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I n t r o d uction

P h i l ip  Mande l ( 19 6 7 )  has  d e f i n e d  ship  m a n e u v e r i ng  as

“the  c o nt r o l l e d  chance or r e t e n t i o n  of the d i r e c t i o n  of

motion of a shin  and i ts  speed in t h a t  d i r e c t io n . ” The

s tudy of sh ip  m a n e u v e r in -  i n c l u d e s  the  nr o b l e n  of m a i n t a i n -

ing a f i x e d  h e a d i n a  (c o u r s e - k e ep i nc)  as w e l l  as the n rob iem

of chan~~i no  t h e shi p ’ s h e a d i n c  ( st e e r i nc ) -

T r a d i t i o n a l ly , these p r ob l ems  have  been a t t a c k e d  by

a s s um in o  t h a t  a l l  of  the hv dr c c iv n a n ’i c  f o r ce s  ~~~ m om e n t s

t h a t  act umno t he  h u l l  can be eynr e s s ed  as f u n c t i o n s  of the

i n s t an t a n e o u s  ve loc i  t i e s  a n d  ic c e l e ra t i on s  of  surce , h e a v e ,

and swaY and the i n s t a n t a ne o u s  o n au l a r  ve loc i t i e s  and accel-

e r a t i o n s  of  ro l l , p i t ch , an d  ya w .  Thes e a s s um e d  h dro dvr , a rn ic

fo rces  an d  m cm ent s  are then e x m a n d o c i  in a Ta\’lor  Ser i e s

about  a un i  f or m  f o r war d  n o t i o n  and , o ro v i d e d t h a t  the devi-

a t i o n s  f r o m  th e  u n i f o r m  fo r,~ar d  mot ion  are small , only the

l i n e a r  t e r m s  of the T a yl o r  e xp a n s i o n s  are i T e t ai n ed .  Th:s

o rocedur e  leads  to a set  of l i n e a r iz e d  e c u a t io n s  of O Ct in O

t hat  p r o v i d e  t he  d , e f i n L t l ’D n s  of the v a r i o u s  “ s t a b i l i t y

derivative s ” as w e l l  as the  b a si s  f o r  the t r a d i t i o na l  e x p e r —

m e n t a l  t e - -h n b ~ ues used in t h e ir  e v a lu a t i o n .  Once the

.5t ab i l i ~~: d er i v a t i v e s f o r  a n er t i c u 1~~r s h i n  h av e  been d e t e r —

m i n e d , t h e  linearized Ce l at i  ‘no of m ot i o n  ar e  used to or ed ict

t h e  s t - ~en i n m  e n d  CTm I n_ h o e r 1 n~ n ,:ip,~hil it  i e~ o~ the s h i p .

Since  t h i s  t r , i di  tional anorn-ech to the  p r o b l e m  as sumes

tha t f-h . ~ ~‘m r c iTs  -end moments are  f un c t i o n s  o n ly  of the

— - .~~~~~~~ , —~ - . ~~~~~~~~~~~~~~~~~~~~~ .
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instantaneous values of velocities and accelerations , any

possibility that the history of the motion might affect the

present situation has been excluded. A new approach to the

problem, which does not exclude the history of the motion ,

was introduced by Cuircriins (1962). Cummins ’ approach to the

problem, which was improved by Ogilvie (1964 ) and Lin ( 1966 )

differs from the traditional approach in the description of

the h ydrodynamic forces and moments acting upon the ship.

In the approach of Cummins , Ogilvie , and Lin , one

expresses the hydrodynamic forces and moments as press ure

integrals over the entire wetted surface. Although this

approach appears to be much sounder , it is also more diffi-

cult since it requires a knowledge of the pressure . Eve n

though one can formula te this problem , it is much too com-

plex to be solved at present. Fortunately, the authors

mentioned provide us with a systematic approximation pro-

cedure whereb y one can express the pressure integral in

terms of the same velocities and accelerations used in the

traditional method. Howeve r , the form of this expression

is not the same as that aiven by the traditional method

except under rather special circumstances. The primary

difference is the appear ance o f convolution integrals that

allow for the possibili ty that the history of the motion

might af fect  the present si tuation , a possibili ty that

cannot be h a n d l e d  by us ing the tradi tional  approach .

There is reason to believe tha t this memory e f fec t is

often small and that either approach will yield good results

I ~~~~
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in the prediction of many standard ship maneuve rs . Recent

papers by F u j i n o  and Mo tora ( 1 9 7 5)  , Nomoto (1975) , and

Fujino (1975) , support this opinion. One of the objectives

of this project is to determine just how large a role is

olayed by this memory effect.

In the p re sen t  work , a f t e r  a b r i e f  d e s c r i p t i o n  of the

traditional aoproach , we beam with the linearized expres-

sions for the  forces and moments as civen b y L in .  From

these e x mr e s s i o n s , we deve lom a m e t h o d  of e xp e r im e n ta l l

determinino the necessary stabilit y coefficients. The

experinental techn~ cue , while now t .  nane :vorina problems ,

is well known in other areas and i~ often refe rred to as an

~mpul se—roonn nse tcchniq :e . It would a:~r e ar  that this new

m e t h o d  m a k e s  a e ~f i - ’~~~ t use of  the  r - l a n a r  not ion

mech anism.

An e:-:lmLnat:.: n o f t he  ~m cial case of r e zu l a r  o s c i l l a —

to ry m o t i c n  T~u a d s  t o  r e l a t i on sh i m s  b etween  t h e  s t a b i l i t y

derivat ~ves measured t~
-
~idj tianal eynorineret s and t h e

stabi lit’. coeffic~ en~ o ~-an d by the ~t -yu l s c — r o sp o n s e  t e ch—

n i c u e . ~ o th  ty y es  of enmorimonts h av e  been p e r f o r m e d and

resilts are vresented and comrTarod .

Ship maneuvers that cerresoond to a ‘rw standard rudde r

ccmmands h a v e  been c a l c ul at e d  by u S i n  ~ the  traditional

I~y ej t i~~n s  of  m o t i o n  as w e l l  as the z u a t T i e n s  r e commended  by

L~ n. A 000tTarison of th Iv r ed i rtio n s s :orc rto the opinion

t h a t the  m e m ory  e f f ec t  is o f t e n  s m a l l

:~ . •~~~~
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I
The Traditional Approach to the Problem

To lay the groundwork fo r the comparisons which follow ,

a short description of the tradi tion al approach to the

de termination of stability der ivat ives is necessary.  A

more comp lete descr ipt ion can be found in ~andel (1967).

Equations of r’lotion

The coordina te sys tem 00x0v0:0 
(F’igure 1) is f i x e d  in

space with a taken vertically downward , the (x
0,y ) plane

coincidino with the undisturbe d water surface , an d x taken

in the genera l  d i r e c t i o n  of the mot ion  of the shi p.  Then

the motion of the ship is completely described by the posi-

tion of the center  of cr a v i ty  (x C t )  , v ( t )  , z Ct )) and
og og og

the headinz angle ~ ( t ) . In such a sys tem , we can w r i t e

the equa tions of mct~~on f r o m  t~ewton ’ s Laws :

mx X

C l )

where the dots indicate derivatives with respect to time

and

X , Y = total force in x,y directionaT aT

N 0g = total moment about ve rt ical axis through

the center  o f g rav i ty

I = moment of inertia about vertical axis
zg

through the center of gravity

L —~~~~~~~ ~~ ~~~~~~~~~~~~~~~~~~~~~~ 
-
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The coord ina te  sy s t e m  Oxyz is f i x e d  in  the  s h i p  w to

the oricin on the centerline amidshios. The x—axis is

forward , z downward , and y to starboard w i t h  the  (s , v )

p lane  c c i o c i din c  w i t h  the un ’i s t u rhed  w a t e r  s u r f a c e .  The

center of aravitv is located at (:: ,y  , a ) ~h er ~ ~~
‘ is

- g

usually zero. The absolute velocity of the oricin is

= (u , v) and we note that the velocity of the center of

oravit’.’ is civen by (u  , v ) = ( u , ‘i - K
- C C

In order to c o n v er t  eqs. (1) into the shim c erdinate

sys t em , we n ot e t h t

X T = :~~~fl cos — 

T

( 2 )  Y ,~, X~, s in  t Y .. coso~

where  ~~~~~ total f o r c e s  in  x , v d ir e c t i o n s

sod x = u cos — (v  x 5 i f lor a

( 3 )  Y u s in  ± (‘i 4- x .;) coson

Tak~~na th e  time derivative s of ens. (3) and substinurino

i n t o  en s .  ( 1)  we c~~t

m ( u  — v — :.: , )  = ‘k,.

( 4 )  m ( ~z + :: 
•
~

.
) =

g

I m x  (‘: -‘ ~: =
z a

where N = 4- x Y = v e rt i ca l  m o m e n t  c m t  tOe on ~in
T cc me

= I + m x  = m o m e n t  o f  i nr ~r t i n  T ho u t  the

or i c i n .

— —~~ --- 
— -~~~~~~

-
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Equations (4) are nothing more than the Newtonian

equations of motion written in the ship coordinate system.

The difficulties with which one is faced result from the

inab i l ity to spe ci fy X
T
,VTI and NT.

Linearizat ion of the Eruations of Motion

The forces and moments of the right-hand side of eqs.

(4) are composed of several terms and it is assumed that

we can separate these intO two parts . The first part con-

sists of all those forces and m or . e n t s  which result from

p e r t u r b a t ion s  oi  t h e  s h i n ’ s m c t i o n about its mean . The

second part consists of al l  o t h e r  exte rna l  fo rces  exer ted

upon the hull : wind , wave s , propeller , rudder , e tc.

We can write

X
T 

= N +

where  X = fo rces  c r e a t e d  b . ’ sma l l  mot ions

= ex te r n a l  f o r c e s  on s h i m .

