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I. ~~ 1flT C~~UC TJ C~
The continuing r..cd for ir~provcd detection porforu.anc ’: by surf aco shi p sowirs

has ltd to th~ proposed devc1op~; n t  of large , hi gh—powered Conforiea 1/fl~-i nar  Ar x~ay

so~~r systcrr~ . These systems enhance dctcction through incrc~sed su~’veiUanco

covt r~’go , higher resolution ca•~
v~bllity and higher trar~ m itt ed pow r lov cl~~

}~uch of the pot ent ial enh ancement of dete ction is d~o to tho in~~~~sc~1

volume of data inherent to the system. Thus parallel to the physical d ove.loptw~nt

of an array , m ’ an5; nu~ t bQ devis J to proue~ s and extract  target in format ion

fron yery- l~r~e volutres of data .
‘
~Two d ist inct  aspacts of data pro cear~ing are ~v1~ c~~t. Firs t , r~duction of

dat-c VOh~~.U ~:l tbin a s ing le sonar ping interval  and second , the int~ap i.rg ~~‘ocos~ in~
of d - t a  eol) octcd over several ping intervals.  The nuitiping processing m~iy be

c sic1~~ LJ as the di g i ta]. autor ~ition of th e d etection f unct i on nort~ally carried

out by a sor~~ r o~ orator . It involves a simplo track arid implies a degre e of
classification but is to be di~ tthguishcd from tho accurate track and deta iled

cla if i ’at ion  funct ion s.

The cu~-rent report is the th ird in a series on multi—ping p~’oeessing. Tho

f i r s t  Ci)  considered an H/N processor; one which required N geometrically correlate~1

slr~glc ping threshold crossings within a spa n of N p ing intervals . Tho porfcrrance

of this  processor was below expeatations arid was adjud ged inadequate due to the

poor use of available amp litud e inf o2 ..~ation . in the second r ep ort  (2), a form—

u~ution of an opt~mum multi—ping detector is undertaken which cloze~y follo;:s

~oll d~ vt~ op~d radar design technique s for t~ e processing of p’~~se trains. The

fori~ulation ta’~~s into account the stationarity differc.~ccs botwoon the sosar

pioblem an ] the idoE%l radar problem.

The intent of the current report was to extend the work of the second to

includ e a q~v~. t itat ivo performance ovaluat ion u~;ing current hast  oot ir ;ated of

the statistical distribution of sonar signals. S~ gna1 models and their associated

perfor1ianco equations ~oro develop ed but the effor t  was ter~ inatcd prior to

progra mning of the equations on a di git:i comj~uter. This report records the work

accomplished and serves a~ a possible s tar t ing  pc1r~t for future inve~ tig3tLons.
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II . THE OIT SMUN V1~0~~~ Oil
A detailed do r iva t io . i  of the form of the th~orotical optimum data procea or

for a son ar  syst (m was c’erlved in (2) .  Portions of that  work r. re repeated here

and s-~y he recognized as the clasaical developr ~c;nt for t es t ing s tat i s t ical

hypotheses given N samp~ rn f rom ~ unive ’rao wi th  an ass~&ncd dis t r ibution but

urikno~.rn p~ r~ rnetcr s .

Let D be the total number of discrete locations ur z l er surveillance. Let A

be tho nu~L cr  of locations aecos~ ible to the target between successive ping

intervale . Then the number of possibl e target ~aths a f te r  two intervals is D~.
.t h .  N~ i . ,}ollow l ng the L ping, there are PA possibl e patr is weich the t :~rget nay have

traveled throug h th~ ~urveifl ance area . Th~ dat-c processor is to decide b etween

tho al.tcri~ato hypotheses :

ii(i) : target is present with pa th I

H(DA~~~) : target is present with pa th DA~~
1

R(DA~~~+ 1): ta rget is absent.

The data from ping k may be susn:arized in vector Corn as

Zk ~~~~~~~~~~~~~ 
k 1, 2 , .... N

where R..a is the single ping output corrospon~:ling to t~ie ~th location on ping k.
— It is desired to process the data from successive pings in a way which

maximizes the probability of detection for a specified average number of false ’

ala rms . It is wel l known that the data processor which accomp lishes this objective
must compute the set. of a posteriori probability density functions

L(Z ,N ,j )  p(Z1, .... Z1,~ H( j )) ~~~~~~~ ...
and comparo these with a throshold C which is inversely weighted by the probability
that 11(j) Is true. Tha t is , if

L(Z , N , j )  > C (1)
P~~(~1(i ))

(-‘p

-
________________ - -
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accep t H( j ), o1her~z i s o  11(j ) is rejected . The s n g lo ping procesaor out puts

correspond ing to d i f fe ren t location s and/er different pi ngs are assumed to be

independent al] .owing the representation

L(Z ,N,j) 
~~~ki 

H ( j ) )  (2)

The single ping processor consists of a bank of P matched filter/envelope

dotector combinatior .s , one for each location in the surveillance area. With
- ta rget abz ent , the out put is assumed to h ave a Payleigh d ist r ibu t ion  given in

tho usual for m as

p(R) _R exp [~ 
~~~~~~~~~~~~~ R ~ 0 (3)

