar manner , the entire flow field structure was reconstructed .

Fig . 7 presents impact pressure profiles at several Z locations
in the corner flow .
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Fig . 5 Salient Features of Flow Structure
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Oil flow indication s were used to locate points of separa-

tion and reattachment on the body surface . Due to the character-

istics of separating flow a converging oil flow line pattern was

interpreted as a separation line and likewise , a diverging oil

flow pattern was interpreted as a reattachment line . The oil i low

used to locate these lines is shown in Fig . 8.

r -~~~~~~ 

‘~ - 
~~~~~~~. 

—“-“I

~~

\~~~~~

~~~~~~~~~~

Fig. H Oil Flow on Plate Surface
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The salient features of this asymmetric corner flow , as in-

(li cated by the experimental data and summarized in Fig . 5, include

one t r i p le p o i n t  at the i n t e r sec t i on  of the wedg e bow shock and

the p l a t e  bow shock . Thi’C t r i p l e  po in t  is very similar to either

one of the tr iple points shown in the Charwa t and Redekopp~~~ sym-

met ric corner flow in tha t it generates a similar embedded shock

and slip surf acc .  The embedded shock of Fig . 5 provides an ad-

verse pressure gradient which is felt far upstream in the boundary

layer . The effect is first obse’-ved on a line approximately 450

f rom the x-axis or at Z = 1 where the boundary layer cross flow

f i r s t  separa tes .  This l ine has .,een termed S1. An i m p o r t a n t  fea-

t u r e  of three-dimensional separatiou is the f ac t  that , unl ike two -

dimensional  separation , the dividing s t reamline  is not the same

s t reaml ine  tha t r ea t t aches .  Due to the open end f e a t u r e  of a

three-dimensional  separation bubble , f low enter ing the bubble is

constantly scavenged away and must be replenished by a portion of

the separation boundary layer . Hence , it is the uppermost higher

energy streamline of this layer of scavenged flow that reattaches

and not the low energy separating streamline. It is this fea ture

which pr imar i ly accounts  fo r  the hig h value of three-dimensional

interference heating . The more energy that is available in the

reattaching flow the higher the heating rate will be. Within the

bubble reverse flow occurs in the cross flow plane much as it does

in two-dimensional separations .

As the cross flow continues it gains enough energy from

uppe r layer s of flow to reattach , but almost immediately is forced

to separate again due to the continuing adverse pressure gradient

of the emb edded shock. This rea t tachment  and separation have been
termed and S2 respectively .  The thickening of the flow due to

S1 and S2 generates two weak separation shocks which intersect
wi th the tr iple point embedded shock. The second separation bub-

ble at s2 appear s to scavenge nearly all of the remaining plate
boundary layer to such an extent that near R2 

no detectable vis-

cous layer was present .  On the wedge a small separation bubble

(S3 ) is present in the corner wi th the reatt aching s t reaml ine
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striking the p l a t e  near P 2 . This small buble was felt necessary

U? round o l  1 the  corner and was not  I c !  t to be a dominant feature

of t ho’ 1(7W

At the mutual rcattachment point , where the boundary

l ayer  is  ext  r 4 .m I ,11 74
7 thin , an invi scid finger extends down from the

r ( ’clio n oi  the  t r i p le p o i n t .  As was expected , the he at i n g  in t h i s

rI ’oio n is cxtr em( ’l y hi g h as i nd ica t ed  in Fig . 0 3~ The h oat ing  da ta

is t a k e n  f r o m  t ( * st s  conducted by Lockheed f or an FDL~
4

~ program

us ing t h e  sam e model tes ted in th is  s t u d y . T~mpera ture  s ens i t i ve

p a i n t  wa s  used in the t e s t .  The wal l  pressures  indicated in Fig .

10 support  the foregoing d a t a  in a t t e s t i n g  to the  hig h energy

lev el pr esent  a t P2 . Impact pressures  of 27O rnmwer e  recorded

w i t h in 0 .1 inche s of the s u r f a c e  at  R2 compared w i t h  61 mm in the

free  s t ream .

.002

HEAT TR (NSIIR (‘I M F F ; C I E , ,T

LOCKHEED TEST

.001

U-- _._~ L

4 
0 .1 2 3

Z ” T A N I5~

Fig . 9 Flea t Transfer on Plate Surface

Anal y t i c  Ca lcu la t ions

C a l c u l a t i o ns  were ca r r ied  ou t  u sing  the  exper imenta l  obser-

v a t i o ns  to es t a b l i s h  the  c red ib i l i ty  01’ th e t e st  da ta  and , con-

sequently, the flow field model of Fig . 5. Working in the cross

flow plane and starting with experimental f ree stream condition s,

a conically symmetric inviscid supersonic’ flow was computed based

upon measured locations of the surfaco’ 1)0W shocks . The bow shock

I 0(
0~

-‘ ~~~~~~~~~~~~~~~~~ 
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Z - T A N  5.

Fig . 10 Pressure Reading s on P la te  Surface

locat ions were chosen as a known parameter because of their well

defined experimental location . Other known values u sed for calcu-

la tions , in addition to bow shock locations , included free stream

condi tions , trip le point location , pla te bow shock strength , and

the location and slope of the separation shocks.

In calculating the boundary layer displacement i t  is neces-

sary to account for the s l ight ly nonconical na ture of the shock
and boundary layer growth . Using a tangent wedge approach illus-

• trated in Fig . 11 , where the body ang le i s a , the bow shock ang le
is 0 , and the total compression ang le seen by a conical flow is

O an effective location for the origin of the bow shock can be

determined . The distance of the bow shock above the axis can

be measured experimentally. The resulting equality

= tan 0 +  tan ô - tan a (1)

is solved for the ef fect ive  leading edg e displacmen t , tan s -  tan a ,

by i terat ing on , which gives a resulting 0 for given f low con-

ditions, unt i l  the is equal to the experimental value .
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carrying out  thi s procedure on the p la te  re su l t s  in a t o t a l

compression ang le seen by the flow of 2.10 with a normalized dis-

placement thickness of 0.073. The required adjustment to the

leadi ng edge loca tion is 0.f)367. A similar analysis of the wedge

surface results in a compression angle  of 15.70, a di sp lacemen t

thickness of 0.026, and a leading edge correction of 0.01 31
Thus any measured location in the flow must be adjusted by de-

creasing the measured value  by the app ropriate e f f e c t i v e  leading

edge displacemen t before i t can be used for ca lcula t ion purposes ,

i.e. a]l measurements along the Z axis (z axis normalized with

respect to x) mus t  be reduced by the wedg e leading edge displace-

men t , 0.01 31, and all measurements along the Y axis (y axis nor-

malized with respect to x) must be reduced by the plate leading

edge displacement, 0.0367 . Henceforth all coordinates in the flow

field which are u sed for calculations will have been adjusted in

this manner. This minor correction may be viewed as a first order

correctio n for the nonconical behavior of the viscous layer .

Having determined the bow shock locations with their re-

spective boundary layer displacement thicknesses , it is now pos-

;ible to follow the shocks into the corner until intersection oc-

curs to locate the coordinates of the tri p le po in t .  In or der to

calculate the conditions around the triple point it is necessary

to develop conical shock relationships applicable to the problem .
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4
consider a shock wave in conical flow with an inward normal

n .  The slope of the  sho ck wave pro jec t ion  on a spher ical  s u r f a c e

is tan c , where

(Jo
(~
i~ ~ do)Sh~ C~~

”
~ 

0

There fo re  n = - c os au ,~~+ s i na u
0 

. Since the shock wave mus t  be

gene ra t ed  by r a d i a l  lines through the apex it  is apparent  t h a t  the

shock wave normal does not have a component in the 
~~r 

direction .

The velocity vector does have three components in general

= ~ !~ r 
+ ~~~~~~ W u 0

The las t  two components  produce the ve loc i ty  in the cross-

f low plane . From these two components  a conical cross-f low Mach

number may de defined .

‘1 2 2
M’ = v  + wc 2

c

and

(sin e)~
= ~L tan &e

4 where~~ is the angle of flow in the cross-flow plane .

To find the change in properties across a shock wave the

norma l componen t of the 1°~ ch number is required.

V V w
= - ._i co s a + ,_.i. sin a

C
l 

C
l 

C
l

or
2 2 2M = M  sin (~~- C~~ )n c

1 
1

The pressure ratio across a shock wave is

.~~~~~~~~~~~~~~ _ _ _

p1 6
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or

2 .27M sin (a-ui ) - 1
~~~ c1 1

6

Using Rankine-Hugoniot relations the density and temperature

r a t ios are easily dete rmined f rom the pressure ratio .

- 6’~~+ 1

T2 — 

c
2
2 

— I’~+ ~Ti 2~~~~~I
\
6~ + i

1

Now the  ve loc i ty  a f t e r  the shock may be determined vec to r i ally .

~2
’ V

1 
+ “1 (V - V )  = V 1 + i’~ (V 

. n) 

(~~

1 _i)

whe re tt~e new velocity components are

u
2 

= U
1

v 2 
= V

1 
- cos a M ci ( ’ l 

-

= w 1 
+ sina M e

1 

(

~i 
-

/ 2 .Thu s , the relat ionships for tan w and M in terms of eand M2 C
2

are 
7M

2 i .4 M2 -2

tan
2
(o.2 -oJ 1) 

= 

~~~~ 1 - 1 - 1 ( 2 )

M2

= 
c

~ ( o e +  1) - 5 (~~2 
- 1) (3)

C
2 

— 

e ( ~~ + 6 )

These equations are as expected since they become identical to

the two-dimensional oblique shcock relationships~
5
~ by replacing

• the shock wave angle ( 0  ) by a - ~~~ the free stream Mach number

(M1) by the conical cross flow ~~ch number (Me ) and the deflection
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angle (6) by -

Since the location of the triple point in the flow field is

known , sufficient information is available to completely describe

the flow properties behind the shocks and their respective shock

angles . Fig . 12 is the calculated triple point for the flow

field showing the regional numbering scheme used in these calcu-

lations. To obtain these results observe that conditions are

assumed known in reg ions 1 and 2. Shock 1-4, the wedge bow shock ,

produces a pressure p4 and a flow direction . The embedded

shock 2-3 produces a pressure p
3 
and angle 

~ 
. Due to the char-

acteristics of a slip surface the pressu~es and flow directions

must identically match across 3-4.

V

® ~ ~~~~~~~~~

® P1 ~~~~~~~ 
N • 12.5

P~~~12mm ‘
~~ TRIPt,.E

M .5 .3  ~V
- PLAT E BOW SHOCK

~~~~~~~~~~~~ if ~
) P1 . 94.4 mm

.360.8mm
/ ~ : 364 mm

P • 116 mm /4
M.6.2 /~(.12.7

z

Fig . 12 Triple Point ~~lculations 
-

~~~~~~~~~~~~~~~ ~~~~~

~
‘l p1 

p2 p
1

4,

p3 
p2— — — ‘where — =

~2 
p
1 

2

Thus, from before

tan
2 (

~~~ 
- 

1 
- 

~~

] [

~~~4~~~ 
- (4)
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2 
i.4~~ 

-2

tan (~~3 ~~~~ 

~~~~~ 
+ 1 

_
~] 

~~~~ 
- 

- 

1] 
(5)

Solve for~~~ by equating (&1
3 

(~~ for known values of M

M 
~ l ’~~ 2 

and 
~2 

• ~~~ly two solutions will result which are

ph~ sically significant when nondecreasing entropy is required as

is the case in thi s problem . lb carry out this solution for the

corner f low , f low properties in regions 1 and 2 must be determined .

Both regiops have uniform flow , i.e.

v A i + B j + C k

where A , B, and C are constants and

= 

~ r 
~~~~~~~

= 1~r 
sin~~~sin O-u~~ cos~~ sin O -u 9 cos 0

~~~~~~ r
5mf b5O+ c050c05O_

~ O
c05O

Then fo r the case

u = A cos~~ - B sin~P s in 0 +  C sin~~ cos 0

v = -A Sin~~~-B cos~~ si n 0 +  C cos~~~cos O

w = -B cos 0 -c sin 0

In region 1, A = 
)V11 

, B = c = 0

= ~~~~ (6)

=90
0

In region 2 , the flow has unde rgone an oblique shock generated

by a wedge at  angle 6 .  Hence ,

-

~~~ : : 1% ’21 cos ô

C = sin 6

and
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[7M
2 1 1 1 .4 f *?  1 2

tan 2 6 = 
6
~ 2 +1 1] L~2 -

~~~ 

- 1] (7)

V 2 2
= 1 - 5 ( e 2  - 1)V1

- (6i~~ + 1)  - 5~~~~22 
- 1) (8)

— 

~2~~2 
6)

Therefore

C2 2
= ( - cos 3sin~~ + sin&co s~~cos 0)

+ (- sin ô sin 0)
2 

(9)

tan’~ = - cosôs in ç6 +  sin 6cosç~cos 0 (10)

Also u1 = u
2 

or

lv ii cos
~~~IV 2 l 

(co s~~ cos~ ’+

which becomes 1vf_a. - cosô

tan9~cos0= ~ constant~~ 
~T (11)

likewise
tan~~sin O constant

~~
ZT (12)

Now with the free stream Ma ch number , M - 12.5, and the

corrected triple point coordi nates , = .1053 and Z
T 

= .3769, the

co rresponding pla te bow shock ang le and pressure ratio is deter-

mined. Angular components (9and ~~)) of the triple point coordi-

nates can be gained from Eqs. (11) arid (12). The effective plate

~~mpression angle is determined f rom Eq. (7) and the region 2

cross flow angle from Eq. (10). The cross flow Mach number in

region 1 is obtained from Eq. (6)  and the cross flow Mach number
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in reg ion  2 is I rom E q .  (1) after determining the region 2 flow

Mach n ut n : . er  in F- q .  ( H) .  With this information and the knowledge

thaI O 
1 

= 000
. F 15 ( 4 )  and (5) can be solved s i m u l t a n e o u s l y  by

1 t 4 -r alin n on until ~ . Displaying the  so lu t ions

gr a ç h i c a i lv  aids in choosing the so lu t ion  tha t is phys i ca l l y

p ra ct i c~~1 . Fig . 12 (1i 1~p lay ~0 th e  r e s u l t s  for the calculated triple

point i low iio’ld . Finally, the slopes of the discontinuities

(cl Y/dZ) ~tround the triple point can be determined .

tan ( r - ~~)

wher

tan r = tan a sec ~
arid

2 S
4~~ 

~5i~~ (
~~~ - u

1
) = 2 

—

7Mc1

sin
2
( 
~~ ~~~~~ 

= + 1

7 M
2
c2

The separa t ion  shock loca t ions  and boundary layer thicken-

ing s were verified in much the same manner as the triple point .

The coordinates of the first separation shock origin at the boun-

dary layer surface were determined from the data as was the pre-

sure ratio across the shock . With this information , the condi-

tions behind the shock and the cross f low slope of the thickened
boundary layer can be found . Using this information as the mi -

tial condition for  the second separation shock solution yields
similar results.

Sinc e both separation shocks interact with the embedded
shock of the trip le poin t , typical shock interaction solutions

were calcul ated , again using the presented data to aid in choo sing
the most practical  case . Fig . 13 gives the results of the inter-
actions on the embedded shock and the associated flow conditions .
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The region between the triple point slip surface and the embedded

shock is a supersonic inviscid finger which extends toward P2 on
the plate . This jet , much like that of Edney ’ s~

6-~ type tV shock

interaction , supports the high heating in thi s region of the plate.

tOCAT1ON P~~ .I  P l f l , I  U
I •,‘ O  •~~fI 03)
1 fl-A ) ? ‘ f l  * 4 ’

4 ,0~~

~ ~~~ :.‘ ?~ 0
. .~ • . ,;:~, ~~,- ~ -1 4 3 /  P s - )  6 1
4 )  4 4 4  ,.~~ _ 44 ,

— 
/

V

4
,-

-- .

~~ /
10

(:4)

08

~~~~~~~~~~ 34 343 00

Fig. 13 Flow Calculations Near Embedded Shock

In order to establish the credibility of the data through

the above calculations , the calculated locations of disconLinui-

ties were compared with those of the data along with a comparison

of calculated impact pressures with the impact pressure data.

From the static pressure and Mach number in each region an impact

pressure was calculated using normal shock relations.

P / 2\~
’
~~ 

\5/2
I~ ( 6 M ~ 1 1  6
p 1 5  I~~ 2
1 / \7M1 - l

With the exception of the invi scid finger region near the

corner , all impact pressures and flow discontinuity locations of

the data were within 10% of those calculated for the same region .

Due to the small size of the f inger , calculation s resulted in im-
pact pressures higher than those recorded in the test. This
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error wa’~ partia lly due to the tendency of the pressure probe to

smear out very localized high pressure cells and , thus , indicate

a lower p r ess u r e  than may a c t u a l ly be p r e s e n t .

Conclusions

In thi s study the flow field of an asymmetric axial corner

in laminar hypersonic flow has been measured . These measurements

permitted the reconstruction of the induced inviscid flow struc-

ture. Only one point of interaction between the surface bow

shocks was observed as opposed to two such triple points in the

symmetric case . Also a pair of separation bubbles was observed

on the  l’lat  p l a t e  w i t h  two a t t endan t  separation shocks and two

reattachnent lines . Associated with the r e a t t a ct ~nent  l ines , sur-

f a c e  h e a t i n g  and pressure  measurements  have shown two peaks of

which the inboard value was s i gn i f i can t ly  higher than that  found

at the outboard location . An inviscid supersonic jet , similar to

the Edney type IV , was detected and found to impinge upon the

plate surface near the second reattachment point . This jet re-

sulted in high impact pressures and heating at this point. i\rialy-

tic calculations carried out to support the experimental data .

produced impact pressures which compared quite favorably with the

recorded values .
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f t cre  is l i t t l e  doub t that numerical a n a l y s i s  has added a

r i - ~~ d i m e n s i o n  to research  in aerod y n a m i c s .  Recent  p rogress  in
1~~~~n - u : w - r i - c a l  an a l y s i s  provides new i n s i g h t  i n t o  both t h e o r e t i c a l

~~~~~ - -afld expi r im ental ‘ i nvestigations. The present analysis demon-

s~~) - t - i the fea sibilit y to numericall y inves tigate three-dimen-

S i 1 I I l  a x ial corner flow fields. An explicit numerican scheme

~ ~s s e l e c t e d  over an i m p l i c i t  method 7 due to recent success in

C :up i t i n g  f l o w  f i e l d s  c o n t a i n i ng  shock w a v e s . 4 ’ 5 ’6 In order to

i n - ~t i 1 l  some c o n f i d e n c e  in the  pre sen t appro ach , the three-

di~ I - n - ~ i )n,I1 code w;e~ f i r s t  checked by comp ar i n g  degenera te two-

-~ i a e n s i o n a 1  a n a l y t i c  and experimental flows . A three-dimensional

calculat ion w:i’~ then accomplished for an axial corner generating

by a 10
0 wedge and f l a t  p l a t e  at the hypersonic Mach number of 12.5.

~I C corresponding Reynolds nim.ber based upo n the free s t ream prop-
- i t v  w o ;  0.92 x 10~ wh ich insured laminar conditions. This case

w ; t ~~ t h e n  compared w i t h  e x p e r i m e n t 8 
to establish credibility.

Govern ing  Eq u a t i o n s

The governing equations of the present analysis are the

unstead y, compre ssible three-dimensional Navier-Stokes equations.

The time dependency of the governing equations permits the solu-

ti ons to progress naturally from an arb itrary initial guess to an

asympotot ic  steady s ta te. 9

— - + V ~~ (pü) = 0  ( 1

- - =
( 2 )

~
) = 0  ( 3 )
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The equation of state , Sutherland ’s v i scos i ty low and

Pr and t l numbe r (0.73) fo r m a l l y  clo se the sys tem of equa t ions .

The as socia ted boundary condi t ions for the problems consiered
d i ffer widely and will be delineated in a subsequential section .

Coord inate System

A major difficul ty encountered in analyzing practical three-

dimen sional aerodynamic problems is the accomodation of complic ated

bod y c o n f i g u r a t i o n s . A general coordinate transformation was suc-

c e s s f u l l y  demons tr a ted by Kn igh t and Ilank ey 10 . The coordina te

transform at ion is in troduced as

~~~~~~~ (x)

= i~ (x, y, z )  ( 4 )

= ~ (x , y, z)

In order to achieve appropriate grid-spacing to resolve signif i-

can t features of this flow field at hi gh Reynolds  numbers , the

coordinate normal to the surface is stretched L’xponenti ally to

y i e l d  a c e l l  Reynolds  number  near 2 .

The govern ing  equa t ions  in the transfo rmed space yields the

f o l l o w i n g  fo rm

+ + 
~~~~~~ ~~~~~ 

= 0; i 1 ,2,3 ( 5

The dependent variables a r e

p (6)

— 4

U —  ~

F = C
1 = I l

l = II ( 7 )
• ~I I I I  — I

x x
V

+ q~~ 
- Cu. ~~~ # U.  + ~~~ •

12))



Dv ( 8 )
p V U - T xypvv -

pvw - vipvc + - (u.T + V . T  + W . T  )y xy yy yz

C3 = 11
3 

+ pw ( 9 )
pwu - T xz

- I yz
OWW - I.
)WC + Q - (u .T  + V . 1  + w.i )

z xz yz :z

N u m e r i c a l  Procedure

The system of equations is solved by a two-step predictor

and co r r ec to r  scheme o r ig ina t ed  by MacCormack .~~~~~ The p r e d i c t o r

and cor rec to r  e q u a t i o n s  are def ined  as f o l l o w s

P r e d i c t o r :

n + l~U U
n

A~~ F (F~ - F ? - A t Ex i + l  1 — xmA- , A m
(10 )

(G 11 
- G ~ - )  - A t E  ~m , J + l  m , j  m xm

~~H ’~ )m , k + l  m , k

Cor r ec tor :

11+1 n+l* 
+ ~n 

- 
At ~n + l *  

—xm mi m i - I

n+l * n+1* At E -

m 
X (Cm . - Cm 1 ) - 

~~~~ 

( 11

(11
1 1 1  

—

K K - I

The stress and heat flux terms in F , C and 11 are ap p r o x i m a t e d  by

c en t r a l , forward and backward differing in such a manner that after

a complete c y c l e  of the predictor and corrector operations the

- a - eo n ;I  deriv ;it ions a re  e f fe c t  ive ly approximated hy a central dif—

h r I II~ sche me (and  a r e  a c c u r a t e  to second order ) . Equa ti ons (10 )
( 1 1 )  , a r.- sp i i t  into three groups of operators; each  aligned with

a transformed coordinate. Therefore , an alternating direc tion

procedure can he easily impl emented .
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S t ab i l i t y  and \ c c u r a c y

The present numerical scheme is second order a c c u r a t e  i n

spa ce  and time . Although to date no completely satisfactory ~ta-

h i l i t y  analysis has been performed for the finit difference form

of the Navier-Stokes equation 4, the Courant-Friedrich-l ewy condi-

t - i on for tile inviscid domain serves as a useful indicator . -

— l
At

CFL = mill 
[

-

~~

- -+  -

~~~~

- +  ~~~~~~~~ C~~/~~~ + 

~~~ 
+ _  

] 
( 1 2 )

For the present viscous computations , an empirical formula sug-

ges ted by Tanneh i l l , et al~~ seems to be adequa te .

AtCFL ~ At
CFL, ~‘~

21
~~v~ 

( 13

where R
~~ 

is the minimu m mest Reynolds number of the computational

domain .

Flows con ta i n i n g  st rong shock waves of ten cause numer ica l
oscillat ions. The large truncation errors in the early t ransi-

tory stage of the computation also may cause divergence of the

numerical solu tion . Three numerical smoothing schemes are in-

corpo rated in to the presen t numer ical procedure . Both the con-

vec tive volocity modification and the fourth-order pressure damp-

i ng sugges ted by MacCor mack4 are adop ted. Additional norma l stress

damping due to McRae14 
designed to counteract the abnorma l trans-

itory behavior is also included.

Num erican R e s u l t s

Two dimensional check cases:

A l t h o u g h  the t h r ee -d imens iona l  code was an ex tension of a
successful two-dimensional program

5’6’’° verifica tion was required

before attempting a full 3-D case.

First , flow between two parallel plates was simulated for

w h i c h  an analytic solution exists (Couette flow). -\ comp ar i s on
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w a s  selected for flow between a fixed and moving p l a t e  110 (1 f ps )

each  it a terperature of 200°R , and 12h .~
°R r e s p e c t i v e l y  and sep-

:irated bt - i dustahce if 0.175 ft. To simplif y the anal ysis a

l inear viscosit y relati on~~~i p wi th temperature w a -  utilized .

Two cases were c a l c u l a t e d  f o r  f l o w  a l o n g  t h e  x - i x i  S - i n ! , 1 ;o

for  f l o w  : i l i i ~n e I  w i t h  t h e  : - ix i s .  In b o t h  c ;ises  a l l  t h r o c  d i r ec -

t i o n a l  o p e r a t o r s  were ic t  ive  d u r i n g  the c a l c u l  i t  i o n s .  The ma .~ i r i c ’

devi ation between the numerical and analystic results is less than

two  percen t

Next a comparison wi th a previous two-dimensional , ix i - r -

stokes solu tion
15 

was accompli shed for which expe riment - I ~er i fi -

c a t i o n  e x i s t e d .  The case selected was for  shock imping ement on a

flat plate laminar bounda ry  l aye r .  The c a s e  c o n s i d e r e d  w a s  for a

free s t r e a m  ‘lach number  of 2 , a R e y n o l d s  number  of 2 .  9( \ l0 ’ and

an i n c i d e n t  shock a n g l e  of 32 .5 8 0 . \ c c e p t a bl e  ag reemen t  h~~tw e ’n

t i l e  two and th ree  d i m e n s i o n a l  codes  were achieved. (N o t s h o w n . )

The s m a l l  d i s c r e p a n c y  be tween  tile codes is -itt ributed to differ-

ences in the grid and implementation of the boundary condition c.

Confirma tion of the code having been demonstrated one can

now proceed to investigate a three-dimensional problem.

3 D Axial Corner

The complex flow structure in the vicinity of an axial

corner , for which detailed experimentsl flow field data existed ,
8

was nex t investigated.

The a x i a l  corner was formed by the or thogonal  i n ter sec t ion

of a 1000 wedge and a f l a t  p la te  (F i g .  1 ).  The free s t r eam Mach

number was 12.5 and the  Reynolds number was 106.

A l t h o u g h  i nv i s c i d  computa t ions  e x i s t  for t h i s  case 16 ’ ’7 
, one

must compare with the experiment
8 

due to the s t rong  viscous-

invi scid interaction which persists at these test conditions.
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4 The in i t i a l  and boundary condit ions for axia l  corner f low
are summarized as follows :

Upstream and initial conditions

a (t , o,y, z )= U  (14 )

At corner surface;

( 1 5 )

T = T ~~~~~0 .4 To ( 1 6 )

The boundary condi t ions  for dens i ty  at the surface is obtained

by solving ii Vp = 0 and the equation of state. The far-field

boundary condi t ions  are prescribed as

n ~~V u = 0  (17 )

where ~ is normal to the boundary surface , which merely reflects

the  r e t u r n i n g  to two-dimensional  f low far from the corner .

The downstream boundary condition is approximated by a no-

change condi tion in a conical direction . This boundary condition

i s  a low-order approximation and should have little upstream in-

f l  uence .

P r i l i m i n a r y  results (Figures 2-10) are shown for comparison

wi th the wind tunnel data.

Conc lus ions

A three d i m e n s i o n - t i m e  dependent Navier-Stokes  code employ-

ing MacCormack ’s fini te difference scheme has been developed .

Successfu l comparisons were performed for analy tic cases (Couette

flow) and for two dimensional shock-boundary interaction to

first validate the code . The flow field for a 3-D a x i a l  corne r ,
p Mach number 12 .5 , was then computed and compared with experiment .

This investiga tion demonstrated that numerical methods may be

used to determine the general featur’ s of complex three-dimensional

f l ows .
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BOUN [)A RY L A Y E R  STUDIES O~ A YAWED , SPI ~-NIN G BODY OF REVOLUTION

b y

W . Sturek , R . R e k l i s , L. Kayser and K. Opalka
Wind Tunnels  Branch

Ex terior Ballistics Laboratory
U .S. Army Ballistic Research Laboratories

Aberdeen Proving  Ground , Mary l and

AB TPACT:

Studies of the three dimensional boundary l ayer development over yaw~ J ,

sp inn ing  bodies of revo l ution are being carried out at the Ballistic

Research Laboratories due to Arm y in teres t in de te r m i n i n g  Ma gn us e f f ec ts
for artillery projectiles . This paper describes a combined theoretical-

e x p e r i m e n t a l  research e f f o r t  w i t h  the overall objective o~ develop i ng  a

method for  c o m p u t i n g  Magnus effects that could be used in the desi gn of

artillery projectiles. Num erical techniques are described for computing ~

(1) the three dimen sional turbulent boundary layer development over a

yawed , sp inning body c;f revolution ; (2) the three dimensional boundary

layer displacemen t surface for an arbitrary body of revolution; and

( 3 )  the  three dimensional inviscid flow field over a yawed , poin ted body

of comple tely general confi guration with no plane of symmetry. The

• computations are compared to experimental measurements of Magnus force

and t u r b u l e n t  boundary  l aye r  p r o f i l e  c h a r a c t e r i s t i c s .  Two body geometries
are cons idvred :  ( 1)  a 100 half angle cone ; and (2) a s i x  c a l i b e r  long

secant-og ive-cylinder model closely approxima ting the M549 projectile

shape . Comparisons are shown for M = 2 , 3; -i = 20 , 4 . 2 0; and spin

rates up to 30 ,000 RPM . The agreement between theory and experiment is

considered to be exceptionally good .

1. I NTRODUCTION

Recen t A rmy interest in achieving increased range and grea ter payload

capaci ty in artillery projectiles has led to designs with long, slender
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og i ces , i n c  i~ - . i - ~ -d p r o j e c t  le  l e n gth , and hott a i led a t  terbodies . These

d c — i g ns h i v e  r e-~u I t e d in decreased drag with a resulting inc rease in rang e ;

h~ w t - ~ er , t h e  u - r o d v n a m i  c s t a ) i I  i t y  of these  shape s is  l e s s  t h a n  more con—

v t - u t i o n . i l  des gu s .  T h i s  means  t h a t  these new shapes are more sus cep t ib l e
to a \ 1tv ruui— induc ed i nst  ab 1 i t y

\s shown i n  F i gure  1 , t he  Magnus force is a side force that occurs on a

sp i n n i n g  u ro jectil e in fli ght at ang le of a tta ck . Magnus is a sm al l
t o r c t - , it is typ icall y 1/10 to 1/100 of the normal force; however , its

t - t l e c t  is i mportant becaus e the Magnus moment acts to und amp the projectile

throughout i t s  f l i g h t .  Thus , it is desirable to minimi:e the Magnus mo-

ment in o r d t r  for the projectile to fl y at a small average ang le of attack

and achiev e the greatest range capability.

‘lagnus has been modeled theoretically as resulting from sp in induced dis-

tortion of  the boundary layer. This effect is illustrated schematicall y

i n  F i gure  2 w h e r e  cross-sectional view of a body of revo l ution is shown.

The od y i s  at ang le of at t a c k  as indicated by the cross f low  v e l o c i t y .

In the v i e w  where there is no surface spin , the p r o f i l e  o f the ed ge of t he

bounda ry l ayer is - vlrumi-t ric with r e spec t  to t he  plane of the ang le  of

a t t t c ~- - In t h e  v i e w  w h e r e  t h e  s u r f a c e  is  s p i n n i n g ,  t he  pro f i l e  of  the

b o u n d ar y  1 a ve r  is ;i sym m et r i  c w i t h  respect  to t he  p l a n e  of the ang le  of

a t t a c k - - t h u s , th e inviscid pressure distribut i on (which responds to the

aerodynamic shape composed of the model plus boundary l ayer displacement

surface) is asymmetric and y ields a net side force.

The U.S. A rmy Ballistic Research Laboratories have placed increased

• 
e~iphasis on research into the Magnus effect. In this paper , recent results

w il l  he d i s c u s s e d  of a combined theoretical-experimental research effort

to develop a method for computing Magnus effects for use in artillery

pr olectile desi gn.

2. ThEORETICAL APPR (JACII

2.1 Back ground

Since  t h e  ‘la~ n ui s  e t f” c t  is a viscous phenomena , computation of the  boundary

1 iy r d e v e l o p m e n t  is the foundation for computations of the  M a gn ui s  force.

The bound ary layer we an considering is  fu l l y  three  d imens i onal w it h the
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added c o m p l i c a t i o n  of t h e  interaction of surface sp in  wi  Ii t h e  cross flow

vel o cit y . The i n v i s c i d  flow also requires special attention since , in
o r d e r  to  compute  t h e  ~l ; I C n u 1 s  force , the i n v i Sc i d f l ow  c o m p u t a t i o n  t e c h n i que

must  he a b l e  to  compute  t he  t h r e e - d i m e n s i o n a l  f l o w  over  a body p l u s  bounda ry

l iv e r  d i s p i  ac ement  s u r f a c e  w i t h  no p l a n e  of s y m m e t r y

The s t a r t i n g  point for this theoretical effo rt was chosen t o  be the l a m i n a r
a - -bounda ry  l ay e r  development  over  a yawed , 10 half ang le cone in supersonic

t l o w  s i n c e  c o n v e n i e n t  s i m p l i f i c a t i o n  is obtained in the equations of motion.

The in itial theoretical effort was carried out under contract with the

tJni cersi ty of Cal  i fornia at Eiav i s w i t h  P r o f .  I I .  \ . Dwy er ’ ‘ -is p r i n c i pa l

i n v e s t i g a t o r .  I n  order  to f o l l o w  up on the success of the work under this

c o n t r a c t , Pro f . E)wyer was engaged t h r o u g h t he  Army ’ s S c i e n t i f i c  s er v i c e s

program to extend the capabilitie s of the numerical techni que to in clti dc

effe cts of long i tudi nal press ure gr adien t and t urb u l enc e i n orde r tha t

c o m p u t a t i o n s  of t u r b u l e n t  boundary  l ay e r  d e v e l o p m e n t  over  a r b i t r a r y  b o d i e s

of r e v o l u t io n c lose l y approximating an artillery projectile shape could

he accompl i shed . A l l  of the n u m e r i c a l  c o m p u t a t i o n s  and some of t he

rep rogram m i n g  req ui red  to enab le  compu tat ions to be made for an arbi t r a r y

body of revo l u t i o n  have  been c a r r i e d  out is an i n - h o u s e  research task  -

2 .2 Boundary Layer Computations

The b a s i c  equations defining the three dimensional compressible , turbulent

boundary layer flow over an axisymm etric bod y of revolu t ion described by
the relation r = r(x) are listed below 3 (see coordinate system in Fi gure 3):

C o n t i n u i ty

~~~ 

(r~~i) + -
~~~~

- (r~Q) # = 0 (2.2.1)

x-Momentu m

- - ~~2 ar ~e ~p ( u — + v — + — — - — — = - — + — [p — - pu ’v 1 ( 2 . 2 . 2 )
~y r r ~x Bx 

~
y ~y 

-

q~-Momentum

-

~~~ ~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
[p~~~~ ~~~T j (2.2.~ )
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where v = v + and the  bar  i n d i c at e s  a t i m e  averaged q u a n t i t y .

In order to o b t a i n  c losure  for t h i s  sys tem of eq u a t i o n s , t h e  f o l l o w i n g

models of the turbulence terms have been introduced ” :

(1) Turbulent shear stress

- - = ~~~~~ [(~~~!)
2

+ (~~~~ )
2 ] = [ ( ~i~~)

2 +

where c is in t roduced  as the  t u r b u le n t  eddy v i s c o s i t y  and the  m i x i n g

l e n g t h , 9. = .09 I~ tanh [ ( . 4 1.09) ( y / ó ) 1 .  Van D r i e s t  damp ing  is used to

account for the e f f e c t  of the  l aminar  sublaye r .

( 2 )  Turbu len t  heat  t r ans fe r
k
~ ~~

- -v h —

The t u r b u l e n t  P r a n d t l  n umber is i n t roduced  as

Pr
~ 

= c /k = 0 .90

The numerical technique used to solve these equations is an implicit tech-

ni que that takes into consideration the change in direction of the cross-
flow velocity that occurs on the side of the mode l where the inviscid

crossflow opposes surface spin. This technique correctly models the

crossflow convection process occurring w i t h i n  the  boundary l aye r .  In order

to imp rove the speed and accuracy of the n umerical solu t ion , several
coordinate transformations are employed :

(1) lanel er transformation of axisymmetric growth ,

~ f~ r 2 dx;

(2) Blasius type trans formation of normal growth,
P

½
0U

½ p
= (

~~
-) (y~~ f Y ~~— rdy; and
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( 3 )  c o o r d i n a t e  s t r e t c h i n g  to a l l ow  c loser  g r i d  spac ing  near  the  w a l l s

n .  100 (1 . 5 exp [ ( j - l ) ( l / 6 0 ) ( l / . 0 5 ) ]  - 1)1(1 .5 exp (1/.05) - 1)

w h e r e j = l , 2 61

in comput ing  the boundary  l aye r development , the e f f e c t  of tu rbu lence  i s

t urned on g radua l ly  over three l ong itudinal steps . The computation gri d

in  the az imu tha l  p lane  is in  10 0 inc remen t s .  Three i t e r a t i o n s  are per-

formed at each station for turbulent computations . For comparison with

exper iment , the  loca t ion  of boundary l aye r  t r a n s i t i o n  is f i xed  at the

loca t ion  of the  boundary layer  t r ip  on the expe r imen ta l  mode l .

2 . 3  Three Dimens iona l  Displacement  Surface

The three  d imens iona l  d i s p l a c e m e n t  surface  is not me re ly  the vector  sum

of the long i t u d i n a l  and c i r cumfe ren t i a l  components of the b o u n d a r y - l a y e r

displacement  thicknesses . Ins tead , the di ffe r e n t i a l  equa t ion  der ived

by Moor e

T [
c
U
e
!’ 

~~~~~ 
ó f l  + 

~~~~~ 
(P~W~ ~~3D 

- (S~ ) 1 = 0 (2 . 3.1)

mus t  he solved for  the three dimensional boundary l ayer d isp lacemen t

th icknes s  where
* ~ )U * ~ W

= (1 - dy and = ( 1 - 
~~

—
~~~

-—) dy

Dwy er 3 has shown that equation (2.3.1) is of the general  form

I’ + ~ 
- _~ 4I~ = R ~~ + R ( 2 . 3.2)ix - -

~ 1 3D 2
The s i n g u l a r i t y  in and ~ at x = 0 can be avoide d by s t a r t i n g  the

computa t ions  a t  a s m a l l , finite value of x and computing approximate

s t a r t i n g  condi t ions . E q u a t i o n  2 . 3 . 2  can then be solved as an ordinary

d i f f e r e n t i a l  equa t ion , p r o v i d i n g  the  di f f e renc ing  i n  the c i r c u m f e r e n t i a l

d i r e c t i o n  is car r ied  out from )I = 0 to 180° and from q = 0 to -180° in order
dx e

to obey the zone of influence defined by = r

• An example of computed values of 63D for the cone mode l are shown in

Pi gure 4. I t  is  seen that  the l aminar boundary layer  is affected much

mo re strong ly by surface spin than the turbulent boundary layer.
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2. 1 I n v i s c i d  C o m p u t a t i c ” n s

The deve l opment of a n u m e r i c a l  t echn i que for  c o m p u t i n g  the  th ree  d i m e n s i o n a l

i n v i s ci d f low  f i e l d  ove r a yaw ed , poin ted , body i n  supe rson i c  f l ow w a s  a

very i mportant step in the devclopmcnt of ‘ c a p a b i l i t y  for  computin C

‘- 1 i c n u i s  e f f ect s~~. The program uses ~t u Co r Ii Ia~ ~~~ 
8 “ shock c ap t u r i  ng ”

numeri cal techni que . This is a second orde r a c c u r a t e  scheme t h a t  uses a

p r e d i c t o r - c o r r e c t o r  techni que to so lve  the  e q uat i on ~ of r iot  ion i n  an

i m p l i c i t  m a r c h i n g  scheme . The uni que f e a t u r e  of t h e  pro~~r am developed b y

Sanders  for  t he  ~I :iu ~t i i- - prob lem is  t h a t  the  fl ow f i e l d  i s  computed about  iii

a x i s y m m e t r i c  mode l p lus  d i sp lacement  s u r f a c e  w h i c h , due to the  d i s t o r t i o n

of the boundary  l a y e r  by s u r f a c e  sp i n , has no p l ane  of symme t ry .

2 .5  Sequence of Compu ta t i ons

The sequence of computations wh i ch must he- rein in orde r to comp u t e - ‘ta n I u

e f f e c t s  i s i n d i c a ted in Fi gures 5a and Sb .  Each  b l o c k  i n d i c a t e - s a s e par a t e

c o m p u t e r  program a l o n g  w i t h  i t s  requi red  i n p u t  i n f o r m a t i o n  and tb ’ o u t p u t .

The two main programs are outlined in asterisks.

In orde r to start the boundary layer computat ion for the spinning mode l ,

ini t i a l  profile data are generated for the l i m i t i n i ~ c o e  of the laminar

boundary  l a y e r  at the t i p of a non-sp inn ing cone . These data , along with

the outer boundary condition of the inviscid flow , enable the m a rchi nu~
techni que to beg in for spec i f i c  condi ti on s o f \1i ch number , ang le of a t t a c k ,

w a l l  tempe ra tu re , sp in rate , and free s t r e a m  p r o p e r t i e s . The Output of

t h i s  program consis ts  of w a l l  shear  and centrifugal pressure gradient

c o n t r i b u t i o n s  to the Ma~’n u s  e ff e c t  (these wi l l  he discussed in more detail

i n  s ec t ion  2. 6) and the long i t u d i n a l  and c i r c u m f e r e n t i a l  components  of

the  boundary l ayer d i sp lacement  surface as f u n c t i o n s  of long i t u d i n a l  and

a : i m ut h a l  p o s i t i o n  over the e n t i r e  s u r f a c e  of the m o d e l .

The out p u t  of the boundary l a y e r  program is  i n p u t  to the  program w h i c h

so lves  for  the three d i m e n s i o n a l  boundar y layer  d isp lacement thickness ,

~~~ 
Inpu t da ta for t h i s  program are in the su r face  coordina te  sys tem

used for the  boundary l ayer  & - u n l p i i t u i t  i o n s . The output  of t h i s  program is

trans formed into a cylindrical coordinate system in orde r to f a c i l i t a t e

computation of the invisc id flow . The output consists of the surface

coordina tes of the model p lus  6 3fl as well as the local derivatives of

the surface coo rd ina t e  in  the  a x i a l  and a z i m u t h a l  d i r ec t ions .
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The fLnal s t e p  is the computation of the  i n v i s c i d  f l o w  ove r the n e w l y

de fi fled body wh i ch is of completely a n i i t r a r y  con f i  g u r a t i o n  w i th no p l a n e

c u t  — v ’imi& - t r v . The s t a r t i n g  c o n d i t i o n s  c o n s i s t  of the  i n v i s c i d  f l o w  f i e l d

t o  r t he  i syu np t ut i c cone t i p of the  on g i n ui l mode l . P1 t ch  and yaw p 1 :ine-

f o r c e  and  moment ; i e r o d y n a m i  c coy f f i  c i e n t  -
~ are t h e  f i n a l  o u t p u t s  o b t a i n e d .

2 ~~~- Bounda ry  La er  Components  of  the  ‘ I . i c u u u i s  E f f e c t

buc t o  sp in  i n d u c e d  a sy m m e t r y  i n  the computed v e l o c i t y  p r o f i l e s , t h ree

c O f lt  r i l ) t l t  i o n s  to t h e  ~l - u : 1 5  e f f e c t  are gene ra ted  w i t h i n  and at  the se i r fa ce

of t h e  sp i n n i n g  mode l w h i c h  are i ndependen t  of t h e  b oundary  l a y e r  d i s p l a c e -

me nt  e f f e c t  s ense d  b y the  o u t e r  i n v i s c i d  f l ow . These components  are :

( 1 )  l ong i t u d i n a l  v e l o c i t y  w a l l  shear , i = p ( h i/~ y) 
~~~~ 

( 2 )  c i r c u m f e r e n t i a l

v e l o c i t y  w a l l  shear , t~ = p ( uw / ~ y) 0 ; and ( 5) cen tr i f ugal pressure
g~~idie nt. p = p w dy. For a non-sp i n n i n g  mode l , the net  c o n t r i b u t i o n

- e ach  of t h e - s e  components  w o u l d  he :cro . Uoweve r , due to the  asymmetry

i n d u c e d  by su r f ace  sp in , a s m a l l  c o n t r i b u t i o n  to a s ide  force is o b t a i n e d .

The r e l a t i v e  m a g n i t u d e  of these component s of the  -I agnus fo rce  i s  shown in

Figure 6. These computat ions are for a 100 h a l f  angle  cone model . Fi gure  6

<b ows  a e-e ) mp ar i son  be tween  l a m i n a r  and t u r b u l e n t  boundary  l ay e r .  The con-

t r u - I l t ions  of ~~~ , and I p  oppose and are of comp arab le  magn it ude , w h i l e  the
c o n t r i b u t i o n  of -r is m i n i m a l .  The a r i t h m e t i c  sum of the  three  components

is i n d i c a t e d  by C - = T + + Ap.
~B L x ~

3. I \ l ’ l . R I M I Ni .- \I .  STUDIES

3 .1 Background

E xperimental studies are being carried out to provide data that will he

useful in evaluating and help guide the development of the theoretical

effort. The experimental studies consist of: (1) strain-gage balance

force measurements; (2) optical studies of the effects of spin and yaw

on boundary layer transition ; (3) detailed profile measurements of the

boundary layer on a yawed , spinning body of revolution ; and (4) wal l
static pressure measurements on a yawed body of revolution. Exper imenta l

data h ave bee n obtai ned fo r th ree mode l con fi gurations : ( 1) 100 h a l f  angle

cone ; (2) seven caliber tangent-ogive-cylinder model with a one caliber

ogive ; and (3) six caliber secant-og ive-cylinde r model closel y approxiffating
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the ’.1 54~
) p rojectile shape. In this paper only those experimental measure-

men ts wh i ch w i l l  be comp ared to the theore t i ca l  compu tat ions  w i l l  be
d i s c u s s e d .

The e x p e r i m e n t a l  measurement s  have been ca r r i ed  out us ing  Supersonic
Tunnel  No . I of the  B a l l i s t i c  Research Labora tor ies 9 . This is a continuo us

fl ow , closed return facility with a symmetric , flexible plate nozzle.

‘le is ure m e ’n t s  have been made for ~t = 2 , 3 , and 4 over a Reyno l ds number

range of 4 . 1  to 8.9xl0 6 based on model length.

3.2 Force ~k- .i 511 l e m en t  5

‘l~~isu ir eme nt s of M a g n u s  and normal  force have been ob t a ined  u s i n g  the

strain-gage balance techni que . The models are free to rotate on internally

mounted  b a l l  bear ings . Hi gh pressure a i r  is forced into an i nne r c a v i t y

th rough  the  h o l l o w  support  s t r u t . As the  a i r  exhaus t s  th roug h a s i n g le

row of turbine nozzles , the mode l is spun up to speeds as hi gh as 40,000

BP’4 The measurements are obtained while holding the mode l at a fi xed

a n g l e  of a t t a c k . Data  from the  s t r a i n - g a g e  ba lance  are recorded auto-

matically on magnetic tape at fi xed i n t e r v a l s  of t i m e  as the mode l coas ts

down to zero sp in.

3.3 Boundary Layer Profile ‘leasurenients

Measurements of the total  head pressure through the boundary l ayer on the

secant -og i v e - c y l i n d e r  model have  been made u s i n g  a s p e c i a l l y  cons t ruc ted

probe drive mechanism t ha t  drives the probe through a p l ane perpendicular

to the model axis. A pic ture of the model with this probe drive mechanism

in p lace is shown in Fi gure 7. ‘ie;isurements have been obtained for three

long itudinal stations on the model at ‘
~~ = 3, c~ = 2

0 and 40 and for spin
rates of 0 and 20,000 RIM . The model R IM was held constant within + 50 Rh” -I
u s i n g  an automatic control for the air supp ly to the driving turbine .