It is now assume d that X is function of the variables

~~~~~~~~~ ~~. And s ince  i t  is assume d that N results

f rom smal l  p e r t u r b a t i o n s  ab ou t  the mean m o t i o n , we sha l l

expand X in a Tay lo r  ser ies  about  u = u~~

X = X ( u , u , v , v , , . )

= X(u ,o ,o ,o,o ,c) lu -
~~

-
~~ + U + v +

-~ 
‘
.
‘ ~~ * ( h i o h e r  order terms)

V .

where •,u = u — u
0

- ~~~~~~~~~~~~~~~~~~~~~~~ -
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Notinc that X is created by the perturbations , we set

X(u ,O ,O ,O ,O ,O ) = 0.  And since the hull is symmetrical

about the (x ,z) plane , X mus t be an even function of

v ,v , p , ~~~. There fore  —
~
-
~~~ , , ~~~~~ , -

~
-‘ must all equal nero.

If we keep on ly first order terms, then N = lu .~~~~~ + U

where a l l  par t ial d e r i v a t i v e s  ar e  to be e v a l u a t e d  at

( u = u ,~~~~= 0 , v 0 ,~~~~~~~O , : = o , - : = o ) .
For the lateral force we ne t

-‘V ..
— -4-

‘V ‘

where V (u ,3 ,0 ,O ,O ,O) = 0 an d ~kh , = 0 s ince  a c h an a e
0 ‘U

in forward motion wIll not nrnduce a l a t e r a l  fo:ce en a

s y m m e t r i c a l  h u l l .  Slml ’L ar ly

3V

Introducing the ~aw rate r = , we d e f i ne  the

s t a b il it y  ~eri  -et~~;es = — , = — , ‘
~ = ~~~

- etc
v ‘v V ‘V r ~r

Since the derivatives are to be evaluated at (u ,0 ,0 ,0 0 ,O)
0

they  are  a s s u med  to be c o n s tan t s  w h i c h  n ay  d e p en d  avon the

Froude n u m o e r  and  t h e  shape of t h e  h e e l  I bu t  n o t  a m e n  t o ’

na tur e of the mo t ion , so l o n g  as the m e t l o n  r e n a i n s  sm a l l .

Rewritin-~ eqs. (4), retaininc on ly  linear terms , we

obtain (m - ::~~)u 
- :< u = N

U Li E

- - - ---i ~~~.. ~~~— ~~~~~~~ ,~~~~~ -
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(m - Y ’ )~~~- Y  v + (mx - Y.)~~~+ (mu - Y ) r = Yv v g r 0 r E
( 5 )

( mx - N . ) v - N  v + (I  - N ~~) r + ( m x u - N ) r = Ng v v z r g o  r E

Note that the surge equa tio n is independen t of sway and yaw

rates , i.e. to this first—order linear approximation the

surge equation is not coupled to either sway or yaw. Since

we are concerne d here with the e f fec ts of sway and yaw , we

can now concentrate on the last two equations of (5).

Evaluation of the Stability Derivatives

Although it is , in principle , possible to evaluate the

stability derivatives from theoretical hydrodynamic consid-

erations , i t is not a simp le task and the usua l  procedure is

to evaluate them experimentally, The technique consists of

taking a geometrically similar model of the hull and forcing

it to move in a known trajectory (so that v ,v,r ,r are all

known ) and measuri ng the ex terna lly applie d forces and

momen ts. Typ ically, the imposed trajectory is a sinusoidal

osci l lation about the mean pa th , fi rs t oscilla ting in pure

sway and then in pure yaw . We refer to these experiments

as regular-motion tests.

Case A: Pure Sway

Suppose we impose the motion

v = v  cos t , r =  0, u =  u
0 0

Then the meas ured fo rce and mome nt will also be sinusoidal

functions of frequency ~ wi th  phase angle  E

L. ~~~~~~~~~~~~ 
. 

~~~~ . . , .
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Y = Y cos (at  + ~ ) = Y. cos at + y sin at
o 1 in out

N = N cos (at  + ~ ) = N .  cos at + N sin L)t
o 2 in out

The equations of motion for sway and yaw become

Cm - Y~~) C -  v asin wtt - Y Cv cos at) = ‘1.  cos at +

v o V 0 in

sin at
( 6 )  out

(mx - N~~) C- v a s in  a t)  - N (v cos a t)  = N .  cos ~.it +g V o V 0 in

N sm u tout

Solv ing  f o r  the s t ab i l i t y  de r iva ti ve s,  we obtain

Y ’
Y = -

v V
0

‘rout + m
v

0
( 7)  N .

N in
V 0

= 
1’out  

+ mx
V V U  g

0

Case B : Pure Yaw

Let r = r cos 4-t , v o , u = u , the equations of
o 0

mot ion  become

(mx — y~~) C— r a sin ‘at) + (mu — Y ) (r cos at)
g r o 0 r 0

Y . coS at 4- Y sin at
¼ / in out

(I  — ‘
~~
. ) ( — r  a s in at )  + (mx u — N ) Cr cos at) =

z r 0 g a r 0

N . cog w t + N  sin at
in
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and
Y

~ = - ...M~~+ m ur r o

Yout + rnxr r
0

W g

- ,  N .
= - _-~~-~~~~~~+ mx Ur r

0 g a

N
= 

out 
+ ~t r a

0

Experimental Technique

The p l ana r  motion mechanism (P MN) used to impose the

required mot ions  of pure sway and pure yaw is the same one

used by P a u l l i n g  and Wood ( 19 6 2 )  and a schematic is give n

in Fi gure 2.  The P~1N is at t ached  to the towing carr iage

and two rods whi ch can be oscillated independen tly connect

the P”lM to the model. Goodman ( 1 9 6 0)  provides a more de-

tailed description of a PMM .

The model is attached at two points , forw ard and af t

of mi dsh ips , by means of strain-gauge dynamometers used to

measure the la teral force s . A line ar po tentio meter co nnec ted

to the forward rod measures the lateral displacement.

Since the vibration of the carriage produced an un-

acceptable no ise level , it was necessary to pass a l l  three

signals through matched low-pass filters. Although this

resul ted in a gre at ly improved signal-to—noise ratio , the

problem was never tota lly elimina ted. All three signals

were simultaneously recorded on a strip-chart recorder.

— 

- T L ~
- — , —~ :i. ~~~~i - --
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To impose pure sway mot ion , i t  is only necessary to

set the PY2~ so tha t both rods are osc i l l a t ing in phase wi th

each other , bu t  pure yaw is not so s imple .  To produce pure

yaw , it is necessary that the forward  rod lead the a f t e r  rod

by a phase angle  s = 2 tan 
— ~d 

, where d is one h al f

the d i s t ance  be tween the  rods.  The re fo re , any change of for-

ward speed or freouency necessitates a readjustment of the

phase anale.

For the calculation of the stability derivatives ,

knowledoe of the comlitudes of the forces and their relative

phase angles are necessary. These quantities can be read

directly from the strip—chart.

Problems with the Traditional ~1ethod

The results of regular-motIon tests are dependent anon

the f r e q u e n c y  of  the oscillatory motIon , i.e. the stab~ litv

derivatives are not constants , as was presumed , but are

f u n c t i o n s  of f r e q u e n cy . This frequency dependence has been

observed by Paulling and Wood (l96 ) , van  Leeuvo n ( 1 9 6 4 )

and o the rs  since t h e n .  For the c a l c ul at ic n  of s h i m

maneuvers , one g e n e r a l l y  uses the  z e r o- f r e q u e n c y  va lue  of

the s t a b i l i t y  d e r i vat i v e s , bu t  f o r  the stud y of mo tions in

roug h seas , it is necessa ry  to know the e x t e n t  to which  the

stability derivatives depend upon frequency . But in any

case , it becomes necessary to p e r f o r m  a l a rr e  number of

tests , oscillatinrr the model at different frequencies.

P a u l l i n g  and Wood p e r f o r m e d  a p p r o x i m a t e l y  650 separa te  t e s t

— Oo.rtoo~~nm~~~~~~~~. .i ~~ _ —.- “~nt ~ av. . ,
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run s to evalua te the stability de riva tive s of a Marine r c lass

ship at fo ur Fro ude numbers .

As one attempts to evaluate the stability derivatives

at lower fre quenc ies , it become s increas ingly  d i f f i c u l t  to

accura tely measure the forces and one inevitab ly reaches a

freq uency below which no good results can be obtained . Some

researchers have been further limited by the short length

of their towing tank , since a lower frequency requires a

longer test section. The zero value of the s t a b i l i t y  de-

rivatives is found then by attempting to extrapolate the

values found at hicher frequencies.

Another problem which limits the experimenter is the

reflection of the transverse wave . If one tests at too

low a forward speed , the wave created by the osc i l latory

motion can reflect off the sides of the tank and interfere

with the model. It has been our experience that this prob—

lem makes it almos t imncssible to qet cood results for

low—speed , shallow—water tests.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~ - -
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Transient-Motion Approach to the Problem

A new approach to the problems of ship maneuvering is

presented and this leads to a new method of determining

the stability derivatives.

Equat ions of Mot ion

We shall again start with the Newtonian equations of

motion written in the ship coordinate system , eqs. (4)

Then , to simplify the nrcblem , we make the following

assumptions: (1) wa assume that the shi p is sa iling in

smooth water where the only disturbances are those created

by the shi p; (2) we assume that if there is any rollinc,

heavin g, or pitching of the ship, the interaction with

surge , sway , and yaw is not sionificant; (3) the fluid

is assumed to be inviscid and irrotational . As a con-

sequence of these assumotions , the water can act upon the

Ship only throuch norma l pressure and we can write

rn (~1 — v - x 
~~~~ 

= pn dS 4- X
~s x E

(10) m (~’ 
+ 4- X

0
~~~~) = i~ ~~~~~ 4-

I ~~‘ + mx (
~‘ + u~ ) = f p(xn — vn )dS + N

z q S E

whe re p = p ressure

n , n = x , y components of unit norma l vector

S = wetted surface

X
E~ ~E 

external forces a c t i ng  on the h u l l

______ d ~~~~~ 
- 

~~~~~~~ . - — — -------—-~~o



~~~~~~~~~~~~~~

— 14 —

The main dif f i cu l ty is the evaluation of the pressure

integrals on the right-hand side of eqs. (10). We now

require some systematic approximation procedure . This

problem has been attacked by Cummins (1962) and Ogilvie

( 1964 ) , and later Lin (1966) provided us with a solid

foundation w ith in per turbation theory . Assuming only a

continuous velocity f i e l d  and small  deviat ions from a

uniform forward motion (and smal l  d i sturbance  of the free

surface created by the motions), we can l inearize the

equations of motion as follows :
a,

rn~i = —a u — 5 ~.u 
— I

~ u(t—T )N (:)d: + Xxx xx xx E
¼)

m ( ~~+u + x ‘
~~

) = — a ~ —f v — J v(t—T) N (T)dT
0 g yy yy yy

- ~~ -~~~ ~ - f 
~ ( t - r ) N  ~ (~~) d i + Y(11)  y e

~ y .  
~ 

y .i E

] ~+n~x (“+u ‘
~~

) = - ,, — f  ~ — f ( t — a ) N  ( T ) d ’ r
z g a ~~

— ~i v — 3  v — J v ( t — - r ) N  ( t ) dr + N
0 ~~ 

E

where , consistent with the small-motion assumption , t!~~

non-linear terms on the left-hand side of eqs. (10) have

been dropped.