41o [ 2 ~~
f
~~

whore
R amplitud e of the voltage envelope

mean square value of noise voltage. With ta rget present , the output is
assumed to have a Rico distribution (non— scintillating target model ) ari d is g iven
by

PQt) = ..L exp f - R2 + ~~ 1 ‘ ~~~~~~~~~~ ~ . 
(
~

)
91o ~~~~~~

°

where -

F amplitude of tho sine wave signal

I modified Bossel function of the first kind

The opt imum processor must compute the express ion given by oquction 2 where
11(j)) is Rice distributed if the indices k and i correspond to the true

ta rget location under hypothesis 11(j), and is Rayleigh distributcd otherwise.
Substituting equations 3 and 24. into 2 yields for the first DA~~~ hypotheses

R~~ 

[ 

~~~~~~

}

~~~ n ( k I )  
~~p [ i ~~~~~~~~~ ) 

I ( ’
~~~~ i15

r) I ~ a(kj )

_______________ ____  ______________________ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _  —
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whore a(k ,j )  is the true location of the target  on p inj~ k u re kr  hypo~.hesis j .

The t~ st function t 1~ey be rowriLton r;ore simp ly as

2 N ID r 2 ,  , ,

L(1 : , j )~~~ exp f_ ~~~~~ J ir J ir 11
kt exp I _ ~~ k~~~I ‘0 (~ii~~~iL! ~ (6)

L ~~ J k~1 ~~i~1 
~
j
j
~ 

I J
Those factors of L(R,N ,j) which are the samo for cach hypo thosis need r4ot bc

computed since they will have no effoct  on the relat~ ’~’, magii i tud o of L(R ,~. ,j ) .

Similarl y ,  the constant factor exp [
~ 

NP2/ 2  

~
} may be included in-i the ccr:p arison

circuitry . Thu s the test reduces to:

Accep t. 11(j )  if

N
71 I R~ Q (7)

k~:1 - 

F [
L

H(r
~~~

If the test funct .ion does not exceed the thi’eshold for any possible 1- th , then

the target is declared absent.
I~ow that the optimal test function has been obtained , a ny mono tonic function

of it may be used ju st  as well. It is corivon iant to consider the logarithm of
L(tt ,N ,j ) which yields the form

in L(Il ,N ,j) + in > in C (8)

If we assume all paths equally likely, thon the path probability contributes
equally to all tests and may be ignored. The final decision criteria boco~ies :
Accept 11(j ) if

in 10 ( R ~~~~~~ P > In C (9)

~‘io

Thus the optimum processor takes the sum of N variates where each variato has
boon processed by the funct ion indicated in equ ation 9. b r  small signal to
noise ratio , the following expansions may bc applied

I ( x ) = 1 4 ~~x 2
(10)

(_ ,
~ 

In( 1 4 ~~~X
2)~ -~~~X

2

— .4
1~ 

- S,.-.- —
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Inserting there  oxpcn s)o :is in the te~ t y~ elft5 the resul t

~~~ 
s~~~

R
~ > constant (ii)

i6~jf
2 / k,a(kj)

1 0

that is, the optimal processor can be replaced by a squaro law detector with a

linear integrator for small signals.

a
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III 1j~~’Oi~L\J:.:E EvAI ,UATIC:: — ST~~ 1)Y SIoNAL~
The op t i m u m  processor has been shown to coi~zi.st of the ].inear in itu grat ~ on

of some ftnn cti .on of the onvolopa of the sing le ping processor out put. It is
convenient to take the out put as; ~hat of a square law detector and normalize with
respect to the moan squaro noise voltage to~•:a rd this end , lot

2y R

- 
24/

(12)

~~~~~~~ 
~2

2q1 N

The quant i ty x may be identified with the signal—to—noise power ratio com~:onl y
used in detection analyses. In terms of the now variables , the single ping
output distribution of interest are :
For noi so alone

f0 (y ) OXp [_ yj y > 0 (13)

For signal plus noise —— steady signal 
-

f 1(y) cxp {_ ~ _x ]  I
~ ( 2V ~~ ) y >  0 (14 )

Fo~ a single ping , the probability of false alarm and detection aro equa l to the
— probability of exceed ing a preset threshold with the target absent and present

respectively. In equation form , the probabilities are:

-~~ 
‘A -J f0(y) d

(15 )

~D 1’1
(y) d

For the sum of N variables , lot

Y (16)
1=1 

. 

