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I . I N l R 0 i ) l ’ C T l O N

~cv t r . i c i l v n i m i  11113 p r o p i t l s  i v ’  i n t e r I t  i t i s  o c c u r  i n  t i l l ’  I l i g h t I t

\ ‘ l O l  . i i r e r a t  I d u r i n c .~ ( I k e ? ? , l a n d i n g ,  a n d  t h e  t r a n s i t i o n  to  c r u i se .  I n  t i i

I ’V c r  11 d t ’ , I i n p r l i ’ t  t i t l e  I i r i s  can  be p r o d u c e d  on t h e  i i  r t ’ r am e t O I r l i g i l  t h e

i n te r a ct  i n  I t h e  l i f t  j e t s  and  t h e  g r o u n d , i s o — c a l  led dr ’t i nd  i ’ f fc t

p r h l e m . I h i e s i  I o r es , wh i c h  O u r  OS t h e  r e s u l t  ol  t h i e  I 111w i n d u c e d  by t h e

( ‘ l i t  c t  1l:: l l t  o f  t lie P1’ P° I s  ly t ’  I I It  ~ t s and b~’ t i l t ’ d l  lee  t e d  l i f t  e t s  t h e m —

c l i i  i t ’  e i t h e r  p o s i t  [vu  r l l e g It  [vi’ . I n  t h e  f i r m e r e lse a d d i t  i n al

I i :  t is r o v i d c d , b u t  i n  t i l l ’  l i t  t i r  case , 1 nom i a l ly  des i gned p r o p u l si on

‘~~. -~t t m  m , l v  n o t  h o c ’  s t i l t i i i ’ n t  t h r u s t f o r  in a d e q u a te l y c o nt r o l l e d  t a k e o f f .

I i i . . a s k  i f  de t  ~ ‘ rm i n  i n g  , e i t h e r  e x p e r i m e n ta l  l v  or  t he o ret  [ c i i  I y , t h e

I t r o d v n i m i ’  and  ‘r ep u l s i v e  i n t e r f e r e nc e  e f t e c t s  of  t i l e  lift j e t , t h e  a i r —

rame , and t he gr ind is n o t  i s i m p  I c’ o n e .  The n u m e r o u s  v i  n a b  li’ s w h i c h

i f  I i t  t h e  I I W I l e  I d  make  i t  ce no in I ca ll y d i f f i c u l t  to s t u d y  an a i r c  r a f t  con—

i , c i r a t  i on  t i l r t l l i g h i  w i n d  t u n n e l  t e s t s  a l o n , . On t u e  o t h e r  h and , the  f l o w  is

S comp l e x  t h a t  i r i c 1 c i ’ l i l , , a n a l y t i c a l  t r e a t m e n t  of r e a l i s t i c  , ases is n o t

poss i h I  i t  t lie p r e s en t .  t ime

I l l ~ oh c t  i ve  of  t h i i ’  V ’F O l .  a i r c r a f t  i1uw f i e l d  i n v e s t  ig c I t  i o n  i n  p r e gr e s s

a t  t h e  ~I i ) n h l e l  1 Doug i r i s  Resea rch L a b o r a t o r i e s  ( M D R L )  is t o  p r e d i c t  and

‘ gIll  ‘ l i i i ’  I I owl ii ’ Id assoe i at  i’d w i t  Ii :i two—d i mens l en a  1 (p 1 ana r )  I i f t  j e t  i n

g r in d e t  c t .  I b i s  i n c l u d e s  a d e sc r i p t  i t i n  at  t i i t ’ e f f ec t  of t u r b u l e n t  j t ’ t

t n t  r i  i n r r n ’n t  on t i l t  i n du c e d  I l w  md on t h e  s t a t i c  p r e s s u r e  v a r ia t  ion ove r the

u p p er  s o r t  a e t r n  wh i c h  t h e  j e t  d i s c ha r g e s . Th e t w o — d i m e n s io n a l , t i m e —

iv r , i  g i l  ~ i v  i i  r — ~ I k ’ s  e q u l  t i ons  a r c  p r e s e n t  1 y t rae t ab  Ii’ , and t h i ’ k n o w l e d ge

i ii. d t h r ’ t i , h t h e i r  s o l u t i o n  f o r  t h e  p l a n a r  I i f  t j e t  ill g r o u n d  i f  I c t  nay

I , t t ’ r  he a p p !  led  lii t h e  m o r e  c o m p l ex t h i r e i ’— d i m e n s  i on a l  I l ow f  [o ld  p r o b l e m .

l o w , i r t t  a c u i t y  ing  t h i s  o b j e c t i v e , N O E l , has  u n d e r t a k en  a c o m b i n e d  t h e o r e t —

i c , i l  m c i  e x p e r i m e n t a l  r i ’~~e ; ir eh  e l i  I r t  . 0 1 1 1 ’  i n i t i a l  a n a l y t i c a l  p hase , w h i c h

Wa s s puns  red  by t h i t ’  ( I t  I ice i i i  N , I v l  I Ri ’se i r ch  ( O N R )  u n d e r  t lie s u b j e c t

111 r a e  t , i s a to 1 u t  i n  i t i l l ’  two—d iinens i una l  , t i m i ’—aver aged  t ’ nse  r v i it  ton

‘( l O U  ion s , i i i  i on  J u l i e t  i on  w i t h  a nt — e q u a l  ion  t u r b u l e n c e  model , t o  desc r ibe

t h i t ’  t l l r b l l l e n t  I l c w f  h i d  ass u ’ i a t e d  w i t h  cm s i n g l e , p l a nar , i n c o m p r e s s i b l e

l i f t  ~~t ‘t emanci  l o g  i r um a st  i t  i t  uppe  r st i r  I l I e  and  i nip i n g  i n g  on t h e  g r o u n d .

A p l a n a r  l i f t  j e t  pi r n h l t s  c l t m p l i t c i l  ion I l l  t i l l ’  v e c t o r e d  ‘ o l i f i g u r c i t  i o n  s i n c e



t h e  f l o w i’ i e l d l’ i ’ l 1 I , L 1 1 i 5  t w l — i i t ? l e l i s  t o i l , w i l e r i ’ , I s  I l l ’ r l x i s v m f l i e t n i c  j i ’ t  h & ’ l ’ I m € ’s

t h i i ’ 1 ’ ’ — ’l in c us  1 01cm ! wh en v i ’t ’ to r i ’d

‘l i i i  i l l  I t j i m  1 pI l l se I l i i i ’  MI  )R I. e xp e  r i loi n t m I c i  f l I r t  , wh i I cli w ri  -c ac c’ O n—

~ I i sh i ’d u n d e r  t h ~I D onn e  I 1 I ) l l i g l  is I u c h ’ pi ’n d e i i t  Ri ’sc ’ , m r ’ b l  r i n d  Dcvi ’ ] op n l en t

( l E A D )  I’ i ’ ’ , ’r nc , c o n s i s t s  1’ t b i e  I c q u i s i t i l u  ~t I  d e t i i  l e d  f l o w f ’ i e l d  m e a s u r e —

m i n t s  101 ’ t h e  p l a n a r  j e t  to  ‘ s t m h i  i sh  I i l i ’  v o l  i d i t v  l i  t h e  c o m p u t e d  f l o w

v:l r j o l t  i en . Al I l i t  n I g h  dci  t I  h ive  b e en  r ’ p t )  r t  i’d I or ci 5 I ng I e ax i s y m m e t r i c  j ot

imp i n g i n g  on i g r o u n d  p l a n e  ~ in ‘ ;r t i ’n s i v e  se t  of  m e a s u r e m e n t s  I o r  t i l e

p l l l 1 ~l r  eo n f  i g u r I t  ion h a s  no t  been r e p i r t e d .

‘[h i s  r e p o r t  d e s c r i b e s  t h e  c m n a I v t i c r i i  t e c h l n i q ue  t h a t  i s  used to  p r e d i c t

i i  t I  rb u  I i t i t  I l o w l ’ i e lds  assoc i tc ’d w i t h  t i l e  p l a n a r  i i  f t — j e t  / c l i  n i r r m m e / g r o u n d

i n t e r m i t i o n . C c u n p u t e d  f l o w  p r o p i ’r t  i t ’ s  ar t ’ p r e s e nt e d  as I u n c t i o n s  of u p p e r —

s t i r ?  I c e  di me ?  rv , R e v i l I ld s  n u m b e r  ( b a s e d  on j e t  e x it  p r o p e r t i es ) ,  and j e t

l i i i g hi t  above  g r o u n d .  Co t i c  I us ions  ci ri ’ d r a w n  w i t  Ii r e g a r d  t o  t h e  a c c u r a c y  of  t he

f l  w f  i i ’  1 cI mode I cmii  t lie t ’ I l f l l h ’l t i t  c m l . I o n al  t ec’ l in  qu i ’ , and su g ge s t  ions  a re  made f o r

i t  t i r e  s t i n l v .

a.

a. 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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•
1

• ~~~~ h~ i l I l . ’ g i ! - , l I l  ~‘lI I i ) i ’ I ,

[he I - l ow ( l 1 I l I i r ; l ’ I t i l l l

i i i  l , l I l , m l ’  i m p i n g i n g  j e t  1 1 w  I I  i r i t r e st  i l l  t i l l ’  pl’ t -s ’nt  r i m l r l i y s is  i s

si c ’ s’i) n hit ’ ri i , it i c i l  i v  i n  i g l l r l ’  1 1 1 1 1 ’ t h e  I l l l ’ ,’I ’ c l o r & ’ d  ‘ o n?  i , ’ c i r , i t  i n n .  ‘[h I ’  j e t

ex i t s  r em  1 s l o t  I I I  w i d t h  I) I I )  I I ’ ( n t l I l r e , l  t i l e r s l i r t , l , ’ a d i n t  r i o , ’ El ih o v i ’

hi ’ g r l  ‘and p i~ i ‘ i t ’ . i l l  - I I  I i t  - j i ’ t i np  i l l  c - n  I i ’ ’ r t t I , I  I I l l  t Ile g r i u m i d  , t h i -  r i g  i i  i i  i t ?

c ‘ t t r  i t at 1 ’ ? ?  u ’ , 1 r~~Is i cli n t ant ’ ’ h’ Ill one side 1 t i l l ’  I i n c  I gennie l  r i c

5’,’ Tt lOi i ’  t I’ ; . O ~~’ u t lie j ‘1 i S V o t  o r t ’d , t i i i ’  i c r -  I t  I I  I l l  i n  I ‘1’ ‘o t ‘ ‘ : r  t e n d s  ci h i s —

t r i l l  ~ ‘ U ‘ ‘ I I  h I l l  S i l ’ s  I I I  t l i ’  I i i i ’ ’ o f  gi ’ ollli’ t r I 5’ ,’liIIllc t r’ ;

l i l t ’  t I I n t  l i - I d  c c i i i  1 1 ’  I i  v i  di ii i n t l  t hi r - t ’ r e g i  I i ,  : , i f r e —  j e t  r i g  i t o )

in  w h m l , ’ I l  t h i ’  f l ’ s ’  is  esr c ’ I i t i c i l  i v  t i l l ’ s r i l t I ’ iS h I n t I I  i t  i s s u i ng  [l i t  r i m

l i l l l ) i I  111(1 i d  1’ ‘ ,~ i oil  I I  t h~i’ 5 , 1 1 t h ’  I l u  i d ; t h i t ’ i n ip  i n g e r n i ’m l  I r i  g or , i n  wh I ’ l l  t i l l ’ I I ow

i ’ h l r m n g ’r-c d i r e c t  ion  w i t h i  ~m I c i r g i ’ p r i n t -d i n ’ g r ad i i ’n t  ; an d  t i l l ’  w r m l I— j e t  r l ’g i I? in

w h m i ’ l i  t h  I low I r r i v i ’r ’~ I ’s  t h e  s u r l , i -e  w i t h  z r ’ ’  p l ’ ’~~s u r i ’  ‘ r i d  i e n t  . ‘I ’hic I i u i c h

, l r r l i n d  i n g  I l i e  j e t  i s  e nt  r i  m i d  c i t  h i ’ h o t i n I c m r  i i ’s  01 t h e  j e t  in  n I  I t I i ” ee

re g i o n s , c o i l s  l u g  o t h i e r w i s i ’  s t i I  h I l u i d  t ’  he  st ’t  i n t o  m t  [ t I l l . ( In  t h e  up p e r

h o u n d i n g  sun? l I e , th u s m o l t  i n  r e n a l  I s  i n  i o c o l  I v  r e d i i c i ’d  s t a t i c  p r i ’ s s l i r ’n  and

l l ’ r o d v n i t t r i ’  I ‘o h .