These measurements were obtaine d for azimuthal stations completely about

the az imu thal plane at 30° increments. The total head probe has a flattened ,

rectangular opening .0076x.254cm with a lip thickness of .0025 cm . The

probe was oriented perpendicular to the model axis to measure the longitudinal

component of the velocity . Velocity profiles were calcul ated from the total

head measurements using the Rayleigh pitot formula and calculated values of

wal l static pressure . The static pressure was assumed constant through the
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the boundary layer and was equal to the wall static pre s:;ure . The total

tempe rature was assume d to vary according to the l i n e a r  Crocco t e m p e r a t u r e -

veloci ty re l at i onshi p . The adiabatic wall temperature was computed using

a recove ry factor of 0.MS .

The surveys through the boundary  l ayer were obtained by starting at  a

p o s i t i o n  w e l l  b eyond  the  boundary  l aye r and t a k i n g  dat a as t h e  p robe i s

driven toward the mode l surface . Contact with the mode l surface was

indica ted by  the closing of in electrical ground circuit. While the

mode l was - p i n n i n g , the p robe ~as d r i v e n  c los e t o , but not touching,

the mode l surface (y s~ 0.02cm) .

-\ measurement  of the  w a l l  shear  s t r e s s  was  o b t a i n e d  for  the non-sp i n n i n g

mode l us ing  t h e  Pres ton  t ube t e c h n i q u e . The Preston tub e is a c i r c u l a r

t o t a l  head probe mounted  f l u s h  wi th the mode l sur face  and s i z e d  to  l i e

wi thin the logarithmic portion of the law of the wal l ve l ocity profi le .

The w a l l  shear stress was computed from the measured total pressure and

the computed wall static pressure using the calibration relations gi ven

in reference 10.

These measurements were obtained for a tripped turbulent boundary layer.

The trip consisted of three machined rings .152cm. thick with small

diamond shaped protuberances.

4. COMPARISON OF ThEORY WITh EXPERI MENT

4.1 Magnus Force

Computed value s of Magnus force are compared to the experimental measure-

ments in Fig~ires 8, 9, and 10. The Magnus force is shown p lo t ted  as a

function of the nondimensional spin rate. Results for the cone model

are shown in Figures 8 and 9. The agreement for M = 2 is exceptionally

good; howeve r , the agreement for M = 3 is also considered to be quite
encourag ing. The agreement indicated in Figure 10 for the secant-og i ve-

cyl inde r mode l is also considered to be remarkably good. The total com-

puted Magnus force shown here is the ari thmet ic  sum of the contribution s

due to T , T~~ , tsp , and It is worthwh i le to emphas i ze that this

marks the fi rst time that computations of the Magnus effect have been

carried out in a conceptually “exact” manner for the turbulent  boundary

layer on a r e a l i s t i c  project i le  con f igurat ion.
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1 .2 Boundary  Laye r P r o f i l e  t ha r a c t e r i s t i cs

Computed and experimental velocity profiles are compared in Fi gu re 11

fo r  t he  lon g i t u d i n a l  s t a t i o n  c l o s e s t  to  the  mode l base .  The compar iso n
i s considered to he very good althoug h the comp uted p r o f i l e  is les s f u l l
at = 0 m d  more f u l l  at ~ = 180° than the experimental data. The

agreement for these three dimensional profi les is actually comparable

t o  t h a t  o b t a i n e d  for  supe r s o n i c  two d i m e n s i o n a l  f low measurements .  The

w a l l  s t a t i c  pressure  inpu t  to  the  boundary layer  comput at i on as a bounda ry

c o n d i t i o n  i s  shown in Fi gure 12 for four a z i m u t h a l  s ta t i ons . On t he

og ive  port i on of the  mode l , t he  lon g i tu d i n a l  and circum f e r e n t i a l  ve l o c i t i e s

experience a favo rable pressure gradient. As the base of the mode l is

approached on the  c y l i n d e r p o r t i o n , the  lon g i t u d i n a l  ve l o c i t y  component

encounters  a m i l d  ad verse pressure  g rad ien t ; and the  c i r c u m f e r e n t i a l

v e l o c i t y  component must n e g o t i a t e  fi rst  a favorable  and then an adver se

pressure gradient.

\ a lu e s  for  t h e  l o n g i t u d i n a l  component of the  boundary laye r displacement

t h i c k n e s s  are compared in Figure 13. \ ; i l u e s a re  shown for t h r e e  long i-

t u d i n a l  s t a t i o n s  fo r  M = 3 and :i = 2°. These plots indicate excellent

agreement between theory and experiment at /l) = 4.44; howeve r , the

Il r u - c - m e - n t  is less  sat i s f a c t o r y  at the l a s t  s t a t  ion , :/D = 5 .56 .  This

pl u t i n d i c ; i t e s  s i g n i f i c a n t d i s a g r e e m e n t  between t h e o r y  and exp e r i m e n t  for

t h e  boundary l ay e r growth  r a t e .  This is not s u r p r i s i n g  s ince  t h e  tu r -

b u l e n c e  mode l d i d  no t  p r o v i d e  for  any a d j u s t m e n t  as a fun ct i on of p r e s su re

g r a d i e n t .  S i n c e ’  there has been some experimental evi dence that the ratio

~T~T, 7r does not  remain  a c o n s t a n t  = I t h r o u g h the  boundary  l a y e r ,

a c o m p u t a t i o n  was run in  w h i c h  the  r a t i o  v ’ w ’/u ’ v ’ was  f i xed at 0 . 3 .

The results of this computation are shown in Fi gure 13 as a dashed line.

It is interesting to see the s i g n i f i c a n t e f f e c t  t ha t  t h i s  modi f i c a t ion

has on the  lon g i t u d i n a l  d i s p l a c e m e n t  t h i c k n e s s .  I t  i s  a l s o  apparent  t h a t

this m o d i f i c a t i o n  doe s not  y i e l d  a p h y s i c a l l y  reason able a:imuthal dis-

tribution for S
x

computed and measure d va l ues for  s k i n  f r i c t ion  c o e f f i c i e n t  are shown i n

1-i gu re 1-I . The s k i n  f r i c t i o n  c o e f f i c i e n t  i s re fe ren ced to free s t r e a m

st atic propertie s upstream of the mode l rather than the more conventional
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~--J--.- - - - - - - - - ~~ 

- . .
~~~ 

-. - - - 
~~~~~~~~~~~~~~~~~~~~ - 

- 7



approach of using local properties at the  e d g e  of t he  boundary  l a y e r .

The agreement indic at e -I  is within 10% . This i s  conside r-ed quite good

s i n c e  t he  Pres ton  tube i s  expec t ed  t o  y i e l d  an accuracy of ~l0% for two

dimensional flat plate boundary l ayer fl ow . The use of the  Pres ton  tube

here  to  o b t a i n  measure men t s  in  a t h r e e d i m e n s i o n a l  boundary  l aye r f low

u s i n g  t w o  d i m e n s i o n a l  c a l i b r a t i o n  d a t a  .nust be regarded as s p e c u l a t i v e

and m a i n l y  of q u a l i t a t i v e  i n t e r e s t .

4.  3 Summary Comment s

The genera l imp ression oht:m ine- d in comparing the computation s to experi-

m e n t a l  dat a is  t h a t  t h e  n u m e r i c a l  t echn i ques are w o r k i n g  q u i t e  w e l l  and

y i e l d i n g  ve ry imp re --sive agreement with experimental data. The r e su l t s

for  ~1a gnus force  are cons ide re d e x t r e m e l y  e n c o u r a g i n g .  The comparisons

Sjth detailed profile ch aracteristics reveal minor diffe rences that

sh o u l d  y ield to further numerical studies using more sophi sticated mo dels

for the turbulent t ransport properties. Other refinements in the

boundary  l ayer comput a t i o n  such as a correction for t ransverse curvature

ari d i nc l us ion of boundary reg ion e ffects should be incorporated. How-

eve r , it is felt that the numerical techni ques now ava i l a b l e  are capab l e

of y i e l d i n g  computa t ions  of Niagnus e f f e c t s  t h a t  would  he u se fu l for

eng ineering des i gn purposes.

5 . CONCLUDIN G REMARKS

-\ combined theoretical-ex perimental study of the Magnu s  effects on yawed ,

spinni ng project iles has been d i s c u s s e d .  The ove rall objective of this

e f f o r t  i s  to deve l op a method for comput ing  Magnus e f f e c t s  t h a t  cou ld  he

used in the desi gn of artillery projectile s. Numerical techn i que s h ave

been developed for computing: (1) the three dimensional turbulent

boundary layer development ove r a yawed , sp i n n i n g  body of revolu t i on ;

(2) the three dimensional boundary-laye r displacement surface for an

a r b i t r a ry body of re vo l ut i on ; and (3) the  th ree  d i m e n s i o n a l  i n v i s c i d

f l ow f i e l d  over a yawed , pointed body of comp le te l y  gene ra l con f i gura t ion
with no plane of symmetry . The c omp u t a t i o n s have  been compared to

expe r im en t al meas u remen t s of MagnUS fo rce and t urbu len t bound ary l aye r
profile characteri sti c-s. The agreement between t h e  theory and expe r imen t

i s consider ed t o  be exceptionally good . It i s  conc luded  t h a t  the  o v e r a l l

147

~ 

~~~~ -
- - - - -- - - 

~~ - S - - - - 
~~~~~~~~ ~~ - ‘--



o’jective of this research effort has  been s u cc e s s f u l l y  a c c o m p l i s h e d .

Howeve r, further effort to refine the computation capability now available

and obtain more comprehensive comparisons with experimental data should

be ca r r i ed  ou t .  It is f u r t h e r  e m p h a s i z e d  t h a t  e f f e c t s  due to  nose

blun tne ss and pro tuberan ces such as ro ta ti ng hands must he ex amined be fo re
the compu t at ion cap ab i l i ty can he conside re d to  have the f u l l  cap ab i l i ty

desire d for artillery projectile desi gn studies.

I
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LIST OF SYN ~~OLS

c f s k i n  f r i c t  ion coe - t f i cient

c~ s p e c i f i c  hea t at cons t an t  p ressure

C norm al force coe-f ficier: t
n

C Magnus (side) force coe fficient

1) d i a m e t e r  of base of  mode l

h s t a t i c  e n t h a l p y

m o l e c u l a r  c o n d u c t i v i t y

turbulent conductivity

m i x i n g  l eng th

p p r e s s u r e

P s p i n  ra te , r ad ian s per  secon d

P molec ular Prandt l no., c ia/k = .71r p
r local radiu~c of mode l

Re~ Reyno lds  number  b ased  on mode l l e n g t h

u velocit y component in x di rection

V vel ocity component in y direct i on

velocit y alon g mode l trajectory

w velocity component in ~ dir e-ct ion

x surface coord ina te in  lon g i t u d i n a l d i r e c t ion

y,Y coordina te pe rpendicular to local surface

z c y l i n d r i c a l  c o o r d i n a t e  a l o n g  model a x i s

- i ang le of attack

c turbulent eddy viscosity

-
~~ b o u n d a r y  l ayer  t h i c k n e s s
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US ! OF SYMIt ( ) I- ~ ( continued)

- ho iu t I ; m r - ~- l i v e r  di sp lac e -m e rm t thickn es s

p cen t  ri f u g a l  F)rl-ssti rd- gr ;m e l i e ’n t  run t r i h u t  I an t o  s i d e  f o r c e

t r a n s f o rmed y c o o r d i n a t e

m o l e c u l a r  v i s c o s i t y

t r ans fo rme d x c o o r d i n a t e

P d e n s i t y

T I ong i  t rid inal ye’ b c  it 
~ 

wa 11 s h e a r  con t r i  h u t  ion to s ide force-

-r c i r c u m fe r e n t i a l  ve l o c i t y  w a l l  shea r  c o n t r i b u t i o n  t o  s i d e forc-

coordinate- in circum ferential (azimuthal) di rect ion

‘-ii h scri pt  -

e ed ge of boun dary l aye r

free stre am reference condition

Supe r s c r i p t s

f l u c t m i ; , t  i n g  q u a n t i t y
- 

t i m e  ave raged q u a n t i t y
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MEAS l~i~-11 —; DI- I NCOMPRLSS I BLE

VEL OC I FY I u I ~ R [IL\ ! I D \ -~ \ N j  FI!I ~J R 1:1:! CI

D\ I J R D I J L I  N I  BOt JNPARY LAYE R CI I - \ R A C T E R T S T I C S

b y

ILI J . Nc- i cr
D e u t s c h e  F o r s ch u n g s -  und V e r s u ch s an s t a l  t

fUr  Luft - und Raum fahrt E . V -
A erodynamische Versuchsansta lt G~ tt ingen

Bunsens t rasse 10
D- 3400 G5ttingen

1. I t -  d u c t  ion

hi- influenc e ~f t h e  w i n d  tunnel turbulence on experimental r i-s u li --

is - l  ~~~ 11 - kri ~~ n phenom -no r - Howeve r , t h e  e f f e c t of g ri d-generat e l

t i r l i i c r i c t -  I cvi- Is in t h e  range of 0. 1% < Tu < 1 . % is not I flvt-- ; t i gat ed

-\ crj:~~-~ r a 11v , -U the previous 1)1 A meet i ng in lD~ S a current i n v e — t i —

gat lon in the !iF\ !~~- \ \  \ , being concerned with the influence of such  low

- - t r e am t u r b u l e nce on t he d ev e lopm en t on - i t u r b u l e n t  b o u n d a r y  Live r ,

~-*s -1e- -c ribcd bri e fl y [1] . Solv in g c a l i h r a t  ion problems of h o t  s ir e S ,

appl ied t o  flows of extre m el y low turbulen ce , extensive measurement s of

ce lo c i t y fl ucturation s in a subsonic wind tunnel flow were carried out .

The decay of turbulence intensity and the deviat ion from isotropic

turhul en ci- was studied . Isotropic turbulence is t h e  simplest type

ot turbulence , since no preference for any specific direction of the

fluc tua ting velocities occurs (U ’ = v ’ = w ’). Thus a minimum number

of q u a n t i t i e s  and relations are required to describe its structure and

behav io ur . Even when no ac tual turbulent flow shows t rue i sotropy the

- 
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turbulen ce is often i s o t r o p ic  to  a s u f f i c i e n t  degree of approximation .

t h e n  s i m p i e t h e o r e t i c a l  h y p o t h e s i s  can  be ap p i  led  for  t h e  f u r t h e r

m a  ly s  is of the experimen tal data.

I n  o rder  t o  be able to study t h e  i n f l u e n c e  of v a r i a b l e  f re e  st  re in

turbulence levels on the boundary l ayer development , ve locit y pro-

fil e s in side — wall boundary l ayers woni -  measured for different dis-

t ances and approximatel y zero pressure gradient in flow d irection.

2. Experimen tal Set-up

Ihe l o w  t u r b u l e n c e  t u n n e l  of t h e  DI-’VLR -AVA was described in detail in cf.

L I ] . For convenience and bet ter understanding the sketch of the tunnel

and the test section arc given again in this paper (compare Fi gs. I

and 2j . The veloci ty fluc turations in x-direction (flow direction )

were measured with a single hot wire , and in y- and z-direct ion sith

\ - l i o~ wires. ‘Ihe hot wire probes were connected to a constant temper-

ature anemometer unit from Thermosystem Inc. (TSI). the output was

obtained from a RMS-voltmeter (TSI) which enabled measurements of t rue

RMS-v alues (u ’’2 ) , , ~~~~~ of the f l u c tuat ing  v e l o c i ty

componen t s u ’ , v ’ , and w ’ . All turbulence measurement s were carried

out w i t h  a low pass filter with a maximum frequency of 2 ku: . I’he

calibra tion procedure of the hot wires is g i ven in  Ref . E l ]

3 . Resul t s
3 .1 T u r b u l e n c e  Measurements

The turbulence level in the wind t u n n e l  was i n v e s t i g a t e d  w i t h  and with-

out grids, flue to the fact that the grids were installed at the end

of the nozzle exit the decay of gr id  generated turbu l ence in a rect-

angular channel could be simul ated . Three different grid sizes were

used . rhe geometry was varied in such a way that  the d i f f e r ence

(M-d) between meshsize M and the wire diameter d was approximately

const ant. En Fig . 3 the measured turbulence levels in the wind
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t unne l  w i t h  and w i t h o u t  grids for different distances from the

l ead ing  edge are shown . The pressure gradient in flow direction

at U~~~~30 rn / s  was a p p r o x i m a t e l y  zero . The b l ack  symbols  are

indica ting measurements with a single hot wire probe while the open

symbolds are represen ting results from a X-hot wire probe . The

resul ts of the single wire probe are slightly higher compared with

those  of the X-probe , but  they are in the range of the expected

accuracy.

In order to be able to proof the existence of quas i  iso t ropic
turbulence in the investigated tunnel flow , the v ’ and w ’ fluc tuating

veloci ty components were measured with X-hot wires. The results

of these tubulence measurements are shown in Figs. 4 and 5. The

decay of the fluctuating velocity components v ’ , w ’ in y- and

direc tion with increasing distance from the leading edge is

similar to that of the u ’ -veloci ty component. However , as shown

in Fig . 6, the measurements indicated that the ratio of the long i tu-

dina l to latera l turbulent intensities is consistentl y l a rge r  than

1 .1 for distances X LF ~ l500 mm. This result is qualit ativel y in

agreemen t with published results of anisotropic grid turbulence.

(JBEROI [2] found by measuremen ts of turbulence behind a square-

mesh bipl ane gr id made of round rods that the RMS turbulent velocity

f l u c tura t ions are charac ter ized  by

(~ T2~~ = 
2 

= 
(u ’ 2 ) 2

- 1.18

However , in our expe r im cn t the (v ’ 2~~~ -component  i s  s m a l l e r  t h a n  th-

(~~‘2 ) 2  -component . This result can be e x p l a i n e d  by t h e  s p e c i a l

geometry of the wind tunnel test section where the dimension in

d i r e c t i o n  i s  about f i v e  t i m e s  of t h a t  in  y - d i r e c t i o n . ( ‘Ihe  mea-

suremen ts of UB E RO I  were made in an axisymmetric nozzle. ) As
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indicated in Fi g. 6 the tunnel turbulence’ has  beco me i s o t r o p i c *)

by a d i s t a n c e -  of X L F  “ 2,000 mm o n l y  for  t h e  s m a l l  g r i d s  1 and 2 ,

rh e turbulence generated by the largest investigated grid (3) is

even  fo r  t h i s  long d i s t a n c e  not isotropic. This result is not in

agreement with experiments carried out by PORTFORS and KEFFER [3]

who f ound a l r ead y isotropic turbulence at a distance from the

le ad i n g  ed ge of about 30 mesh lengths [30 M (x11 . ‘L 601) mis)].

(leanl y’ , the experiment al verification of a condition of isotropy

depends upon the  accu racy  to w h i c h  the  three components of turbulent

i n t e n s i t Y  c , a i i  he determined. In R e f .  [3] i t  is d em o n st  r a t e d

that the expe rimental results depend strongly on t h e  applied

measuring techni que and data reduction procedure . However , the

authors of Let ’ . [3] f o u n d  t h a t  for di stances x~~/~’ 25 ( x~. di stance

from the grid) t he  ratios of the long itudinal to lateral compo-

n c- n t s  (
~~

‘
~~) / ~~~~~ ~ is greater than unity, wh ile the RMS va laic- s

of the  v e l o c i t y  f l u c t u a t i o n s  (~~T)~~/ (v ’ 2 ) ~~ are co n s i d er abl y
s m a l l e r  t h a n  u n i t y .  T h i s  was not found by U BE RO I and i n  the here

d e s c r i b e d  e x p e r i m e n t s .

If simp le the oretical relations for the deca y of the t u r b u l e n c e

i nti-ns i t v  u ‘/11 shall be applied , the di st ance from f e  cit - t Wa 1

o r i g i n , at which lJ ~ /u  = 0 , to  t he  g r i d  h a s  to  he m n w n

In order to find this virtual origin i t  was assumed - 1 - 1  l o w i n g

ROT ’IA [ - 2 ]  - t h a t  t h e  decay of t he  R M S - v a l u e s  of t h e  n e a s i a r e d

l o n g i t u d i n a l  cc- I d)c i t  v f i  u c t u a t  i o n s  (u ’~~ ) i s p r o p o r t  i o n a  I t0

(For  our t e s t  c o n d i t i o n s  x G’
~ 

x
11 

. 1  COM ’FL- I t I  LOT and

( :oRRs l\  [5] found values for n in  t h e  range  of n = 1 . 2  and n =

1, 3 . In  I i ~~. 7 the calculated values of (
~~~~~~~~~~

)
( 2 / ~~~~ )

, =

for the three different investigated grids are plotted versus

the dist a nce from the leading edge . x LF : The poin ts were approxi-

mated by stra i ght lines and the distance x from t he  grid to

the virtual origin w a s  found to he x -  250 mm. he slope of t h e

\c t aa a I ly, true isotropy requires more t h a n  equality of the
ant ens a t v component . lIm e i r ene rg~ t r i must i c  rd a ted
thr ough t h e  i — 1 ) 1  roll i c express i o i ls  ov a -n the complete a ’ a ~ c-
number  rang e  a t ’ t ma rh o 1 ence . lb i s a-. A s i t  s roo fed i n t i e
experiment -
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St I i  a c it  I l i t - - - i n  F i g .  ‘ a n d  i c i a t  i’d t h a t  t h e  m e : a s a a n i - d  turbulence

d a t a  f o r  t h e  d i  f f c - r e n t  g r i d s  c o u l d  be c o r r e l a t e d  m u l t  i p l y i n g  t h e

d i  - - t toe d- (x — x ) i s i t h  t h e  grid—p ar am etc- r ‘1/d. the r e s c i l  I i s
cc)

—li oa-a i i n  F i g. 8. ‘Ihe decay  of t u r b u l e n c e  i n t e n s i t y  of a l l  t h r e e

g r i d s c mii he c o r r e l a t e d  and d e s c r i b e d  by t h i -  r e la t  ion

2/n( 
~
) = ~~ . 133 [ ( x 11 - x )  I

3. 2 B o u n d a r y ’  Lay er  ~1eari 1:10w ~- 1e:asur ement 5

K n o w i n g  t h e  t u r b u l e n c e  i n t en s i t i e s  of t he  w i n d  t u n n e l , boundary

l aye r  m e a s u r e m e n t s  were made w i t h  and w i t h o u t  g r i d s .  The t ransi -

t ion from l a m i n a r  to t u r b u l e n t  b o u n d a r y  l ay e r  f l ow  s-a s f i x e d

installing an a rtificial roughness at = 50 mm . In Fi g. 9 and

1 0 the measured velocity profiles U/u
1 

without and with grids are

plot ted versus the dimensionless wall distance Y~ (u~ i s  the she ar

stress velocit~- ). The boundary layer velocity profiles a t  very

1(15 turbulence levels in the free stream show in the outer part

a large ‘overshoot ” of the velocity ratio U/U
T 

above th e loga-

rithmic line

U
71 = — A —2

I

( ,  = ( 1 4  the von K~ rm~n constant).

At low turbulence levels ri is seen to have approximatel y the same

value that COILS found for the flat plate (‘ri~’-’0.5). The influence

of th e free st ream turbu lence  on the wake componen t is c l e a r l y
indicated by the velocity profiles in Fig . 10. The velocity over-

shoot decreases if the turbulence intensity is increased by very
small amounts (ATu

1 
% 0.4 % ) . It becomes clear from a 2iarther analys is

of the measured boundary layer profiles that the main a - -.:ge will

occur in the wake region of the profile. The boundary aayer thick-

ness increases considerably wi th increasing turbulence intensity.
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I h e  l o c a l  sk i n  f r i c t  j on  c o e f f i c  jent c a l c u l a t e d  f rom t h e  measu red

~rofi I c - s  - u s i n g  the l a w  of th i -  s a l  1 , or I udwieg/ ’I ’ i l l m a n n  formula -

remains approximatel y constant. I’his can he seen too from the

di-~ t- 1op~ a - n t of t h e  m omen tum t h i c k n e s s e s  5 ) w i t h  i n c r e a s i n g  d i s t a n c e s

‘I F  co n i l a a a - a- F i g ,  I i  - The b o u n d a r y  1- aver  m e a s u r e m e n t s  w i t h  g r i d

~eni ’ n i t  ed f r ee  s t r e a m  t u r b u l e n c e  lead to h i  gher i n t e g r a l  vu l i a e s

~~, a s n er e

= 

~~~ 
~s!i_ I - ~ Y_- F dy

On t h e  o t h e r  hand t he  s lope d6
2
/dx is equal to that of the low

turbulence case. The reason for the high values of 
~2 

is ba sed on

two facts:

flue to the location of the grid close to the leading edge (compare

Fi g. 2)

- the turbulence intensity’ is extremely high when the
bounda ry layer  star t s to grow

-and due to the wake of one rod , the bounda ry l ayer starts
w it h  a final amount of momentum loss , w h i c h  appe ars as
an additive constant for all distances.

The r e s u l t s  of these  m e a s i a r e u a e i i t s  i m p l o y  t h a t  t hese  two e f f e c t s

sh o u l d  be separa ted . I n  t h e  m e a n t i m e  measureme nts are c a r r i e d

out whe re  t h e  g r i d s  a re  loca ted  about  51)0 mm u p s t r e a m  of the

leading in the tunn el nozzle. Now the boundary layer can be

stud i ed at low , g r i d  genera t ed turbu le nc e in tensi ty and very sma l l
changes of the turbulence intensity Tu in x-direction.
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IN TR OD U C T I ON

M ethods  for  the  p r e d i c t i o n  of sh i p rc-sist ance are s t i l l  f a r  f rom b e i n g

sat i s f a c t o r v . I n  order  to  improve  the  p r e d i c t  ion of the v i s c i lls p a r t

of s h i p  r e s i s t a n c e  a systematic investi ga t ion of t i n- t h r e e - d i m e n s i o n a l

b o u n d a r y  l aye r on a s h i p h uU  was s t a r t e d  at t h e  I n s t  i t u t  fu r  Sch i f t 3 , i r i  -

I’he scope was to  o b t a i n  c- x p e r i m e n t a l  d a t a  f rom mode l m e r a s u l - en h c - n t s  rind

t o  t e s t  di f f1- rent methods a f boundr a cv l ayer cra I cul rat ion . Seve re redact i ons

of t h -  f unds lead to  b a s i c  chan ge s in t h e  i- c -search  p rogram : The n t  i vi t y

of  t h e  w h a l e  has  i c h~’d 1s) k’ r , r cmi  es ro ’ as - in  c i  ucl i ng th c- m ent  ioned p r o g r r a m

on - an l a cy  1 ray - c’ rs — w - a -~ topped . T h i s  gro up was composed by P r o f .  ~-

a e gh ;a i - I t  , ‘-F r - II. — F ’  . hfoft ’nan , who niade t h e p i-c-c s nrc p i-obe i nec -i t i c - ions

~f r ,  ~j ,  S c l - c - i n p t F u g ,  i n  c l a : a r g c  of  t h e  devc- l opment of the lra sc- r ve lo cime te r .

and rny s e I t -

i~h i Ie  a g r e r a a  ic- al of research ac ti v i t y ’ is at p r e s c -n t  i n v e r t e d  i n t o

b c -Ui -  r mode l ing of the t h i  r d — a r d e r  co r re  I rat  ion rand simi I ,ar I ~‘ rms in lie

r ;a n s p o r t  — c - q i a : a t  01) 5 f ’s r t h e  ~e y n o i d s —  st rc-sses . i t  may Fe a 1 lowc d t a r i s k

w h a t  a degree i t ’ sophis t a eration i s  i- c- r a l l y ’  nec - c-ss r a ry ’ t o i ’  :1 p r t - - h i ~ ’t ion

~~- r I , o d  t o  con fo rm c c - r t . - i i n  a c cu r a cy  requ i r e m e n ts  for the gr i ’ d i  c t e d  v a l u e s

lie ri , 1 m i  t n t  ions and power of t w o  vi- ry’ si  mp h - cr a l c i i l a t  ion methods  w i l l

he made e v i d e n t .

E X P E R I M E N T A L  I N \ r . s - r I G A T I O N S

The results of pressure probe measurements on i ship h u l l  doub le  mode l

in a wind tunnel are presented together w i t h  some c a l c u l a t i o n s  of thi-

‘ s t i r fl ow and the  boundary  l ayer i n  two d i m e n s i o n a l  approximation . The
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mode l in Vd ’st i a~a t  c-ti , I-i gure 2 , is a double model (length 2 - 7 l iii) of the  unde r

-~, a t e r  h u h  of a mode rn cargo l i n e r  (C
R 

= 0.85, B/ T = 2 .7 , [/ 13 = ( i . O )

r-. ith a pn arabol i e ra  I h ow - It was fit tedh with about 23(1 pressure taps w!u i ch

a l l o w e d  to c h a r t  t he  pressure d i s t r i b u t i o n  ove r the  s u r f a c e  w i  t hu a certain

pr ecision . The wind t unnel , Fi gure 7 , i s  a G~ ttingen type tunnel with a

s l o t t e d  w a l l  t i - s t  r - c ’ c t i o n  . N o  forces or moments  we re reg i s t  c r a t e d  and t h r e e

di  f f1 - r en t  speeds were  chosen cor responding  to  Reyno lds  n umbers (charac-

teristic length is t he  mode l l e n g t h )  6 . 8~ 10
6
, -I , 8~ 10

6
, and 2.8~ i0

6 , the

modc- l nil i gned so n as t o  ensure  :ero ang le of n a t t r a c k  -

The boundary l ay’i-r was i nve stigr at ed at various st rat i ons  w i t h  p ressure

probes .  -\ strati c pressure  l)robe , a P i t o t  tith e and a t h r e e - h o l e  p robe

wi- i-c’ t r a v e r s e d  th rough  the  b o u n d a r y  l aye r in a d i r ec t  ion a l w a y s  no rma l  t i

t h e  hu l l s u r f a c e . \ f i v e - h o l e  probe was -also used , i t s  r e s u l t s  be ing  in

fia t 1 agre ement  w i t h  t hose  of the  t h r e e - h o l e  probe n as r e g a r d i n g  t o  the

f low a r u t l e  i n  a t an g c - n t i a l  p l ane . Th c- da ta  on the flow angle  toward or

a w a y  f rom the h u l l  s i u r f U a c c -  i n  the reg ions w i th a thick 1 aye r h a v e  not i t

bc-ca a n n a l y : e d .  Ca re was t a k e n  to  cor rec t  the  s t a t i c - pr e ~~su rc - -prohe i-c-

Sp au se  fo r  the fl ow ang l e .  W a l l  shear  s t res s e s  were  measured by ’ the

l rc-ston-tujbe-rnethod and were a l so  c a l c u l a t e d  by’ the l uui w ie g- ’Fi 1 lm an fo r-

m u l a  in spit c- of  three dim ensionality and p rc- -~sure grna dients of the flow .

o n  l i n e  p r o c e s s i n g  of the  data was used e n s u r i n g  t h a t  r e s u l t s  were  a v a i l a b l e

i m m e d i a t e l y  a f t e r  th c - m e n a s u r e m e n t .  Turbu lence  i n t e n s i t y  or s he a r - s t r es s

d i s t r i b u t i o n  we re no t  measured .  By m d - ra i l s of an appropr i  r a t e  s t r i p it w a s

c-n~ u n - cl , t h a t  t h e  boundary  I nlyc r w n as  f u l l y ’  t u r b u l e n t  - Th i s  w - na s c ’n- c k c’J

by m e n a s u r i  ng s p e c t r a  of t h e  t u r b u l e n c e  ra t  e q u a l  r e l a t  i vc’ dep th  in t he

1 n yc- r a t di t’ fl i-c it stat Ions -

A-; cc-suit s a few s e l e c t e d  v e l o c i t y -  p r o f i l e s  w i l l  be p r e s e n t e d .  Fi gure s

3 rind 6 show t h e  s t a t i o n s  on the  (ml 1 i n d i c n a t  i ng  t h e  v n a i - y u n g  t h -~ ckness

i f  t h i -  tioaaru ~Lary’ l ; i y c -r .  ‘l’yp i c a l  pro t’a les f o r  the stat ion lab c-le d numbe r 18

ra re shown in 1-i gu r-c’s - )  and 5. It i s  5cc-ri that rat stat ion 18 , 1.72 m

f rom t h e  how , t h i n -  i s  s t i l l  r a c -g l i g i b l e  c i -uiss  f l o w  in  t h e  h~~u i r a , F  a r - v  l acer

and t h i s  is  t r aw - for  each p o s i t i o n  on t h e  g i r t h  . ‘l’h logs b r a v e  changed  at

St rat a on 2n which a s  at  2 .5( 10 m from the ( o w  (Fi gure n) . Dc- re we see t h a t

liii- cross flow profi ~~ ma~- not he approxim ated by- t h e  u s u a l  fo rmul n a i

(Figure 7)  n o r  doc’ s t h e p a l  n i r  p lo t  r- c-s emh Ic t h e  Johnst on t ri ang lc- any
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mo rt’ (1 -igure 8), The ~t i r t h w i s c -  v n a r a ; a t j ofl of t hai- cross flaw bc -com i c evident

r ind m a c  I r e  p u t  in i’c- 1 at i on t o  t h e  g i rt hw i -r i- p rc-ssu nc- di st ci hut ion shown

in  t i e  a nsc- t

I f  one t ries to nipp l \ ’  t h e  w i - i l  known me thods  f rom t w o  d i m e n s i o n a l  l , i y ’ -r -

t o hesc- 
~ 

i- a t i  i c - s  , o ra c- so ,; Id f~i r — t  of all risk i f t h e  I o g a  r u t  t imi C 1 raw of

t h e  w , a l l  r e m a i n s  v a l i d .  Not t n a k i n g  into conside ration the cross fl ow niri g li - ,

i . e . , considering t i r e  ve l o c i t y  v e c t o r s  of t h e  p r o f i l e  as if t h ey were co-

p i r a n r i n . t he  r e s u l t s  ra re  n as  show-n in  Fi gure 0.  W i  t h  t h e  excep t  ion of t h e

l~ ’o f i  le  i t the ~~01 r u t  labe h-d nis number  182 th i - p lot  may hi- cons i dc- red as

ac- - i - j i t n a h h c ’ . I t  may not bc -ar na deeper p h y s i c r a l sc -nsc hu t  i t  is neve rt h c - l e s s

s u r p r i s i n g  t h n a t  a chan ge of the  constan t C to a v a lu e  of - 3 . 8  a l l o w s to

f i t  t h e  p r o f i l e  q u i t e  w e l l

~ \ lfIII, Vi IONS

\‘~ sh o wn in Fi gun - 10 the potential cal cut at ion [1] (us ing ove r - 1 (1(1

e b - , n , e n t s  o r  a quarter of t h e  doub le  m o d e l )  leads to  a comp i icna t c- d pat tern

‘if lines if constan t pressure on the h u l l  s u r f a c e . A t a fi rst si gh t  t h e

n i g r c - c m e n t  seems to  be e x t  reine l y- good. In f ac t , d i  f f i -rences are l a r g e  o n l y

in t I e  stern reg ion . ‘i’ c -t , t i n - r e  rare  n a l s o  s h i u t h t  d i f f e rences  i n  t he  how

rc- g ion wh i ch a re  d i  f u u  c u l t  to  e x p l a i n .  l r ’a t c - p i - n a t i o n  ove r the  mode l s u r t ’n ac c ’

shou t d of course g ive  :ero pressure  force fo r  p o t e n t  h a l  f l o w  - b u t

unt ’ ;rtunr ately , i t  does not  ‘ p p a r e n t ly ,  our comp u t at i on me thod  s h o u l d

tic’ ni~ ro ced. Also thai- integration ove r the exp er in u entra l p rc’ --r -~ure di st ri -

ut ion did not y ield a satisfactory result ,

‘Ih e most primitive way t o  t r e a t  a boundary layer is to conside r it is

a flrat p l n a t e  boundary  l ayer .  h e r e  the  so c a l l e d  S c h o e n her r - l i n e  was

chosen as fri on law [3] [-1]. The arc length of the oc’t”r flow s t ream-

line was taken as the dist ance on w h i c h  R e - n u m b e r  is based.  Five s t r e a m

lines (compn arc- Fi gure 2) were con st ruct ed m a n u a l l y  on the h u l l  s u r f n a c c ’
on ii; - h n i s i s  o f ’ the calcul ated direct i onal  f i e l d  of the  o u t e r  f l ow .

A much h i gher de gree of complexity in calcula t on effort is required if

one of i - h i - uisunal c r al ci aln a t ion methods is to he applied. The simplest choice

is to i s a ’  a t wi -di mens i onal integra l method. Here the method  of R o t t n a

[2] wni’ - - - ‘ l ao -n - i a  and the c ni lcu lnat ion per fo rmed a l o n g the same s t r e a m l i n e s

k I ng n w  t h e  pressure g r na di c - n t into account but ci -  i l l  neg l e c t i n g  s t r e a m l i n e -
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di c-c r~ c -r 1 ‘c’ r ind cu r’vn tune in  11 ui-n cc. ‘J’hc- ca l  cu 1 ated and t h e  measured

p r e s s u r e  di st r i b r i t  i on on such a s t r e r a m i  i n c  are compared in  I igu re I I .

Thai- e r a !  c i i i  a t )  oti s b uravc ’  not  cc- t been repeal I ’d w i t h  t he  m e n a s i a  r i -cl press ure

di st  a- i b u t  i on .

Fi gu res 12 to  16 show a co m p a r i s o n  of the calculated v alu a c- s for the skin

friction coefficient , rind integral p a r a m e t e r s  w i t h  e x p e r i m e n t a l  r e s u l t s .

The skin-friction coefficient was obtained by di fferent methods - -. It was

mc-asure d with na Preston tube , it was determined by fitting the law of t h e

w r a i l  ( w i t h  the u su a l  v a l u e s  of t h e  c o n s t a n t s )  rind i t  w a s  de r ived  f rom thc-

momentum loss thickness by the Ludw ieg-Til lmann-formu la. The f r i c t i o n

c o e f f i c i e n t s  deri ved here are all re l ated to the  i n c i d e n t v e l o c i t y -  and

n o t  ra s u s u a l  to the local velocity -at the  boundary  l aye r  ed ge. In t e g r a l

p arame te r s  we re c a l c u l a t e d  f r o m  v e l o c i t y  p r o f i l e s  n e g l e c t i n g  cu rva tu re .

At h u l l  s t a t i o n  18 both  fl at p la te  arid two dimensional calculation g ive

vna l aaes wh i ch are of the ri ght  orde r of m a g n i t u d e , thoug h a bi t low . The

same is t rue for the integral parameters . Of course , these simp le methods

n i -c- n o t  able t o reproduce th e de tai ls of the girthwise distribut i on of

these parameters .

Even at  frame 26 , where there  are enormous c ro s s - f l ow  angles , the me an

value of the  s k i n  f r i c t ion  c o e f f i c i e n t  is  s t i ll  w e l t  p r ed i c t ed  b y these
— very’ simple methods . h ere , two displacement thicknesses , four momer tum

l oss thicknesses and two energy toss thicknesses are presented. It was

n ot possible to compute the real displacement thickness (one component)

nor the  real  momentum loss t h i c k n e s s  (a two  component magn i tude )  because

of the  lack  of s t reamwise  i n fo rmation .

The l i m i t a t i o n s  of the  r a the r  s i m p l e  c a l c u l a t i o n  methods are c l e a r l y

v i s i b l e , hut  a lso  t h e i r  powe r i s  demons t ra ted .  A most s t r i k i n g  r e su l t  i s

the  ve ry  good p r e d i c t i o n  of separation by the two d imens ion a l method on
s t r e a m l i n e  4 and only  on th i s  stre aml ine .  In the exper iment , a ra ther

s m a l l  reg ion of separated fl ow could be seen.. Only streamline 4 crosses

this domain of separated flow and the point of separation predicted seems

to be quite accurate.
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CONCLU S IONS

The deve l opmen t of hi ghly sophis ticated calculation methods for three

dimens ional boundary l ayers w i l l , of cours e , t)c- necessary for a thoroug h

unde r s t a n d i n g  of the flow itself. Yet , so far  i t  seems t h a t  the v i s c o u s

pressure drag is the component of t o t a l  r e s i s t a n c e  w h e n -  t he  geometrical

influence predominates , while it seems to he easy to  p red ic t the sk in
f r ic t ion approxima te ly  ignoring the influence of geometry . To obtain ra

realis tic picture of the pressure distribution also at the stern of the

body the wake has to be included somehow in the calculation procedure . It

is t h i s  wake which  in con junct ion wi th body geometry de te rmines  the  p ressu re

f i e l d  in the  stern reg ion and prescr ibes  f low sepa ra t ion . Boundary lay ’ c’r

c a l c u l a t i o n  w i l l  serve as a step in an i t e r a t i v e  process to  f i n d  t h e  ri ght

fl ow pa t t e rn  aro un d the  combina t ion  of body and s i m u l ated w a ke  y i e l d i n g

the pressure distribut i on in accordan ce with reality. But at present we

think that the most urgent need is for more experimental evidence on what

i s r e a l l y  h appening in the stern reg ion and to compare r e s u l t s  from var ious

body forms . On ly such basic experimental info rmation will lead us to more

reliabl e calculation procedures.
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EFF E CT OF WALL COOLING ON TIlE STABILITY OF LAMI NAR
BOUNDARY LAYERS FORMED IN SHOCK TUBE FLOWS

by

Louis I . Boehman
University of Dayton
Dayton , Ohio 45469

ABSTRACT

A distinguishing feature of boundary layers in shock tubes is that in the

boundary layer flow induced by a normal shock , the wall temperature (T) is

less than the termperature at the edge of the boundary layer (Te
) for all

shock Macli numbers (ML The cooling of the boundary layer in this type of

flow is such that the ordinary types of disturbances considered in boundary

layer stability theory are essentially completely damped out . This fact

prompted a search for other disturbances that mig ht be unstable in highl y

cooled boundary layers . Two new classes of disturbances have been dis-

covered which are unstable in highly cooled boundary layers. Both classes

of these disturbances originate in the free stream in the form of sonic

or near sonic disturbances which carry energy into the boundary layer.

One class corresponds to sonic disturbances which travel slower than the

free stream and the other class correspond to disturbances which travel

faster than the free stream . This latter class of disturbances represent

acoustic disturbances present in the free stream . With the former class

of di sturbances , it is now possible to remove a paradox that has existed
with respect to linear stability theory predictions compared to measured

transition Reynolds numbers . The paradox has been that linear stability

theory critical Reynolds numbers for flows with Tw/Te<l have exceeded mea-
sured trans ition Reynolds numbers whereas for flows with Tw/Te>l the
critical Reynolds numbers have been less than measured transition Reynolds

numbers and have generally showed qualitative agreement with trends in

measured transition Reynolds number variations w ith wall cool ing, pressure 
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gradient , and Mach number. Th~ critical Reynolds number-amplification rate

characteristics of t h e  former class of disturbances lead to qualitative

agreement between predicted values of the  onset of transition with the

Boison ’s recent measurements of t ransition in shock tube boundary layer

flows in t h e  range of shock Mach number ~ of ~ to 4 .5.

The s t a b i l i t y  c h a r a c t e r i s t i c s  of these newl y discovered unstable disturbances

are presented for shock Mach numbers in the range of 1.5 to 4.5 which cor-

responds to a Mach number range for the flow behind the moving shock of

0.6 to l . 7t . Some important implications of these disturbances in terms

of using boundary layer cooling as a means of boundary layer contro l are

discussed . Particular emphasis is given to the potential of using this

form of boundary layer control on subsonic aircraft to achieve drag reduc-

tion and hence improved fuel economy .

NOMENCLATURE
Characteristic

Symbol Definition Measure

a -Speed of sound

c -Phase velocity of disturbance lJ~ , U~

9. -Characteristic length

M -Mach number

M -Mach number of flow behind a shocke wave-shock fixed coordinate system

-Mach number of flow behind a shock
wave-lab-fixed coordinate system

M -Mach number of moving shock

=

R -Reynolds number: Based on distance
from leading edge in steady bounda ry
l ayer fl ows , Rx = U~ x*/v~,; Based on
total distance particle has traveled
relative to wall in shock induced
fl ows , R

~ 
U~ x*/v~

R
x

I -Temperature based on absolute T,~, T*
thermodynamic scale e
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(;har~*c t t r I  ~~ i i
Svmho 1 lIe Ii f l it  iOn

II - Mc l i i  f l o w  v e l o c i  t v  component  i n  1J~~, IJ~
x • d i  l’CC t ion

— F r e e  SI ream , mean f l o w  c e l o c i  tv ill
St (a dy boundary  I a \ e r , x * d i  rc t Ofl

-Vc lo~ i t  ~ of n i ” an  f l o w  in  f r e e  s t r e a m
— b e h i n d  m o v i n g  shock  w a v e

= I 14* — I
S e ’

-Disturbance wave number in
strezlmwisc direction

-Boundary layer thickness

p -Dynamic viscosit y ~ ,p~
V -Kinematic viscosity ~~

-Disturbance stream f~.nction

Superscrip ts D e f i n i t ion
) ‘  -Der ivative with respect to y

( )~ -Di mensional quantity

Subsc rip ts D e f i n i ti on
-Free stream value (steady bound ary l aye r

f l o w )

e -Free stream values based on flow behind
shock w av e , shock-fixed coord i nate
system

-Undisturbed flow conditions in front
of mov i ng sho ck wave

2 -Flow conditions in free stream of mean
f l ow beh i nd moving sho ck wa v e , l ab-
fixed coordinate system

INTRODUCTION

Dur ing  the pas t decade , great strides have been made toward a better

understanding of the causes and nature of transition in wind tunnel and

free-fl ight boundary layers. The greatest analytical progress toward a

bet ter unders tanding of transi t ion has been throug h the l inear  sta b i l i ty
theory of parallel flows .

The work of Les Mack at JPL has provided the new discoveries that have

gained added importance for the linear stability as a tool for under-

standing of transition . His discovery of multi p le mode , mul t ip le f a m i l i e s
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of solutions to the compressible flow small disturbance equations and h i s

demonstration of the physical importance of these new types of solutions ,

has m ade it possible to formulate a quasi-theoretical model of transition

for supersonic flows based on the linear stability theory of parallel
[1]flows

Mack’ s quasi-theoretical model includes two mechanisms for relating the in-

fluence of environmental disturbances on the response of the boundary layer.

One mechanism is that of the forced oscillation of the boundary layer. One

mechanism is that of the forced oscillation of the boundary layer caused by

discrete free stream pressure disturbances (acoustic radiation) and the

other mechanism is the response of the boundary layer to a spectrum of free

environmental pressure disturbances. Within the context of these two

mechanisms he has been able to study the effect of Mach number , unit

Reynolds number , and w all cooling on transition in wind tunnel and free-

flight boundary layers . lie has  had a good degree of success in exp laining

how environmental disturbances can affect transition as Mach number , Unit

Reynolds number , and wall cooling are changed . The accuracy of Ma ck ’ s

transition model appears to be limited for the most part by the accurac y to

which the nature of the environmental disturbances themselves are known in

1 g iven facility.

In order to app ly Mack’ s model to the problem of predicting the location

of the onset of transition to a supersonic flow situation one must have

available the basic results of a parallel flow , small disturbance stabilit y

anal ysis , namel y, neutra l stability curves and amplification rate versus

frequency for a range of Reynolds numbers.

The great deal of progress that has been made toward understanding trans-

ition in wind-tunnel and free-flight boundary layers has not been matched

by progress in understanding transition in laminar boundary layers in-

duced by a moving shock wave. This is in spite of the fact that a con-

siderable amount of data on transition in shock-tube boundary layers has

been geneiated during the past two decades. Morkovin
[2] 

has summari:ed

the nuan ce s and contradictory observations that have been made concerning

transition in shock-tube facilitie s . In Reference 2 , Morkovin provided a

companion document to his earlier work in which he provided an assessment
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of the level of understanding of wind-tunnel and free-flight boundary

layer transition ~~
1 .

Recently, Boison 14
~ conducted a series of careful experiments ~.n shock tube

boundary layer transition in order to examine the influence of environment al

factors such as wall vibration and free stream acoustic disturbances on

transition in addition to the influence of wall cooling , enit Reynolds

nu~,L)er , and Mach number. In these experiments extraordinary precautions

were taken to eliminate wall roughness as a possible cause of early tran-

sition in addition to the influence of wall cooling , unit Reynolds number ,

and Macli number. In these experiments extrao~rdinary precuations were taken

to eliminate wall roughness as a possible cause of early transition .

Boison ’s data at a Reynolds number per foot of S x l0~ showed that as the

wall cooling is increased (by increasing shock Mach number therefore de-

creasing T / I ) from T /T of 0.45 down to 0.06, the transitionwall edge w e
Reynolds number first increased then decreased 1re~~rsal) then increased

again (re-reversal), then decreased , increased again , and so on; showing a

number of transition reversals and re-reversals. The transition Reynolds

number was found to he extremely sensitive to small changes in co. Iing

especia lly at the smaller T/T ratios. Figure 1 shows Boison ’s trjn sition

results for R ift = 5 x 1O~ along with that of severa l other investi gators.