ga
~~1~ — — -

--- —~~ 
-
~~~ -~



-7-

The distribution functions of F~1u~~t ion  15 a r t ;  i-ep lac~d by the d i s tr ibu t ior i  fun c t ion

for 1. This is most easily obta in d through the uso of characteristic functions

wherein the character ist ic  funct ion of the sum of I~ var3ate s is equal to the

product of their  in-ad ~.vidu.i l character i st ic  funct ion s .

For signal plus noise , tho c!~aracter~ -tic func t ion  of £qua tion 14 is given by

- C1(p) 
J 

exp [
_x_~] I (2~~~~~ ) exp dy (17)

The integral may bo ob ta l~ied from p air  655.1 of Campbell and Foster [ 3] .  The

integ~a1s of this reference use e~p [ _py ]for  thc first it..~~ i-~~tioe an~i cxp [PYj
for the invers e t ran sform.  Thi s  same practice is used ho r i  to a l l o w  d i rec t  uso

of the tables of r eference 3. Inserting the —p in b~ u~t t ion 17 yield s the funct iem

C1(p) j  exp [_x l exp rx / (p+ 1)~ (18)
p-f 1 J L. -

The characteristic function for the sum of N variates is then

- 
CN (p) {C 1(p)] (19)

— 
1 oxp [_Nx ] cxp [Nx/ (p+1)]

(p+j)
N

From pair 650.0 [ 3 J , the density distr ibution is seen to he

2 exp [-Y-Nx~ ‘Ni  
(2~ T~~~) (20 )

The probability of dotoction is given by

PD(N) 
= J r~ (Y) dY (21)

This integral is not soluablo in terms of wel l known funct ions .  It is a EpeCial

caso of the incomp loto Toron to funct ion  [ta j  which is de f i rr d  as

2 B 2n_ ri+1 -r rn-n
T13(m , n r )  2r C f t I (2r t )  dt (2 7)

~t t
_
~~ 

. 

.

0

_____  - S.-— -- --
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In t.ei~; :s of th i s  f un c t i o n , the d’~~’-~~L ion pn~~~ i~ -~~ U ty i s

1 — ( 2 N _ 1 , N— I , ~~~~ ~ (23 )

Curves of tho ir ico: ;p l. t-t s  Toronto fLnet i on  are avai lablo in reference ~; and

numerical  means of evaluat ing  the f u n c t i o n  are availabl e in the HNi~) pi -o~;ra~:.-: i.ng

library. For noise alone , an identical procedure may he carried out with thrj

r(’~,ultant :~u at i -~ris

Repeating E1uation 13

f~0
(y) c>:~ [—y~

From Pcfcrcmc .:: 3 r~ir !;31 or direct integration

C1(p) 
(2 / a - )

1-f p

Then

CN (p) i - (25 )
(1+~ )N

— From Reference 3 pair 1~31

___r (y ) (N_1)t (76 )

The probability of false alarm

= I t (i) dY = 1 - i C , N-i (27)

where I C.) is Pearsons form of the incomp lete Gar ; i~a Function designed
by the expression

I(u ,p)  I ~~~j -vi VP dv (28)
J P t
0

The probability of false alarm as givcn by Fij uation 27 pertains to a particular

possible target pa th. The numb er of such paths was dcf i~vd in Section II as DA~~
1
.

For largo A , the prctcescor test f u nct l on - , L(R ,N ,j ) ,  ar c appruxii ...;tely in p~ n dsmt
of each oth~ r and the probabil it .y that n of th~ so result. in a f a l s e  alar~ i~ 

-——— 7.- —. -.
~~~~

--
~~~-
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C DA~~
1 

~~ r j

~r ~~~~~~ 
= 

n 1 1 - ~~(n) ~ (29)

The avcr . ige nu ftj c r of false alsr~ns is

N -I
= ~ ~r = 

-

The equation foi ’ l~~(1: ) is 5( cm to be equivalent to the e :prossion for th~-

rnean of a hins:, al distribution whicb has Us c)o: d foru ~ rcsu l  L

DA’~~
1 PA (N )  (~ i )

wi th thi s  d e f i n L t ~ on of average punbc :- of fa] -~o a l, -;i- - : , we no t e  tL~ t

as a sinpic multi plier. If ~~ cons t ruc t  a plot of - —
alt ’ rn s t ivu i y si gnal—to --noise ratio required for scus fixed value of

versus F/~ff), we need only plot aga inst  
~A w i t h  DA tt

~
_l 

as a scale factor.

Equaticas 23 ansI 27 were eva lua ted  by oxcercising existing in~.~w~tse ~~~~
rout ines for the indi c at scI  functions for selected thro~ ho~d valuc; s C ans~ S/N
ratio x. Curves of P~ vorsus for fixcd valuc s of N and x, plotted for
coanon values of C, are given in Fi gures 1 thru  6. A croas plot of this  da ta

is g iven in l i guro 7 which shows the S/N ratio in db requir . :cl to achi~vo a
dotectic:i prob .-.~~ii i ty of 0.9 as a function of nu~- 1-c r of pines processed ~~~
probabili t y o 4’ f a l se  alarm . -

~ 

~~~

I
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iv CoNPA1U~ON OF ovi- i:-:ui-~ AT !i N/N Pl~OC1INSOi~_ 4JON _ SCL TILI ATL G TiU~Gi~f~
A do thi lc i  trea tment of an M/fl processor is given in I~ofor ~nee 1. Tkn s

proe asor operates under a t arget  detection cri tori~t in which N goor c t r ica l i y
correlated sing le ping threshold crossings are requir ca-J wit~i in  a spa n of N

ping interva ’s.  A s imp ler t ron tm~nt of that  problem is given hei-o to allow

comparison of the N/N processor wi th  the opt inu t :  processor.