2 . 2 H i .  C o v e  rn  i i~~ I ‘ g i , i  I i o l ) ~~

F r  l i e  ‘ 1 ( 1 1 1 1  n~~ r i  t i o n  o t  i- I g u r ’  I , i r I r ; ’  ‘ r o l l s  1, 1  11 1 (1 d V I l , l l ? i  i c m c i  I s i n

c~~’ h- - t  i’ r e i c h ’  h v  is l I l t ’ ( I I  r e l y  i nv  j Sc h i— I l w  c i  1 1 1 1 1 , 1  t i on  t t ’ c h i n  I (ple5

w i t h  t h i t ’  i , i , I i t  l o l l  ‘ ‘ I  ‘ l i l p i r i t  i l  ‘n  h ) I I n i l , ’i r v — l , l ’ ,’ ’r cor r e c t  i o n s .  I n  I , ’ m c t  •

i t  ‘ ‘ i  I I ’ l l ?  b t i i u i i d , t  r , I c l v , ’ !  ‘ t r ee c l u r e  , l  I i i n g  t he  ‘r ou n d  s u r l r i  e , i l l l l o t  5 i m p  I v h

1,1 1 1 m t ,  ,- i u u  i i i v b s i ’ i d  n c i l t ’ l n i ’  s i n c e  1 hi re I i ’ ’ p r ’s s I l r e  gr ,it lii ’nts in b o t h

I l r I  [ 1 1 , 1 1 ’  1 i r I  i l l S  w i t  hi  l i l t  S i  t l g  I c  doln i 110111 d i n c t  i n  of  I I ow.  P r I pe r

t r ‘ I t  ti ‘li t I I  t i l l -  p r  b I cr0 r e qu  i i  , - s  art e 1 I i ~~ i so l o t  [lii 0 t h e  ‘Oll l I ) l i t t ’ I I

I c l 1 3  w i t h i  v i 5 I ’ ’u c ~ e l  I t s .

h i m t h i ’  1’ ‘d ’ l l t  , i  p I I r r i ’ h l  , I I i ’  I In ’— , i \ ’ e  I ’r i g t ’ I ( ‘ l i l t  11)11 t y cmti il nloini’nt tim

(~~ , i v i ’ r — ~~t ’ ’k l ’ ; )  u q l i i t  i o n s  I ’ m - -c l e : l I V , t w o — d i n i e r i s i o n c i l  , i n c om p r e s s i b l i ’ I l ow

r t ’ I I ’ ,, ‘ i i  1 ’  ( I t ’ l l ’  r I lie t b , ’ 1 1 1 1 , 1 1 1  l o o t  l o u  ID t l i e  I I im I d .  As ci r e t - c u !  t i i  t t h e

, i v ’ r m g i l i g  I i i  ‘ ‘ ‘ ‘ i I U ’ i ’ , l m n k l i l l w l i  t u r b u l e n t  s t  I n s  t t ’r m , c  arise in th e ’ t ~ m ni’ —

, v c r i g - c l  I t t ’ ’ l l ?  urn i ’ q l i i t  i l ( l l t d  . ‘to so l v I u  ( h i t  t u r h i u  l i n t  s h i e n i r  s t  r i ’ ss ,

I i i r ’ b i i i l ’ m t ?  — k m e t  i t ’ — ’ u I t ’ r g ’ ,’ i q i i i t  1 1 ) 1 1 1 ,5 (151 1 I I I  ‘ l l ? ? i ) i i l c m t  l o l l  W i  t h u  ci  i ’ l u l st  i t i l t  ly e

‘ j i m i t  I 1111 1 I I I  t 1 ) ’  i i i  - s  t h e  t4c ~ I i a  i’ i ’ r o o t  i i ?  I b e ’  I l irh i m I cu t  k i n e t  Ic  i n c  I c y  t I  t lie

t r h i ’I ’ j it V m s i ’ I ) , S i t V .
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Figure 1 The planar imping ing tet

‘ . 2 . 1  I l int  ‘, ‘,‘ ,“ l l g , ’ I l  P n i l ? l i l i v e  I 
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I l l ’ ’  1 ’, ’ V e r I l i l l g  1 . 1 1 1 1 , 1 1  i o n S  I t ’ ? ’  two—d i m I l t n n i u l , l  I , n I  i - i t t ’ .’ , n ( u l i p r ’ss [b I t ’

I i  “z ‘ I  ~ ‘ - W I  ‘ l i t  [ I l l  I 1 1 1 1  il W i l  I I  I I I Ic ‘ I i ’ , ’ I I ’ ?  c c i i  - e t h  ‘ , ‘ ~h ‘ o c r  i l i i  1 ’ , t I l e

i t t  ‘ I  t i r l o c  I n t l  mu ‘ t i l t  t i n ] , W I  i t  I t ’ l l  I , ’ l , ( c ~’ i l l  t i u i n t ( 1 ’  m 1 ’ ’ t , l t  i t ’ l l .

( l l t i t , ( ’ l  ‘ ‘ - i t  t I l l  I I I  111, 1st; :
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l ’ t ’ i l - ’, ’ I ’\’ , l t  i t ’ l l  ‘ I  t - ’ ’ : i , - ? t  u l i l i :
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= — ~h l~ + ~~
u J 

. ( ‘ — 2 )

‘ j ‘ I

I
l i i i ’  s t r e ss  t t ’ m i s o r ‘n  1 1  ‘ : ; ; ‘ i ’ t ’ o n i b l e  I 11w i s  g i v e n  h ’ ’ :

=~~~l (
~

+ ~) . (2 - I )

Equal. i l l S  ( 2 —  1)  t Ii r o u g h ( 2 —  1) c m r i ’  w r i t  t en i n  I i ’  m s  o I t l ie p m  i m i t  ho-

v , I r i o l ) l l - s  0 ? y e I l W ’ i t V  c om p t i n i ’n t s  U , ,  s l o t  ii’ , r e n s u n e  p ,  R I m s I l t ’ n s i t ’ .’ ,~~~,

1 1 ~ h : h o I i ’ , ’ l m I c I r  v i s c o si t y  ~ , 115 i ng  , i  s p i c t ’ — ?  i > r & ’ d  r~’l  c rc ! :  i’ t b ’ r ’ ’ t i g lm wh i ch  I l l ’

b id I l ’s’s. ‘F l i t ’  t v i ’r h c m r s  in  t h i -’ e q h l c i t i l l i n s  di ’iio t i ’ t j l , m t  l i i i ’  q l l . l n t  i t  ies  n i n e

111 m~~r is  i t  ‘ n i l

‘f ,i  W r i t e  t i l , ’ t i m e — a v e r c i g c ’ d  f o r m s  of  [qui lt  i o n s  ( 2 — I )  an d  ( 2 — 2 )  t o

d i ’ s c n i h e  cm I l i r h l m l e n t  I l ’s’ , t h i i ’  u s u a l  R e y n o l d s  d e c omp o s  [I  i t ’ l l  i ’ d  15 , 13 i ,

w h i l e D  t h e  i n s t c m n l  c m f l i ’ t ’ u l s  I l o w  v c m r i c i b l e s  a r e  e x p r e sse d  c ms t I e s  sun  tO 1 n ‘ i n

I t ’ l l  ‘11 1 c inc h  ,i t I t o ’  I I l i t  i ng c mp i  ‘n e l l  I

~
-
m
j 

= + 
( , ‘ - . 1

= <~> ÷ ~~~
‘ (2 - i )

T 1~ ~~~ i j > 
+ . (2 - 6 )

‘l’ h i e  sy m b o l  

~< > d t ’n o t  , ‘t c  cm t i n l e — , m v e r n l g l ’ i I  c o m p o n e n t , and t h i t ’  sy m h t ( l  ‘ c h t ’n o t i ’s

I I u i ’ t  I l l  I r ig ( ‘ o m p o n ( ’t i t

U i t  Ii s ubs  t i t  u t  i on  ‘‘ 1  E q t i ; m t  i t i n s  ( 2 — -’+ ) t h i r o t u g h i ( 2 — b )  m t  o E q u a l .  i ons

( 2 — I )  - m d  ( 2 — 2 ) ,  t h e  I , i l  l o w i n g  t i n u e — n i v e r ; m g e i l  , I ’ I I I , t ’ I V , i t  1(1 11 e q h l i t  i o n s  a rt ’

‘ I I  , i  i ne i l

L ~, - - 
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l , ’ ? s , ’ l ’ \ ’ , l t  i t ’ l l  t ( ?  1111,155:

= . 
( .‘ -7 )

(‘ ‘ :1  -~~- r  V i t  j o l )  0 :t -, I I  1m m :