The first transition reversal loop .l7<T /T < .36 see’s to he fair l y well

established althoug h more results would be desirable to definitel y show

that onl y one loop exists in this wall cooling range rather than perhaps

tow. Also shown in Figure 1 is a calculation of Reshotko~~
1 for the

cooling required for comp lete stabilization of 2-D disturbances.

It should be noted that this result by Reshotko is not based on a completel y

valid solution of the stability equations a~ determined by Mack (see page

14 .1 of Reference 6) but should be approximately true since the stability

function v (defined in Reference 6) contains no zeros in the boundary

layer where T/T = 0.38 so that according to Mack
[61 no unstable first-

mode , 2-D disturbances are possible except possibly at very high Reynolds

numbers.

Efforts to use .;tal-il ity theory as a guide to unders~anding transition in

shock tube boundary layers have not been usccessfu l partly due , no doubt ,
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to the fact that only one stabilit y anal ysis has I cer i performed using

veloc i t~ m d  tempe rature profiles charactcri ’~t ic of compressible boundary

l ayer s b e h i n d  a m o v i n g  s h o c k .  Th i s  a n a l y s i s  p erformed by Ustrach and

Thorn ton 1 1  in 1962 produced minimu m cr i t i c .i l numbers that greatly exceeded

the measured trans ition Reynolds numbers -- the deviation increasing by

orders of magnitude with more cooling (higher shock Mach numbers). Their

a n a l y s i s  was based on t he  I ) u n n _ L i n E 8 l  a sy m p t o t  I c approach  and  d i d  not take

in to account 3-D disturbances. Ostrach and Thornton concluded that shock

tube t~ ansi t ion did not occur through amplification of Tollmien- Schlichting

w aves hut rather was caused by fini te disturbances in the form of the in-

herent l y large env i ronmental disturbances that are present in shock tubes.

Mack’ s [9 ,101 
di scovery of the existence of multi ple  mode , multiple family

solut i ons to the parallel flow linear stability equations for the case

where the wall is supersonic relative to the phase velocity of a disturbance

(c /a >I ) led to the suggestion by Mor kov i n 1
~~ that the Ostrach-Thornton

analysis o mght to he redone using the full set of p a r a l l e l  f low , linear

stability equations and direct numerical integration in the fashion of

Mack . Since Mack had shown that depending on the amount of wall cooling

(T /T ) 2-D firs t mode unstable disturbances could be stabilized and second

mode 2-U d isturbances destabilized , it was thoug h t tha t perhaps the i n trica te
cooling effects on transition in shock tube boundary layers could be cor-

rel at ed wi th the stabilization of first mode disturbances over certain

range s and des ta b i l i z a t ion of h ig her modes over other T
w/Te ranges .

Thi~- suggestion was put forth by Morkovin prior to Boison ’s work . When
Boison discovered the existence of the multi ple transition reversal loops

in his shock tube transition data he also saw the possibility that these

loops mig ht be explained through a stability anal ysis of the shock tube

laminar boundary layer which recognized the existence of multiple mode

solutions.

In early 1972, an effort was begun by the author to redo the Ostrach-

Thornton analysis using University of Dayton Research Institute (UDRI) com-

puter programs that had successfully been applied to supersonic boundary

layer stability problems for flat plates U1 ,12~ • This initial effort was

disappointing insofar as hi gher mode solutions for the shock tube laminar

boundary layer could not be found and the first mode 2-D solutions only
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cor &firmed the results of Ostrach and Thornton . In this initial effort , it

was found that the higher modes are associated with large values of the

product of wave number and Reynolds number which is characteristic of higher

modes in low free-stream Mach number which is characteristic of higher modes

in low free-stream Mach number flows with high cooling rates. It was also

found that much smaller integration step sizes were required to successfull y

integrate the stability equations for shock-tube boundary layers compared

to integration step sizes required for insulated wind tunnel boundary layers.

SUBSONIC , SONIC , AND SUPERSONIC DISTURBANCES

In Figure 2 are shown three curves of phase velocities versus shock Mach

number (M). The curve labeled C
r 
(M =l) shows tha minimum phase velocity

that a disturbance must have in order that the disturbance be moving super-

sonically relative to the flow at the wall. The second curve , labeled

C
r 

= l÷l/M 1 shows the phase velocity that a disturbance must have in order

that the free stream is moving sonicall y with respect to the disturbance ,

i.e., the free stream is moving in the upstream direction at M = 1 relative

to an observer moving at the velocity 1+l/M 2. The third curve , labeled

c = l-1/M 1, shows the phase velocity that a disturbance must have in order

that the free stream is moving sonically with respect to disturbance but

with the relative velocity between the disturbance and the free stream being

in the direction of flow . These three curves together form a region in

which subsonic disturbances exist for which the local Mach number of the

flow is supersonic relative to the phase velocity. This region of phase

velocities encompasses the higher mode disturbances that can exist (according

to the inviscid theory) are subsonic ones. Above M5 = 3.5 both subsonic

and supersonic multi ple mode solutions can exist.

I NCOMING AND OUTGO ING DISTURBANCES

Whenever the phase velocity of a disturbance is supersonic , that is , the

disturbance is moving at a velocity relative to the free stream which is

greater than or equal to the free stream speed of sound , (c~~ l- 1/M2) or

c~~l+l/M2) ,  the two solutions to the inviscid stability equations for the

free-stream represent Mach lines eminating from a point disturbance in the

free-stream . One characteristic solution represents a reflected or out-

going sound wave and the other charac teristic sol ution represents an
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incident or incoming sound wave [6]. For neut ra l outgoing Mach waves , energy

is transported in the direction of increasing y, that is , into the free

stream whereas for neutra l incoming waves , energy is transported in the

direction of decreasing y, that is , into the boundary layer . For subsonic

disturbances , the inviscid free-stream solutions no longer represent sound

waves , hut represent two exponentially varying pressure fields caused by

inviscid flow over a moving wavy wall. The solution whose characteristic

value has a negative real part represents the pressure field over the moving

wavy wall (outgoing solution) and the solution whose characteristic value

has a positive real part represents the pressure field under the moving

wavy wall (incoming solution).

In the viscous theory two of the independent solutions are almost identical

to the inviscid solutions except for a small viscous decay term . Ordinarily

in stability theory the inviscid soli:tion (or the viscous counterpart)

whose characteristic value has a positive real part is not used since this

solution increases exponentiall y upwards from the boundary layer and thus

does not satisfy the boundary conditions at infinity. However this solution

along with the other solution can be used to determine the response of the

boundary layer to disturbances which orig inate outside of the boundary layer.

In the present analysis incoming disturbances have been considered as well

as disturbances which originate inside the boundary layer. As weill he

shown in the next section , the wall cooling associated with shock tube

boundary layers flows is sufficient to effectivel y completely damp out all

subsonic , outgoing , first-mode disturbances. Corresponding hig her mode

solutions , some of which can be amplified are of such a hig h frequency (in

the megahertz range) that they are not considered to he important in causing

transaction .

SUBSONIC , ovTuolN( ; DISTURBANCES

As was mentioned in the Introduction , the first efforts showed that very

small integration step sizes would be required to successful l y numerica l1~
integrate the s1~ hi lity equations for the shock-tube boundary layer compared

to wind tunnel boundary layers . Figure 3 shows the neutral stability curve

which was obtain ed for the M5 = 1.5 hound ’ry layer. One hundred and thirt-

six integration steps were required to obta in these results. The minimum
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critical Reynolds , R , is seen to be 13 ,180 and compares to the Ostrach-

Thornton value of 14 ,000 for the same value of M .  The present calculations

as well as those of Ostrach and Thornton were for 2-D waves. Subsequent cal-

culations for obli que thsturbances, shown in Figures 4 and 5 for several

Reynolds numbers , showed that M5 = 1.5 , obli que disturbances were always

more highly damped than 2-D disturbances. Similar calculations performed

for M = 3.0 also show that 3-D disturbances are more highly damped than

2-U disturbances. Typical results at M5 
= 3.0 are shown in Figures 6 and 7.

The results shown in Fi gures 4 to 7 are for disturbances belong ing to the c0
famil y (or conventional famil y). No higher node amplified solutions for

this family of solutions are possible for shock tube boundary layers since

the wall cooling is sufficient to remove the generalized inflection point

from these boundary iayers [61 .

First and hig her-mode outgoing subsonic solutions belong ing to the “regular”

family of solutions (solutions which have a phase velocity of cr 
l+1/M 2

when ci = 0 and which are always amplified when C becomes less than or

equal to 1) have also been investigated . The regular  fami l y of solu tions
persist to low subsonic Mach numbers , since , except at M = 0, it is always

possible to find a Cr large 
?nough so that a supersonic relative flow region

exists somewhere in the boundary layer. In Figure 2, the curve labeled

cr = l+1/M, (M = I) shows the phase velocity which this family of solutions

starts out at (cz= 0) as a function of shock Mach number. For this family of

solutions to have amplified or neutral solut i ons C
r 
must become less than

4 or equa l to 1 , respec t i ve ly [6]
.

From Figure  2 it is seen that in shock tube boundary layers a supersonic

relative flow region for subsonic disturbances can only exist when M~~l.8.

Thus , regular , a m p l i f i e d , subsonic solu tions are not possible below this

Mach number. Some typical regular family solutions are shown in Figures 8

and 9 for M = 1.5 , 2, and 4. In Figure 8, the dispersion relation C
r 

versus
is shown for both fiscous and inviscid solutions. As shown in Figure 9,

the viscous solutions are all damped whereas the inviscid solutions are all

neu tr a l .  The only exception is at M
5 

= 4 where the inviscid solutions show

a very small amount of am plification for a>3 .5. For ci>3 .5, the phase velocity,

c , i - less than one . According to Mack , a necessary condi tion for an ampli-

fled i r i vi s cid regul ar solution to exist is that c, he less than 1.
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Calculations performed to date indicate that an amplified regular viscous

s o l u t i o n  can likewise only exist if c
r
< l. In Mack ’s terminology, the solu-

tion for c
r 

= 1 i s  c a l l e d  the regular neutra l solution and the corresponding

v a l u e  of o is  g i v e n  the  symbo l a 11.

The viscous counterpart to a 11 denoted by (ci i l ) v has  not been determined

since the value of (a 1i )
~ 

is so h i g h  t ha t  s m a l l e r  s tep  s i z e s  t han  even 0.02

would he needed to reach a condition of c = I for the regular viscous solu-

tion . Additionally, the frequency associated with this solution would he in

the megahertz range which is outside the range of frequencies that are us-

uall y considered to he important in transition .

SUPERSONIC OUTGOING SOLUTIONS

In reference 6, Mack has shown that with sufficient wall cooling , amp lified ,

supersonic , outgoing solutions belonging to the c0 family of solutions can

exist. However , these solutions have wave numbers which are greater than

so that again , high frequency solutions be the only possible amplified

solutions.

SUI~t~1ARY OF OUTGO ING WAVE RESULTS

The results of stability computations for outgoing disturbances in shock tube

boundary layers encompassing two-dimensional and three-dimensional distur-

bances , subsonic and supersonic disturbances , and multip le mode solutions

of both subsonic and regular families has not yielded solutions which can

explain or correlate with boundary layer transition measurements in shock

tube boundary layers . Since these outgoing solutions represent disturbances

which originate within the boundary layer , one must conclude that within the

context of a small disturbance linear boundary layer stability theory , out-

going disturbances in shock tube boundary layers are effectively comp letely

damped out for the range of shock Mach numbers considered in this study

(M = 1.5 to 4). One would have to further conclude , again subject to the
limitations on the validity of the linear theory , that were it possible to

eliminate all environmental disturbances in a shock tube , extremely high

transition Reynolds numbers should be attainable . Even at a shock Mach
number as low as 1 .5 , linear stability theory predicts a critical Reynolds

number as high as approximately 1.7  x 108.
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I N C O M I N G  WAVE SOLUTIONS

Neutra l incoming wave solutions have been used in conjunction with neutra l

outgoing wave solutions by Mack to determine the forced response of the

laminar boundary layer to free stream sound waves.

•\ sim ilar approach has been app lied to shock tube boundary layers in the

present work . To date no evidence has been found that the forced response

ana l ysis can explain transition in shock tube boundary layer flows. Wi ll

cooling has the same effect for shock tube boundary layer flows as it has

for supersonic wind tunnel flows , that is , wall cooling tends to weaken the

response of the boundary layer to forced oscillations.

A new type of solution to the stability equations was discovered during the

course of the outgoing wave study and which shows some promise of providing

a mechanism for explaining transition . These solutions are related to the

solutions obtained in a forced response analysis insofar as the neutra l

solutions of the new type represent a special class of forced response

solutions , namely, those forced response solutions for which no reflected

wave is necessary in order to satisfy the boundary conditions at the wall.

These new solutions are incoming wave eigensolutions and were originall y

discovered when it was noted that certain damped supersonic incoming wave

eigensolutions would abruptly end in a Cr versus ciplot unless one all owed

the sign of the real part of the characteristic value of the viscous counter-

part to the inviscid free-stream solution to switch from negative to positive.

Figures 10 and 11 show some of these new eigensolutions. In Figure 10 ,as

F i is decreased at constant R , the real part of the characteristic value of

the viscous counterpart to the inviscid solution changes sign from negative

to positive at the points labeled as a “transitional” region . For Ltgreater

than ci at this “transitional region ,’ the amplitude of the waves decrease

as y increases whereas for ci less than a at this “transitional region ,” the

amplitude of the waves increases as y increases . These new incoming wave

eigensolutions must he interpreted differently than outgoing wave eigen-

solutions. For the incoming wave eigensolutions , positive c~ means that

the strength of the free-stream disturbance is growing in time while negative

c. implies that the strength of the free-stream disturbance is decreasing in

time . Thus , c. is an attribute of the free-stream disturbance and is not by

its e lf related to the instability of the boundary layer.
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There are finite Reynolds stresses associated with these incoming wave ei gen-

solutions. Thus , these incoming wave eigensolutions provide a mech anism for

energy redistribution in the boundary layer. Since there is a net energy

transport from the disturbance to the mean flow , these incoming wave eigen-

solutions offer a potentiall y important mechanism for changing the character

of the mean flow profile.

These incoming wave eigensolutions have been found to exist for both types

of supersonic disturbances , i.e., for c <l-1/M 2 and c
<l+l/M2. For incoming

wave eigensolutions with c~~ 1-l/M 2, an especially interesting phenomena has

been found . Two separate families of solutions have been found to exist.

One family has its oi igin at C
r 

= l-1/M2 anJ ci = 0 w h i l e  the other f a m i l y

originates from subsonic solutions. Above a Certain Reynolds number , labeled

“changeover Reynolds number” (R ch), the two families switch their relative
positions. This phenomena is shown in Figures 12 and 13 for M5 = 3.25. In

Figure 14 , the variation of RCh is shown as a function os shock Mach number.

The physical importance of this changeover Reynolds number appears to be

that for Reynolds numbers less than the changeover Reynolds number the forced

response analysis shows that a relatively strong reflected wave is present ,

i.e., significant energy is carried out of the boundary layer. For Reynolds

numbers greater than RCh, the strength of the reflected wave is relativel y

weak. Thu s, when the Reynolds number is greater than RCh, the boundary
layer is more susceptable to mean flow profile modification than when

R<R
ch

The variation of Rch versus M shown in Figure 14 does follow the general

trend of the first transition reversal observed by Boison . Thus, it would

appear that this “ch angeove r Reynold s number” might have the same physical

significance for incoming waves as the critical Reynolds number has for

outgoing waves. That is , the “changeover Reynolds number” seems to represent

a Reynolds number which must be reached before significant transition

mechanisms can take effect.

The transition measurements shown in Figure 1 suggest that the changeover

Reynolds number associated with supersonic and sonic waves having C
r 
Il/M,

may be responsible for the transition reversal which occurs in the vicinity

of Tw/Te .35. Some other mechanism must be responsible for transition for
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1w/re .35. One p o s s i h i  I i tv i s  that there may he a similar changeover

R e y n o l d s  numbe r phenomena associated with waves having c~~~l+l/ M ~ . Th is

p o s s i b i l i t y  i s  c u r r e n t l y  be ing  i n v e s t i g a t e d .

IsAl,!. COOL! Nh FOR BOUN D AR Y 1.AYI~R CON ’rR Ol

The s t r o n g  s t a b i l i z i n g  e f f ec t  of w a l l  c o o l i n g  on o u t g o i n g  waves  sugg ”- t s

that wall c o o l i n g  i s  a p o t e n t i a l l y  u s ef ul  method fo r  d e l a y i n g  the  onset of

t r a n s i t i o n  on f l i ght  vehicles. The results presented in this paper suggest

further that wall cooling is  very e f f e c t i v e  i n  s t a b i l i z i n g  boundary  l a y e r s

in the subsonic flow regime. The same amount of wall cooling associated

with the M = 1.5 (M., .603) boundary layer when applied to a steady flow

boundary layer with M = .603 yields a critical Reynolds number R
~ 

of 1.4 x 10

which is only slightly less than the critical Reynolds number of the M . = 1.5

shock tube wall boundary layer. Work in progress is being directed toward

quantif ying the effect that wall cooling can have on delaying transition

and thus reducing drag on subsonic aircraft .
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T RANSITION ~‘U1ASUREMENTS ON A S~ HALF-ANGLE CONE AT
MAG~ 5 I N  A LVDWIEG - TI JBE WI ND- TUNNE L

by

P. Kroginann
DFVLR - AVA G~ittingen , FRG

ABSTRACT:

Transition of the laminar boundary layer on a sharp S~ h a l f - a n g le cone was

observed in the  DFVL R -AVA Ludwieg-Tube Tunnel at Mach S by means of

local heat transfe r measurements. In a range of uni t Reynolds numbers

from Re/cm = 10~ to 5 10~ the resul t s  obtained did not show the so - ca l l ed

‘Unit Reynolds number effect ’ , as it was found in several other facilities.

A variation of the wall to stagnation temperature ratio from TWIT0 = 0.5

to 0.9 had no effect on transition Reynolds number. Small variat ions of

ang le of attack strong ly affected the locat ion of t ransition on the most

i..indward and leeward con e generator .
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NOT\1 I ~\ SIJIISCR I I ’ ’IS

specifi c heat o stagnation conditions

-, C r 1hh1 1~~~ velocity ~ f ree  s t r e a m  c o n d i t i o n s

d di .4meter of the mode l e conditions at the ed ge of
the boundary l aye r

h c h a r a c t e r i s t i c  t t m n e l  d imens ion
M mo de l m a t e r i a l

l en g t h
tr t ransition

‘l;ich n u m b e r
w wall

p pressure

q heat t ransfer rate

Re Reynolds number

St Stanton number

s wall thickness of the mode l

T temperature

t time

U ve l ocity

x distance along cone

ang le of attack

frequency

cone half-angle

A wavelength

v kinematic viscosity

p density

circum fe ren t ia l  ang le
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1 . I NTRODUCIlON :

T h i s  pape r p r e s e n t s  s ome r e s u l t s  of an t xpe r i m e n t  i n v e s t i  ~ , i t  I on  in-

tended t o  get i n f o r m a t i o n  about  loca l  h e a t  t r a n s  f e r  and  t r a n s i t  ion  b e h a v i o u r

on s i m p l e  body shapes i n  supe r so n i c  f l ow . I t  i s  s e l l — k n o w n  t h : i t  t r a n s i t  1 on

of t h e  boundary l a y e r  is  a f f e c t e d  by v a r i o u s  factor~-. , and often experimental

t r a n s i t i o n  r e s u l t s  from diffe rent investi gations have  been comp ared

neg l e c t i n g  those  f a c t o r s  invo l ved w i t h i n  the  e x p e r i m e n t s .  Transition

Reynolds n umber v a r i e s  cons ide r a b l y  w i t h  loca l  Mach n u m b e r , prt -.sur~-

grad i en t , nose b l u n t i n g ,  and w a l l - r o u g hnes s , [ 1 ] ,  [ 2 1 ,  [3] .  One of t h e

most se r ious  (an d mysterious) problems in t ransition measurements in sind-

t u n n e l s  is  the e f f e c t  of s t a g n a ti o n  pressure  and temperature leve l , ac cord-

ing to wh i ch the transition Reynolds number increases and w i t h  unit

Reynolds number. Beside the unit Reynolds number effect PATE et al .

i l], [5], [6 1 ,  [ 7 ] ,  observed an influence of the size of the t e s t  s e c t i o n

on t r a n s i t i o n  Reyno lds  n umber.  E x p e r i m e n t s  of LA IIF E R [8] showed t h a t  t h e

turbulent boundary layer along the tunnel walls is the source of aerodynamic

n o i s e .  G e n e r a l l y  the  unit Reynolds  number  e f f e c t  is  r e l a t e d  t o  t h i s  no i se

r a d i a t e d  from the  t u r b u l e n t  boundary  l aye r , and in  Re fe rence [-1 ] i t  was

m e n t i o n e d  tha t  the i n t e n s i t y  of the pressure fl u c t u a t i o n s was p roport i onal

to  the  s i :e  of the  t e s t  s e c t i o n . However , t r a n s i t i o n  measurements  in an

ae r o h a l l i s t k c  range , where d i s t u r b a n c e s  assoc i ated w i t h  w i n d - t u n n e l  fl ows

shoul d not  he present , showed a unit Reynolds  number  e f f ec t  even s t ronge r

than in w i n d - t u n n e l s , [ 9 ] ,  [ 10 ] .

Another difficulty encountered in experimental t ransitio’- investi-

gations is the effect of the t e m p e r a t u r e  r a t i o  T / T
0
. The experiments of

References [2], [11), [121, show ed no i n f l uence of T / T
0 

on the transition

Reynolds number , whereas in [131 and [14] transition Reynolds number de-

creased moderately with increasing T
~
IT
~
, and an opposite t rend was

observed in [15], [16]. Much stron ger effects occured in References

[17], [18], [19), where at low temperature ratios a ‘t ransition reversal’

or even a ‘re-reversal ’ was observed. In References [191 and [20)  i t

was also shown that t ransition is sensitive to small variations in angle

of attack in a manner that transition was promoted on the leeward side

of a slende r cone and de l ayed on the windward side .
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In the present inve st i gat  ion the’ l o c a t i o n  of t r a n s i t i o n  wa s  d e t e c t e d

by means of l oca l  h e a t  t r a n s f e r measu remen t s  at  di  i t er e n t  unit R e y n o l d ~
numbers , t empera tu re  rat i os , and ang les of a t t a c k .

2 .  E X P E R I ~f l X I A I .  META l  E S:

The experiments we re carried out in the  I)FVLR- \V\ I.tidwie g lube

facilit y at (~~ttingen . T h i s  f a c i l i t y ,  shown as a s k e t c h  in I- ig ure 1 , con-

s i s t s  of t h r e e  t e s t - l e g s  for mach numbers from Ma = 3 to 12 , and is capable

of re l at i v e l y  hi gh Reyno lds  numbe rs . The measurements were made mainly i t

~i free stream Mach number of Ma = 5 on 5
0 h a l  f-angle cones and partly it

Ma 6.8 ~n a 10
0 

half-an g le cone in tunnel B , wh i ch has axi symm etric ,

con t oure d n o z z l e s  w i t h  an e x i t  d i a m e t e r  of t ) . 5  m.  l- nrth r i n f o r m a t i o n  on

the f a c i l i t y  may he t ak en from Fi gure 1 or from Re ference [2]. The

v a r i : i t i o n  of u n i t  Reyno lds  n umber was a c c o m p l i s h e d  by v a r y i n g  stagnation

pressure  a n d / o r  s t a g n a t i o n  temperature , and t h e  model w as  at r o o m - t e m p e r a t u r e .

The models used sere electro-forme d cones, made of nickel. They were

equi pped with thermocouples alon g a c o n i c a l  ray and had  a f i n a l  sur fic-

f i n i s h  of a p p r o x i m a t e l y  1 ~:m. The main d i m e n s i o n s  of lie models are

show n in I-i gu re 2 .

For the local heat t r:insfe r rate measurements the so-called ‘ th in

skin techni que ’ s o s  appl ied. The thin skin (s~~ O .. mm) of the mode l , when

e xposed to  the f low , i s  used  as a c a l o r i m e t e r , a nd  t h e  local t e iLp e r t u r e

rise with time is measured. From this one obtains for the l o c a l  heat

t ran s fer rate ,

(1) = 
~M ~ 

s ( dT/ d t )

where ~ is the  d e n s i t Y  and c the sped f i  c h e at  of t h e  model  m a t e r i a l
‘I pM

In the following the ie ;it t ransfe r rat e~ ht ii ne ’ f r o m  L q i ia t  i in ( 1) were

non-dimensional ized with free stream and stagnat i on conditions to Stan t on

numbers

( 2 )  St =

P 0 w

_______ - - 
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5. RLSII I:lS AN! ’ it lS( : lrss l f t~S:

3. 1 E f f e c t  of Uni t R e y n o l d s  N umber

Heat t r ansfe r measure m e n t s  have  proven to  he one of t he  best  methods

to detect t rans it ion on models in supe rs on ic  fl ow . lIne to  the  change of

t h e  boun da ry  layer profile at t ransition the skin friction increases con-

side rably and , there fore , the local heat t ransfe r rate. In t h i s  paper

the st a r t  and t h e  end of t ransition are defined as the locat i on of the

m m m u m  and maxi  mum in the heat t rans fer di St r i b u t  ion , and the c o r r e s p o n d i n g

r on s  i t  ion  Reyno lds  n u m b e r  i s  based  on t h e  d i s t a n c e  from the tip of the

mode l . En F i g u r e  3 the t ransit ion results obtained on the two 5
0 h a l f -

a n g l e  co l l e s  = l ’  cm (S y TTt ) . ) a) and = 52 cm (Syriti i . ‘.) are comp a red

w i th  res i i i  -
~ from o t h e r  f ac i  i i  tie s . In the range of uni t Reynolds nuithe r,

1’ :i- .ed ri local flow p r o p e r t i e s  at the ed ge of the  b o u n d ary  I ayer , fro m

= 1O~ t o  5 10 ’ cm ’ the t ransition Reyno l ds numbers  of the p re sen t

inc t ig a ti on are i ndependen t  of unit Reyno l ds n uir&)er. Results from

o t ly r f o c i  l i t i e s  show ai m i n c r e a s e  of t rans i t i o n  R e y n o l d s  number with in-

creasing unit Reynolds number. Thi s fi gure al so exhibits the effect of

t u n n e l s i r e  on t ransition . For identical edge Macli numb er  u n i t  Reynolds

n umb er , and the same method of tr .~nsition detection the t ransition Reyno l ds

n uml)er is much hi gher in a 4(1 x lOin tunne l (S ymb . ~ 
) than in a 12 x l i n

t u n n e l (S ymb . ¶ ) .  The uppe r left cu.~ve i n  F i g u r e  3 denotes  an e s t i m a t e

of t r a n s i t i o n  Reyno lds  numbers on a slende r cone a f t e r  t w o - d i m e n s i o n a l

m e a s u r e m e n t s  in a ve ry l a r g e  t u n n e l  (16 x 16 f t )

The effect of Reynolds number as w e l l  as the  e f f e c t  of di f fe rent

t u n n e l  s i z e gene r a l l y  is related to tree stre am distu il ances wh i ch are

radiated from the tuxi ulent boundary l aye r on the tunne l walls. This is

ii p l a u s i b l e  explanation for the diffe rent results , but it is not an

exp lanation for  the strong Rey nolds n umber e ffe c t i n  P01i ’ER’ s da ta  [9],

obtained in an aerob a llistic range . Lat~~r measure ments  made in the same

facility [10] once a g a i n  c o n f i rme d t h i s  t r e n d .  Eve n an art i ficial soun d

field of 130 dB (801) Hz) had no effect on transition Reynolds number.

IN the f o l l o w i n g  ~ i gure -I an a t t empt  was made to cor re la te  in  a

simp le manne r t ransition results fro m d i f f e r e n t  f a c i l i t i e s . The only

similarity pa rameters for wind tunne l flow s are the Mach n u m b e r , unit
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ii ld~ n umb , r m d  ell a ract - ri st i c dimension. limmi. t i  l~ I i - o n s t  s ot

ree - st re am ‘lad, numbe r the t t in - i t  i o n  R e y n o l  ds nUIlI ) er s h o u l d  depend only

o~ t h e  k e v i n ,  I I ‘unIt e r h o s e d  on l o c : m  I flow condi t j o t ,  - - and a ia r h  ‘ ri s t i c

t unne l d i z i i - r m s i o n .  F m g i i m • e I s h o w s  t l~e t r a n s i t i o n  r e sult - of t h e  I i i

going Figu re 3 p l otted ;lgam nst ‘ t u n n e l  l (ev,,olds nim n le r ’ h o se, !  on ‘est—

ct ion di one e r or s d t h  . l’he kevtii I ds n umb e r t iui ‘es a re l e - i , o  ti - i l an I v by

s c m l ’o l s  , and it is seen tb -m t t he  results from t h e  12  x 1 2in tu nrue- I
M i  \ l~’j n t urine I now coil ap se on one c u r v e  - F cen the cs t i rho te’ of t rans i ion

ke’t,o 1 ds n umber  in a 1~ x 16 ft . tunne l fits good to t l i e  ot  l i e  r ri- ml t 5

r t ’o’ hig h tunnel Reynolds numbe rs the ces t i lts of [7] a ri of the s :mme

orde r of magni t ude es those oht ained in the  prese nt expe ri n w - n t  . , and

u n i  t Reyno l ds n uml)er e f f ect  oh vi  ous lv v a n i s h e s  i t at i l l  hi ghe r Reynold s

numb e rs . Due t o  t h e s e  f a c t s  i t  is conclude d that the present d a t a  me re or

less represents the limitin g value of transition Reynolds numb er.

3.2 Effect of Temperature Ratio T/T
()

t m  r i  ens t r e n d s  of transition behaviour at di f fe  rent  temp e ra t  ure

rat c~~. h a v e  bee r  nent i one~ already in the int roduction . Some of the di s-

c r ep a n c i e s  i n  the- t rami s it joe res’fl ts at diffe rent tempe rature rot i us ce r-

t i n  lv h ove t o  he at t r i b u t e d  to  a u n i t  Reyno l ds numnh e r effect , hecaiis e

the expe ri m e n t s  w e r e  not  pe r fo rmed at cons t an t  R e y n o l d s  nmillI )e r . tIi S}IOTOK()

[221 proposed to use stability t h e- u rv as a guide to the ev a !  im ;m tion of

t ransition data. Among others the dominating parameter in stab i lit y theory

is the dimensionless frequency ~c/ t J 2 or wavelength AU /c . -\ ft er RESHOTKO

the t ransition Reynolds n umber shoul d vary with lJ ’~/v. In most wind -tunnels

a variation of free s t r eam Reynolds n umber can he achieve d on ly  by vary ing

the pressure leve l at constant stagnation tempe rature (there fore , Ii = const.).

Therefore , U/v and U2/v are varied in the same way , and the effects of these

two parameters cannot he s tudied independen t ly .

In the p resent  exper iments  the u n i t  Reyno ld c nuther  was h e l d  cons t ant
at (U fv)  = 1.8 10~ cm

’
~ by vary ing the stagnation pressure according to

the stag n a t i o n  temperature level .  By th i s  the tempe rature ra t io  was
var ied  from TW ITO = 0.5 to 0.9 , and the cor responding va r ia t ion  in free

stre am ve l o c i t y  was about 21%. Fi gure 5 sh ows the transition Reynolds

n unte rs obtained p lo t ted  agains t temperature ra t io .  In the whole range
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et  I , 
- I ) t h ~’ r:mn - i t ion R e v r i o l  ,js n u m b e r  i s  unaff e cted. I n  ae ldi  t ion ,

- I  C i i i  i t  ion ot  n u t  t R e c r i e  I ds n mmmh e r~ h v  ch a n g i  ng stagnation tempe rature

a t  c o n s t a n t  l ’ r i - ~~ -~~u - ’  l e v e l h a d  no e f f e c t  on t r a n s i t i o n , Figure Sb .

3 .3  f t c  Ct i f  \ r u g l e  of  \ t  t ; i c k

flue flow lie I d on h i cone ’ i t  ~e- ro m nc  dence i s ‘ n f i  r a t  app rox i m at  i o n

t a  d i l b w - n - - i o n o l  and can be d e sc r i b e d  Mv f l a t  p l a t e  f , ow , i f  an h i p p r o p r i  a t e

i-~~i s o f r m a t i o n  i s  app l i e d .  I lo weve r , hi ’ a n g l e  of  ut  .t ck  t h e  f l ow  f i e l d

become s t b r e e - d i  inens i o n a l  and  c o r r e s p o n d i n g l y  comp l i c a t c h Out’ t i  c r ’  - -

t i  ow c o mp o n e n t s  h ind  p res su re  g r a d i e n t s  the  f l o w  t ends  t o  - -p ; i  r a t e .  Ar

a e p a r : i t  ion  a t  i n  fr i  c t i o n  and heat t r ons  fe r  have  a m i n i  n it im . Thu . the

-~e 1 i : m r : i t  i on  p o i n t  can he e’ as i ly  d e t e c t e d  b y l oca l  h i ’ ; i t  t rans fe r measure m e n t ;  -

I - i  gure 6 cont~~. - t h e  St an t o n  numbers in  t he  symnue t u-v p l ane of a 1(1 0 h al f

~ n g l e  cone a t  angle  of a t t a c k  (Ma = 6.8). In  t h i s  case the - l o w  is  ful 1 ;.
- - - 0;u ’t i i n ; i r  a l o n g  t i m e  cone , h i d  t he  i n c r e a s i n g  h e a t  t r ans fe r for ci ‘ 10 at

t i m ; ’  downst r e ’ am m e h i s u r i n ,~ s t a t i o n s  i n d i c a t e s  f low s e p a r a t i o n . For h i gh e r

R e y n o l d s  n umber at M ach 5 the f low a l o n g  the 5
0 h a l f - a n g l e  cone at ze ro

i n c i d e n c e  is s t i l l  l a m i n a r , hut at ~ 10 
the heat t rans fer start s to

i n 5 r - ’-ase i t the aft me a s u r i n g  station on the  most leeward ray , F igure  7 .

This is due to boundary I ave- r t ra nsition , and the  t r a n s i t i o n  l o c a t i o n

r a p i d l y  moves u p s t r e a m  w i t h  i n c r e a s i n g  a n g l e  of a t t a c k . E f f e c t s  of

sep;i ra t  io n on the  h e at  t rans f e r  become e v i d e n t  at -‘ 5° where the St an ton

n umber-; a g a i n  l r u d r e a -c e .

The r a p i d  movement  of t r a n s i t i o n  l o c a t i o n  w i t h  ang le  of a t t a c k  is

i l l u s t r a t e d  i n  Fi gure 8 . He re the t r ans i  t i o n  l o c a t i o n  r e I a t i v t ~ to that at

= 00 the t r a n s i t i o n  l o c a t i o n  has move d upst ream approx imate ly  60°c on

the most leeward ray and 40% on the windward ray . For ~ > 3~ the position

of t ransition on the leeward side becomes fi xed at a distance from the

ti p of about one-fourth of the initialp osition at ~ = 00 .

The following figures show the heat transfe r distributions for th ree

constan t angles of attack . The Stanton numbers are normalized with those

of the nEst windward ray . At c~ = 5~ , Fi gure 9 the high heating rates on
the leeward portion of the mode l exclusively are due to boundary l ayer
t ransition , but at a = 10° and 15°, Figures 10 and 11 the effects of

t ransition and separation are mi xed and cannot be distinguished independently.
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I . i ) e O l  heat t u -otis fe r  m e a s u r e m e n t s  on slende r cones were e-a rried out

in the  I ) F V I , R -  AVA Ludw ieg— ’Fub e wi nd—t urine 1 . Boundary layer t ransition

w a s  detected from heat t ransfe r distribut i on , and t ransition behaviour

w.i i nve -s ti g :ited tor di ffe rent cmi t Reynolds n umh e r~ , t emp e r a t u r e  r a t i o s

Tw /T 0 and d i f f e rent  a n g l e s  of a t t a c k .

The r e s u l t s  o b t ; m u r u e ’ d did not show a emit Reynolds n umh e’ r effect

In  a r a n g e  of u n i t  R e y n o l d s  numbers  f rom Re / cm = 10
0 

to S IO~ t h e -

rans  i t i on Reyn 01 ds n umb e r:; were in depe ii dent of on i t Reyno 1 ds n umbe r;

\e’ither a variation of the temperature ratio from I /T
0 

= 0 . 3 t o

I ) . > at c o n s t a n t  u n i t  Reynolds  n u m b e r  n o r  a v a r i a t i o n  of T / T 0 b i t  co n a t a n r

stagnat i on pressure had an effect on t ransition .

kxperiments at angle of attack have shown that t ransition i s

extreme l y sensitive to small variations of angle of attack . On the most

l eeward  ray  the  t r a n s i t i o n  l o c a t i o n  moved up s t r e a m , such that for e = 3
0

tM’ trans it ion distance was approxim ately constan t at about one- fou rth of

th at found for a = 00 .
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Fi gure 1. Sketch of Ludwieg Tube Facility.
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Figure 2 .  Mode l l  Di mens ions .
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I i g u re 10 . V a r i a t i o n  of Ci rcumfe r e n t i a l  Heat  Transfe r ( = 100).

250

,——- ‘-— __ -__ .p_ —- - - — , —.-- - -  ——— ____T•
~

_ -
~ ~~~~~~~~~~~~ 

.“~~ r - - -



M a =  5

=1.15 iO~
cx = 15

° 180’

I I 
~ 

I \~ ~~~~~~~~~~~~~~~~~~~~~
~~~~ I\ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

1_
~~~~~~~~~~~~~~~~~ /4

15
1I ‘k ~~~~~~~~~~~~~~~ 

- 11
0.8 ~~~~~~,~>- -- -

~ 10

8
- 6

0: - - 
- 

x =4 cm 

r ~~ 

~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

Fi gure 11. Variation of C i r c u m f e r e n t i a l  Heat  Transfe r ( = 15 0
) .  

—— -.— -—- -- 

~~~~~ 
- - -.-

~~~~~
-
~
--

~~~
—-



~~‘lI ISV ) S’t’ICU IONS i~o~ ~‘ III :  I . V - \ I f l - V f J ( , \  OF S T A B I L I T Y  ISO I R - \ N S I I  I O N
CR I FL R I A FCR HOIJNI)ARY LAY IRS I )N SWEI’ J )~ I

h ~-

I r n st  II . I i i  r s ch e l  and Ver a  . J a w t u s c h
[)FV I.k , K d I n , W . Ge rmany

SI JMMARY

The inves tigations consist of three p a r t s :  ( a . ) c a l c u l a t i o n  of the  q u a s i  t w o -

d i m e n s i o n a l boundary l ayer on infinite swept wings , (h) calculation of the

la minar three-dimensional boundary layer on finite - we)-t wings , (c) app li-

ca tion of currentl y known sta b i l i ty and t r a i s~~tion criter ia to the ca lc u la t ed

bounda ry l ay e r s . Par t (a) of the i n ve s : i g a t i o n s  i s be ing  made in  order t~

~t I i d V  how good the i n f i n i te swep t w i n g  a p p r o x i m a t i o n  i n  d i f f e r e n t  s e c t i o n s

of the w i n g  i s  compared  w i t h  the  exact  t h r e e - d i m e n s i o n a l  s o l u t i o n .  P a r t

h )  d e a l s  w i t h  the  prob l ems  of a r r a n g i n g  t h e  c o o r d i n a t e  sy s t e m  on the  r~i n g s

~.urt
’aeu , the p r e c e nt a t  ion  of the m e t r i c  t enso r , t h e  i n t e r p o l a t i o n  of the

ex terna l boundary cond i t ion f i e l d , the formulation of the bounda ry  l a y e r

equations with respect to curvature effects; , and f i n a l l y the c a l c u l a t i o n  of

the boundary layer. In part (c) stability and transition criteria try

app l i e d  to the bo und a ry l a y e r s calculated in (a.) and (h) in order to as-

certain the value of these criteria. Some experimen tal data are availa b le ,

more will become available in near future from work of members in the

Eurovise Working P a r t y  on Transition in Boundary I,avers . The investiga-

tions are in different stages. T h i s  paper contains the discussion of

L’-~ iils of the investigation concerning the boundary layer calculations ,

some results of these calculations , and some comments on the current state

of the work to part (c).

I. INTRODUCTION

\t the I)FVLR in Porz -W ahn , near K~ ln (Cologi;e), work on the n u m b e r i c a l

nt egr;l t ion  of the c~~’i;i t I tin - . i f  thre e—d imens i our I hu rnda rv l i ~ e n ’ s has

~~~~e r ~ 1” :t a r ~ i . 1  l v  ~ - - r  t e d  -v ~ ° i r ’  I k ’ i n t  ~~~~‘) y ’  - - 
~ ‘ h i i ncs  I n s c h t 1  -
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s t a r t e d  l i t  e i n  I ¶ 0 7 , Severa l p a .p er~ hv k r a . u -~e , fI r rschel , and  B o t h n r a n n

b e t w e e n  l~)(t7 and l~
)7() dealt w i t h  number ical stabi I i t y ~~ t h e  d e v e l o p m e n t

an imp l i c i t e  f i n i t e - d i f f e r e n c e  m cthod t
~~ and s i n c e  no i n v i s c i d  (‘l ow -

f i e l d  data f rom t h r e e - d i m e n s i o n a l  bod ie s  were a v a i l a b l e  at t h a t  t i m e , w i t h

p r o b l e m s  l i k e  s u c t i o n , i n j e c t i o n , t a n g e n t i a l  i n j e c t i o n , wake s i m u l a t i o n ,

hot spot , aerod y n a m i c  boundary  l a y e r  fence  and so on i n  t h r e e - d i m e n s i o n a l

b o u n d a r y  l ay i -  rs on f l a t  c o n f i gu r a t i o n s~~~’ ~ ~~~~~
. Thi s work wa~ i n t e r r u p t e ( i

(‘or some time , hut continued 1972 in two different directions. One direc-

tion is the problem of turbulence in three-dimensional boundary l aye rs ,

w i t h  respect  to the  m a t h e m a t i c a l  f o r m u l a t i o n , e s p e c i a l l y  t h e  f o u r t h  o r d e r

‘1ehr ~~t e l 1 cn - i n t e g r a t i o n  method [6
~

7]
, and the  o ther  the  prob lem of t r a n s i -

tion from laminar to turbulent state in three-dimensional boundar y layers ,

espec i ally on swept wings. Here first in cooperation with the RAE known

s t a b i l i t y  and t r a n s i t i o n  c r i t e r i a  were a p p l i e d  in  a p a r a m e t r i c a l  stud y to

cal culated quasi two-dimensional boundary layers (infini te swept wing

case) 
[8,9)

, and then a broader approach to the problem was made.

-\t  p re ’~en t  the  f o l l o w i n g  p rob lems  are s tud i ed : (1) boundary l ayer equations

in nonorthogonal coordinate systems with respect to strong l y c u r ve d  s u r f a c e s

(leading edge , fuselage -wing intersection , etc.), (2) calculation of (la minar)

hound,rrv layen’ -~ on infinite and finite swept wings with and w i t h o u t  sur-

face curvat ure w ith regard to the calcul ated velocity profiles which are to

he used in .~t a b i l i t v  analysis , (3) linear stability in three-dimensional

boundary laver-°- , (-i ) a p p l i c a t i o n  of known s t a b i l i t y  and t r a n s i t i o n  c r i t e r i a

to boundary layers on finite swept wings and comparison with exper iments ,

(5) calculation of the mean flow properties in transition regions .

The work on items 3, 4, and 5 is coordinated with the work of members of

the Eurovisc Working Party on Transition in Boundary Layers~~
0
~ ~~~~~~

, w h i c h

has working connection with the US l’ransition Study Group with its chair-

man E. Reshotko.

In the follow i ng some results and experiences are discussed from items 2

and 4.
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.2 .  HO1INl ) AR’ r l,AY ~d~ CALCUL A ] I O N - S

lie n um er 1c~t i me t hod 1’
~ has  been adapted to the  calculation of l a m i n a r

boundary l ay e r s  on f i n i t e  swept  w i n g s .  The f i r s t  s tud i es have  been made

for  an an t ape red  swept w i n g , F i g u r e  1 , for whi ch panel method calcul ations

of t h e  i n v i s c i d  f l ow f i e l d  were a v a i l a b l e~~*

Z P(XJ~’Z,
Y

p

Xp

yp x

xI

Figure 1. Schematic of the coordinate system on an untapered
swept  w i n g .  The coord ina tes  x and y l i e  in  t he  s u r f a c e ,
and are nonor thogonal , the coordinate’ z i s  o r t h o g o n a l  to
the sarface.

I t  wa~ d e c i d e d  tO el se’ a body oriented nonorthogonal coordinate system since

a -~t r c a m l i n e  o r i e n t e d  sys tem has to he r eca lcu la t ed  for each s o l u t i o n .  The

metric tensor for the system sketched in Figure 1 is very simple if the

boundary layer thickness can he considered  as smal l  compared to the  loca l

radius of curvature of the surface:

1 cos cx (x)sin; 0

(2.1) G = cos~ (x)sin~ 1 0

0 0 1
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I t  one choses to c a l c u l a t e  in  the w i n g  p l an fo rm it reduces to

I s i n ~~ 0

( 2 . 2 1  G = s i n ~ 1 0

0 0 1

The f i n i t e - d i f f e r e n c e  m o l e c u l e  used is the  st ep - scheme  suggested
): t gu r e  2. It has the  advantage  tha t  skew ang le s  of the stream-surfaces in

t h e  boundary l a y e r  up to 1350 can be t o l e r a t e d  (fo r eq ua l steps izes  t.x and

1v without violatin g the C o u r a nt - Fr i e d r i c h s- l . ev y  cond i t i on , s i n c e  o t h e r w i s e

a rearr angemen t of the differ ence molecule become s necess ary in order to

avo id  n u m e r i c a l  instabi lity. This difference molecule has found applic a-

tion in severa l i n v e s t i g at i o n s , for ins tance~~~ ’ 14)

I ~~~~~~ i,f.1,k.1
Z~ I

I ~~~~~~~~
I \~~~..4i,j +1,k

i,j ,k

i,j l — 1 ,k.1 
~‘ 1~~

s4 J ~~—~171,k.- 1

I i, j , {j -~~~~~i+1,j ,k

1~~~~~~7~~~ j 4 ~~~~~~~~~~~~~~~\ 
L4Z ‘~~~~/e ep dir ection

I 4x ’NI .
\.. I

i j .-1
• values known
o values unknown

marching direction
Figure 2. Fin ite difference molecule.
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In the present case the calculation sweeps parallel to the leading edge

from the inner to the outer wing portion . The sweep procedure advances in

chord direction , starting at the leading edge.

Initial conditions are being specified at the leading edge and the symmetry

line. In both cases the same approach-differenciating the momentum equa-

tion for the direction normal to the line - is used . The symmetry line

approach has been used in the first calculations only, since the results

for this area , together with difficulties concerning the convergence of

the solution , show that this appraach is doubtful. Here results from item I

in the introduction will show how the boundary layer should be treated in

such areas where strong lateral curvature exists as along almost the whole

summetry line . The approach used for the results contained in this paper

is shown in Figure 3. Again the leading edge solution (in the present case

for a symmetric profile at small or zero angle of attack) has to be found .