The cumulative mult i —p ing probabili ty of detection and false alaraa arc

rolated to the sing le ping values by th e  equations :

N N N-k
PD (N ) = Y~ ( ) PDW ( 1~ ~

(
~ ) (32)

k

N N N-k

k )  P
A

(1 )k 
( 1  — PA (i))

As in the optimum processor , the average number of false alarms is given

by
N I

= DA - 

~~~~ 
- (3L~)

In tho comparison which follows , N is fix ~~ at five ping intervals and

the value of D and A apply equally well to both optimu m a rid N/N processors .
Thus , a f ull comparison of the two types of processors may be accomplished
without considering the explicite values of D and A .

The sing le ping probability of detection and false alarm are related to each
other by their common threshold . From Equation 15A , we write

PA (1) [ exp [-
~~1 

= exp [~~ e~ 
- 

(35 )

thus the threshold may be written directly in terms of falso probability as

c = in 1 (36)

~A 
(1)

Appl y ing this threshold to Equat ion 15-B yields for  probab ili ty of detection :

f i P~ ( i )  exp [_ y ~x] ~~ ~~~~~~~~~~ dy (37)
1 

l n ( 1 )
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This integral has flu lose-J form arid is g ( n r a l . L I l i y (-Y p r’ s s e d  as Narcuri s ~
f u n c t i o n  i

P~ ( i )  ~ (~r~ . ~~~ T7~ i3 ) (38)

whoro Q is defined by -

2~~ ,2 a

Q(~~~ , 
;~~) f exp f~ ~~~~

] I (~~~~~~ 
v) dv

The computational procedure for the coi:~- 1riscn inclod~ -J hero is as fol l ows :
1) Scat N equ - ti to 5 and 

~~~~~ 
equal to 0.9.

2 ) Us ing E~n~ tio:1 32 find 
D~~~ 

for N equal to 1 through 5.
3) For ea ch N , LLs e E~u-at ion 38 to fira d the S/fl rat i o  required for selected

valu es of
4) Using Equation 33 find the which correspond to thc- PA (1) of

step ~~ .

5) Plot the S/fl required versus 
~~~~ 

for each 11

The results of the&o calculations together with the op timum processor for
N oqiu l. to five are given in Figure 8. In genera l , the optimum shows abo ut a
two db ad vantage over the N/N processor.

I
— _,_ 

—5 — — a— —
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11 NE~;J ~f ;

The anal ysis to this point ut ili~~es a fb ~c - i  S/ N  2 - a L 1 ~o a t - t~ic input to the

rocoiv -r , Tha t  t h is  is not tho case ~s well krio;:n and suit.sLl e r cdi fica tior ls

mu st bt inclu ded in the ar1~I l y s) .s  before it can be cnnsid~~-cd ro~- iist ie .

Tho most . accep tel mod el rep~ o: ent at ive  of var iat ion ~ r i s : 1 - a l .-to-noiso

is tho ]og—n orr .I-al  d ist r ibu tion .  This  uc-] el h a s  b cc -ii extensivel y us ed in

signal ping analyses and doe-s have ji.~ tificatio:~ from both theoretical a:~d

exporirtir~nt al s t.andpo~nts . 
-

Accep ting the lclg..novnal dist i-ibuLion as the best target scinti llat ion

model a) ] o~-:s wri4t ing the dis t r ibut ion in tho feru :

f ( Z )  exp [
~ 

~~~~~~~~~~~~~~~~~ (39 )
2~~ Z

whore Z S/N power ratio in db

Z ti-o:.a of Z -

Z standard deviation of Z

The genera] formulation of porfor-r~.anco analysis requires cxpross~ r~g the

dis tribution in terms of S/N power ratio In volts . The change of variable required
is:

Z 10 log x 10 log e in x - (40 )

Completing the forL~]al change of variable yields 
-

f(x ) 
- 

- exp 1~~~~~ 
_ _ _ _ _  

2 1 (41)
L 

~
. 

~~~~ 
1 1

where
;.= i —.- 

cI~~= cij 
—

lO log o 10 io~~ o 
-

Attemp ts at forcing the distribution of Equ ation 41 into the anal ysis of

Section III proved hopeless. Tho princi ple d i f f i cu l ty was the appearance of
(ln x )2 terms which cannot be conveniently represented in series form .

To circ u~-ivont the difficulty. a distribution was assume d which had character-

istics s imila r  to the log nol- I la l  an d the anal ysis co~ plot -cd using thri assu med

distributi on. 
-

- 

H

______  - —  -

‘ 

~~~~~~~~~~~~~~~~~
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A f a r l l l y of sc i n t i l l a t i n g  t— I rgot redel:;  is  pr* s ent cd by Suerl~~-ig [
~

]
with th O ~ C I ’ X ~ al caq ir t l om .

w(x , x) = y (~~cv~~ 
K— i

~ L

The equation is a Chi squir e  d is t r ibut ion wi th  2K dogro’~s o f  frocdot I ~h :- i -c  x
and x have tho same interpretat ion as in Equ :ttion 41.