The surge equation is not coupled to the equations of

sway and yaw and will not be discussed any further. The

external force 
~E and moment N E c o n t a in  a l l  forces and

moments not con t a ined  in the p ressure  i n t e g r a l .  These

might include forces  caused by the p rope l l e r , rudder , wind ,

L ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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waves and , in the case of our experime nts , the planar motion

mechanism. The convolution integrals in eqs. (11) represent

the effect of the history of the m o t i o n . D e f i n i n g  yaw r a t e

r = ~~, and re ar ran ging terms , the sway and yaw eq uat ion s

become

( m+a ) v  +5 v -4- v ( t — : ) N  ( T ) d T  + (mx -k ;. ) r
yy yy :/1’ g y~

+ (mu +3 ) r  -~- 
‘ r ( t - t ) N  ( T ) d T

0 V ,
~ ~va

(12)
1~

(mx - a  ) v  -i- i v + V ( t — T ) N  ( ) d :  + ( I  — 
~
. )~z

(mx u + f ) r  + ,
~ r ( t — : ) N  ( T ) d T  = N

g o E

In c o n t r a s t i n g  eqs .  ( 1 2 )  w i t h  the linearized equations

used in  the  t r a d i t i o n a l  apnroach , eqs.  ( 5 )  , the m a j o r

d i f f e r e n ce  anmears to be the presence of the convolution

intesrals. This means simply that the present approach

allows for the possibility that the history of the mot ion

affects in some way the hydrod ynamic forces. In the

t r a d i t i o n a l  annroach , the forces  exer ted  by the wa te r  on

the hull are presumed to be dependent  onl’.’ upon the instan-

taneous v a l u e s  of the motion of the shin. It should also

be pointed out that we arrived at eqs. (12) via a system-

atic approximation scheme with its foundation in perturbation

theory  and ifl our op i n i o n  t h i s  a v or o a c - h is sounder t h an  th ~t

used in the t r a d i t i o n a l  m ’- ’thod .

The problem now consists of findinc a method of

L. —
‘
—-- — . ~~~~~~~~~~~~~~~~~~~~~~ 
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evaluating the constan ts ~~ . - ,  5 . . and funct ions N . . ( ‘ t ) .  In
2.] iJ 1]

principle , these could be found from a theoretical approach ,

but we shall follow the , h o p e f u l l y ,  simpler path of deter-

mining them experimentally. For this we shall need the

Fourier transform of the equations of motion .

Four ier Transform of the Equa t i ons  of Motion

The Fourier transform of a function f(t) can be

de f ined  as

2(w) = ~~~

‘ f ( t )  e~~~~
t dt

where a sufficient condition for the ex i s t ence  of the

t r a n s f o r m  is tha t  f ( t )  be :bsolu te ly  i n t e g r a b l e .  I f  f f t )  = 0

for  t < o ,  then  we can w r i t e

— i t  -~~f ( u i ) = f(t)e dt = j f ( t )  cos a t d t

— i  f~ 
f ( t )  sin wt dt

f (a) - i

The F o u r i e r  i n v e r s i o n  theorem gives us

f (t )  = I (~~) e 1 ‘~~~ d~

~ ‘ L 1c (ca ) cos at  + 15 ( a)  sin at J da

2
= J f ( w )  cos at da = — f f ( a )  sin at d4-

¼) C 0 S

We sha ll  a lso  use

f(a) = i I L )  where  ~ ( a )  = f ~~~~~~( t )  e~~ Ut 
dt

~~
. ---L~~~~~~~~. .- - - - - - .

~~~~~~~
-.

~~~~~~~~~~ -~~~~~~~~~
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and the convol ution theorem :

if h ( t )  = f ~ g ( t - r )  f L )  d:

then h(w) = g (a )  • fL)

If we take the Four ier  t r a n s f or m  of the l i n e a r i z e d

equations of motion , eqs. (12) , we ~ot the follow:ng nair

of equat ions :

j ~~ ( m-t- . , ) -‘ ,; (~~~) .
.
.
~~ 

.
V ‘-‘

— mu (o n . )  =
o y .

(13)
,,

o y .y  . 
-

4- 1 ( 1  — a - :~~
) rL) =

IL

We now .2e:~~ne  t . C ’  ~~1l ‘s~ ~~~ - - - ~.tv .-:e:ficl2nts ”

not ing  t h a t  the’: ~re a l l  f u n :  i - o s of f r e q u e n c y  

- L )

C , ( - ~.) a ( rt ~~~ 
— 

~~~~

C (-~ ) f  +~~$ (a)
(14) .y ~yc

C ( a ) = a (mx g a , - 
~~ys ~~

C ( a )  = mu + ~ 
(~~)

C (a) a (mx - a ) - N (a)
A V ‘1.- S

______________ - f - -- .d~ - _____
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C ( a )  = nix U + + N (a)
7 g o

C ( a ) = - a ( I  + a 
-
- ) — N - (a)

8 Z ,) .

subs t i tu t ing  in to  eqs.  ( 11) , we ob ta in

CC + i C ) (v — i v ) + (C ~ i C ) Cr - i r ) = Y — i Y
C S 6 c 5 C S

(C + i C ) (v — i v ) 4- (C + i C ) Cr — i r ) = N — i N
3 C 5 7 8 C S C S

Separating real and imaginary parts~ we obtain

C (a)v (a) + C ( - a ) v  L) C (~~)r ( a )  C (a)r (-a ) = Y (a)
2 S c 6 s C

C (~~)V (~~) 
- C ( a ) v  (a) C ( a ) r  ( a )  - C ( a ) r  ( a )  = Y (a)

1 5 2 C 5 5 6 C S

(15)
C ( a) v  ( , )  + C ( 4 - ) v  (~~) 4- C ( - a ) r  L) + C ( a ) r  ( a )  = N ( a )

3 C S - C S C

C (w)v (a ) - C ( a ) v  (~~ ) + C (~i)r (a) - C (ui)r (a) = N (a)
3 s c - s a C S

The importance of eqs. (13) is two—fold. First , as we

show in the nex t section , these equa tions give us the capa-

bi l i ty  of e v a l u a t i n g  the s t a b i l i t y  c o e f f i cien ts C ,C ,——— ,C
2 8

Secondly, and perhaps more importantly, they provide a means

of evaluating the path of the ship given the ex ternal forces

and moments. Of co urse , this can a lso be accomp lished using

the equation s of motion (12) if the constants ~~~~. . B . . and
1], 2.]

func tion s N
~~
.L ) are known . But the evaluation of these

constants and functions requires a knowledge of (or an

assumption about) the behavior of the stability coefficients

as a 
~‘, since , for example

~~~~~~~~~~~~~ ~~~~~~~~~~~_ __~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~ -- --~~~~~~~~. - -
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_) 
p~~ )

N ( t ) ( C (a) — ~ ) cos ~~ daY a

by the inve r s ion  theorem . h owe ver , f o r  ship maneuvers ,

Y(aa) and NL) will so to zero for > some a ; then if we

know C , C , - — — , C f o r  a ~ a a , we can f i n d  v ( a )  and
1 2 1

r L )  by equations (15) and ultimately , v t )  and r(t) by

the inversion theorem .

Evaluation of the Stab~ linv Coefficients

The e xp e r i m e n t a l  e” s lua t cn of the s t a b i l i t y  coef-

f i c i e n t s  is a c c o m oj i s he d  by o skino  a :eome t r i cal l y  s imi la r

model of the hall c;iving it an impu sive motson such that

v (t) inC r(t) are zero before t = 0 and  after t T. Then

the i n f i n i t e  F o u ri er  t r an s f o r m  s in  be rep laced b1’ the

finite Fourier transform for 0 t < T .

Case A: Pa re  Sway

Summo se r (t) = o , v ( t )  = v(t) , where v ( t )  is the

lateral displacement ci the model; then eq s .  (15) become

C ( a ) v (~~) C ( - ~ ) v L )  = Y L )

C (a ) v (.1 - C (-a )~-: ( - )  = I ( a )
S 2 C S

(16)
C L- ) v ( - a ) 4- C ( - a ) v (~~) =

C L ) v  ( a )  - C ( w ) V  ( - a ) N ( a )
S C S

If y (t) , Y ( t ) , and h ( t )  are m e a s u r e d  f o r  o < t < T , then

their Fourier transforms can be calculated. Then eqs. (16)

can be solved , f r e q u e n cy  by frequency , as four simultaneous

- -
_ _ _ _- ,,* - 
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linea r equa tions in the four unknowns C ,C ,C ,C .  Note

that , in orinciple , one such test w i l l  give us the stab il i t y

coeffic:ents for all frequencies.

Case B : Combined Sway and Yaw

Once the coeii~ cienos C ,C ,C ,C are known , any im-

pulsive mct~ on which combines swiy and yaw will enable us

to find the remainino coefficients C ,C ,C ,C .  In practice

we se t the two sup p o r t s  of tti e p l ana r  r o t ion  m e c han i s m  to

be 1800 out of ohase. Then if ‘: ( t )  is the pos i t ion  of the

forward suprort and “ (t) the position of the after supPort ,

‘we obtain th~ following results: v (t) = — y ( t )

and v(t~ = — y (t  , and r(t) = ~ ( t )  . Measurinc

( t )  , 1( t)  , N ( t ~ we can calculate r(a) , v (0) p 1( a ) ,  N ( a )

R~writino (15) with all known coefficients on the right—

hand side , we find

C (w)r~~(u) + C ( a ) r  (~~ ) = 1 ( a )  - C ( a ) v  (
~~) 

- C (~~) v ( a )

C ( a ) r (~~) — C ( & a ) r  ( a )  = Y ( a )  - C ( a ) v  ( a )  + C ( a ) v  ( w )
5 S F, C S 1 S 2 C

(17)
C (ai ) r ( a)  + C ( a ) r  ( w )  = N (~~) — C ( a) v (a) — C (~ i)v (~~)- C a S C 3 C -

~ 5

C ( w ) r  L)  — C ( c ) r  (~~) = N ( a ) - C ( w ) v  ( a )  + C (w)v (
~a~7 S 8 C 5 3 S C

These eouations can be solved , frequency by frequency ,

as f o u r  s i m u l t a n e o u s  e q u a t i o n s  in the f o u r  unknowns C ,C
S 6

C ,C . Now we see that , in nrinciple , we need on ly  one
7 ~

sway im nu l s e  and one combined sway and yaw impulse to evalu-

ate all eight coefficients over the entire frequency range.