Then at a suitable spanwise station the quasi two-dimensional infinite

swept wing approach is being applied in direction parallel to the x ’-axis-

not in ‘irection normal to the leading edge , as normall y done. This solu-

tion together with the leading edge solution will form the initial condition

for the three-dimensional area . The error introduced by this approach

Y
1

) _ _ _ _ _ _ _ _ _

levriirq 

~~~~~~~~~~~~~~~~~~~~ wall streamline

— exterrol streamline
lead rç~ 

,~~~~1~itt swept wing solution
edge solutc x’,(x)

Symrrse t ’y plane

Figure 3. Schematic of flow f i e ld ,
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concerns the region between the’ spanwise station , where the infinite swept

wing solution has been found , and that streamline in the boundary layer

ori~,inating from the intersection of the spanwise station with the leading

ed~,e , t h a t  lies at largest distance from the spanwise station. In Figure 3

this is first the external streamline and later the limiting wall-stream

line hecause of the point of inflexion in the externa l streamline . It is

possible tha t streamlines between these lines can become important ,

especially near the point of inflexion of the external streamline. Never-

theless , this will be a minor effect onl y.

In the foregoing discussion the region of influence and dependence properties

of three-dimensional boundary layers have been brought into use in connec-

tion with the initial solution problem . These properties , which are due

to the fact that approximately the streamlines are characterictics (for

practical purposes the projections of the streamlines into the overflowed

surface are used) have been discussed first by Mager USl and gaetz U6]

The Courant-Friedrichs-Levy condition reflects this fact in connection with

the domain of dependence of the difference-molecule , which has to include

the domain of dependence of the differential equation , otherwise no numer-

ical stability can be ensured , even for implicit formulation~
1 ’ 21

A more rigorous use of the region of influence and dependence properties

would be to omit the infinite swept wing solution , and simpl y to calculate

the streamlines after finding the solution , creating stepwise at the border

of the area in which is calculated the boundary condition in form of a

stream surface. Because of the complicated program structure necessary to

do that , the infinite swept wing approach has been chosen because of its

much simpler use.

3. SOME RESULTS OF THE BOUNDARY LAYER CALCULATIONS

In Figures 4 and S the two components of the inviscid velocity U
e 

and
at the surface of a finite swept wing withq,= 30° at zero angle of attack

are given . The wing has a RAE 101 prof i le , and 9 percent thickness.  The
span of the wing is three times the chord length. From this velocity field ,

which has been found by panel-me thod ca lculat ions ~~
2) , the finite-difference

grid has been determined by interpolation in such a way tha t the veloci ty
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Figure 4. Velocity component u (x) - - - - -e I igure .. ~eIocity cor ponent v (x)

const 
at different 

e

stations y = const

increments AU and try are hounded , and the resulting Ax and try, too .

Figure 5 shows very large grad ients of v in y-dire ction near the line of

symmetry (N = 1), which gave rise to the problems already mentioned in

chapter 2.

The present boundary layer results have been found in the area 0<x < 0 .257 ,

and 0.046 y~~ l.63. x = 0 represents the  leading edge, and y = 0.046 the

259

-  — ——----— _ __I______ - - 
— -- —- .. - -  ‘ •, 

. -



location of in f in i t e  swept wing calculation , see Figure 3 , whose results

have been used as initial conditions. In spanwise direction 105 net points

have been used , and in chord direction 150. The boundary layer thickness

has been covered with 38 points at maximum . No transformation has been

used so far in order to compensate the growth of the boundary layer thick-

ness. The computation time per net point was 0.012 seconds on a

Telefunken TR 440 computer , whose computation speed is similar to that of

the CDC 6400.

Figures 6, 7, and 8 show for the spanwise station y = 1.10 the three

velocity components of the boundary-layer flow u, v , w as function of

z for different stations x in chord direction . The solid line depicts

the solution if the curvature terms are taken into account , Equation 2.1 ,

and the broken line the solution if surface curvature is neglected ,

Equation 2.2.

The figures show the typical development of a wing boundary layer. The

growth of the boundary layer thickness is small near the leading edge ,

where large favourable pressure gradients exist. The flow component in

y-direction , Figure 7, is first outward directed , turns then inward , and

will he directed outward again further downstream . This is due to the

inflexional behaviour of the external stream lines , which nearly always

exists on swept wings. The normal component of the velocity w mirrors

in the tangent aw/~ z at the outer edge of the boundary layer the accelera-

tion of the whole external flow field. Near the leading edge aw/Bz is

negative because of the strong acceleration . For larger x it becomes

smaller and finall y will he positive when the external flow is decelerated .

The solution shows appreciable differences especially in the spanwise

velocity component , if the curvature of the wing surface is neg l ected .

This is of importance if the stabilit y of the flow is to be considered ,

regardless of the uncertainty of the criteria availabl e today. An

anal ysis of boundary layer parameters and shape functions calculated

from these profiles is under way .
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Figure 6. Profiles of the tangential -‘~ponent u(z)
of the velocity in the how 1a y l aye r  a t
y = 1.1 , and differen t stat.~~ns x.
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Figure 7. Prof i le s of the tangential  Figure 8 . Profiles of the normal
component v(z) in the boundary component w(z) in the
layer at y = 1.1 , and different boundary layer at y=l .l ,
stations x. and different stations x.
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I n  Fi gure  9 the  t o t a l  w a l l  shear  s t ress  i s  g iven  as f u n c t i o n  of t h e  span-

wise’ direction for different stations x in chord direction. The broken line

aga i n dep icts the solution for the flat wing . The d i f f e r e n c e s  be tween  t h e

solutions are large near the leading edge, where large curvature exists , and  

1~~~~~ 

/

.~~~~

v—~~~ 

. r W  ~~~~~~ 

2.Q~~~~~~~ 
with curva t ur e 
curvature neglected

‘~~ “~~
$_‘- - -—-_ —‘ ‘ - . -

ao _____________________________________________________________Ga 0.2 (14 (16 08 0 12 1.6y

Figure 9. Total wall shear stress T (y )  at different -~t i t i ons x.

diminish further downstream , show i ng the strong parabolic behaviour ot’

the  s o l u t i o n  i n  t h i s  w a y .

For -i ~~0 .05 t h e  c u r v e s  exhibit the i n c o m p a t i b i l i t y  of ’ t h e  i n f i n i t e  swept

w i n g  app i- u x i m a t i o n , w h i c h  has  been used as i n i t i a l  c o n d i t i o n  a t  v = OJ) - th ,

wi th the true solution . Large gradients in v-direction exist for v <0.l.

For y >0. -M a p p r o x i m a t e l y  i n f i n i t e  swept w i n g  c o n d i t i o n s  seem to  appear .

- \ I m o s t  no grad i e n t ’-~ are present in y-direct ion , which also can be seen

f rom t h e ’  e x i e r n , ~l f’l ow  da ta~~~~ An infinite swept wing c a 1 c u 1 i~ ion at

y = 0. ~~4 showed also few differences in the velocity profi I t - c  to those

of the fin i te- w i n g  c a l c u l a t i o n . Th i s  i s  a l s o  t r u e  for  t h e  l e a d i n g  ed ge

26~.
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are-a s i n c e  t he  l e a d i n g  ed ge solu tion for the finite wing has been used a-~
in i t i a l  d a t a  for the i n f i n i t e  swept  w i n g  c a l c u l a t i o n .

F i fu r e  1( 1 -~h ows  h o t h  the  e x t e r n a l  and t h e  l i m i t i n g  w a l l  s t r e a m l i n e s  on t h e

w i n g  for  the  d i f f e r e n t  cases a l cu l a t e d  . Since  the  e x t e r n a l  st reaml i nes

have  an only weak inflexional behaviour the crossover of the limiting wall

1.6

/ ‘ y

7.4

—

tO 

0.8 External stream lines:
-

-~~ 
-. finite swept wing

26 
- 

~~ It~if l~~~~~ swept wing

-

Li mit ing woll stream lines :04
— -

~
-- f in ite swept wing

2 ~2 
finite swept wing without curvature
infinite swept wing 
infinite swept wing without curvature

20 -

0.0 P2 04 a6 (18 1.0 7.2 14
I

Figure 10. Streaml ines on the wing .

s t r e a m  l i n e s  t a k e s  p l a c e  f ar  downstream of tlii- leading edge. The location

t h e  ~a I c i i l a t e d  l i m i t i n g  w a l l  s t r e a m l i n e s  is rel ativ ely strong affected

i f  w i l l  c u r v a t u r e  i s  n e g l e c t e d  in the boundary layer calculation . The in-

fin i t e swept wing a p p r o x i m a t i o n  gi ves a s l i gh t ly changed loca t ion of the
( ‘ x t e r n i l  s t r e a m l i n e  s h o w i n g  t h a t  t he  g r a d i e n t s  of t he  e x t e r n a l  f l o w  i n  v-

di reLt ion  have not c omp l e t e l y v a n i s h e d  a t  y = 0.964.

2(3
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APPLI (:ATI0N OF KNo WN STAB I LI TY AN D TRANSITD)N CR !1 IR IA

The transition laminar-turbulent in three-dimensiona l boundary layers ,

especially on wings is poorl y und ers tood today . ~4 G. H a l l  [ 1 7  ave  an

overlook over  exist il g criteria which have been p u t  to use’ in p a rame t ri ci l

s t u d i e s  such as~~~~and~~~
8l . One problem is that other transition mechanism

e x i s t  b e s i d e  the classical Tol lmien —Sch l ichtin g instability w i th transition

f o l l o w i n g ,  n a m e l y  t r a n s i t i o n  f o l l o w i n g  c r o s s - f l o w  i n s t a b i l i t y , and leading

ed ge con tamination. These mechanism in turn can he a f f e c t e d  and changed  by

T a v l o r - o ; o r t l e r  i n s t ab i l i t i e s  and o t h e r  c u r v a t u r e  e f fe c t s , b y laminar i - - i t ion ,

surface effects and combinations of all. The understandin g of most of

t he se  p a r t i c u l a r  m e c h a n i s m  i s  also poor~~
0}

. Many of the cr iteria avail-

able are empiri ca l, con ta i n i n g  data from only few experimen ts.

Af te r finishing the development of the method for the calculation of

laminar three-dimensional boundary layers , it will he used for  the  ca lcu-

l a t i o n  of wing flows which have been investigated experimentall y. Appl y ing

the known criteria it is hoped to obtain an evaluation of these criteria

t o g e t h e r  w i t ~ the possibility to improve them .

Up to now some investigations of these kind have been made using the in-

~‘inite swept wing approach. Unfortunatel y the experimental data available

so far were not very well suited with respect to this approach. The re-

s u I t s  a l l o w  no d e f i n i t e  c o n c l u s i o n s  about  t h e  v a l u e  of the cr it eria .

In  F i g u r e  11 t yp ica l  r e s u l ts  are g i v e n  from such an i n v e c t i g a t i o n .  The

l o w e r  c u r v e  shows t he  measured pressure distribution c~ (x*/c) in one cross

s e c t i o n  of a f i n i t e  swept w i n g  (~~~~55O ) with curved (!) leading edge~~~
1 .

‘Ihe  upper  c u r v e  shows t h e  measu red  w a l l  s h e -j r s t r e ss  c f (x */ c)  at the  same

-~t~ttion cxhibit ’ng clearl y the transition region . Using the pressure dis-

tribution on infinite swept wing calculation has been made and the criteria

discussed in References 17 , 8, and 18 , have been applied.

Results: (a) Leading edge contamination is possible with R~~~~lSO>R = 100 .

Ib) Relaminarisation is possible for x */c < 0.025. (c) No cross-flow

instability seems to be existent since X ~~36 
<X - = 120 +20. Themax crit -

position of max is  included in Fi gure 11 . (d) Tollmien -Schlichting
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Figure Il . Results of application of stability and transition
criteria.

instability appears just behind the weak suction peak for a Reynolds

number 2.02 10~ . (e) At this Reynolds number no transition position

(using Cranville ’s criterium) has been found because separation was cal-

culated . (f) For higher Reynolds numbers the t r a n s i t i on  positions have

been c a l c u l a t e d , and included i~ Figure 11.  ( g )  An e x t r a p o l a t i o n  of these

p o s i t i o n s  to Re = 2 . 02  . l0~ gives a fai r  ag reemen t of the c a l c u l a ted

t r a n s i t i o n  po in t  w i t h  the measured one at  x */c 0 . 5 .

5. CONCLUSION

Out of several problem areas of t he  large problem t ransition in three-

dimensional boundary layers ’ the calculation of lami nar boundary layers

on swept w i n g s , and the inve stigation of known sta h i li t ’ and t rans ition

criteria have been discu ssed .

The calculat ion of three -dimensional laminar boundary layers is fairly

well advanced . Difficulties lie mo - tI~ in the externa l flow field

representation and in the geometry of the wing or body.

Large difficulties exist concerning the under standing of the stability

and transition mechani sm in the boundary lave’rs under considerations.

Even the formulation of reliable predicti on criteria has not been accom-

plished so far. Much more experimental and anal ytical work is necessary
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i n  order to get more information about the possible flow situations. The

t h o u g h t s  and results discussed in this paper present part of the work on

these problems a t  t h e  L)FVLR .
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THE HYPERSONIC SLIP FLOW BOUNDARY LAYER
PAST A PARTLY HEATED FLAT PLATE

by

Ernest H. Hirschel , Wolfgang Geller
DFVLR , K~3ln , W. Germany

and

Francoise Martin
CNRS , Meudon , France

SUMMARY

The laminar hypersonic boundary layer at a flat plate in the region of

viscous interaction is investigated for the case of a strong rise of the

temperature of the plates surface at a certain distance downstream from

the leading edge. The temperature rise takes place in a range of some

boundary layer thicknesses. The theoretical investigation by means of a

finite-difference solution of the governing equations , wh ich are found by

an order of magnitude analysis from the Navier-Stokes equations , and the
energy equation , shows that already for a relatively small temperature

r ise the  boundary layer assumptions are not longer valid. A pressure rise

occurs both in tangential and normal direction near the plates surface.

Depending on the amount and the steepness of the prescribed wall-temperature
rise a pressure wave is fo rmed , which l ies almost para l le l  to the outer
shock wave , and resembles for certain conditions also very much a shock

wave. This pressure wave marks clearly the influence region which

develops downstream of the region where the wall temperature is being

changed . Once this wave is established the boundary layer assumptions

are again valid since the normal pressure gradient is zero over the whole

boundary- layer  region between the surface of the plate  and t h i s  wave.
P a r t i c u l a r  r e s u l t s  of the so lu t ion  are compared q u a l i t a t i v e l y  wi th  r e s u l t s

from an experimental investigation of the turbulent boundary layer on a

nozzle wall with heat addition at a location at large distance from the

nozzle throat.
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I . INTRODUCTION

Ihe presen t theoretical stud y has been sugges ted by an experimental investi-

gation by P f e i f f e r  and W i l l  , who made mea sur emen t s i n the boundary  layer
of a hypersonic nozzle with and without heating of a part of the nozzle

wall. Fhe term “without heating ” refers to the normally present nozzle

wa l l  condi t ion , that is cooled wall accord i ng to the operation conditions

of the wind tunnel. The objective of the work was to find out how the

turbulent boundary layer is influenced by a strong heat add ition through

the nozzle wall .

The possible mechanism affec ting a turbulent boundary layer have been dis-
fl *

cussed in t
~ , here we will concentrate on the results of the t h e o r e t i c a l

inves t i ga ti on o n l y .

After stud ying the possible mechanism affecting the turbulent boundary

laye r it was decided to limit the investigation to the laminar case since

the argumen t wa s , i f  there is a strong influence of the heating , as the

experiment indicated , i t mus t show up in the lam inar ca se too , at least

qualitatively.

2. PROBLEM

In the present theoretical investigation it is studied how a station ary ,

laminar two-dimensional hypersonic boundary layer  i s i n f l u e n c e d  by hea t

addition through the wall. In  accordance to~~~ a fully’ developed boundary

layer at a cooled wall at constant temperature is considered . At a station

the wall temperature rises over a distance of two to six boundary

la yer thicknesses to a level 1.5 to 2 hi gher than upstream of the station

x0, F i g u r e  1. Considered is the boundary layer at an infinitely thin

f l a t p l ate in the region of viscous interaction.

compressible boundary layers with heat addition through the wall have been

studied extensiv ely in boundary-layer theory (see for in stance Refe rence 3) .

In  the present case  it is the quest i on how a St rong g rad  i cu t  of t h e  wa 11

t e m p e r a t u r e  d l  /dx will affect the boundary layer. It i s to conjec ture

‘Ihe presen t paper is a shortened and revised Eng lish version of Reference 2.
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Figure 1. Schematic of the flow f i e ld .

that the boundary layer assumptions will be violated if the gradient is

large enough. This seems to be very probable , since a heat addition is

equivalent to a mass addition 1
~~

1 , which leads to displacemen t effects and

to the creation of pressure gradients.

The experiment h h l has been made at a Mach number M = 8.68 and a unit

Reynolds number Re = 3.9 •io 6 m~~ . The resul t ing boundary layer is a

hypersonic boundary layer with a relatively high density. It therefore

appeared possible in order to study the heating effects to use the approach

for hypersonic slip- flow boundary layers , which takes into account the

momen tum equation normal to the surface, rather than the Navier-Stokes

equations. Very high gradients dT /dx certainly cannot be treated with

t h i s  approach , s ince  in  tha t  case the pressure gradient ~p/~ x in the
tangential momentum equation can no longer be neglected , as has been done

in the method~
51 , which  has been employed for th is  problem . The large ad-

vantage of the hypersonic slip-flow boundary approach over the Navier-

Stokes approach is that the first leads to an initial-boundary value prob-

lem , which can be solved with a numerical marching procedure , whereas the

l a t t e r  leads to a pure boundary va lue  problem , whose solution demands a
much larger effort.

3. THE MATHEMATICAL MODEL

Hypersonic s l i p - f l o w  boundary l ayers are characterized by the fact that  a l l

f low va r i ab le s  i n c l u d i n g  the pressure have large gradients in  ~
‘ ; ection

normal to the surface. The order of magnitude analysis  of th ’; Navier-

Stokes equations shows for such flows that the momentum equation for the

271



direction normal to the wall has to be carried along in the analysis if the

square of the reference Mach number is of the order of a reference Reynolds
number: M2 = 0(Re ) .  If this holds , the momentum equation for theref ref
tangential direction reduces moreover to the boundary-layer equation with-

out the pressure gradient. A set of governing equations of this kind has

been used first by Rudman and Rubin ’61 for the investigation of the merged

layer flow . The possibility to neglect the pressure gradient term ~p/~ x

has first been discussed by Lees~
7
~ . Cheng, et ai. [81 tried to retain

~p /ax  in the system of equations , but experienced numerical problems . The

reason for t h i s  is that  while retaining ~p/~ x in the system of equations ,
but experienced numerical  problems . The reason for this is that while

re ta in ing ~p/~ x in the system of equations , it becomes elliptical-parabolic

in the subsonic region , while without np/ax i t  alwa ys is of hyperbol ic-

parabolic character and can be solved with a numerical marching pro-
[5 ,6] [8]cedure . The system of governing equations and also , describes

the f low from the surface of the f l a t  p la te  up to the undisturbed outer
f low , including the shock wave . In the present study the flow is calcul-

ated with the method~~
1 beginning at the leading edge through the merged

layer into the region of viscous interaction . In the region of viscous

in terac t ion the one-layer approach is still used , although the shock wave

is f u l l y  developed , and the s l ip  flow is down to two or three percent .

4. RESULTS

The flow parameters from~~~ , which have been used in th i s  investigation
are : medium air , free-stream Mach number M0, = 8.68, unit Reynolds number

~ e = 2.33 106m~~ (all not nondimensionalized variables are marked with

a bar) , static temperature of the free stream T~ = 53 K , s ta t ic  pressure
of the free stream = 1.832 • l0~~ bar , mean free path in the free stream

= 0.564 i0~~ cm. The reference length is the length of the merged
layer t = 0.07 cm. The wall temperature is - 361 K - constant for

o < � x0 . Downstream of = 4t the wall temperature rises sinoida l over

the dis tance t~L/L by the amount ~T remaining again constant after that .

The length t~L/L and the temperature rise 
~

Tw have been varied in order to
find thei r influenc e on the flow fie l d. Table 1 shows the pairs inves t i-
gated . The mean temperatur rise = dT

~
/dx ha s i ts smalles t value
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Table 1. Pairs of the parameters ~L/L ,

case 1 2 3 T 5 6 7 8 9
= = - = = = =

~E/E 3 2 1 3 2 1 3 2 1

~
T
w 172 172 172 345 345 345 517 517 517

[KI 
____ ____ ____

i n case 1 and the h ighest in case 9. In~~~ the temperature rise was

AT 5 1 7  K .

Wi th th e parameters of 1 very small scales of the flow field are deter-

mined . The thickness of the whole layer investigated is 6’ = 0,07 cm at

47 , and 6’ = 0,13 cm at x 8L. The boundary l ayers th icknesse s are

~~= 0,04 cm and 6= 0,08 cm , respectively.

Since in the method~~~ temperature-jump bounda ry conditions are emp loyed

along with the slip-flow conditions , the temperature of the gas at the wall

~gw 
is different from the wall temperature 

~~ 
In Figures 2 and 3 the

influence of the heating on the wall pressure 
~~ 

= and the temperature

I’
rw

Tgw ‘~~~~ -— _ _ _ _  _ _ _ _

______ ______ 
I
_____________

2 —— 1- ~~~
0

I ‘ 
X

Figure 2. Temperature of the gas I and pressu re ps,, at the wall as
function of x , case ~ 

gw

I = t /1~ is shown for case 1 and case 9. Included in the figures
gw gw

is the temperature of the wall Tw =
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• — ‘- -_ :,/ rw no~ “ iats~ /
Tgw~ no~ ?~ut.d

6

2 — - --- \~~ ~~~

o
5 5 7 X g

Fi gure 3. Temperature of the gas T e 
and pressure 

~~ 
at the wall as

function of x , case 9. 
g

In F igures 2 and 3 the results are given for both the heated and the un-

heated wall. The term “unheated” means as alread y stated in the introduc-

tion “o~ -’ration condition ” which actually is a cooled wall condition .

Due to the temperature-jump allowed Tgw ang are differen t. In the

unheated case Tgw is larger than T but approaches the latter asymptotically.

In the heated case the situation is reversed , bu t further downstream Igw
approaches 1 w agai n. The pressure of the gas at the wall is still de-

creasing ~n the unheated case according to viscous interaction theory .

While heating the wall it rises in the heating region and the curve

appears  downs t ream of t h i s  region a lmost  p a r a l l e l  to the  curve of the

p ressure in the unheated case. The pressure rise differs markedly in

both cases.

In Figure 4 the profiles of the static temperature I = T/T~ in y-direction

(= normal to the plates surface) are given at different stations x for

case 9.

The profiles for the unheated case show the  t yp i ca l  propert ies  of hyper-

sonic viscous interaction flows . At the outer edge the t empera ture r ise
takes place in tb” shock wave , and agrees well with the corresponding
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Figure 4. P r o f i l e s  of the  static temperature T in y-direction at
d i f fe ren t sta t ions x , case 9.

Rankine-Hugo niot value~~
0]

. It follows the inviscid layer beneath the

shock wave , wh ich  has no d i s c e r n a b l e  energy d iss i pat ion and d i s p l a y s
therefore a tempera ture pla teau , and finally near the surface we have

the typ ical tempera ture maximum of a h ypersonic  bound ary laye r . Ris ing

the wall temperature , here case 9 , alters the temperature distribution

strong ly- The max imim is now a relative maximum at the wall , in the

wh ole boundary lay er region the temperature i s  hig he r than before , but

t h e  t empera tu re  p l a t e a u  remains  unchanged  i n  i t s  l a r g e r  par t , i n d i c a t i n g

a region of influence of the area , in which the temperature rises , wh i ch

lies between x = -1 and x = 5 in this case.

The profiles of the static pressure p = i n  Fi gure  5 sho w more c l e a r l y

w h i t happens to t h e  t’low f i e l d .

In the unheated ca s t -  we again have the typ i cal pr of i les w h i c h  appear i n
a vi— ous interact ion flow . The pressure Jecreased beneath the shock

wave at t i e  outer edge throughout the inviscid layer toward the region

near the wall. 1’here the familiar feature ap/~ y = 0 of the classical

boundary layer appears.

if i i ’  w a l l  i s  h e a t e d  the pressure i t  t h e  s u r f a c e  r i s e s  as has  a l r e a d y

been shown in Figures 2 and 3. N e a r  t h e  w a l l  the  t low e x h i b i t s  l a r g e r

pressure gradients ~p/ay ~ 0 for 4 <x < 7. For x > 7 aga i n a pr es sure
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Fi gure  5. P r o f i l e s  of t he  s t a t i c  pressure p i n  y - d i r ec t  ion at d i f f e r e n t
s t a t i o n s  x , case 9.

plateau appears near t h e  wall. The pressure rises in the direction to-

ward the outer edge , goes throug h a maxi mum and drops then quite steep ly

to the  p r e s s u r e  for t he unh eat ed cas e a t the lower edge of the in v iscid

l a y e r .  F i g u r e  5 shows t h a t  t h i s  p ressure  d i s t r i b u t i o n  is very s i m i l a r  to

th at of the shock wave at the  ou te r  ed ge.

The l rt-s sli rt drop has different steepness in the different cases. Figure b

shows fo r  the  s t a t i o n  x 7 . 8 t he  p re s su re  p r o f i l e s  fo r  a l l  n i n e  cases .

One can  si’e that for increasin g AT and d e c r e a s i n g  Al .  t h e  I)res~~ re drop

hecomes s t e ep e r .

A l t h o u g h  i t  was not  p o s s i b l e  in  t h e  f rame of t h i s  i n v e s t i g a t i o n  to  c i l-

cul ;ite further downstream , it appears from the present results that an

embeded shock wave is created , if the amoun t of h e a t  added as w e l l  as

th e gradient dT
w/dX is large enough . In any  case a pressure wave is

c r e a t e d , which lies almost pa rallel to the outer shock wave it the oii t t- r

edge of thc’ boundary layer , and which defines the region of influence

of the area where  the temperature has been risen . No statements are

possible at  t h i s  time about the behaviour of this pressure wave further

downstream .

Figure t further shows that the parameter AT govern the rise of the

pressure niveau. ‘the distance A govt -rn the steepness of the imbedded

shock wave toward the outer edge.
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Figu re  6 . Pro f i les of the pressure p in y-direction it the station
x = 7 .8 for  a l l  cases from Table 1.

The added amoun t  of hea t  is a l so  governed by the  t empera tu re  r i s e .

I igure  7 shows t he  h e a t - f l u x

= 

~~w
’
~~~ref 

‘ç /~~/L)) (-kaT/ay - (‘y
- - I )  M 2 Prpu~n/~y)

as f u n c t i o n  of x for the  different cases. Note that t he  heat flux con-

t im -- a slip-flow term (see for instance Reference 11).

Figure  . W a l l  hea t  t r ans fe r  q~ as funct ion  of x for a l l  cases.
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l’he f i g u r e  shows similar to  F i gure h t he  i n f l u e n c e  of A T .  The m a x i m u m

~i is  a l w a y s  reached shor t l y before  ~I is reached . ihi s is due t o  the

s l i p - f l o w  p a r t  of q ,  w h i c h  m l w a v s  c ar r i e s  hea t  out  of t h e  f l o w . The

in tt -g ration (results are given in Table 2)

x

( i  numbers  t h e  d i f f e r e n t  cases ;
~~~~ = 

~~~~~~~ . 
(~~ - (c)) d~ o the u n h e : m t e d  c a s e  x = 41.

‘0 ° x1 = 7.8L) 
0

s h ow s  t h a t  t he  i n f l u e n c e  of Tw is not so p rounced  as it a p p e a r s  from

F i g u r e  ~~~. ibis is due to the fact that x 1 lies too close to s~~, as can

be seen from F i g u r e  7 .

Table 2. In tegrated heat f l u x  Q .

case 1 2 3 4 5 6 7 8 9

Q 0,43 0,52 0,58 0,92 1,07 1 ,22 1,42 1,67 1,9

ln t ’rest  ing  i s  the  f a s t  drop of the  hea t f l ’ ’ s :’.f t c r  ~hc iei x imum is reached ,

a l t h o u g h  the wall temperature remains on the new hig her level. A return

t n  t h e  initial low- wa ll temperature (finite h t  spo t )  would drn — ’ ~c all y

change the p icture, also with respect to the imbedded shock wave.

The p r o f i l e s  of the ta n gential velocity component ii = at d i f f e r e n t

s t a t  ions x in  F i g u r e  8 exhibit nea r  t he  su r f a c e  a s m a l l  a c c e l e r ;m t  ion ,

w h e r e a s  i n  t h e  l a r g e r  rt ’gion of the  bounda ry  l a y e r  a v e l o c i t y  d e f e c t  is

p r e s t ’n t .  T h i s  v e l o c i t y -  d e f e c t  is due to t h e  r i s e  of the  d e n s i t y  in t h e

h o u n d a r y  I ; m v t - r b ecau se  of t h e  h e a t i n g . C l a s s i c a l  bounda ry  l a y e r  t h e o r y

does not reveal this feature , since there pressure vari at ions i r e  not

at  c o u n t e d  f or .  [he profiles show a strong i n f l e x i o n a l  b e h a v i o u r  w h i c h

w i l l  c t ’ r t i i n l y  L-ad t o  a f a s t  transition to the turbulent s t a t e .

In Fig ure 9 pr ofiles of the velocity component norma l to the w a i l

v = v /~~1
/u are given i t different stations x. As for the pressure

profiles one sc’es here ‘I so  t h e  r e g i o n  of i n f l u e n c e  for  the  hea ted  case .

The st e e p n e s s  of t h e  drop of t h e  p r o f i l e s  for the  h e a t i n g  ca se  i n c r e a s e s

for i ne rca 1 ng A l /AL , t o o
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Figure 8. Profiles of the tan- Figure 9. Profiles of the norma l
gential velocity con- velocity component v
ponen t u in y-direction in y-direction at dif-
at different stations x , ferent stations x ,
case 9. case 9.

I nniparing the present cuiiiputed results with the experimental results in

R e f e r e n c e  ~~~, one can see c e r t a i n  q u a l i t a t i v e  ag reemen t .  In R e f e r e n c e  I a

st ronger acceleration of the tangential velocity component near the wall

ha-~ been observed for the case of heat addition . The deceleration is ob-

served in the experimen t in the vicinity of M < 1 , wherea s the calculation

shows this at  M < 0,2. It is possible that the slip- flow- conditions used

in the calc ulation play a role. In Reference 1 i pressure rise has also

been observed , hu t i t i s  no t so st rong as the c a l c u l a ted on e , and no t

v i s i b l e  t ha t  c l e a r .

5. f )N f  I l l s  l ( IN

I li e t h e o r e t i c a l  i Tivest i ga t ion of a l a m i n a r hyperson i c boundary  1 av er pas t

an i n f i n i t e l y  t h i n  f l a t  p l a t e  shows , i f  heat  is added through the plates

- - ur tac e at a certain p osition down-stream of t h e  l e a d i n g  ed ge , t h a t

p r t - s - - i r - c h a n g e s  n e a r  t h e  su r f a c e  appea r , and m p ressure  wave  i s  formed ,

w hic h indicates the region of influence of the  area , where the tempera-

ture has ht- ’n ri sen. If the w a ll temperature has a very larg e gradient

dT /d x , t b -  pr ecsurl’ wave resembles a shock wave. In any case a larger

2 7 ’)
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rt’gion in the boundary l a y e r  e x i s t s  where t he b o u n d a r y  l a y e r  a s s u m p t i o n s

art- no longer valid. A similar result was found in Referenc 1 , wher t ’  a

t u r b u l e n t  n o z z l e  bounda ry  l a y e r  w i t h  heat addition was investi gat ed .

The p r e s e n t  r e s u l t s  don ’t a l l o w  f i n a l  - - t a t e m e n t s  abou t  t h e  i n f l u e n c e  of

l ocal heat addition such  as in  hot spots . The investigat ion ha been

made for  t he  case of a h ype r son i c  boundary  l a y e r  w h i c h  a l l o w e d  c t - r t a i n

simplificat ions , which eased the solution of the problem considerab ly.

More serious limitations are given because of the employment of sli p-

fio w , and temperature-jum p conditions at the wall , and perhaps due to

t he  very s m a l l  boundary lay-er  t h i c k n e s s e s .  The boundary ’  l a y e r  stability

p roblem which is connected with the point of inflexion profiles in the

t a n g e n t i a l  v e l o c i t y  component  in  the  heat  a d d i t i o n  case has not been

treated .

For t h e  1’~ p c r i m e n r a i  da t a  i n  Reference  1 o the r  l i m i t a t i o n s  a re  p r e s e n t :

the geometry of the flow was very complicated , since only a part of the

nozzle in circumferential direction was heated , and the ratio of boundary-

layer thickness and nozzle diameter was very large with oR 0.4.

In order to get a more reliable understanding of the phe nomena , which are

undoubtly present , exper iments are necessary in laminar and turbulent

bou~idary layers in a larger Mach number region , and no t onl y for hot

spo t-~ which extend to infinity behind the temperature rise , as i nvesti-

gated here , hu t also for finite hot spots. Theoretical investigations

u s i n g  the  Navier-Stokes equations will he possible only while emp l o y i n g
-i - m p t a t i c  a n a l y s i s .  I ~m r t h e r  n aiic-r ic~ e x p e r m i i e i i t s  eilmp i o y m i i g  t he N~I~~i c r —

Stoke s equations can certainly clear up more the mechanism and can es-

pec ially break down .
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ADDITIONAL RESULTS ON SIMILA R
SOLUTIONS FOR TURBULENT FLOWS

by

H. Voilmers

Deutsche Forschungs- und Versuchsanstalt
fi~r Luft - und Raumfahrt E. V.

Aerodynamische Versuchsanstalt Gottingen
Bunsenstrasse 10

At the previous DEA Meeting in 1975 a set of partial differential

equations describing plane and axisymmetric turbulent flows was

discussed (1). The equations include relations between mean

ve loci ty f i e l d , Reynolds ’ stress , turbulen t energy , and turbulent

length scale. They were transformed into ordinary differential

equations by simila . ity assumptions and solved numerically . The

following flow cases were treated :

1. The free plane jet in a fluid at rest ,

2. the asymptotic plane wake ,

3. the free mixing layer ,

1 . the fully developed plane flow in a channel ,

5. the free round jet in a fluid at rest ,

6. the fully developed flow in a cylindrical pipe .

Systematic variations of the coefficients , which were introduced

with the closure assumptions of the equations , were studied . One

set of valut’s of the coefficients for all treated cases was oht:~ined

by comparison of the solutions with experimental data. The work

was interrupted for nearly one year. When resuming the investi ga-

tions , some new aspects appeared and lead to a change of two of the

coefficients. The coefficient k of the diffusion terms was
q

given a hi gher value , and as a consequence of this the coefficient

of a production term in the l ength scale equation was slightl y
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lowered . The change in k
q 

yields a physically more acceptable

behavior of the solutions . For further details reference is made

to the papers ( 2 )  or (3). The set of coefficient now reads:

c = 0.165 ; C
L 

= 0 .8 ;  k q = 0.8; ~ = 0.98; 
~2 = 1 . 2 ;  = - 1.5;

0.387 ; k 0 .548 .

The profiles of longitudinal or axial velocity u , turbulent energy

P . and turbulent length scale L computed with this set are plotted

with a pertinent similarity coordinates in the following figures.

Experimental values for mean velocity and turbulent energy are

indicated by dashed lines. In some cases Prandtl’ s mixing length

is shown as a dash pointed line with the mark 1
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AN INTEGRAL K1NETIC-ENERGY-OF-TURBULENCE (IKET) METhOD
FOR CALCULATING COMPRESSIBLE RE LAI4INAR IZAT I ONAL ,

TRANSITIONAL , AND TURBULENT BOUNDARY-LAYER FLOWS

by

J.  C. Adams , Jr. and B. K. Hodge
ARO , In c.

von Karman Gas Dynamics Facility
Arno ld Eng ineer ing Development Center

Air Force Systems Command
Tullahoma , Tennessee
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Boundary - t.ayer Equations

Cont lnu ity ô 
~~ + 

ô 
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- . - +
ax ày P

X-Momen t um: ÔU 
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au à~ a F_ I i~ \ Ôui

V-Momentum: op

ày

Energy: 
~

. El + ~~ V - u ~~~ ~ (i +~~ )(~.~
)
2
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I IM  ~t \  ~~+ — U + 

~ 
—

ày [\Pr Prt J ày

The IKEI approach Is used to compute the eddy vi scosity i~~.
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IKET Equation:

~~ø f 6 
~~U q2 d y - -f 6 (~ u v  + p u v  ) -

~~
-

~~
- dy

~I ~~~

_ 
~~

6 

~~ 

+ ~~ ~~~ + p (:~~ 2 
~~~~~~~

+ ~ lvJ 2 

~-f } dy -f  ~ ~ dy + E

where ~ 
- viscous dissipation of turbulent energy

1/2 q 2 - 1/2 [iu~~
2 

+ Iv12 
+ 1 w ) 2]  

- Turbulent Kinetic Energy

with E detined as

F • [ii~~~ (
~ 

u~ -~ - - p v - 112 ~~ v ’q2 - 1/2 ~~q2
v ]

I Free - Stream Turbulence Entrained by the Boundary Layer

I I Dired Absorption ot Free Strea m Acoustic Energy by the Boundary Layer

• E Triggers Transition
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Turbulenc e Model t Ko lin ocj orov - Pran il l

- 
~~~ 

- ~ ~;
—;-

~~
-: 

- ~~~~~~~~~~~~~

where li~ C,,~ ~ K 1-’2 I

I 112 q2
~ I~ ~~ Length Scale for

Turbulent Shear
Stress

C1~ .0 Emp irical

- 
C D 1I ~~

2
P t  - _________

C0 .0 Emp irical . £
~ • Lengt h Scale for

Dissipation of
Turbulent Energy

Turbulent Structural Scales

- a1 q
2 2a 1 I . I ~

lu)2 - a2 q
2

t v ) 2 
~~~J3

lw )2 t l - a 2 - a 3) q
2

a? a3 • Emp irical

at • a 1f~1

290

~~~ - --~~~- - - - — — -  - -  - .-
~~~

—-=-— - - - - r ~~~- — - -  ~—~~— .~ - - —



Two - Layer Length Scale Model

Inner Regton with Near Wall Damping;

I

y D0
at a~ 0a

I - cap I - A~~ R~l

I - cap I - A D R t l

Da I - cap I - A a N t )

~~~~ A 1~ Aa J~ • Empirical

Local Turbulence Reynold s Num ber:

R~ -~~~~~~ ~~~~2a 1 j~ ày

Outer Region:

1D~~~~D 6

a 1 a 1
.0 Empirical

t he outer r egion value of I~ . namely Y , is lo be determined from the 11(11 equation.
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Turbulence Model Constant s

C,,~ 0.2383

C0 0.3777
a t 0.150

a 2 0.566

a 3 0.150

A~ 0.0160

A 0 0.18885

Aa 0.0469

0.2069

Pr t 0.90

Within the inner region

2a~

a 1 - a t [ 1  - e x p  (_ 
Aa C1~ ~~~ 

Y oii \
2a~

Iteration using Newton ’s Method for systems required
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Numerical Solution of the Compressible Turbulent
Boundary-layer Equations

• lmpiicit finite-difference method.

• Variable grid point spacing in both streamwise and body normal
directions.

• Arbit rary wail temperature or adiabatic wall.

• Outer edge conditions Input from a separate source; an inviscid
analysis for example.

• Sutherland’s law for laminar viscosity (with Pr •0.70).

• Thermally and calorically perfect gas model.

• Global Iterat ion for • V required.

• Transition can be calculated using the acoustic energy entrained or
turbulent flow forced at a specified location.
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Nash -Webber Nozzle A , P0 5 In . Hg. abs.

0.0~ -

Cfe :
- ______ Present IKET Calculation

Fully Turbulent Calculation
1201) - Fully laminar Calculation

Ree ~ 
• Experiirental Data
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IKET Lalculation of Turbulent
Boundary-Layer Relaminarizatlon
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Sharp Leading Edge Flat Plate
,ol — IKET Calc ulation
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M~~~3.0
Adi~ atIc Wall
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Sharp Flat Plate, VKF Tun nel B
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Skin Friction Distribution
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kundiry-Layer ThIckness 6, In.
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l0~~-
IKU Calculation
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A NUMERICA L STUDY OF SUPERSONIC VISCOUS CONE
FLOW AT HIGH ANGLE OF ATTACKt

by

David S. McRae *
Air Force Fl ight Dynamics Labora tory
Wright-Patterson Air Force Base, Ohio

ABSTRACT

Inv iscid computations for superson ic flow about cones have proven
to be uns table at angles of attack greater than tw ice the cone half angle .
This limitation is overcome in the present study by inclusion uf the

viscous effects in the governing equations. Solutions are obtain d for

supersonic viscous flow over a sharp cone using 1~;ie Navier-Stokes equa.ions

subject to a conical symmetry assumption . The integration ~ s carried .~ut

by MacCormack ’s method for a 100 half  angle cone at angles of attack
includ ing 24° in nominal M = 8 flow . A phys ical ly  base~1 techn ique (normal

stress damping) is demonstrated for controlling starting t:ansients a-.d

for reducing or eliminating numerical oscillations at shock discontinuitie~
;.

Resul ts are presented wh ich show good engineer ing agreeme nt with the
experimental study of Tracy . The general features which appear in the

experimental flow field also exist in the ca lcula tion , at a cos t of only

40% additional computer time per mesh point over a comparable inviscid

calculation .

I
t The material reported herein is based on the author’s dissertation to

be submitted in partial ful fi l lment of requirements for the Doctor of
Philos ophy degree at the Air Force Institute of Technology , Wri ght-
Patterson Air Force Base, Ohio.

* Maj,, (JSAF , Mechanical Engineer, Associate Menther, AIAA
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NONE NCLATURE

c Local speed of sound

e Total internal energy (C
v

T + v 2/2)

K Thermal conductivity

k (y - l)/2y

m Cour ant number

p Press ure

4 Heat transfer

R Gas constant

r Radial coordinate

T Temperature

t Time

u Veloci~ y in r direction

v Velocity in 0 direction

V Total velocity (u2 + v2 + w 2)½

w Velocity in ~ direction

Free stream quantity

a Angle of attack

Damping multi plier

y ratio of specifi c heats (C
~
/C
~
)

o Coordinate , conical angle

A Second coefficient of viscosity (-2/3 ji)

Absolute viscosity

p Densi ty
o Normal St ress
T Shear Stress

Coordinate , circum ferential angle

Subscrip ts

c Cone half angle

Time step numbe r
j,k Mesh point location

n Normal direction

p Pi to t  qua n t i t y
s Surface quantity

t Total quan t i t y
1 ,2.3 Pertaining to r, 0, •, direction
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1. INTRODUCTION

Supersonic flow about cones has been a subject of interest to aero-

dynamicists for many years , both from their occurrence as a nose shape

for many aerodynamic configurations and from their use as a reentry ve-

hicle shape in current ICBMs . As a result of this inte rest , many attempts

have been made to accurately solve the flow field about conical shapes

with special emphasis on the lift-producing circular cone at angle of

attack . The present study evolve d from an attempt to produce hi gh angle

of attack cone flow solutions using the inviscid Euler equations. Al-

though successful results were obtained for angles of attack up to and

includin g l’~ times the cone half angle , much di fficulty was encountered

at hi gher angles of attack with the inviscid boundary conditions in the

vicinity of the lee side imbedded shock wave . It was then shown that a

more accurate and less di fficult representation of conical body flows

could be produced through the inclusion of viscous effects in the govern-

ing equations . This is done in a manner that allow s solution of the

governing equations without undue amounts of computer time . Th~. Lnique

developed should then be a candidate for replacing inviscid calculation

techniques for many applications .

This paper deals first with the approximation to the Navier-Stokes

equations and then with application of MacCormack ’s finite difference

technique . The solution technique is described along with a new method

for controlling starting transients and spurious oscillations around shock

wave discontinuities. The numerical results of the calculations are

then compared with supersonic cone flow experimental data for angles of

attack including 24° for a 10° half angle sharp cone.

2. FLUID FLOW EQUATIOI.S

The Navier-Stokes equations for a perfect gas can be wri t ten in
conservation law form for a spherical coordinate system as follows :

(1)
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where

~~= r
2 SinO p

Pu

pv

Pw

pe

~~~ = r2 SinO Pu

pu2 -

~DUV -

P u W - T 1 3

pue + 
~r 

- U 0i,~ - V T 1 2  - W T 1 3 J

~~= r S i n O  pv

PUV -

pv2 
- 02 2

pwv - T 2 3

pve + - U12 1  - v02 2  - WT 2 3

pw

~DUW - T 3 1

pvw - T 3 2

pw 2 - 0

pwe + 4~ 
- UT 31 - VT 3 2  - wa 33

i i = r S i n 0  0

-(pv2-022) - (pw2-o33)

-cotO (pw 2-c,33) + (puv-r12) -7 
cotO (pvw-t23) +

0

The stress terms t .  . and i. . will be defined in detai l later. The equations
‘3 ‘J

are nondimentionalized by use of free stre am total pressure and density
and by the maximum adiabatic velocity for free stream total temperature .

Solution of the equation set in the form shown above woul d require
very l arge amounts of machine time and capacity even for simple aerodynami c
configurations . This has led researchers in the past to simplify the
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equation set through removal of the stress terms (inviscid flow) and/or

by reducing the number of dimensions to be considered in the prob lem .

One class of flows which has been examined in detai l through use of the

Euler equations is that of supersonic inviscid flow over conical type

bodies. These flows have the unique property that derivatives of all flow

quantities are zero along rays passing through the apex of the conical

surface .

Examination of experimental studies of supersonic flow over conical

bodies [1 31 reveals that this behavior is approximately correct downstream

from nose regions even when viscous effects are present. Therefore, in

concert with an idea first broached by Anderso n~
41 for axial corner flow ,

the conically symmetric flow assumption is applied to all terms in the
above equation set.

The resul t ing equation set is:

(2)

where :

(a ) I ,~~, and are unchange d except in the de fi nit ion of the stress
terms .

(b) [ ~ 1= 0
Lr2sine J

(c) 

r

o r i
~~

=

r sinQ 2pu

— (pv 2— 022) — (pw2—o 33 ) + 2(pu2—o 11)

-cotO (pw 2-a33) + 3(puv-i12)

cotO (Pvs-T23) + 3(puw-T 13)

2(pue - u0~ j - VTi2 - wT i3 )
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These equations are non -dim ensiona lized as fol low s , w i t h  di mensional
quantities denoted by primes:

u = u~ v = v w = w (3)
V V Vmax max max

p = p = p t = t - T = T
n V

e = e Re = 
V P

~~~
r

V 2max

V ax = ( 2y R T)1 k = y- l
m y- l 2y

It is significant that when time is nondimensionalized by the

parameter n/Vm the metric r in equation (2) cancels except for the r

contained in the Reyno lds number. This results in all spherical radius

scaling being contained in the Reynolds number. The net effect is that

the calculation is carried out at a single ( , ) spherical surface with

the distance of this surface from the cone apex effectively determined

by the Reynolds number. (Figure 1).

The nondimensionalized stress terms are as follows after appli-

cation of the conical symmetry assumption:

112 121 = .—(u -v) (4)

113 = 131 Re sin O (i
~ 

- w sinO)

123 = 132 = Re sinO [~
w sinO) 0 - 2 w cosO+ v~]

0 = A~ (2 U sinO + (v sinO)
0 

+ w~)

O j i

2
022 = - k p +~~~ (v 0+ u )  

~~~~~~
03 3  = - kp + Re sin G~~~ 

+ u sin + V cosO)

+ a
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The heat transfer terms are defined as follows :

— 
I ~T . 

— 
1

- - 2RePr ~O 
q~ - - 

2RePr ~~
where Pr = C

K

The equation set utilized in the calculation then contains no

derivative terms with respect to r (conical symmetry assumption) and has

no explicit dependence on the r dimension except as appears implicitl y

in the Reynolds number.