The be-st va lue of K proved to be 3/2 —— a Chi square- distr ibution with

3 dogroes of fr -edo: . For th is val ue of K , the cr~u at ia~i for  S/~ dis~ r ibut ion

— 3/2 
~

- r -i
w(x , x) 

2_ f._1 j 2 
CaXp - 

~~~~ 
(43)

~1j -( - (~ ; J  I 2~J -

A comparitivo plot of Equations 4 1 and 43 aro shown in i’igure 9. The use
• of E qua tio n l~3 as the S/~ distr ibution pc’a l- - rea sonabl e particularly in view

of the uncort aintie~ inherent to Equation ~1.

- 

— -~~~~~~~~~~~~~~~~~:~~~~~~~~- -~
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, 
Vi i-~-:~ -i: ~:,‘ :~~ F;1a

’,~~ ij J a ~~~~~i(:~ — scJ : . aia iLJ ... T N : ; t a
a } ~~~~ I f

Th. - 1 a -~I I~1 pl U’ ; y~oi sca d i  ~;ti’ j~~~i t j o ~j f ( Ir  f i x : ]  ~a j Ia f l~~~1 — t o — n o i s e -  rat io  w~15

g iv I I  by E-~u-~t .io~ 14 as

f(y  x )  c~ p [ v x ~ ~~ ~ ~r~~)
Iaho as sI: -~ J d i s tr ibu t ion  for  51~~~ I -I i . —t O —f lca i 5 O  var i ab i] .~.t.y w~a s  g iven by F~1aat ion

3/2 i r
w ( x ) - 2 3 x~ cxp

-1w 2 x  L

Given t he - s t -  d~~: ti ihI1t ion~ , the Ufl C C I~~-11t~ (a~~~a- t l  probsbi]A ty of y in Cr:;cr. l

fo r1 i s  C 1 V I ~~1 by

f(y ) 
J 

f(y ~ x) w (x )  dx

x 
a

For o.r problem , the resultant equation is

f (y) b C ) a U (~~~y )  f  x 2 exp (-cx) I (2 ~~xy ) dy (45 )
0

whore

b —‘-— ~~~~~ 2

~ 2 I r

a~~~ 1+  ~~~ 
a

2x -

The Bessel funct ion ~;-ay bo written in series for ~n as

I (2~~&y )  = (46)
k o  (k t Y  -

which allows r c ; - r j t t in ~ ti le integra l of Fi1~~ tj o n ~~ as
&

k r k+~
/ 

(y)  j  x exp {_ a x } dx (47 )
k~o ( k s )  o

To eva luat e  the i r i to~~al of E qua t i on  47, ~~- ~ ott ’ the Gar ~si 
t a U,~~C tLOfl  is def ined

• by ~
‘

f  ~~~ ~~
‘ 
-t d t 1’(Z)  (45 )

_ _ _ _ _ _ _ _ _ _ _  
_____ 

_ _ _ _ _ _ _ _ _ _  



} :tI; j I~~ an ,~~~~,~~l I c a ~~ Ir1  s t . I ci t~v~~ of ~‘; r i  1 . l  c: , the integr a l of Eqii~ t i o ri 24 7 n -~~y br

w ritt ’’n Il l  t } a  - clo -~~d foi 1n

k 13/7

(±1 1 (i ~ 3/ 2)

The ~;.nccI~;i  it ~ onri~ ci i st  i i~!UtLOn of y thus ‘~ ue~o;:es 
-

1(y ) b (X f l  (-:‘) 
~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~ (49 )

) e- F :-~-t- ~u 1; to the- d i st r  t i  e-• i of a sin~~ ~ pu lse .  The d&st r ih ’-  a

for  t h -  s~~; of ~ ~- i ~1 ~es is c-~~ t~~~ia a r~~1 a r s ; ; - - r  an-i 1 o~ o- -s to t~~1t us -:d in

S c e - t 3 o : -~ I~~1.
To si ’ :~ i ~~~~a 

:. ( - t ’~tj os  let

A JiOsLJ~i?, ( o)
k k i a k 4 3

~
(2 5

E qu a t ion  I~9 r~~y no-i: be wr it t e n  as
C-.->

A
~~~~~~~~~ 

) k k - r 1f~yj  — ‘— S k ’ y cxp ~-y 1
k o  • Ia_

From Cau~~~ ll an~ ior3t r:r , pair 431, the characteris tic  function for one pulse

is 
- 

a

A
C 1

(p) k4- 1 (52)
(p+ 1)