L ~~~~~~~~~~ ~~~~~~~~~~~~~~~~ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ _ _ _
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In pract ice , the s i t u a t i o n  is not that  simple and more tes ts

migh t  be required to achieve s u f f i c i e n t  accuracy.  This

problem will be discussed in a later section .

Experimental Technisues

The id was acain  attached to the planar motion

mechao sm , the only alteration being the disconnection of

the el e- : ’r ~~c :-~~~ :r  so t h a t  m a n u a l  power could be used .  The

,ii : oa l s  ~ r m  the  st r a i n - c a use  dynamometers  and the

linea r mc’ i~~me~~er won-a filtered and recorded on a 4

co a n n e  T~-~ aoe re :or dcr  and  i at e r  d i g i t i z e d  at 250 samples/

seco nd .

Cm~’r . ~~~n- ~ n bc n 1an ~± r  mo t ion  m e c h a n i s m  m a n u a l ly , t h e

expenimeot— ’r orovided  the  i mp e t u s  to i n i t i a t e  the sway or

yaw m o t i o n  a r i d  the mechanism was allowed to coast to a

smooth stc~— . The resulting impulses varied considerably

between e:-:oer:mental runs , b u t  tynicallv had a duration of

about 1 seccnd and maximum onerir’: at 1.25 Hz ond a maximum

l a t e r a l  d isp lacement  of 1 in ch .  A second series of ex-

periments was run with a slower pulse of - seconds  du r at ~~cn

and maximum energy at 0 . 2 5  H z .  Th i s  ‘was the slowest pulse

that would yield forces lar-a c enouqh to be a c c u r a t e l y

measured with our equipment.

Another  ser ies  of e x p e r i me n t s  was run , d u r i n g  w h i c h  we

attempted to produce pulses which anoroxima te a step

f u n c t i o n . As w i l l  be cxr la ined l a t e r , such n o I s e s  y i e ld

the best r e s u l t s  f o r  very low f r e q u e n c i e s .

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~ 
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— Computer programs were written to calculate the Fourier

transform s of the digi t ized da ta and to solve eqs. (1~~) and

( 17)  fo r  the s t a b i l i t y  c o e f f i c i e n t s .  Al l  data  process ing

was per formed on the  U n i v e r s i ty  oi C a l a f o r n i a ’ s CDC 6 4 00

computer .

The Existence of the Fourier Transform.

A sufficient condition for the ex~~~t’-nce of toe  Fourier

• transform of f C t )  is t h a t  (t) to absolutely inteonanle :

f ~ f ( t )  -it C

In prac tace , we recraire that f ( t )  ho nero i r  a l l  < o

and r e tu rn  to ze ro  a f te r  some t i m e  T o. For  case A , pu re

sway , there is no m rcblem 3 1 0 0 0  m v  pu l s e  of  f i n i t e  d ur a t i o n

will give us v (t) , Y(t) , and  N (t) equ a l t o nero for t 0

and t T. For case B , h oweve r , toe oni -: waY to achieve

th is  is to have the centerline of the  mode l coincident with

u0 both b e f o r e  and a ter  the pu l se .  In p r ac t i ce , t h i s  is

d i f f i c u l t  to achieve .

If we allow the model to come to rest with some non-

zero drift ang le , then vL), Y(a), and N C4 - ) will all be

non—existent since v(t) , Y ( t )  , and N ( t )  w i l l  reach some

non-zero constant value for all t -‘ T. But  note that

~‘ ( t ) , ~2 ( t ) , and ~J ( t )  will all go to zero for t > T , and

the re fo re  ~, ( w ) , I C - a ) ,  and ~ (-a ) all e x i s t .  If  we take  the

der iva t ive  w i t h  respect  to t ime of the equa t ions  of motion

( 12)  and then take the Four ie r  t r a n s f o r m  of these new

L •~~~~~~~~~~~~~ _
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equations , we find that we can still use eqs. (17) provided

that we replace V ( ~~~) ,  rCa ) , Y(a), N (a) with ~~L), ~~~~~
Y(a) , N(a)

It would then appea r tha t we must d i f f e r e n t i ate the

recorded data before  t ak ing  the Fourier  transform . To see

that this is not the case , consider  f (t ) = f fo r  a l l
0

t < o and f(t) = 
~T for  t > T . Then we f i n d

-~~ . — i  t ,1’ i ~f ( a )  = f(t)e dt = ~ f ( t ) e  dt
‘a

upon integrati ng by par ts we f ind

+ i.a ~ f ( t ) e ~~~~
t dt

U

= J~
T f ( t ) e 1

~~
t dt + f~ e~~~~

T - f
0 0

Since we can then calculate f (-a ) without differentiatin-o

fCt) and since we can rewrite eqs. ( 17)  in t e rms  of ~‘ ( - ~~) ,

etc., we can use an impulse which has a non-existent

Fourier  t r a n s f o r m  w i t h o u t  add i t i ona l  com~a1exi ty  or loss of

accur acy provided only  t h a t  the F o u r i e r  t r a n s f o r m  of the

de r iva t ive  exists. Alternatively, we could extend the

d e f i n i t i o n  of the Four i e r  t r a n s f o r m  to inc lude  such a

pulse by defining

~T 
f ( t )

l
~~~

t 
dt — ~ ( f  e~~~’~ —

a T 0

and we see t h a t

= ~~ •j f ( a )

L_ . --
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It should be pointed out that if one uses this extended

definition of the Fourier transform , it will be necessary

to extend the Fourier inversion theorem also. We have

f ( t )  - f (o )  =

t 2 ~~
-
~
°

= f dT — ,j ~ (La ) cos a’r da
0 TI 0 C

rt  2 
~~~~= j d’ — f ( a )  sin ai da

0 Tf 
~ s

Noting tha t ~ ( a )  = of ( a )  and ~ ( a )  = — af ( a ) :
C S S C

f ( t )  - f ( o )  
~~
- f ~ do a f ( a ) c o s  at dT

2 , •t ~= — f 00 — o f  ( a )  sin ai dT
-T 0 ‘0  C

Af t e r  in tegrat ing we have the ex t-ended Fourier inversion

theore m

f(t) - f(o) = I 
~ L)  sin at do

a ‘
~~~~ s

~ i~’ f (a) (cos - • t - 1) da
71 ‘ 0 C

Effect of a Filter

As mentioned earl ier , it was necessary to filter the

si gnals in order to imp rove the s ignal-to-noise ratio. If

f(t) represents any of the si~ nal s , filterin g it w~.th a

linear filter is equivalent to replacing f(t) with

~~ ( t )  = f °~ f ( t — r ) W ( T )  dr

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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where W (’r ) depends upon the characteristics of the filter.

Then

f ( a )  = f(a) W ( a )

An examination of eqs. ( 1 5 )  shows us that if all the signals

are passed th rough iden tical linear fil ters , the W(a) wi l l

cancel ou t and no acc uracy is los t  due to the f i l t e r i n g.

A D i f f i c u l t y  in Trans ien t  Expe r imen t s

As mentioned earlier , since a finite pulse has com-

ponents at all frequencies , it is theore t i ca l ly  possible

to run one sw ay tes t and one co mbined sway and yaw test

and , from this data , solve fo r the stabi l ity co e f f i c i e nts

over the entire range of frequencies o < a < . But ,

since we are pass ing the s igna ls  t h r o u g h  a low-pass filter ,

we cannot reason abl y expec t to ob ta in accurate r e s u l t s  f o r

frequencies above the cut—off frequency of the filter ,

5 Hz in our case. This  is not a severe limitation howeve r ,

since 5 Hz is a considerably highe r freq uency than one needs

fo r almost any applica tion .

Unfor tunately we face a more serio us proble m . When one

solves eqs.  (16)  and (17)  f or the s tab ili ty c o e f f i c i e nts ,

one finds exp ress io ns for C ,C ,-—- ,C Which always contain

a term in the denominator such as (v 2 
+ v 2

) or Cr 2 -
~~ r 2 )

C 5 C S

For exa mple :
V Y + v Y

C = ~ C S S

v + v( 18) c s

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  i~. ~~~~~~~~~~
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Suppose we approxima te the pulse (for case A : pure

~way) by ‘~ 
( t )  = ~- ( l  - cos -a t )  , o < t < T = . We

0

shall refer to such a pu lse as a “ full pulse ’ . Then

— 1 0 -
~ a . . wv(~~) = y L )  = — — ( 2  sin~ ir — + i sin 2a _ _)

2 
~~ 

— a0 
a
0

0

Notice that V (-a ) ha s zeros at ,~ = o, 2~ , 3a , ——— and
C 0 0

V (a) has zeros at a = o, , , 2o , ——— . Then the
s 2~~ 2 o  0

denominator in eq. (18) , C’; 2 + ~ 2
) , has double zeros at

C 5

a = o , 2~~~, 3 a  , - — —  . The re will exis t a si ngulari ty
-~ a

at these po int s unless the numer ator has ma tchin g zeros

to cancel it out. The terms in v in the numerator orovide
5 -

only si mp le zer os , but one assumes that the transforms of

• the measured forces will supply the additional matching

ones. In pr actice , this  canno t be rea l i zed  since Y ( w )

contains t he  transform of the sinnal plus the transform of

the noise , and there is no reason to suppose that the trans-

form of the noise goes to zero at these frequencies.

However , even if thi s were so , one is still in the position

of dividin g two very small quanti ties at and in the nei ghbor-

hood of the zeros and consequently one is very vulnerable

to small errors in measure men t , which may become very large

relative to the quantities measured.

With such a pulse, one canno t avoid the problem at

a = o , but  one can choose a lar ge enough a0 SO that the

remaining zeros are ou tside the range of interest. For

_ _ • -- ~~~~~~~~ 
- - -
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example , if the dura tion of the pulse T = 1 second , then

a = 2a and we can expect reasonable r e su l t s  f o r  o < ‘a < 4 a ,

but if  T = 4 seconds we can expec t reason able res ults only

fo r  o < -a < a~ Fi gure 3 qives the value of ~~ 
2 + v 2

) for- C S

these two pulses.

One way to avoid the p r o b l e m  at a = 0 might be to

select a pulse ‘which does not return to zero , such as y (t) =

= ~~( 1 cos a t )  , o t — where v ( t )  = 1 f o r  t > —

~~~t� s h a l l  r e f e r  no such a ou l n e  as a “ s t em  m u l s e ” . Then

= = — 

2 2  
( 1 ~ cos ~~~~

- — i s in  -~
-

~~

Notice t h a t v ( a ) h a s  z e r o s  at -~~ = ,- , 3 .  , 3.. ,——— and
C 3 0

tha t  v L)  has  zeros at a = o , 2 .,  , 3 ,--- .Theri the
S 0

denominator in •im r . (13) , (n’ ~ ) , has double zeros- C 5

at a = 3, , , 5 , 7. - , — — —  . Th er e f o r e , such a “stem pulse ”
0 0 0 -

should orovlde -coed r e su l t o  f o r  o < < 3~ . The d e n o n i n—
• - — 0

ator for a step pulse with -a 0 = 2a is shown in Figure 3.