3. THE NUMERICAL METHOD

The utility of MacCormack ’s~
5
~ finite difference scheme for the

solution of inviscid supersonic flows has been demonstrated in numerous

studies [6-93 • More recent studies have also shown it to give excellent

results for two-dimensional viscous flows with separation . 
[10-12) This

scheme is applied in the manner set forth ~~~E6]
, so no detailed develop-

ment will be given here . The resulting MacCormack predictor and

corrector steps for equation (2) are as follows :

Predictor i~i 
= D1~~~ - 

~~
-
~
- 
~~~~~~ - F

j~k
) (5)

- 
~~
-

~~
- (G.’ - G.’ ) -At WA c1 j,k+ l j,k

Corrector ~~~ = 
~~

- ~~~ + - 
~~~~~ 

-

At ~i+1 ~i+l A- 
j,k 

- 
j,k-1~ 

- 
~~ j,k

where ‘~~ indicates that the flow quantities are evaluated at the pre-

dictor level and ~~~ k implies D (iAt
, jAO ,kA4). The conservation law

form of the equations requires first derivatives of the flow quantities

at each mesh point in the computational domain in order to form the

stress terms. These derivatives are obtained in two ways, depending on

whether their di rection agrees with the direction of the exterior derivative .

If their direction agrees, one sided first di fferences opposite to the

direction of the exterior differences are used at each mesh point . If

not, central first differences are used. This results in no increase
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~n the number of mesh points needed over the inviscid solution (except

for “corne r” points) and gives standard central second di fferences for

the second derivatives when combined into the Lax Wendroff form.

A complete stability analysis for MacCormack ’s method as applied to

the Navier-Stokes equations has not been accomplished. However, useful

estimates of allowable step sizes can be made through the use of linear

theory and physical arguments . Claiming that the physical propagation of

information cannot outstrip the numerical propagation of information

cannot outstrip the numerical propagation results in the following Courant-

Friedrich-Lewy (C.F.L.) condition U3]:

At < 1  1
cfl— ( L~L + I~i_ + ~\AO A4 AOA4,

where

c = (1P )

The present study did not make continumus use of the CFL limit to control

the time step size . Instead , the time step size for each run was frozen

at a value which would insure no di fficulty with the stability limit due

to the use of normal stress damping (described in section 5) .  Based on
expe rience gained in the study i t  can be stated th at th e time step shou ld be :

At = m Min( At  fi ,  At sd, At
~

. 5 )

where M < l

A - M~ 
f pRe A02

t d 
- in 

~ 2l~~(2 +A)1
Ii

t - = Min(A~ 
(pRe Pr)

visc \ 2y

The portion of this analysis due to the stress terms is similar to

that  in Re fe rence 14. In the present study AO<<A~ . The viscous effects

on stability are there fo re primari ly  determined by the 0 step size . In
case A0~&~, more terms must be checked to insure stability . The validi ty

of the analysis must then also be determined for non-split operators.

4. THE SOLUT ION TECHNIQUE

A body fixed coordinate system , with the origin at the cone apex
(Figure 1) was used for the calculation . A finite difference mesh is
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impressed on the (0,~ ) spherical surface at a distance r from the cone

apex. It is on this surface that the calculation takes place , with

viscous effects scaled by the Reynolds number based on the radius of the

surface from the cone apex. Viscosity is obtained by Sutherland’ s formula.

Mesh spacing on the surface was even for all runs . Lateral symmetry was

used t o reduce the extent of calcul ation to 1800 of the surface in theq di rection.

The finite di fference mesh was initialized with free stream values

of the flow quantities at all points except for the body surface. Velocities

there are set identicall y to zero and temperature is set to the experiment-

ally determined value . Pressure at the surface is determined by evaluating

the 0 momentum equation at the body surface conditions and then substituting

second order accurate one-sided finite di fferences into the result. This

is then used to update pressure and (through use of the equation of state)

density after both the predictor and the corrector steps of the integration .

An ellipse , outboard of the anticipated bow shock location , is also

impressed on the mesh to use as a cutoff for the calculation in the free

stream region . The numerica l integration then taked place in time with

the steady state solution resulting after transients disappear from the

flow field.

The convergence criteria , used to determine when the steady state

was reached, measured di fferences of pressure , density, velocity and

energy between time steps and stopped the calculation when these di ffer-

ences reached the fi fth signi fican t figure for all points in the flow

field. Although this criteri a is severe , previous experience by the author

with inviscid conical flows revealed that instabilities can arise in the

calculation even after changes in the flow field pressure become small

as seen on a plotter or CR1 display device . This criteria gave run times

nearly twice as long as would have been necessary to obtain engineering

values of surface pressure and should therefore remove possible doubts

concerning the stability of the solutions obtained .

The outer boundary condition for the integration is the far field

free stream. The bow shock wave was therefore Lapture d which is allowed

through use of conservation form of the gove rning equations. However ,
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at high angle of attack and Mach number, the bow shock strength becomes

such that the numericall y-produced undamped oscillations at the shock

discontinuity will cause negative tempe ratures in the upstream flow with

subsequent solution instability . This instability occurs at a Mach number

normal to the shock wave of approximatel y th ree with dependence on mesh

size and Reynolds number. This value has been confi rmed by Petty 
15

as well as in the present study . In order to overcome this difficulty,

a technique of numerical damping using the norm -i l stress terms in the

governing equations was developed. This technique is described in the

following section .

5. NORMAL STRESS DAMPING

- . (6,7] . .
Previous studies using shock capturing finite di fference tech-

niques have encountered oscillations in the vicinity of strong shock

waves which can cause solution i.tstabilities. To overcome this di fficulty ,

artificial terms have been added to the governing equations to provide

necessary damping. In the present study, using the viscous equations

and shock capturing, oscillations were again encountered. This indicated

that the natural viscous terms are inadequate to overcome the series

truncation error at the existing mesh spacing. To damp these oscillations

without additional programming complexity, the normal stress terms (which

are in general large only near shock waves) were alte red by increasing

the second coefficient of viscosity (A> - 2/3~i) . This resul ted in elimin-

ation or reduction of the oscillations where desired. In addition to

improving the shock structure , it was found that normal stress damping

was extremely effective in removing instabilities caused by starting

transients which resul t from ill-suited initial conditions. The details

of implementation and conditions for proper use of this technique are

given below .

As shown in equation (4), the normal stress terms contain:

= A (V•~) - 
3Re 

(2u sinO + (vsin0)0 
+

Normal stress damping results when 2u sinO is removed and the

remainde r of the term is multi plie d by a factor B, where B is negative

(i .e. Ba ). (A positive B does not produce the damping effect and makes
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the calculation unstable except near one). The damping terms occur both

in  the ene rgy equa t ion and in the H ma t r i x  resul t ing from the coordinate

transformation . It was found that the most accurate solut i ons resulted

from use of the damping multi p lier in the deri vative term onl y 
~ e or (;~)

of the momentum equation mos t nearly norma l to the shock wave for which

damp ing is desired. Inclusion of the multi p lier in the matri x or the

energy equation produced some disp lacement of the solution . Also , it

shoul d be noted that in the steady limit ,
-~ -* Vp

-

~~~~ 

= f (V’V) f (V• —)

(th rough use of the continui ty equat ion). This implies that norma l stress

damping cannot be used in the vicinity of compressible flow boundary l ayers

without regard for possible changes in the density gradients.

In the present study, the damping multi plier (B) was unity ove r the

lee 40
0 

(~ , = 140° - 180°) of the flow , where viscous effects predominate .

It was then varied smoothly around the cone from ~ = 1400 in accord with

the equation :
P P ° 2

= 1 - B s[4 - sI~ 
= 140

= 0° - P
51~ 

= 1400

where s indicates body surface values and B varied from 15 (ci 80) to

130 (- t 24°). 8 was constant in the 0 direction .

An example of the use of normal stress damping is given in Fi gure 2

for axisymmetri c cone flow . The plot is a comparison of the computed

static pressure in the 0 di rection with and without the inclusion of

norma l stress damping . In this case the damping is tailored in the 0

di rection by:
p 

P
B = 1 - (~~~-) Al - (p—) A2

where Al = 9, A2 = 2. Although a small offset in pressure occurs outside

the boundary layer , the surface pressure and shock position do not change

appreciably when damping is applied.

Since shock wave discontinuities should ideally be fitted for

greatest accuracy, the most recommended use for normal stress damping

is controlling time like transients which cause calcul ation instabilities ,

especially in regions of strong expansion of the flow. In a cone flow
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solut i on completed (but nct included here) at the conditions M = 14 .2 ,
= 5.6~~, i = 100, Re = .59 x 106, instabilities we re encountered during

i nitial sta rting in the lee side expansion reg io n w h i c h  co u l d  n ot he

overcome until norma l stress damping was used. Once the initial transients

we re damped out , the normal stress damping was remove d on the lee side

and the solut i on proceeded to conve rgence . The same type of difficulty

was enc oun tered in a las er di ffuser  study . Once normal  st ress damp i n g
was used , the solution was started successfully and proceeded to
conve rgence . 

-

( . NUMERICAL RESULTS

A previo us s tandard of comparison for ca lc u la ti ons of l aminar
vi scous cone flows has been the experimental study of Tracy U0] . This

study was performed using a 10 half ang le sharp cone in nominally

N = 8 f low . Pa ta were presen ted at ang les of at tack from 00 to 240 at
4° intervals , with Re = 0.4 x 10~ and Tw/T

t 
= 0 .04 .

Solutions at Tracy ’s condi t ions , u s i n g  implicit fin ite di fference

techn iques , have been obtained for the ci = 120 case by Lubard and
E20~ - . o . [21 ,22]Hel liwe ll and for cases including ci = 20 by Lin and Rubin

The present study has demonstrated converged solutions for angles of
0 0 0 0 0attack of 0 , 8 , 12 , 20 , 24 . These solut i ons are presented and

compared w ith both the experimental data and previous ava i l ab le so lut ions .

Fi gures 3 through 6 show the surface pressure distributions of

Tracy compared with the results of the present study . The agreement is

generally good except near the windward centerline in the three hi gher

ang l es of attack . This discrepancy is attributed to an approximate 0.5
0

uncertainty in true angle of attack as no ted by Tra cy and to poss ib le
surface pressure tap effects where the boundary l ayer is ve ry thin in

relation to the tap diameter. The ci = 200 solu t ion was rec onve rged at
-
~~ = 20.5° to test the fi rst possibility. The surface pressure at the

windward centerline regaine d only half of the 4.7% di fference between

the experimental value and the ci = 200 solution . The windward centerline

surface pressure for the ci = 120 case obtained by Lubard and Hel liwe ll

is essentially the same as that obtained in the present study .
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Sample circum ferential pitot surveys arc presented in Figure s 7

throug h 9. The angle in the 0 direction for comparison with experiment

is de fi ned by

0 = Oc + Tan ’ (
~~~

“)
whe re Y is the normal distance to the cone surface in inches. Agreement

of the calculated values with experimental data is good except in the

vicin ity of the captured shock and in a small region near the lee center-

l ine . S ince the p i tot surveys were made at constant hei gh t above the cone
surface , they will in most cases intersect the bow shock at some point

in the circumferential traverse . This appears in the plots as a sharp

ri se from the free stream value (8.7x10 3) to the maximum value for each

trace . Probe effects cause the character of this rise to appear remarkably

l ike that of the capture d shock waves obtained in the present study, wi th
decrease in transition slope and loss of peak pressure caused by the

necessary damping present in the calcul ations . Note that the pi tot pressure
transition centerpoint (the shock location criteria used by Tracy) of the

captured shock is vi rtually the same as would be determined from the

experimental pi tot survey and that the pitot pressure qui ckly returns to

the  proper magn i tude  on the high pressure  side of the  shock . The p i to t

pressure  discrepancy near the lee centerline can be eva l uated more clearl y

from F igure 10, which compares pitot pressure on the lee centerl i ne for

the - t  = 24 0 case. The discrepancy extends for approximately 60 to 7
0

to either side of the lee centerline for this case . It is attributed to a

combin ation of the locally large pitot pressure drop due to finite mode l

nose radius and to nose effects resulting from the non-conical merged l ayer

region. Any persistent experimental nose effects woul d tend to he con-

centrated along the lee centerline as they are swept back along the cone .

To demonstrate the pressure distribution obtained through the shock

l ;ivcr , Fi gure 1 1 shows static pressure in the Ii di rection at 60° interv als

aroun d the cone for the ~ = 12 0 case . The e l e v a t i o n  above the  cone sur-

face i s  g i v e n  in radians in this and subsequent computer generated plots.

-\s noted in  sect ion 5 , the d a m p i n g  was not t a i l o r ed i n  the 0 d i r e c t i o n

for these runs , so excess smearing of the shock is evident on the free

stream side . No appreciable harm is seen to resul t fro m this smearing.
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The velocity vector plots in Fi gures 12 through 14 provi de an indi-

cat i on of cross-flow streamline patterns and illus trate the relative

magnitude of cross-flow velocity for  a l l  hu t the lowes t momentum regions.

The reverse fl ow region is thin in the ci = 120 case (F i gure 12) w ith the

vortical singul arity (defined for this study as the cross flow stagnation

point toward which streamlines converge) occurring near the edge of the
viscous l ayer 3.20 above the cone surface . The cross-fl ow separation

poi nt is F° fro m the lee centerl ine with the experimental point occurring

at 24°. This difference is attributable to lack of resolution of the

reverse fl ow region at this in the present study, as bo th Lin and Ruh i n
and Lubard and Helliwe ll obtained a value nearer that of experiment. This

was suppor ted in the presen t study by the fac t tha t the separa t ion poin ts

in  the hi gher runs (with more mesh poin ts in the reverse flow reg ions)

were virtua I~ y identical to those of experiment .

At —~~ = 200 (Figure 13) the extent of the reverse flow reg ion and the

pos ition of the cross-fl ow separation point have reached limiting value s ,

as no substantial changes in these can be seen in the ci = 240 run (Figure 14)

This was noted for the separation point in both experiment and theory by

Lin and Ruh i n t22
~~. However , the ex ten t of the viscous reg ion and the

loc ation of the vortica l singularity continue to change as ci increases.

The vortical singularity is near the edge of the viscous laye r for a l l  cases

in the present study in wh i ch it is lifted off.

Al though agreement with ‘xperiment so far has been shown to he

good , perhaps the best evaluation of the validity of the conical flow

j assump t ion for eng ineer i ng so lu t i ons can he ma de through a p ictorial

represen tation of the flow field features. Fi gure s 15 and 16 compare the

ove rall results of the present study with the calculati on of Lubard and

I le l l i w e l l  and Tracy ’s data . As shown in Figure 15 , the position of the

how shock and viscous laye r edge of the present study for this case are

essentially those obtained by Lubard and Ile ll iwel l . Both studies tend to

unde restimate shock and viscous l aye r position at this when comp ared

with experiment . This is conside red to he primarily due to the failure

to account for nose tip effects as noted above . A weak supersonic

region is present in the cross fl ow p l ane and is shown by the solid line s

between viscous l ayer and bow shock . The vortical singularity position
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is shown by the open oval symbol on the lee centerline . The structure

of the ci = 24° case is mo re inter esting (Fi gure 16). Supe rsonic cross
flow is seen to e x i s t over most of the  f i e l d  and is terminated by a com-

plex sonic line/shock wave . The position of this line is neare r the

lee cen te r l i ne  than shown by Tracy. The small amplitude oscillations

present on the imbedded sonic line/shock as it nears the how showk can

be seen (through careful examination of Fi gure 14) to be caused by

oscillations in velocity propagating through the supersonic cross flow

region from the vicinity of the bow shock . The present stud y did not have

sufficient resolution to determine the existence of the lambda portion

of the imbedded shock , as shown by Tracy . Howeve r , i t s  si gna ture  may be

surmised in the h ump present near 4 = 1500 in the calculated viscous

l ayer. The curious flat top present in the calculated viscous layer as

compared to experiment is again attributed to the failure of the numeri cs

to model non-conical nose effects.

In summary , the c a l c u l a t i o n  is seen to mode l a l l  f ea tu re s present

in  the expe r imen ta l  study , with the exception of the non-conical nose

e f f e c t s .  The computer t ime s are not excessive , rang ing  from 1. 4  hours
0 0for the  x = 12 case to 1.6 hours for the ci = 24 on the (,DC 6600 . These

t imes are based on a ve ry stringent convergence criteria and represent

an increase in t ime per mesh po in t  ca lcu l ated of o n l y  40% ove r a comparable

i n v i s c i d  computer  program.

7. CONCLUSIONS

E x p l i c i t  f i n i t e  di fference solut ions have been demonstrated for

supersonic viscous cone flow at moderate and h i g h  ang les of a t t ack .

These p o i n t s  are presented concerning the u t i l i t y  of the present techni que :

(a) Agreement w i t h  experiment is generally qui te good. Solution

of the N a v i e r - St o k e s  equat ions  subject  to the conica l  symme t ry assumpt ion

is shown to model a l l  features present in the exper imenta l  f low , wi th

the exception of nose effects.

(b) I nviscid cone flow calculat ions  at angles of at tack greater

than twice the cone half angle have proven to be unstable near the point

where the hi gh strength imbedded lee side shock waves reach the cone

surface . The present technique does not exhib i t  that limitation , as the

ithedde d shock wave is phys ica l ly  modeled near the surface .
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(ci N o r m a l  stre -~s damp ing is shown to provide i physically based

means to  cont  rol sp u r io u s  osci 1 l a t  ons a round  shock waves w i t h o u t  a d d i t i o n a l

computer time . I t  i s  a l s o  ve ry e f f e c t i v e  for  c o n t r o l  of s t a r t i n g  t ransients

due t~~ i l l — s u i t e d  i n i t i a l  c o n d i t i o n s .

The p r e s e n t  teLhni que. cons idering the good agreement with experiment

and the  removal  of a n g l e  of a t t a - : k l i m i t a t i o n s , p r o v i d e s  a v i a b l e  alter-

na tive to the use of the invis c id equations for the calculation of conical

flows. A solution of this type coul d also be used to provide an accurate

initial surface for space marching techni que s .
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NUMERICAL STUDY OF SUPERSONIC TURBULENT

INTERACTING BOUNDARY LAYERS*

by

A. Polak , M.J. Werle , and S.D. Bertke
University of Cincinnati , Cincinnati , Ohio

1. INTRODUCTION

The problem of turbulent boundary layer separation continues to be a

major element in the design of efficient aerodynamic systems . Th is

report summarizes the results of an attempt to solve such a problem

numerically. Specifically, the separation and reattachment of

a supersonic turbulent boundary layer from a flat surface with the

necessary adve rse pressure grad ient f ie ld  induced by a two dimens ional
ramp-type compression surface or a sine-wave shaped protuberance is

considered. The method applied to the solution of this problem is a

direct extension of that developed by Werle and Vatsa (Ref .  1) for the

laminar supersonic separation problem . This approach uses the familiar

interacting boundary layer equations solved with a novel solution

technique wherein a time-like relaxation method produces the sought

af ter “steady-state” solution of the governing equations.

In the present investigation it was found that  the numerical method
of Werle and Vatsa ( R ef .  1) could be adapted to the turbulent case

and in the process made more efficient. However, the present numerical

results were found to severely misrepresent experimental data. After

careful comparison of the present results for flow over a compression

~This work was supported in part by the Naval Air Systems Command
through Naval Surface Weapons Center and in part by the NASA
Langley Research Center.
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ramp w i t h  a v a i l a b l e  numerica l  s o l u t i o n s  to the  Nav ie r  Stokes equations

( R e f .  2) it is concluded tha t the in terac t ing boundary layer model
f a i l s  most probably because it does not account for the penetration of

the  separa t ion  shock deep into the viscous boundary layer.

2.  METHOD OF SOLUTION

The basic  approach is numerical in nature . It centers around the

numerica l  so lu t ions  of the turbulent interacting boundary-layer equa-

tions . The method is essentially an implicit finite di f fe rence  scheme

written for the similarity form of the governing equations and marches

from some ini tial station aft along the surface to the termina l point

of intere:t. To account for the boundary value nature of the problem

Werle and Vatsa (Ref. 1) have added the time dependent concept ,

s imi l a r  to the one used for the solut ion of e l l i p t i c  part ia l  differ-

ential equations. The present extension of this approach to the

turbulent boundary layers involves inclusion of an eddy viscosity

model into the solution scheme. Two such models are considered , the

equilibrium eddy viscosity model as delineated by Cebeci and Smith

(Ref. 3) and the relaxation model as applied by Shang and Hankey

(Ref. 2).

In an effort to develop an efficient and numericall y stable scheme
capable of handling flow f ields of presen t interest a number of
modifica tions to the numerical algorithm were made. Specifically,

the f o l l o w i n g  important steps have been taken .

a . The numerical stabilit y and convergence rate of the algorithm

has been enhanced by in troducing a new difference representa-

tion in the continuity equation . It has only recently been
recognized (Ref. 4) that the longitudinal derivatives in the

con t inui ty equa t ion provide a pa th for in terac t ing flows to
propagate information upstream . To accommodate this numeri-

cally requires the use of some sort of a forward difference

procedure .
b. The reliability of the present algorithm was enhanced by

adop ting the “upwind d i f f e r e n c i n g ” concep t. In the reversed
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flow region upwind differencing is used in the longitudinal

direc tion for the convective terms in order to satisfy the

stability requirements. This eliminates the so-called

“artificial convection ” concept used earlier (Refs . 1 and 5).

This mod ification is significant because the velocities in

the reversed flow reg ions are larger  in the tu rbulen t case
than in the laminar. Furthermore , the upwind differencing

scheme was found he lp ful  in the direc t ion normal to the
surface in the convect ion dominated outer regions of the

boundary layer .

The c a l c u l a t ion commences wi th cer tain ini t ial  cond it ions and then
throug h the time dependent approach (Ref. 1) the steady state solu-
tion for a given set of boundary conditions is sought . In the pre-

sent calculations the initial conditions were set by taking the

ramp ang le , or the amplitude of the sine-wave protuberance to be

zero (a fla t plate) in the first sweep . Subsequent time sweeps are

conduc ted wi th the ramp ang le , or wave ampli tude increased gradua l ly
by a small amount. After the desired geometry is reached (af ter
the first 10-15 sweeps) the time-like relaxation process is continued

until the flow properties are relaxed to their final state.

3. StJMNARY OF RESULTS

Examples from the calculated results are presented for supersonic

separated flows over a compression ramp and for flow over a sine-

wave pro tuberance . These geometries are sketched in Figure 1.

To obtain the current solutions in the separated reg ion it is first

necessary to obtain initial conditions at some point ahead of the

ramp-pla te or protuberance-plate junctures. These are obtained from

a laminar-transitional -full>’ turbu lent calculation . Temperature and

velocity profiles and displacemen t surface derivat i ves are punched

onto data cards to serve as the initial input data for the separation

studies. Whenever comparisons are made with other calculation methods

and/or experimental data it is essential that these profiles be

practicall y the same .
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3.1 Compression Ramp

The first example considered here serves also as a test case of this

st ud y of supe r son ic  ramp induced separation . In this case initial

fl ow profiles obtained at s = 0.9 were used to initialize a reg ion of
calculation e x t e n d i n g  from s = 0.9 to s = 1.2 with a longitudinal step-

s i z e  of 0 . O 0~~. There were 65 points distributed acress the boundary

lay er in a geometrically expanding grid. A “sharp ” version of the
ramp was employed with ramp angle of 250 and ramp ac tu a l l y  star ti ng a t

s = 0.996.

To attain the ramp angle configuration of 25
0
, ca lcu la t ions were

ini tialized at ramp angle of 00 and the time-like relaxation process

contin ued with the ramp angle increased 30 after each pass through
the mesh. Thus after 9 time iterations the configura t ion reached
and held its final state and the fluid state continued to relax to

i ts final state. This process is shown in Figure 2 when the surface

pressure at the corner location is shown as a function of time

i teration number. These calculations were performed with an equilibrium

eddy viscosi ty model with the downstream boundary condition taken as

the inviscid pressure level there . Note that once the ramp attains its

final level (9 iterations) it takes approximately 50 more iterations

for the pressure to attain its “steady state”. Other flow properties

relax more slowly and usually 60 iterations were needed after the

configuration was frozen to attain a totally satisfactory “steady

state” solut ion . These calculations , with a grid of 3,000 points were

performed in less than five minutes of computer time on the IBM 376-168.

The resulting surface pressure distributions obtained from the present

approach using an equilibrium eddy viscosity model are compared with

experimental data (Re f .  6) and Navier Stokes solutions (Ref. 2) in

Figure 3. The accompanying skin friction distributions are shown in

Figure 4. The pertinent observation from these results is that both

the interacting boundary layer and Navier Stokes solutions misrepresent

the experimental data.

It has been reasoned by previous investigators of turbulent viscous

interactions that the fault for this deficiency is to be found in the
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eddy vi scosity model its e lf . Shang and Hankey (Ref . 2) have found

that the use of t h e  so -ca l  led ‘rel ax ation eddy viscosity ” concept

p rov ided  n e a r l y  pe r f ec t  a l i g n m e n t  of the numerical \avier Stokes results

and e x p e r i m e n t a l  d a t a . The e x t r e m e  case of this model i s  to s i m p l y

use the  “ f r o z en ’ edd y x ’ i s c o s i ty  concept  whereb y the  eddy viscosit y

p r o f i l e  is h e l d  fixed downstream from a point ahead of the strong ly

i n t e r a c t i n g  reg ion . R e s u l t s  f rom the use of t h i s  model  are shown in

F i g u r e s  5 and for  b o t h  t he  presen t  method and the  N a v i e r  Stokes

s o l u t i on of R e f .  2 .  I t  is  c l e a r l y  seen tha t  w h i l e  the  N av i e r  S tokes

codes sho ~ a ~c n s i t i v i t y  to  t h i s  concept the i n t e r a c t i n g  boundary  l a y e r

rh od does not.

A f t e r  carefu l s c r u t i n y  of all the aspects of the numerical results it

~ as  found t hat  the  p r i n c i p l e  d i f f e r e n c e  in the two res u l t s seemed

c o m p l e t e l y  i s o lat e d  in the  embedded shock wave s t ru c t u r e  observed in

the \;iv ier Stokes calculat i ons. The present version of the interacting

b o u n d a r y  l a y e r  concept  does not allow fo r any p e n e t r a t i o n  of the shock

i nto the viscous region with all the flow compression t a k i n g  p l ace  at

the outer edge of the boundary layer  onl y . I t appears t h a t  the  n e x t

st age of development for the interacting boundary layer mode l must

in vol v e inclusion of a shock wave like structure into the viscous

flow rc~~ on solut i on .

3.2 Sine-Wave Protuberance

An attempt is currently being made to extend an earlier study (Ref . 7)

of lamin ir separated boundary layers over two-dimensional protuberances

to the turb u len t reg ime . The main in terest in this study is focused

on very thick sepa rated turbulent boundary layers. In such a case the

prot uberance is buried deeply in the boundary l ayer and the flow

disturb ance at the boundary layer edge is smaller than in the case of

th in boundary layers. Separation shocks , if they occur will be much

weaker , hence the difficulty mentioned earlier for sharp corner ramps

is not expected to arise. However , a new problem not yet resolved

has emerged . This has to do with a very slow convergence rate of the

time-like relaxation solutiom method . For moderately thick turbulent

boundary layers a “steady state” solution is obtained in about 60
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t i m e  i t e r a t i o ns ( f i v e  m i n u t e s  of computer  t i m e ) .  For t he  i d e n t i c a l

t ree st r e a m  c o n d i t i o n s  hut  very t h i c k  boundary layer  t he  com p u t e r

time level is  u n a c c e p t a b l e  at t h e  present  (abou t  240 i t e r a t i o n s  ar e

required , or 20 minutes of CPU time).

Iwo case  s t u d i e s , one for a relatively thin (
~ 

= 0 . 01 , C S/h = 0.33)

and the aecond for a very thick separated turbu l ent boundary layer

= 0.187 , Yh = 3 .1) are p r e s e n t e d . In both  cases t h e  f ree  s t ream

flow conditions correspond to a set of NASA test data (Ref. 8). The

free stream Mach number and static temperature are 2.5 and T = 252°R

respectivel y. The Reynolds number based on free stream conditions and
- - 6 -a reference length L* = 15.25 cm is Re = 1.647 x 10 . The s i n e- w a ve

- h 2i1protuberance profile is given by y = ~-ti - cos E~— ( x  - x0)1} , where he

is the heig ht and w is the width of the protuberance. In both case

s t u d i e s  w = 0.24 . C a l c u l a t i o n s  were performed w i t h  I /T = 0.81 , Pr =

0. 72 , and PrT 
= 0 .9  and an e q u i l i b r i u m  edd y v i s c o s i t y  m o d e l .

For the f i r s t  e x a m p l e  an i n i t i a l  p r o f i l e  was produced from a f l a t

p l a t e  l a m i n a r - t r a n s i t i o n a l - t u r b u l e n t  c a l c u l a t i o n  at the  s t a t i o n  x =

3.0, with 41 normal grid points distributed according to a geometrical

progress ion . Subsequent l y ,  w i t h  t h i s  p r o f i l e  a c a l c u l a t i o n  for  a sine-

wa v e p laced  bet w een x = 3.55 and x = 3.79, with h = 0 .03  was made .  I n

t he  lo ng i t u d i n al  di r e c t i o n 71 g r id  roi n t s  were taken w i t h  a s t eps i ze
As = 0.02. The full height of the  protuberance  was achieved  g r a d u a l l y

a f t e r  11 t i m e  i t e r a t i o n s .  F igure  7 shows t h a t , as in case  of the
compression ramp, t he f l u i d  s ta te  re laxes  to a f i n a l  s t a t e  in about

60 i t e r a t i o n s .  The r e s u l t i n g  sk in  f r i c t i o n  d i s t r i b u t i o n  is shown in

Fi gure  8 . A separation bubble appears at the forward junction of the

p l a t e  an d p r o t u b e r a nce.

For the  second case of the thick separated turbulent boundary layer the

initial profile was obtained from a noninteracting calculati on to

correspond to the boundary layer as i t  develops along the  w a l l  of the

UPWT Langle y Tu n n e l .  The location of the initia l profile is at s = 72.96

with the corresponding displacement thickness of 2.8 cm. The ADI 
-

algorithm was subsequently employed between this station and s = 74.56
using 81 grid points in the s direction (1~s = 0.02) with 53 point

variable mesh in the normal direction . Figure 9 shows the slow
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eddy viscosity model itself . Shang and Hankey (Ref. 2) have found

that the use of the so-called “r e l axa ti on edd y viscosity ” concep t

p r o v i d e d  n e a r l y  perfect alignment of the numerical \avier Stokes results

and  experimental data. The extreme case of this model is to simply

use the “ f r oze n ” edd y vi scosity concept whereby the edd y v iscosity

p io f i l e  i s  held fix ed downstream from a point ahead of the strongly

inter a cting region . Results from the use of this model are shown in

[~i gures 5 and for both the present method and the Navier Stokes

sol ution of Ref. 2. It is clearly seen that while the Navier Stokes

codes show a se nsitivity to this concept the interacting boundary layer
method does not .

Aft er careful scrutiny of all the aspects of the numerical results it

was found t h a t  the princi ple  d i f f e rence  in the two resul ts seemed
completel y isolated in the embedded shock wave structure observed in

th e Na vier Stokes calculations . The present version of the interacting

boundary  l aye r  concept does not allow for any penetrat i on of the shock

into the viscous reg ion w i th a l l  the f low compression ta k i n g  p lace  at

t h e  outer edge of the boundary layer only. It appears that the next

st age of development for the interacting boundary layer model mus t
involve inclusion of a shock wave like structure into the viscous

f l ow  r eg ion  s o l u t i o n .

3.2 Sine-Wave Protuberance

An at tempt is currently being made to extend an earlier study (Ref. 7)

of lamin ar separated boundary layers over two-dimensional protuberances

to the turbulent regime . The main interest in this study is focused

on very thick separated turbulent boundary layers. In such a case the

protuberance is buried deeply in the boundary layer and the flow

d i s tur ban ce at the boundary layer edge is smal le r  than in the case of
thin boundary layers. Separation shocks , if they occur will be much

weaker , hence the difficulty mentioned earlier for sharp corner ramps
is not expected to arise. However , a new problem not yet resolved

has emerged . This has to do with a very slow convergence rate of the

time-like relaxation solution method. For moderately thick turbulent

boundary layers a “steady state” solution is obtained in about 60

- 
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convergence rate for the skin friction at s = 73.44. When compared

to the previous case this represents a fourfold increase in computer

time for the same number of mesh points. The skin friction distribu-

tion for this case is shown in Fi gure 10 . It is sten that ahead of

the protuberance the skin friction drops and a small separation reg ion

develops on the front face of the wave .

Experimental data for identical flow conditions with a train of

waves are avail able (Ref. 8). A corresponding calculation for a

train of was.~ can in principle be accomplished at this time , but

would require a substantial increase in the number of grid oints ,

thus in computer time . There4~ore , the detailed comparison with these

data are postponed until the improvement in the convergence rate

is achieved .

4. CONCLUSIONS AND RECOMMENDATIONS

The capabili ty of the numerical method to handle turbulent separated

flows was demonstrated . While this method is efficient it appears

t h a t  for the  ramp induced .~epara t ion  problem the in te rac t ion  model

must he adjusted to accommoda te the phenomenon of shock wave penetra-
tion into the boundary layer. This aspect of the separation process

was a p p a r e n t l y  not  important in the laminar flow problem (Ref. 1)

because of the  r e l a t i v e l y  weak shocks occur r ing  there . Neither is

t h i s  i s sue  b e l i e v e d  to be dominan t  for f low of th i ck  t u r b u l e n t  boundary

l aye r s  over  p ro tuh ~ rances such as considered here .  However , before

the me thod can be cons idered  opera t ional  for h a n d l i n g  f low f i e l d s  over
a t ra in  of pr otuberances typical  of presen t in teres t , the convergence
r a t e  of the  t i m e - l i k e  r e l a x a t i o n  method must  be increased .
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NUMERICAL SIMULAT ION OF SHOCK WAVE - TURBULENT
BOUNDARY LAYER INTERACTION

by

J .S . Shan g* and W . L .  }-Iankey, Jr.**
Air Force Fligh t Dynamics Laboratory
Wrigh t-Patterson Air Force Base , Ohio

and

C. Herbert Law~
Air Force Aero Propulsion Laboratory
Wri ght-Patterson Air Force Base , Ohio

ABSTRACT

Numerical solutions of the Navier-Stokes equations are presented

for the interactions of a shock wave and a turbulent  boundary l ayer. The

turbulent closure is provided by a relaxation eddy viscosity model which

approximates the response of turbulence to a severe pressure gradient.

The relaxation eddy viscosity mode l was successfully applied for a series

of compression ramp configurations in a previous investigat ion by the

authors . In the present analysis , further veri fication of the eddy

viscos i ty mode l is attempted by investigating shock impingement on a

turbulent boundary layer. Computations were performed for shock generators

varying from 7~~930 to 12.17°, at a free-stream Mach n umber of 2.96 and a

Reynolds number of 1.2 x l0~ . Numerical results obtained with MacCormack ’s

scheme were compared w i t h  experimental measurements of the surface pressure

distribution and the location of the separation and reattachment points .

The density distribution throughout the entire interacting flowfield was

also compared with experimental results obtained from holographic inter-

fe rograms . In general , al l  essent ia l  features of the experimental obser-

vation were duplicated by the numeri cal computation .

* Aerospace Engineer . F l i gh t  Me chanics Di vision . Memb er AIM
** Senior Scient is t , Flight MEchanics Division . Member AIM
t Aerospace Engineer , Turbine Engine Division . Member AIM
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NOMENCLATURE

C
f Ski n friction coefficient

D V an Driest damp ing factor , Equation 14

e Speci fi c energy

e. Specific internal energy, c T
F ,G Vector fluxes in mean flow equations

h Maximum vertical dimension of the computational domain

L Length of the leading plate , 1 ft.

p Static pressure

Molecular Prandtl numbe r

P Turbulen t Prand t l n umber
rt

S Dis tan ce a long  the surface
t Time
I Tempera ture
u,v Veloci ty componen ts in Car tes i an coord i na tes
u Maximum velocity in the shock layermax
Ii Vector of conserved properties in mean flow equations

x ,y Cartesian coordinates

6 Boundary layer thickness

Deflection angle of the shock generator referenced to the
unpe rturbed frees tream

c Eddy viscosity coefficient

A Relaxation eddy viscosity length scale , Equation 21

Molecular viscosity coefficient

Components of the stress matrix

Subs cripts

e Denotes properties evaluated at the external stream

o Denotes properties evaluated at the location immedi ately upstream
of the interaction region

w Denotes properties evaluated at the wal l

Denotes properties evaluated at the unperturbed freestream
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I NTRO D UCTION

In r ecen t  ye ar s  s i g n i f i c a n t progress  has been made in the numerical

anal y sis of supersonic fl ows with stron g viscous—invi scid i n t e r a c t i o n .

I w o  geometries which have receive d cons i de rable attention are the  f l at

p late-ram p configuration and s h o c k  imp inge ment on a plate. The sufficiently

l . irge pressur e  g r a d i e n t  gene ra t ed  e i t h e r  by the ramp geometry  or the

incident sh o c k  w a v e induces boun dary  l aye r s e p a r a t i o n . The complex fl ow -

field is ch a ract V ’ri:ed by the s t r o n g i n t e r a c t i o n  of the  v i scous  domina t ed

reg ion adiacent to the w i l l  with the inviscid freestream. Qualitat ive

s i m i l a r i t y  h as been observ ed fo r l a m i n a r , transitional and turbulent fl ows .

~l l a v a i l a b l e  techniques in flui d me chan i cs research h a v e  been use d

to  d e s c r i b e  l a m i n ar  v i s c ou s - i n v i s c i d  i n t e r a c t i o n s  V Nut n r i c a l  solut i ons

e i ther by me an s of interacting boundary-laye r equations 11 , 2 , 31 or Navier-
[4 5,6 7] - -Stokes  equa t ions  have produced c o n v i n c i n g  r e s u l t s  and reached

f a v o r a b l e  agreement  w i t h  e x p e r i m e n t a l  me as u r e m e n t s .  A n a l y t i c a l  r e s u l t s

also have been obtained. In this regard , the mathematical structure of

the separation regi on has bee n given by Stewartson and w i i i i a n i s [8 1 wh i le

numerical investi gations based upon the asymptotic theory have been

s u c c e s s f u l l y  carried out by Burgg raf et aI.

Un fortunately, for turbulent fl ow we have not as yet been able to

solve the interacting flow field as conclusively V The major di fficulty

can be easily i den tified as the lack of an accurate turbulence mode l for

the viscous-inviscid interacting f l o w f i e l d . In sp it e of the inhere n t

shortcoming, W i l c o x t 11 ’ first demonstrated the feasibil ity of numerically

solving the turbulent interacting problem. In his work , an explicit time-

marching fi rst-orde r finite difference scheme ( -\FTON 2pt code) incorpora t ing

Saffman ’s turbulence mode l t 12 1 was used . Baldw i n and MacCorm ack~~
31 a l so

numerically solve d a shock boundary l aye r int eraction p roblem in the

hype rsonic  reg ime u s i n g  two d i f f e rent  eddy v i s c o s i t y  mo de ls . U2
~~

l 4 l

In their work , a multi-laye red grid spacing was used to achieve suitable

n umerical resolution near the wall. Horstman , Kussoy , Coakley , Rubesin ,

and Marvin~~
’1 performed a combined experiment al and n umeri cal inve s ti ga ti on

of a chock-wave induced flow separat ion over an axisymmetric configuration .

They devised a modification of the di ffusion eddy viscosity model by use
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V 
thei r experimenta l rneasurement -~ . The compari  son h e t .~ en da ta  and cal-

c u l a t i o n s  i v  the m odi fied eddy viscosity mode l reflects reasonable agree-

ment. ~haag and IIan key~~~~’~~~’ also adopted ~1ac Corma ck ’ s numerical scheme

to solve th e v i~~co txs- invi . c i d interaction problem in a comp ression corner

with a relaxation eddy v i s c o s i t y  mo d e l .  The n umerical results i n  com-

p a r i s o n  w i t h  l a w ’ s data~
181 indicated an improvement ove r Wilcox ’s cal-

culat ion t 1
~~ of t he co mpr es s ion  ramp ( m a i n l y  ~n the prediction of the

upstream I)rt’-~~ure propagation ) and a s u b s t a n t i a l  i mp rovement  over the

result by the convent i onal equilibrium eddy viscosit y model. 114 ’16 ’’71

The relax ation eddy vi scos i ty model is fi rs t  of a l l  an eng i n e e r i n g

approximation . In concept , i t approximates the experimental observation

that in a hi ghly decelera ted or acce lerated turbulent fl ow , the Reynolds

shear  stress remain s n e a r l y  froze n at i ts in i t ial  va l ue wh i le b e i n g

conve cted al ong st r eaml ines~~
9’201 and then exponen ti a l l y  app roaches a new

equ ilibrium state. [20) In practical implementation , the relaxation eddy

v i scos i ty mode l par a l l e ls Br adshaw ’s 12
~~ extra-rate-of-strain correction

and also is similar to Rose and Johnson ’s sugges tion for a mixing length
fl Icorre cti on . An outstand ing feature of this turbulence mode l is its

si mpl i ci t y in that only one additional paramete r is required (A . a time-

lik length scale wh i ch describes the exponential decay of the eddy

viscos ity distribution) and as a resul t pays no penalty in computing time .

In numeri cal computat ion , an initial streamwise location for which the

relaxation phen omenon is initiated also requires specification . The relax-

atio n eddy ~ V i s c o s i t y  mode l has be en succes s fu l l y demons t rated for a s e r i e s

of compression ramp confi gurations. Further subytantiation of this con-

cept is s t i l l  needed , par ticularly if an exact description of the tur-

bul ent structure is not feasible for some time to come .

The objectives of the present effort are to demonstrate the sensi-

tivity of the relaxation length scale in the turbulence mode l and to

deve lop an engineering method capable of predi eting the turbulent ~~V i s c ou s

invi s ci d interactions including flow separation . Since there are few

numerical results 1 ,~~~,l51 and essen t i a l l y  no an a ly t i c a l  w ork to compare
and yen f

V
y accuracy , the substantiation nii ~ t be ob t ained from comp arison

with e xperimental measurements. Howe ve r , one should re ili :.e that the

resolution of suspected three-dimensional influences has not as yet been
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c m p l e t e l v  d e l i n e t t e d  fo r  ill the e x i t i n g  e x p e r i m e n t s .  [23 ,~~4 ]  There fo re ,
the s p e c i f i c  compar i son  o f  e x p e r i m e n t a l  d a t a  and numerical calculations

mus t c o n ce n t r V i te  on the es senti al feature s o f  the i n t e r a c t i o n  problem.

(;O~i~ RN I EQtIA il

The R ove r n i n g  equations of the present analysis are  the unsteady

compressible N a v i e r - ~~t u k e s  equation s in te~~s of mass-averaged variables. 1 1 1 ,13 ,15]

The t u r b u l en t  c losure  is provided by the relaxation eddy v i s c o s i t y  mode l and

the turbulent Prandtl number.

UI SF BG
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The mean spec ifi c t o t a l energy  is as fo1lows :
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e = C T  + + v
2
)/2 ( 8)

\i ix i l 1 ar~ relat i onships included in t h e  system of equations are the

equation of state for a perfect gas and Sutherland’ s viscosity equat i on .

The associ a t e d boundary cond itions are prescribed as f o l l o w s : The
initial condition and upstream boundary condition are prescribed at the

freestream value for all the dependent variabl es .

II (0, x , y) = II
( 9)

U (t, x. , y)  = Ii

-\t t he  downs t ream boun dary , the  component of the  g r a J i e n t  of the  dependent
var iables in the streanwise direction is set to zero:

- 0 
(10)

The outer boundary conditions for the present analysis consists of

two segments , ~~61 upstream and downstream of the incident shock . The

boundary  c o n d i t i o n  on the fo rme r is sa ti s f i e d  by permi tt ing  the f low to
approach its unperturbed freestream value .

U(t ,x ,h)  U ( 1 1 )

The boundary condition on the segment downstream of the incident

shock i s fu l f i l l e d  by the Rankine-Hugoniot relations.

hl (t ,x ,h) = tJ( N 1 , As .g) (12)

The anticipated reflected shock is permitted to pass through the

d ownstream segment of the computational domain. Therefore , no addi t ional
prescribed boundary condition is requi red.

The boundary conditions on the solid contour are given as the non-

sli p condition for velocity.

u(t ,x ,0) = 0 ( 13)
v(t ,x ,0) = 0 (14)

and the adiabatic wall

= 0 (15)
y=0
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The pressure at the wall is obtained by satisfying the compatible

condition .

y 0  
= 

~~ ~~~~~~~~~~~~~~~~ 4 ti.~ ) - ~ (~~~~~ 4~
. ) ] (16)

3. EDDY VISCOSITY !~tJ DE L

The relaxation eddy viscosity model consists of a system of three

equations. The local equilibrium eddy viscosity coefficient is described

by the Ceheci-Smith ’s mo de l t14’

In the inner region :

2 2 2  ~uceq(i) = pk y D I~ pI (17)

where k is the von Karman constant (0.4) and 0 is the Van Driest damping

factor:

D = 1 - exp (-y ~1~1~ -L /26 v~) (18)

The outer region , Clauser’s defect law gives
*

£ = 0.0168 Pu 6. (19)eq(o)  max i

is the kinematic displacement thickness (also the basic scaling

for the outer layer).

6 = fh  ( 1- ~L___ ) dy (20 )

One notes that the reference velocity is taken as u in the cal-
* 

max
culation of the kinematic displacement thickness (6

k
) to prevent a possible

numerical anomaly in the transient phase of the computations . ~bre import-

antly, one must also appreciate that the outer edge of an inte racting

boundary layer cannot be readi ly def ined, and for this reason the inter-
mittency correction of the wake region is also omitted.

In the relaxation eddy viscosity model , the flow “history” e ffe cts ,
or more precisely, the Reynolds stress relaxation phenomenon, is descr ibed
by a simple a lgebraic equat ion for the eddy viscos ity coefficien t

E L~ + 

~~eq. - c
~

) e (21)
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whe re c denotes the r e l a x i n g  edd y v i s c o s i t y  c o e f f i  c i e n t .  The loca l

eq uilibrium value of the eddy vi s cisity r
eq is generated by equations (17)

and ( 1 9 ) .  The d i s t a n c e  be tween  the  i n i t i a l  s t a t i o n  and t he  c a l c u l a t e d

sta tion is indicated as t~x . whi le the parameter -~ is the relax ation lengt h

scale . The value for is de fined as the eddy viscosity at an upstre am

l ocation for wh i ch the relaxation phenomena is initiated. V 1~~~i s  re ference

station for defining £ was selected at x/L = .9’)27 for all the computations

presen ted  wh i ch corresponds to about seven boundary-layer th i cknesses

u p s t r e a m  of the  i n t e r s e c t i o n  of the  shock wave and t he  w~~l I .

the relaxation parameter A , wh i ch is a measure of t he  memory of stress-

c o n t a in i n g  eddies is the o n l y  free p a r a m e t e r  to  desc r ibe  n u m e r i c a l l y  the

re l axat ion phenomenon . In the present a ”ilysis , the sensitivity of the

rel axa t io n le ngth scale  w i l l he domons t ra ted by utilizing two va l ues

of A ;  n ame l y A = l05 and A 20l5~~. The former has been used e x c l u s i v e l y

in References 16 and 17.

Equation (21) is a particular solution of a rate equat ion suggested

by Bradsh i lw [ 2 h l  in h i s  study on the e f f e c t s  ~- f  stre aml ine  curva tu re  in

turbulent flow . Equation (21) is also simi l ar to the relaxation equation

for the mixing length suggested by Rose and Johnson . 
[22] 

Accord ing to

Bradshaw 12
~~ the relaxation length parameter A is a function of y to take

into account di fferent turbulent scalings in the inner and outer regions.

He postulated that the fine eddy structure near the wall qui c kly achieves

an equilibrium state while the Outer region requires a longe r per iod to

readjust. Howeve r, in c a r r y i n g  out this con cept for turbulent interaction s

in  a previous inves t i gation~~
71

, little niime~-ica l difference was observed .

4. NUMERICA L PROCE I)URE

Ma cCormack ’ s 14 ’6~ alt ernating-direction-explicit numerical sch eme
is adopted in the present analysis. No n umer ica l  damp ing  t e r m s  are in-

cluded s p e c i a l l y  des i gned to eliminate nonlinear instabilities. One of

these recen t ly i mplemen ted by MacCor mack and Baldwin , is appl iid to the
[6)convective terms while for flow fieids containing severe pressure gradients

such as in this boundary-layer-shock wave interaction , a fourth-orde r

smoothing term [4~
6
~
7
~
l3] is necessary . The detailed description of the

numerical smoothing procedure can be obtained in Reference 4.
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.\ m aj o r  di f f i c u l t v  e n c o u n t e r e d in the n u m e r i c a l  a n a l y s i s  is the

determ inat i on of the resolution required for eng inee ring accuracy. The

bas ic requi rement is to adequately resolve all si gni fic ant features of the

f l o i ~. the commonly  accepted c r i t e r i a  of a mesh Reyno lds  number  of t h e

o r der  o f two is impractical for the present anaiysis E6] hut  a l s o  seems

t o  he u nn e c e s s a r y . 1 ’ ’7
~ For turbu len t flow the hi gh velocity gradients

n e a r  t he  w a l l  d i c t a t e  an extremely fine mesh spacing to achieve adequate

n umerical resolut ion . The exponential stretching of the grid-spacing

i mmedi ately adjacent to the wal l combined with a coarser constan t step-

s i ze in the outer reg i on i s used in the normal d i r e ct ion of the ma i n
[4 , 16 , 17]f low .

In the present analysis , the entire flowfield is divided into two

overlapping computational domains. In the first domain , the deve l opme nt
of a turbulent boundary l ayer over a flat plate is calculated. The in-

teracting region is contained within the second computational domain wh ich

o v e r l a p s  the fi rst region . The calculations are joined at x = .8749 ft.

from the leading ed ge . A 64x30 calculation mesh system is employed for

both comput ational domains. The mesh point distribut i on in the norma l

coordin ate includes 18 points in an exponentially vary ing inne r reg ion
( - ~v mm = l0~~ ft.) and 12 points in the constan t step-size outer region
with V~y of 3.6Sx lO 3 

ft. However , for the interaction zone (the second

computat ional domain) the grid-spacing in the streamwise di rection is

reduced from t h a t  of the fi rs t computa t iona l  domain by a fac tor  of thre e

to gi ve a A X  of 3.98xl0 ft. Thus, the computational inviscid-visco us

j in ter acti on zone has a phy s i c a l  d imension of abou t 206 x S6 .

The present calculation was perfo rme d on a CDC 6600 computer for
wh i ch nearly full use was made of the available memory core . Increasing

the dimensions of the inviscid-viscous interaction zone is still possible

)~ s im p l y  ove r l app ing addit ional computational domains. A similar procedure

F 
i l s o  can he t iscd to per fo rm a partial truncation error analysis. Howeve r ,

one feels that the basic issue of numerical resolution should he a

--epar ate and systematic effort and is beyond the scopy of the present study .

The con vergen e criteria requi red to obtain the asymptotic steady state

solution was defined to be one tenth of one percent change in consecut i ve

skin fri ction coefficient calculations . The criterion is reached generall y

i n  about two hours  for  the  cases i n v e s t i ga ted .
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5 . DI SC 1~~S ION OF RESULTS

As indicated ea r l ier , a primary objective of the study is to investi-

gate the sensitivity of the previous deve1oped U6~
l7] 

relaxation eddy

viscos ity mode l through comparison wi th experimental data for the shock

imp ingemen t problem. Numerical solut ions were obtained for the experimental

cond iti ons of Law . [241 Gemeral features of the computed flowfield were

found to be very similar to that of the ramp con figuration . (See Figure 1).

Numerical solutions are presented in three groups . First the entire

flowfields of the compression ramp and shock-boundary l ayer interaction are

presented. The second group of results are intended to reveal the numerical

sensitivity of the relaxation length parameter, A , by comparing the sur-

face pressure and location of the separation and reattachment points with

experimental measurementsi24~ In the las t gro up , detai led  f l o w f i e l d
predic t ion  in terms of the density contour arc compared with the holograph i c

in te r fe rograms .

In Fi gure 1 , two densi ty con tour graphs are presen ted toge ther fo r

the en t i re  f lowf i e ld  around a 250 compression ramp and a shock-boundary
layer interaction . The incident shock is induced by a 12.270 shock wave
generator so that the inviscid pressure rise will be iden t ica l  to the
25
0 ramp . The computed density contour graphs reproduce all the essential

features of the supersonic interacting flowfield. For the compression

ramp , a well-defined turbulent boundary layer is separated from the leading

plate by the upstream pressure propagation . The separat ion shock pene trates
well within the turbulent boundary layer. As the flow negotiates the

corner and subsequentially reattaches on the ramp , the rea tt achne n t shock
w ave system also appears . The separation shock and reattachment shock

waves eventually coalesce downstream of the reattachnent point . The shock -

boundary layer in terac t i ng  fl owfield possesses nearly the identical

genera l characteristics to that of the compression ramp . The expansion

reg ion inhedded between the separation shock and the reattachment shock

w aves of the shock-boundary l ayer interaction is substantially large r and

more obvious than the ramp confi guration . In this sense , Green 1231 has

correc tly pointed out that the wave system produced by an i nciden t oblique
shock may he considered to be a variant of the compression ramp confi gurat ion .
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An obvious short-coming of the numerical solution is also revealed

in the calculation of the incident shock . In “shock cap tur ing ”, the thin
inciden t obli que shock wave is smeared in to a region with finite dimensions.

In future work it is recommended that this drawback be remedied by imple-
V V V [25 ,26 27]inen ting a ‘shock fitting scheme for the incident shock .

“shock fi tt ing ” scheme in conjunction with the Navier-Stokes equation s was

successfully demonstrated recently by Tannehi l l , Ilois t and Pak ich~
271

in their work on viscous blunt body flows with an imping ing shock .

Although the computed incident shock yields the accurate shock

wave ang le , the smearing of the shock creates a difficulty in the deter-
[4 ,6,11 ,17 ,23)

mination of an accurate coordinate reference point . For

that reason , the separation poin t is used as the coordina te or i gin con-
sistently throughout the analysis.

The surface pressure distribution and regions of fl ow separation of
a 250 ramp and shock-boundary layer interaction generated by a 12.270 wed ge

are presented together with the experimental data~~
8’241 in Fi gure 2. The

compression ramp data and numerical solution were recorded for a Reynolds

n umber of lO~ . The shock impingement data were collected for a Reynolds

n umber of l.2x10 7. The Mach number is identical for both cases. The

overall agreement between the experiment and the computed pressure dis-

tribution is acceptable with the ramp con figuration results being sli ghtly

better than for shock impingement. The maximum deviation between the

pressure data and the calculated value is about 15% based upon the down-

stream pressure . For both cases , the most serious discrepancy between data

-
‘ 

and computed results is in the region between the pressure plateau and

reattachment point.

In the next group of presentations (Figures 3, 4, 5 , and 6), the

sensitivity of the relaxation length parameter , A , in predicting the

surface pressure distribution and loca tion of separation and reattachment

is demonstrated. The data were obtained for four di fferent incident shock

strengths by changing flow deflection angles of the shock generator.

The deflection angles are gi ven as 7.93° (Figure  3),  8.900 (Fi gure 4),

9.87° (Figure 5), and 10 . 83° (Figure 6). Two numerical computations with

different relaxation length scales A = 1O&~ and A = 206~ were perfo rme d

for all the cases considered.
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fl diffe rences between the calculations of ~ = 1 0Z  and ~ =
0 0

are concentrated around the flow separation and the reattachment regions.

Doubling the rela, ation length parameter A produces only a maximum change

it t  p res sure level  and the  s i z e  of t h e  reverse  f l o w  reg ion of about 20

percent. The calculations with ~ = 20~ 0 produces b e t t e r  agreement w i t h

Law ’s data than the numerical solut i ons with A = l0-~~. Serious d i spa r i ty
appears orly in the prediction of the pressure plateau and in the reattach-

ment region (Fi gures 3, 4, 5 , and 6) . Par t of the d i s c r e pan cy is poss i b l y
caused by the approximation of Reynolds stress by the eddy viscosity

coefficient , particularly in the separated reg ion . Detailed exper imental

measurements of the Reynolds stress are needed in the reverse-flow reg ion

to resolve this issue .

The d i f f e rence be tween the nume r ica l  r e s u l t s  is exc l us i v e l y  produced
by the diffe rent relaxation length scales. However , the poss ib le  source
of the diffe rences between the numerical results and experimental results

cannot 1-e easily iden t i f i ed . According to Green 123
~ and Law ,128’ substantial

variations exist between experimental measurements performed under supposedly

~~3 28 291s i m i l a r  condi tion s in di ffe ren t fac i l it ies . ~~~ 
‘ ‘ This problem is

particularl y acute for shock wave-boundary layer inte raction investi gations .
Nevertheless , it is generally agreed that the discrepancies are primarily

due to three-dimensional effects , but a specifi c evaluation has not

been accomplished. It can be stated , however , that the numerical results

are well within the experimental uncertainty of the measurements.

V 
As in the investi gation of comp ression ramps , one can follow the

progress ion of increasing inciden t shock strength to observe the deve lop-
V ment of a pressure p la teau and the “dual’minima” behavior in the skin friction

coe f f i c i en t  dis tribu t ions (Figure 3 through Fi gure 6). The overall agree-

ment s be tween data and the numer ic al predic t ion is considered to be acceptable

for engineering application .

On Fi gures 7, 8, 9, and 10 , comparisons are made between measured

4 and calculated flow field density distribut i ons. The calculated density

contours are compared with the experimental holographic interferograms
V 

and the calculated density profiles at several selected streamwise loca-

tions are compared with measured profiles obtained from the interferograms .

The holographic interferograms contain the three-dimensional effects which
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emanate from the corner region near the wind tunne l sidewalls. Upstream

of the in terac t ion reg ion , these effects are minimal. Howeve r, in the

interaction zone and downstream the errors can be quite significant if

three-dimensional effects are not accounted for. The detailed data

reduction procedure for obtaining density profiles from the interfe ro-

grams is discussed in Reference 30. Although this procedure estimates

the three-dimensional effects , actual measurements of density can be as

much as 15 to 20% error. However, spa ti al resolu tion is qui te accura te ,

to within 0.005 inches. The numeri cal solutions duplicate the essential

features of the flowfield and in genera l are within the uncertainty envelope

of the experimen tal data.

The densi ty contour plots and interferograms are in genera l agreement.

The computed density contours (Figures 7 , 8, 9, and 10) indicate clearly

the inciden t shock pene trates deeply in to the turbulen t boundary l aye r.

The severe adverse pressure gradient causes boundary l ayer separation .

The separation not only induces an ups t ream pressure propaga t ion bu t also
tri ggers a family of compression wavelets wh i ch coalesce to form the

separation shock . An imbedded expansion region immediately follows to

compensate for the over compression . As the separated shear l ayer re-

attaches to the plate , the shear l ayer real i gns w ith the plate and induces

a second group of compression wavelets wh i ch coalesce to form the

reattachnent shock . Far downstream of the shock impingement point , the

turbulent boundary lay er reemerges into a hi ghly compressed region . The

separation and reattachment shock eventually coalesce to form the classic

r e f l ec ted  shock wave . The numer ica l  r e s u l t s  accura te l y p r e d i c t  the  i n c i d e n t

shock strength and overall pressure rise (See Fi gures 3, 4, 5, and 6) for

the inviscid pressure asymptotes) . Howeve r, the contour plots and density

profiles reveal conside rable shock smearing produced by the presen t coarse V

grid size employed in the inviscid region . (In princi ple , an improvement

in the definition of the incident shock wave is possible by adopting a

“shock fitting ” scheme) ~12~~ For the imping ing shock of relatively weak

strength a good agreement of density profiles between experiments and
calcul ation s is obtained. In summary, this presen t effort demonstrates

the feasibility of computing the interaction of a shock wave with a turbulent

boun dary l ayer.
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6. CONCLUSIoN

After completing the compression ramp study U6~
17I 

further verificat ion

of the relaxat i on turbulence model was deemed appropri ate . Therefore, shock

impingement on a turbulent boundary l ayer was studied. A comparison of
V V V V (24 , 28 ]

the numerical solut i ons with experimental measurements by Law was
made . A parametric study of the relaxation length scale A , showed the
value of 20 to be superior to 10 as previously used for the study

of compression ramps . Comparison of the pressure , sk in  f r i c t ion dis t r ibu t ion ,

an d densi ty con tours wi th expe r imen t exhib i ted good eng ineering agreement.

Improvemen ts on the present analysis were identified and recommended

for fut ure work .

a . Due to the large step s i ze  of the grid , the inc iden t shock
was smeared which propagated an erro r downstream . A “shock fitting

[25 ,26 27) . .
scheme is recommended to eliminate this deficiency .

b . An improvement of the turbulence mode l in the separated reg ion

is recommended in order to improve the agreement in the pressure plateau

region .
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Fi gure 1. Density Contour Graph of a Compression Ramp (25°) and Shock-
Turbulent Boundary Layer Interaction (12.27

0) for the Same
In vis cid Pressure Rise .
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F i gure 2. Comparison of Surface Pressure Distribution Between a Com-
p ression Ramp (2S°~ and Shock-Turbulent Boundary Layer
Int eraction (12.27
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-\ RA ! I f l~~AI V THE ORY FOR THE PRESSURE DRAG
OF AN AIRFOIL I N SUBSONIC FLOW

by
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and

J . F .  Gross
University of Ari zona

Tucson , Arizona

ABSTRACT

A ra t i ona l  theory is developed to determine the pressure drag of an

airfoil in subsonic flow . The pressure drag results from an integration

of the pressure distribution over the contour of the airfoil. This

pressure dis tribution is the same as that resulting from the potential

flow over the same airfoi l except for a small reg ion in the ne i ghborhood
of the trailing edge . The lifference in the pressure distributions

results from an interaction between the turbulent boundary layer and the

inviscid outer flow . The calculation of this di fference follow s a triple-

deck approach suggested by Melni ck for the flow in the neighborhood of the

trailing edge . The flow in the outer layer or upper deck is inviscid hut

rotational. Calculation of this flow field requires the solution of a

Poisson diffe rential equation which yields the correction to the potential

flow pressure dis tribution .

A resul t of the theory is the relationship of the pressure drag and the

Reynolds number. I t is shown that the pressure drag decreases more

rapidly than the friction drag as the Reynolds number increases. Numer-

ical results are given for the symmetri c Joukowsky airfoil. The theory

deve loped here for symmetri c ai rfoils and incompressible flow ~an be

extended to asymmetric airfoils and compressible flows.
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I . INTRODUCTION

The total resistance of a body is composed of the fri~~t io n dr. ig and the

pressure drag. The friction drag results from the i n te g r V l t  i on  1 the

wall shear stress over the surface of the airfoil and the p rt’~ su re drag

i s  due to a cor responding integration of the appropriate component of

st a tic pressure around the ai rfoil. It is well known that th classical

Prandtl boundary laye r theory can provi de a determi n ation of the fri t ion

drag at hi gh Reynolds numbers wi th great accuracy as 1on~ as no s e p a r I t i o n

occurs  a l o n g  the body . However , to the  p r e s e n t  t i m e , no r a ti on - il t F R ~~U I VV

has  been proposed for  c a l c u l a t i n g  the  p ressure  dra g for  t h e  flow around

a bod y for subsoni c flow without boundary laye r separation .

I n  p revious  theor ies , the pressure d i s t r i b u t i o n s  a r o u n d  bod ies  were

de te rmined  n e g l e c t i n g  the  boundary  l aye r e f f e c t s  and t h e n  t he  p r e s s u r e

drag for inviscid subsonic flow was shown to he zero. This is called

d ’Al e mhert ’s Paradox. Therefore , the pressure drag results from the

bound ary l ayer and , in  fac t , is a boundary l ayer effect of higher orde r

since the Prandt l boundary l ayer theory cannot be used to calculate the

pressure drag.

The pressure drag is a typical example of a viscous interaction effect.

As a resul t of the finite thickness of the boundary layer , a pressure

dist ribution in the region near the trailing edge of the airfoil occurs

which is diffe rent from the pressure distribution in the inviscid flow .

This di fference in the pressure near the trailing edge of the airfoi l is

responsible for the pressure drag. In the case of those bodies on whose

surface no boundary l ayer separation occurs , the pressure drag ca n  become

l0%-20°~ of the to ta l drag depending on the geometry of the airfoi l and

on the location of transition.

Prandtl [11 h ad in principle discussed how a boundary l aye r the co’v of

h i gher order could he formulated to explain disp lacement-thickn ess e f t e . T S V

Ac co r d i n g l y, the boundary l ayer for an invis cid outer flow is fi rst
- 

c a l c u l a t e d .  The r e s u l t i n g  d i s t r i b u t i o n  of the  d i sp l a c e m en t  t h i c k n e s s

along the airfoil dete rmined in this way is then added to the airfoil

th ickness. For this fictitious airfoil , a new press u re d i s t r ibu t ion can
he ob ta ined us ing  inviscid theory . The boundary l aye r  which results from
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th is new airfoil will have a displacement thickness that is somewhat

diff erent from the former so that a subsequent correction is required.

lisin g this method , the final pressure distribution can he obtained only

using an iterative techni que . This final distribution will depend

cr iticall y on the strong in teraction between the oute r flow and the

bou n d a r y  l aye r .

I t turn s out that the theory which has been discussed above break s down

near the trailing edge of the ai rfoil. The reason is as follows : the

i rici scid flow contains a singul arity at the trailin g edge of the prof ile.

Fle re we conside r only symmetric profiles with zero angle of attack with

:i cu sp a t  the t r a i l i n g  ed ge ( the t r a i l i n g  ed ge ang le  is  eq ua l to 0 - see

F i i ~i i r v .’ 1). VI•he airfoil has the same properties as a symmetric ~Joukowsky

profile in t h e  reg ion near the trailing edge. A finite velocity exists

at t h ’ trailing edge , hut the gradient dU/dx directly behind the trailing

ed ge i s infinitel y l a rge , see Fi gure 1 and Equa tion (24h). This

sin gularity leads to the resul t that in the second-order theory dis-

cussed above , the wake can be descr ibed by a dis t r ibu t io n of sources
wh ose intensity at the trailin g edge becomes infi nitely large . As a

res u l t of this , the velocities at the trailing edge become infinitely

la r cc ’ and this result is physically impossible .

In orde r to avoid this basic difficulty, seve ra l empir ica l  eng inee r ing
- . [21approximations have been proposed. So , for example , Thwaites suggests

that th e calculations of the pressure distribution for the inviscid flow

s h o u l d  riot he made on the contour of the airfoil itself , hu t at the dis-

tan (-e of the boundary l ayer thickness from the surface . The distribut ion

of t h c  b o u n d a r y  l aye r thickness and the thickness of the wake can then

he obtained from a classica l boundary layer  ca lcul a t ion . From th i s

method , it is shown that the correction for the pressure distrib ution

occurs only i n  a ve ry sma l l  reg ion ne ar the trailing edge. I t is

i mportant , therefore , to obtain this correction through analysis of the

local fl oi~ in the reg ion of the trailing edge. I t is also necessary to

t ake into account the interaction between the inviscid outer flow and

the boundary l aye r OFT the s u r f a ce , in the nei ghborhood of the tr a i l i n g

ed ge.
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It is well known from the theory of the laminar boundary l ayer , that in

those places where singularities occur (leading edge of the flat p late ,

c usp  profi les , separa tion) the boundary laye r in the region close to

the singularity, generally consists of three diffe rent laye rs . This

so-called tri ple deck concep t has been described by K. Stewartson~
31 .

The calc ulations of these different l ayers can he obtained using the

method of matched asymptotic expansions in order to solve the singular

perturbation problem. The flow s in which the tri ple deck concept is

usefu l  are specific problems in wh i ch strong in tera ct ion occ urs be tween
the inviscid outer flow and the boundary layer. This interaction takes

pl ace in the outer l ayer (upper deck) in which the frictional effects

can he neg lec ted. The details regarding the corresponding theories of the

f lows in the reg ion of the t rai li ng ed ge of the flat plate or over cusp

airfoils can be found in Re ferences 4 to 7.

In recen t years , these perturbation methods have also been applied to

the turbulent boundary layer. Wi th the help of the method of matched

asymp toti c expansions , the classical turbulent boundary l ayer could be

described in a general asymptotic theory for turbulent perturbafions at

large Reynolds numbers (see References 10 to 12) . It has been shown

tha t the law of the wall and the velocity-de fect profile are the fi rst

orde r terms in an asymptotic expansion of the ve l ocity profile for l arge

Reynolds  n umbers . From this , it is possible to obtain fully developed

t urbulent boundary laye rs as fi rst order solutions which are valid for

• the limiting case of Re

ftc concept of the triple-deck boundary laye r has also been applied to

turbulent boundary l ayers in which strong in terac tions oc cu r be tween the

outer flow and the boundary layer.

T .C.  Adamson , J r .  and A. Feo 18
~ and R . E .  Melnick and B. Grossman~

91

have studied the interaction of shock waves with the t u r b u l e n t  boundary

l ayer. R.F . Melnick and R. Chow 1
~~studied the problem of trailing edge

in orde r to calculate fri ction correction to the lift . It is importan t

then to study the application of the triple-deck model for the turbulen t

boundary l ayer at the trailing edge in order to determine the pressure

drag of a i r f o i l s  in  subson ic  f l o w .
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A rational theory wil l  he deve l oped to calculate the pressure drag of

symmetrical airfoils using the concept of the tri p le-deck mode l for the

turbulent boundary l ayer in the region of the trailing edge. Incompressi ble

f low w i l l he assume d in orde r to s imp l i f y the analysi s. An extension to

asymmetri c airfoils as well as to compressible flow is possible in prin-

ciple and will he completed in the near future . The deve l opment of the

theory in thi s paper fo l lows  closel y the work of R.E . Melnick and

R. Chow .

I I .  ThE T R I P L E - DECK FOR THE T R A I L I N G  EDGE

It can he seen in Figure 1 that the pressure drag results from a modi fi ca-

t ion of the pressure dis t r ibu t ion g i ven by the i n v i s c i d  fl ow in the reg ion
of the t r a i l i n g  ed ge. It is sufficient , there fore , to conside r only the

nei ghborhood of the t r a i l i n g  edge in  a reg ion whose dimension s w i l l  be

of the order of magnitude of the boundary layer thickness at the

trailing edge . The flow in the neighborhood of the trailing edge is

shown schema tically in Fi gure 2. The turbulent boundary l ayer en te r i n g
the trailing-edge regi on consis ts of two layers : the inne r layer  where
the law of the wall is valid and the outer layer where the law of the

wak e is v a l i d . -~ccording to the asymptotic theory of turbulent boundary

l ayers discussed above , the perturbation parameter

= 
0 

= = C fo ( 1)

is described by the dimensionless friction fel ocity. Here the value

• of the friction velocity at the trailing edge is g iven by index o and

evalua ted at the entrance of the boundary in to the trailing-edge region .

The thickness of the boundary l ayer is then gi ven b y the order of
magn i tude  c

6
= 0(c) (2)

whe re the chord length of the airfoil L is the non-dimen sionalizing

length . Correspondingly, the stretching of the interaction re~ ion is

also of the order of magnitude . It can he seen in Figure 2 tn -t -~i the

boundary l ayer in  the in terac t ion reg ion consists of the follow Vng

three l ayers :
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1 . An outer laye r in which the inviscid flow is rotational. In

this region , the interaction between the inviscid , i rrotational outer

flow (potential flow) and the turbulent boundary l ayer takes place . The

no rmal dis tances from the wa l l  in  th i s  layer  are also of the order of
magnitude e.

2. An inner l ayer adjacent to the wall wh i ch is a continuation of

the wall l ayer of the incoming turbulent boundary l ayer. In this l ayer,

the total st ress in the boundary l aye r is a cons tan t , that is , independent

of the dis tance fro m the w a l l .

3. A middle (or blending l ayer) l ayer. This l ayer is necessary in

order to match the Reynolds stresses that appear in the outer flow with

the stresses that apoear in the inner layer.

I t will be seen that the outer layer in the interaction reg ion mus t be

s tud ied more closely since a pressure f i e l d  occ urs here wh i ch is
di fferent from the pressure field of the inviscid theory and this diffe r-

ence represen ts the required corre ct ion fo r the pressure dis t r ibu t ion
for the airfoil. The basis for the calculation of the flow in this

reg ion is to use the time-independent Navier-Stokes equation :

+ = 0 ( 3a)

V - /~~O ~T
u ~~~~~ + ‘~

‘ = - ‘~ ~~2 + vt~u + ! 
~ 