For the s- u ’-; of !~ u l sc~~, we write

Cr~
(p) = 

A.,1 A 
k ~~~ 

—

k çe k2-- o kN~
o (p 11)

U sing p a ir  431 as an iuv a - : ’~ e t ransfo ri~ y ield s tho d ist r ibu t ion  of the sui ;; as

~~~ ‘ S’ A A A 
k1

1k 2. . .kN~
N_ l

kl k2 ” kN eXn [_ ’fJ~~ (~,4)

k 1~ O k 2 -o k :;o (k 1
4k

2 ... k~ 4 N

a 

-
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The pr olasbil i ty  of da t i - i t i c s  1: oi ’t c i s  1 by i n t f - g r : I tJ r g  E: 1ii - t ior i  54 fr -em

th~ a thr s~~’i ci C to irifirl  ity . v
~

aak ir i g ti le ’ Y t~~l~; ;:; onl y we- h -~Ve

- 

f ~~~~~~~ / ‘ dy 
(~~~~~ )

where

This integral  F - s  the same for’; as Pearson IflCO~~~I1 etc G a c c a s  Fvii-c t i oa ~~1ic h

is d e f i r ; -J by F~cjsa t - iori 28. Syi b o l i cI l l y the i ntegral is r t - ~ 1s O r :a t f  I

i~~~i , r 
a

The final result is

( A~ 1 Ak? ... A~1 ) { I - I~~~~ C , (~ 6)

k 1 o k2 o k~~ o

where -

+ k2 ~~ 
+ 4 N - 1

) ~
- Pc-a rson Incomplet e  G- irs - i Function

A b p (k~~4 3/2) a 
-

b : 

+ 3/2

2 -

1ho false alarm computation is identical to that  g iven in Sect ion Ill.

A comparison of optimu m and M/N p rocessors rsty he made in a mann er  analogous
to tb-a t of Section IV. The onl y change r equired is a chan ge in the si gn-al to

noise distr ibution function g iven by Equation 51.
Eakthg thi s  c h an g e -a, Equ ation 37 of Section IV become-s

V 0.-•

PD(1) 
Ak -xp {-

~ i 
dy

I
- --- in(~ç~i~Y) k-o Ic
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VII 1-i ‘ i-~ f OF T}I (
~b1IoiJa~G

Uzo of an op t i mu m processor it -~~I l ) f5  t h e  prooos -lng of c-n on ~s amounts  of

data . It is appa rent  t h at  a pract ie-al pi-oc~~:;sor mu st  contain data r educ ing

techni que:; to allow cos ;put ationar fea s ibility. Ono such techn ique is t};rcsiI olding

the sing le p ing out put prior to nul ti~ ping proccs’~ing . The mult i -ping pi-occsssor

then concorns itself onl y with out•puls which oxcoed a pro~ ot volta~ - . level .

The OVCIraU process becomes a double threshold dcv ~ Co arid performance is a

funct ion of tim set t ing of the two thresholds.
The af fec t  of single ping thre -chol .ding on the- d Ot UCtaOl ’  out put ~s pic to r i al l y

shown bole-v

a 

4~& 

-

That is , thresholding places an impulse at y equa l to zoro )equ-al to the
probability that y is less tb-an C

1
. ‘

a - The distribution funct ion rsay be written as

H g(y) 
~ 2~~~~

’ < c~~ S(y ) + f (y)  u (y_C
1

) (5 7)

where

~c (y) Dira c Delta Function - -

0 Y_  C1

1 y~~~C1

For noise alone , the dis t r ibut ion was p-ovious) y shown to be g iven by

f (y) exp

_______________________________ — ~~~~~~ - - - a - ~~~~
_
~~~~~~~~~~~~~~~~.~~: _~~~ - -~
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For a fixed va~ ua of C1~ the v alue -  of 
~r ( 

y -‘ C
1~ 

becomes a constant

of the problem arid is; equal to

A 1 J ~~~ {_
~

] dy (58)

= i - oxp [_c 1}
The threshold d i s t rib u t i o n  function r~c ;-: beoo r ;c-s

g(y ) A
1 ~~(y) + oxp [-~J 

u (y_C~) (59)

The distr ibut ion for the sun; of N pul se-s is aga in c a r i v e c i  usin g ci~sracter ist ie

functions. The Fourier transform of the delta function is unity. The transform

of the re ma in ing t erm is obtained by di rect  integration as follows

- f exj [_y] u (y_ C 1) exp [-~~} dy

J exp [_ c1 + p) y]

-j-4- exp [_ (1+p) C1] - 
(60)

The characteristic function for a single pulso may be written as

C1 (p) A 1 
+ ~~ exp {_ (14 p) c1J (61 )

The characteristic function for the sum of N pulses is the N—fold pro- duct of
Equation 61. Using the binomial theorem , the resultant may be written in finite

— sor ies form as

GN (p) 