- + 
I(< t

~~~~> -~ <~~�) . 
( ‘ b )

I D e  f e r n o I  tilt ’ t i m e — ; i v e r c l g e d  e q u a t i o n  I ’ ’ r  t h m i ’  t - , ’nne r~ ’ , i t  i m ’ m l  ‘ ‘ I  t- r l s n ,

E q u i c m t  i i i  ( 2 — 7 ) , i s t i l t ’  sc i m e  I s  t h m t  ‘f t i l e  i n s t n i u i t c m m l l ’ t t h i s  t ’ ’ i l i a t  i ii . h u e  t t ’ r m

‘ ( I  t i l t ’ I h m i ’— c i v i ’  l’ n l h ’, t ’ t I  i ’ q l l c i l i m u  f ’ ’r  t I m e  c t ’ m I n I ’ r v ; m t  I O f l  ‘f m l i l m l i ’ l i t t i f l l , E q u n m h  [on

I ~~~ ) , i i i  I I t rs I rou t I l ie  in s  t c i u i ?  i f l I ”  I l l s  I ’ ’  rm t h  r t  wgIl t h e  op e n )  n i t ;  i’ ii I t h e

Ri ’v n t ’ i d ~ s I  n e st - ;  t i ’ l l s t , r , — h < u U
~~> 

. .-\s i r e s u l t  i f  t h e  I , m t r t ’r , l i i i ’  s’,’n i e m

of I - q u i t  i 1 ’ m i s L — 7 )  a m I d  ( 2 — ~, (  i s  f l o t  c l , ’st ’ t h .  ‘l ’ h l e r t  I r e  ‘lie s c r l l c i r  e t l u a t  1,1 11 ,

E q hI.i t i t i n  1 2 —  7)  , c i m i t i  ‘ ‘ I I , ’ v i e  I t r i - I )  1 1 c m  t i m m , Eq 11,11 [10 1  1 2 — )  , h u t  t i l e  Ic c i t e  I h i ’

I , ’ i  l i v i n g  I I h l P b l t t I ’ ,’ I s  : o l e  s - t I m , l i f l i ’  vt ’c I t ’ r , <U .> ; m i l l ]  ‘ne I

- : < >.

2 . 2 . 2  l n r l ’ , i  I c u t  - k i i i i ’ t  l e — I b b e  r n , - i , ’ j h l , i t i t j fl

I t ,  r~ - ,~~ r , -  I i ve  h ; i s i t ’ r h l r h h l l i ’ n c i ’ — m , i d l ’ I  i h i l t  t l ’ c i l l l i q u t ’ s  W i l i c l l  c i i i  he I l s i ’d

t i  t ’ I , ’ ,i t i l t ’  s V s t i ’ f l l  u I  E q u i t  10115 ( 2 — 7 )  r i n d  ( 2 — 5 ) .  l I l , ’si ’ i r e  di ’ s c n i h t ’ct i l l
5 ,

t l t ’ I  I l l  h - t I ’ i t ’vn , ’  I ds i n  ci ,‘ l l r n i ’ n t  l’ , ’v i e w d m 1  t i l e  cni d  ir e  simnl m ll, i nl s d  i l l

a.
I ( I l l , ’ 1

l i i i ’  f l i t t o l  I ; m m i  I i ;ir r~ ’p r e se n t  I t  i t ( I l  o f  t h e  t u r b o  I c O l e  t S  t h i i ’ 5,1—tn l i e d

t ’ ’ r ’ I ’ ( j I m l t  11 ( 1]  m I ) d t ’ l  i n  W l l l t ’ll  t h i ’  R e y n u l ds St ri -c s t e n s t i l ’ is r e l ; m t t ’ d  t o  c m

I h u r b l i l e n t  ( i ’ d d v )  V 1 5 1 1 , 5  i t ’ ,’ , wh  i , ’hi  i n  t l m m n  i s  r e l ; i l e t h  (l [ l’ t ’ , ’ l  i ’ ,  t o  t I i i ’  t im i —

m v ’ r i ; ’ ’o i  v t - I t - i l  v I i t - I d , ‘, t ’ l l t ’ r , m I I v  l i n i n g  c m m i x i n g  l e n g t h .  l id s  i p p r o c i c h i  u r i s

h I ll c t i l l t d  i c l c r I l l i ’  S uc c e s s  i n  t h m i ’  c n i l c u  I , , ?  i o n  ‘ I  h , i i i i i d , i r v  I , i v e i ’ s , is i’vj d t ’mi c ed

Dv ( l i e  I t ’ l l  I t  s I l l  I ,  ‘h , ’c  I nIle? Sm I t  I I .

I i , t w , ’ v e r , I h i t  s t - r , — t ’ l I i i t  i t i l i  u u u o d t ’ l  I c ?  , ‘ r I , ’ r , I I  I ’ , i n  , i c c l l r , m e v  I o r  flows

wi t h  si gru i I i  a l i t  t u r l i i i u i ; ,  h u g h  ‘ I l l  c n n ’ , t u r h i i h t ’ n c , -  le ’, ’e l s , S t , l h ’ l l , i t  i l l  ( ) i ’ i l t t

r • ‘ ; ‘ ‘ I i  m i t t  e ’ , l i I I I . l  I’ ’,’ I i V I ’  r s u ’ p ; m  r ; m t  i t ’ l l .  I n  L i i  p r o D  I em w id e r  coi ls  1( 11 ’  I’ , l t  i t 0 i  i n

I ’  

— , ‘

- 
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I h ‘I ‘s - i t is” ‘ m k , ‘ m I I i i  I t I I i ’S t ’ I l ’s’ ‘iii ,‘Iil Clii ’ I1c I n Il 1s t hi i’ I l i - I ’ l l  L i l t  ‘ ‘  - I I  I ’ ’ ’ I l l I  t

i - i l I l l s  r, ’ l’m ,’n , - l e n t ’ c o f l l l i l l ’ l e  ‘ i l l e . ’ l l h l , l t  l I l t )  ~i e t i , ’ I  ‘ ‘ I  t m i r h t m h i ’ n , e I b i s  been

t l .  l i i  r ’ d l l I l i ” ; t i t ’u l t  w o r l < , ‘i  t w t — t . q l i n i t  i on  W ’ , I I ’ i  h i ’ , ’ be - i i h o p t t ’ t I  i f  t i n ’
• S i l i ; ’ I e  ,o~~i . i t  i ’l l p r t ’ v u ’ t - ;  I ’ ’  he l i l i s n i t  1 5t h t I ’ ’,’ . I t  s h i l l u m l i l  h I ’  n o t i W h , I h ,

t I t o ?  E~ ‘ ‘ - ‘ i ’  I t lS  I I ,  h ’s  t l i t  f o  I i t ’ ~~’ 1 uìg st a? , ‘ I h i  ‘ I l l .  I r t  Ii i s ri ’v i , ‘w a r t  I c  I t ’  i l l

R e t  e I c lic i ’  ‘ : ‘ II  ‘hs ’ i ‘ v ,  r , i t  n , m v  h i ’  t u n  t I m l ’  t ‘ I I I  110 l i e  I t  ‘n w i t Ii t h i s  s l l r t  I , ?

i l l l - — l -~ l h l i t  i on !l, ’ , I t ’ l  i n  m o s t  I i ’ s ’ s t i l  i n t i ’ n , ’st , I ’ m  i t  m a y  h~ ’ ( ‘ m i s i r t l i

c ;’ ’ , i t  y t I i ~ I t  n ~I h — s t , i  I i ’ d i St  r I h u t  io f l  I h c m n  N ’ ‘ I  ‘n?pI It t’ i t  w i t  hi cm p a r t  m l

d i t  I i  ri r u t  I a 1 eq imc i I i’m . I i i  i n  W t (tI 1 cl be ‘ c m i ’  t i e  u 1 c m  r I v I rue I ?  t h e  1 cog  L i i  s t , i 1 e

i’ i ’ , i l  l v  s h o u l d  he g I ’v e r i i i ’ c I  h ’’  l i i i ’ g l o b c i l I i ’ n l t u i r e s  I I I  h u t ’  f l o w  t h i r l l u g h l  il)

i u ] t i ’ m l m c i l s i i  I f t - r e n t  i c m l e q u c m t  1, 111 . I h e n t ’ e , f u r t h e r  s t u d ’ ,’ i i  o n e — eq u a l .  ion m o d e l s

i s  i’n c t i t i r , m i ’ ed .

) TABLE 1 SUMMARY OF TURBULENT FLOW MODELS BASED ON THE REVIEW BY REYNOLDS 5

Model type Essential feature Advantage Disadvantage

I Zer o  i l I l m a t b O I b  t,Jst rs O )) I y a pde lo u R e l a t I v e l y si rn p l t ’  d o l t  F tmi l ’ . to  h a l l d l i ’  sorTi e ~rr ’upu ,  l i t t t
t h e  rn, ’, i b t  v l c l o l - t l y  t h e r e f o r e  i ’ x t u e r n e l y  e f f e c t s , such as s t i o n q  s u r f a c e
fIeld dlii ] 110 ~i~I i ’ ’ us~~t ul 10 e n q l r l e e l  I h i q  cui v a t i m u e  and f l e e s t i  ea rn l u r i m u
l i i i  t I _ o h t l h t I I c l ’  d f ld l y s l s  1 d b  ~ u i i t  15 I n a c c u r a t e  I n d a l
l I U , i l b t l t ( P 5  sF’~ )dl a t l o r )  t i t b t l I l l  I i O l i i b ( f d i y

[mye rs  w I t h  ‘, t m o f l h (  mcc el tu  ( 1 1 0 1 1 5

11 One i ’~ ? t l O  Wi I ) )  d ( t d , t - I I , ,  I I ,  a 1)11 ’ D i t sc r  hits I l l , !  I t y ( l t u l T i  R l t r t u l i  t s k I l o w l i t l I q i  of t h e
t , , r  t h e  0111.1)1 v e l o c I t y  i c ,  of ¶ ( , e  l l m ) t i U I e l l C l ’  t u l  h i m l e i l c e  l en q t h  ‘ , ( : , I I I ’  va n
t , u ’ Id , 1 1 , 1 ’ ’ , , l h i  , I , I ( I I  k i n e t I c  e r l e l q y  ; i r t i l  , m t i u r l  t h i o u g h o u t  t l t , ’ f i e l d  ,mn d
l , t , t l , m j  pIle , ‘ I l l , ’ , ?  to  t h e r i t t l y  IS  010)1  dcc l i -  I ( ‘ 1 ( 1 1 1 1  ~‘‘~ m o r e  c O r n p l m l l i l q  t m,?
I l l ,  t o ,  I , i u l , ’ , i t ; , ’  b i t , ’  1 1 1 , 1 , 1  m o l t e l  t h , m n  l I l I e s  mo del r yp’’ I
v , ’ j i , ,  t y  SO Il )’  t y p e I

Il l l ent ,  ) ‘ I p m , I I b o b I  I n  add I t Ion  to a pdi ’ E l i r n e u a t ’s t h e  need F , i I I s  to pwd imce s u f t l c u ’ r , t
1w the  r n e a n v e ( o c i t y  f w  s p e c i fy u r q  the  a r i i s o l r o p y  I I I  the R i t y n o l t f s

a. f , t ’ I , I  t l ’ , ( ’S  a pdt ’ t u ,  l l l m l l ’ , l t r l ’  l l t i l q t h  s l l , ’ s s , ’ s  t o )  q e r m e r , i l shear  flows
r , ’ I ,m t , ’ d  t o  t b ’  t u r h u  ~c,i I , ’ t i’, ,j f u n c t i on  of 5iod requne s mor,? C o r t i p o t l r l q

1,’ ( ‘n  Cit VII luci I y sc,i le ~ O SI t I On hi ou qhon I t i m ,  I (Sill i to model type s I
‘ . 1 ) 1 (1  ‘i i t ? ’ ’  r e l a ted  to the  f low an t I  LI

I I ’  t i m i d ’  i l , , i u c e
l , o u j t h  sc , i lu

IV S r i  I ” , ’, l’q m , I I l O r i  I r u  , i d d i t ( O ) )  to  i pile Usi ’s i ’s , , ’  I e q u a t i o n s  Pt ‘ s t ’ t t l s  dOt I c u l t l i t s  In  sa t I s fy i n g
to )  Ih i  me~m r u  v~ l o c u t y  to )  t In ,  t u r b u l e n t  all t I l l ’  c o n s tr a i n t s  which  t h e
f i l ’ i l f , 1151’S 1111’ S f o r  ‘, t r l t ’ .’, t i nSot whIch  II ’ )  01’, t h a t  j i i ’  u sed to C0)tlpiJtl’
all I ( I , n ~ I t , u l ’ t I I ’ . u i f  t f i i  , i l ) ’  b f i ’ l I V elI  h u m  (I i i ,  the t u l h u t l r r l t  ‘, t r i ’ s s  t l ’ , , , t , ,

t l m t f m t m l , ’ t r t  ,t r l , ,  N , i V I l i Stok , ’ ’ ,  must  sdtlst y

t l ’ l l ’ ,n l  ‘1111 ,11 lOll!,

V La rg e edily t,, j s,’s c u , r n l l i m l , u t b I , b t  ,if 1 l imun ites the Involve , a,, unc ir ,  ldltl t y Irr t h e
su m t m l a t i o r i s  th e I f i l e e  i l u m m r s i o r i a l  ournh ,r i  of e ni p l ,  cdl ‘ f l i r t  of (h i’ sn , , i II s~il , ’

t b ,, ’ ‘l ’’~’l ’t ’ , f i ’ , , t  c iM i s t a r l t s  W h I C h  dO’ tu ,  l iu ltr i ,crr rnod i r l u i& j  Oil  the
1,111 1 ,’ , ‘ufuly ‘t i  O l t l i ) I  u i ’ i1u i i i i , d  l , i ) q i  i t fdy  s t r u c t u r e  .11111
d rill ,u low li v , ’ I n-iothr l , equ ii irs r ir Ia l Iv e ly  t a r qi corn
f u r  i t s ’  sm, m l l  ‘, i , i l p t m t i r l q  t I tTi i ’~ f o r  111 10 1 , iI
liii 1 ,1,1,-nIl’ ‘dil’ ii (lows

OPT7-0 343 2
0’ , ’ ’ , I , I l , ’ , , ’ , ,  i , , i  ‘ ‘ ‘ I ’ l l ’
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I l l s ’  t ’ S d i i ’ i l t t ’ o l ’ t I l e  l ( l l t ’ — s ’t j l l i t  i ’ ’ i i  r e i d - I  i s  t t ’  derive I r n  th u ’ i n s t c m n t , I ’

1) 10115 ‘I tt ) lli l,’n I  b u l l  t ’ t i l i s i ’ l ’ ’ , I t  i on i q i m n i l  i t~~nt -~ m pci  r t  i c m l  d i  I I  I ’  i’ ’ ’ t i t  i ’ m  I & ‘ q u r m t ion

di ’s1 ’ n i h d iig t i m e  t u r l i l i l e n t  k i n e t i c  i ’ l l t ’ r ( I ’ .’ 0 ?  t h e ’  1 1 1 1 w , k = ( 1 / 2 )  (u~~
m l
~~>

l c i t t ’ m , t h e - I l , 15 l’ t ’ l d i t i ’ ih t h i r o l i g h i  c i  ‘ ‘ ‘ ‘ l i s t  h i t  I V , ’  i ’ (h I i i I t  i o n  t o  1 1 m m ,’ t u r h i i i h ’ ’ i i t

v i s ,s ’s  i t  v md , i n  t urn , t o  t i m e  Eu ’ ’ 5’ r i t ’  ds s t c t ’ s .

I i i  t i l e 1 i j ’, ’ ’-l , ’ f l t  is’ t ’ t ’k , (Iii ’ t ur hiti l e m i t — k 11)1S t I I ’ — ’ ’ I b e t ’ n ’ ’ ,’ i-i l l i c i t  Il l !) I I u r m l i l n l t i ’ d

Dv ~~‘ l  I n l l t i ’ i 0
7 

i s  used . i t ’  . m r m i v ~’ - I I  t h i s  t ’ l l b l l t i u l n , i t  i s  I i r s t  l l i ’ l ’ t ’ s s m m r v

t o  du - r ftc c m eq- n i t  i o n  f ’  ‘I’ I h li ’ k i lie t I ‘ 
- t n t  ~~‘, v I I I  I b i e  tIle c m l i  mt )  t i ofl h ’’ cid d i n  g

t h i t ’ sc, l 1 , 1  m p n t i d u c  t t i  I ~~u ,> c m n d  t he t I m t ’ — l v t ’  r igi d m t i m i ’ n t r i m  i ’q u a t  ion  f o r  u >
to  t i l t ’ sc ,I  l , m r  p r o i l ut ’t n t  <U  > an d  h u t ’  t i m i ’ — n m v e r ; m  i’d f lior i l e I lt  l thI  ‘ ‘ ( l I m i t  i o n  f I l m

~~~j > .

= - <~ > - <
~

>

+ <~ >

+ < n i> 
(2-9)

~‘ I i , ri 1- q i o t  j I i t i  (~~~_ t l )  i s  t ’ on t  r a t t e d  ( i  = ~) , t b l i ’  r e s u l t  i s  t h e  kinet i I ’ — i ’ n i ’ I p v
a. 