A comparison of the full pulse and the step pulse as

used in our e x p e r i m e n t s  is shown in F iqu r e  3a.

There is another Wa’: to avoid this difficulty, althouch

i t  has the d i s a d van t ac e  of requiring more experiments.

Suppose we perfor m the s ame man euve r several times w ith

sli ghtly d i f fe ren t v a lues of -
~ , say a ‘- a . Then

0 2 3

we can sum the results of toe indi’;i-Jual runs  to f o r m

L ~~~~~~~~~~ - 
--- -

~~~ - ~~~~~

- 
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v (w) = v + v  + v
1 2 3

Y ( a )  Y + Y  + y
1’. 1 2

N ( a )  N + N + N

If the three runs have only slightly different values of

a , one can show that (v
~

2 
+ v 2 ) is not likely to have

any zeros near 2w .  This procedure has been followed and

Figure 4 compares r esu l t s  obtained from indiv idual  runs

-nd the resu lt of the combine d runs .

____  
-
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Relationship Between Traditional Method and Transient Method

Note that the equations of motion used in the impulse

test assume nothing about the motion other than the require-

ment that the motion be small perturbations about a uniform

motion . It is of interest to examine the case used in the

traditional method , i.e. regular-oscillatory motion about a

uniform forward Speed. Let v = v cosat , u = u , r = 0 and
0 0

substi tute into eqs. ( 1 2 ) :

(m+~ ) C—v wsinat) + f (v cosat)yy 0 yy 0

+ f v c o s w ( t - T ) N  ( T ) d :  = Y
0 yy E

(~~ 
+ ,~ ( — v  aS~~n-~)t )  # (v coswt )g ~~ 0 ay 0

a,

+ v c o s a ( t - T ) N  ( T ) d r  = N
o ~y E

Exa m ining the convol ut ion integ ral , we f i n d

I v cos-a (t-:)N (a)dT = f v cosotcosaT N (T)dT
0 yy 0 o yy

a,

+ f V Sinwt 5iflwTN (T)dT
0 yy

v cosat N (a)+v sinat N (a)
yyC o yys

Using this rela tionship and separa ting the force and mome nt

into their in phase and out o f phase Components, we ob ta in

_ _ o
~~~~~~~~~~~~~- - 

.
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[w ( m + ~ )—N (a)] (—v sinat)+ [i +N (a)]v cosat
~j~j yyS 0 yy yyC o

= Y .  cos4-t + Y s in .- t( 1 9 )  in out

[a (mx +u ) —N (u) I ( — v  sin a t )  + [5 +N (a) Jv  cos a tg oy ~ys 0 ny Yyc 0

= N. CO Sa t  + N s in :tin out

Comparison wi th eqs. ( 6) gives the follow ing relationshi ps:

y = — 3  — N ( a )
V 11

—~~N ( a )

V yy - -
( 2 0 )  

-
N = — 3v 1’y -

—o - a ‘N (-a )
‘I .- - ‘ .‘ -vs

and a similar examination of oscillatory yaw motion yields

y = - 3  - N  ( a )
• v .  C

y .  = — - -.~ N (°)
r - v~ vas

(2 1 )
N = — 5- , — N ( a )
r ~~~~

-

= —a ~ a~~~~~~ (-a )r -
,‘‘ .

F i n a lly , a comparison w i t h  eqs. ( 14 )  y ields

C ( a )  = —Y ,,

C L) • (n—I.)
2 -

C (a) = -N

- 

--. . 
— ——
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C (a) w (mx — N . )
g v

C (a) = mu - Y
5 o r

( 2 2 )  C
6

( w )  = w (mx
g 

- Y .)

C (a) = mx u - N
7 g o  r

C (a) = w ( I  — N )
8 Z r

If , as presumed by the traditional method , the

stability derivatives are constants , then N (a ) must beyy C

a constant and N C-a) must be zero everywhere . This means

that N ( :) can be written as a delta function

N (T) = N 5 (T) where N = constantyy yy yy

Then the convolu t ion  i n t e g r a l s  appear ing  in the equations

of motion can be w r i t t e n  as

f v (t-t)N - 5 ( r ) d a  = N v ( t )
0 yy

and any dependence upon the his tory of the motion is lost

and indeed the equa tions of motion take on a form which is

identical to that used in the traditional approach . There

is , then an equivalence between the dependency of the

stability derivatives upon the frequency of oscillation and

the dependency of the instantaneous forces and moments upon

the history of motion . Therefore , the fac t tha t previous

studies have shown that the stability derivatives are

frequency dependent , forces one to conclude that the

-

- ~~~~~~~~~~
— --‘ - 
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traditional equations of motIon are net adequate to describe

all  s i tua t ions  and that the convolution integrals should be

included in the equati-ona .

Equations (22) ~ivc us a means of comoaring the results

of the two experimental technicues , i.e. regular-motion

tests vs. impulse tests. Therefore , rather than present

the results in terms of the stability coefficients

C , C , --- , C , we chose to present everything in te rms of
1 2 -~

the more familiar stab~ lit’.- derivatives Y , Y~~, — — — ,- 
V V r

Low-Frequency Behavior

Notin- : that the Fourier ccsLne transform ~s always an

even f:nction of f r equ e n c y  and that the sine transform as

odd , an inspection of eqs. (20) and (21) leads us to con-

clude that all the stability derivatives must be even

functions. Therefore , if  we exoress the stability derT’:a—

t ives  as a Tay lo r  e x m an s i on  a bou t  • o , we have

= Y ,, L= o) ~ a 
V

I t  is now a p p a r e n t  that , when one attempts t o e x t r apo la te

regular—motion test results to a = o , one nay assume that

the s t a b i i:t y  d e r i v a t i v e s  apnrcach a c o n s ta nt  v a lu e  w i t h

zero slome. Further- ai- e , t h e r e  m u s t  exiot some rance c-f

f r e q ue n cies o ‘- -a over which the approxImation

I = V L=o) is u c a b l e . Cb’:i ou s l ’,’ , ~f the  for c e s  and
V v

moments amplied to to’- hull have frecuoncy components w h i c h

- ~~~~~~~ — - —  — - ~~~�-
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are p r i m a r i ly  ‘within t h i s  ran ge , then there should be little

error in using the traditional anproach.

Almost Steady Motion

Since it has been shown  t h a t  the t ra 1i t i o n a l  approach

to maneuver inc problems wall yaeld reasonable results for

many standard shim maneuvers , it is of interest to examine

the condations under which the traditional equations of

motion (5) become a good amoroximation to  the preferred

e uat~ ons of motlo:- (12) . For the sake of simplicity , Con-

sider the sway ccc ~tion for t he  case where r = o. Then

eq. (5) b ecom es

( 2 3 )  Cm — y . ) ’~ — I v = I
v v E

where y and V are ::.: be evaluated at a = o. Note tnat

there as not:’.i: -~ an the cieri’;ation of ecs. ( 5 )  wh i c h  aUc-ws

one to assume toat the :ero-freuuen cy va ue of the stability

derivative; s.ncuid be used. ~-:weVer , when examin~ nc shim

maneuvers , one is Jealin-a with ‘•‘ery s low  m o t i o n s  wh ich

suggest a similaratv to very ~nw frequency recular—motion

t e s t s .

Tak i n;  the :erc- — f r c ; - o - n c y  l a m l t  of  eqs .  ( 2 0 )  , we see

that

‘1 = —
~~ 

— 
~~~

“ 
‘

~ 
( - r ) d -~

(_‘ v./

(24)

y .  — , 

~

- f ” ‘.N  (~- ) d ~V ‘:‘:‘ a IV
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SubStitutinc~ eqs . (2 4 ) i n t o  the t r a d i t i o n a l  sway equation

( 2 3 )  , we f in d

( 25 )  Cm 
~~~~~~~ 

- f h ( T ) d T ) ~ T 4- (s ,,,, + h N~,1 CT )dT )v

The t r an s i en t -r - o t ao n  sway eou~.ta c~r ’. is

( 2 6 )  (ri — ) ‘ ‘  -
~
- 5 v -4- ‘ ‘ ( t — ~~) N  ( T ) d T  =

We now ask ourselves , N oder what c o n d i t i o n s  w i l l  the

solut ion  of cc. ( 2 5 )  he a cood e -n r c x i m a ti - c n to the s o l u t i o n

of eq. ( 2 6 ) ? ”

Let v ( t )  be tne solution of ec. ( 2 6 )  and  Ct ) be t h e
1 2

solution of ec. ( 2 5 ) ,  :iven  the  sa m e  i n i t i a l  cond it ~~cns  and

fo rc ing  f u n c t i on s  f o r  e a c h .  S u b t r ac t in q  eq .  ( 2 5 )  f r om

eq. ( 2 6 )  and rearranq~ nc torms , we fan~

(ra + — T N ( - t ) d T )  (‘
~ 

— 
~
r

~ 11
( 2 7 )

~~ 
-
~
- r ~ (a d:) (v — v ) = (t)