+ ~~~~ I (3b )a x  ay p ax c \~~X ay /
V /aT ao

u ~~~~~ + v ~~~~ 
= - ~- ~~~~ + ~tjv + ~~ ( .—Y- ~~- + __Y

~ J (3c)
ax ~ ~y ~ 

ax 
~~ /

whe re is the Lap lac e opera tor and the st ress ten ser due to the
turbulent fl uctuation velocity components is gi ven by

f’x T
xy\ /0ijT2 ~~~~~~~T\

( I = -  I (4)

~ I —j- 72\ yx y 
/ 

pu ’v pv

• Outside the reg io n nea r  the w a l l , the viscous shear stresses can be

neg le cted with regard to the turbulent shear stresses.
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We conside r new coordinates for the reg ion of in tere st in  Fi gure 2:

(5
L ‘ c L

wh ich are of order 1 in the interaction region . If we introduce these

coordinates i n to  Equat ions  ( 3 a ) - ( 3 c ) , n e g l e c t  lam inar f r ic tion terms ,

and recal l  tha t the order of magn it ude of the turbulen t stresses are
0(c2), one obtains for the limit 0:

avw = 0 (6a)

au au 1
+ = 

~ ax (6b)

I ~+ v~~~- = -
~~~~~

- (ôc)

The flow is , there fore, described by the equations for inviscid flow

but it is not i rrotational. Furthermore , the v o r tic i t y  of the oncoming

turbulent boundary layer must be considered in this region .

It is well known that one can define a stream function

- 
a~ 7U - 

~~~~~ , V - -
~~~~~~~ 

( )

Elimination of the pressure terms in Equation (ba)-(6c) leads to the

so-called vorticity transport equation :

a~p a~ p a~p ~~ - 8a~ ax ax a~ 
- 0  ( )

The vorticity w as defined by Equation (9) is related to the stream

function ip as follows :

i lay au\
U = - 

~v) (9)

U = - (10)

so tha t Equation (8) can also be written as

u ~~
-
~~

- + v 
~~~~

. 0 (11)

This shows that the vort icity is constant alon g a stream-line .
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An asymptotic expansion will now be postulated for the stream function

in wh i ch the perturbation parameter is given by Equation (1). The

stream function in the potential flow in the neighborhood of the trailing

edge can be given by the following expression :

= + U + U L A  
[(

~~~~~L)2 + (~):] sin V~~ 
~~ 

(12)

with

= tan 
~ - L 

(13)

Here ~
-
0 

is the value of the stream function at the trailing edge (x =

I., y = 0) and U is the velocity at the same point . A is a dimensionless

f a c t o r  wh i ch depends only on the geometry of the airfoil. It is assumed

that the contour of the airfoil in the region of the trailing edge con-

tains a cusp and this contour can be expressed in the following way :

3/2

= A (L~~~ x) (14)

For Joukowsky ’s a i r f o i l , A is a function only of the relative thickness

of the profile. The coordinate y is the dis tance from the  chord not from

the surface . For x < L , there fore , a new coordina te

v = y - y  (15)

w i l l  he in troduced. Then Equatioz. (12) yields :

~(x ,y) = + t y  + IJ
0 LA (L 

- 

x)

3 /2 

+ U L A  
1(x 

- 

L)

~2 3 /14 (16)

sin -
~~ e

3/2

IL - x
y + A l .

= -1 1~ ( 1 7)
x - L

For fi xed x L , th stream function f or  s m a l l  y can then be expanded to

y ield the following :

0 — i T  - L - x  ~~~ x - L  
(18)

sin e = - cos (
~ 

L 
~ 

) = -1 + 
~~~ (L - x) 

- ... ( 19)
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= + 11
0y 

• U~~l - - -\ ( 
~

-
~

) ÷  lI LA (~~~~~~ [l 
+ 3

~ 
...] . + 

0 ~~~~~~~~~~~
)V - ...] 120)

-
~ ( x ,v )  ~ + Il y + U L A  (x ~~~~

)

/
V (

~~~~~~~ )V 
+

For v = 0, the s t r e a m  f~~nct ion takes on the constant va l ue c= which

is to be expected. If one introduces t h e  coo r d i n a t e s  from } qu a t r o n  (5) ,

then the following equations result:

-- 1/2 - 2

= + y + £ -\ 1_ —f-rh for X 0 ( 2 1 )

1/2 -‘ 3 /I . -

j~ j~
V = ~0 + Y + c  -

~~ A [x 2 + Y 2] ~ ( 2 2 )

for X . 0

I-or a general solution , tp (X,Y) of Equation (8), the following asymptotic

expan sion can he used :

- 1/2
= = + E 

~inv ~~~~~M 
+ c 

~~~~~~ 
+ c

3/2 ~~ I ( X Y )  + . . .  ( 2 3 )

For simp lification , 
~~ 

= 0. The first 2 terms of the expans i on represent

the invis cid solution represented by E quations (21) and (22). In this

case , the exp ressions for ~‘ are given by:

~inv 
= A Vj~~~ J- 1~~~2 X < 0 (24a)

m v  
= 4 A [x 2 + y 2 ]3 /14 ~ AX i

~~ Y x > 0 (24b )

The inviscid flow is only slig htly perturbed by the small shear flow in

the reg ion of the wall. The term proportional to c results from the

ent ering turbulent boundary l ayer and will be determined through the

defect of the velocity profile of that turbulent boundary l ayer.

The turhulent boundary l ayer w i l l  be characterized by the following

ve loc i t y  p r o f i l e :

u (y)  = u.r
o [

~ 
ln y * + B

0 
+ ~~ (i - COS iT

(25)

where y~ =
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r 6 ui i  0 -t oand U = U I —  ~ n + B + —
0 10 L v 0

~ i s  Cole ’ s wake  parameter for  the v e l o c i t y  p r o f i l e .  For :cro pressure

g r a d i e n t , t he  v a l u e  i s g i ven  by ~ = U .S .  Von K arman  gave the constant

is • = 0.-I .

ftc de fect part of the veloc it y pro f i le is g i ven by:

u(y) - U U I f l  - ~ (
~ 

+ cos n 

~- )j (2h)

and is , according to Equation (1), also proportional to c. The corres-

pond ing  st ream f uncti on 
~BL that is obtained in Equation (23) has the

same order of magnitude . The correction for the stream function which

is effectively that for the pressure distribution is p ropo rtional to

Analogous to Equation (23), it is possible to obtain asymptotic expansions

fo r bo th veloci ty componen ts u and v :

= U = 1 + c~~
’2 U . (x ,Y) + £U

BL
( Y )  + ~

3/2 U , (X ,Y) + . . .  (2 7)

= = V. (x , Y) + ~~
3 /2  v~ ( X ,Y) + . . .  (2 8)

According to Equation (26), UBI (Y) may be wri tten :

i n  - ~ (l + c o s iT~~- \ Y < 6
K 6T K 61~I T

( Y )  = / (29)

0 
~~

> 6
T

6
wher e 6

T 
= (30)

Since the boundary l ayer profile UBI (Y) is taken to he independent of X ,

the v components in the boundary l ayer disappear as a result of the con-

ti nui ty equa tion and , there fo re , the term of the v expansion proportional

to ~ vanishes. If the expansions in Equations (23) , (27), and (28), are

• substituted into Equation (ii), then using

ti~Y c U0 Lw

and AY = , 
i f l V  

= 0 ; p— (A~
1
~~~~) = (3 1)
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one 01)1 ai ns

[1 + £~~ 11 i~~v + ~ 11BL 
+ 3 / 2  U ’ ]  :~ 

3/2 M’ + . . .

+ [ . 1/2 

~inv 
+ C V 

~~
‘
~
‘BL + ~~

3/2 M” (32)

• 1 = 0

Fro nt this , we ob ta in :

- - d2’Y
+ Vi 

~Y dY~ 
+ . . . = 0 ( 33)

Equa t ions ( 21 )  and (27) , toge ther with Equation (7 )  yield:

tJ~~~ V ,  V = — ~~-~ (~ 4)

I t cam be shown that integrating Equation (33) with X yields :

d2UBL
= + ‘

~i n v  dY 2 (35)

This is a Poisson equa tion. The right side is a known function wh i ch

is  g iven  by Equations (24) or (29). It can be conside red to he the

vort i city 12’ of the modified flow . Analogous to Equation (11), one then

ob tai

= -2 Q’ (X ,Y) (36 )
d2UBL

wi th = - 

2 ~ i nv  dY 2 (37)

Equation (36) is to be solved with the following boundary conditions :

4 + -
~ 

- ‘p’ (X,Y) = 0 (38)

Y = 0 V’ (X,O) = - 
~~~~~

— = 0 (39)

The solution of Equation (26) is composed of a particular solution and

a solution of the homogeneous (Lap lace equation) equation :

‘v’ (X,Y) = ~“ (X ,Y) + ‘I’s (x ,Y) (40)
0

A particular solution can be obtained as follows :

‘P1 (X ,Y) = - !. j
~ 12’ (~~,r~) ln ~ dE~d~ (41)

The solution for the V’ component along the line y 0 is given by:

V’ (X,0) = 
~~
- ff ( i n  it) 12’ d~d0 = - 

~~
- If  (in it) 12’ d~~~dt1 (42)
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where  R = ~J (X -
~~~

) -  + (Y - (13)

me  f i n d  i o n  ‘I’’ (X ,Y) has  to s a t i s f y the Lap l ace  e q u a t i o n

= 0 (1-1 )
0

and a long ‘i = 0, the i n d u c e d  V ’ v e l o c i t y  component  g i v e n  by E q u a t i o n  (-12)

has to he compensated.

One may cons ide r  t he  V’ ve l o c i t y  to  he represented  by a se r ies  of snui ces

or s i n k s  a l o n g  t h e  X - a x i s  h a v i n g  an i n t e n s i t y  equa l  t o  ~~~~ . The solution

of Equation (44) can then be carried out by the determination of the

induced velocity field result ing from these source or sink distributions.

When the f u n c t i o n  ‘p ’ ( X , i )  i s  de t e rm ined , one can o b t a i n e d  d i r e c t l - c  the

U ’ component  of the  p e r t u r b a t i o n  v e l o c i t y :

U’ = ~~~~
— (-IS)

For the inviscid velocity distribution , one can then obtain:

u(x ,y) = + c~
1
~ U0

IJ ’ ( X ,Y)  (i~~)

Inde x pot refe rs to the potential flow .

The p ressu re  can t h e n  he (Ic t e  rmi n ed f rom the  B e r n o u l l i  e q u a t i o n  and this

y i e l d s  the ex p r e s s i o n :
P — I~ 2 2

C = ——  - —
‘ 

= 1 - (~~~ _VV\ = I - ( 1~p 
~ 

\ U ~0)
- -

- 2 J~)t ~
3/2 

~~ U’ (\ ,0)

o ( x ,0) II
or C (x) = Cp ~~ 

3/2 11~~t ( X .0)
pot U

The ur e s - --u r e  c o e f f i c i e n t , ( ( x )  ‘.‘ie ids the  pressure drag coeff icient

throug h integration: 
—

I) I dy
C1)1, = 

2f 
C (x) H d (

~ 
)

w h o  rt y ( x ) is the contour of t h e  b od y . A c  c o r d i n g  to  d’ -‘0 eml’e rt ‘ s

I’ a r a do x , t h e  i n t o ~~r : I t  i o n  ove r 
~ 

yield s no contribution. There fore ,

U çl u dy
C - 

3/2 () 1)Ot u ’ (\ I -
~~~ d ‘ (5 01

~1)P — Ii hI ~ 
‘ dx I.

37(,

-— - - - ~V V  - • - 
- 

--



Si nce Dy /dx ~- 0 in the reg ion of the trailing ed ge , the pressure drag

is 0ositive for positive value s of LJ’(X ,o). If the coordinate X is

introduced Into Equation (5), then one obt a ins the following expression

from E quation (50) : 
—U o u (X ,0) dy

= ~ 
~~~~~ 

~j~
- f  —~~~~ -~ -----.—-- — U’ (X , 0) ~~

—
~~

- dX (5 1)

If we assume that the integral for a given airfoi l is a constant , then

we obtain

C = C ( 52)

or corresponding to Equation (1):

- - C C 53,
1)P ~~ fo

If we assume that the friction coefficient C
f 

at the trailing edge

remains proport i onal to the value at the trailing ed ge of a f l a t p la te ,

then one obtains with the help of an interpolation formula from Schlichting : El
3]

C
0~ 

= c:~ [2 log Re - 0 . 6 5 ]  2~~87 s  (S 4)

II  I.
where  Re = —- ( S S)

Using an interpolation formula from Schult :-Grun ow , the resul t is

= C 3 (log Re) 3 •2 3 
(~~

-
;~~~ )

The ‘ e f f i c i e n t  for  the  f r i c t i o n  drag  i s  given by

C 111. = 

~~~~~~ 

= 2 
.V[

’ 

C
f
(X ) d~~ (57)

If we :issurne that C f
(x) is proporti onal t o  C 1 .  t I n-n t h e  r a t i o  of t h e

pressure drag and fri I ion  d rag  i s  g i v e n  by

C
’

= C4 . = C~ C f~~~~ (~~ [2 log Re -

Ph 
= (: 7 [2 log R ej 0 

‘~~ (5 8)

W ith increasing Reyn ol ds n umber , the r a tio of  p r e s s u r e  c o e f f i c i e n t  t o

fri ct ion coo f f 1 ci en t  w i l l  decrease . 11w pres sure drag wi 11 t hen  con t i ti ne

to de~ r o n -n  f as t e r  t h i n  the fri c i  d r a g .

For the ~~ T U , nV t  r i  c V J o u k O W S k y  ii rfo i I w i th l50o thick n e s s  r a t i o  and  wit h

t ran s i t  ~r i at I h~, ch rd le ngth . the fo I ow i ng va l ie s can  he determined:
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C1 = 5 , 5 C~ = 1 ,9 C3 = 0,58 C4 = 1 ,3

C5 = 1 ,1 C6 = 0,86 C7 = 0,69

CDP
Re C f C 0 C OF C

0~ 
COF

11f F 1 ,6.IO~~ 0,028 0 ,0100 0,0082 0 ,0018 0 ,22

i0 7 l , l . l 0 ~~ 0 , 023 0 , 0068 0 ,0057 0 , 00 11 0 , 19

The va l ue of the total drag (Re = l0~ ) is in good agreemen t with

results in Re ference 14.
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DETERMINATION OF TURBULENCE TRANSPORT PROPERTIES

IN A MACH 4.9 TURBULENT SEPARATED FLOW USiNG

THE LASER DOPPLER VELOCIMETER

by

Robert L. P. Voisinet and William J. Yanta
Naval Surface Weapons Center

Whi te Oak Laboratory
Silver Spring , Maryland

INTRODUC f ION

This paper describes a continuation of the separated flow field

measuremen ts which have been presented in Reference 1. The turbulent

transport properties in the separated flow were evaluated to comple-

men t the mean flow measurements obtained previously.  The technique

of using the laser doppler velocimeter (WV) to obtain turbulent

transport properties is described in Reference 2. Comparisons of

the data are made with the transport terms calculated from the time-

averaged conservation equations using measured mean flow inputs as

described in Reference 3.

EXPERIMENTAL SETUP

LDV measurements were made in the NSWC Boundary Layer Channel at five

loca tions along the test plate corresponding to 61, 70 , 74 , 80 , and
86 inches downstream of the nozzle throat . The first two measuring

stations are located ahead of the interaction , the next two are

w i t h i n  the in te rac t ion  region , and the last is downstream of reattach-

ment (see Fi g. 1). The supply temperature was 600°R , the wall

temperature near adiabatic , and the supply pressure was 5 atmospheres
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except for two profiles which were obtained for 1 and 10 atmo~ pher  s

at X=61 inches.

The L[)V system used in the tests is commonly referred to as the dual

scatter or differential Dopp ler system and is described in some detail

in Refe rence 2 .

RESULTS

The tu rbulen t shear stress dis tr ibu t ions ahead of the in tera ct ion are
shown in Figure 2 and compared with the zero-pressure-gradient data of

Reference 3. The effect of Reynolds number on the distributions is

minimal. The measured distribution s are lower than the data of

Reference 3 which may be due to the strong favorable pressure gradien t

his tory i n the f low .

The long itudinal turbulence intensity distributions are presented in

Fi gu re 3. A sharp increase in the turbulence intensity is seen at

for the profiles downstream of separation. This peak remains

hig h even for the profile downstream of reattachment. The question

mi ght  ar ise  as to whether  the measured fluctuations are due to

turbulence or flow unsteadiness. It is interesting to note how the

freestream turbulence  level  remains low . One mi ght expect the free-

stream t u r b u l e n c e  to increase according ly if the f l o w was un steady.

The turbulent shear stress distributions are shown in Figure 4. Again

a peaking of the distribution occurs for those profiles downstream of

separation and is evident for the profile downstream of reattachment.

The shear  stress distributions for those locations inside the separa-

tion bubble are negative. For the profile downstream- of reattachment

the shear stress near the wall projects to a positive value again. The

mixing length distributions are shown in Figure 5.

CONCLUSIONS

The Laser Doppler Velocimeter has been shown to be a viable too l for

the measurement of a complex separated flow field. The LDV velocity
measurements show good agreement with mean flow measurements obtained

using conventional probes and the turbulence properties show good

correlation with other data.

384



REFERENCES

1. Voisine t , R .L.P ., “An Expe rimental Investi ga t ion of the Turbulen t
Boundary Layer Separation Induced by a Continuous Flow Compression ,”
AGARD CP 168 on “Flow Separa t ion ” 27-30 May 1975

2 .  Y a n t a , W . J .  and Lee , R . E . , “Measurements of Mach 3 Turbulence
Transport Properties on a Nozzle Wall ,” AIAA Journal, Vol . 14,
No. 6, June 1976

3. Lee , R. E . and Smith , R.A., “Evaluation of Mach 5 Nozzle Wall
Turbulen t Transport Models ,” AIAA Journal, Vol . 13 , No. 2.,
February 1975 , pp 177-184

_ .

~~~~~

. ._  V 



~~ 0

~~~ 
I / I\\ I’ I /

0

/

‘)
~~~~~~~~~~~~~~~~~~~\~~~~ :t~~~~~~~~~~~~~~

a. // ~ \\
- / / ) ) \ \ ~

I ‘1’ / / / ~ ~ ~\\ \ \ —

a. ~~~ 
‘- ,2~~~~~~~ 

/ / / r - 

- ~~~~ ~~ w
I / r \ \\\\\\\ /1

Kiiii/
/ 1I

~~~~~

V:

o ~~~~~ 
~~~~~~~ I

I
- / \ \

LU 0 - 

/ / /1 1/ / 7 1 ~ -

/ V
~~~ V~

I / /// / / V / / 
-

- 

—

(III) / 

/

//
/ 

~/
/

U) / / / ~~ 
~/

~/ ~ // / 1  / / N.

/ // 
/ /

1 ~/ ~/ / 1 
.1

1/  / / /  /
/ 1

— 
V 

— -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ———- -. — V . ~~~~ — - .



TURBULE NT SHEAR STRESS
_ _  

DISTRIBUTIONS

1.2 Re/ft
0 7.8 x 106

1.0 L~4.0 x 10 6

D O .8x 10 6
ci \

0.8 - 
~ 

x = 6 1 AW

I

_ _  

LEE & SMITH ZPG-AW0.6 -

‘S

0.2 - ‘S
t~~ s~ ‘S44% 

‘S
0 I I 7fU.JA......z- ’S*ii.

0 0.2 0.4 0.6 0.8 1.2

y / ~5 
1.0

F igu r e  2

-- . -.. . ~~~~~~~~~~~~~~~~~~— - - ~~~--



~\ 
I

-~ - TURBULENCE INTENSITY
- - DISTRIB UTIONS (LONGITUDINAL )
0.15

STATION

0 61 INCH
i~~ 70

o 74

0.10 - ~ 80

V 8 6

5 ATMS-AW
<U

,
>

U00

0.05 -

0 1 I - I
0 0.2 0.4 0.6 0.8 1.0 1.2

y/~5

Figure  3

-- - - - V . - .  - - -- - -
-— V



1~~~~~ TURBULENT SHEARING STRESSL-~~i DISTRIBUTIONS

-0.002 -
STATION (INCHES)

o 61

~ 70
o 74
0 8 0

-0.001 - V ~~
5 ATM-AW

_ I _ I

0 0.4 0.6 0.8 1.0 1.2
y/ö

Figure 4

389

- 
-—-~~~

___ 1__V - - - -.  ~~~~~~~~~~~~~~~~ ~ V — - - -- ~~~~~~~~ - - - - -- : - --  - - -- -V



_ _ _ _  

MIXING LENGTH DISTRIBUTION

STATION (INCHES)
o 6 1
t~~70
0 7 4

0.10 G 8 0
V 8 6

5 ATM-AW /
LEE & SMiTH /

n nc-
V o

0 0