I - p i l o t  i i iti I l l  the mecin mot i o n :

_ _ _ _ _ _ _ _ _ _  = <~ >

+ 
([<~~i>(<hk>

( 2 — l U)

_

~~~~~~~~~
Ii<:T

>

:k 

- < T Il>



4 ‘Ii i  oh t 1 ~ fl t h 5 ’  I ’ l l  IS  t I on t o  r t l i t ’  k i r r ’  ‘t  I i ’ i n c l’~ I\’ o f  t h u t ’  t imr ht i I t n t  I 1 i t - t s o t—

he n c ’  I I m r  p r t l t I I l ~ - I 01 U m i n d  t b i t ’  m lume li trim i-p ii , i t  11) 11 I l l  r ii
i 

[ h ’ q  m t  i o n

( 2 — 2 )  1 is  , m d d e d  I t  th e ’  s c - I  I , m n  p r u > t h t i c t  of I i . m d  t h e  m o m e n t  r i m  e q t m n m t  i o n  f o r  U .

[ E q i i c m t i o n  ( 2 — 2 ( J .  }‘.q u m m t  i ’u is I 2— ’+ )  t h i r l l t l g l i (1—6) nmr u ’ iotrodui’i’d i n t l i  t i l t ,

r e s u l t  in g  e q t I c m t  i t i n , wh l  l i -h  j~ t i l n t ’— , i v i ’ m ’c igi ’d , t omb m i d  w i t h  E q u c i t i l i n  ( , t _ t~~ )

,m n d  i’u ’n t m n i c t e d  t o  ‘g i v e  I h u e  m n e c m n — k  I n i- I i l ’ — t ’ m i i ’ r g y  i - i l l i c i t  i on t i f  t h e  t u r b u l  i -nt

f l u e t i u c m t  i o n s  ( t hi i ’ s o — e m i l I t ’d  t u m r b u l t - u s t — k i n i ’ t  i ’ — t ’n i ’r ’g”  i - qu a t  i o n ) .

-,  
T~’

>‘k 
d

+ K~ 
-a:->- ~<~~>

( 2- 1 1)

By r i - w r i t  i ng var  b u s  13cr i vat  ives and Dv tnt roduc i ng the’ t h O s e  rv , i  I In

t I m c m s s  i ’ q l l n l t  i on  and  t h e  d e f i n i n g  I’qua t it ’ll for t’ i k ’ E q t i c m t ion (2—Il ) t a n

shu i w i i  t o  be ( i l  i i i  Va lent to t h e  f o r m  of t lie t u r b u l e n t — k  i ni t i c — e n e  rgv  e q u a t i o n

used  h i ’ ,’ W I I  I I  s h i t  t i n
7
:

= - - ~~~~ -

+~~ 
2
~~~~~~~

<(
~~

i
~~

)

2

> 
( 2 - 1 2 )

• ‘
~~ ‘I De t t - r m s  i n  h - q i m c m t  i on  ( 2 — h  2 )  I u , m v i -  t h i i ’  t o l  lowing p h v s l t ’c m l  meanings :

— < > ) k  ( I I  ~~ i~~’b ’ t  I I iI i  t )  I turbu~ e t i t  ~ ine t Ic
-
t ‘ i x  e i r m ’ r - ’ , v b y t I i ’  mi c r o  u r I t i t  i ’ m



— — 1< ~~ > h 1 rod ri i ’ t  11111 O I  t r i r h r i l e i i t  kim’ t I’
— , <I i  - II - >t i i ni r ~vI x ’

- 
;~; (
~

, 
~

, 2

> 
- 

L i  cia k i n ct i c e l i :~~~~ ’,’

— 
2—  \ ‘lsulb lis d i ?  I us i t ’ f l  o f  t u r D ’ s —

- ‘ — 2 l e n t  k i n i ’ t i c  i’ n i ’ rg v

— K(- )> Vi s c o u s  d i s s ip a t i o n

2 . 2 .  W t ’ l ? s b i t t - i t i ’ s ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I~I l b  m d i ’  r t t ‘ i - s t ,  all 1 i sh u  ci m u ’  l i t  i on  b e t w e e n  t l i e  v , m r  i ous  t l i r h u  1 enci ’  p r o p e r —

1 i t ’ s  m i n d  I h i m , -  t u r b r u l i - n t  k m e t  i c  en e n g e ’ , the ’  t u r h t i l e ni ’ i’ mo t h - I  j u g  p m o c e i h r i r i ’  of

W t ’ I ? S h I t e l f l
7 

w i l l  h u ’  I t I  I t , w e d .  h i  i s  n i s s u o n e d  t h i c i t  a s c c l l n i r  t u r h ul i n t  v i s —

i ’s  i t ’ ’  ‘ i l l  be  de l  I m i i ’ i l  Dv
I l u n h u

- 

~< = 
( <u ~~~~ 

+ ~~~ \ , ( 2 - 1 3 )
1 I I I l r h )  

~ 
i
~~I /

w h i r ) ’  t h i i ’ I t i t ’ h t t i i u ’ r i t V i ’ , , o s i t ’ ,’ I ’ m  , ‘ , i I ! i 1 I l i t t ’ I h  I r m l f l m

- 
1/ 2

) j  = t’ I k - . ( 2 — I  ‘+ )
t or b

I n  b’ , 1 1 1 i I t  i o n  ( 2 1’ i )  I I t  i t ’ t ’ l l ’ , t , I l i t ( l e t l r f l h i ll( ’d I I’ oiii t ’ X I ) e n i l l i & ’ l i t , t ’ = ( 1 .2 2 ,

mmcl  -

‘ 

i s  t ie- I i - m i g t b i  SI m i l e  t i r r  v l S u ’ o s i t V .
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p 
I n  n i t 1  i t  in11 , i t  i n  ,i St i l i lfli tI t h m c i t  t h i , ’  i l i r b n i  I ‘- m l ?  t I l t  I us ‘ ‘ i i  0 ?  I I m r h l i  I ‘ ‘ l i t

k l l i t ’ t  I c i - n c r , ’ ’ , c O I l  he r~~’ } t r u ’se t l t  i -ti Dv

I -
— ( ~~~r m ~~t m ~ / 

— < ‘- ,
— >  ) = 

~

, i , ( ~~~~~~~ 

~ 
) • ( 2 — I s )

• 
ix , 2 - / - 1 x . \ k , t u r h r  m x  /

Wli t ’fl h ’ . q r i c m t i i u n  ( 2 — I S )  is  ;md dm , ’ d  t o  t h e  \ ‘ l s I ’ t ’ l m s  d i f f u s i o n  01 t l i r h l i l e n t  k i n , - m  i t ’

e m ) e r , ’\’ m ( i 2 k)  / ( x , 2 ) , t h e  r e ’su l  t i s

3 
(~~

‘ t ur i~ _, 
~)~m -

\
\ + ~~ = _

~

— (
~ + 

‘
~~~

1x
1 \ l~~k ,t r i r h  

Sx , / ,n)x ’ 
~x , k , t u rh /  Ix

ft -15)

B do t  i n in g  an  e f f e c t  iv e  t r a n s f e r  c t u e f t  i c  t e n t  f o r  the  t u r b u l e n t — k i n d  i t ’ —

i ’ m ) t - n g v  d i ?  isis ion ,

= + ~ t u r h  ( 2 - 1 7 )
k i l  I 3 ~k k , t u r h ’,

— b ’ q l m c i  t i n n  ( 2 —  I h )  can he r ewri t t en  as

~~~ 

+ = 

~ 
~~~~~~~~~~~ - )

w h e r e  ‘3
k 

i n  unit Y and t
k ,turb 

is a cons t an t  d et e r m i n e d  f rom d a t c i , 0
k , tu r l  

=

1. ’l .
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1 : 1 1 1 , 1 1  I v , i t  i s  m i s s t i m i m t -iI t i i , i t  t h i m ’  V j s t ’ ’ ) li -S dissi p c it it in t-;in lie represented

Dv

<(~
‘ 
)

2

> 
H) 

‘ I) 

( 2 - 19 )

C 1) i s  a t ’ , b l i s t m i n t  t - v n m l t i i i t i’d 1 m m  d a tn m , C1) 
= 0 . 4 2 , and 

~I) is the  l e n g t h  s e n i l e

I or  13 in s  i l i m i t  i t ’ll .

Whi en  E q u al  i ons ( 2 — 1 3 )  , ( 2 — 1 8 ) ,  mind (2—19) mire suhst ittited inti ) Equation

( 2 — 1 2 ) , t he  r e s u l t  is

I

= (~~ ±� + ~~~~ _
_ _
~~~~ i .~~

I — t u rb  ~ ~~~~ - — Iix \ Ix lx / ‘ I X .
J 1

+ 

~~ (
~ 

- 
~~~3/~ 

. ( 2- 2 0 )

i- . ’ p i m t  l i l t )  ( 2 — 2 0 ) ,  t h m e  s o— i ’c i l l ed  W t i I  I s h u t e i n  o r t ’— u ’ q u c u t io n  t u r b u l i - n c i ’  m o d e l ,

I s  w r i t  t i - I )  i n  t ,‘rms (I f t h e -  mean ye Ice - i t v  I i i -  113 , t u i r h u  l e n t  k i n t ’l i t ’ i ’ n i ’ m g \

m i n d  , ‘ x i b l ’ r i m t n t , m I i y u I , ’ I  I ’ r m n i l ) e i l  , - , l l i s t c i l l t s  m i n d  l e n g t h  n c m i li-s . ‘th e- li t t e r

w i l l  h ’  spet ’i I i ed  whmm ,’n p m i r t  i u ’ u l n i r  g i - o t n i t r i e s  a r e  1 1 1 1 ) 5  i der e d  ill t h i t ’ c m n c m l v s i s .

2.  2 .  -
• S i m m — I )  i r n e n s i t m a J_ E r m  o t  t h u ’ I i m e — A v c r c m ,~ ed Coot  m u  i t  y , ,Miimi- R t )mn ~,,_ mind

l i i  I t ’ l l ,  l l t ~~~~ i I l t ’ I i s — i  b l t ’ r n ’V i i l t i i l  1, 1115

I ‘ I t  i ( ‘n o  ( 2 — 7 )  , u m i , h  ( 2 — 8 )  , i  r I  w r i t  t ell I t )  X , V t O ’  n i l  i t l a t t ’S w I di t hit

- I S O  ii ’ i t  “ I  ( I , V V O l  ix’ I l v  c u ) m p u ) n e n  t s . ‘ I ’ I iu ’ t ‘ iii t I no i t s ’  i -quc l t i on  hums bm , ’i’n

used i n  W Y  I t  I i i~ ’, t h i t  mome li  t r i m  eq o m i t  i oti s i i i  I hi n u ) n — i ’t )n sc rva I ih ’l l  f o r m  sh iown

hel ,iw.
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( ‘ , b t ) s t ’ l ’ v , l t  i t ’ l l  l i t  m m i , i s s

+ ~ :> = i) .

l t ’ l l n s ’n v , i t  iI’n i i ?  I ! l t ’ I ’ O ’ ! I t l l I n ,  I I i ; m l t ’ — n i \ ’ i ’ t ’n l c 3 t ’ t h  N i ’ , e r”  I l ’ s ‘ ‘S i~n v t , ’ i J i ~’; - q m u c m t  i t o i s )

I : —  Iv  ‘ “h i lt  um e q m u n i  I i o n :

<~> 
I<u)~~ c> <~>=~ +~~~

+ 
~~t ’ ?  I ± 2  ~< ‘~� !U ’:i

+ + :, t j u ; t’,I ) 
( 2 - 2 2 )

y — m u i m t - n t  t in  , ‘ ; i u , t i t ’s:

:<~> ~~
t <

~~~~ > 

<;> - ~~~~ ~t ’ I I
—

~ ‘;< ‘“ b 1::

+ 
~~~ ~ 

I 2 <V)  
+ I < U ~~~ 

~~~~ 

÷ ~~~~~~ _ _ _

+ 2 < V >  t u r D  ( 2 - 2 3 )

I I  

-“- ‘ -

~~~

“ - -

~ ‘
~~~~~ :~~~~~~~~ 

-



1 b ’ I i t i i l l v  i l l I c i t i o n s  I , i r  t Ile t l l r h l u l t ’ t i t , m t i t l  e f  ? t ’ c t i v s ’  V 1 5 1 ’ b l s i l  I i ’ S

= + ( 2 - 2 ~~)
I t I l l - I )

= , ~~~~ • 
( 2 — 2 S )

I l I D  u

1 sh l  ‘ i n ’ s t ( I l i ’ e i h i l i t  I l u n  t u r b r u  l t ’ r l c c  I f l t l d i ’ I , ~ q Iuc i t ‘I ’l l ~~ — 2 I 1 ~ t c ike s thi-

0 1 I n c  i v  I o r tn  i n  t lie x—v 1’ i i lb r d  t i c i t i  n , .  s t  I ’ l l :

~ 
+ T (

~~> 
= 

~ t u r b  [ 2 ( a <
~~ >) 2  

(
~~~~~v

> +

~~~~~~~~
) 2

+ 2  ( < ~~~~~>)2]  + ~ (r~~ :~)
- -- 3 / )

~~~~ ~~~ 
— H) ,k ( 2 — 2 h )

lv  ~v /  i)

— 
‘~ i t h  t i e  sp i ’ c i l  I c , I t  1, 1 ,1  ‘ ‘ 1  t h e  i i - t i ~’, t hi si m m I t ’ s , t ime s v s t i ’m  1 ?  i ’ ( i l i i t  i o n s  is

i i  ‘ se t h , sub j , ’ t t h I ,  t h i e  t’t ’ pu  I l’ t ’ , I  b m x i n d m m n v  ‘ ‘ ‘ ( l i i i  i t  i ons .

Eq ua l  1 115 ( 2 — 2 1 )  t h r o u g h  ( 2 — h)  cur t ’  n h i r m n m l  I z e d  Dv i n t r , l t l t u t ’ in g  t I l e

l o l i t i w i m ig d i m m , - n s i b m l e s s  v c u m t - l i l l h ’ s :

( 2 - 2 7 )

I ’ ~



V = ~~~> ( 2 - 2 8)

- = 

I t  
I f  

( 2 — 2 9 )
e f t

0 t l l r h  
= (2-30)

x = ( 2-3 1)
I)

V = ( 2 - 3 2 )
I)

P = ~~ (2 - 3  1)
( 1 / 2 ) .  V~it

k = ~~~ ( 2 - 3 3 )
V

• l i l t ’  d i m m u t ’ n s  1 )11 less  t ’ q u c m t  io n s  m i m e  g i v en  h e l  ow.

