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ABSTRACT 
—

~o ~olve~ Fy = 0 numerically we use two different methods , the first

of which is sketched already ~ 4-~~ Secondl~~ w~, introduc~ a neighbouring

problem (N . P . )  Fu d , lid II small , with known solution. ~We solve the

original problem and the N. P. with the ~ same discretization inethod~~ The

known error of the N. P. is used as an estimation for the unknown error of the

original problem . These procedures are used iteratively and their relations
—

are discussed. In subsequent papers we iI~app-l~z - o~~ general theory~to

some special cases and will discuss relations to collocation methods and

to PEREY RA ’S deferred correction methodsj 8 ,9 1.
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Defect Corrections via Neighbouri ng Problems

I.General Theory.

by

Klaus Böhmer

Summary: To solve a functional equation Fy 0 numerically we

use two different methods: The first one ,scetched already in

[3), combines Newton ’s method with a discretization of the

linear prob].em. Secondly , we introduce a neighbouring problem

(N.?.) Fu d , H d ~ small , with known solution . We solve the

original problem and the N.?. with the “same discretization
method” . The known error of the N.P. is used as an estimation

for the unknown error of the original problem . Both methods are

used iteratively and their relations are discussed . The idea of

• using N.P. goes back to ZADUNAISKY [15 ,16 ,171 , again discussed

by STETTEP [i~ ]. They treated initial value problems of ordinary

differential equations where STETTER used our first method , too.

The method of N.P. was applied by FRANK , HERTLINC , UEBER HUBER
[5 ,6,7] to initial and boundary value problems of ordinary

differential equations. In subsequent papers we will apply our

general theory to some special cases and will discuss relations

to collocation methods and to PEREYRA ’s deferred corrections

[10 ,11]. We find numerical methods which seem to be as

convenient and appropriate than those derived directly (see

[5,6 ,7 ,1~ ,15 ,16 ,17] ).

1. Introduction

With Stetters [131 notations ,slightly modified ,a discretization
method ~~~~~, applicable to the given problem

(1.1) F(y) 0, F : D -
~~ E°, D ~.E ,E° Banach spaces ,

is an infinite sequence 
~~~~~~~~~~~~~~~~~~~ e ~ ‘ ~1~~~0 ,h 0 1 C

inf ~ 0, such that

— :1 —

~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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E -
~ 

E~~, ~h E°-~ Eh °
~ t~~,~~ linear bounded ,

Banach spaces , dim Eh dim E
h
° <

F is continuously imbeded into a Banach space ~ and

~~..a 11m~~ hy l i  1Iy ll~ for every fixed y e E ~ E
1’i-’~o

1imll~ h ZII = Hz IJ for every fixed z ~ E
°.

Ch 
+ (Eh Eh

°), Ch ~ (E E°) and F e Ch for h € 11.

t ~h’ro ~ means anyone of the norms in E , E°, Eh ,  Eh
°.

k’plying ~~ to problem (1.1) we find tlie discretization of (1.1)

: 
~h~~~ ’ ~h 

: Dh 
+ Eh

°, Dh c Eh for h

(1.3)

0.

We assume that (1.1) and (1.3) have unique solutions y e D
€ Dh (see [13) pp 12 ff.). Further we use the equivalent

:~~tations

t x
1 

= x 2 + O(hr), r € 1ff 11x1 
- x2 l~ 

Q(1~r) for h+0.

~f there is a sequence of : E -
~~ E°, h 6 11 such that

(1.~t) $h(Ahu) A~ {F(u) + A h(u)} for every u € E

is called a “local error mapp ing ” . In many cases the local
error mapping Ah admit s an asymptotic expansion up to the

v , that  is
‘4 ~1

: (~~.5) 
~h A h (

~~

for u € Dq ~ D, f1 :Dq~ E
°
~f~ independent of h.

— 2 —
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U. ,

If ~ € Dq is the solution of (1.1) and if ( 1 .3)  is consistent
F to (1.1) of order V then the “local discretization error”

. X h ~h A h (y )  sa t isf ies

V V
(1.6) Ah = 

~h h h ~~~~~’~ ~
f1 (y) + 0th

Very important for numerical applications is the question ,
whether (1.6) carries over to the “global discretization
error ”

(1.7) 
~h ~h 

- 

~h~~’ 
1h’ y solutions of (1.1), (1.3).

Gragg [8] has studied this question first for initial value
problems of ordinary differential equations. Stetter [12 ,13]
generalized Gragg’s result to functional equations. In these

• papers we always have i or 2i.. Several difficult
special cases were treated directly (see for example Benson

• [11).

2. Asymptotic expansion of the global discretization error

Here we generalize and modify Stetters [12 ,13] results a little

bit to prepare it f or our later applications. We require that

the V in (1.5) are such that

: = ~~~~~~~~~~~~~~~~~~~ ~ O<V 1<v 2< . <V
q

<V q+l and
(2.1)

e 1N:~ implies v~ + 6 N~ or + >

• For this case we give (see Stetter (13], p. 25).

D e f i n i t i o n  2.1: We ca l l  the a s y m p t o ti c  expans ion  (1.5) o f  the
loca l  error mapp ing (V q~ Vp )~~smooth at u, if the derivatives

f~~~ (u),a=1 ,2,..., [~~~ 
1] =max {n € z j n  � ex i s t  and i f

for u ,ek 6 Dq=Dv ~ ~~~~~ l~~
l e~~fl sma l l  enou g h , k=p(flq, t he

f o l l o w i n g  r e l a t i o n  is va l i d

- • —

Ilir ~. . r~~r~ ~~~~~~~~~~~~~~ ~~ - -~~~~~. ~~ ~~~~~~~~~~~~~~~~ —. 4



V- V
[ g ~]

