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•
~~H , Ti i’j ~~: ~; :c ; ~; — ::~~ fl

1. Intro~lucf .ion

The design of detectors for sir i~le p:~n~ sor ~ r has closely follow2cl

radar design pri n~ 1~ Jes . ~at chcd. f i  1 ~crs , OlIt :;; ’;; only for a stationary,

Caus
~

3
~~ 

noi~ u ch~- ; n ~l, ~~ie used. for detection although OCC~~ rL noIs~ has

been r~h~~rn to be ne i ih  r Gaussian nor stationary . AlthouLh much ii - ts  b~~ n

learned about the son-ti ’ en v i ror ~~~nt in recent studies , more accurate dc~sigrI

and. ana~ysis of detectors must await de tailed knowledge of thc~ occan s:cdt-~~

which is unavailable at present. The radar analysis and. the d~si~ n

rinciples derived therefrom are thus applied, essentially unehar ig~d., to

si .e ping sonar.

In the design of’ multiple ping sonar there is an additional cc::~~l5cat~ ou

which is not present in the analogous radar problem stu ’I cd by ~1a~ cur~

the radar case all of the target ’s char~ cterist ics  ar~

assumed to remain stationary for the duration of the pt~1se train.  - This is

a reasonable asstr~~tion since the entire pulse traIn nay last only micro-

seconds . But in the 20 to 30 seconds between sonar p in gs  the targe t location

and other characterIstics can change mark d J y .  The problem , then , is to

___ detect the presence and. estimate the location of a target whose path of

motion is si.foj ect to certa~ n constro ints but ;  otherwi se unknown to the

obscx-~er.

In this report a for~nu 1at ion of the ~ptin u~ multiple p ing de tector is

pr~~;~ :;~ . L l  ~-~h ~ch t~ h T s into ac’~~~~~:~~. ~~~~ L ~~~~~ ty di f~’c: :~~
L ( ’

~~~~~ L~~~i-:e n the

&oi~’~r r~~~h i c~’1 ~~~~ th~ ~d ~ ~:i ;r  f( . U l a f  L ~i i  Y. rci~ ;.

H I~z
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2. 1 1. ti~~n of’ Opt i~~-t1 . I r or . s~; o: ’

Jet U be the total nu .fber of (d iscre t ’ ) locetionc under surveillance

by the sonar system. By the j th J u n g  there are Ih ! po~~ ible path s which

the target nay havc traveled through the sur .cil lan ~~ area. The data

ava fl aLle frc :i the last j  p in~~; is to be proc;ss~ d in an opti~~al fashion

to dcc5ch~ beL~~ en th~ following l-fI~~ hyp o~hcses:

11(1): the tar~~ t is present with path ~l

.

the target is present with path

the target Is absent

The data from ping k, 1 ( k < j , can be summarized in the vector

(x,~ , ... , x~ ) where is the singl e ping pr cessor output. wh~ c:h

corresponds to the ~th location on ping Ic. The tree location of the tur~~ t

at the tirce of the kth ping under hypothesis H( m) will be given the symbol

a(k,m).

It Is desired to process the data frocu succe ssive pings in a way wh ic h

maximizes the probab~ltty of detection for a specified avera ge numte r of

false alarms . It is well known (see , for exa-~ple, Befe rence 2) the.t the

data processor which accomplishes this objective must compute the set of a

posteriori probabil !ty d’~ sIty functions p(Z~,, ... , ZJH (m)), m 1, ... ,

and compare these wi th a threshold c which Is inver sel y wet~h ted by the

ç) probability th -~t H (m) is true. That i~ , if ’

..., 7
~i 

>

-~~ - -- ~~~~~~~ - - -  V 
— — ~~~~~

--•- . - .
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then 11(m) in (tCC~~1)tCdl whnrcas if

..., Z~~f H (m) ) <

th~ n }1(in) is rej ech~d.

We assume that  the waveforn r(t) returned. by the t~’ rget . consist-s of

the tx tiu ~ Lt ~ d i rro~f~nnd signal with cn~elo1 e v( t) , carrier f rccu-~nr :

~ 
and i cic~ carrier ph at~e 9 j ] . u~ rrl - l i t i v e , s L nt i ~’n’;r y , whi te  G~- n ~~iae

noise w1(t) of spectral density IT0:

r(t) s(t) + w1(t) = v(t ) COS (
~~ t - o) ~ w1(t)

The single ping processor consists of a bank of Ii match -J fI) ter --
d.etcctor coru~binatlons, one for each location in the su r vu i l l a ’c  arc ..

Each of the outputs has the form :

[ 
1

T6 
r( t) v( t) cos ~ 0t

~ 1

T8 

r(t) v(t ) sin c~~t dt)
2

where T is the duration of the transmitted. signal.

If the target is not present the returned, waveform consists of noise

alone and the probability density function or x Is given by (see Feference 6

or SectI on 13 01’ the Appendix of this r’~juert, with w2 equa l to 1):

2
P p(x) —

~~~
--

~~ exp
cT~ 2~~~

2

—V

_;;u I;;____ . ~~~ 
- ~~~~~~ -
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where ~~~~ 

~~ 
, E Is the tran ;;aitLecl . signal c er~~r arid W is

the RF b .tn’-Iwidth of the receiver. Wnen the tarC-~t is pre z~ n~ the prutab i ].it y

density function of X is given by:

p(X) =~~~~~~~~~~ exp ( 10(x).

That is, X has a Rayle i~, i t h ssr ibut ion  wito 2 degrees of’ f’r~ ccn ’:i if the

targe t Is abs~mt and. a Rico distribution wi th 2 de grees of frccdon i:~’ the

target Is present. The single ping processor outputs corresponding to

different pings and/or different locations are asstt~ed to be ind.epe;~~~~t .

The optimal data processor mus t compute :

p(Z1, ..., Z~ H(rn) )

= p (X11, ..., X~~ , X21, ..., X~~ , ... , X~1, ..., 
X~1~ 

~

~ Bi p(xkfl H ( r n ) ) .

2
exp - if n ~ a(k ,tn)

P kf l h 1~
m)) / x 

2 
+ 

(2)

~~ ,, 

-‘-
~~~~

- exp ( - 
~~~~~~~~~~~~~~~~~~~~~~~~~~ 

) 10 (Xkn ) if n = a(k ,m)
2~~~~

That Is , If n corresponds to the true ta rget location a (k ,n) on ping Ic

under hyçe~ e:;is 11(m) , r l~ ..., N~ , tL~ n X i s  i~ieo d ir  L r t h u h : d ; o th ’ : r .~i~~’
U it Is i yI ’~~J~ ii~;L r ~buted. Uni~~’ h y~: h-~~ ’ 1 ~11~ (t a~~; ~ is ahsen~ ) ,  x

a r~~•ic1 .~h d l : ‘_~-~ h ’it  on for all ti Icuc r t1c ~.~s ;.~ 1 P11 J p u r :
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Substi tut ing (2) in (1), have :

... , Z~, 11(m) )

= ~~~ cxp - CXp (- 
Xk ,~~(k~~ ) +~~~~

) IO(X k,a(k ,r I) 1
n / a(k ,m)

exp ( ~~~~
.) 

]

i
j V  

~
[ e~~ - ~~~~ -~~~ - ‘o~~ic,a(k,m)

k~-l r.=l ~~2

m 1, •. .,  N

and. for ri =

Z~ 11(m))

~~~~~~ exp-

Those factors of p( Z.1, . . . , Z~ H(m) ) which are the same for each hypothesis

need not be computed since they will have no effect on the relative

ma~~ itixIes of p(Z 1, ..., Z~ 11(m) ) for in = 1, ..., l4-N~ . Similarly, the

cons tant factor cxp - may be Inclu ded. in the c~ nparison circuitry.
2

Thus, only the factor: .

Io(Xk ,a(k ,r I) )
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inu~ t be cc ~~ Ut  -
~~~~ by the ~ :- Ui. ir o  -~~: ‘ - r e n - i  coc~~-~r~~I with  a th~-~ s } 1  ~L for

1, ...,

Accep t 11(n) I f :  I o(X k ,a( k ,m) ) >

~nd rej ect  11(n) i f :  

~f lo(X k ,a( }~~~) ) <

If the test function does riot exceed the threshold for any of ti’e

hypothoses 11(n) , in 1, ..., N~, then the t~ rget is declare d to be abser .t ;

that is, 11(1411i) is accepted. . Decisions ba~~~ upon this tc~~t fun ct ion

will have the desired oi tinal propo rt ics .

Now that the optinal t~st function has been o’otaincd , any c~):1~ t e n i c

function of it r ay be used. just as well . For ex~~~-ie ,

~~ Io(X k ,a(k ,m) ) = £n Io(X k,a(k ,m) )

The decision criterion becomes:

Accep t 11(m) I f :  r~ ~ = h I~ (X~ a( k )) + Jn 
~~~~~~~~~~~~~~~ 

c
k=l

(3)

and reject 11(m) If: = ~~~~1n Io(X k,a(k ,m) ) ~ ~r [11(m)) <~~n C

-i 
- -
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The path ~ ii i h thr  tare - L ft - i  1 u ’.n; Is s~ ) ~cU~i by an Irit~ ) i i  C u t

control] c r  e r  Sri r~ to plan wh i ch is  unhro;i n to the sOnar c~-~ r n tj i

That Is , i nicf ~ -~ ~ri~,s in t ls~ t~ r~~ L’ s Lii ar ~ ch: t 2  n i l  ni st ic an I ur hn ’~ ;n

rathe r t h n  r~.r1~ - .  The r-axi c iu~ enaur it  that th-~ tn r~, .~t location can

chanL~ :t ;~~~~ p ~s is detcnnined by the VL ’l CCj  ty a:~1 acce] c r~ t.1~’!l

l i n t t n tj  ons o t i c  tor~~~t. in the cbs~ nse oi f u r t L ~ r in fe rs  at i  o~i

‘ Vtar ~~:t I ce s  U ca o:~ t~ e nr~xt  J a I ~~ ass a c~~ine- ~ o ’ c is~ ii ar ~~ 5 ’ tsc’

positi one r~~i ~~~‘-s ~ r~~ its 1oca i .~ cci on the ] n e t  p 1 rig . ‘I t : ~~~~~~~ l~ ty

~
‘r ça(k ,rs) a(]c-i , m)} tha t the ~~rgrt  will be in locat-~ on a(k ,r: )

on p1n~ Ic when it wa~; in location a(k-l , re) on i in c  k-i wil l  in gnneral

be a function of bath Ic ani  the hypothesis 11(n) .