(,,onservat l u r t i  o t  mm iss

I i i  + = • ( 1 — 3 ~~)
IX 4 V

1)



‘ n — : h t ) f l h i - l l t  turn :

I I  4 \ ,  
t,iu = I ‘p

~~~ f l  
(

~~~~~ i :1
2

11) 
,~~ i

I l l  ‘ I or b  ‘ ‘ t i m  - + . ( 2 - 3 6 )
IV ‘V

- - ‘ :1 ] ’  II I

‘3s “,‘ I ‘p  ~~s’ J~~ v I l l  t u n b
- d  I l  ‘ + v - - = — i ‘,  -- + - - -  + n-’iv  2 ‘ ‘,- 

x 
i,~ ix

( 
‘ I

1’ ‘ ‘ ~ ‘ ? ‘ , r h  ‘v ‘ t i i m h
-4 ~~~~~~~ - - ‘ ‘  + 0 - . . ( 2 — 17)

~ i ’’ 5’ 1 ’,’

~~~~‘ 1 f s h m  ‘ ‘ i i i  t i l l e — i ’ ( I i l I t  i o n  I i m r l ) h i l i ’n ’  e mode l

v h [2 ( ;
~ )2 ÷ (

~
÷ ~

) 2 + > ( : :) 2]  

~~~~
( k , I 1 l  i c-n ) ~v ( k , e )  I — H)

( 2 — 3 M )

I I I



= ,- I , ( , ‘ — ~~ I
I s i ’ I 1 1 1 1 ’

I I t I m - I t- - - , - - - ( 1—  ,0 )
P, , ) ’ I t  !si’ -~~k k I l u r h i
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1 itll ’ t ’S,’tI ‘ll I i i  r,’ml r m m III I l l  p h )Iltil id ,i r ii’5 I I ’ ’ ( i t ,  - Il ’’ 1
,15, 1 I p r t  - - m ‘ t i m ’ , - i c r - i ’  I i ‘ i i ?  - , p t m  5” -I )

Dv t i l t ’  tn , ’ ri t ’ lcl , ’ ll tt l rn s p l i t  1 , 1 15



1. l i P  ‘- : I ’ ’ t l n R h ) ’ , \ h  S( I I I ’ I l I ’ N  r ) I i - 1-Ib -

‘il 5 ’ t i l l ’ 1 ) Il - t i , ‘ ‘ 1  1 i p t  I I ’ , 1 t n m i t  I i  I — i l l I I u ’ r , ’n l  m i  I ‘ ‘ t I i I . i  I i n u n  I l i m i t  i I i ’s , ’ r t hus

I h i ’  1 l ’ s  n i l ’ , ’ ion  I I I l l - b r  , - n i h  ml h u m s ’  i i i ’m i I st iIi - l’lI’ 15 nt’ - 1 55cm m s I t ‘ r i , 1 mm in i

‘-m n - l Il t  i n - u t .  J o  st ’ l ~ ’ t ’  t ie ’  I I t ’ s ’ ? l I d  ‘ q u I t  1 , 1 1 1 c m  I ’ m  ml j u t  d i n c h i a r i t i n g  f m ’ ’ l c c

I , -, Ins ’ t’II i I ~ ’ h e t ’  s i u r t  ,m cc , , i c  omi t t i r r n m m l  f l i m i p p i t i l t  t ‘ ‘ch in t I l ls’ is m I d  I ’ ’  m ap

t h e  i t  mo - g t i  I l l ’  pbs’s i ,‘m m 1 p I ill ~ ‘ I l i t  t ’  m l  m i t ’ t c i n g t i  1 cur cOmll p mu I m l t i~~’t imm I P I m mlii - . ThIs-

t t t ’\ ’ er I l  l I i p  ,‘I t I I ; I t  i o n s  min t ’ t l i e t i  r i - s r i  t ti ’ n it ) It’rb ~cn I i !  t his  c t l l t l p h l t it ioncm l ; )Inmne

d t l , l r t l  f l I t , ’’ . m f l i t i  sol  ‘,‘i’d 115 1 m ig I i  n i t  i - — t i  I I i t - n i  ‘ l i t , ’  p r”  ‘ d i i  r i ’ s

l m i  t h i s  s i t - I  i t i n , t h i s ’  c o n fo r m a l  m o ; m p p i n g  mind  I i n l t i - — d  i f ?  ( ‘r i - l i c e  t s - c h i n i ques

mm r - t h e se  r I b e d .

3. 1 u i5 ’ ~~~ 
I t  t ) r I ) l m t l  Hnij , ’i 1 i u m i j  I s ’  c l t n i itl Is ’

1’, ’ s t ’ I v , ’ t l ~~’ g t ’ v i ’ r l l  1 h g i - q l n i t  i o n s  I o r  a f l o w  w i t  hr  a t ’on t , ’u r e d  u p p e r

h o l m t i d - m r ’ - ’ , wh i t ’ i m  s in ’s h i t s ’s t h e  lowe r s l u r ?  m I t e  I I I m m t u s e l n i g s ’ , n i t )  I n ’ ,” r n-
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mg’ ;i ing ~ 
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i s  1 , - n - I  i : - : 1 ’ I , I j c h , ’ , I  w i t h  n i l  e n i ’m l c e  t o  b ” i g l l n t -  2 .  I t~~I imi ll v , ci I i n i t e — d i l i i ’ni ’nt ’e

‘ ‘ 1 1 0 ’ ’  i t , i t  i t ’ l l - l i  t I l I l t ’  w i t h l  i ’ t ’ , ’ r d i n a t t ’ s  ( f l
-

. )  is sp et ’ I I j s ’ t h .  ‘l’hi ’ d j S t , i l l d t ’

h ~- t ’ .- , , - ’ c -  n I l t I t ’ s  I l l  t i m , ’ 13 i r e e l  jo n  i s  cm c i t i d  iii t i l l ’  - - d [ mt ’ , t, i ’ ’n  , h , whi i ’ n t ’ mm and

b I r e  t i m ’ I  l i i ’ l ’ s  n m r i  l v  e q u a l .  g l r t ’ I  d u n g  I t i l l i ’t  ions  m I r e  t h i e t i  m t  n t s du ’t’d in
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I I l u ’ I”u , i l i l l t h , h  I ’ , ’  1 1111,1 i t  I , i t i 5  I h l l l i l i s t ’ i b  I i i )  I’:cItlm m I i t I l l s  ( I— ) m miii ( 1— 3) I ’ ’  I I u IW I r ’+nl

i n - i  I ‘ t n - I . E  u , m  i c i t  s-i n ’ h i s ’ m i  t h i t s  m i t ’  k t i l r w r l  nit t i l l ’  h ) o i l t ’ u d ; I r i t - s  n m n d  I t ’ ’u tn  i n t t ’ , ’ m , m —

I i on  ‘ 1 I Ii ’ I ‘ i l l ’ I I ’ ; —  P i ,~~t t i , i  i i i  N ’  h i t  I ,  ‘us

ti ~i ‘x t I ’
2 ,  I ’ 

= ( 3 — h

= - :~
-
~ :~

.

w h e n  t h i t ’ X 11113 th i s ’  V 1) 1) 1111(111 m s d i n t  n i h u t  i ons  ar t ’ no t  known .

‘l’hie t i n  I (; jie I e m i t  t u l ’ s ’ I I  t i l l ’  p m  ‘5, 111 111mm pp i i i  p st huems -  is I [ill t instead of

5 1 1 t ’ e  I I ’ ;  i l l , ’, t I l t ’  d , ” l r d i n m m t i ’  d i s t n i h u t  i ons i n  t h e  p h i v s i c n i l p l a n e  and m i t ’ t i ’ p t  inst

‘, m i i , l t t ’ ’ , ’ t ’r  s- i u m p t i t c u t  j , t n c i l  p l m i n i ’  ni ’ n u l  t s  , mu n u m e r i c a l  l v  i’ on v e n i i ’nt  c ’ omp u t  i t  ion c m l

pI lIhs ’ i ’ - i  n p - ’, ’ I I  i t h , ,u n d  t i l t ’  d l i u - r e s j ’+ l u n d i n g  c ’ o m p l u r n m t  i o n m i l mstsh w i t h i n  t h i s ’

s p u d ! i ’ d  i I ’ ; s I , ’ c i l h t m u t i d c m r i s ’ s  i s  d - t l r n p t i l i ’d .  For t h i s  r i ’ n m n I Il , t his ’ mmmp p i ng

‘ m , ’ I l s ’ I ’ i e  i n  c i i i  in ’,’I ’ r n s ’ l r i t c t ’d u r s ’ .

[ p i l l  I ,l hit-i I I — . )  m i n d  ( 3 — 3 )  i r s ’  d i s t r u s t  i ze d  i n  i u n i ’x p m i n d e d  f o r m  u s i n g  tb ’ie

1 1 ?  r m l — t I i I  I c r , ’ I I , e , f i n i t i ’ — d i t ’f i ’ r I ’ I u t - t ’  m ip p r lixi mm i t 10110 DI til t ’ d e r i v , m t  i v u ’s g i v e n

111 3 ; ’ ; ’  u i d i c ’ , ,\ l I l t 1  t h u ’  p i r  I t i t — t i l  — t h i s ’ — t ’ t l m i i p m m n n  g r i d  n o l m i t  ion di ’f ini ’ d in F i g u r e 3.

i l l .  t I l l  I t ’ s  I l l  p I ‘ 1 r : r c -~ ‘ I  I i p h - i t  , ‘ s s q  u i c u  t i t ’ l l  r e s u l t

-
‘ 

I , 1 . v + l v . .  I ~~~ * I~~ s’~ — l~~v~ = 0

I

4 . 1 , :-m 1 ,  + I , - ’ , .. + l x , - I. 1, x 1, = I I , ( 3 — 9 )

w i s ’  r +  - t bi t ’  s - u m u - I  I’ i t  l u l l  ‘-i - m m ’  ‘ I t ’ t I t i& ’ i I  D v

I b = H P (~~ I I + H h )
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P11 , - I l  h i ’ ’ l i l i d n i r v  m I I c -t t  u i h u t  i u m l l s  o t  a r i i l  s, u ’ -  t ’ I l t n l i l r t - ’ ) 1 1 , 1 1 1 1  t h i ’ ’  1 1 1 1  h’’ —

R i s ’ti r i n t i  r , ’ I i t  i t ’n s . I - q i l i t  i n s  I I — I , )  1 1 1 , 1  ‘ I ’  ( 3 — I )  - m r  l l i t I ’ p t ’ i t l ’ i h  t , ’ r  I-: 1101 / n 5’

u s i n g  cm si ’ l ’ t I l u s h — , i r t h t ’n— ,m cc l l r , i t  e l l u c i d r . I I  l i n t ’  s c h i t - u m i t - . [ t p m I t  i on ( 1— 0 )  i s - ,  s u u l

I j r - - I  o r  t h i  - s’ 1~ - I 13 ‘ i n l I l t ’  I i~ i l I l t  r I I - - i l  I ’  m i , ‘ i  m i , h  t h i s ’ r i  I p i l l ?  i oil  ( 1 — I  I I S

s o l s , ’et l t ’ r  t h e ’  x i s - I d  u s i n g  “ ‘ 1 1 1 1  m I l l - c a t  I ’ l l .

I n  , ‘ r , h t ’r 1 1 1  ,l c t t ’ r l m i i n ,  I h i ’ i c c r u r , o  v ‘‘ 1 I l i t -  111111k m I .1  I mll m i p l l I I1[ p m  I t

1 1 t ’i ’t c ,m S t ’ W I I ’ ’ I , I . i l C t , ,  l i t - I l  t - st  r ‘I  ~ I i 111, 1 s i t - , I r 1 , - t I  I n  m wh  I ,  p t b u t ’  r t ’  I i t  I ‘ ‘ i i

‘I h5 -t s” ’t i t h i s ’  t c t ; I I ) p i I I m t — p I I l i e  , i t i d  p l i v s i t  i l — p b i l l ’  c t i , ’m t l i n m i ?  ‘ - n  i s  k n o w n  , ‘ : c - i  t I v .

I I t ~ ~ r o i~ I , ‘Ill I i1I ’ i’ lI I I i ?  [“l l  mi n d t i l l ’  I c i t  I 1, 1 1 ) 111  r i  1, 11 [ t i l l s  h i m  W i l t) I c’ . , V )  , m n , I  I - ‘

I I -  gi’,’ - ll It) I i m ’ i l r , ’ “ ( m m ) .
I

I n  t h i s  n l i l c l i - r i c m i l s t l l u t  in t l  0 1 I , i I t l m c ’ ’ s ~‘q u . l t  l e n  f m u r  i, , v i n  s p i t i t  13

m i l l _ i  h v t  i c , m  I l v  ml I o n - p  I l i e  tu l i l i i ’  r m m n d  m m  p h i l  D ’ ‘l i — n - b r l e n .  l i i i ’  1 , 1 1 1 , 1  l u l l up  h n o n d m l  n .

d i n t r I h u t  l i n s  ‘ I  V , i  n t i  1 I 1 1 I i i ’  l 1 t ’ i l t i t h ,  m c ’ .- c h i s t  r i l i u m  t I i ’ l l n  11 y, n i r e  J , - t  c r t ’i  I m i e d

f r ’ m  ; I I ’ ’ s l c m l  e o n s t r , i i n ? ’ , ’r  this’ ( ‘ , m l v~ i b ’ , ’ — P i t ’ mli c i 1 l l l  r i - I - i t  l t ’ l i c , . l i e  l i t t e r  curt’
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,m cs ’u u r , Id ’,’ i l l  t h I s ’  ( I t l a d r c l t  i i r , - s c - I l l - m i ’  i l l  t ’ t l I t f l I I I t  l u g  t h ~ - h i t i t i n d m m r ’ ,’ t ‘ r i d i t l , ’ i l n .