11 ~ yy : -

where

( 28 )  -
~~ C t )  = :: •~~(v Cr) - (~~ -a)) - ~ (t ~~~ T N d :

If we assume that v = v at  t = o md if we define

the erro r E = v — V 1 toen the solutLori ~o eq. (27) is of

the fo rm
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t - -i t r -o .
E ( t ) = e o g(t)e dT

m + p — f  -rN di
YY 0 l~i

± ~; dr
IV 3 ‘i’ ,’where o = — ---~~ -- < 0 .

m + Ii — r~~N d ayy ~o yy

From this  fol lows

a t  1 — o te (~~‘-;- ) Ce —1 )
< max g ( t ) ~ 

-

- a,

m - ~~~i - j  TN do
YY -

~ 11

or

at
( 2 9 )  < max g ( t )  1 e

+ r
’ N -da

17 ‘ ° YY

Suppose we are ‘ w il l a n g  to accept an er ror equal to --0’,

where V is the maximum value of v(t) and a is some

small positive constant. Note that it was necessary , in

the l i n e a r i z a t io n  of the equations of motion , to assume that

V is always small relative to u , We now define a constant

T which has the units of time a n d is dependent only upon

the system . Let

(:) d:
(30) T = _________

5- N
V ci 7’,’

Sance the memor’; functa—n ::.,,, (r) must amproach :ero for

large values of r , it  is poss ib le  to d e f i n e  a c ri t i c a l  t i m e

L _____  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ ;
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t , such tha t
C

1
( 3 1 )  —c f I T  N dT = I T  N I d T

2 ~ yy ~tc yy

App aren tly , the smaller one chooses E ( s m a l l e r  acceptable

error) , the laroe r the value of t~ will become . Let us

— ex ami ne the resul t of p lacing the follo~’ ing restrictions

upon the acceleration :

( 3 2 )  - v(t) < 
~~

- ~ for all t

( 3 3 )  I v ( ~~) - v ( t - r )  < a for T <

By the m e a n — v a l u e  t h e o rem

v (t) — C t  — T) = a ~ (t — aT)
I I

where 0 < a ( t , a )  < 1, so t h a t  the d e f i n i t i o n  of o ( t )

eq. ( 2 8 )  , can be r ewr i t t e n  as

( 34 )  c ( t )  = v C t — c T )  — V ( t )  ~ a N da
1 ~~ YY

= e ( t , t )  + a ( t , t )

where

= f

0

~~~ 

~~~~~~t-
-
~~~ 

— v (t)j a N \, di

and

C = f ~i ( t - a a )  - ~~‘ (t ) I T  N d~2 t~~~~~~~ l y~

- ~~~~~~~~~~~~~~~~~~ 
I 
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Making use of eq. (33) , we see that

< ~~- ~~ ~ ,10°I-r N~~~IdT < C 
~ 1~ I~ N I d ’r

and us ing  eqs. (31 )  and ~3 2 )  , we can see that

~~~ i: ITN yy IdT = c 
~ 

~ N~~~IdT

or
1 V -

~~g i  < 

~~~ ~~~~~ 
T N IdT

There fore

o C t )  < c ~ f 0 I i  N yy dT

or

I ‘- 0’ ( 5 ± N d T )
yy yy

f r o m  the d e f in i t a c n  of T . S u b s t i t u t i n g  the maxim um value of

u ( t ) t  i nt c  c :.  ( 2 2  we reach the  f o l l o w i n g  r e s u l t :

- :t~ — 
,.

Theref -re , Lf th e  :-~,ximum acceptable error is to be cV ,

and if tue acceleration meets the requirements of eqs. (32)

an d  ( 3 3 )  , then one may use the traditional equations of

moti on w~.th toe :‘-:-efficionts evaluated at a = 0.

A di f fe rE- nt amp r~ ach t n  this problem can be found in

xehiu;en et al. (i~~76)

- ~~~~~~~~~~~~~~~~~ _~~~~~~~~~~~~~~~~~~
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The Experiments

A large number of exper iments  have been performed at

the Univers i ty  of C a l i f o r n i a  in an attempt to per fec t  the

impulse-response technique .  This section out l ines  the

various attempts which led to the currently favored me thod.

In all cases , the experiments were performed at the

University ’s Richmond Field Station . The t o ’ w i n : - r a n k  is

approximately 200 feet 10 len-oth , 8 feet w a d e , -a n d ~ f e et

deep (the water level ‘- ‘-as a - a i n t a : n e d  at the naxamum ientc

throughout the experiments) . The u ~a-. -ar-mo~ on ‘ ‘ -  -n

which was used is the same one ~~~~ ~~~

(1962). The model t o ot  w a s  use-i L S  la -~nt—we a ot ~cc:en

model of a h i ch— speed  s h in  ~ E ‘ : ‘ -
~~ ~n : .n c~~ c~ ‘-S ~me

tests were performed ‘asinu ie r-vade ~tto~~i m r ’ e i er ci-

rudder .  It  should  be m - - 100’ -: oi~ ‘ :c~~t r ,t~ ~~~:a t ~ a :  tn e

propeller and rudder in no way :cffco s ‘o e  ~a X m . ~ r a - ~ ‘-. a .

technique and in fact ano’ o r  r - ;~- ~r o c . - r  he re :

Loeser) has p e r f o r m e d  i a ’ mu i s e  ~~ st s J S L O  a N a r : n t -c- model

equipped with propeller and r :~ P r  t s e ~a ‘. ‘~: 1 , s e m  et il .

(1976)]. The dimensions of t h e  mod el  a re  as f c l  ‘wa :

L = 5 . 0  f~~et

B = 0 . 5~~3 f ’ e t

T = 0.19 f e e t

= 0 . 4 9 2

= 3. 3a su : s

I 0 .  -;~~8 s i- a c  - 

~~~~~~~~~~~~~~~
-- 
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As mentioned earlier , eqs. (22 )  g ive us the ability

to present the resu l t s  of both r~ gular -mot ion tests and im-

pulse tests in terms of either the traditional stability

derivat ives, Y , Y~- , N ,... , or the s t ab i l i t y  c o e f f i c i e n t s
V V V

C , C , C ,... In order tha t  the present resul ts  might  be
1 2 3

more easi ly  compared w i t h  the work of other researchers, we

present  a l l  r e su l t s  in terms of the t r ad i t iona l  s tabi l i ty

der iva t ives .  The s t ab i l i t’,’ der iva t ives are made dimension-

less wi th , L , and u following the “prime system ” used

by Mandel (1967 ) .  Two dimensionl ess forms of the frequency

are used:
- - 0g

and 
- = 

ad
U
0

We note that T =

Regular-Motion Tests

In order that we wou ld h ave data  with which to compare

the r e s u l t s  of the i mr au l s e- t e s t s , it was necessary to per-

form a number af regular-motion tests. These experiments

were pe r f o rmed b’z Tomas F rank  ( 1 9 7 4 )  u s ing  t r ad i t i ona l

p l a n a r -m o t i o n  mechan ism techniques .  Since each r e g u l a r — m o t i o n

e x p e rim e n t  y i eld s  the va lue  of the added mass and damping

c o e f f i c i e n t s  at one  n a r t i c ul a r  f r e q u e n c y , the r e su l t s  of

these e xp e r im e n t s  a rc -ear  as i n d i v i d u a l  da ta  points  and no

a t t e mmt  at c u rv c c -f i t t i n?  has been made.

Note th at there is a ra nge of low f r e q u e n c i e s  (see

L -
~~~

- 
~~~~~~~~
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Fi gures 5—12) in which no results are given. This is an

inherent problem of r egu l a r -mo t ion  test ing. As mentioned

earlier , one i nev i t ab ly  reaches some f requency below which

accurate measurements  are impossible .

Due to l imi t a t ions  on the accuracy of the measurements ,

the resul t s  of these tests  are l ike ly  to contain errors  on

the order of 10-15 per Cent and the re fo re , in the compari-

sons which  fo l low , the d i f f e r e n c e s  between the resu l t s  of

the two exper imenta l  techniques should not be regarded as

a measure of the inaccuracy of the impulse-test procedure .

Full—Pulse Impulse Tests

The first series of experiments from which we received

reasonable results emoloyed a full-pulse , as described

ea r l i e r  (Fi 3crc- 3a)  , with a duration of a p p r o x i m a t e l y  one

second and a lateral displacement of one inch. Such a pulse

has i t s  peak e n e rgy  at  abou t  1 .25  Hz and w i l l  y ield

reasonable  r e s u l t s  f o r  some range  of f r equenc ies  cen te red

about this point. In a previous section , it was explained

that such a pulse will lead to results which are singular

at -a = 0 , and indeed t h i s  problem was e n c o u n t e r e d .

In an attempt to obtain better results at lower fre-

/ 
— - auencies , a second ser ies  of e x p e r i m e n t s  was run . This

t ime , we used the l o n g e s t - d u r a t i o n  pulse  fo r  which  we could

still measure the forces accurately with our equipmen t.

These pu lses  a v e ra c e3  f o u r  seconds in d u r a t i o n , peak energy

at 0.25 Hz, and one inch  l a t e r a l  d i s p l a c e m e n t .

L ~~~~~~~~~~~~ - - ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~ - - ~~~~~~~~~ -~~~~- -‘



rip.—.. _— -. --- - 
~~‘1~ 

— - - - --——— - ‘,——---——-— . -  -~ - — , :- ‘- — —- ---—— —‘~
—-——~~~~

—.‘ --—— - — ---- — - — — - — — - -

— 11 —

Figures 5 throuch 12 show the results of these two

series of experiments , as well -as the results of the regular-

motion tes ts , fo r F = 0 . 3 0 .  The g raphs  show t h a t , t hough

the longe r -du ra t ion  pulses  did  y i eld  sli-:;htly better results

for low frequencies , the improvement was limited to a dis-

appointingly narrow range of frequencies. It also becomes

evident tha t , if one desires information about the zero-

f r e q u e nc y  limit , a dif ferent sort of pu l s e  is r equ i r ed .