We assum e th it  the targe t per for~ r a ran~sn  walk in the sone r
S

surveill: nec area . That Is , Increments in the target’ s path fro.s p ing  to

ping are independent , identically distributed , zero-rse an , vector va lued.

~ tndom variables . This rn~y be considered a wer3t case s i tuation as

re~~ rds knc’;ledge of tar~~ t behavior. Then:

Pr {H(m)} ~r .La(l ,m) ,  a(2 ,m),  . . .,  a ( i , rn)}

r’ {a(i~m) [a( i,m) , a(2 ,m),  .., a (i_ i ,r.i)J

~‘r ~(
a(i.4 ,m) k(1,m), ... , a(i_ 2,m) ”ç ‘-“ ~‘r

~r ~(a(
i~m) ~ 

a (J_ 1 ,m)1 ~r ‘[a
J~~~m) I a(J..2~rt)J.

~~ {~~(1~m))

C) 
~r ~~a(k ,m) [a ( k _ i  ~n)}

_ _ _ _ _ _ _ _ _  - ---V 

- ~~~~~:
_ ‘ - ‘ . — --- ‘ - ----- - - -,-—

~~~~

- ,

~~

- - —



Substi t u t i n g  j u t - s (3) , t ii  - t r s t  fu n c t i o n  1- -:c - y e
Io(X k,a(k ,rn) ) + 

~~
fl
~~

’r ~~~(k ,m) a (k ~l~m)}]

If the V L 1 oc ty of ti~ targe t is cctiistra~ r -e~ to 5O;::C f in i t e  value ,

say v , the tnrgst  loe t ion en p ing Ic m it t lie w i t h i n  a cor i -esi oai .i r~g
Li 

-

ni~ Le~- II of the (cu ~creU- )  po: i t ions adjac ent  to its I csstion on p i n g  k—I . .

Tue test funct ion r~1(~
) need not b-s cc:::puLc ci for hypo theses vh i ch are

inconsistent with the velocity and. acceleration limit- .stioL~s of the target .

That is , 
~r [11(m)) 0 for certain hypotheses under the rar~-J.ors walk

assunpt ion on targe t behavior . In view of the a r b I L r <~rily large and

negative term re sulting frc n in P~, Q1(m)} , r~(.~
) for these hypotheres

cannot possibly exceed. the threshold. for any f ini te  value s of the P’ ta .

Equi valently, hypotheses which are inconsi st en t  wi th  the targe t medel can

be disregarded. at the start.  Paths for which the target lice with in  range

of Its preceding location on each ping will be called. “ consistent” ps th s .

Expressions are derived in the Appendix (Section io) for the ave rage

nu’nber of fal se alar a-e N
~a ( j )  as a function of the number of p it igs  j  and

the proh :~hi l ity  of detection 
~~~~~ 

as a function of j  for the condi t ions

j ust considered. It is also assuend for these deriva t~ oas that the t ar get

remains In the sona r sur -.- ei llance area for all j  pings and that all.

consistent raths are equally likely .

The terms false alar m and detection ee used in di scues ion s  of system

perf ormance In this report , m e r i t  ss .i f u rt h er  cxp l a a at i e u .  A fal se a l - ~re

I 
~ 

is ra!d to occur If  t~~ t- ’sL fu ’ .ct.  ion r51( J) cornes 1- sis ~ ~~~ to t : t rg- ~t 1- i th

m (i~~12  - - .. h. ~~( u) )  c~ c:~ J its th r  iiu1~l ~‘s ~ :i the t c n L et ha~ n i L , in  fact ,

o s - ’ ;~ j - ‘ n : ~~ th - j  ~~~~~~~~~ :~( i : ,~~) ,  k 1, .~~~~~~ , j ,  & r ’ r n t g  i t ;

~~~~~~~~~~~~ t i  - ii ~c i l l  L a C  : ~Lia .~ or is absent. c r i L  r 1  y . l i tu - ;  , tu e pi -et ish i i i .  ty

_

~

_

~

_

~

_~



‘p

-9-

that 1((m) w i l l  be erroi ;  -e l i  1 y or ’( J t ’ -d  i s  e ;u -~] ~ i i  t i e  
~~~~ 

- ‘~ - ;h  ii U y t i ; - t the

sue; of j r~ a i - ;  L n i s h ] :e wi t h  J5:y l r ; i gh ~ ; :L r i l a~~ ion ~-x r , -- 1n a t~ r :-s i ;o)d.

A cb t i ; e U j c~i is said. to occur if the Suj i cf the j lJcc d i r ;L r i b u L e I  re a i- :.

var iablc s cc r r s1 or~1 lag  to the tru-~ t- ;r f ~t i ath c_ :see:i ; i.tn ; thi~~~h~ ld . I t

Is clear t h ; t  there are paths which agree  w i th  the t rue  t a r  g:t . i i ; ~i L i o n

on e - ; r L - in  ~~~~~ sal  not on others , it is r h c w t ’  ~n the !~~ 5 i R . x (~~~c t i o~ I ] )

that the r .~ - of t~ eee r -~ ~-a- -i hypotheses  ;-hi  cii are conni a L e r t wi l l  be sr’ai 1

In era . . - r ’l~ en to the total . nu:f ee ’ of consi s Lent  h~’ ; - s L i r s - : a  ~~ ~~~~ ;1 1 1

neglec te .i in the der ivat ions  or expres sion s ; for syc Len ~ er ror er ’ro . On] y

the ex~ r es :- i  cas (16) , (17), (2J~),  (25 )  anii ( 26) for systrs -i ~er fur . s~r c;e

aff~ ctud by th is  approximati on . A modified d e f i n i t i o n  of c~’t oction I S

discusrre3 in Section 8 of this report which takes these i- :i xcd . h yp o th ese s

into acc ou-st .

3. Use of DuD~ler_ Informat ion

The data processor can be r sc-iif icd to rake us-s of dryp ec- in f ’ or ; ;-a t ioa

when it is available . ~iC f i r s t  assusis that- there is no error in thc ~h~ pier

~r ca sur c n snt .  In this case is redefined as follows :

= (~~~~~ ‘ ~~i 
, X~~ , D~~ )

whe re is the ( exac t )  v a l u e  of dopp ler associated w i t h  ~~~ 
~th 

locat ion

on ping k. For a targ~t whose acceleration an]. tue~ni!tg ra t :  are cou~:t r i  i r e d ,

the value s of do~ pler on successive p~ n g ;  will be d-e 1-end at - . For simp li cit ~:,

this depen dence will, be ass -cc - -sd to c-st-sal back only to ti ;~ last p ng. Since

the riu~~r;~ is vh~ t , th e  d~ s tn ib u t J csi of a se n -- i d ; -~‘ i - - - ’

:,; w i l l  l e  ui~~fe~s o’ er t i ; RF b s n t , i d~ i ; a :’ Li : ,  : ‘- -~ v sr .  T.’ :t I i- ,

••

luI_ **_Jl1 — .- - - .

~~~ 

- -

~ 

VT,. .1 --- •‘- — 
~~~~~~~~~~~~~ 

— -. -‘-r~ - -—
~

- -
~
--- -

~ 

.----

~ -~
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~~ ~~n f ~~~ a ’ ’’” ~~~~~ ] , ~
)

r e c t  (~ J~’-) If a / r ( k ,n: ;~

~~
( Ji I n 

~~~~
‘ 

~ ~~~~ .-~‘i-ni ~
‘k— l ,n ’ “ - “ s” ’’ a

L

[i , I t ~ < -
~
‘

whe re reeL (t) ~~-

~~o, It i > ~

is Woodward ’s i’ect fur r ct i c i n (~~efe renee 2 ) .  The val cn-s of dopp l e r

eoea ’e s~ c-n T i n y  to d i f f e r ent  10cc t i ous  en the ss:.e ping are ro er ,  ed to ho

In-Jo1 :ri-i’ -n t -  of each other end of the eap l i  tuiles Xk ,  n 1, ..., N ;

k 1, ... , j .  Thus , the jo int  prcha’v i l i t -y  de ra~~ty func t ion  of the j1

values of doppler fro.~ ~ locat ions  and j  pings is g iven  by :

..., D~~, • • • ~~ ...,

... , D~~ ) = 
u~l 

~~~ p(I~~ l D k l ,Tl )

~
[ T[ rect (4~) P(Dk ,a(k rl)

/ a(k ,m)

~ 
( f l — i )  j  ~

~~ ~ ~I 
~~~~~,a(k ,n) ~~-i , ~( k l , ’~~

~~~~i. — 
- —. ——-- — 

~~~~~~~~~~~~ ~~~ ~
V — -~ ~~~ 

- - — —-
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The I n o t  ~~~ a t - i  on i n  E di - ti  - a  (5) fol] c ) ’.’:; fro:.r t i e  fac t  that all rr - - s e e r  --1

of v i i i  i i ”  wi L~i n t-h a uj  -oct of r eaL

Then: 
~~~~~ 

•.  •,  Z~ 11(m))

- , ~~~~~~~~~~~~ ~~~~~~~~~ X .1~,D ( ~ ( n ) )

• • .  . ,x~ .. ~~(m) ) p (D11, . . . ,D~~ , . . . ,D~1, .. .D~~

exr (- 
~~
-

~~~~~~
‘-

~~~ II ~~~~~ exp - 

~
[ I ( X k ( k ) )]

~ 
(~~-i)j

[ ( p)  
~~~~~ 

P D k,a(k,n)I ak ] , a(k 1,m)

Once acain , those factors of p (z~, ..., 7~ j H(m) ) wh i ch are the s-ins for

each a can be cancelled for purposes of comparison . The test func. Lion thL n

becotses:

~o~~k,a(k ,m)~ P(
~~~,a(k ,m) k-i, a (k- 1 ,m) )

which will be written :

Io(xk) ~~~

for simplicity.

- 
.- -- ,- ____J1, ~~- — 

-- - 

-

. .- -5--- - - - - 
. — — — -

~ 
- 

—
- V — .-



-12--

Tue tc~ t fu n c t i o n  is  to L: c~- : 1  see d w i t h a t h r e s h - ] ci i n ;c: reol y v _ i

by the Ir io r  ~ 
r - oi-ab i 11 ;~~-; :  1’r [ 1~( r t ) }

~~(x~) p(Dk ~
) 

~ ~~

or: r~1(~
) 

~~ ~in i
~

(
~~,) Jn p(I)k I D~~1)

+ 
~~~ ~r ~~a(k ,rn) ~a( k- ] , ~)~] ~ In C (7)

The test function now contains the ter-:13 :

En p(P~ ~~~ = P (Dk ,a(k ,rl) I ~~~~ a(k --1 ,m)~~’

k = 1, ... , j

wh ich we~ gh. t n~~at  heavily those returns wh ich have dopp ler value s consI s ten t

with the lest  oheor- :e~ doppler and wi th the path be ing  tested .  The locat ion

fact- er:

La 
~r (a(k ,m) a(k - 1 , m)}

is lar g-2 I f  loas t i an  a(k ,ts) is easily accessible from location a(k- i , a)

in v iuw of’ a r y  available in fo r , ,at ion  conce rning targe t beh avior  an :l is not

on t h e  &tt-a . Howe ve r , syst ora r -e rfor man ce can t~ iaj -r-evcd. by

upd~~t iitg t i - ’~ c l c - c s t iw i  fac t - i r s  with the ir.c- -:ling h ppl e r  In for ,  L t t I c i n .