F i p l i r , -  ‘i ( h ) s i l t ’s’ ’-. l i i ’ - s’ t l t l l I ) m i r i s l l t i  D t ’ t S ’ s ’ i ’ l I  t i l t ’  s ’ c ’ : , i d t  m i t i d  l i u m u ’ n  i c , i l i t i i j t ~ l I  li P

‘ r this’ I t ’st  - m i n i ’  w i t h  I- = “t / . P i t  II  ni  ‘I c-n I t i u i i I t — t i l l  I n - r u - m i t ’ s ’ ‘ 1 ’ i , h , t l , e

m i l l , t I s ’ t i ’  a !  - i n t l  t i m i m s ’ r l t m m l r m , i l t ; l i I ) i ~ s , i p r ’ ’ e i t  s’ ’rst s ’ l t b l I t l  I ? )
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3. I .2 Ap,p l i l - . 1 t  I t ’ l l  t ’ ?  , t I l l ’, >l Iji,pln,~~~ h ’ r 1lI ’t’d I i r s ’  I I  t h e  P o v e m n i n ,~ b’J j l u m m t  i o ns

lie ’  I i tc i s ’ — c t v s - m ’ , i y i - t h  c t ’ l i n s ’ r v m u l  m u  t’ q lm c it it ins c u mi d  l u r h t u l , ’ n c + ’ — m t , t i s - I t ’ q u m m t  ion

d u r  I v t ,l i n  “, ‘ i  t i t i t i  2 w h i c h u  ds ’si ’ r i h s ’  mm I w n — i l i r m u i ’ n s i , r n m i l  i n s - o m p r e s s i h l e  f l o w  so n

b, writ l en  i n  l i i i ’ b m o i s s oti_ t i n  t r n m u m s p u i r l  — i ’ l I t l , i t  1 1) 11  I I l r m s  g i ve n  hi- l ow .

1 -n - m i m i s p l i t  i o n :

+ ~~~~ = (3- 15)

F t m m l i i i ’  P o I snt’n e q c u m t t  ion for St ream f u n c  t i n n , E q i u m u  t ion ( 2 — 4 9 )

= 
- ( 3 — 1 6 )

-I I) = — , ( 3 — 1 7 )

I I l l  t h i s ’  ‘ ‘ i s ’ -. ‘ I i  t’ q t u mmt i o n  for static presstire , Equation (2—51),

= 
~‘ (3—18)

P I 2 , 2 % J I X  Iv  -~ v 3x
L ‘x -‘4 v \ I :-: C V !  ‘ -

‘4

2
t ( :  2 ) -  ~~~~~ (-

~
:-
~

-
~~

)] . ( 3 - i 9 )

Tr : t t i s p l lr t  s ’ q u t a t i m u r s :

2
I 

‘
- + T ‘ + 1 f 1 ‘~ = , . (3—21))

1 2 2 - I X  I 2 3 1v 1
l v , lv
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Ft ‘r I l l s ’ I r,itis p l i r  I i ’ t ~~t i~l I i mm I n  r v t  m l  1 ~
‘ i t v , - ‘ I  t i l t  Ion ( 2 — - ’+ 7)

= vi ( 3 — 2 1 )

r = I + k , ’  ( 3 — 2 2 )

= - 
~~~~ I - 2 

( 3 - 2 3 )

2 I~~ I > ~
J

= Ri’ (:~ + 2 
) 

(3 -2 3)

- I  I 1

I 
= 

I 
2 2 

+ 2

- 
I 

2 
- 

~2 
( 3 - 2 ) )

, i t u t h  t ’ m r  t h u  t ’ i r h , s m l e n t ’ i ’ — n r , r c i s ’ I l ’ ’ p i l ?  i o n , b-3 1 u - I t  ion t 2 — ’ ) ) ,

= ( l — i i )

I P u ’-4’ - ( 1 — 2 , 1
1 (3

1 k , i u u t ’ h

= I’!’’ - — 
l

i
_ 

( 3 — 2 8 )
2 

k , t u i r h  ‘
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= ~~~~
- ( + 7.: ) ( 3 — 2 ’ ~ )

\ k , n m r ( i

I 1) 
[ ( 2 ) 2  

(

2
)2 1  . ( 1 - 30)

. \ p p l  V i n y . I h t ’  ‘ ‘ I l l  t r r m i i c u l I I I ’ i p p i i i ,p p m t ’ t ’ du r t  s i  h i  c t t , , n i l  i t i m u t e  ‘m l  n t - t c h i l l n ~

, i m ’St ’ r i P ’ - , I i n  Sc’ t i nn  I . I . I , t b ‘ m l  \ ‘ , l  I I -
‘ i l  , i  ;~

t ‘0 , ’  rm l 1 vmm ml able -
~~‘ i n  t h i s ’

p115’ s i t - i l ~ l - ‘ l i ’ ( x , v )  , ‘ c l n  Is,’ s’xp l’ t -’ ’st’d in t i nns ‘ ‘ I  c i t - n  i v m m  t I yes  i n  t h u s ’  t ’o~m n p u i —

h i t  I t l u i m l i  p l i n t ’ (7 r 1 )  w i t h  t h u s ’  h o r ~c i o b c u s  ‘CV ( 1 ) / ( ’ x ) , ( ‘
2

) / (, t . t ) ,  ( ‘J / (  v ) 1

4~~~ ~~~~~~~~ ;mnd  ( Y 7 ) / (  ,‘ c ) ’,i )  It is’ i ’ll i n  \;tp l ’nd ix 14. ‘ s i n c , t I I c ’ s i ’ r ’ - ; ’ r ’ i”m t ’ n t m i t i n n s

t r I  this’ dt ’ r i v n i t  l \ ’ t’ s i l l  t ’ on l i l r i t - I  i on  w i t  hi t i m e  C , l t i n h l v — R 1 , ’ t ’ l , l l i l i  m i ’ l n m t  i o n s , [q u I l t  i n - is

( 3 — 1 3 )  m i n d  ( 3 — 2 1 1 )  , i — m n i m l c h , ’ t I l t ’ t u ’ l  ht i w i tig h o r n s  i i i  t h i s ’  I ’ t lmli p ll t it i t l l i , i I  p l m n t ’ :

Po i n - - i on  s q  t i c i t  io n :

2 d
4 i 

+ ~~~~~~ 
2 , 

-~ d 2 3 ; 
= 

‘ P ( 1-31)
t I ~ / d d~ n~ 

~~~~~~~ / ci ’  I f l  
I )

I r in s p or l  ~‘p r i m m t  i t m u

-

~ [I , (~
L~~ ~‘]  L~~~ 4 

[
~~~~

‘ 
~~~~~~~~~~~~~~~~~~~~~ 

~~~
)] ‘ ‘

~

—— + [ (
~I , )  

2 
1) ’ ] ~~ I { ~ 1 ~!i:,L, I )

+~~~~1 ( l ) :- +
b - - -) ] ~~

-
~~~~

= i
~

1 - .F . ( 3 - 3 2 )

In  t l ie n s ’  t’ ~~ i i l t  1111c m , i s  I l i t ’  l l 1 , i ; t l t  i l l s ’ 1111111111 icm m i t t d  I t t  ~l~ ’ I ins ’s1  ‘mv



I \ 2  I \2 I ~~2 / \ ‘
1) 2 

(,

1 l l 1  ~~ ( P J  ( ) . ) ~~~ ( A ) ’  ( 1 — i 1 ~- ‘ ‘-‘I ~ \ ‘\ ‘  / ‘ c-c / \ V /

n - t o u t  l o t)  ( 3— 3 3 )  i s  0 11 1  , ‘ t ’ n v e lu i t - n t  f ’ ’ r  t h i s ’  l r i m m t - r  j e l l  I c i i  cu l i t  I t ’ l l  o f

Q h e , , i l l s e  (x , s’) . i r u ’ so l ves1 i n  t s ’r m s  ‘ ‘ I  ( t ’
~ , r~ ) . t~~’ m m m t  i s  n i ’ei i ’ ’ , l  i n  Q I n

I cr 1115 ‘i f  t Dii c i u -r  i v i t  i ve s  I I  - c m )  / (3~ , ) ,  ( - l x )  / ( “ ) t m  m I ‘ .‘ )  I ( t ) ,  ( , )  / ( I ’ , )

whi j~’ hi i ii) hi’ d i r u ’ t - t l v  w n i t l u ’n in  I i n i t m ’ — d j l  f i ’ r t ’ n , ’e f I l m . ‘ F i i r t ’ i i m t l i  m ipp li—

( ‘ml jon ‘ t  t l i e  t ’ h i . l  i n  ru  I i ’  ~mn cI  t h i s ’  [m iu i ’ h v — R  I s ’n l m i f l n  re I cut (till s , I t  i - m i m i  i s  sh i , i wn

t i i , I

= -— - --- -  — -~~~~~~~ - -‘  - ‘ ‘- - - . (3 -3 3)
/ d c  ( x \  2 

/~~‘ ‘v, 2
I - - — - ,~

— , I + 1 : ’ c ’
/ \ d ’  31 1

Si r I i l , l r l ’ ,- , t ie m c m p p in g  d c - r i v a l  i V t ’n ( ) , m ) / (  x )  m i n d  ( I~~~) / (  ix ) m l p n l ’ m i r i n g

i n  I ‘ i , l t  l oti ( 3 — 3 2 )  c m u n  h i t ’  m ’xp m t ’ nsc ’d in the ’  I u rn s

l , t 2 ci i v  ,
= I I  ‘- ( ~— 3 n )

an t I

= 
2 d 

- ( 3- 3( i )- ci —

At- sh il l W ti I ll A Ii I i t ’ t l d i x  II , t in ’ ,h u ’ r i v c m t  i v t ’n  1 ,
2

,; ) / (  ‘x~~ , ( ~~ ~~~ ~~~ , a r i d

(
~~~~

2 t ) / (  l x  I s , - ) w h i c h  . l ; t ; ’ l - . i r  i n  t h i s ’  r i gh t — i m inc l s i d e s  t i t h - t p l l l  inns (3— 3 1 )  m i n d

( 1 — 1 2 )  r u ’ q l m i r .  t h u  t ’ , i l s ’ , t I - i I  i on  ‘‘ I  (~ , m ) / (  x~~) mind  ( 1  I, ) / (  ; x ) .  ‘ h u t ’  l , i l t t ’ r

“ c t ; ’ ’  t I , ‘ t I  w i t  Ii m m ’  1 n i  I OW t ip  I ’ ’  r l I IlI I , i ~ m u S  i ng 11 1 1 1 115 ’ r I c c i  I t I l t  f~ ’ r i m ?  1,1 1  11111 :
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( 3 - 1 7 )

(3- 1 0)

I-’ l i i i ]  I ‘,‘ , t hi n -  c, mu ’t u ’’m 1, 0 1 vi ’ I n - c I I V cilmptini ’nt s are - u t t c m p ~u e t l  f r i  I b~-

t u  - I ,  i t  I Ot IS

2 ti t i  / I; ’, ‘ c-n I
Ii = — 1 f -
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— ‘

‘ I I I I- i i  , h m  ‘ ‘  I-

v = - i P
’ 

[(:~
- ) -  :

: + (
~~~; ) 2  :- ] . ( I - on

3 .  2 ‘ I b i ,  F i l l ! ?  t ’ — I ) i t  ‘ ‘ I ’ s ’ I I  t e l , ’ 1111  i ( j l I t ’

l i i i ,  m ’-~ l s s i i u i  1 1 1 0 . 1 1 1,105 I CV S t  n u ll I l u i i c t  i t ’ l l  mit i t l  s t m i t  i t ’ pressure p i n  he

5 m i  I s 1 n i i ~c~, - m i c a  I I v w i  I I I ’  ‘ i i ?  13 i i I i ci i  I t y t i - - i  j m i I iu i ’  c s i t i v e n t  i ‘m c i i  i t ’ l l  t m m m l —

t i i ? I i ’ r , n i - , - , m I b ’ t u n i t ‘ ‘ . h h ~~s I ’ m  n l ’ ’ t  t h , -  I ’ m l s e  f ’ ’r  t h i s ’  v o r t i c ’ i t v  t m n m l l n p t i r v

- ‘ l i t  i t  ‘n n m n d  I l i ~ ~~~t ‘ I I - P I t ’  in I i u r i i r u  I ’  ~~1 u - — m o t h , ’ I t r m m n s p o r t  s P l i t  I l I )  . ‘Fhie

c , ’ , ’ f t  1 , - I t  I t t - 01 I t i e  I I I  I — , u r h , ’r  t i e r  l v i ?  i y u ’s i n  ? l l , ’ s t  i ’ q u u m m t i u ’ n n  t ’ l i n t , u i l) ? h i t ’

K ’ - V n u  l I d s n i l - t I l e r m i s  ci mu I t  i~~i I I - - i t  I v , ’  I ‘ i ’  - t o  r , mind , m i s  c i  r e s ti  I I  , w i t  hr t i l t ’

S I - i c l t l , i  nil  ‘ m i l l  n . i  h — t i l t  I i ’ m - i l ,  0 I I  ‘ t ‘ I ’ I t l i r n , I lie d is o  r s ’ t  i ‘it ’d s v s t  s- rn of t ’ t l u m m t  l o u i s

) i s  d l , i m ’ l , I l n i l I v  dom i t i m m o t  b , ’ r  1 1 0 1 5 ’  a I i m i t e t i  m i l l - I ’  ill t h i s ’  m m m g n i t l m t i s ’ n  i l  I i i , ’

i t ” ’ ?  f I n -  l u - n I  ‘, . I ) i m i - , c ’ ’n m I d ’ lmIli fl :lIl c s ’ i s  l i i ’ ( ’ i ’ l m c , , I  m r I ‘ I  o h t  c i i )  c on v t ’ r m ’ . m ’ I I , ’e i n

I i ’  i t  i - t ’ , i t  l vi’ s t I l l ?  it ‘II i l  l i i i ’  I I I s I ’ r i - I I ‘it ’d ~; u ,’s t elti ol in - I ll u I jOlis . 1 , ’ ?  c i i i  s o I

I hit ’ I I n i I - ‘ , l  i l l s ’  r n  I ’ 0 1 1 m m  I Vs I S  i l l , !  t Ii u ’ i t ’ ’ r c m  I i v ~ ’ sIt ’s - d u n ’  I , i r  i — i l  v i l ’ig t Iii ’
r l i i - t m , - ?  h u l l  t ’ C I l i I t  I t ’ l l — - i - II ’ ’’ giv en.