The S t e p — P u l s e  Im m u l s e  Tes t s

As was pointed out in an earlier sec t i on , a nu lse  wn i c h

approximates a sten-furiction does not have the problem of

singularities at -a = 0, Therefore , anothe r series of

experiments ‘was r u n  usina the stem--oulse (see Figure 3a)

The results of  these  e xp e r im e n t s  ‘ w it h  an inch displacement)

are Dresentc-~ in Pisures 13 tha- -i;uh 20 for F 0.30 andn
Ficures 21 thaouoh 28 f-o r F = 0.20.

a

These irap hs indicate t h a t  a l l  of the da np i n c  coe f f i -

cients are well behaved at -~ . = 0. 1 r the case of pure

sw a y ,  tOe adde~ n -a s s e s  are s i m I l a r l y w e l l  behaved .  However ,

the two added-mass terms I ’ an-i N ’ , which are calculatedr r
f r o m  O h- a  case of c a-rabin -ad sway and y aw , s t i l l  “blow—up ” fo r

= 0 . Ther-n f~
-
~re , a f u r t h e r  e x i r - ~~n o t  io n o f th a s case appears

necessa ro’ .

The er o — F r c a oc ’n -:y C o rr e ct  a:

I n c r i e r  to  ci i~’r a ~ m i  the b a h i’, i - r of Y ’  and N~ atr r

~~~~~~ 
-
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zero frequency , it is necessary to return to eqs. (17 ) from

-
~ which we calculated C and C , the corresponding s t a b i l i t y

£ B

coefficien ts. For the sake of simolicity , only C will be
6

examined here , since the examination of C follows a similar

path.

Since the step—pulse leads to a non—zero force before

and af ter the pulse , we shall deal with the Fourier trans-

f orm of the derivative of the fo rce , which ex ists in the

conventional sense. Rewriting the first pair of eqs. (17)

we obta in

=
5 6 S c c 2 S

C (~~~~ (u )  - C (-e)r ( - ) = ‘I (~~) - C (~~)~~ (~~) + C (~~)~~ (~~)
5 S 6 C 5 1 S 2 C

and solving for C (~u) , we f i n d

C (r 2
~~~~r

2 ) = - Y  ~ — C  ( r  - ‘ ~
‘
~~~~~

- )

£ C 5 0 5 C C i c S  S C

( 3 5) - C 2 ~~~~~~~~~~~~ 

+

If y (t) is the position of the fcr~ward s inport and -y (t~

the position of the after support , we have

v (t) = - y ( t )  , r ( t )  = 
~~ ~~( t )

and 
- -

~~
‘ (- a) = — V (ta )c d c

( 3 6 )
v ( - a )  = — -

~~~ 
y (aj )

L -
, 

- ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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r (ul ) = y ( w )
C 0 S

- 
~~~

An examinat ion of eqs. (36 ) shows tha t 
~~s~ s 

= 

~c~ c 
, and

therefore , the last term on the right hand side of eq. (35)

is iden tical ly ze ro f or a l l  f r e q u e n c ies. Subst i tuting

eqs. (36) into (35) we find

d(Y y — Y y  ) - C  (~ i ) u  ~~ 
2 ~~~~ 2

)

C (a) = 
5 S C C 1 0 C S

2 
+ ~ 2 )

C S

For the case of zer o f requency , it is a simple matter to

show that both Y and ‘~
‘ will co linearly to zero as coes

S ~~S 
-

to ze ro,  however , both Y and y approach n o n - z e r o  l i m i t s
C C

which are equal  to the d i f f e r e n c e  between t h e i r  i n i t i a l

and final steadv—stetc values:

‘1 (: 0) = Y - Vc T 0

= 

~
‘
T 

-

T h e r e f o r e , when a = 0 , we have

l ii’ 1 
- ‘

~
‘

C L = 0 )  = - — ( — d  - C ( ,a~r 0 )  u + ) (a))
6 

~
‘T~~~~~o 1 0

Returning to the emu~~ti-~ns of mo t ion  (12), we can see that ,
U

for  the s t e a dy - s ta t e  case v - _2~ y and r = 0 ,

L ~~~~~~
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~ v + v  f N ( T ) d T  Yyy 0 0 a yy o

or

( 3 7 )  - C (w=0) 
~~~~ 

y = Y
0

and s imi la r ly

( 3 8 )  - C (w 0) 
~~ ~T

Finally we see that C ( =0) = 0. However , in our calcula-
b

tions V , Y , v , and v are al l  measured quantit ies and
T 0 T - o

it is apparent that an error , no ma tter how smal l , in any

of these quantities will cause the singular behavior ob-

served in the stability coefficients.

Since it is impossible to obtain measurements of infin-

ite accuracy , the following scheme was adopted , referred to

as the zero-frequency correction . Let the measured value

of the force be desisnatod by T and the value of the noise
m

Y . Then we ha’~en

V = Y  -4- y
m n

During the period prior to the impulse we can measure V

and the displacement y (we assume that we have the capa-

bil ity to measure the displacement with greater accuracy

than the force) . Equation (37) cives us the value of Y
- 0

for this meriod , so tha t we can calculate V and subtract
n

it from V at every point in time . We now make a finite

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~ - 
-
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Fourier transform of V (t) — V from t=0 until t=T ,m n
where T is the time when V (t) - V has stabilized at a

Tn n

value approximately equal to 
~T 

as def ined  by eq. ( 38 )

The assumption is made that Y is exactly equal to 
~T 

for

all time t > T. -

In terms of the ex tended d e f i n ition of the Fourier

t ransform

Y ( )  1
T Y ( t ) e  i

~~
tdt — 

~~~ T
e~~~~

T 
- Yo

)

this assumption is equivalent to the replacement of the

measure d values of the force before and af ter the impulse

(which necessaril’: contain some error) by their values as

calculated by eqs. (37) and (38)

It should be noted tha t a similar assumption has already

been made f or the case of pure sway . In this case the

assumption is that the force must be identically zero both

before and after the impulse.

The results o f th e  combin ed sway and yaw runs wer e

calculated a second rime usino t h i s  z e r o- f r e q u e n c y  correct ion

and are presented in Figures 29 through 36. The change in

the damping coefficients is slight and , f i n a l l y , we obtain

good results for all coefficients in the zero-frecuencv limit.

A Test on the Linearity of the System

The lanearization scheme which led to the equations of

motion (12) requires that the lateral and angular velocities

be “small ” in comparison wi th the fo rwar d veloc ity. If this

1~~ - -
~~~~~~~
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requirement i~~ net , the experimental results should be m oe—

nendent of the exact nature of the impulse given to the  mc J e l .

Since both the lateral and the angular velocities de:end

upon the peak—to-neck amplitude of the pulse , a ser ies of

experiments w a s  ran using various amplitudes. Manning (1976)

?reSents the results of the entire series of experiments ,

with amplitudes of 0.40 to 1.00 inches and Froude numbers -of

0.20 and 0.30 , us in g both the full—pulse and the step—pul se.

U~ to one inch -amplitude (the maximum possible with our P0~-~)

no Systematic variation oi the results could be observed.

it would appear then , that the one—inch arrolitude does not

v i o l a t e  the  l i n e a r i z a t i o n  assumpt ion , and s ince  i t  p roduces

the best signal—to—noise ratio , it is the “preferred” noise.

Figures 37 and 38 are typical results of this test.
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The Prediction of Ship Maneuvers

Once one has a comp lete set of the stability coef-

ficients for a given ship , it is possible to predict the

lateral and angul ar motions of the ship for a given set of

external f~~rces and moments. Alterndcively, one could pre-

dict the forces and moments necessary to produce a given

path .

In the present study , the f orces and moments produced

by the rudder were the only ones considered. The problem

then be-zones one of finding the path of the ship for a given

rudder command .

The Rudder

Since the model which was used is not fitted with either

a rudder or a pronelier , it was necessary to make some

assunrations about the rudder forces. The presence of a

rudder has -4uite a sicani ficanr effect upon the overall

stability of the ship and the selection of a particular

rudder can rouse a radically different behavior of the ship

af the rudder ’ s con ’-ribut~ on to the dampin g c o e f f i c i e nts

causes ~ho shim t -  L’~ ’o’-c stable rather than unstable.

Howev~ r , a f -w- - c-ans i~~ r twn rudders , bo th of which  lead to

a stable sh:p, Oi~~~r rr’-:iCt -d m m n e ;”, rs will differ in ab—

solut~ value f-ut no~ in their general behavior. Therefore ,

if we are caref :i~ t-- select a ru dder whi ch is la rge enou gh

to insure the ;tability of the shi p, we will be able to

_ _ _  
- 
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nredict the zenerca l behavior of the shi p and to c o m p a r e

n r e u ic t ion s  anode by the t r a d a  t a a r a a l  j o r iroach  w i t h  the

transient-motion approach, even thouah the absolute value

of the predictions may dtffer scr-me’,chmt f r o m  p r e d i c t i o n s

made for the rudder which as actual ly on th~- s h i n .

T h e r e f o r e , we sha l l  a s sur e that the  ship  is o u t f i t t e d

w i t h  a spade rudder  which  h a s  an asnect  r a t i o  of two and

a n a rea  ecua l to 2 . 2 per cen t  of t in e l e n g t h  t i m e s  the  d r a f t .

~oasuming a taper ratio of 0.45 , the dimensions of the rudder

( the length  of t he  full—scale ship is 314.3 feet) ore :

Are a = 83 It 2

Span = 12.9 ft

Section = PACA 0015

Sweep tncle  = 0

P-ax. Chord = 8 . 9  f t

Pin. Lhorc: = 4 . 0  at

where the m a u c r a urn chord ~s measure-i at the intersection of

the rudder an d the hull , ~ nd the min arrum chord is : e -o sur ec i

at the t ip  of the rudder.

13y followinc the t e c h n i q u e  recommended  by Ta ra l i n  (1963)

-and using the dat.a compile-i h ;fhicker and F-ahlner ( 1 9 5 8)

i t  is foura c that for small r u d d e r  m n ales , tu e  lateral force-

‘a :- . ’ a r O ~~1 on t h e  h u l l  by t h i s  ru~H e r  ca n be an r r o x ir a a t e d  by

‘xh, = 3000 lb .  :er  decree  r u d d e r  a n - - , e .

I m~:in ; the  d a s t a n c e  b e t w een  t h e  c e nt e r  of : r m v i t y  and the

L ~~~~~~~~~~~~~ __ T ~~~
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rudder ’s center of effort to be 144 feet , we a p o r o x t a - a t e  the

moment by

NE = 
— 432 ,000 ft—lb per degree

Change in Stabilit Coefficients Due to Rudder

Since our experiments were run using a mode l without

either a rudder or a propeller , and since the rudder can

contribute sionifacantly to the ad d ed  mass and damplng

coefficients of the ship, it was necessary to add a correc-

tion term to the exraertmerm t~~lly determ ined coefficients .