(
‘
~~ 

T h a t  is , 1’r ~~ a (k .- l , n) } Is rep lac’. d  hy :

________ - _ _ _ _ _ _
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~r ‘(‘~~~c’
m) I:(k~

,r;) , D~, ... ,

~~ ~r [a(k ,11) I a(k-l ,m ) ,  Dk l }

For the targets un -ler corts id,eration , this has the e f fec t  of reducing the

* 
nus~inr  of consis t-ant  1-at-h a , thereb y reduc ing  the average ncs:~l - ~r of false

a lores .  An ex-:-.~:ple wi l l  I]].u:;trat .s the op ’oration of the processor w it h

uni for :i lce: t ion factors wh i ch arc ~~dated with c;-:act doppler i r I ~o rs ;eti en.

Suppose tha t the target is traveling with velocity v along a s t raight

line tot-ra rd the sonar . The rnaximu~ velocity and acceleration of the target

are e.ssu.-.s~ known and equa l to v~ and a , respectively . If a(k- 1, m) was

the distance between sonar and target on the last ping and T is the time

between pinga , then , assuming that:

am T < Vm~~~
V
~

the distance a(k, a) between sonar and target on the next ping mus t sat isfy:

a(k-l, a) - vT - a~ T2 
~ a(k, ~) < a(k-i, a) - v’P + 

~~ 
a~

. 2That is , a(k , m) is constraine d to lie with in an interval, of lengtn a~~, T

when the velocity ( dopp ler) of the target is known exactly. Wi thout doppler

Inf ormation a(k, m) need , only satisfy:

a(k—l , ri) - T ~~~. a(k , m) -~~ a(k-l, m) + v~ T

or a(k , a) Is constr cd n-e-d to lie wi th in  an in terval  of’ leng th 2 v~ T. The

~~tio of the number o~ consistent  pa ti t l  wi th de-~e
1 - -  r inC orses t ion  to the

nt~eber H w lt h ou t  dopp l- -r-  inf’orreatlon is thus :



-lii--

a T
—~~~~~~ ~

m 5-~~:: i
11 2 v

Re-placing H by In Equation (16) resu~.ts i n  a lower value- of Nt-a •

Tue prohabil i t y of i3st ect ion is thuc h igher when dopp ler informat ion is

availabl e i’or a given value of Nfa ur-’i-e r thas ~ c-osdit ions . Nore

cc~sjiI.i c’n t a J  target behavior inelu- -ling targe t r~ t w t o n  can be treated

similarly. -

1~. I~ pj -ler Error

Let the measured, doppler now consist of the true doppler D~~ plus

the measurcr ,:ent error vkn 
-

A
D = D  +~q
kn kn kn

The j il qum ntitie s w~~ , k = 1, ..., j; a = 1, •..,  N are assum ed to be

Independent, id.entica].ly distributed random variables which are also

Independ ent of the true dopple r D~cr~• The data vector Is now given by:

A A
= (xkl, Dkl, . • •‘  

~Sd1’ D~~)

Now :

p(D11, ..., ~~ H(m ) )

- = rect 
~~~ ~~~k,a(k,m) 

D1, a(l,m), ...~~

a ~ a(k,m)

Dk_ ] , a(k-l ,n)~

- -
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4,

3. 3
~ (j~~~ 

~ç ~~~~ ,a(k ,m) D3 a(l ,m) ’  “ ‘ ~)c-l, a(k-l,m)~ 
(8)

which wi l l  be wr i t ten

~ I ~~~ 
.. , D~ l~

for si i- ~j - l i c iLy . Condit ion ing on we have :

~
(
~k I ~~~‘ ~~~

‘

= J ~~~~~~~ ..., D~~1., ~~~ ~(n~1J ~1, “‘ ~k-l~ ~~~~~ 
(9)

where the integration Is over ~1, the support of p( Ilk l ) .  Then:

~~~~~~ ~~~ ... , D~~ 1., Dk l ) ~~ 
~~~~~ 

D
k_ l )

p(Dk ~ I 1~~_i ) = p(D~~ J Dk l ) * P (W kJ 
Dk l )

p(D~~ Dk l ) * p(wk) (io)

eface Is 1n d-n ~.-’!i~ n L of b :ith and Dkl . Substitutin g (io) in (9) :

“‘

n~~1) ~
(w

k)] p (D
k l  ~~~~~ 

..., dD
k l
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Appr - axJ ~:a t i ng I ) (Dk l  I ~~~
‘ ... ‘ ‘

~k-l~ 
l~ p(D~~3 I D~~~) th is  bec~ - - ‘ -

• ‘ • ‘

~ f [po~ D~ ,) ~ p (w
k

)
~ P(D~ _ 1 I ‘~k—l~ ci

which uj c-n n-~f - - t - i t a t~ on in (0) yields :

• • ., 

~~~~~~ ~ 

11(m))

~~ ~J1 I 
~~~~~~ 

~~ -3. ) * p(w k)l P(~~~~) J ~~~~~~~~ 
d

Rep lacing p(~~~1, ... , D~~ 11(n)) by p(~ 11, ..., 

~~~ 
i ( r i)) in (6) 5: . -i

canceling cornon factors yields the test function i ’iclch Is to be C - :  e n  - - .1

with a threshold :

or: 

~~~ I
0

(xk) f[PDk I ~~~
) * ~( w ) j P D k 1  

D~~1
) ~ 

~k-l

rm(i) = In t0(x~) 
-

- 

+/n’j [~ (~~ I D~~~) * P (w k)] p (D
k l  Dk l ) d

+ /n 
~r ~~a(k ,m) a (k-l , n)} ~ ~~n c (ii)

1~’



—
ii-

I -

The rando. : variab]e  whr a;e cond i t ione l  pi’obabi].i ty density funct iOn I S

given by the convolution :

~~ I D1ç~~~ * p(w~ ) p( D
k 

4 W~~ I D~ ) = 
~k I Dk l )

he--s v~’- r’ r iner -  ~
--ii -~1 t~)~

Var (
~~ 

Var (
~ k Dk_ l ) + Var (Vk)

and nay ‘t o  ap~
-’rc ::!n:atcd by a ur~iforci distribution about Dk ] ,  with this

variance . The variance of a random variable Y with uniform probability

density function ~(i )  is given by: 
-

2
Var (y) = 

~~~~~ 
(12)

where L is the support of p(Y) . The support Lci of the uniform probabi l i ty

density function p(~~ I~I-i~ Is thus given by:

~ f12 [Var (
~~ ~ -~

) + Var (wk)]J ~

so that:
A

~~~ 
Dx i ) 

~~ 
rect ~_-

d 
-

If the aeasurcne-nt error distribution p(wk) is ass~~ ed to be un i form

then it follows that: -

= 
~~~~

- 1~~C~

where L~ I s the support of the pr il :Wii  t.ty d - : i a i  ty f~ -te t~ on

- -

-
~~~~~~~

----
~~~~ - --~~--~~~ ---
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*

~ p (w ~)] P (D k l I  ~~~ 
d

=f ( ~ rect ~~~~~~~ (~~ root ~~~~~~~~~ ci

• 

f

Dk +~~~ 
A

rect 
~~~~~~~~~~~~~~~~~ 

— 
ci =

k 2

where A Is equal to the length of the intersection of the inte~~ als :

~~
+
~J and

so that : -
A A L + L  A A

mm (Dk - 13k-1 + , L )  ir Dk l  >

- 
A Lci + L ~ A A

r m1n (
~k.l

_ D
k +

2 ’ w )  ir

ala (~~~
_

~~~ - I 13k - k~lf 
, L~ )

S~~ stituting in (ii) and dropping th ’~ cosnmon term j n L~ L~~ the test

function becore.~s:
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r(i) = >~~
n I0(X~) 4 In 

{ml
n (

~~
-
~

-
~ 

- -

1’r [a(k~t :)  j a(k- l , m)J.

where , frc -:: Ecj~uation ( 2 ) :

1
Ld +]tw 2

= [~ 
Var 

~~~~ }
+ 

f3 
[Var (Dk I ~~-l~ + Vai- 

~~k~1 } ~The second, teri:i of r~
(
~

) Is undefined for values of - 
~k-lf

~~‘eate r than 
~

(L
~ 

+ Lu) .  This corresponds to the fact that paths for

which the r :i-a3u 1 o d. doppler from p in g  to ping varies by an amount greater

than 
~

(La + L
~ ) are ir iconsistccnt with assumed target limitations and. doppler

measurement accuracy .

5. ~~an c Ic nt Thr~~~

Up to this point it has been assu;:-e d, that the targe t remains in the

sonar surveillance area for the duration of the pulse t rain.  The data

processor described, by Equmtions (ii.) or (i) is cp tinwai  for this case; it

will produce tue greatest probability of detection for j ping-; anj a

specified average nuither of fal se alar:-;:;

In a rcalist~ c s i ta ct i o n  j  w i l l  not be fi x’ -~ lee f’cn- hec: - 1 .  Ta” r ar will

() ra the r transmit pinga at a constant rate for an i n 1 .’ i n i t c  ~cr i c ’t .  Te i s

means that the- thnoshold C c ( j )  Tea t In c  - -case w i t h  the rus:~- -~r of pi ng .; j

in ord~r to r r : t in t ~ T n the r.~ cci ~~a i average na ht ’r of fa ’tn ;c  d ir. .s . A
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ti ;;t ;~ ic iit t argeL ~~~ ch cnLer3 tii~ sur -e i i  lan; -~ a c a s  a ft e r  a lncgc t f l :  haj

of in nc~ has Lo en  t r ane: :c ~ Lt ~ - 1. vi fl thue h a v e  I i  t ti~ - chane ~ cd bei ng

det’ecL-~il. In or r  to o~ ti~-ail y I’c-°~~ c-~ the -ehes  returned froe a t~-~c) s ] e n L

target it is neco -cary to r-’~c-t-ri.ct the attention of the dat-a prc c-e~-s- ir  to

the las t.. soverni , c-ny N , plc-ge . Assv :.ing t t c ~~.t a probability c - cc - n ;  f~~:ct. i on
p( 

~ 
) is ktcc~--:t fcc the lc-ngth of t in e  that  th-..- ta:’get c-~ - - ; 1c- i n the

surveil i a ;c e  a~~ a, ii can tie ch c-en to r,:a:-: h.cize the ~~~~ cii] i t~.- of de~-cct i ~-n

P (I- )  of the daI.a p e c e - .:c- a ~~~r’ for  a ~~~ r - ,~e;:’T of ir -ng th ii t i  r g c -  .

Conditioning on we have :

= I ~~ p( ~
) (13)

where i(~-~~~) is the probability of detection given thnt  the targ-et re:: a~nc-

In the surveillance area for ~ p ings . Now:

I ~r {r ~
) > C(~-i)} for (

P ( M I g )  =
~~~~