3 . 2 .  1 I i i  ‘ -m,  n I ‘ , ‘ I  i t ’ l l  u i I  I I I ,  - I ’  ‘ ‘,‘ , ‘ r r i i n~ , h -P l2 m m i t i n n s

I i i , ’  Pu I S S m ’ t i  u ’ q i i i  I I ’ l l , I 1 1 1 1 , 1 ?  I s r f l  1 3— I I  ) , i n  d i s , ’ u’ t ’ I  I ‘it ’d us i t ig t I n ’ ’  sI , , m n t I - u  rd

I I I  r i  — 13 i t  I t ’  t i l l ,  I ’  ~~ (i I’ ’ p . I m i  I I ‘ ‘ m I t -i p i ‘,‘e I l  I I )  A j ) 1u1 ’nil i t--c \ mm l i  t I i , ’ pt ’  i I l t “1~ I — t  iii’

c m ) l f l p l m s s  t i - I m i t  I u t i  d i i  I ti e d i n  b i i i  - ‘ 3 .
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. 1  ~t:  ‘~ -: I . H i ,  - t ’ S s m ’ T l n -  t - 01 h I n c i ,  - I b o t h  1 c m  h ’ - I I l u s t  m u  I t ’ s1 hs- , -ou is  i i
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- — ‘ 1! 3 ~
= 

‘ I - , ‘ W i  ml  ‘
- - ‘ 

. ( 3 - 3 I

-~~ 1 c P Si 6 ;~~ 
3 ‘i 

‘ 
- ‘ I’

-
‘ 

I m ’  t i i ~’ , \ ( ID  i i c - u , t hus - t i e r  i V m i I  l y e  ( - , 3~~) / ~ I , )  m, ’ I , I i r u , - I 1 m u l t i  I S  ‘ ‘ ‘ I u i ’ ’m ’ ’d I n

I - r i m ,  of  l u m w i ’ m — t u n u t u ’ n  , I s ’ r i v , I t  lv i ’s  l i v  , t l t t t , ’ l i ’ l l I l i t  l o g  I t I l i l ?  I m m l i  ( 3 — + S )  s ’ l t h u

ri-spI t t I i ’  - . H e  I n I v , m t  l y e  I’ “1 ) / I  ‘ ) I l l  1 ( 1 1 1 , 1 ’  l o l l  ( t—3)’ l ) I S  t i ’ b li ’ m ’c -
~m ’ l i t m ’ , i  l i i

an m i l ) , i l t i - ’ I l l i S  t m i s h u l t ’ m r  w i t h u  [Il l ’ ,\ (‘h I n m l m ’ u ’ i j t It s .

3 1



W I t h  t h l i s  I i n  i t~’— l i I l e n - i ’ l l ,  t ’ m e t h o d , i , l l u , m  t io n  ( 3 — - i ’S )  h u m i s  h e  13 i s ,  ret I it ’ d

Ii’ 15 g ( I t ’ll  he I ~‘w.

I r ,m~i s p ’ m  I , ‘ t p l , I I  I on:

P ‘ 4’ 5 - p ‘ + C 1 — I ’ * I) ( 1—3 ‘i)

[‘ F W ’ W N ’ S S ’S ‘ ‘i ’  P

‘,s’hiu ’rs ’ h i , ’ ~\CI) c o , ’I  I i n -  i t ’ f l I S  ,~ri- def m i d  by t h i s ’  fol lu ’s ’ i m ig :

2k , ’ 2 
,~~

= ‘I’ 
+ ~~~ + ‘h ( 3 — 3 3 )

2 Rs ’~~1 p
= i i , 

— Ri- I + - -

~~~~~~~

‘ - ( 3 — 5 6 )

= , - 
1, g + Ri - t- 1,g + - 

~n- 1, 
‘ 

( 3 5 7 )

= ~~11g — Ri- ,, 11 g 
+ 

‘

-
~~

-
~~

‘
~~

-
~~~~ ( 3 _ 3 ’ S )

= 2 ~ + 

u I
~ i L i ,~ + + 

2R s~~- ’~~ 

) 

( 3- Y)

= ( - ~ ~~
‘ 4 ‘ - ‘ ‘ ,. a~) 

( 1 - 4 , 1 1 )
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P 1 m~ , ( :‘~ ~~~ b~ P 
+ 

P 
~~, 

I’ 
- 

~
‘;

( ‘ 3-6 1 )

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

( - ( - P 2 )

P t ’ t i r i t i c u r ’ , t ” ” i d i t  I n n  i r e  i n i t n t u i h i i , ’ ’ d  in ? ’’ l- ’ p i . it i u , n s  ( 3 — 1 1 )  mind  ( ‘ 3 — i ,  i n

t i l e  I o h  I t ’s ’ il i n l fl il ’i l)i’ l’ Shi ll a I l l  r i c h  I s t  i ’ l i n d  i t  I t i l l  i s  spi t ’ i f  led , t h e  k t i o wt i

‘,‘ , i l u s ’n  t m l  m u ’ ; i 1 t , t t - m , ’ , l  u ’ i i t h i s’ d i n c n t ’ t  j n ’, t ’d I ’ q t ’ m m u t i n s  ‘ ‘v a l t i a t e d  - i t t h e ~ ni ti

I 10 , i , i  , i~ - u ’ t i t  i i  t i l t ’  b o t i m i d l a l’ ’; i l l  i i ) t . s ’ns ’s t  . W In o mm N i ’ t u m m u t l r )  I ’ondit ion is i n —

~~0 5 s ’ I i . t h i  i t ’  n c ’ ) i l  t h u ’ r i v m m t  l v i ’ i s  s l i s n - n i ’ t  h i d , mi nd t h u s -  v a l n t ’ s  t f  I ’ m t  t lms ’ ~1 ri d

I i i i , -  c m i i  i s ’ f ll  t o t I l t -  h i t t l l n , i , I n ’ , - u ’ i m i  n i d e  t i u ~ Si )  I lit i n m i  d t ’mm i  l t  m i m i ’  nt I ~t t e d  to  t h i s ’

s’ - m l u , -s i t  i t t i n ’  g n u  l i n t ’  . ld j , i t - I ’ l r t  1 , 1  t h ~ h ’ ’ n n , h , i i ’ v  i n s i d e liii ’ s o l u i l i , m n

i i t ’ c c m , i i n .  1 I i s ’  u l i s c n e t  I / s It ‘ p 1 1 . 1 1  l o ui s  , - ‘ , ‘, m I  l l m i I i ’ s I  m i t  t h i s ’  h o t u n t h m m r v  p o i n t s  n i r , ’

l O t ’ 1 u ids ’ t I  I n  t ‘ I - nvsl s-rn t i f eq rio I ‘ton t ii  he S I l l  vs’d

The ‘ ‘ c I , ’ c  I I v  c t l i c l l l t l m i t ’t i l s  m i l ’u ’  n - I l l I l I l I i t i t i  r onr  I ‘ h i l t  i t , n s  1 3— 3 h )  m i l l 1 3  ( 3 — 3 0 )

s m s i n g  et m n v i ’ n t  i , ’ n t l  , ,‘mi t r’ i b — c l j t ’f s ’ r , ’n e i ’  I I I l i t s ’ — d i  I I  crones- m - m p p r o x i m c i t i t l n s .

1. ’ . 2 S ’ l u t  I , i m m  - I t l i u _ ’ l ) i s t ’ t ’ s ’ t  i / I ’ l l  i’ (J,_I i u l i l ’ l l S

l i i i ’  I i n  i~ c — I  It t i  n , ’ti , t’ -p u ,  i t  i o n s  a r e  Si ’ !  vi’d I t  s ’ m n m t I ye  I v I m S I  fl~ 1 )11 1 l it

r , ’ l , i : . n , i I  i~ ’n w i t h  this ’ i , m l e l u l m l t  l o g  s t - p u s - l i e ’ I I  I u s l r m t s ’ d  i n  i l l u m e  3 . I t  m i l l

t i  - c m i n f l ; l n l  t mit i n-IS W I -  ms pt m I ‘ ‘ m c c i ,  t I  cm i I h  m l n ll l  I I I  0 c ll fll l i t i I t -  r c t ’ s h  5’ • I I i i  - m t ’ q t u  I ni sb

— I i t l c m - t c l  s -n  Sl ’ l , l m ’ i ’ s’ t ’ i i b d  ll,’ ’ - c . ; c , - - m s l ’ ,’l ’ . P i ’ m l S c ’ l 1 I m t ’ l l t I s , t I l t’ , - ,- si - I t i r m t t -  c t ’ , I t ’~ - i n c

m i t  i t i ‘ - r h - i - i .

P f t  h I l i t ’  I l l ’ -~ l i t  ‘1c r ‘ I i ?  or u the , I h i ,  m imm ipp I op sI b U.l I It u ll n ir s ’  i-i , I s~s ti hil ts ’ rmm—

t iS ’ ’’ 1 v I on  v m mnti cc 115 Imi ~’ a r I  I - ‘-c - I l ‘n l i t  t i l l o I I . 111 1 1 1 I , m 1 i n - mi I mmix intu im

n s i d l m m m l  h i t ’ I s t - e  ii SUn-cu’SSIS ’l ’ I ? ’  m i t  I lls ‘ f  I I )  i s  mt h u i m -v ~’d i n  t h i s ’ I h i d .  ‘l iii’

t1i i p p i i I s ~ m ’ Ii ,l r , I m I t  l’s mmn sl tier ivmmt lv , ‘ , , i r  c n I  t i m , ’ d I t m  list’ by this ’  s I ’, ’ , ’ i i , h  , - , ‘i t i 1 u u t s ’ r

5 t t 131’

W i t h  t h u s ’  s , - u ’n n d  s s r m p u t s ’ n  - ‘ ‘ u i , - , I b u t ’  I !n w l ’ i ’ ’ I d  m ’ i h i l m i t  I on S  . i n I ’  st u lvi d i t  s ’ i ’ , i —

I V t ’  I -/ 1 1 , 1 ’ t h o ’  St r u  i l i t  I h I l t ’ t 1 1 1 1 1  , Iii ri )lI l I n t  k h i s  1 1 5’ I’l l ’ ’ l~~~\’ , m l i i i  vcm r t m 11  v ti S i l l  g

r i ’ S ; t ’ i - t I ’ .- I ’  mel I c ’ : , l t  l u l l  1 m m ,  t I r s  o h  l . ~ , , 0 .8 , ml t ) . S m i t  I I  m,i >: i tuitim l oi ’mi l

r ’ ’ s c t b ’ m . m h t - i  b l s - t w , - I ’ l l t u c l ’ l ’ n s l v l ’  i t  c m l ?  11 1 1 1 1 ,  ‘ I  I I I  10 1 
u n 1 3  10 ‘

, m ’ - ’pc ct ivu ’Iv ,

k “ 
‘3



I r s ’ l n - h , l , - \ ” ’ t i .  ( I I  ,i I , l c ’ m i u l . I m ’ c m , i l n r t  i ’ n  In s i l ’ o i m  i ’ l l , t i l l -  t u r h i u h s ’ n t  v i s c ’ m m s i t :

i s ’ m , ’ t t ‘t i ’’’ , ‘S ’ , ’ t’ \ s’l i u l ’ , ’ i i i t l i t ’  I i ’ I  ci , in ch  t i m e  StI h u t  11) 1) I I I  t h i s -  I u u r b u u  I ‘ru t —

I ,  — t ’I i e rg \ ’  s’ i l l m c m t  h u n  l c -~ i ) V j t . i ’ ~~’t t l  i t i  t h e  i t i ’ m n i t  m u  I ’ t ’ ’ p .  ) ‘IDe l I l m i l i l l I n g

n-,’ ’ I ,I i limit , - ‘ m , m u i t h  s l , ’m I v . m I 1 s ’ s  mu ltI I Iii ’ s t m t - , mm I I l l i c  t I t  ‘n , I n  r h o  I ‘ n t  k Ills ’  t i c

i t i n - r ’ s ’ , intl v” m l  I n -  i t  v i l l s  I m l  l i i  I i t  I l l S  Ire 5t h ) m i d  I i  l i t - c s ’  i i ’ ,’ t h i s ’  t h i r d  t t ‘ n j  1 e m

(‘OtIs’

1 1 1 lie I l i i  mci e , m i n i ~ ’ ti t i’m c’Il t lt ’ , I l i t  - I h i  I sSltIl t ’ qt i mm t i o m ’i I u n  s I m m I I c  pni ‘ 5 5 1 1  m c

5 n I l  I v,’t i i t s’ r ,ut i ye 1 s’ us  t u i c, .1  mc ’  1 m m  - c i t  I m i n i  I i n - I  m r  II f 1 . h r u nt i t tilt ’ nimi c-l i mnu irn

I’c ’mlJII,il ill  t h e  I i el ,h hic tw s ’,’ti nl ln- n- ,’nsivs i t t r ot  I n-is is 10 ~~ . In liii’ m mm l

S st  t , f  , t u c ’ l ; ’ u t  i t  i ’ ’n n , t his ’ V l ’ l s ’ c  i t s ’  t ’ o m p m ) n s ’n t s  m m m s -  e t u l t l l l i l t e d .

A l  I e i ) m m l j l t u t i ’n  e , t , I , ’ c - m  i nc w r i t  tC l) in FIIk ’b ’h’IAN IV 1 P m  i n c  on the [o m it  m mii

D,i - i P t ’ r j u  u r~i i o n  CYi ( h ’ R I 73 t ’Ilrnp ut s-n n I  t h u s ’  M O I ) I l l l n t ’  I I I)sitm gl as ,\ujt ‘mmc m l I t  ‘n

[on l~~i i I i \ ’  , St  . 1_ o t i  i s .

0’

- ‘ 
-