~~ 
(

N
) A 1

N k  exp { -( 14 p) Ic c1] (62 )

I
___ 

—
~~~~~~~~~~

_ _ _ _ _ _ _ _ _ _
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Thee exponent ia l  in p is s imp l y a c i i  sp i see~~sr i t  —— i.. e. f rom Ca~;pb s l  1 an’J
Forstor , IbI la 207

oxp 
H ~goj F ~~~‘ G (g -

The inverse t ransform is again obtained from Car ;p be-l l arid }orste-r , pair 431

with the r esul t .

g(Y) 

~~~ 

(
~:J A

1
N.a k exp [_ Yj  (63)

y kC1

The probability of fa lse  alariai is obtained from Equation 63 by int r aCr at ir i g
from the multi--ping threshold C.~ to infinity. For the terms conta ining 1, the

integral is

f (~~ 
- kC1)~~~ oxp [ Y ]  dY 

a

To perform the integration , first make the change of va riable

- Z y - k c
which results in the expression

oxp [-.kç f Z~~
1 exP [-Z} dz (65 )

(k- 1)t

~N -kCI

Tho latter integra l has the form of Pearsons Incomplete Gamma Function defined
by Fquation 28 yielding for the integration - 

-

exp [_ ~ C1] [i - i CN _kC
l , k_ 1\ ]

~rj I
Tho final expression for probability of false alarm is

PA (N) 
~~~ 

(
~ A~ ~xp [_kc1] - I k_I)

] 
(66 )

~ kC 1
,- .

~ 
where

a 

A1 
: 1 — exp [_c 1

- - — — ---
- - ~~~~
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C om p u t a t i o n  of t~hca average numb er 0r f a l s e  a l a i u ; s  in- ide-ut ie -al to the

caar] j ar  dove) (p rlt in  Soet ion III and is g ivi - ;; by Equ ation 31

When a steady targot is pre sent - , the d i st r ib u t i on  of y is g iven by

f (y)  cxp [_x_ ~ 1~ (2 .\r~ ) 
a

The probability th at y is less than the single ping threshold va lu e  is easil y

shoa.m to be oxpr carsiblo in terms of Narcur-~s Q f unction -

~ r ~~~~~ 
< C

ij 
A2 

= I - Q (~~~/~~~~~~ 
-~r~1 ~

Tim t iircsh calde -- 1 d i st r Thu t ion  then has the fos~-;

A 2 ~~~~ ~ Oxp ~~~~~ ‘o ~~~~~ u(y~ C1) (67 )

Using the series expansion for I given by Equation 1~6 yields

g(y) A~ ~~(y) + exp [_x_y] (k!) 2 u(y-C 1) (68 )

A genera l developmen t for eos~puting the probability of detection for

the sun of ~ pulses given a single ping distr ibut ion in the forai of Equation (8

is given in Appandix A. Direct appl ication of that  work yields the result.

PD(N) (
ti

) A2
ti_m 

k:
+ 

[_m(x +Cj )]

(k~ )I  (69)

kç-o km~
O

k (k 1— 11) + • • •  (k
~a

_1
~

) 
c

l~~o l :o t~~çrrT.. ççr

C
ti 

mC 1

r~~ l •f ... l +~~I

1~~ Q (
~
[ 

~
I2C

i ~

- -~~~~~~ .~~~~~~~
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For a sc i nt i )  I -a t~ m~ t a r~ e-t , the c1i~J~i-~butiozi as g iv by Equ at ion  51 is

f(y ) A~ ~,k cxp {-y ~

The probabil ity that f(y ) is ) e~ ;~~ than the s ing 1o p ing thr~ sho)d C1 is

F (y 0
1) 

A2 \ A
k 1: ~~ dy

I •~:4— , I c )  (70)
~co  ~fk~~1

whero i ( )  is the Inconp iote Gamma Function of Equation 28. The threshoided
function thus becomes

g(y) A
2 
((y) + ~~ y~ oxp [-Yj u (y_ C

1
) (71)

Applying the general development of Appendix A tc’ Equat ion 71 y lcids

N

~~ 
A2~~~ exp [_mc

1J 
k1~

o 
~~ 

A~1 • .A km

k k (k 1—11) + ... (k~—l~) 
~

(k -.li ) I  ... (k -i )t [ 

- -~=— , r -

1~~o 1 o  Dl El -

C mC

whore
r -  1 ~~

- ... 1 ~ in1 m

C
1 / ,  A

k
I _ l

~ 
, k

k-o /k l l  -

J 

. 

-
- - - -- - ~~~~~~~~~~~ --~~~ - 

)

_
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M~1 ;;H)ix A — T~ii~~~lVJID1~) ~-:u~:-~— Pir ~’; J’~~~~C~,~~~~aC~~

For sev carml assu~-~ -d sI gnal_p lu s_noisa ’ dis t r ibut ic-n s , the expand ed forcri

of the d i s t r ib u t i o n  h as ; the t~e:ic ral cz~u-atien

g(y ) A 1 ~ç(y) ~ A~ ~
k exp [~] u (y-c) 

- 

(A- i)

whore y normal ized out put. of a square law detector

~~(y)~ uni t  impul se at y 0

u (y — c )  un i t  ~t~ p at  y c -

‘lh pi~ a~ - b~ Ut y of detection for  tho r -en  of 1 puls os from the cb ovc dis t r ibut ion

func tion is dr - s - l i - c l .  Th i s  is obtained by Lbs u sual  app licati on of ch-aractor ist ic

f u n c t io n s .  In wh at  follows , the characterist ic funct ion is taken as the Fourier

tran~-feri - allowing use of Campbell and Forstor Fourier Transfor m Tables.

The Four ier Transform of the impulse function is unity. The transform of

the secon d t orn of Equation A— i proccdes as follows :

Considering the y tci-ms wi thin  the sumsiation , the transform in integral form
is

‘0~

- y exp -y u (y—c) cxp —py dy (A_2)

—

a 
The unit step at y C may be el iminat ed by setting the lower limit at C

exp [-i] exp dy (A~3)

Since }oul-ier transforms are available with lower limit equal. to zero , we

now make tim change of variablo
Z = y-c

dZ dy -

whi ch yields the e~uiva1on t expressionf  (Z 4C)k exp [_ (z+c)] oxp ~_p( Z4 C)] dZ

The binonta l term may now be writ ten as a f in i te  series with t.h o result

I I ( c ~~
1 :l exp [-.1 oyp [-( l I p ) 9 c’p ~~~~

p
71



-

Ccir ~ al~~ l)  an -i F crs t~ r , pa i r 
~~J 1 , p x c s e ~~t the t rans form

- - 
~k_ l - c 1 g > 0 (A-6)

(p -’- 
~~~ 