~r .[f~ (N) > CO
~i)I 

for > N

S~thsti tut ing in (13) we have :

P(M) ~ ‘~r { ro-:) > c(M)J 
~~ 

> N } -

+ ~ ~r fr (1) > c(i~O} ~
( S )

The threshold. c(r-i) is set  to esta blish u tolerable false alarm rate and is

Iiiplicltl y d~~’ined through a rather ccaj i icated exprc-es tort (16). The opt ir ni

wiralow n c - c  ~- 1 thuc c~ nn- -,t be dctecnd naLl nat~h~Lica lly but rw ; t be eb t : t in - -d

by plotting the above cx j -r ass lon  for r(~-~) f i a t  curves of c(j ) vs .  j  sin-i
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~r 
(nI ( ’~ > c} vs. C an-i. ci to oc-ing t-h ; 

~~ f r  wh ich  ~(~~) i n :  s : - ; ~ ; ; - j ;; . r i .

~~~ c i i .  f d i f f i cu l t in th i  a a;-~ raa ch 1: the unaved Ieb i I i  L~ of p( 
~ 

) . it

chould ba recall c- - I , too, I-hat d La ~ toi - - - g e  requ~ ie:  -en to incruance c-x~-j r -en t .i n i l~ ’

with ~
- a n i  n a y  dict . t te that a n~ -h c~~~i? -a 1 ~-n~ •ce of I-~ l i :  unod .

6. }:-~H n r ~ ~ar ~

The ~c e 1 i t 1VL: C U : : .; I ~u : u -e l a c a. ;r:- ] wh cii ha s  ~ce rv cd a n a c-:~ :le] ~- far

in tI is r~-~ u; t dc-a c- n - a t E’al- -c !umLoly i-c- I rc- ;; ett a si tuat ion in wh ich  tree tar~~;t

etsj ’c-ct  r. a y v ~;riJ fro:a ping to p 1 ag .  Tee io t~u-nce J. si ~::ei level froai a g:~~~c-l~

flo n~ s~-ia-:rical targe t will ,  bu ild up ar id decrease as the target presen t s n~r i

a broarlsici~- , nc-w a head-on ac-~-c c:t to the sonar.  The perfor i ianee of the

sonar syote :-; w i l l  be noticeably poorer unde r thece circumstaa-eea .  A s in~-le

model for a tar g~et with uniformly varying aspect is a ( two-d~: t te :nn a l)

rec tangle  which is orthogonal to tree horizontal pla ne and whoce angle v it a  
- -

the line betw een sona r and. targe t is a random variable with pro~ nLil i t y

density function p(~~~) (see Fi gure 1).

U
Figure 1



\
\
\
~

t’l ‘u



-2?-

Tue re tar - - -
~~~ ;-~~‘af ora~ ~

( t) u: l;:: u: I f - ar ~ ~ L~~~ l e g  La ;‘g~ t act

( IJV ; i~) cu..l~ t r e n c -  i n ;  t in r. ~ i • L - : 1-1:

~~(t )  = (a rt ~~~
‘ ( t ) )  s ( t )  + w

1
(t )  w (t )  o ( t )  +

Tue eL :: ; ’- 1 na - i ’ - ]  i s  c-nc - ’; to now 5nc- lule the mult ie?J  (:~ t iv~ n o i r e  
~~~ 

t )

an w - ] J ~ ;- ‘ th e  a-~’J~ t i - -c r e e l .

— Trio n- . : J  ve~~iabie ~ in  c nnca -:i t e  l-~ c i -a : - :- ni Ire-a a cr rn i fo r . :~

di st -  ib u t i  c-a c- :~ i- t i e  i n~ ar c-] .  ~O, ~~~ . Va] u - c -  c f  a; - : ir::i .e: e ra  -

fro: 1 i n’ to pi rc~ a: ~ re: n.j  n constant - for the d iec-t i on  of the r enic. r ;-eLra

The rand c- -a ~~~~~~~ ‘
~j” (t )  = 

~~
‘ Ci) is thins contineac:; va]uc0 . with discrete

paror-ete r j .  The ~r uba’oi]i ty cle:;c-ity function of w2 = sin is shewn in

Sect ioni  12 of tho A~-~ endix to be:

1 
- 

-

p (v2) = (i - w
2
2)~~~, 0 < w

2 ~ 1.

The rc suJ.ei c- c: s ing ] a ping processor out put X with ~arg-e t ahe- - ; n t i ris a Tag ] -a

d is tr ibut ion as before , but when the targe t Is pruc - : :nt, X now has a

probability dens I ty  function given by (see A~ pe un -li x , ~e o L i ( r 13) :

C., C--’

= > f l(m ,n) ~ 2n+1 exp ~~~~~~~~~~~~~ (12 ,

where :

( 1)
Tf l 

( 2)
rn— l  

(1; 2; ::~‘u i)

• 
fi (m ,n) = 

~~~~m ! ( n I )  ( r n f n ) ’  2

1~

______  - .  - ,  -- -.______
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2
fl(ri n) ~ k

2

(k r)
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() > > c~~~
’
~~~~~ ( r : ,n) 
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0 e ‘i )c,a(k ,r
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win c-h Wi ] .]  b-a wn I L t a u t :

i. \~ 2 -~ 2n-Ii 2.. L. c-.-- ’ ~~ ( u -; ,n) X
kk-i ~ 0 n O

for s i r  1 -~ l c : i t.~-

Tahn c-g L a  ]o -~;-i th- of t’- n j r  c n t i ;: rcn ’- 1~ :: in: Li I. -~~ c-~ - :

1 ~~~~~~

~ > ~~2 ~~~( u ; n)  
~~~~

k-I ni-O n - - i

j  c>o

jn > >~ 
(-1)

m
( c ~~2) m

(l; 2; ri+n) ~ 2n
-- 

~~~~2 2m41nk=l rn=0 n=0 in ’ (St ~
) (m 1-n) 2

- ,  2 Ewr1c :i is sc - -an to vary witn c; ’~ =

~~~ vai L . L j n ~ fua ~ t -ion f (X k) for U~ I.& conditions inc luies a eec -n t a n c -  t e r n

wh i ch ~e Obt-eir :c i by se t t i ng  = 0:

C.,
ri 2 m

A (-1) (a.- ) (1; 2; n)r(o) En Z — . - 
2~~~~2~~~~~ ~ / 0

( m l )  2

This C~ a c - t e a t C nn ‘r’- - inc -ic- : ~t L 1  in the co: l-a~ io.r n ci :-c u it ry ; th a t  is:

C, 

r ’ ( i) = f(~~~) ~ CU)

is c c u i . : - i e ;  L - :

~‘ [r~~~ ) - r(o)] c~~~j ~(o) 

-f - — - — - - .-- -—- ------- - - - - -  - -
.— -- -- - U - - -
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Figure 2
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,. 
~ ~ 

.~ ~~ i - -h ~~; c- ~~~~~ for use wi th  a

falii’v I, :‘g :t I n  t i ,  ~r_ ca 1,_ o f _ j ? prc- a -:-c-r :or ( Sac -  T~cfcrc ;ic-: 3) . In th in

~cl -a: .a t i e  targ L Is cl’ cla ocd to be 1 i C c - .- r t t  w i t h  path m (h ypothesis 11(m) is

accepted) if r of t h e  s ing le  ~~5ng proccc-ao~ can t puts corro-sponclirig to the

j  locat ion s  of ta t - in :n exec-ed a threshold c. This o c ar at i o n  can be writt~a

for ; em l v  C ’S 1(111 1 -- a - :r
I—

A c - c- a pt ~( )  if: > u(~~ - c) > r

and reject 11(m) i f :  u(~~ - c) < r 

-

where

f .

u(x) =

L 0 if X < 0

The we igh t ing  function :

u(~~~-c) 
-

correspenling to this scieeree is graphed with c = 2.0 in Figure ( u )  together

with the optic-al weighting f u n c t i o n  cI- r ived above for UVT.\ condi t i ons with

a lar ~ e val ue of t Ine a r U i t ive  si g:nal- to -n u is- ’ m - a t ; o  (or ’
2 

= 10) .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — — - -  - —- - — - - .
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1,

Figure 1~

Both processors are seen to give very little weigh t to weak re turns

(Xk < c). However , the op ti r-ail processor ~IVL ’c- strange r re turn s a pr- 1, :n - L n o n —

atc ly C~c~-;te r w-ci &t t whcree.s the r-o;it-c ’f- j  processor weights  s t rong

returns uaifoc’mly .  The two processors dif fe r mare radi cally for lower

values cf ~~~~~~~~ as can be deduced fro:c- Figure (2) . For I = 1 the r -out -o f-j

processor and t h -~ optiac. l proc- cc-nor arc identical since both processors

merely co :.j: a -re the s ingl e ping processor output X with a threshold. It

has been shown in previour work (Reference 8) that the r -out-of- j  processor

perfor~ s best when j  = 1. From Figure 7 it is sec’n that the optic-al proc-c s: ar

perfor.artc : -c in ;  eni: ’~nc~~I as j Is increanci . -

Expressions for the ie r fa r : arr icv of a square law proce sc er with

thncnho1~ - Li c~~Lrt a r t ,  1 c - i n1 In ~‘-c c t i on - ; i1~ and 15 of the Appendix for the

candlt iens of oddi ti  ye noic --e ani  a UI  t lye plc-n ; rnulti p l i c -~ tive n ’ir -e (U’.’~ A

cclni i t  l o t : ; ) .
(-)