~~~~~-~~ --‘~~~~~~~~~ —



d i n t ? , ”  , t l l l I l I ’ i i m , l l~~V t ,Computer code 1 
C , m l s c t m h , i l i l l , I  I I I  I I I , ’  u i i , I ~~~~~~~~j

Solmm t loll of th e  Pn I ’ ,snrl
l 1 ( t d i d t l O f l  f o r  ‘ , I r , , n n I i m r , c l t , , u i

ViiiL~ mn m ar
I Iow’~

N I l

Stkcmt urn of tim ,’ l i i i  I t n - l I l t
k i ’ i ’ ’ I i i  l ’ t i t ’ l t l y  ( ‘ u l t ( , i l t t u u t

Computer code 2

Solt i t i o n u of n I l , ’ v o n t l c i t y
I t , i t  ‘ m 1  I l t I  I I I ( l dJ ,it 15>11

~~~~~~

Cui r l t i n i m i ’  i l i ’ i , i l i v , ’  SI t l l ’r l ’ll’
t m s ing p0 1111 I ‘1, 1 )i ,i I loi n

~I~Oll  V i i  I I I ’ I  1:1’
No

Yet ,

I’l l ti, lI 11 1 11 for p nl’ssiil I’ amid
Computer code 

{ 

Solut  lo ll of t h e  POIS SOrl

i , , ibicui , m I ‘ t i i t of the v I ’ bn I - I I V
II t ii , ’Ii t S I

di P?? 0343 6

Figure 5 Calculating sequence 



I .  1 1 1 1 ”  i - I ) S b ’ I ’ - I  1 :1 1 I ,’ h i I W i ’ I h : I o  3 111,1”! 11 151;

I n  t i l l ’ ‘I ’ s ’ nl’n t w I ’r k , I l t ’ s ’ l’ i . ’ I d  m u l t I  i l m n n  b l m m s ’ s ’ 111 , 11 u ’ , m u ’ n i s ’ d !  ‘ ‘ l i t  I ’ m

t hr ~’s ’ u~
,’”,lm , ’t n i t  y , i r i , l I  i ’mis of thIs ’ p l m m n I m  i l I i I I I I i l l i O ’p ‘ 1  s h o w n  i i i  F i g n m n t -  1

Thit ’ I I m t  g t ’ t n m i - t r v  i s  ~i I m t ’ s ’ — u p j u s - r — I i t ’ I i m i d i r v  c l i o f  i m l l l r , I I  l Oll , 511 t n I l  I i i  I i I ’ t ’ , i l l s s ’

t i n s ’  t m p p s ’  t h t l t i n d , m  I - -n- ‘ ‘ I  t_ lie so]  U t  j ‘ ‘ I l  ~b ’ 1 111mm I l l  I s  SI’’,’ , ‘mc i I d i mm ic m , ‘ m ~,’ n - , be 1,nw thus ’ s lu i I

I I s  w i m i e b i  t i l t ’  j e t  d i s c h l ,m m m l i ’ s .  ‘ F i i j u -m ‘ ni l i - n m - I t  I t ’ m m  s , i - m  ss’ h s’s’Is ’ui sin ce i t h i s

b~’s ’ n , l l l , i  l v / t ’ , i  I )t - ’ W i t h ?  s l i t  m i n d  I l l  f i r s  m l  mi n i o n  ‘‘1 c m l n u p . i n i n g  t l m e  ~1 l ) R b ,

s t ’ I l m t  i o n s .  ‘lb s st ’ t OOd g e t ’m n e t  rv  I s  1 pm mlsm I l~ -L— p Iat s’ c o ol  i m l u m m i t  i nn  i n  c m i i  i - h

I t t e  j i - t  t i  1 c m , h , m r m ’ ’ ’~ f n t , m  - i  sIoI h o  t i l t ’  u p p e r  n u i r l  m l ’ s’ m i n d  i m p inges  re r p en d i t ’u —

1 - m r I ’ ’  Ibis’ I s ’ s - n  sno t — t i , - ,’ . ‘I b i s  c u i u i l I m ’ i i i ’ m i t  I t ’ l l  s i n  Inc Iludls ’ d i n  l i i , ’  s t u dy  511i i ’ sn-

i t  o h  ? t ’ rS , m  me c u l l s  ‘ ‘ I  5 ’y , i l u a t  l i l m I  t h i s ’ I I o W l i t ’ l t i  m,,ds- l - i ntl S t ’ Ilit 1110 S c ’ t i s ’ i i t

~~‘ i t t  It ’ ll t c i ’  , m ,I c is ’d Ii 0)11 - I ’ i i  , i 1 c ’ t illl l) 1 e c c I t  s’ ‘‘ I c t in  I t I m m.  i 1 n i l  PP i t ig  . l I l t ’ l i i  I ml

rv  i s  t h u s ’ ‘ ‘ ‘ I I I  i c ’ , mm t c m l  1 , 1 1 1  ‘ ‘ I ’ 1 l m i nl m ml ’’ ,’ I O t t ’  r’, ’ st  i n  w i u  i s - l i  t b i u ’  i t  I n n i i e s

r n - n c  ‘i u i i m ’ ,’ , ’ , I  ‘ P i l e  t h a t  n j l ’ l u l i . m t i ’ S  m m I I i s , ’ I m m gc’ u m i d e r s t m m f . i n - t ’ . S l im i n  tin-

s’ ’ - ’ 1 . 1  d - o i l  c m  5’ s ’ , t t ’r e d  j t ’t n u l i ’  i t i l i s  ids’mu ,’d , m m d  i i i  t h u s ’  t i ’ n r n t ’ r , ‘ m i s s’ s , l l i l t i t u n n

m l  c ‘ri - n-s i t u ’ , I  f t ’ r  Is’ , j e t  — h i i - i m l l i t — m i h , m v s - — p r l l h u t i d  n p ~n’ l o g s  mm c i  h r  t w i ’  I’I t ’v n t ’ l s l S

mu m r t m h s ’  I’ - w i I I t  ‘ ‘n i ’ I I I  t bms - hi v,i l it ’ s

I I S ’ - I- m’ i ’ t - — l ’ ~ i~ i s ’ m — R t m u n d m m r y  i , t ’ , , i t n - t r v

I n u ’ e — l n l l p i ’ r — l l t l i m m i d l , m m v  pt- twi t my I s  i i  J u s t  r , i t s ’ t f  i n  h” i i y i m e  P . ,-\ t r e e ,

n - r i - m i t  t m l  , svmme t m i s - p imi ns’  1 ’ -t  j ~, si i i’~’ ’:’ - ” ’ l u - - r i  l v  i h u u s’ns’cmrtl l i n t , ’  t h e  p m o u n d

p i l l - P ‘ -  - p r  ‘ I i  Is-rn I s n -’ - u t t i i ’  I n i cmi 1 1 v nvn i mt lt ’ t n i c w i t  h r s ’np es ’  I I t ’  I l l s ’

1 1 1 1 1  u - m l  i l l ,  - , i l  t I i ’ ’  ‘ ‘ t  , o n l y  bi m i  I I ‘ ‘ I  t i n s ’  I l ow  di oll im i in  Itt’,! I t , ’  st ’l vs’cl . lbs

— v u t m l  i e i t - .’ , m i m d  s t r i ’ . o t i  l u n d  1 1 1 1 1  art ’ m m n t i ’ ; ’ ; t c i t c i , ’ t m i c  n u h u l l l t  t h e  ,‘s’n I, ’rh I t i s ’ , m i nd

hi’ I tir hsml ’ li t  k l l i , ’ t  i t ’ 1 050’)’’,’ is t-lvn llli s ’t  r I m ’ . i ’h i u i s  , 11 m m ’  s t ,  l I l t  i on  s l o r n m m i n  s - c- c t s ’flmi S

‘ h i  s I  . 1 1 1 ,  I - II l i t ’  ‘5’ s’ Ibis- g m ’  n t n t i d  p I I l l s  .1111 - i di st m Ult i’ 5’ t i i  lbs n I lit t I  I t lie I ills ’

‘ ‘ I  ‘ n - t i l t n i ,  s v t c i mc i , t n’s’ , 5 ’  c t n r u l s r r l m l c m l ‘ 1 1 1 1 5 1  l im ’, is rt ’ q l m  I run- mI s I l l s ’ s ’ t h u s t  I , o m i u s d , m r i s ’s

i n -  r u ’ n - t n i n , ’ ’ i l . i r , . 1 1 1 , 1  ,‘llIl r t1 I l l , m t t ’ ’ ~ t n , ’ t e l l i t i ~~ ‘- 1 01 11 l i S t ’ 1 3 .  ‘I’hue nt’ nin mp l I i e mm t ic rns

rm ,’s , i It i u i  x = 
‘ o t u d i  s, = p .

I l l s ’  im l I,IS s ’l h hs i siuu d ,m I ’ , 1 1 1 1 1 ( 1  I t  I o n s  m u ’  s hown i t i  I-’ I g u m ’ , ’ P . On t h u s ’ n i p p s’r

II  11111 , 1 , ,  r n- I l l  I I I I ’  so l I l t  I l I l t  It  ‘ 1 1 1 , 1  i n  w i  t l i i  ii I I n ’  I t ’ t  , I Iii’ I nn lltl ss’ ml vs’ I Os ’ i I \‘ i i ’ ,’ I i I s ’

iI ~ - t  , mullio n- thus- S t  l u ’ .ln m I 1 1 1 1 ’  t I n t l  i l l s !  s m  1 i t O  I 5’ t l 1s t n i h m m t  i,’ns , and this’ ti mrh t i l e nt—

~ I n s t  I C — I ns’ r’ t ’ ’ n- p r u f i  I~ ’ i s  S h i l l I i s ’s ! . 1 1 1 1 1  sish s ’ this’ jet , Illio g t h e  i’ t ’ I I I , m l l l s l t ’ t ’  t m l

t h i s -  u m p p t - m i t  ‘ t l l l , I . l l ’ ’ , ’ , t h i s ’  I I ow i s  f m i k u ’ t i  t o  hi ’ i l _ n ’ ’ ’ I i t  I t m n ic m I ,n id  m m i i  I t o  Ibis ’

I rt ’I- ‘ ‘‘ i i I 1’ I w i t  ii 0 ’’ I l u r l l i l  I l I n t  I I  U I ?  n t  I i i l l lS  . I ’ In m ’ h m i t u ! l , i , l  l’ s m ’ot i ul I I I ‘l I t ’ ,  011
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Figure 6 Free’uppe r-boundar y geometry
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I h i s ’ , I , ‘ l i l t ’ r I I l i t ’ I cc -n il I t I r ’ ‘ id 5VIflW S’ m s  ; ‘u n  t I n -  I ’ ’ s e r ’ ’, u  I r I i i ’  t I n , ’ ’; n ’ - ‘ I I  I I

r m m I h n ~~’ I i ’  ‘— 5  1 i I ’ , i m p s ’  n t t i , ‘ i i ’  I I ’  S I  I I ci  ‘ t i n t  r m I t >  t . ‘ t h u s’ I I  i i ,-,’ n i t  I bit’ m i m l ,

‘ u , ’ l U l t I , m l ’ ’. I S  t mik , ’ u ’m I ’  ‘ - “ m i t  n - t I n - i l  I s - h  I , ,  t h i s ’  w t I  I w i t h  mill g n a d i s ’ t i t s  o f  t n i r h I i I ( ’ l i l

I’ I t 1 , - I  I ’ ’ u ‘ni  I’ : ’ ‘n- i n  I I i ’ ’ ci .  I I ns I n ’ - m m  c l i  m u d  t I t ’ l l  . ‘I ’ b n m -  13 I t ’ l l ’  15 11 111 1 , ‘ ‘ m ’ , i st op  I hi se , I I

v , m r i m t  l o u i s  1155 ,1 - i r e  h u t - s i ’  l n I 1 h l t ~ s i’tI h- , P o l l  sbr t ’ ’1n
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F igure 13 Definitio n of curved - p l ant  geometry and specification of flow conditions
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Figure A 1 Grid notat ion used in the cent ral d ifference approximation for the derivatives
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