~~~~~~~~ 

0
~~~~~~i? ~~

0
0

- 0  1 _ _L I J
/ 0 0.2 0.4 0.6 0.8 1.0 1.2

y/b

F i g u r e  5



A D —A01 3 56e AIR FORCE FLIGHT DYNAMICS LAS WRIGHT—PATTERSON ~FS OHIO F/s 20/Is
SOUNOARY LAYER EprEcts — PROCEEDINGS oc THE U.S. AIR FoRcE/FCD(—~fTc(tI)M. 77 A U FIORE

UNCLASSIFIED Afl04.—T1 77—41 NI.

UEI~~IVI
I flA

_ _ _ _

_ _ _ _ _  

fl!l fl _ _
I 
_ _ _ _ _  

U

It [~9H!I I



STEP TEMPERATURE EFFECTS ON DIRECT MEASUREMENT
OF SKIN-FRICTION DRAG

by

Rober t L. P. Vo isi net
Naval Surface Weapons Cen ter

Whi te Oak Laboratory
Silver Spring, Marylan d

INT RODUCT ION

It is well known that a local discontinuity in the surface tempera-
ture of a body wi l l  markedly influence the heat transfer from the f lu id
to the body region over which the discontinuity exists. This effect

is especially evident in the measurement of heat transfer using plug-

type calorimeters in high-speed wind-tunnel testing. A similar local

“hot spot” condition can occur in skin-friction balance testing when

small surface elements are thermally insulated from the surrounding

main surface.

A literature survey revealed only one reference (Ref. 1) to this

temperature step effect on drag . Its results showed a negligible effect

(less than 2 percent). However, recen t tests at NSWC indicated error s
in the measured wall  shear as h igh as 30 percent for a lOO°R temperature
step.

FACILITY AND TEST CONDITI ONS

Tes ts were conduc ted in the NSWC Boundary Layer Channel (Ref.  2)
at Mach numbers of 2.9 and • 4 •9~ Skin-friction measurements were made

on the flat nozzle wall test plate of the facility. The supply tem-

pera ture was 760°R and the test pla te was cryogenically cooled w ith
l iquid nitrogen to a temperature of 160°R thus simulating a “cold wall”

condition where the wall-to-adiabatic-wall temperature ratio was of the



order of 0.25. The test setup for the Mach 4.9 case is essentially

the same as was reported in Reference 3 and the test procedure and
techniques for the Mach 3 case were similar , except for a change in
nozzle contour. Th~. Reynolds number was varied by changing the supply

pressure from 1 to 10 atmospheres at M = 4. 9 and 1 to 2 atmospheres at
M = 2.9.

INSTRUMENTATION

The skin-friction balance used in these tests was one developed

at NSWC for use in a cryogenically cooled environment. The balance,

pictured in Figure 1, is of the self-nulling type whereby a 0.781-inch
diameter circular floating element is continually recentered by a

servo-feedback system. The basic design of the NSWC balance is described

in Reference 4; however, significant modifications have been made to

the basic design to increase sensitivity and decrease the pressure and
temperature drift which existed in the early design. The unique feature

of the balance design is the “clam shell” mechanism which is used to
cool the floating element of the balance to the temperature of the

surrounding test plate prior to taking a shear measurement (see Figure

2). This “clam shell” device was used to regulate the floating element

temperature in the present tests.

If the floating element of the balance is not cooled during a test

run , the equilibrium temperature which the balance element attains is
several hundred degrees above the surrounding wall temperature. By

obtaining a wall shear stress measurements at this condition and for

successively cooler element temperatures using the “clam shell” cooling
mechanism , a plot similar to Figure 3 can be generated which shows the
effect of the element-to-wall temperature difference on the wall shear

stress. From plots ike Figure 3, the ideal wall shear can be obtained

from an extrapolation of the data to where Twall = Telement. The slope

of this extrapolation line gives the error per degree temperature

difference.
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_ _
RESULT S

The effect of a locally “hot” balance element with respect to the
surrounding wall is to increase the local wall shear stress in propor-

tion to the magnitude of temperature difference between the element and

surrounding wall.

Figure 4 shows the Mach 4.9 and 2.9 results plotted in terms of

absolute error versus Reynolds number per foot. The magnitude of the

error does not appear to be dependent on Mach number nor magnitude of

the shear. The magnitude of the error decreases slightly with decreasing

Reynolds number per foot.

Figure 5 shows the same data in terms of the percent error. Since

the absolute magnitude of the error changes only slightly with Reynolds

number, the f igure merely depicts the magnitude of the local shear varia-
tion. Shown for comparison is the data of Westkaemper (Ref. 1) for a

Mach 5 condition . The magnitude of that data is somewhat lower than

the present data but well within the experimental accuracy of skin-

friction balance measurements. In particular, it should be noted that
the percentage error can become very large as the magnitude of the wall

shear stress becomes small, i.e., for high Mach numbers or low Reynolds

numbers.

CONCLUSIONS

An experimental program was conducted at Mach numbers of 4.9 and

2.9 to evaluate the effects of a locally “hot” shear-balance element

on the magnitude of the wall shear stress measurement . Results showed

the effect of an increase in the local wall shear stress with increasing

temperature difference between the element and surrounding wall. The

absolute magnitude of this error is only slightly a function of Reynolds

number and independent of Mach number. As such the percentage error is

a function of absolute shear stress and can reach high values at low

Reynolds numbers or high Mach numbers.
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BOUNDARY LAYERS WITH RELAXAT I ON

by

V. Vasanta Ram, H. Herwig, and F. von Schulz-Hausinann
Institute of Thermo- and Fluiddynamics

Ruhr-University Bochum
Federal Republ ic of Germany

1. INTRODUCTION

Prediction methods for the turbulent boundary layer hitherto proposed
and developed , have met with l imited success when the boundary layer

in question has been subject to disturbances like separation and

reattachment . Such disturbances are however not uncommon in engineering

appl ications. The root cause for the unsatisfactory performance of the

methods can be traced to the experimentally supported fact that the

separation bubble di sturbs the turbulence structure of the boundary
layer. Prediction methods on the other hand invariably contain , for

closure reasons, hypotheses which imply that the turbulence structure
is in a state of local equil ib rium tha t is suitab ly defined . An

examp le of such an equilibrium hypothesis is the wall similarity implied

the logarithmic law of the wall. Prediction methods based on such

hypotheses may be expected to yield satisfactory results as long as

the effect of the disturbances on the quantities of interest is negligible.

There is enough experimental evidence to point Out that these “local

equilibrium” laws are not an adequate representation for the boundary

layer for a considerable distance downstream of reattachinent, see for
EquationU~ 2J . In this region it becomes necessary to incorporate into

the methods the “relaxation process of the turbulence structure ,” without

which satisfactory description of the turbulent boundary layer does not

seem to be possible. In the light of this experience there is need
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to st udy closely the development of the boundary layer subject to a

disturbance with particular attention to its turbulence structure . The
object of this short paper i~ to report on the present status of work

done in this a r e a  by the group of authors at the Ruhr-Un i versity Bochuiu .

.~~. FRMIEWOR K FOR STUDY

First , it is usefu l to recal l  some essent ial features of the turbulent

boundary layer that has not undergone any significant disturbances (or

where  di stu rb ance s have d ied  down ) . Th e ch ara ct er ist ics  of such a
bo unda ry la y e r , broadly termed ”boundary l ayers close to equilib rium ”

may he summarized as follows . The turbulent boundary layer can be

thoug ht of as comprising of two distenct reg ions , vi:. the outer wake-

l ike region and the inner wall region . The turbulence structure of the

boundary l ayer as a whole reveals characteristics observed in free-

shear flows as well as in wall-bounded turbulent flows , the fo rmer being
dominant in the outer reg ion and the la tter in reg ions closer to the

wall. The outer reg ion has a long memo ry meaning thereby that distur-
bances i n th i s reg ion d ie  down more s lowly  tha n in the inne r reg ion~

4
~

Our f rame work for stu dy of the turbulen t boundary layer subject to

disturbances is based on the conjecture that in sp i te of dis tu rbarces
to the turbulence structure the two-layer concept mi ght still hold , wi th

different relaxation mechanisms for the outer and inner layer , see also

Reference 3. f’lore precisel y we thought it worthwhile to adopt an approach

through the following steps .

a . The re laxa ti on behavio u r of the ou ter and inn er region is stud ied
sepa rately.

b . Attem pt to relate the relaxation behaviour of the outer region

to that in a wake , and the rel axat ion behav iour  in the inner
region to that in channel flow.

c. Piece the two toge ther .

There i s a distinct possibility that the two-layer concept may be
inadequa te. Add itional layers will have to be added if found so from

further studies.
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According to the spirit of this scheme this paper contains results

under two heads as fo l l ows .

A . Computational attempts for the outer part of the boundary layer

wi th a “relaxa t ion model ” that has been developed for wakes.

B . Exper imen t s in “r e l a x i n g ” chaanel flow wi th a step change in

surface roughness.

A. RELAXATION IN OUTER REGION

3. TUE OUTER REGION OF TUE TURBULENT BOUNDARY LAYER DOWNSTREAM OF
REA1TA CHMENT

The test case choosen for the outer reg ion of the ~ rbu len t boundary
layer subjec t to disturbances was the flow downstream o~ reattachment

on a backward-facing step , Figure 1. Detailed experimental results on

this geometrical configuration were available to the authors , see Ref-

erence 1.

Findings presented in this section are the outcome of our attempts to

trace the development of the profiles of the mean velocity u and the

turbulent shear stress through the following set of equations:

~u ~v
= 0  (la)

dU0 i~~~ru — + v — = U + — — ( ib)
~y o d x  p~~y

dt at
u — +  v — =  A( t - t  ) + — (v —) (Ic)dx ay eq ay tay

Equatior.s (la ,b) are the boundary l ayer equations (in the usual

notation) with the viscous terms dropped . Equation (ic) is a shear

stress equation. A few comments regarding the terms in the shear stress

equation as well as our motivation for using this form are in order

here.

The model stress Equation (ic) was proposed by R. Narasimha et al., 151

while studying the relaxation of turbulence structure in wakes. It
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~as found s a t i s f a c t o r y  when d e s c r i b i n g  bot h the mean velocity and

shear-stress profiles in wakes. In Eciuation (lc )I eq represents the
s h e a r - s t r e s s  distribution when the turbulence structure is in

equilibrium , A[-~-1 i s related to a relaxation time for turbulence

structure and v a ‘ st ress d i f f u s io n ” term . The sys t em of eq ua t ions
is closed if the quant ities A , T eq ’ and V

T 
are defined . Poin ts that

are important in the definition of these quantities have been discussed
- [5]

l v  R. \arasimha and A. Prabhu

Our  motivation for using this shear-stress equation was , besides i ts
sim pl icity, the fo l l ow ing phys i c a l l y  p l aus ib l e  reason . Since  i t is

more or l ess es ta b l i s h e d  and gener a l l y  agreed tha t the turbulence
structure in the outer part of the boundary layer  is no t si g n i f i c a n t ly
d ifferent from that in a wake we may expect tha t their relaxation

b e h a v i o u r , when subjec t to d isturban ces , would also be s imi l a r  to each
other. Translation of this phys ica l  concep t in to ma thema t ical terms
wou ld mean tha t the quan t i t ies A , 

~
teq~ 

and when sui tab ly  scaled
shou ld he the same for wakes and for the f low in the ou ter reg ion of

the bound ary laye r. In th i s approach the ques t ion of sca l ing  is
perhaps the most crucial one. A detailed discussion of this point is

beyond the scope of this short resume , but we shall return to it briefly

later , after presenting some results of our “compu tat ional experimen ts”
with this model equation . -

Computations

In  F i g u res 2 and 3 typ ical mean veloci ty and shear-stress profiles

ob ta ined  by solving the set of Equations (la-c) have been plotted . The

circles indicate our measurements (cf. Reference 1 , DEA-proceedings
1 97S) on a 10 mm step . The starting station x = x

0 
is at x

0/H =
(II deno tes the step hei ght , x = 0 is at the step) , star t ing p ro f i l e s
for u and are from experimen ts . Fur ther , the solution of Equation

(la-c) is sought in a region y y ,  wi th y
0 

the wall distance where

the Reynolds shear-stress profile at the starting station t(x
0
, y) goes

through a maximum. The x -w i se  distribution of u and -r at the inner

boundary y = y
0 

required as a boundary condition was also taken from

measurements. Furthermore , since the equations are not val id up to
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the wal l  the distribution of v at y = y0 
needs to be prescribed .

We thought that the v-component at y Y ) would not be grossly in

error if the departure from equilibrium of the inner layer is

neglected (the inner layer approaches equilibrium faster ! ) ,  so we

obtained v ~t y = y by using the law of the wall with the mea-

sured wal l -shear stress. v at y = y0 is then given by

du 
~ 

u y 0v(x,y) = - 
~j~~

- y~~(~ - in + C) (2)

The numerical scheme employed was the Crank-Nicholson method .

Figure 3 shows the distribution of the shear stress t and of the

velocity defect w = U0 - u at a station ft = 42 obtained through
computation using the following values for A and V T :

A = 0.00082 U/0 (3a)

V = 0.552 w 6 (3L
T O W

where 0 is the momentum thickness, 6 is the “thi~kness ” of the
outer layer (from y = y0 to a wall distance where u 0.98 U0) ~

nd

w0 the characteristic shear velocity for the defect profile. We

have obtained w0 by fitting Coles ’ wake function to the computed

defect profile.

The functional forms of A and V
T 

in Equation (3a,b) (i .e. , the
scaling laws for A and V ) have been taken over from those for

wakes (cf. R. Narasimha) . They will be briefly discussed under the

section “scaling laws”. However , prior to a discussion of this

point it is instructive to gather a picture of the qualitative

pa tt ern of the dependance of the result on the magnitude of the

cons tants in Equation (3a,b). This is illustrated in Figure 4

wh ich shows plots of w and i at a station ft = 30 for the values of
the cons tan t s as indicated .
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Scaling Laws

I t is appropriate at this stage to enter into a brief discussion of the

scaling laws for A and V T , given by Equation (3a,h). The product w

in Equation (3b) conveys that the “stress diffusion coef f ic ient  v ”

scales in th e same manner as the conventional kinematic eddy v i s c o s i ty .

lt must be emphasized that the conventional kinematic eddy v i s c o s i t y  V

(1 = V p 
~~ ) and the stress diffusion coefficient V are not by th is

definition said to be identical. Instead of the constant multi ply ing

factor one could envisage a function of the dimensionless wall distance

(~iT.X2.). However , this complication seemed to us to be unnecessary at
ow

th is stage of investigation since it has been establ ished that wakes

as we l l  as the outer region of boundary layers (both close to equilibrium)

are satisfac tori ly described by a “constant” eddy-viscosi ty concept ,

i .e . ,  independant of the normal coordinate.

The quantities to be used in the scaling law for the relaxat ion time in

Equation (3a) deserve deeper investigation, which would go beyond the

scope of this paper. It would suffice here to say that wherea s for wakes

this choice of U and 8 seems to be intuitively obvious (both are con-

stants for a wake at constant pressure), for the boundary layer the

choice of the momentum thickness 0 , which is subject to a steady change

even at constant pressure , involves ambiguity and hence is questionable.

Prov is ionally we have used the local momentum thickness in Equation (3a )

which changes only slowly.

We may temporarily summari ze the results of our computational experiments

as f o l l o w s :

The simple model equation for shear stress , Equation (3c) mi ghz suffice

to handle turbulent boundary layers with a disturbed turbulence structure

if

a. a proper choice of the scaling quantities for A and V
T 

is made; and

b. if the relaxation behaviour of the inner region , which enters the

boundary conditions for the outer region is taken into account .
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R . RELAXATION IN TIlE INNER REGION

4. RELAXATION IN WALL-BOUNDED FLOWS

Due to the fundamental importance of relaxation in the wall region for

the development of the turbulent boundary layer disturbed by separation

and subsequent reattachment , we naturally wanted to study this phenomenon

and thought it is best done in a simple case of wall-bounded turbulent

flow , viz , the flow in a two-dimensiona l channel.

A long channel of large aspect ratio (1:25) was built for this purpose.

i ts dimensions are indicated in Figure 4. The walls were covered with

sand paper up to a certain section ; downstream of this section the walls

were left smooth. We desired to study the mean flow and turbulence

quantities in the transition region where the turbulence structure under-

goes a change , relaxing from the rough wall turbulence structure to the

smooth wall structure .

The flow in a channel with a step change in roughness has been studied

prior to u~ - to our knowledge - by Jacobs [61 and by Tani and Makita 171 .

In Jacob ’s experiments only one wall of the channel of aspect ratio

1:3 was roughened and his measurements are of mean velocity profiles

alone . Tani and Makita have studied the mean flow as well as the

turbulence quantities ~~~~ ~~~ , and iP~
T with both the mutually facing

walls of the channel (aspect ratio 1:10) roughened 
[7]

Experiments of Tani and Makita as well as our present the following

physical picture of the relaxation phenomenon (Figure 5). The pressure

gradient at the wall adjusts itself most rapidly to the new state , the

mean-velocity profile following next and the turbulence quantitites

adjusting themselves still slower. One may define relaxation lengths

in respect of each of these quantities , denoted L~ . Lu, and L , respectively.

Present Status of our Work

The streamwise pressure gradient at the wall and profiles of the mean

velo city have been measured , profiles of Reynolds shear stress are
currently under investigation .
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Plotted in Figure 6 are the measured pressure distribution at the wall

and the development of the mean-velocity profile from the rough to the

smooth state. Our measurements are in substantial qualitative agreement

with those of Tan i and Makita , one noteworthy qualitative feature being

the local rise in pressure immediately following the step change from

rough to smooth.

Of primary interest in the study of a re l axation process is the law of

decay and the relaxation length contained in the law . Our preliminary

theoretical investigations suggested that in the middle region of the

channel , away from the walls , the departure from the asymptotic (fully

developed smooth) state might follow simply an exponential law :

u(x ,y) - u
g(Y) 

= f(y) exp (- (4a)

T ( X ,y) - Tg(Y) 
= g(y) exp 1- (4b)

ug(~) and ~t g(Y) 
are the mean-velocity and shear-stress profiles

corresponding to the fully deve loped smooth walled channel flow , f(y)

and g(y) are functions with the dimensions of velocity and stress

respectively. The form of Equations (4a,b) further provides a procedure

to determine from experiments - that is , if the measured quantities

obey this law - the relaxation lengths for mean velocity and shear

stress , L- and L .  It may he noted in passing that in the absence of

a framework such as Equations (4a,b) the determination of relaxation

length from measurements is rather uncertain and amb i guous and hence

unsatisfactory .

We have analyzed our measurements hitherto conducted as well as those of

Tan i and Makita within this framework and the results are in Figure 7.

(Measurements of Tani and Makita were available to us onl y on a small-

sized graph in their publicat i on , so there is some uncertaint y in the

numerical values.) Fi gure 7 shows the departure for velocity u(x ,y) -

u
g
(y ) on a seii~i logarithmic plot . Keep ing in mind the preliminary nature

of our data reduLtion at present , the form of the equation is encouraging.

The relaxation length L- in the two sets of experiments are in the table’

in the samc fi gure .
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Figure 8 shows on a semilogarithmic plot the shear-stress departure

r(x ,y) - T
g (Y) from experiments of Tani and Makita, taken again from

their publication . (Our measurements of shear-stress profiles are not

yet complete~) Even here the prospect for Equation (4b) does not seem
to be bad. The relaxation length for shear stress L

~ 
obtained after

data reduction has been entered in the figure.

It is of interest to note that the relaxation length for mean velocity

L- is roughly two-thirds of that for shear stress L L- Lu T (_J! ~~ 6 , —~~- ~~ 9) .

5. OUTLINE OF FUTURE WORK

It has already been established by experiments by us and by others that

the saiient feature of the turbulent boundary layer downstream of

reattachment is that its turbulence structure is not close to equilibrium.
The obvious conclusion herefrom is that a prediction procedure that is
capable of handling such a boundary layer should necess ari ly incorporate
the relaxat ion process of the turbulence structure . We would li ke our
experiments and analysis to be viewed only as intermediate steps on the
road to this objective . However , from an analysis of our work up to

the present, both theoretical and experimental , we feel encouraged to go

further along the path hitherto persued . The following is only meant
to focus attention on what we believe are the main steps invo lved .

a. When dealing with any relaxation process , a basic question is
about the relation between the various relaxation lengths and
the flow parameters of the problem like Reynolds number. We

wish to term these relations broadly as “scaling laws” . We

propose (and hope~) to obtain these scaling laws by careful

theoreti cal analysis supported by exper iments on simple con-
figurations like flow in a channel and wake.

b. Develop a theoretical framework for the turbulent boundary layer

w ith a disturbed turbulence structure that expl ici t ly incorporates
the distinct relaxation behavior of the inner and outer regions.
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Figure 1. Region of computation for boundary layer after
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EXPERIMENTS PLANNEL) SPECII~ICALLY FOR DEVELOPING TURBULENCE
MODELS IN COMPUTATIONS OF FLOW FIELDS AROUND

AERODYNAMIC SHAPES

by

Joseph G. Marvin*

Ames Research Center , NASA , Moffett Field , California 94035, USA

SUMMARY

Building -block experiments and companion numerical simulations

intended to verify and guide turbulence modeling are described .

Emphasis is given to a series of experiments and computations being

used to enhance nodeling development for the shock-wave turbulent-

boundary-layer interaction problem . Experiments and computations for

the exact experimental geometry are presented for Mach and Reynolds

number ranges encompassing those associated with full-scale vehicles

in transonic , supersonic , and hypersonic flight. Results are given

for transonic flow over a circular-arc airfoil undergoing shock-wave-

induced , boundary-layer separation , for supersonic flow along a tube

wall undergoing a normal-shock-wave-induced , boundary-layer separation ,

and for supersonic and hypersonic flows undergoing oblique-shock-wave-

induced, boundary-layer separation . The detailed experimental data and

computations , which use the complete Navier-Stokes equations , are dis-

cussed with emphasis on their role in establishing the concept of tur-

bulence modeling . The main conclusion established is that turbulence

modeling progress can be achieved by combining numerical simulations

w ith carefully controlled building-block experiments. Extending this

concept to complete aircraft is the step to be achieved in the next

decade .

*Chief , Experimental Fluid Dynamics Branch
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NOTATIONS

A Van Driest damping parameter , Equation (5)

CF skin-friction coefficien t

C11 Stanton Number
C~ pressure coefficient
c chord length
dk distance from location of initial pressure rise to

location of the knee in the pressure distribution curve
d5 distance from location of initial pressure rise to

location of separation point
e internal energy
h distance from wing centerline to upper or lower tunnel wall
L relaxation length

distance from initia’ pressure rise to location of reattachment
point

M Mach number
p pressure
q kinetic energy of turbulence
R reattachment locat ion

R radius of test section
Re Reynolds number

S separation location
T temperature
t wing maximum thickness
u mass-averaged velocity parallel to wall in axial direction
v mass-averaged velocity normal to wall

w mass-averaged velocity parallel to wall normal to axial
direction

x axial distance
I~ox distance between mesh points
y distance normal to surface
Z5 distance of shock extent relative to wing centerline
y Kiebenoff intermittency factor
6 boundary-layer thickness

~~ 
boundary-layer thickness at first measuring station ahead

of interaction
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boundary-layer thickness upstream of interaction (x = 0)
kinematic displacement thickness

£ eddy viscosity
Cu eddy viscosity immediately upstream of interaction

molecular viscosity
p density
pv ’u’ turbulent shear stress
T ,T xr total shear stress
<( )> root mean square

Subscripts

c based on chord length
i,j indices in tensor notation
k value at the knee in the pressure curve
o location of incident shock impingement on surface in absence

of a boundary layer
s value at shock wave; also va l’ze of separation point
t total
u value upstream of interaction
w wall value

free-stream value

~~p~rscripts

C )  time averaged
( ) ‘  fluctuating value

1. INTRODUCTION

The rapid development of faster , larger computers has been parall led
by ar equally rapid development of computational aerodynamics. Table 1

is a simp lified summary of the status of computational aerodynamics

that i l lustrates its rapid development , particularly since the start

of this decade . The stage of approximation of the governing equations

has been divided into four progressively more complex categories , cul-

minating with the viscous time-dependent Navier-Stokes equations.

Beginning in the 1930’s and progressing through the 1960’s , inviscid

linearized theory in various refined stages has been used to design

many of the current aircraft . Many limitations in this theory required
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that much of the configuration design be accomplished experimentall y,

however. In the 1970’s, development of inviscid nonlinear theory

advanced more rapidl y and is nearing completion . Computations for

transonic and hypersonic flight have been made for realistic aerospace

vehicle geometries (notable examples are References 1-3) . The major

limitation of these computations is that they cannot handle separated

flows. To provide that capability, the next stage of equation approxi-

mation requires utilization of the time-averaged Navier-Stokes equations

or their approximation . Such computations for turbulent flows , which

are ubiquitous and very important in most aerospace vehicle applications ,

are in the early stages of development. The limitation of thece compu-

tations is the accuracy of the turbulence model used to complete the

system of governing equations; that item now paces the development .

Once this stage of approximation reaches the point of practical utility,

it is expected that computations using the complete Navier-Stokes

equations in time-dependent form will begin their development , but an
advanced computer is essential before practical computations become

available because the resolution scale for the smaller turbulent eddies

precludes the use of any current computers. Thus, within the next

decade , it could be possible to numerically simulate the flow about

complete aircraft shapes including important viscous effects. Then,

performing comp l imentary roles , the computer and the large wind tunnel

can significantly reduce the time and cost required to develop new

aerospace vehicles [~
].

The Navier-Stokes equations are the ba~’ic governing equations

used to describe most fluid mechanics phenomena . They apply to prob-

lems involving turbulent flow , but to avoid the difficulty of describing

every discrete turbulent motion possible , they are usually time averaged .

Time averaging eliminates some of the information -ontained in the

e4 uations and , moreover , results in more unknowns than governing
•i1 iiat ions through the introduction of apparent Reynolds stresses for
the actual transfer of momentum by velocity fluctuations. Therefore,

the extra unknown s must be represented by physically plausible combina-

tions of quantities for which transport equations are expressed in

terms of constants or empirical functions considered as known or
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boundary-layer thickness upstream of interaction (x = 0)
kinemat ic displacement thickness

C eddy viscosity
Cu eddy viscosity immediately upstream of interaction

molecular viscosity

p density
pv ’u’ turbulent shear stress
T ,Txr total shear stress

<(  ) >  root mean square

Subscripts

c based on chord length
i ,j indices in tensor notation
k value at the knee in the pressure curve

o location of incident shock imp ingement on surface in absence
of a boundary layer

s value at shock wave ; also value of separation point

t total

u value upstream of interaction

w wall value

free-stream value

Supçrscripts

C )  time averaged
( )‘ fluctuating value

I. INTRODUCTION

The rapid development of faster , larger computers has been paralleled

by an equally rapid development of computational aerodynamics. Table 1

j is a simplified summary of the status of computational aerod ynamics

that illustrates its rapid development , particularly since the start

of this decade . The stage of approximation of the governing equations

has been divided into four progressively more complex categories , cul-

minating with the viscous time-dependent Navier-Stokes equat i ons.

Beginning in the 1930’s and progressing through the 1960’s , inviscid

linearized theory in various refined stages has been used to desi gn

many of the current aircraft . Many limitations in this theory required
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expressible in terms of the mean v a r ia b le s .  The proli lem of reducing the

unknowns to equa l the number of equations is referred to as  the “closure

prob lem” ; the process of expre ssing the unknown s as transport equations

in term s of empirical functions or constants is referred to as ‘turbulence

mode l i ng .”

Historically, progress in turbulence modeling has been slow and

deliberate , and has relied substantially on a few carefully controlled

experiments performed over a range of test conditions. Such experiments

could he called “building-block experiments ” because they provided the

gage for establishing the credibility of computational techniques , hut ,

more importantly , because they provided physically meaning ful concepts

that were used to enhance heuristic modeling ideas. The conference on

the computation of turbulent flows held at Stanford University in l968E~
]

used many of the cl:is sie experiments to assess progress in pred octing

incompressible , attached , turbulent flows . Later that same year, the

conference on compressible turbulent flows held at Langley Research

Center lô) cniic l uded that very few , if any , connressihle flow experi-

ments in the building -block category were being performed .

Relying on historical perspective , if progress in modeling is to be

made , it will come through combining a broad experimental effort with

computational techni ques and modeling ideas t5] . However , for compressi-

ble flow , the problems are more complex because Mach numb r must be

included in the list of variables. Figure 1 shows the Mach-Reynolds

number domain for aerospace vehicles and it gives an indication of the

• range of conditions over which adequate turbulence modeling must be pro-

vided . The upper limit on Reynolds number based on vehicle length~
7
~

is shown as well as the upper limit based on wing chord . Mach number

va rie s between subsonic and hypersoni c , encompassing the range encountered

by commercial passenger vehicles and NASA ’s Space Shuttle Vehicle.

Figure 2 compares the domain of available experiments that can be used

to test turbulence modeling concepts with that for the vehicles . The

shaded area represents partia lly documented experiments where zero- or
mild-pressure gradients were impressed on the flow . Reference 8 sununari-

zes available experiments and their measurements. Most of these ear!i.r

experiments were performed at lower Reynolds numbers , which made it
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difficult for the analysts to confidently predict Reynolds number

trends for actual flight conditions and , in most cases , not enough

meaning ful data were available in any single experiment to assess

modeling concepts confidently. Thus , the situation remains somewhat

the same as for the development of linearized theory , where designers

rely mainly on experiment for their vehicle development . The unshaded
area in Figure 2 represents the domain of more recent experiments where

shock-induced separation was studied and where specific attempts to
document the comp lete flow-field features have been made or are under

way. These latter experiments and companion computations , which to-

gether are being used to establish adequate turbulence models for

designers , are discussed subsequently. Another disturbing consideration

is the lack of large-scale facilities that can operate at Reynolds num-

bers high enough to verify complete vehicle designs at the proper Reynolds

number [7] .

If the concept of numerical simulation of flow f ields over comple te
aircraft is to become a reality, the ability to predict flow-field be-

haviors at flight Reynolds numbers and Mach numbers must be developed .

This paper illustrates how the computer and the wind tunnel are being

used to develop turbulence models for a complex class of fluid-d ynamics
problems , i.e., turbulent boundary-layer separation caused by the inter-
action of a shock wave with a boundary layer. Such a study can be viewed
as an early predecessor of the larger problem of using the computer and

the wind tunnel to develop real aircraft shapes at reduced cost and

time . The first portion of this paper reviews the essential elements

of turbulence modeling . Since experiments are an essential part of the

concepts es tabl ished , some recent developments in instrumentation are
reviewed to establ ish confidence in our ability to measure quantities
that can guide the modeling processes. Thereafter, the modeling con-

cepts and experimental results are compared and conclusions drawn .

2. ELEMENTS OF TURBULENCE MODELING

Turbulence is a random , dissipative , three-dimensional phenomenon
that involves many characteristic scales. While the Navier-Stokes

equations contain all the necessary elements of the physics involved
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in the processes, practical solutions are possible only if approximate
forms of the equations are used . Of the myriad of possible approxima-

tions , the Reynolds-averaged fortn~
91 of these equations has proven the

most fruitful and probably will continue to be so for some time . How-

ever, averaging introduces unknowns and, in order to close the equations ,

it is essential that certain terms be modeled .

The objective of turbulence modeling is to provide the designer with

useful tools for confidently predicting the behavior of turbulent flows.

The basic three elements leading to this objective - are experiments ,

intuitive modeling concepts, and the computer code - shown in Figure 3.

Each element is essential , and they are not eas i ly separated. The process
could start with the modeling concept or with the experiments. Histori-

cally, the process began with experimental observations that later led

to modeling concepts. This trend is beginning to change in that mode l

development and experiment are being performed in parallel and coordi-

nated efforts. Once the modeling concepts are established , the computer

code can be assembled . This particular sequence is essential for compli-

cated equation systems because the modeling concepts can often alter the

order of the equation system or method of solution . Once the code has

been established , it can be compared with and verified by the experiments.

If the experiments provide enough detail , they can guide changes in the

modeling concepts and the process is continued until the predictive
• capability of the code can be establi shed and provided to the designer.

An important aspect of the computation code development is that it be
• d irected specifically to the geometry of the experiment and that it use

exact experimental initial conditions so that no doubt can be cast on

the comparative results.

Experimen ts that support the modeling process can be classified

according to the type of closure proposed. Bradshaw t10
~ broadly classi-

f ied these clos ures as firs t and higher order , corresponding , respectively,

to closures either where second-order correlations like the Reynolds

stresses are expressed in terms of first-order correlations like the

mean velocity, viz., algebraic mixing length or eddy viscosity formula-

tions, or where third- and higher-order correlations e expressed in

terms of second- and higher-order correlations by in~~aducing additional
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appropr iate transport equations. Table 2 gives the elements of the
exper iments required , depending on the type of equation closure . Veri-

fication experiments by their nature require documentation of mean and

surface quantities over the practical ranges of flight Mach and Reynolds

numbers . These experiments are useful for any closure technique used .
First-order modeling exper iments are those that require measurements of
the shear stress and heat fluxes across the flow field because these

quant ities provide insight into concepts used to model these terms and
provide closure . Such exper iments can, but need not be , attempted over
the complete Mach and Reynolds number ranges because the verification
experiments can test the ability of the model to perform outside the
domain where , e.g., the shear stresses have been measured . They must

be performed at Reynolds numbers sufficiently high to establish fully
developed turbulence. Higher-order modeling experiments require that

fluctuating measurements be made across the flow field. Depending on
the order of the closure , more and more informat ion on the fluctuating
field must be ascerta ined. As for any modeling experiment , data need
not be acquired over the complete Mach and Reynolds number domain pro-
vided verification experiments are available. Ideally, one well-conceived

experiment could suffice for all three types listed in Table 1. More-

over , the same experimental apparatus and instrumentation can be used

to eliminate experimental uncertainties. Coles lUl emphasized this

latter aspect when commenting on the flows used as the basis for the

Stanford Conference. He also emphas ized the need for redundancy of
measurement, complete documentation for future reference , and the eli-

mination of three-dimensional uncertainties by, for examp le, testing
axisymmetric configurat ions.

3. INSTRUMENTATION DEVELOPMENTS

Verification and model ing experiments for incompres sible flow s
have been available for some time . Compressibility introduces com-
plexit ies into the model ing concepts as well as the experiments . The
complexi ty in the experiments results from the hostile test environment

of high Reynolds numbers and high Mach numbers as well as in the use
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and interpretation of fluctuating measurement devices . Recent instru-

nentation developments and techniques have made it possible to perform
modeling experiments at high Reynolds numbers and Mach numbers . Results

from two such experiments are given in Figures 4 and 5.

Figure 4 shows the results from several experiments where shear

str’ss measurements were made across turbulent boundary layers without

pressure gradients. The boundary-layer-edge Mach number in these ex-

periments ranged from subsonic through hypersonic. The solid line in-

dicates the expected variation of the normalized total shear stress

shown in Reference 12 to be independent of edge Mach number. The mea-

surements , obtained with hot-wire and hot-film anemometers and a laser

velocimeter , show the variation of the turbulent component of shear

stress. Except for the decreases near the wall (y/6 < 0.3) due mainly

to the relat ively large probe size and not the difference between the

total and turbulent magnitudes of shear , the data agree reasonably well
with the expected trends in shear distribution . Work is in progress

to resolve the differences near the wall and some success has been
achieved (Reference 13 , e.g., use of a split-film anemometer minimizes

the probe scale effects and suppresses the decrease to a location much

nearer the wall). From such data , mixing lengths or eddy viscosities

in the outer regions of a turbulent boundary layer can be determined

for use in fi rst-order modeling concepts.

Figure 5 shows the results of measurements of the fluctuating

velocities and densities across a high-speed subsonic turbulent

boundary iayer U4J . These data were obtained with hot-wire and hot-

film anemometers operating at high overheats so that the sensitivities

to various fluctuations can be separated t 14L The solid l ines are the

usual ratios 4:3:2 for (<u ’>)
2
:(<w ’>)

2
:(<v ’>)

2 
in incompressib le flows.

The compressible measurements agree reasonably we ll with the ratios
obtained for incompress ible flow. Reasonably accurate measurements
for the fluctuating components of the velocity field in compress ible
flows can be expec ted. Also , for model ing purposes , it might only be
necessary to obtain trends in these quantities with parameter changes

such as pressure gradient, Reynolds number , and Mach number rather
than absolute magnitudes.
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Recent advances in wall skin-friction measurements techniques
have also been reported Results obtained using these surface-
mounted hot-wire gages of the Ludwig type are presented later. The
advantage of these gages is that they can be used in either laminar

or turbulent flows and they are insensitive to pressure-gradient

effects.

4. EXPERIMENTS

Some of the building-block experiments now being used to pre-

dict the behavior of turbulent boundary layers undergoing separation

after their interaction with an incident shock wave are described .

Each experiment , in which there is a significant coupling of the viscous

and inviscid flow fields , has a companion computer simulation that

uses the complete time-average , Navior-Stokes equations and requires

a large fas t computer for their solution. The exper iments , in various
degrees of completeness at this time , cover a wide range of Mach

number and Reynolds number.

4.1 Transonic Regime

The first two experiments involve transonic flows with particular

interest directed toward shock-boundary-layer interactions on wings.

Figure 6(a) shows the experimental arrangement for a verification

experiment [161 being performed on a wing that spans the test sec tion
of a high Reynolds number channel recently built at Ames Research Center .
The facility operates in a blow-down mode , and the frees tream Mach
number can be adjusted before or during tests by a translating wedge

that acts as a downstream choke. The upper and lower walls are con-

toured so that strong shocks would not extend to the walls and choke
the flow . A thick circular-arc wing (Figure 6(b)) was chosen to allow

local airfoil Mach numbers to achieve values where shock-induced separa-

tion would occur , but without having the shock extend more than about

2/ 3 of the distance between the w ing and the outer wall. Surface
pressures for various Mach numbers and Reynolds numbers have been

obtained [16] as well as surface skin friction at specific Reynolds
numbers. Still to be obtained are mean velocity data and more skin-

friction data.
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The wing experiment resulted in both shock-induced and trailing-

edge-induced separation , depending on the free-stream Mach number. Data

were obtained to Reynolds numbers , based on chord length , of 17x106.

At intermediate Mach numbers , some unsteadiness in the flow field
occurred . The results are discussed in detail in Reference 16. Reynolds-

number effects for both the trailing edge and shock-induced separation

were not significant beyond Reynolds numbers of 10x106 based on wing
chord . Some results obtained when shock-induced separation occurred

are given in Figure 7. Oil-flow patterns (lower portion of the figure)

illustrate the two-dimensionality of the flow and the detail in the

region downstream of separation . The shadowgraph view near the inter-

action clearly illustrates shock-induced separation . The pressure

ratios downstream of the shock are below C~ , indicating that the flow
is slightly supersonic and suggesting the presence of an oblique

shock (also apparent in the shadowgraph). Figure 8 presents the air-

foil pressures at several Reynolds numbers and the skin-friction

measurements at a single Reynolds number. The skin-friction measure-

ments were obtainedrecently by Rubesin and Okuno using surface-mounted

wire gages specifically developed for this experiment . The

location of separation , determined from the oil-flow photograph, is
shown on the abscissa of the skin-friction plot . This location also

corresponds to the location of the knee in the pressure curve down-

stream of the shock. The comparison with the computation is discussed

subsequent iy.

Figure 9 shows the physical arrangement of another transonic

flow experiment [ 17] 
being used for code verification and model concept

development. These tests are also being conducted in the Ames hi gh

Reynolds number channel. Supersonic flow was developed at the entrance

of an axisymmetric test section and a normal shock wave was positioned

at a fixed location by adjusting the location of a downstream shock

generator. The relative distance between the shock wave and the down-

stream shock generator was always about 1 m . E xperimental verification

data were obtained for Reynolds numbers , based on distance along a wall

to the location of the shock wave , between 9x106 and 290x106. Over
this range of Reynolds number , Mach number varied between 1.35 and 1.45
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because of the differences in wall boundary-layer growth. With this

arrangement , data are also being obtained at constant shock Mach

number by allowing the shock position to vary along the tube surface

when the Reynolds number is varied . A complete flow documentation ,

including turbulence measurements , has been performed at a Reynolds

number of 37x106 where the corresponding Mach number ahead of the shock

wave was 1.44.

Examples of the data are presented in Figures 10 and 11. Additional

results , including velocity profiles and velocity fluctuation data,

are given in Reference 17. The shock position is located at X/6u = 0.
The pressure rises rapidly downstream of the shock wave and causes

separation , after which it increases gradually. The corresponding

skin friction is reduced ahead , reverses sign in the separated region ,
and then increases thereafter. The shear stress data (Figure 11) were
obtained with a supported cross-wire anemometer specially designed to
withstand the high dynamic pressures encountered in this experiment [l7J~

The max imum shear stress in the boundary layer shows a significant
increase after the shock wave and then decreases downstream toward the

value expec ted for a mild adverse pressure gradient . Downstream
of the shock wave beyond the effec tive boundary layer , some measurable
shear was ev ident. It reverses sign because the mean veloc ity
prof iles are retarded, probably resulting from a coalescence of com-
pression waves ahead of the shock wave [171 

. In this flow , the

height of the separated zone was very small and no details were

measured in the reversed-flow region .

Documentation of the mean flow over a wide range of Reynolds

numbers is now under way . These data will be used to assess the

ability of the turbulence model to predict Reynolds-number effects on

quantities such as interaction lengths, pressure rise to separation ,

and the effec ts of Mach number on inc ipient separation . An example

of this is shown in Figure 12 wherein the pressure rise in separation ,

as determined from the location of the knee in the pressure curve 
118]

,

and the normalized interaction lengths, as determined by measuring
the distances from the beginning of the pressure rise to the location

of the knee in the pressure curve and to the point of reattachinent ,
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are plotted as a function of Reynolds number . For these data , the
test Mach number varied somewhat because the shock was always at the

same axial location in the test section . The normalized data indicate

that the pressure rise to separation is unaffected by Reynolds number

and that the length of the interaction scales with the initial boundary-

layer thickness. Additional data of this type are being obtained for
a constant shock Mach number by allowing the shock position to change

along the tube surface when the Reynolds number is changed .

4 .2  Supersonic Reg ime

One experiment being used to verify the computations in the

supersonic regime is the adiabatic shock-impinging flow originally

reported by Reda and Murphy [191~ Figure 13 is a schematic of the test

arrangement . Shock waves of varying strength were impinged on a M = 3
boundary layer developed along a tunnel wall. For some tests , the
shocks were strong enough to separate the flow on the tunnel wall.
Mean-flow profiles and surface-pressure data were reported originally.

Since the original work was completed , skin-friction data have been
inferred from the profile data (20 ] and shear distribution upstream
and downstream of an interaction without separation were measured [21]

Currently, measurements throughout a separated region , such as velocity
fluctuations , shear distributions , and surface skin friction , are

being documented.

The surface pressure , normalized by the upstream total pressure ,

and indirectly inferred wall shear stress for a separated flow case are

shown in Figure 14. Separation and reattachment points from oil-flow

photographs are indicated . The pressure data have a pl iteau near the

separation . Data for various shock strength 
[19] 

w i l l  be used to assess

the ability of the Navier-Stokes codes to predict the onset of

separation.

4. 3 Hypersonic Regime

At the hypersonic speeds , the axisyinmetric shock expansion

boundary-layer interaction flow descr ibed in Reference 22 is being

used to guide turbulence modeling concepts. The experi ,ent is sketched

in Figure 15. The leading edge of the shock generator was varied
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between S~ and 200. Measurements in the axial direction were made

in finely spaced steps by traversing the shock generator in the axial

direction during the tests. Complete flow documentation , including

turbulence measurements across the flow field , is available for

shock generator ang les of 70 and 150 where unseparated and fully
separated interactions occurred , respectively . Surface pressure , skin

fric t ion , and heat transfer are available for other generator angles
and wi l l  be used to verify the ability of the turbulence model to
predict the effects of shock strength on separation at hypersonic speeds.

The surface pressure, skin friction , and heat transfer for

separated flow are shown in Figure 16. Separation and reattachment

points obtained from pitot-pressure measurements on probes near the

surface facing both upstream and downstream [221 are shown . The
pressure increases through the interaction region to a plateau near

separation and then rises farther after reattachment . The skin friction

decreases , then rises downstream of reattachment . The heat transfer

rises continually. The decay in pressure skin friction , and heat

transfer downstream of the interaction results from the expansion fan

emanating from the corner of the generator.

Fluctuating turbulence properties to be used to guide modeling
changes were measured across the boundary layer at four locations
through the interaction 123), An example of the measurements is

shown in Figure 17, where the shear stresses at the four measurement

locations are plotted , It was not possible to obta in shear measure-
ments in the reversed- flow region of the separation bubble at the
second measurement station so the expected trend has been sketched .
The measurements show many of the same features as for the transonic
test shown previously in Figure 11. Through the interaction, the
maximum level of shear stress near the separated region increases

significantly. Downstream of reattachment , (x - x0 )/ ó0 > - 1, the

shear profiles do not differ in shape from those usually found in zero

or slight ly favorable pressure gradients. Turbulence memory apparently

persists only for about five boundary-layer thicknesses beyond the

initial rise in pressure [231 ,
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5. FLOW-FIELD SIMULATIONS

The flow fields experimentally investigated have each been
programmed for numeri cal simulation on a CDC-7600 computer. Each

program uses ~he mass-averaged form of the time-dependen t Navier-

Stokes equa t ions (241 
and solves then with the MacCormack time-marching

explici t  scheme with splitting1251 . The comp lete Navier-Stokes

equations we re used because the viscous and inviscid flows in terac t

si gnificantl y; use of approximate solution techniques would only

in t roduce uncertainty when evaluating the abilit y of the turbulence

models to predict measured trends with Mach number and Reynolds-

number variat ions .

Each of the programs and solution techniques have been reported

on separately and their details are not addressed here . Onl y the
general form of the equations is presented and some of the terms in

the equat i ons affected by the turbulence assumptions are discussed

briefly . Then the results are compared with experinental data.

Written in divergence form for the axisymmetric geometry shown

in Fi gure  9 , the governing equations are hl7l :
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Solutions to the above equation s are advanced in time until steady-

state solut ions are achieved . The turbulence terms to be modeled

appear in the axial , radial , and azimuthal stress terms , 0xx ’ ~~~ and

o~~ , respectively, and in the heat-flux and shear-st’-’ess terms , q

and T , respectively , e.g. ,

-T = (au + av~~
xr ~T \ ~~y ax !  (3)

Turbulence effects are then introduced by using a scalar eddy viscosity

coefficient ,

UT
_
~

J C  (4)

The turbulent thermal conductivity is related to the eddy viscosity by

introducing a turbulent Prandtl number that is held constant for each

computation . The choice of introducing an eddy viscosity description

was dictated by two considerations. First , the initial objective of

the computations was to simp ly asses the ability of the codes to compute

a strong viscid-inviscid interaction such as that imposed when a shock

wave separates a turbulent boundary layer and , to accomp l ish th i s

wi thi ti the numberical framework already established for laminar fl~ ws~
261

,

the implementation of a Boussinesq effective viscosity ’27’ formulation

was straightforward . Second , the economies c~f comput at i on using a

Navier-Stokes code required that the simp lest turbulence model available

hc used , otherwise excessive computation times would make the assess-

ment of even the fi rst objective difficult. While the purpose ~f this

paper is not to discuss recent advances in comput ation techn i ques , it

can he reported that the basic MacCormack code .as been speeded up by

- [28] -one order of magnitude or more , depending on the prob l em unde r

consideration . This was made possible by rearranging equation terms

into inviscid and viscid ombinations that allow further sp litting

into inviscid and v iscid operators . The invisc id operators can he
advanced in time steps larger than those d i t at ed by CFL sta b i l i t y

condition by introducing certain characterist ics terms ; the viscous

terms are advanced impl ic i t ly.  While the solutions may not he
rigorously accurate in time , their steady-state solut ions are . This
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m a j o r  compu ta t i ona l  adv ance now nakes it econom ica lly feasib le to

include high er-order mode ling concepts into the codes for testing

aga inst the experimental data and this is now unde r way .

\ basehne turbulence modi’ l has been used to determine  whe the r

the codes can predict the qualitative features of the flow fields.

Es sen t i a l l y , the baseline model is a two-layer , eddy viscosi ty mode l

t ha t  uses m i x i n g  leng th with Van Driest damp ing in the inner region

and an edd y viscosi ty that scales on the incompressible displacement
[22)

thickness in the outer region . In equation form, in the inner

reg ion :

= p(0. 4 y)
2 

[1 - exp :x~] ~~ I (5)
where

1 ~~w~ w i (au/ay) J ]
”2

26l-
~w

and , i n the outer reg ion ,

E = 0.0168 Pue
6
~
/Y (6 )

In hqii ation (6), ~~~ and y are the kinematic displacement thickness and
the Kiebenoff intermittency , respective ly 1221 . As will be shown , solu-

tions using the baseline model indicate that the computation s can

indeed predi c t all the qualitative features of the flow field , but

improvements in the baseline mode l are required before quantitative

features can he predicted.

Modif ications to improve the predictions using the Boussinesq

formul ation have been guided by experiments in two separate approaches ,

both resulting in essentially the same findings. The first used

experimental data to introduce an axial dependence on the baseline

model constants throughout the interaction zone 1221 . Results w ith

this techn ique showed improvement but the generalization to other

flows was limited. Essentially, the experimental results of Reference

22 showed that , in the separation zone , the effective mixing lengths
in the wall region were smaller than those predicted by the baseline

mode l and downstream they were higher . Both results seem to indicate

that the corresponding effective eddy viscosi t ies were lower and higher
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than the baseli”e values within and downstream of the interaction ,

respect ively.  The second approach introduced the concept of relaxa-
t ion in to the mode l ’2~~

291
. This relaxation concept was postu lated on

the basis of comparisons with experimental pressure data (as in

Reference 29) or on the basis of interpretat ion of turbulence measure-

ments (as in Re ferences 21 and 23). The iatter measurements showed

that the turbulence took a finite distance to equilibrate with the

changes in mean flow through the interaction . This finite distance is

somewhat different for each flow , and apparentl y depends on Mach and

Reynolds numbers . In equation form , relaxation can he described

either on a global or a point-by-point departure from the baseline

mode l as follows :

= E
u 

+ (E eq 
- E

u
) [1 - exp ~~ (7)

or

c (x)  = r(x - Vx) + [E
eq

(X) - E(X  - Ax)[]l - exp(- ~~) 1  (8)

where E
eq 

is evaluated using the baseline formulation with locally

determined mean flow properties and L is an arbitrary relaxation

length.

Each of the experimentally determined flow fields has been computed

using the baseline and relaxation models , then they are compared with
the data in each of the fi gures introduced previously. In each appli-

ca t ion , the inves tigator introduced some differences in the details

of applying the baseline and relaxation models described above . These

details are discussed in the references cited. The observed t rends

of interest here are not thought to be affected by these differences ,

however.

5.1  Transonic Regime

The data from the transonic-wing experiment are compared with
the computations in Figure 8. With the baseline mode l , the overall
features of the flow field are predicted reasonably well. For

examp le , the trend of increasing airfoil peak Mach number with
Reynolds number is predicted , as is separation due to shock inter-

action . Downstream of the shock , where the flow separates , the
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pressure recovery is ove rpredicted because the predicted shock wave is

norm a l, whereas the experimental shock wave is oblique . A comparison

of the predicted and measured skin frict i on at Re = I O
7 further

illustrates the differences in that region as the locat i on of pre-

dicted separation is downstream of that location determined from the

oil-flow photographs . Use of the relaxation concept 1301 with one

boundary-layer thickness for L (relaxation length) tends to shift

the location of the shock wave closer to the leading edge , reduces

the peak Mach number and resulting shock strength , but the pressure
recovery is still overpredicted. (Solutions using other choices for

did not improve the resu1ts~
301 .) Relaxation mode l solutions were

~ot computed at the higher Reynolds number , but closer agreement with

the separation location would be expected . For lower Mach numbers ,

where the flow is not separated but where viscous effects are still

important , the computations using the baseline mode l compare very
favorably with the data , except at the trailing edge where extensive

[30]separation occurred

Comparisons of the computations with the data from the normal
shock-wave experiment are presented in Figures 10 to 12. As m ntioned

in Reference 17 , the height of the separation zone ~as fairly smal l ,

but the length of separation was large , perhaps 6-12 boundary- l ayer

thicknesses , depending on the techni ques of measurement. The

pressure prediction agrees well with the data. The skin friction is

underestimated downstream. Including local rel axation with a

relaxation length , L , of 10 boundary- layer thicknesses in the turbu-

lence model [i.e., Equation (8)1 resulted in poorer agreement in the

skin friction downstream and no si gnifi cant changes in the pressure

rise. The shear distribut i ons obtained using the global relaxation

mode l are compared with the data in Figure 11 at three locations

downstream of the wave . Similar results were obtained with the
baseline and local relaxation models. The computat ions fail to

predict the signif icant increase in shear at the first station and ,

evidentl y, this continues to affect the prediction downstream . The

effects of Reynolds number on the interaction are compared in

Figure 12. The predicted separation pressure s and length of inter-

action to the separation point are compared with ~he experimental

pressure and length evaluated at the knee in the pressure curve .

433



The trends w ith Reynolds number are predicted reasonably well. The

separation point from the computations occurs upstream of the knee
in the pressure curve . The overall length of the interaction is

underpredicted. All calculations shown in this figure were made
recen t ly by J. R. Viegas using the new faster version of the
MacCormack code 1281 . These new calculation s took less than 10

minutes on a CDC-7600 , whereas the first computations 1171 took
about 5 hours on the same computer.

5.2 Supersonic Regime

Comparisons for the oblique-shock interaction using the base-

line and relaxation turbulence models are shown in Figure 14. For

the oblique-shock interaction , the baseline mode l predicts the overall

pressure rise reasonably well and also predicts separation. However,
no appreciable upstream influence in the pressure and no plateau are
indicated in the calculations because the size of the separation

bubble is underpredicted. Introducing the relaxation concept with

L = 5 boundary-layer Lhicknesses corrects this defici~ncy because
it lowers the effective eddy viscosity near the separation , thus
increasing the size of the separated zone, which in turn introduces a

plateau in the pressure rise curve. The location of separation is

predicted with the relaxation model , but the reattachment location

is too far downstream . The comparison with the wall shear downstream

of reattachment where the boundary layer thins may appear better

than is the actual case because these computations were made with

a relatively coarse grid, and in the downstream locations the first
computation point away from the wall was in the logarithmic region
of the turbulent boundary layer. Since the method used to obtain

~.krivat ives at the wall requires calculated points within the sub—

layer re~’ion , the predicted shear is expected to be lower than the
measurements , and the results would be similar to those for the

transonic normal-shock comparisons.

5.3 Hypersonic Regime

In Figure 16 , the predicted results and experimental data are

compared . As with the supersonic oblique-shock interaction, the
baseline model prediction reproduces the overall trends in the data
but is deficient in the separated region . Recent calculation s by
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T. 3 .  Coakley using a re laxation model with L = 5 boundary-layer

thicknesses (as indicated by the turbulence measurements from

Reference 23) improve the situat ion somewhat . (See, e.g., Figure 17

and the previous discussion of Figure 17.) The height of the

separation is greater and the resulting upstream influence leads to

a plateau in the pressure . The location where skin friction begins to

decrease is predicted , but the extent of the separation in the axial
direction is overpredicted significantly, much as for the supersonic

example. The heat t-ansfer is underpredicted throughout the inter-

action region with either model.

From an examination of all the comparisons, general observations

about the computations can be made . In most cases , the pressure rise
can be predicted reasonably well with a simple eddy viscosity

description for the turbulence . The exception is for the transonic

wing where the shock-induced separation was very large and extended
from the foot of the shock beyond the trailing edge. The eddy
viscosity concept is deficient in providing the proper details within

the separated zone and this , in turn , apparently affects the entire

flow field when the separation zones are large , v i z . ,  the oblique-
shock cases. Introducing relaxation tends to improve the situation
somewhat because it decreases the eddy viscosity in the region of

separation , resulting in an increase in the height of the separation .

However , the net decrease in eddy v iscosity persists beyond the
separated zon e even for short relaxation lengths , and the codes

underpredict the skin friction downstream . Interpretation of the

modeling experiments indicates the need for an increase in effective

eddy vi cosity downstream of reattachnent. Therefore , improved

turbulence models that more closely reflect the experimental findings

mus t be introduced before realistic simulat ions can be made .

6. CONCLUDING REMARKS

Experiments of two types needed to achieve the object ives of

numerically simulating, highly interacting turbulent flows were

described. These experiments were clascified as verification and

modeling experiments: veri fication experiments that measure mean

flow and surface quantities could suffice for checking the code ’ s

ability to predict correctly over a range of Mach and Reynolds
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numbers , whereas turbulence modeling experiments require , in addi-

tion to mean-flow measurements , that fluctuating measurements be
made to the degree of complexity called for in the order of the
modeling closure technique . From the numerical simulation viewpoint ,

the lowest-order closure technique is more desirable because the

complexity of the numerical procedure s and the computation times
can be reduced.

Progress in modeling turbulence for the computer codes using
the Navier-Stokes equations has been limited so far to modi fications
of the simple eddy viscosity descriptions because the computation

times have been excessive . Recent developments in the method for
solving the Navier-Stokes equations have altered that situation

because the computations have been speeded up by several orders of
magnitude . Computer s imulations that use higher-order modeling
concepts are forthcoming, and it is expected that these will more
closely resemble the experimental ly observed results.
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O B J E C T I V E

AN ANA LY T ICA L INV EST IGATION OF TURBU LENT FLOW
NEAR A SMOOTH IMPERMEABLE WALL

A P P R O A C H

1. RELA TE THE REYNOLDS STRESS TO THE TURBULENT
KINETIC ENERGY

2. ASSUME THE TOTA L SHEAR STRESS IS CONSTANT
NEAR TIE WA LL

3. SOLV E THE MOMEN TUM AND TURBULE NT K INETIC
ENERGY EQUATIONS ANALYT ICALLY
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C O N C L U S I O N S

ASSUM PTIONS:

1) Turbulent Kinetic Energy I s Proportional to the Reynolds Stress

2) Shear Stress Is Constant Near the Wall

RESULTS:

Simple Analytical Expressions for Various Mean Flow Turbulent
Quantities Near the Wall
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FF1 UN Ut- SCALI AN!) R1~YNOLDS NUMBER
t~ \ T}l1. T RA N S) ) N IC  SHOCK - BOUNDAR Y LAYER INT E RACTION*

by

John 0. Lee
The Ohio Sta te  University

The Ae ronaut i~. al and Astronautical Research Laboratory
Columbus , Ohio

The reaction of the boundary layer to compression in the

transonic range often produces an extens ive effect upon the flow
field ncar a vehicle and hence upon the aerodynamic forces . The

phenomenon wil l remain poorly understood and unpredictable until
there is available a body of reliable experimental evidence from
which accurate conclusions may be drawn , and against which theore-
tical predictions may be compared . The influences of Reynolds

number and of scale are particularly important at the conditions

under which most simulation is conducted . Usuall y these conditions

are such that the boundary layer is relatively thicker than in

flight , even at the same Reynolds number. Thus it is necessary to
know if the differences are important , i.e., whether the simulation

is adequate.

Various experiments have been performed in the transonic wind
tunnels of the OSU-AARL to acquire data on the influence of Reynolds
number and scale using bodies and airfoils. The results from a

number of these are used here to illustrate the variety of effects
even in relatively simple flows . Data presen ted are from airfo il

models in two tunnels: the 6 in. by 22 in. airfoil tunnel which is
essentially interference-free and the 4 in. by 10 in, airfoil tunnel
wh ich is used for wide variations in Reynolds number. Boattail -body
data are also shown from tests conducted in the 9 in1 by 12 in.
tunnel , wh ich is also operated over a 15: 1 range in Reynolds number.
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Pressure distributions on a section of the C—1 4l wing in

flight tests (as reported in AFFDL-TR-68-84) were simulated on an

airfoil model , a typical comparison being that shown in Figure 1.

The results of vary ing the Reynolds number for the flow over this

model are seen in Figure 2 to be quite small; other conditions
showed larger var iations in the location of the shock , that in
Fi gure 3 being the greatest. Data from a section of a different
shape shown in Figure 4 show even less sensitivity to Reynolds
number variations in the range tested (6 to 60 x 106).

Boattail pressure distributions showed an insensitivity to
variations in Reynolds number (Figure 5) until a dummy sting was

added for partial simulation of an engine exhaust (Figure 6).

The resultant trend with Reynolds number can ien be identified

with the local interaction w ith the sting, whereas the shock-
boundary layer interaction remained almost unaffected as with no
sting . In the case of a boattail of larger angle (Figure 7) where
the boundary layer was completely separated at the site of the
shock , no dependence on Reynolds number was noticed .

A test program using models of the NACA 0012 profile produced
information on the behavior of the flow field for this type of
airfoil in supercritical flow , into a lower range of Reynolds
numbers than reported for the other models. Since flow in this

channel (the 6 in. by 22 in. airfoil tunnel) is almost entirely
free of interference for models with chords less than 8 inches , it
provides a means of data comparison for scale as well as Reynolds
number effects. Figures 8 and 9 show the lack of interference

present in both subcritical and supercritical flow .

In the example cases where Cr-distributions are compared

(F igures 10 through 13) in the Reynolds number range from 2 to 8
million and for models having chords of 3 inches and u inches ,

the details can be discerened by careful examination . Several
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possibilities are illustrated for this range of Reynolds number:

(a) Litt le or no variation with Re or scale.
(b) A smooth variation with Re.

(c) Variations related to both scale and Reynolds number .
(d) Shock-interactions on both upper and lower surfaces ,

interfering with each other.

By comparing the data from the two models , a small scale effect
appeared in some cases in that the effect ive Reynolds number for
the smaller model was apparently higher than the calculated value .

Over the range of such interactions , realistic comparisons

and analysis can be obtained only if a very t ight control is main-

tained over Mach number (to ± 0.002) and attack angle (to ± 0 .05°)
since , under some conditions , the flow field is extremely sensi tive

to both of these parameters. The variation of integrated lift and

pitching moment over the Mach number range , as given in Figure 14 ,

reflects the sensitivity to Mach number in the case of the NACA

0012 profile. Such information is a necessary prerequisite to a

detailed study of the local interactions.
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Figure 8. Pressure Distributions on the 0012 Prof i le
at M = 0.35, ~ = 8° Showing Lift Interference
on the C = 12 in. Model.
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Scale and Reynolds Number Effects.
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TURBULENT BOUNDARY LAYER N~ ASU RE~ff~NTS ON A

~~‘1NNING TAN GENT-OGIVE-CYLIN[)ER AT ANGLE OF
ATTACK

by

3 . E. Danberg
University of De laware

Newark , DE

arid

W . B. Sturek
Ii. S. Army Ballistic Research Laboratories

Aberdeen Proving Ground , MD

ABSTRACT

Experimental measurenents of the tripped turbulent boundary

layer profile characteristics on a yawed , spinning tangent-og ive-

cylinder mode l are described. The profile measurements were made

using a flat tcnc d to ta l  head probe at 300  increments completely

th )ut the azimuthal  plane for three long itudinal stat ions at M=3 ,

i 4 ° , ~=0 , and 10 ,000 RPM. Wal l s t a t i c  pressure measurements were

l I l til ned i n orde r to compute ve loc i ty  p ro f i les  from the measured

I t  t i  head pressure . The dat ; i  have been analyzed according to law

c f  the w a l l -  l a w  of the wake concepts using a least  squares fitting

techni que . The effect ot  az imutha l  pos i t ion  is  revealed in the

g rowt h of the w a k e  parameter by a factor of two from the wind  to  the

lee-sid e . A small but consistent e f f e c t  of sp in is a l so  apparent.

P~’ :~ ~ t~ l& ~~~~ ~~~~ LsNK.~~~~~~~’~’ irL D
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LIST OF SYMBOLS

C Law of the wa l l  profile parameter

K Prandt l mixing length constant 0.4

T Temperature

u Long itudinal veloci ty component

u A velocity scale parameter

u Wal l  shear velocity = (T
~IP~

)
~~

2

u Trans formed veloci ty (see eqn . (2))

y Coor dinate normal to surface

(T -T ) / (T -T )

6 Boundary layer thickness

6 A boundary layer thickness parameter

v Kinematic viscosity

it Law of the wake profile parameter

p Densi ty

Suhscr~pts

aw Adiab atic wall

e Edge of the boundary l ayer

t Total temperature

w W a l l
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1. INTRODUCTION

The U.S . Army Ba l l i s t i c  Research Laborator ies is interested

in the boundary layer deve lopment on yawed , sp inning slende r bodies

of revolution for application to the desi gn of art i l lery pro jec t i les

in general and for gaining further knowledge of the Magnus ef fect  in

part icular. Re ference 1 presents some experimental evidence showing

the signific ant e f fec t  that the boundary layer configuration has on

the Magnus force experienced by a yawed , spinning body of revol ation

as wel l as a discussion of the influence of Magnus on the aero-

dynamic stabi l i ty of a spin stabi l ized pro jec t i le .  Turbulent boundary

layer development over non-spinning bodies of revolution is also of

interest to the Army in the aerodynamics of missiles .

Recent advances in computat ional fluid dynamics have resulted

in increased effort toward computation of three dimensional boundary

layer development. References 2-5 report three dimensional , lamin a r ,

and turbulent compressible boundary layer computations for bodies

of revolution . Comparisons of the computations to experimental

boundary laye r profile data have indicated encouraging agreement with

the experimental data. This indicates that the numerical techniques

are working w e l l ;  however , comparisons to detai led profile data have

only been made for cone models. Compar isons to cone data do not

test  t he computation technique ’ s ability to cope with e f fec ts  such

as longitudinal pressure gradient or changes in wal l  curvature .

Experimental data for comparison to theoret ical  computations of three

dimensional compressible turbulent boundary layer deve lopment avail-

able in the literature are extremely scarce. References h and 7
report experimental measurements of the compressible turbulent

bounda ry laye r on yawed cones. Similar experimental measurements
for a more general body configuration such as an og ive-cy lirtder are
not avai l able in the open literature .

The objective of this experimental effort is to obtain detailed

turbulent boundary layer profi le data that w i l l  be useful for corn-
parisons wi th theoretical computations. This paper describes
measurements of the tripped turbulent boundary layer on a yawed ,
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sp inning tangent-ogive-cylinder mode l .  Measurements wer e made for

the model spinning at a rate of 10 ,000 RPM and also whi le the mode l
was not spinning. These measurements were made at three longitudinal

stat ions on the cylinder portion of the mode l for azimuthal stat ions

completel y about the circumference of the model in thirty degree

inc rements .

2. THE EXPERIMENT

2.1 Test Faci l i ty

The tests were run in the BRL Supersonic Wind Tunnel No. 1
(81 .

This is a symrnztric , cont inuous flow , c losed circuit f a c i l i ty  w i t h  a

f lexible plate nozze l .  The test  sect ion has a hei ght of 35 cm and

a w idth of 33 cm. The nominal tunne l operating condit ions were

= 3.0 , p = 0.2~)9 X 10
6 Pa , and T = 308°K. The to ta l  pressure

w a s  maintained wi th in ÷ l°K during each individual test run . The
Reynolds number based on mode l length was 7 . 1  \ 106 .

2.2  Mode l

The mode l used was a seven caliher long tangent-og ive-cy l i n d e r
wi th  a one-cal iber og ive section . The diameter of the mode l was

5. 1)8 cm. A sc hematic drawing showing the mode l geometry is g iven  in
Figure 1. The model w a s  suspended on ball bearings and an in tern a l

a ir driven turbine was used to dr ive the model in sp in. The mode l

w a - ~ made of hi gh st reng th aluminum al loy and was hi ghly pol ished.

Ihe mode l was dynam ica l ly  balanced to a tolerance of 2 . 1  gram-cm .
• A boundary laye r t r i p cons is t ing  of a 0 .64  cm w ide  band of # 80 sand

grit w;tc placed 2.5 cm from the ti p of the model.

2. 3 -~U r V e Y  Mechan i s m

The survey mech anism w a s  designed to  d r i ve  the probe perpendicular

to the axis of the  mode l .  The p robe is pos i t ioned by a cam that is

r o t a t e d  us ing an e l e c t r i c  motor mounted w i th in  the ang l e - o f - a t t a c k

c re - cen t . Since t h e  su rvey  mechan ism is  at tached to the angle of
if  t ; i i~~ cre scent , the p rolo is driven perpen dicular t o  the axis of

the mode l for any  ang le ~f att ack ~et  t ing. The a z i m u t h a l p o s i t  i o n

is determined by selecting pre dr illed mounting holes placed at 30°
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increnent s . The number of azimuthal position changes was kept to

-t ninimum by obtaining data at positive and negative angles of

at t a c k  -

The survey mechanism was calibrated by using a dial indicator

to indicate the disp lacement of the probe support in thousandths of

an inch to establish a table of displacement versus electrical output

si gnal from the probe drive mechanism. In the data reduction procedure

divided di f fe rence interpolat ion was used to determine the y posit ion

for a g i ven electrical si gna l .  The coordinate system is indicated in

Fi gure  2

2. 4 lest Procedure

Total head surveys were made of the boundary layer at three

long itudinal positi ons along the cylinder portion of the mode l for

in angle of attack of 4°, M = 3, and for spin rates of zero and

10 ,000 RPM. The to ta l  head probe used had a flattened tip. The

probe tip has an opening of 0.076 nm wi th  a li p thickness of 0.025 mm

and was 2.5 mm in width. The probe was positioned to measure the

pressure along lines parallel to the mode l axis.

The surveys were made by starting the measurements we l l  beyond

t he ed ge of t he boundary layer--at  y 1.25 cm whereas the largest

wa s about 0.6 5 cm . The pressure signal from the total  head probe

w a s  measured using a strain gage transducer that was ca l ibrated w i th in

0.025 percent of  i t s  full scale range- -O-25 psi (0-0 .172 X 106 Pa) .

~1easurements were made while holding the probe in a fixed position

a f t e r  a l lowing app rox imate ly  th i r ty  seconds for the pressure signal

t o  stah il i: i- . The position of the mode l surface was detec ted by

e l e ct r i c a l  s i g n a l  when the probe contacted the surface of the non-

sp inning model.  Immed ia te l y fo l lowing the survey for the mode l not

sp inning, t f~ - node 1 w:is spun to 10 .001) RPM and another so rvev made

iga in starting from well beyond the outer edge of the viscous region .

The mode l sp in r a t e  wa s h e l d  constant within # 50 RPM during the

survey u sing an automatic contro l on the a i r  supp l y to the driving

orb i itt- . I h e — e  sit rv ev s  w ere stopped c i ose to , hut not t o u c h i n g , the

mode l s o r f ic t -  in order to preclude d -mage to the mode l surface or the

total head probe . I ich su r vey  consisted of 35-10 data points.
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2.5 W a l l  Static Pressure Measurements

Measurements of wall static pressure have been made in order to

compute velocity profiles from the measurements of total pressure

distribution through the boundary layer. The mode l used for the wall

pressure measurements was a non-sp inning mode l identical in outs ide

dimension s to that used for the boundary layer surveys. Wall pressure

taps were located at nine (9) positions on the cylinder portion of the

model. The inside diameter of the wall pressure taps was 0.0599 cm .

lhe mode l and strut support were mounted in the roll head mechan i sm
which a l low s the mode l to he rotated in azimuth from -

~~ = ~90° to

= 180°. Measurements were obtained for angles of attack from

0° to 10° for 10° increments in azimuthal position . The pressure

leads from the model were approximatel y 3 meters in length and were

connected to a pressure scanner unit. Each pressure transducers are

calibrated within + 0.25 percent of their full scale range of 0-5
6psia (0- .0344 X 10 Pa) .

2.6 l)at i Reduction

The Mach number distribution within the boundary layer has

been calculated from measured values of total pressure and wall

static pressure using the Raylei gh pitot formuh~. V elocity and

density profiles have been calculated from the Mach number profiles

assuming a linear variation of (T - T ) / Li - I ) vs u/ut ow te aw e
where the adiabatic wall temperature was calculated assuming a

recove ry factor of 0.88. Integra l properties of the boundary layer

were calculated by integrating the profile data using a Fortran

subroutine which fits a curve to the tabulated data.

3. DI SCUSSION OF THE RESULTS

Examples of the velocity profile data for zero spin are shown

• in Figures 3, 4, and 5. These profiles clearly show the growth of

the boundary l ayer in the azimuthal and longitudinal directions.

Unusual inflection points are noticeable in severa l of the profiles ,

part icularly in Figure 4 for 4 = 00 and 4, = 1800 . This behavior

suggests the presence of vortices submerged within the boundary l ayer
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or a tendency  to approach separation . This behavior , however , is

i t  strongl y evident at the next downstream station shown in Figure 5.

l a s e r  li ght water vapor flow visualization studies revealed a vortical

structure subme rged within the boundary layer on the lee side of the

model near the base. Boundary laye ” separation was not indicated until

the ang le of attack reached 6°.

~al I s t a t i c  pressure measurements for four azimuthal s ta t ions  at

= 1 ° ire shown in Figure 6. These data indicate that the azimuthal

pressure gradient changes from always favorable near the nose of the

mode l to favorable and adverse as the base of the mode l is approached.

The long itudinal pressure gradient changes from mildl y favorable on

the windside of the model to strong ly adverse as the lee-side of the

mode l is approached. The influence of the longitudinal and circum-

ferential adverse pressure gradients is seen in the rapid growth

of the lee-side boundary l ayer profiles shown in Figures 4 and 5.

The integral properties of the boundary layer are shown in

Figures 7, 5 , and 9. These data indicate that little effect of spin

is evident except at the last station. Figure 9 shows that the

effect of spin is to decrease the boundary layer thickness on the

side where surface spin and the inviscid cross flow are in the same

di rection ; whereas the boundary layer is more thick on the side where

the surface spin and inviscid cross flow are in opposite directions.

the growth of the boundary layer in the circumferential and longi-

tudinal directions is shown in the plots of &~ and 0. The plots of

the form factor , H , indicate little effect of longitudinal or cir-

cumferential station . The form factor is , however , consistently

greater for the spinning model.

4. PROFILE CHARACTERIZATION

An •ittenpt has been made to gain additional information about

the characteristics of the measured velocity profiles using “law of

rh wall” and “law of the wake” turbulent boundary layer concepts.

ihe procedure used is based on the method proposed in Refe rence 9
where •‘ least s~ ut re fitting techni que is employed to determine

certain profile parameters . The fo rm of the assumed profile is based
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on the work of Cole ’s 1101 in incompressible flow in which the boundary

l ayer is found to have a wall region in which the velocity is depen-

dent on a velocity scale , u , and a length scale v
~
/u5 and a wake

region which is also dependent on u but the length scale is a

boundary layer thickness , &~. The following functional relationship

was used in the data reduction :

. 2u/us = ln(u5y/v ) + c
5 ~ sin (iiy/2c5 ) (1)

law of the wall law of the wake

Compressibility effects are accounted for, at least approximately,

using the results of the Prandtl-Van Driest U~~ mixing length anal ysis

in which the compressible flow velocity, u , is transformed into an

equivalent incompressible form through

= .r
u

~ I~~7~ du (2)

wh i ch is evaluated numerically from the measured Mach number profiles

and assuming: (a) constant pressure across the boundary layer , (b)

perfect gas equation of state , (c) adiabatic relationship between

Mach number , total and static temperature and (d) the Crocco tempera-

ture-velocity equation :

/ (T
~~~