- 
-- - 

- 

- 

- —
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7. 1 h c - ~ L- ’-~r- - y

c-5~: 11 c , : t a n r : i c ’ : : of tn - 1;:: 1 2  c - m i  : L a : , L  j  ‘ ta  Ott ~~~~~ ~~~
- -

- i-i • • - - -  i--I‘which renul L in t}:- - IdE cc -Ic- al t n - n t  i - - L i - c -  for i c  r L~ j  . Tine ; : t  val -s

of r( J) for p ing j  can Lv c~~ :~i : -i recurs iVe ~ y f I l l : - ; th~ I l I 1 2  
VLt 1,~~~5 of

[ (j-] ) or; i ; r g  j -1 by a~~l in r  t} :a a t i r l a r - i r l i , ; t n - n to [ ( j - l ) .  } {cr 

- •  • •th1.i c a r - c -~~ -~c~ -c - :1unt st i l ] . ‘L;( : S c- Of -ti ic-c- .‘;Cc j  j c ’ ; c’ an~-i~ S c -  t a -c sL - ’iag:-

rc-clu~ ic-. - n I L : ~ ]r icrc:- : -e c c-:~~;c-- ;nt i  all , wi Lh t : a nu, i. er of 1

Since it has ‘b een arc cc- ; ad that only one tart -at li e s  wi ti. I ii

su:aa -f l ) rcn ce arc --a, necessari]~’ all, or all but on-c of t u e  singl e i-~~ g

processor outputs corresponding to the 11 eo .i-sist c-nt path c:~:tenn  ion: ; result

fr ~~n noise a~ cne . It m a y  be desired to evaluate the t e sL  funct ion P (j )

for only _j~
,- of the H consistent path exten sions anct i  dn : ~~ the t i t c -  sto~’e-~.

— for the rc nr ; i n it ;g H_ ~~ CL~~ co n a ist c • nt  path extensions .  Tnis will  thacreasa

the mrc .n’uc -r  of st~ r~J. quant i t ies  a f ter  j  pings frc :i r~~
1 to NJL. 

i 1
; ~‘ -at

Is , by a factor  of (tj ~—) . The j~
. path ext enscn ;m:s  arc ci! ’Ircen acc a -c ea- ag

to a i- :-axi ;-nn :i likelihood rank ing  procedure . This c-cans thcn t  tao ~ Lia pa th

extensions which have larg-;si, test  function P ( j )  are r at a in ed .  Expr essions

4 for tie resulting s~-stc:t perforn~ance as a funct ion of H and .Le-- are gL :c- :i  in

Section 1,6 of the App endix for the special. casô of uni fo inc - doppler e::d

location factors ani. for both the addi t ive  and UVTA chanr.el nac ~i- i l s .

0 8. N0J i fi e 3. D~f i n i t i o n  of T>et ect ion

A tt dcte cti o tt hcs be en il.rn f in -  1 to ‘b-c the event that  th~ inn ~~gra teci

returns fr cxa the t ru e target path exceed a th rt ;c -hi -,ld . O’, ’n c r  a I l f l f l l t,1 . ;i:;

of a cI- t ’rc L~~i ‘n;  i c - I - C  r~- :cc - u: nnln ]  I , • For c;x ;npl e , I 1’ U n t h  ; - 1 ’ .:h ‘1 1 i n ;

(~~) 
by th e  r c - L : t - 1, . ;  fr ~i- . a cc- .: : - t v n c L  ~~~~~~ 1 , c - r r:h : : -  - :: ‘vi ~in t i c  Ln’c -a L ;c-  - t

0 path at j —k points annJ  di . f n  c-c ; f r , -- ~t the tru~ t : .n t  ‘~ at i t  at k p i::~ CL

___  

-1 - - 
- -.- - - -  - -----— --- - . -
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wh i ch it  in : w i t h i n  r. s~ - c i f i n - ti 1 - t - r c - c  of i : C  t n - .- te rg-c- L ].ocat ’ c :n , tic ’ n

t h i c -  r :-y  ai r- - n 1 -  ca l ] c - J . a c~~t e c t i o; .  n c - nat in , t f r -  lvj~c t I i e s i n  ( 1- 1t. r~) vi ;~ ch

has bc -en  ar ’ r: f t - ~ d i  f lea : ;  cn;~~y c- l i  (‘h~ ‘y f r~. nn L i e  t ra  h 1,’1 ~L i e c - i c -  ( t r u e  t:- r gc t

path ) .  ~-:orc C’nc i’cn l .1 y, n n 1 e t e c L i o n ~ ;.. 
~~~ 

l~~ ti - j ’ i r ~ - ; ~, to ~ie t n t -  ~eau ’ ; L cf a lIcresi Id

cru::n I mg t ;  t c  tc -r ;t  f unct i  I n n  cor n - can - : dl  ng t ;) d r y  d . c .  t n t  of a n u k r c r - t  _fl

of t i c  on ~~~~~ Th’ 1 ’~ c c r ’ :  a h :nL l ’i ; a c - c c - . I a the c-c- : - .: i C  0’ aye , ~~~~~ IS

~~ f’ l l~~c - . , : l j a t ,~ c - r n  11Cc;) I c -  cnn r~- ; i  I n _ f t  if  c c-h ~~
- c’S’ 11(a)

Is V I t IL i f l  ~ of t i -v  true tr r~~~t ln ~’;- t ,i - : - : .  ‘i c-c y -~n t i i ,~ ~ r .ce - t b- . ~- o i 1

to i n c -c r c  t i c - c t  all e1e::a:~~c- of fl_ ac- c- cc- : nJ : - t - c- n t . ~~~ h~ :c h~ eJ . c ; . . -nts

unti-:- n th i n; c~-~-fi n i t ic ’c- Wh o re I t  is the ri cher  of (cii c - c c - a te) b o a t S - -nc: ; uJ L , i rt

rad.iua E of tin ,n trw :: t : c r g c - L  l o ca t i on .

9. 
~~~~~~~~~~~~~~~~~~~~~~~~~

The fo r..n of the theoretically op t inu - :  da ta process-sr for r ; n : i t i I c ] t  f-i c -g

sona r ban ‘b-_ on derived under certain st : -t cd  assuc;p t i : -n ; s  about the C I n e r n i c - c i

and. targ.’t. Su oce t i r - a l  sci-cc:: --s have boon di r:cus rc c - - , c r ;i  the r ecult~ :cg

perfor ;- .a rcn ’c-a La~ ‘boon analyzed and prec -c ’nt -a 5, i n the P.cn 1 -~~’; i  x of th i s  rc -,;r i - t .
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I

All  n - 1 ) n

10. I’ec’S’ - ’ - n’  ‘f 0: -al  : 1 ’t’~ - , : - a  c c -  Inc A r ’t c - i t~~ ;,e H o N -

Si ace all p Y }c n; ar e c r ~u ~~ ]y u k-cl y ,  the cc- n .j c.i pr~~c - : n ; s ;r  arc - -

— only cc’ .: u~ _ :

r(i) > j n  I0(x)

for all. ccnc :-i:;t- - i~t l 1,’poti:c-con’ . For X < <  1 the following E j - f ~~Q.’ 

Is valid: 
-

in i0(x ) .~~- ?~- x2
That is , ti .o o1-t I -el i- i - ia - - c - c : - c- - n L c -  rc- f -l ; ’c- - -: for ’ I i  X by a s o c - c c - s

law detector ( t ine  cc - c-nt :  at  f a r t- n ~ c - n .  be d’-~ 1- - a -  1 sin ;ca - it a:p-eare in ;

the ‘t,~~t~ fc -c - :c~~I - : :  ol’ tc - - c-l . kg ;  - t i . : a I s ) .  t i c -  0 :  r a : ’ -- ~~a i - I n  is n ,-L ‘cell-I

for 1a” _ - vn~i c - ’  rn ~‘ Y. bu s - w i l l 1- - :  ‘a: c -d  to s i n  l i fy  the anali,-sis . It rat y

b~ argu ~ U t t h e  J- - 1 , n  ‘, r , - ir : - . - ’ n n -~’ 1 1’,- t h i s  ac - ar -ox I  t . ic ’n is Icc - s

—~ In : - - - c -  - X in: I c - c -c a : ’ ‘- - c -  ,-Y  .~~ i s  a I r c c - - l~’ c c - c - - u : - cJ . Thu s :

.1
• 

‘.‘

~~~ 
[~~( j) .. Jn i (x)~~. ~ > x ~

-
~~~

If i-i r i s  n: ] : :  - is N -  -~~ :.
‘. X hr - n ;  a i~ -l 1’ c c. d h ; L : J n n r t j a r ;  c n n 1 t r . e  d . c - c - a c t - er—

Ic - t ic 1k:. tN -n of Is ( i i r ’L- : - - i ’ :  1k ) :

~ (u) -. — 
l - 2 l u L r- ’

SIc-’- c X i s  i r ~~ - 1~~n ’ -: tL  f:a- . n  p i t - s  to ! ! n : ,~ , i s  a i s s  i a - 1 - -~ - - n . I  a t f : . n  p g

to 1 T t . ~ am - I t e  c i c a r e c t - c n i .  t i e  fc - . c - t i  -~ t 

~~ 
~~~~ (~~~~) 

of J” ( j j  i n ,  r i v - t r ‘n ; ;

___________________ - .—~ ,- — - ---~~~ -_ —_-
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~~~~~~~~~~~

Talc- ca:~ 1- :  in ~ c-;- L - - - l  b1,’ c - c - i r a ;  i a  r 1~3). of h-c l’~ r a c v  ( 5)  to c~~tai nc tho

I Ly d - : 1  U; Cu: - : t i c - :  p0( .) of r U) when no 7 . o  al -c -r e is pres’ern t :

po(~~~) 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . i-u

(2 ~~ .2) i ( j 1) !  ‘ ~~~ , y > 0

r,1~~ . 
I n  . - ‘H j 1  ‘a; t In ; t P ( 

~~ ) 
c x : : .. r- -Th tk:: t I c  :c-k c- icS . C f o r  a p U] - .r a - ;  c - - c

path i s:

(p~~~ 2) i ( j l ) I
f 

1
0 --