)‘
~

Taking the Integra l  ins id e th e 5~~?a~~~~~t t ] Of l  arid a I - a
~~ly i iAg pair  431 yields

- o>p [_z] 
~~> 

it
— 

I ~l~ l
a tp 4 l i

The Fourier tr -3n sform of Equation A-- i tray now be written as

C (p) A + A ~kl .

1 1 k 
~~~ - l~~! I ~~ r 1

k 0  10  ‘ ‘  ‘p /

Tho Fourier transform for the sum of N pulses is the N--fold mul t i plication
of Equation A-7. Symbolically treating the right hand side of Equation A.— 7 as
the sum of two terms , we write

C~ (p) {c1 (~~) ]N  (a +b) N

- 

~~~ 

-m m 

- 

-

Inserting the appropriate expressions for a and b y ield s

C

~~~

) 
~~~~

‘ (:~ 
A N

~m 

k~~O 
11d ~~

• •  Ak

k oxp [_m (14 p)C] ~~~
i_h i).~~~m

_1m)

I Dl (k1—11)t •..(k~
_l
~
)! (p+i)11 ~ . • 11fl + l~3

- 

(A-C)
The next step is to take the inverso transform . The only terms we need

consider aro those containing p. Thoso are :

___ r = 1~ ~ • • •
~~ 

+ in (A_9 )
(~41)

r 
-

I-
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The eyp - mn~ n t is)  tern rek eso: -~; ~ d ~ a - ~r.ei 1 t , I - (v

-pYo
t C(p )  C 

~~~> g (Y_Yo )

The d e n o . : l n T t tor of  Fqus t-ion A— 9 ~— is the sai c form as tha~ tran sfor~: p . ir  civ~-n

in Equation A— 6. The resuit-&nt t r a n s f o i m  of Equ -ation A-9 is

exp {_prn ~ ~ ~•i (Y rip )r i  oxp [(~-Y_ m c ) J  (A_b )
r— I 

a

The integra l of g(Y) f r om a multi-ping threshold , CN, to infinity yields

the probability ~f detection. To carry out . the integration we may restrict.

oursolves to those terms contain ing Y as given by Equation A—b . The desired

integral is

- f (Y-mc)~~~~~ cx~ j_I~ dY
oxp [mc] - (r- 1)I - 

( A — l i )

To carry out the integration , f i rst  make tho change of variable

Z y _ m c  -

d Z d y

which ylolds the equivalent integral

J Z
D_ I exn dZ

(A—1 2)
CN

_ m c  
-

The latter integra l c’~ay bo idont if ied wtth Pears on ’s Incomplete Gaia :~ra Funat ion

which is dofin€d as

I (u,p) = J •a t Of [_~J dt

In terms of this function , Equation A-12 becomes

- C - in c
1 — I —~ r-I

\ a r

I
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I
. 

PJ) (r~) (
~

) ~~~~~ 
~~~o ~o 

Aki ... A
k o~ p f_ r -ic j

k t k , C~~ 1~~~1) ~

1 ~0 1 O (k 1--l1 I ..
~
. (

~ m
_l

m
)t

1 in

CN ) rio

r 1  + ... 1 ~~~~I t,i

:
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