Mandel (1967) suqce:-ts a method of finding the correct-ton

terms . Mandel assumes that the correction terna u are  o a t

f u n c t i o n s  of f r e q u e nc y  and , of course we would r a t h e r  ‘a

make this assumption since we wash t-a Ccnaanare p r - - : a c t a ns

made with frequency-independent :oefficients to dr -- tot -to ns

made with fre-guency—dependent coefficients . howe’:er , we

would expect the added mass and damping coefficaen~~s of a

deenly submerc;ed body to be fr e cu e n ca ’ - in d e : e r a dent  and there-

fore  the f r e q u e n c y  dependence ‘of the rudder cot’rect ion terms

is not likely to be too gre~at . Therefore , we have foL w.-d

the method outlined by Man iel and have reached the fol~ owinc

results :

_ t Y - = — .0019
‘1

t Y ’ — .00014
V

N = ~
- .00088v

- = ‘ .00006~-V

. - - -—-—- 
‘~~~~~ ‘ - - -  --~~~~ 

- -- ----- - - -- ~~~~~~ -- —--—-~~~ — -- —---- -- - ----- --- ---- - - - --



- -‘ — - -—-- ,— —— — — — —‘ ---—-- - -—-.- —, — .— — -—V - — — ___________ - 

~‘1

- 50 -

= + . 00088

I V’ = + . 0 0 00 6 6r
I N~~~ = — . 0 0 0 4 0

2. p . = — . 0 0 0 030r

Those correction terms have been added to the experi-

mental results and the (dimensional) stability coefficients

f o r  the f u l l — s c a l e  sh ip  were c a l c u l a t e d .

t - tnth ods  of P re d i c t i o n

One of the standard techniaaues used to find the  solu-

t ions  of eqs.  ( 1 2 ) ,  i . e .  rh o  eg u u t i c - ru-: of mot ion  whtch allow

fo r  “ niernor v e f f e c t s ” , is the Fo ur i e r  tr an s f o r m a t: ion .  The

ec oat i o ns  of m o t i o n  are  t r a n s f o r a - e  d aura - one frc’c uen:a- do-

m a i n , and v L )  and r ( -.a) , the Fourier tr:mnsfor :aa~ of v ( t ) and

r ( t )  , are found by a freaau, ncv—hv- freon-nc ’: s o lu t i era of ecs.

( 1 5)  . The inverse ?e’anier tr:ins~ ~rr’ -e ra m ant les no- -w ith

~he ab i l i ty  to f i n d  v ( t )  and r ( ~~) .

There are two major sources ot error i n  such a solut ion .

The first source is samp ln the ira -ac t -or  me ’: i n h e re n t  in the

inverse F:urier transf~arara t iaara ca a l s c r L t  -e uaa -ta ~~n ( - . - )

n-ne must . be careful , thor--fare , - co-::-so the di stance - -

lc ~ w. en the discrete vain-e n of n(~~) , -~~ bc suffrcae:a t -:

small. The second source of er r -n  as m ore  l i f f a a a i ~~t ‘ con-

trol. As mentioned eariier , w can evad uat - ’ the s m b i l a y :

- :oef ~~i-:i n t s  for 0 < -~~ where a is f~ n.~te . Tb re :~ -r - ,

we must replace the i n f i n i te  i nt ~~~ r ai1 ant t~~c In’:~ar sa-ar~ 

--~~~~~-~~~~~~~~~~-~~~~~~~~~~~~~~~~~~ - ~~~~~~~~~~~ _~~~~~1
_ 

-- - - - - - - -~~ ~~
_ --_1
_  

--- - ._ - -  - - - _ d _ : ~~



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- - - - -

— 51 —

Theorem by a finite integral and v (a) must be ot such a form

that

-~~ 
-
~ i -at  -

‘ i—a tv(~de d~ ‘~
((- )e do

Since the velocities of a sum are unlikely to co -tairi signi-

ficant components at hich frequencies , this cc-nditLca n was

assumed to hold with sufficient accuracy.

The traditional equations of motion , ens . (3) , are much

s impler  to solve . In f a c t , i f  one assumes cons t an t  c o e f f i -

c ients  (s t a b i l i t y  der iva t ives  e v alu a t e d  tO ~=0) it is

possible to find the exact solution to the problem. Further-

more , it is also possible to solve the eguat - term s usin-~ the

Fourier transformation . Ther’— fore , if we solve °es. (5)

by both me thods , exact and Fourier tran sform seautions , we

shall have a measure of the -accuracy of the c - u - a v u t t a f  o ro - r r am

t ha t  c a l c u l a t e s  the i nv e r s e  F - u i c r  tr u m n f - r n .

A Check on the Accuracy of the Computations

A c o m p u t e r  or o - o r a r a  has  b . -o n written tn~a t  is mna b le of

solvano both the traditional e ruations or motit 0, e ; 3 .  ( 3 )

(w h e r e  the s t a b i l i t y  d e r i v i t  ayes  are  assumed to be const  an t

- m d  equal  to t h e i r  z e r o— f r e q u e n cy  va lue ) and the t r a n s i en t —

mot ion  e q u a t i o n s  ( 1 2)  . The p r e -uram uses the  F o ur i e r  trans-

form to solve both  sets o a  e qu a t i o n s .

A comparison of the s o l u t i o n s  of eqs. (5) , as computed

by t he program , to the exact solutions of eqs. (5) provides

us with a check on the accuracy of the program itself.

_ _ _ _  - --- ~~~~~~~~ ~~~ - 
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a n:-- ~riscnt s were made for ow: different r adder commands.

uncle in degrees , the firs t command

was 

(0 t K O
(t) = ~ 1.5  t , 0 — t < 10

t 10

i.e. the ruddL- r angle is increased linearly to a maxintuin

a n a n l e  of 15 de-~n r ees in ten seconds. The second rudder

ccra naaand was an instantaneous increase in rudder ancle to

toe same 15 degree m a x i m u m .

~ ~ 
— j  

0 , t <  0
— 

, t > 0

Ta r b o t h  rudder  con-jn~~nds , i t  -was found  tha t  the e r ror

in the computed solutioo , relative to the exact solution ,

was loss than two per cent. In terms of the overall accuracy

of t:o e ex n er ~~m e n ta l ly  d e t e r a n iu e - .i st a b i l i ty  de r iva t ives, the

accuracy of the commute r na -roq r ar :  a - s qu i t e  coed .

The P r e d i c t e d  Paneuvers

The two rudder commands already defined , ~ and 5

correspond tat the maneuve r known as the turni ng circle. In

addi tion to these two commands , predictions were m ade for a

sar- n ala chance of course , 5 and for the initial phases of

a zia— ~~i-u m ine a - oc r , ~~~. Where

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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( o , t < o
~ ( t )  — 

l~~5t ~ 0 < t 10
3 15 , 10 < t < 20

~5 — l . 5 t  , 20 < t < 30
0 , t > 3 0

and

0 , t - c O
\ l . 5 t  , 0 < t < 10

~ (t’ — 15 , 10 < t < 20
/ — 

~ 45—1 .5t , 20 < t < 40
/ 

—15 , 40 < t 60
(— 1 05 + 1. 5t  , 60 < t < 70

0 , t

In orde r to examine the effect of rho freuuency depen-

dence , oredictions were made for each rudder command , based

upon the traditional equation s of motion (5) as well as the

transient-motion equations of motion (12). Let ‘; (t) be a

computed solution of eqs. (5) , v ( t )  a computed solution of

eqs. (12), and v (t) an exact soat- ,:tl-On of ens. (5) ; then we

round the remarkable result:

v (t) — v : 
( t )  \- — 

~e 
( t)

f-ar -a~ r and for each r u d d e r ‘ out-and. ifl othe r words , the

diffe rences be tween predictions based upon the diffe rent

eaucmtior s of motion were always less than the erro r inherent

in the c -mputatio r .al tc’ohni-n n- , .d-ach is quite small.

The p r e d i c t i o n s  f o r  the various maneuvers , based upon

r ’- m~, .  ( 1 2 )  ti re shown in F i ou r e s 39 t h r au ch  4 2  . Pro—

di  - ‘ ion s  na a s - e d uroen CCt s .  ( 5 )  a t -  n o t  nho-wr since the diff er—

prices are t - a small to be seen - mr unit icil ly.

- - 
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Conclusions

Even if we set aside the question as to which set of

linearized equations of motion is the correc t one and under

what circumstances it is correct to use the s impler  tra-

di t ional  approach , we are of the opinion that the impulse—

test method is a superior means of evaluating the stability

derivatives.

Firs t of all , the imp ulse techn iq ue , even i f  repeated

run s are made to avoid the previously mentioned di ff iculties ,

requires substantially fewer experiments than the re gular-

motion technicue to obtain the same results .

Secondly , the r e g u l a r - m o t i o n  t echn inue  is incapab le  of

evaluatino the stability derivative s at very low frequencies ,

and since t h i s  same f r e q u e n c y  range is of pa ramoun t  importance ,

s t a t i c — s w a y  tests  and r o t a t i nc— a r m  tests (if one has the

facilities) are used to supplement the data . Howeve r , even

if these addi tiona l  tests  are pe r f o rmed , they ass is t only  in

the evaluation of damning coefficients and contribute little

to the evalua tion s of added masses. The impu lse tes t has

the capability of accurate measurement all the way down to

zero frequency .

Th i rd , since the impulse  test requires measu rement of da ta

f o r  on ly  a very limited time , it become s a more versatile

method. Problems such as wave reflection can be avoided

s imply  b y record ing  the da ta  be fo re  the r e f l e c t e d  wave has

time to encounter the ship. Similarly, a shor t towing tank

- ~~~~~~~~~~~ 
-
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ceases to present a problem.

However , once a complete set of the added masses and

damping coefficients has been determined , it would appear

that the choice between the two sets of linearized equations

of motion is of little significan ce in the prediction of ship

maneuvers . Even the idealized case of instantaneous rudder

response , a severe test of the effect of frequency dependence ,

led to predictions which differed only slightly.

Recent papers by Fujino and Motora (1975) , Nomoto (1975)

and Fujino (1975) have all expressed the opinion that the

memory effect is often small and that the traditional equa-

tions of motion will yield good results for many standard

ship maneuvers. The results of the present study support

this opinion .
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