~~~~~~~~ d~~

~ i - i  ( —--
~~~

-—-
~~, j -i)

2~~- -./T

where:
V

n-i -y
I (!~~~, n-i) f ~J~

_
1fr d ~

Is Pearson ’s l a ce -  h oLe Ge: nc-c-. Funct ion ~at c.

There are I 1 1 ~~~ consi a t e - n i t  F - L~~c- a f t e r  j  pi. ngs 1:avc- b: -e :: tr :.;cc-; .1 t t o d .

Since t ine  t~ c- i .  fu n a t  ~nnrc P~( j ) ,  tnt 1, . .., C~ - 1 c-n . c -u - n -  : fl~~ t )  tancs-o

path:; are a j ; r - u x i  n t ’cl.y ixaI-e ~ ‘ n t - i t t  f o r  larg-.r ii , t une  p ’ o~ d. : I i  t~- U c -t a of

these  resul t in iii] no a l a n - . -c- in c- c-n : - :

I
- -~~~



— ‘i i - -

~r [ : n
( i )  ~~

. t t }

( ~~~~~~~ [r [ 11 (j) cjj [~ - 1 ~~ f1 (~~) > 
CJ ] 

~~~~~~~ -

‘ i n - :  ~n c - c : a~ , : I C - . - n ’ c - - 2  i n : l : , e  c l ea n  i: : Uk - nc cc ’ ’.-’e c -  ‘by :

n 1’r f i.;~~ ~

~

n (
~~~~~1

) ~ fri > cJ] [~ ~r f 11(i) > c~~
] 

‘

- I - ~~~~~~

~~~~~ i ( _ ~~~~~~ P~~~~~ ._ , i~u)J 
r 

~~~~Fr’ j l ~~

Fox’ th~ true tc-r’g~ t :cth X has a Rice da c- U r i b u t  N -n ‘ci tin r -

V :n r i r c r n c c  b-e Lk e n - - . ci to 
2 

(~~--:ference 6) and t:n - , c~.eren c L-:  r h - t i  C f c -~n : a t i  - mc  c-f

2X is ( z :  - i ’ arc - f l c - -: 1~) -

T 1
- ~~~~ (u) ~ - ‘

~~~~ 
- 

~Th 2
l — 2 1 U c - r

ui ’~~n ’ .~h i c -h  ob~~-*. tI ci e: - c c L - n ! c - t i c  f r - ’ t i -  -‘. C- ’ r C’) :

- -~~~~~



,,1 -

(u )  [~i (u )  Y
1~.

- — -
~~
-- -

~~~~ 
- - - -  CX~~ - -  - -

2 21 2iu~. -

‘ibm - c-.:n Lv 1: ;- :t :S . i~, c- - 1 :g I air (; ; .o c ‘a-e :’r - i c v . n n -  ~ Ui oli N- i n .  U

~ i’i i  ~~~~ - c - (1- ;c-: i ~~~ . S’u- t c U i -  .i ~. c- PU )  ~‘ec- ti~~ tm n- , - ‘~~ ,t

p1( ~~) : n  ~
‘ ‘±  

(~~~ ~~~~ c - N  C - 
~~~~~~~~~~~~~~ 

~~~~~~~~~ 

( -- fl ~~~P) ,  (> 0

wi n ecc-  I~() is ti: n. lified i- cc - c- - el f c n : n : : t i c n : n  of ~th o~ - 1?r .  Tho :t :

~~~~~( 
i) f  p1( ~~~~~) 

d ~

/ 21l~r ~~~ (
t~~~.~~

) exr’ ( - ~i_ )  ‘~~
_
~ 

(-
~[T3”) d

( 2 c c -~~

i-I
= (‘--‘-~-~~~~~.5--) QI ~~~~~~~~~ , ~~~~~~~~~~

‘_“ 
) 

- ‘ 

(n’)

‘1 
-

~~l:-e r- - ;  - ‘ -

Q~~ (~~~ ,~~~
) = 
ft  

(~)~~
1 

cc- (- I (c-~~ t)

15 ~~
‘ - - ‘ c- ,j Q f u : t - ’ti c - n i . T h : ; - ’ .i. ’e mi i J . of’ ni- - t . ’r ’ , - C-nt ~~~ j . S  n i  t - .

s , . .  U a- . ,- ”  - N  : - n :  .‘t~~r ’ of ‘: 1:. n c-i ’; : . ; , ~~~~~ w i t ’ : j  a-c a ; - . rc -n:n: ’ ’ ’c I’ hi

Fj r c - -~~ 5.

M 
_ _ _ _ _ _ _ _ _ _

-
- - . ‘-: -- 

~
-- , - ._ ‘ - ‘ . .- - 

~~~

-- - - .
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11. I ;n .: ‘ c’ i . f ~~~~N: - I H ’; - -~ ‘ a: - -n

A r n - :- - ] ‘ ii. ( i ,  h i) t : . - d : r : )  c- n - :  ‘..‘ , n  ch n y - - 
- a w - t in t: :’: I r a  - tc - “~_ I

pc-Jh  cnn h 1.-i rn~ :1 d i f n n a : I c - L - . : t i e  t c c -  - tar c- :t ~ ‘ n .th on j — 1; p i n ;:: w ’ 

I < k ~ j-l. T:;-;re a,,c I. - ’~ 
1 d u n n - i  ~- t n ’n i t -  - c - L i - : ;  in al l  r~~1’t ( i i -] ) ( I t - I  )i_l

of Uv- :  -. I . e  no - nt -c- in c- -i w i t h  t i c -  one Li -u :  t ary- : t  pa. U I . .  T- n a

- ,-i_ i - -r c ; . c - i : i i c - g  I. . ’ - (1:-i) (ri--I.)’ - 1 I - ”.t i n: :  have c- .- -~ or c- -o r- : p - - l o t:: inn

• cc- - -
- a ;.S Li : 1_ i . - . : t :  c-: t-’c:h. 1 Lii .

4
I ”L  H ‘I :  ti m c - -  c - c - c c- t i c - c - i. y~L inc - . i’c - en :

N 
- - 

~ - (i’-i) ( 1 ~~1)
i’1 

- 1
~ }i

i_ l

~~i )  
j~.i )  ( . 1) i.4 

N—i H — ) i — I .
= 1 - —‘i

- (-
~~~~ )

For- larg H :

H-u i-i .1:2(—s---) ~ 1 -

so that:

* T~~~~~
1 _

~~~ 
( i - l i )~~�~~~Jj

icii

sine-c N is Ic-rye . In this case j is the number  of’ p ing- ; b e in g  ‘i -:  .‘c .: a , :c.-d and

Is tine San ’.. ’ as tIc -c leny t’-: of tI-n -c w i nd - a,’ II  oL’ fcc  L i orn  5. Da ta L am ag-c

requi rL . c - i t -. will. li c - i t j to a v i ]  i n n  of 10 or less an::l It ~r i 1l t~~1 - h ’ . ]  l~ be

e~ ua1 to 1-in- ) or l.C~) c - c -’ . T:cu . - :

N 

~~

- r~ 0.1.

_ _ _ _ _ _ _  - -~~~~~~
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12. I ) i : L r h  u - i c : :  of w2 
-

~~ 
• )  ~c- t ; n c  d. i aL :- i b u t i : c n n  fuee t . i - . : n  of w2 re;-] F( ‘

~~ 
La ’.- cii :c-.. r - n r . u . : ’ -.:

f v :cc-t ion of . ~. ni ’ e ram -i c-- .1 var iable  is  c - ic - I fc - i- : i y di ntr i l iu lc - aci on [O,~n ]

~: 1n 1 c-h i

~~ ~ r [Sin ‘I’ <

un 
{

~j i  < + 1 r .{-iI’ �~, 
‘Ti- ’ - 

~ 
}

= F (sln ” 1 w) + 1 - F (‘~‘r- sin ~~ w) ,  0 ~ v < i.

The prob ability density function of’ w,, is  ih - :n - n cive n by:

- ~ (w2) a
d.~r G(w 2)

2 2 ..-?-
-

~~~~,
- (i - w

2 ) ~ , 0 ~~~ V
2 ~~~~, 

1.

13. Di. s t r ib u t i  - c - In of Gi r i - d o  11 ma ’ i-roc-:: n r n ur  Gutpu ’, uc-2 tJ,T . ,, Coc -nN L I

Tri o returned sirty le pinc waveform is  c ivc n ‘by :

~~ ( t )  
~
‘2 

s(t , 
~~~) 

+ w1( t )  (18)

—
Let I~ ‘be a vector whos e cce r~- -onen: t s  ~ re th e t in : . :  nna :J ] . e  v a I r : ’ :; of r Ct ) .

SinLia rly , let s( cc ) ci’: I be t ic -c - tic-c s:ua ~ le v c - c i a c - .; of s( ’~, t) r c - l  w1(t )

Let K in - c the ccu - n r i anc -e r - c -_ Ir ’ ix  of t in e t ; c- - cc-c . . 1 c n n  o ” tN n ~~H ,j ’ ;e  f n h j 5 . :

w1(t) . Ta an (j c ’~) c-er ; bc- ‘.i r i L L - - : .  in tli’ 2,

r —
S w2 (,~~, ~

- .  

- ‘ -“ -  - .  —.-‘—- _,_ ____ ____ _ _, _J ~~
_— ___ -U—-



__ __J _ 
-

Now :

v ( t) C. , . ~~~~~~~~~~ .- o) 
-

[v(t) c-c-s ~~~t] Ccc-  ~~ ~ sin ~~0t~ sin 0

= V
~~~

( t )  Cc, ; C + v,,( t) r; .i : i  0 ( 1,9)

~ 
mc: ~ V dc-n c--c t ine vectu:- ’n ; 01. t in - -c- sarn;pl caI valu es of V~

( t) an-I \~~( c- ,~,

I ye].;. The s ing] o ping pc- ac - ac -no r  consi :13 of a n -c-a t e’ -c-c- I l l  te r

followed i n ’  an cn ;cloj -ae detector . iThcn the in 1-ut to tinc singl e p ing

processor is B, the output X is civen ‘by :

= ~~~~~~~~ v0)~ + (~~~~~~ 
K~~~ v~)2] ~

where ( ) denotes transpose .

The quanti ties R K ’ V~ and P K V5 arc linear ccnbina t~ onz of

G-nn u c-sian r un-den t variables and are the re- far -c Gaus sian . Fr ee.  i~niuc- ’Joni  ( 19)

we see th :tt they arc 90 do~~rces out c~’ r L:anca and are thus uncorr ei. n t c-e 1.

Since they are Gauc - c -j n,n random variable s, they are ti-c- ;’efore also

In .1-cpcn-l ”nt .

t When the targe t- echo i.n present B = w2FI(0) -I w1 and in this ceo-c , for a

— --4 Civen value of w
~~ 

we he’.-c: - - 
-

- 

E ~~~~~ v0) = E (w2 s(o) + w1)’ K~~ V~

—
- ‘ • “

~~~~ 

---‘- - - -- . - --

~~~

- -  

~~~~

. -  -

~~ 

- .



and

~-1E(I~ K V t .) — 
~2 ( c i)  r. - V5

~Then 0 0 d- ‘~~ :c- c - n ; , ~(o) 
~ 

and :

w2 s
’(o) K 1 V~ w

2 V K”1 V (~

2-. V2 ~
j -

Wh~~c-c ~~ 2 ~~ ~~‘‘ V~ V K~~ V~ . Since Lin e m o - i c - c  i n ;  vi . i te w i t h

sk’e cnt -n - .. i  ci ‘ n n c - i L /  T~’~ we have :

K
_I- 

=
N0 W

where ti is the RF bc.~ dn.-idth of the receiver.