T) = ~(u/u ) + (l-~) (u/u )
2 

(3)

= aw i w i / 
~~te

T
w~

In Equation (I) there are four parameters ; ~~ C5 , ~~ 
and

whi t- h are determined so as to minimize the rms deviation between the

profile measurements and the analytical curve . It should he noted

that the form of the “law of ti-ic wall” used here i s no t v a l i d  in the

laminar sub laye r reg ion near the wall. E)ata close to the wall which

systematicall y deviate from the semi logrithmic relation ire omitted

from the f i t t i n g  procedure . The equation is also not valid when the
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‘I

velocity becomes uniform at the edge of the boundary layer. Only
data corresponding to y values less than 6 are used in the curve

fitting, where 6 is defined as the value of y at which the derivative

of equation (1) (du/dy) is zero. The boundary layer thickness iS
is typically ten percent larger than 6~ .

The more conventional form of Equation (1), for example as

used by Coles~~~
1 , is related to Equation (1) when

us = U
T

/K (4)

where K Prandtl’s mixing length constant

u = wall shear velocity = VT /p
W w

As a consequence the usual constant in the logrithmic wall law is

related to C5 by

C = C K + l n K (5)

The change in definition of these two parameters is desirable for

the present purposes because K can not be determined solely from

velocity profile data unless accurate data in the laminar sublayer

is obtained. However , if ~
- is assumed known (K— .4 approxima tely)

then Equation (4) nay be used to determine the wall shear stress.

Equation (11 is found to adequately describe a wide range of

two-dimensional turbulent boundary l ayer measurements except , of

course , in t he laminar sublayer. Most two -d imens iona l  p rof i l es  can

be represented in this way with a root-mean-square d e v i a t  i i i  of less

than + .03 in u/uç . This corresponds to about i- .3 percent of the

maximum flow velocity at the edge of the boundary l iver wh i ch is

approximately the error  expected in the transducers used for the

pressure measurements. The fit of the thr u-i - dim ens ional boundary

layers conside red here was typically the s ame w i t h  the maximum nus

deviat  ion of .09 . Figure 1(1 illustrate s the quality of the fit

Obtained with the present data . The fi gure shows the variation of’

the vel ocity profiles wi th azimuthal position for the most rearward
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station (6 calibers from the nose) on the non-spinning model. The

thickening of the boundary layer on the leeward side (180°) is evident

as well as a si gn i ficant increase in the size of the wake region of

the profile. i’he profiles obtained on the spinning model at 10 ,000 RPM

are essent ial ly the same as for the non-sp inning case.

5. \ IMIffUAL [)TSTRIBIJTION OF PROFILE PARAMETERS

In Figure 11 the wake region profile parameter , irs, is shown

plotted against a:imuthal position for the most rearward station

(X/D=6) . The maximum velocity increase relative to the logrithmic

law is proportional to and the leeward side (180°) is more than

tw i ce  that on the windward side (0°). The leve l on the windward side
- . [12]is comparable with the accepted incompressible value of = .55

for zero pressure gradient flow . A survey of compressible flow ,

zero pressure gradient data indicated a value of = ~~~~~ but the

data base included a number of surveys taken on wind tunnel nozzle

walls and these contain significant history effects -hich cause the

value of to vary with facility Mach number~~~~. Thus the value of

on the windward side of the mode l is essentiall y that of a zero

pressure gradient , two dimensional boundary layer. On the leeward

side is more characteristic of an adverse pressure gradient

situation . In addition to the variation of it 5 with azimuthal angle,
there is also a small but consistent effect of spin. At 10,000 RPM

the curves are slightly displaced in the direct ion of rotation .

Figure 12 shows the strong variation of the wall region

parameter , C
~
, with azimuthal position . The general level of C~

on the leeward side is approximately 1.0 which is quite close to the

incompressible zero pressure gradient value of 1.16 (C = 5.5,

K = 0.4). On the windward side C
5 

is over three times larger. Zero

pressure gradient data from a number of sources indicate a

mean value of 1.8 from both flat plate and nozzle wall results but

with a large degree of scatter which may indicate that history

effects are important. These results as well as those for ‘it5 show

that the character of tne turbulent boundary layer on the leeward

side between 120° to 240° is quite different from that on the windward

side of the model.
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5. SUMMARY

An experimental effort has been described in which measurements

of the three-dimensional turbulent boundary layer and wa l l  s ta t ic

pressure distribut i on have been obtained for a yawed , sp i n n i n g  slender

body of revolut ion in supersonic flow . The measurements provide a

unique set of flow field data for comparison with theoretical computa-

tions of boundary laye r development and inviscid flow fields .

Several observations made upon examination of these data are listed

below .
(a) A spin rate of 10,000 RPM has onl y a slight effect on

the measured boundary layer profile characteristics for the tripped

turbulent boundary layer.

(b) The circumferential velocity component experiences a

favorable pressure gradient from the wind to the lee-side at forward

positions on the model; but the pressure gradient changes from

favorable to adverse at rearward stations as the lee-side is

approached.
(c) A least square curve fitting technique has been used to

characterize the measured velocity profiles in terms of four parameters

which are related to the “law of the wall” and “law of the wake”

regions of a turbulent boundary layer. The wake parameter , ii , and

the wall parameter , C
~~
. show strong variation around the mode l

associated with the effects of ang le of attack. One effect of spin

rate is found to he a sh i ft in the wake profile parameter distribution

in the direction of spin.
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Figure 7. Integral Boundary Layer Parameters
(Z / D  = 3).
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Figure 8. Integral Boundary Layer Parame ters
(Z/ D = 4 .5 ) .
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Figure 9. Integral Boundary Layer Parameters
(Z/D 6.0).
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versus
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PROGRESS IN N1~11iR 1CAL FLUID DYNAMICS
AT IJINSRDC

b’

Joanna W. Schot
David W. Taylor Naval Ship Research and Development Center

Bethesda , Maryland

ABSTRACT

Highlights are presented of some of the work in numerical fluid

dynamics which has recently been completed at the David W. Taylor Naval
Ship Research and Development Center (DTNSRDC). This work involves the

development of new numerical and computer techniques for solving both
viscous and inviscid fluid flow problems which are pertinent to the research

goals of this Data Exchange Agreement. References are also made to some

of the related work being done under contract for the Center. The top ics
discussed include free surface potential f low, viscous and interacting

flows , and fluid-structure interactions. Combinations of spectral , finite-

d i fference , and finite-element methods are employed in the numerical

approaches. Applications of these methods to the performance analysis of

air-cushion vehicles, conventional ships , rotating pla tes , and circulation-

controlled airfoils are briefly discussed .

1. Introduction

This paper highlights some - f the work in numerical fluid dynamics

which has recently been comp leted and is being further developed at the
DTNSRBC. As the name of the Center indicates , our research is directed
toward the analysis and solution of shi p performance problems and the
design of improved naval ships . The word “ship” is used in the broadest
sense to encompass not only conventional designs but also advanced-concept
vehicles such as hydrofoil craft , twin-hull confi gurations , and surfacc-
effect ships. Thus , ship hydrodynamics problems form a large part of our
numerical work in fluid dynamics . However , many important problems
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involving the aerodynamic properties of higher-speed surface ships , air-
cushion vehicles , and carrier-based aircraft must also be solved .
Fortunately, from the numerical point of view , techniques developed to
solve aerodynamic problems can often be applied to hydrodynamics problems ,
and conversely. It is the aim of this paper to call attention to recently
developed numerical methods and computer techniques which can be further
exploited to solve diverse problems pertinent to the research goals of this

Data Exchange Agreement.
The areas of research to be discussed in the following sections are

potential flow with free surface conditions, viscous-inviscid interacting

flows, viscous flows based on the full Navier-Stokes equations, and fluid-

structure interactions.

2. Free Surface Potential Flow

The problem of computing the non-lifting potential flow past an

arbitrary three-dimensional body has been solved by the source-sink method

of Hess and Smith [1], developed under contract for ETFNSRDC. This method
is regularly used in the process of solving aerodynamic and hydrodynamic

problems at the Center , especially the improved programs developed by
Dawson [2] and Dawson and Dean [3] known as the XYZ Potential Flow Program

with various options. These improved programs compute on-body streamlines

for input to boundary layer programs, use a more accurate source calcula-
tion which reduces leakage for internal flows, and provide special input-

checking for accurate definition and paneling of the body surface. However,

these popular methods can not handle potential flow problems with a free

surface, such as the wave motion at an air-sea interface. Since naval

ships operate in, slightly above, or below this interface, methods for
solving potential flow problems with free surface conditions are important.
In the past few years various methods, both analytical anJ ntni~rica1, for

solving these problems in two and three spatial dimensions have been inves-

ti gated under the Center ’s. Numerical Ship Hydrodynamics Program . The forth-
coming Proceedings of the First International Conference on Numerical Ship

Hydrodynamics, sponsored by DTNSRDC in October 1975, will contain many

papers on this subject. Two of these investigations , on the moving surface

pressure distribution problem and the thin shi p problem,are suimriarized below.
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a) Moving Surface Pressure Distribution
1-laussling and Van Eseltine [41 have developed a combination of

finite-difference and spectral (Fourier series) method.3 to solve transient

potential flow problems with both linear and nonlinear free surface

conditions. The basic problem which~they solved is the flow generated by

a pressure disti rbance p(x,z,t) moving across a free surface denoted by
V r1(x ,:,t) ,  where t is time and an (x,y,z)-coordinate system is used.
Figure 1 illustrates the two-dimensional version of the computational

region and the boundary conditions employed. The coordinate system moves

with the disturbance. The two-dimensional initial/boundary value problem

in the moving reference frame with nonlinear free surface conditions is

written in the form

+ = 0 -L x < ~~, -d < y < ii (1)

= -Un~ 
- + 4)y at y = (2)

= -U4 )x 
- —~L~- r~ 

- 

~-(4~ 
+ ) - -_

~~
-
~~

- p at ~ 
= (3)

at x = ± 2 . (4)

0 at y =  -d (5)

= 0, Ti = -6p at t = 0 (6)

where •(x ,y, t) is the velocity potential and subscripts x , y,  and t
denote differentiation with respect to these independent variables . The
dimensionless parameters are the Froude number Fr = U/(g L), based on the
length of the pressure disturbance L, and 6 = P/PIgL , where U is the speed

of the disturbance, g is the gravitational acceleration, p is the constant

density of the fluid , and P is the maxinun surface pressure. The

pressure disturbance may be arbitrarily specified. Haussling and
Van Eseltine evaluated both a spectral method and a finite-difference

method for solving the Laplace equat ion . For the time-advancement they
used an over-all marching scheme which coupled the solution of the Laplace
equation with numerical approximations to the time-dependent free-surface
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p(x)

r 7  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I u= i
v 2

~~=o
~x = o  I ,~x = o

_ _  I

øy =o I

x = x p x = x p +1  x = ~

Figure 1. The Two-dimensional Computational Region for the
Moving Surface Pressure Distribution Problem.

boundary conditions. For solving three-dimensional problems , the free
surface conditions given by Equations (2) and (3) were linearized and
replaced by the following expressions which are valid for small wave slopes
only

= •~UT1 +

1 6 at y = 0  (7)

Based on the favorable results obtained and the experience gained with
these approaches , a three-dimensional computer program known as ACVWAVES
has been developed by Haussling and Van Eseltine [SI to calculate the
unsteady hydrodynamic characteristics of an air-cushion vehicle (ACV) or
surface-effect ship (SES) . This program uses Fourier series expansions to
compute the wave resistance , side force , yawing moment, total power , and
wave elevations associated with vehicles moving on arbitrary trajectories
over calm or disturbed seas . Computer-generated pictures of the waves
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obtained by this program are shown in Figure 2. In this calculation the

ACV , which appears as the small square in each frame of the figure, is
represented by the following pressure distribution

( sin2 (Bx *) sin2 (rZ *) 0$x *~l and 0�z*�l
p(y 0) =

( 0 otherwise

where a right-handed (x,y,z) coordinate system is used, and (x*,z*) denotes
the coordinates moving with the ACV. The results, as stated by the
authors in [5], indicate that their scheme provides an efficient means for
analyzing ACV hydrodynamics. By use of a theory which relates an arbi-

trary pressure distribution to the surface elevation and the motions of the

ACV, the pressure distribution could be adjusted realistically as the ship

maneuvers .

b) Thin Ship Problems

Another approach to solving transient three-dimensional potential
free surface flow problems has been developed by Ohring [6] and applied to
conventional “thin” ships . This work makes use of a very fast finite-
difference scheme for solving the Laplace equation which is an outgrowth
of earlier research in viscous fluid flow by Lugt and Ohring , who studied
the efficiency of various methods for construct ing solutions of the
Navier-Stokes equations [7]. Using a fourth-order difference operator and
thin ship theory , Ohring computed the t ime-dependent three-dimensional
potential flow around a thin ship with linearized free surface conditions.
The direct method for solving the system of difference equations is a

• modified diagonal decomposition technique which makes use of the fast
Fourier transform . Ohring ’s paper [6] gives details of this scheme and
the results obtained . Three-dimensional wave patterns generated in a
channel by Ohring ’s il-IINSHIP computer program are shown from an aerial
viewpoint in Figure 3. The time 1=3 indicates that the ship has moved
upstream a distance equal to three times the length of the ship . The
reg ion of computation , which extends farther downstream than shown in the
fi gure , is represented by 129 grid points along the length of the channel ,
17 points across half the channel width , and 64 points from the water
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t — 8

t — 1 2  t — I e

Figure 2. Wave Elevations at Four Successive Times Generated
by an ACV Moving Over a Disturbed Area . Negative values

(depressions) are represented by broken lines .
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surface to the bottom of the channel. This extensive calculation required

less than five minutes of computer time on the CDC 6600, and the results
compare favorably with patterns generated by ship model experiments.
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Thin Ship at Time T = 3.0.
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3. Viscous and Interacting Flows

In addition to the established methods of applying potential flow and
boundary layer theory to compute viscosity-dependent aerodynamic or hydro-
dynamic characteristics of naval vehicles , more accurate methods which
provide flow details are needed for certain types of new design prob lems .
Drag reduction requirements for higher speed helicopters , vertical or
short takeoff and landing (V/STOL) aircraft , as well as for faster ships
and submarines have made it necessary to obtain improved computer programs ,
including programs for automatically generating detailed geometric models
of actual hardware configurations and the associated numerical mesh for
the flow field.

At [TFNSRDC methods and programs are being developed or obtained under
contract for calculating viscous flow properties about arbitrary three-
dimensional or a.xisynlnetric bodies based on improved potential flow and
boundary layer techniques , and for two-dimensional bodies using the full
Navier-Stokes equations. The more recent work done at the Douglas Aircraft
Company by 1-less ~8] for improving potential flow calculations and by
Cebeci [9] for performing three-dimensional boundary layer analyses are
contributing to these new developments . In addition , viscous -inviscid
interacting transonic flows over airfoils have been studied theoretically
at IYFNSRDC by Tai [10] , [11] and numerically under contract by Dvorak [12].
This numerical work combines potential flow and bc*zndary layer methods in
an iterative procedure which calculates interactions between the viscous
and inviscid regions and results in the prediction of viscosity dependent
aerodynamic forces . However , even these improved methods based on

• boundary layer theory cannot solve classes of problems involving separated
flow regions.

As discussed at the last DEA meeting [13] , in order to compute the
detailed behavior of viscous flow development and vortex shedding ,
including the variation in drag , lift , and moment coefficients with time,
accurate solutions of the ful l Navier-Stokes equations are required . For
this reason fully viscous flows past two-dimensional bodies at an angle
of attack have been studied at the Center by Lugt and Haussling (14] who
developed techniques for obtaining ni.merical solutions of the Navier-
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Stokes equations. The comparison of various numerical methods for

solving these equations which was carried out by Lugt and Ohring [71 led

these authors to solve the difficult problem of flow past rotating

plates [151. In the following paragraphs, recent progress in two of these
areas of research will be described; naxv~ely , interacting flows over
circulation-controlled airfoils and viscous flows past rotating cylinders.

a) Viscous-Inviscid Interacting Flows over Circulation-Controlled
Airfoils

An example of the need for improved numerical methods for
solving viscous-inviscid interacting flows is the detailed design of the
V/STOL X -wing aircraft , an artists conception of which is shown in
Figure 4. As described by one of its designers , Robert M. Williams [16],
this  new aircraft  concept , now under development at DThSR1)C and Lockheed
Aircraft  Corporation , will operate either as a rotary wing high-speed
helicopter or as a fixed-wing aircraft . The boundary layer over the air-
foils is controlled by using the concept known as reverse velocity blowing

in ~J3~ch a thin jet of air is ejected tangentially over the rounded

trailing edge of the airfoil. This jet suppresses boundary layer separa-

tion and permits the positioning of the rear stagnation point to optimize

lift . As pointed out by Williams [16], the technology base for the X-wing

concept has been derived from about six years of related circulation

control rotor research at the Center and earlier studies in the United

Kingdom and the United States.
In order to perform successful circulation control analysis for

the X-wing aircraft, accurate numerical methods which can take into

account the effects of airfoil curvature and separation are required in
addition to wind tunnel experiments. The work of Dvorak [12] and his

colleagues has led to a procedure for calculating viscous/potential flow

interaction analysis which is a useful numerical tool. Other numerical

approaches are under development at the Center for improving the aero-

dynamic analysis of aircraft equipped with circulation-controlled

airfoils.
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Figure 4. the Circulation Control X-wing V/STOL \ircraft Concept

h) Rot in~~Ll ic~~~~inders i n a Viscous Fluid
Numerical solutions of laminar flow fields around rotating

elli p ti c cvi inder s  in a fluid at rest or in a parallel stream have been
obta ined b y Lugt and Ohr ing  and pre l iminary results have been published

[1~~l .  These authors  constructed solut ions of the stream func t i on -vo r t i cit y
formulat ion of the Na~- i cr -S tokes  equations using the DuFort -Franke l scheme
f o r  the v o r t  ic i t~ equation and the l loc imey d i rec t  method for the Poisson
equat ion . In  t h e i r  recent lv completed paper 1 the t ransient  period

ron the abrupt s t a r t  of the  r o t at i o n  to a l a t e r  time is inves t i gated by
c a l c u l a t i n g  ~t reami i nes and equ i ~ort i cit v lines as we l l  I~~ the drag, i i  f t
and moment L OC i f  ic I cot - . I -or pure lv r o t a t i n g  cyl  I nder s osc ii i ato iy
bchav or is observed and c~pia I ned by these au thors .  Rod ics ro t - it  ing in a
p ;ir ;i l i t - i ~t ream are s tud i ed  for two cases: (1) ~hen the vortex developing
at the ret ie at  ing  edge ) I the th in ellips e appears on the upstream s ide of
the ed ge and ( ) when i t  appears Ofl the ~I ooi-~ t ream side of the edge . The
c v i  in~Ier is :N~~UInCd t o  he i n f i n i t e l y  lon g so tha t a t wo - d imens iona l
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foniiilation in ellipti cal coordinates (~~,O) may be used . For the body
rotating in a parallel flow , the dimensionless Navier-Stokes equations are

written

~W~~~l f ~~~~ (~~~~Ij~ ~~~~~~~~~~~~~~~~~~ \
~~ ,

2 V2 8~~~~~~~~~~~~~~~~~~~~~~~~~~ - w )  

~~~~~~~~~~~~~ 
(A)

= 
~~~ , (9)

where ~ is the vorticity, q is the stream function, t is the time, v2 is

the Laplacian operator, and Re = 2atJ/v is the Reynolds number in which a

is the focal length of the ellipse, U is the free stream velocity, and v

is the kinematical viscosity. The boundary conditions are:

On the surface of the ellipse n = ~=0 and a~/~n = 0

In the outer flow field ~ = n :  = cos(O-t/Ro)

~~

- ~± = sin(O-t/Ro)

+ ~~ -(coshnsinh n)

where ~(t) = t/Ro is the angle of attack and Ro = U/na is the Rossby

number with c~ the angular velocity of the tip of the ellipse .
The above problem was solved numerically on a grid of 97 x 96 points.

The choice of reference frames and the details of the numerical results

are presented by Lugt and Ohring [17]. One of the computer-plotted
pictures of the streamlines and vorticity lines included in this reference,

obtained for the case Re = 200 and Ro = 0.5, is shown in Figure 5. In

this figure the coordinate reference frame is fixed to the body with
regard to translation, but the body rotates relative to this reference
frame. This time sequence occurred during the fourth revolution of the

body. Such pictures are useful for analyzing the complex flow fields

generated by the interference of the plate with the shed vortices as the

plate continues to rotate. The computer program, ROTAPLATE , developed by
Lugt and Ohring to perform these sophisticated calculations requires less

than an hour of computing time on an IBM 360-91 for each complete revolu-

tion. Such speed was made possible only by the use of the fast direct
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Poisson solver based on Hockney’s method. This program is therefore a

powerful computational tool for investigat ing the phenomenon of autoro-
tation and for calculating aerodynamic noise .

4. Fluid-Structure Interactions

The flow problems discussed in the foregoing sections were formulated

under the assumption that the solid bodies remain undeformed by the
actions of the surrounding fluid . There are many types of problems in
which interactions between the fluid and the solid body must be taken into

account. Those of naval importance include , for example , flow-induced
vibrations, ship silencing, and shock response of ships and other

structures. At the Center efforts are underway to develop improved formu-

lations and solutions of fluid-structure interaction problems. Progress
can already be cited in the dynamic analysis of submerged structures .

A method which uses standard versions of NASTRAN [18), [19] , [20] for
the calculat ions has been developed by Everstine and others [21] , [22] for
determining the transient response of a ring-stiffened cylinder to an
underwater nuclear blast. A finite-element approach is used to model the
cylinder in an acoustic medium which is assumed to be initially stat ionary .
The fluid is assumed to be compressible and inviscid , with the pressure p
satisfy ing the wave equation

v 2p 
~2 (10)

The boundary condition s at the fluid-structure interface may be specified
by 

= - (1 1)

where n is the outward normal from the solid at the fluid-solid interface ,
p is the f luid  mass density , and u~ is the normal component of the
displac ement . At ri g id walls , equation (11) reduces to (ap/~n) 0. At a
free surface , in the absence of waves , the boundary condition is given by
p = 0. In the above notation , t is the time and V2 the Laplace operator.

In this particular formulation the fluid effects can be treated using

an approximation which mathematically uncouples the structural response
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from the fluid in the sense that the fluid pressure at the fluid-solid

interface is determined only from the motion of the solid surface.
Re ferences [2 1] and [221 provide the details of the numerical calculations .
Figure 6 illustrate s a time-sequence of the results obtained with the

decoupling approximation. In this figure the shock wave from the nuclear

blast is moving from the top of the page downward past the circular
cylinder. Each rectangle after time t = 0.0 sec shows the effect of the

blast on the rigid-body displacement and the elastic deformation of the

cylinder at an instant in time. The displacements are scaled by a factor

of about 2500. The real time modeled in this calculation was 5 milli-

seconds which required about 45 minutes of computer time on the CDC 6600.

With the advancements being made in both finite-element and finite-

difference techniques for solving fluid flow and structural analysis

problems , improved methods for the study of fluid-solid interactions are
being investigated. It is anticipated that this rather new area of

research may have some impact on the future program of this Data Exchange

:\greelfleflt.
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C(~~ C U J D I N G  R EMA R KS

b y

A l i red Walz

~ niver~~ity ~ Karisruhe , Karisruhe Germany

ih, -o two - (lay- I ‘.‘~-ry c o n c e n t r a te d  and “compressed” Data

~- x~ ~~a f l t k  M e e t i n g ’- c l~ - a r 1v  d isp layed  t h e  l a c t  t h a t  t he  pas t  y e a r ’ s

w r k W~~ - in (1t’P(l a ~‘o r v  su cc es sful  one .

Th~ ~-f l R n( V ~o ~uppo r t  t he  unc le r st an (I ina  of the complex

in t ~~r - a c t  irn pheonomena b y n u m e r i c al  s o l u t i o n s  of t he  3-dimensional

N~ v i . - r - St o k e s  equ a t i o n s  h a -  do mi na ted  many papers  p r e s ent e d  by the

p a r ~~i ( i p a n t —  f rom t h e  f ln i t e d  S ta t e s  and the  Federal  Repub l i c  of

( e r m a n y .

In a d d i t i on ,  \ ‘e r y  successf ul and i n t e n se  e f f o r t s  have been

r . 1.o r t ~~’( i such as  exper imenta l  and numerical  s tudies w i t h  re fe rence

¶ u r b u l e n t  bou n dary la yor s . t r a n s i t i o n a l  p rob lem s , hea t t rans-

1~~-r . ~- t c .

In r o l  l t ct i n g  on t h e  r e s u l t s  of thi s meeting , i t  can be

s a i e ly  s t a te d  th a t  the  e f f o r t s  of all the p a r t i c i pan t s  have con-

t r i b u t~~d g r e a t l y  to  thi s data exchang e program . The aim of thi s

; - r ~~~r am IS to  r e so lve  the var iou s thermo- f luidyn amic c h a r a c t e r i s -

tj c s  of  ex t e r n al  and i n t e r n a l f low f i e lds  encountered a t  high F~~eh

number  and high Reynolds  number f l i gh t  conditions of the not  too

d i s t a n t  f u t u r e .
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CONCLUDING REMARKS

by

Anthony W. Fiore
Air Force F l igh t  Dynamics Labor a toxy
W r i g h t - P a t t e rso n  Air Force Base, Ohio

On behal f  o f  the Uni ted S t a t e s  A i r  Force and the Flig h t

Dynamics  Labora tory ,  I would like to thank everyone fo r  con t r ibu t ing

to t h i s  da ta  exchang e program . The papers and da ta  presented  by

scientists of both the Federal Republic of Germany and the U nited

States will contribute greatly to the adv ancement of the know-

l e(lq e of flight at high Mach number s and Reynolds numbers .

Both the experimental and theoretical efforts have produced

favorable results in helping to exp lain some prob lem 3 which have

he”n technically obscure in the past. Needless to say , more work

is required but in a new direction. This new direction has been

included in the new statement of work which I have recently sub-

m i t te d  for purposes of extending this DEA for  a period of approx-

imat ely five additional years. The problems of interest in the

Uni ted States ref lec t requirements for various new weapon systems.

These requirements make it necessary to continue the studies on

laminar , transitional , and turbulent boundary layers. The speed

rang e o interest extends from subsoni c to hyper sonic Mach numbers.

The investigations should include bo th experimental and theoreti-

cal research ; however , ins tead of looking at 2-dimensional flow

fi elds over simple configurations such as a flat p la te , we are now

putting the emphasi s on 3-dimensional f low fields common to more

realistic configurations. These configurations should be wings

an d wing -body combination s representative of real flight vehicles.

Some specific problems are (1) separated f low fields over wing s

a t very high lift coefficients , (2) boundary layer problem s en-

countered at supersonic and hyper sonic speeds and very hig h

Re ynolds numbers where shock wave interaction became pronounced ,

and (3) variou s methods of decreasing the surface shear stress

and total drag in order to decrease fuel consumption . I am sure

tha t you can think of other problem areas as well .

- - - - ..
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-
~ Wi th reference to our next D .E .A . meeting , i t has been

decided tha t it should be held on 28/29 Apri l 1977 in Gottingen ,

Ge rmany. In closing , I wish to thank everyone for coming to

Dayton . In p a r t i c u l a r , I wi sh to thank our Germany colleagues

for com ing such a long distance for this meeting .

I
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