Trzcn: 
/

2 V~~V~ ‘/~~V5 - E
N0 ~i 

= N W

whe re ‘ is the energj of the transuitted sigra] .

Also:

s~2 s
’(o) K ’ V5 = w2 V’ K ’ V~ 0

-1

since V~ is orthogonal to V5 (see Eciuation (19) ) .  Wher: 0 90 de grees ,

s(o) V5 and :

w2 s
’(o) K 1 V5 = w2 V5 K

1 
V5 w2~~~

2

p
and :

v2 s’(o) K
I- V~ = w2 V5 X~

1 1 C

n 

17. T I ‘~~~~~~ i,.. ~~~~ -- 
. ‘J

~~~~ ..
. 

II U - ~~~~
-‘

~~ c-. 
-

~~~~~ 
-, 

—-
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ThUn , tin’: I :afl 3r ’ m p ; - u~ -i. L~ c- c . ] to ~~ 2 and 90 d - ’ gm ’c-es out  of phase

The v c - l r ian l.:e o~’ R K 1 V~ wi th t -crg-: I ~ :~c::- ::; t I n :

Var (l~
”K ” 1 v0) =

-“- -1 “-i — ) / —s’E (i<’ K V~ - E H K 
- v0) (~~~ K”

1 V~ - E It K 1 v~)

= E (w ~ j :
’
~~ v ) ~

’ ( . -~ K 1 V )

Var (Ii ’R~~ V )

The square rcot of t ine sue of t i nc -  scju’ar cn a of t~-ro Gs.uc-sian ran-lo t

variable-c- wi, th ecati varianee a n d  mcc ann equal to a s in  ~ arc-I. a cos

~~spective]y , ban a Rice d i st a - ibu t ~ u :i (Reference 1) wi~-~ prImabi1it~r

&nsj ta function cqcul to: -

v
2 + a 2 a y

= 
V~~Ty

’
~ 

exp ( - 2 Vai’(y) ) ‘o (va’~r
” (~
)

the probabil i ty  density function of X g m.ven w2 is thus cive n by:

— ~ 2 , 2~2 2~~

~ (
~~I~~

) = —
~~~~~~~ ox-p ( - ) ‘~ 

( )
2~~r’

‘I— .-. “-2 2 1~ -x , x 4 - W ~ ~~~.
= Ox-p ~~ —---—---- ‘---- - -— ) i (m i  x)

2 c ,r’ 2 o 2 
- .

- 

- 

-



- _,~0_

and c--u :

p (~~J 
w

2) ~ ~~~ 
d

2 ~2 + A 2
‘
~~~~~~~ exp (- ‘

~~~~i~
” ) 

~~ 
(w 2 X) ( 1-  ‘

~
i2 ~ d w 2

‘
~~~~ ~~~~~~~ 

(L~L~s )  ‘~~ ac--i ]

L L “
~ ml  ( 1 ) 2 (i e ir ;) l  22r-t-13n ~~X cxp -

~~~
°

~~~~~
° J 2c~

where :

1 I f fl~+ f l = 0

in-I- n
(1; 2; nI-in) 

1 + 2Cr-i) II’ in-i n ~? 0

Letting ;

(_ i)!ml (a ..2)
m_ l (1; 2; rn-in)

ft (rn ,n) “
~~1 2 ~~~~~~ )1 

‘

~~~~T~~ 

—

this bcrcon ;cs: -

V \ ~~ 2n~1 -“2
p(X) = L. / ~~ (n ,n) X exp -

m=O n=0 2~~~
2 (20)
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ik. l’eT ’on - c t n:c:c ; c-~’ ‘n n : - ’ - : i :  - 1 1 . -f . - - I - -- -
- I ’ ;-c-a-’ - n - -c- r ’ n f l  t v l : ij t i ’c-  r ici n c -

‘Jim -  sixtg) -e 1 m g  pro c-- . - ;  -c r’ C U t ~) ’c-t  .‘ i n - t h -c -nf ; ]c-I- - J. at C ; that  is ,

only tia :c-e oul h -c-i t - -. wh ich c- :- e- - ..’d c r . n  cc a n :  c-I on fox ’ I . ;] t ip l e p ing  px- - o -’ :ac - s—

ing. The preI . aL II  i L ~/ de ra’ it ; S u n  L i o n  of the thr-eshol ded ranat - a -ic r i n i .~

A
X Is gi -~eni b y :

~ 

~r ~~~~~ < c J  $ (
~~~) 

+ p  (~ ) u (~ - c)

w1’erc p ( ’)  is the p - -c-l ab il it y density funcrt ir .n of X before ti c-esholdiog ,

~~~~
(- ‘ ) Is the Dirac delta function and:

If y )0

u( y)= •)
\
L

0 i f y < 0  -

Let c( .)  ‘be the distribution function -n of X . Then:

G(~~~) = P r [ X
2 <~~~

} 
r 1 � ~~~P~

’

V 

-
~~~~ 0 If ~~~~~~~< 0

P [X< c]~ If0 4c~/’~~ < c

r’r [x <
~~

f
~
lJ 

If c (21)

“2The probabil i ty densit y cunction q ( )  of X is o’otained by

differmr n;tt!rng (21):

/~
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q(~~ ) 
d

~r 
~ cJ. $ ~~~~~ ) 4 ~~~~~~~~~~~ i -~i’~

; ) u 

~
-
~k’ - c)

~‘r [~ < c} S (~~
) •‘ 

I- 

~ 
(~~~~‘ ) u (~ 

- c2) (22)

Wa- -n t - -  I n : -n - - I-c- t’a : sir :;]. c; p ing prec -c - : . -c -: c - n c -  I. nsa of mc c-~ n -c-  a ]:-; - ,

X bc - n  a in •.‘]~~ d n : ,~. m i l -u t i c a :

x 2
P~ ) -- 2 exnp -

2 c r 2

and so:

[jc ~~~~ eXP (~~~
_

~~~~) d X j  ~
(
~~

)

+ I- 
~2 

( exp - _A~,,.. ) u ( ~~;~~ c2)
2—~f~’ 2 ~,—

a

2
~~~~~~~~~~~~~~~~~~~~ 2~ 

1(
~

)
~ ~~ ( exp - _--~~~~- ) u (~~~_ c 2)

2cc ” ~ 2
~ C ,

A
The characteristic functi on of X c  i-n th en :

(u) = E c x p (1u2 2 ) f  exp (i u~~) q (~~) ~~

r 

- 

= 1_ e c p (~~~~
02

2) +  
1~~~2 IU~c.. ” 

C Cl 

—



4. Since :

22

the cii; r : n c i , e n - i n t . i r  f u n : c t i c - :  c-p r(j) I c -  € ‘n c-c- ] te - :

:

~

~~~) - c - n p - 
~~~~~~~~~~

, 

~~~~~~ 

~~ - 
(1 - 2iu~~~ ) 

1:

Tnis cc-t n b-c in - -e r-toni dh-ccmtly to o b L a l a  if - - c r .:-l a l l  i L ~ n i - c r c - it; f u ;n c iJ cnn of

r(j):

~~~ (~~~~
) - - 

j i-k

(2w— )
~ 

(k-i) I

e~~
) 

~~~~~~

-

~~~~~~~~~~~~~~~~~~~~~

- 

[y 
- k c2 ] ,  k

Then , fo- - a p -n r b i c c - ] e ; ’  r — h e  ~

~ fr~J~> cJ = J P ( Y)  d~~

>~ (~~~~ ) 

[

2 ] i
~k 

exp (-~~ ±)

(-II

r ~~~~ 2 1
. 

1 1 1 (
C 

~~~~~~
. , k — 1 )  ( f lj )

L ~~~~ ~r~’ 
-- ------“- -. - --

“ 

-
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The avt :r: . t g-c- iv - 1- -. - . - o~’ 1~a1 c-c a l u m na in ; g hz- nn b ,r E q u at i o n  (i~~) flc-’ i i~5

r~’ k c - a t  -l P -c - I c - .- :

— ~~ — ii
- ‘  

~‘ n ( ‘
n ~ ~l’r 

1(j ) > 
d}j [‘ ~r {r(~)-~ c~~j

where ‘ 
~~~

‘ 

~r 
f11(

~
) ~ c} is give n by Equnn t ion  (23) .

When t h e  t~ - rg ;t -  is pre sent X has a Rice dis t r ibut ion :

x2 + ~~~~
~~ exp ( - 

- ) 10(x) -

2~~~~~
’

and f c -~ t’.~~. ease , f!- .ve ~~ u - .tion (22),  if.e probability density fu :c-- L~~c-nn c f
/ ~0

I s  C i v e ; 1  1; :

q(~~~) [fc ~~-~~~c-x; (-  ~~~~~~~~ 10(x) 
dx ]  ~

(
~~

)

+ ( .~~ - (~~~ ~~~~~~~~~~~ 
i~~~~~~) u (

~~~~~~ -c )
(

* [1 - Q ( ‘  - , 
~~~ )] ~~~~~~)

• - 
2 ~~~~~~ 2 ~ u (

~~~ 
-

P C - 2 c -

-I

__________ - — - - ~~

- 
.
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F t i c :  C~ - i ; c t- - i ’ i : l i e  ~~. ; ‘ L n - n i  (~i~ ‘ 1 :  t - n

~~~(u)~~~
f

exP (i u~~~ ) q ( ~~~) d ~~~

2
I - Q ~~~ c/ ~~V)  4- ~~~~~~~~ - - - 

~~~~~~~ 
( - ~~u

~~C) Ic

• 1 C k
L~ TI (~y-) 

/

r-~0 k-r • 1 •-

fio.e which the chr r- - .cct -er i ,cLic funct ion c-nI r ( j )  i.s ob tain -c-cl. as :

~~~p
(u) = 

[

~~~~( u ) ] i

This cc-- nn be Inverted directly to obtain the pro’- abi l ity  d- ;n ;Y ty f c - r c u i - - .:

of r ( i) :  -

~
(
~~
)
~~~~~~ (

J
)[l Q(~~~, c/c~ )] . . .

>. . . k~1 ! (p ~~~ .2) f l  r r~~-O (]c
~L

rl )
~ 

. . . ( k n _ r Ll ) L (r 1+ ...-ir 0 4

r1 4 ...+ r -4- n-i
C .‘ 2 .‘- 11(ex-p - — ----~) ( j  - n c )  ,

2c ”

fl
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(
~

) 
[ 

- 

~~~~ C/ ~~~~)~~ 
~~~~ 

• . .

n O  
—

k~14 • . . 4 k r i ...-1r~ >1...
• . . x’1

t0 (k 1 --r 1 ) I  ... (k -;~ 1) I

[ ‘ ~~~~~~2 1
L 

‘- ‘ 
2 C — 2

R 4  r r ?  r~ + ... ‘4 rn + II - j -~

j 

(2~~)

wicer c ~ - : ::x ~[c, n ~2} . The ~- n - n ~ c-cl ]~~ty cf J:L~- c n J -:c , J~,( j ) ,  I

plO11-:.1 Vc- . the aver ;:;: im ; c - . .I c - - r of fc-lse a1~~r. - c - , ~L~~( j )  w i th  c ;ca a c-na : :-:- icc-

In Fi g -: : ~~.

j~~. ~e -rf- :- . -.~~ of Thr  - c - ~~~— f - ~i ’ . -:- T a ~r I n ’ - -c - c-~ ;- U : -r 1-~ .
‘
. i’ -a 1

The ave-rag: n v  ~- ; r of f ;n ]  :-: ;1c-a ; :- ua 3 - r i f c~~c- e m-I I c a n  is [tv c- : by
~-n ( 2’i) • Th-: c - i  ag I -  D i c -~ I r ~~

- - c c ’ ouL~ at a i t ic- ta g- t- pi’_-n _ - :nt u .  b r

U .TA coa-j j tj c ; i s  is d ’nc- t:I X ac- i  b ;cs 
~~~~ b i ll ,  C e - c - c - i t i~ 

f u : n - t~ c-a (S e - C

Equa t i c:- n (2 D ) ) :

~~2n4] 
-

p(X) = ~~ f l( n ..mc ) X exp -
i. 2 c~~

AI~t X b-c ti~ - out 1’uI o~’ a Sh rcs . 1 I i a c- 1 v i ce -c c - c In  nt  is X .  The

p m ,c - p j c ty cl- nc - i  I,,- f i  ‘ t i c - r n  o~ is ob~~ti  i - n - I  tram ; h : r c -~ I - cnn (22) ac- I

Is ~i’.cn by:

V ~~~ 
. - — — - ‘  —ii-- 

- — ‘ 
— —‘—- —
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~pC~~
) :

~~
1 r 1L

X < c }  ~~~

4 > ~~(; ,n) 
~ 

C~~f ( -  
~~~~~ ) u(~~~- c2 )

t a O  mi c) 2

A2Ti ; - ( - :,a :-e -c-’ t- - c ’ c - L . c: c’u ;ictle- :  o~’ X - is t i - e m ; :

~ (‘ - :) 11 c;:~ ( inn ~~~ ) =f c- c--c- ( i u~~~) 
~

-(
~~~~~) 

p~~~

>~ 
~~~~~~ a L (

~~~~~~2
)

fl41 
( !~L~~~~ a)

ni~ O n-- O

+ 
~~~~~~ > -~~~~~~~~~~--‘~~~~~- Cxp ( ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ )
m O  n~O

fl n— r
(c 2)

• L ~n-~ )I 3 T ~~ ~~~~~f~~~~~~

”’

r=O 2~~
,2 1

The eharu e l—:-rj st ic f~~~cLi . ca  of P ( j )  wil l  then ho:

~~~~ [
~~ c u )]~

win ch can Pc - inve -r te -I u s in g  l a i r  ~3I. of bc -fe-r eam ~ to y i- ’i :1:

q

— 
- - -~~~~~~~~~~~~~~~~~~~~~~~~~ ‘
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il l

/~ 
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~~~~~ 
‘.

~~) • . .  
/~ 

( ;  . ,  ~c- ) 
~~~~~~~ 

- - 

/ - -  

0 . .  

/ 
O ( i . ~~, r1) . .. ~~~~~ r1 )

2 - r1 -O

r + ... 1- r 4 b — i  V - 21 p 1 Ic ~ -J-.- - çg 2
( ~

‘ 
- Ic c — )  

~~~ ~~ 2 a ~~ 
~~ ~~

‘ 

> p

vIm -n - re :

- 1(ti ,n) I ( — - --I -- —- , ~)
- m-~O n~O 2 ~~~

— -n-u i’

2~~”~
’9 ri,x - t~

;- -y
~
— (c e n-p - _

g (n , n) 2~( 
~~ 2)~~

1 
( i n !)  i’( :a ,n) 

2 - 
- 

-

and ‘(n ,r)  i n. ci - f i n : : . .1 in ~h c ’ L i c - -: ;  13.
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,> (i. ) [.A ( c ) j  ~? /~~~~ /L

• j - ~~ r:~ - ~::c ni~~~O r - - -3

U it .

,~~~
‘(‘

i’ 
r ))  . ..  ~~ ‘ ( m ; ~~, ~i~~)  ~~~~~~

- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -  -- - - ---- —- 

/ 
• . .  

~~~ 
O(n 1, r1) • . .  0 (

~~, rk )
r1 0 rk~

()

(2 
2 1  . . . + rk + P 

‘

1 - I ( 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ , rl

-f ... +rk - i) (~ c~~

2 — -- ,fr l . . .- r k 
4-~~~

__ 

= t - m x [c1,, k C2] . The probabilt i- ;  of ni-c- t e ch  c-~ is

pioL t ’:I ‘in; • ti,:: a c - - c - I -- ag - nc -r c-’ccr of false a lre ma:n in Fi gnu- a 7 fc- r ac--~ 
-

an -I In Figure 6 fc - x ~~2 10.
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36 . i ; - ~~~~~~~ ’ - . ~ f i c . - t j o ;  - - ~~~~~~ : T~~ ’ - 
~~~

- 1c-~~ t n 1; t~h ’ - :  -

T n - - if n~. ~c - - - a f1 ( j)  1 - c - -  e- , , - i \ - ; ’ t ;c - -  - f - ; ; le- : hj : -

CO - X ’L c. ’ - - in - - Ic -  r~ - . . ‘i. in . n - - c- f’ 1 m- ‘n.l U f in ’ ; : -  t i n  m c -  f a r  c c-.~::
/-‘

l~a~-h ( x ~ - - a :  en - c - en - : t- .’ 1 - dc-c -1. ‘ nc -a - -J pc-: ’; c - l  1 -; Ci ~1”~ ec t i  c c : ;  
~ D( i)

hoc- - - -

‘r ~~~~~~~~~~ c-~~1:- : .j ~- I n . - L n U -  ~ n-y b n : i f -  i n ; c - g  C : ;

• 1r ‘{
~~~~

‘ - L  n -c- - hi ,  i :  - I  ‘ c-

~r ~~tru: t- .r~ - t - .~~.ic j ; :  nc -b ~~n - .

~r ftruf.. t-ar .. I ~~~; is c - c - b  dv :IJ

~ ~r ~~cra -  taryr I 1:c- ;ti ; is nc - I  dc-;- c f - cc - i. on :~:
ti

~ ~J . )
— ~r or nc -r eef h — i. in~-f-:- ~ - c n-]-::c t f- l e i gh 1 : - r n  ic . :: ~~~~~ 

-C

exceed one Rica r an ;~~c-a v cni ’Inc ’c-leJ ] ~~~‘

= 1 - ~~~~
J

H 3
) ( p ~~~~~~X xi) )  (i - 

~r [X o ~~~~~~ 
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— Vin ci a I c-c-, a C - c i  i ~ ti a t !  i t e t i  c c ’; c: -i  13 L ’ s  a R i c e d i n ;  . : ‘j lu t i  on :

- .2
( v \ _  .— . I)

- 

~.2 
0’-c- -- - 

22c

- 2x1 Xi ’4~~~,—
p1(X 3) - -_ - . .- cx; ( - 

;;z-
~ 

) i0(x~) (2~)

l~~-t F
0

( )  n c - - t o  the d i c - I n - i n u t i o r ;  f u a c L i c ; ;  of X0 :

T’r [x0 < = 
fr o(~~~) ni

2
- =  - C x p - -----------

2cm

Cond i t ioning  on we have : -

~r ~~~O >~~i) 
f~~~r ~~ o > x i t ’xi X~ p1 (X-) d. X

=f[i - F
0( X )]  

p 1( X )  dX

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
±

~~~~~~~Io (x ) ]  d X

Ic~~~cxp - ~~~~~~ -

___________________________________ - ______________________________________________________________________________________________ —
-
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. -- -~~~~ 
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i t t  ( 21) a- : ob~~ n m - :

~r [tr nm- : L-ai -g :t 1::if~ is  r n - c t

[I. 
- > (

H
~

].) ( L  exp - ~~~ )
k 

(i ~~exp - 
~~2 

)

}1~~~

j  

~~~~‘ 

=

U :. I - n m  U - .~ c - ’ Cc - n : - i i  ,i n ;;;; , X ~ nm rcn~~l c - ren3 . by I a n - -i r~
(
~~

) Of i-h1c-:: bi an (2 )
is  r~- j- ~ -’ic- -a- -I by ( a c - -c c -  Ig u t i c - ;  (i 1~))

c- ,  ~~~~~

2rn c-1 2
r1(

~~
) = 

- -  
~~ (rn ,n) C exp -

tt =O n r O

Then:

~ xo >~~ij  
= / [~ 

- :~ (x )] ¶~~~~~
) d ~~

J o

= 
f (~xp - 

~~~~~~~~~~~~~~~
) ( > ~ (rn,n) ~~

2n+l 
exp - 

~~~~ d X
2cr’ m=O n~O 2 -cr

\_~ ~~~~ ( 1 )
m ( 2)

mn 4-n 
(1; 2; rn -i-n)

= z__ z: —-------- - 

~~-u43n~~~ 
= Pf (29)

ri=O n=O in !  a- t  ( r n 4 n ) ,~ 2 , -

Sub st j t nmm j n; (29) In (21)  we o b t a i n :

P .Itruo tar;-:t. is rich dic - .;1-cd wide r UV’fA cond t t if_
i - 

~~~~~~~~
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-
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