- 

~~~~ V
1 + 

~~~~ 
~~ f~~~~(u ) ( ~~ h kek

) }

( 2 . 2 )

A~~(u + ~ h ke )  + 0(h~~~
1)

k p

In many cases the conditions u ,ek e Dq = DV are too stringent

for (2.2). So we give 
q

Definition 2.2: Let D ~~, E k’ k=p (1)q, be such that

Dq
c Dq, k c D, Dq c Eq: and tha t

+ ~ h k ek) and
k=p

H
I

( 2 . 3 )  qn V k V V
• • f~

cY)(~~) ( ~ h ek) , i 1(1)q, a=1 (1)[ q i
i

k=p

with qn qn (q,p,i ,a) such  tha t  ~~~ = V q V 1
(0 l ) V p

are defined for u 6 Dq~ ek e Dq, k~ Fur th er let

A h (u + 
k~~p 

h
V

k ek
) : = 

~~~ 
h 1(f 1 C u )  +

( 2 . 4 ) V - V
• q •i.

+ 

~~~ 

l f
( O ) ( )  (~~ h k ek ) )

sQ t?efy

(2.5) Ah(u + h k ek ) A 1 n ( u  + 

~ 

h k ek ) + 0(h~~~
1)

— 4 —
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Then the Dq k are called (asymptoticall y) admissible sets

(fo r~~ L and ?).

The summation index qn in ( 2 . 4 )  is chosen such that e with
k > qn only contributes to 0(h qf1 )~ Since fur ther V ~ V

( a )  I~ q
1ff V

1 ~ V
q
_OV

p~ 
only those f 1 (u )  contr ibute  to wi th

V 1 ~ V
q~~~V

p~

Now the fol lowing Proposition is simply proved :

Proposition 2 . 3 :  Let  the opera to r s  g iven in ( 2 . 3 )  be d e f i n e d
and continuous for u 6 Dq~ ek 6 Dq k  with respect to the norms

in Eq~ Eq,k• Then (2.5) is satisfied.

Since we are concerned onl y with asymptot ic  expans ions ,
V +1Ii q —terms are fairly uninteresting . So in addition to

ord inary Frechet-derivatives we introduce the following type :

Definition 2.4! 
~h 

is c a l l e d  r —i imco  (V q~ Vp
)~ d if f e r e n t i C ~z b l e

at n, i f  there  are bounded a — l i n e a r  o p e r a t o r s  
~~~~~~~~

+ Eb ,  such that for Vq~rV p~ ej 6 Dq,1 i~ p (1)q,anc1

h L e1 11 sma l l  enoug h
-t =p

q V
t
~h 

(r~ + h e )—
l• =p

(2.6)

r 

q 
V min { (r+1)~ ,v • )

= 
-

~~ 
1 

~
<°>(~~)(~ ~ h “ C ) a +Oth p q-F l

- a= 1 i -p

The operator 
~~~~~~~~ 

is called the a—tlz (V q~V p
)~ d~’riv ~ztive of

at r~

Now the fol lowing Proposition is a simple consequence of the

last two definitions :

— 5 —
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PropositIon 2 . 5 :  Let  Ah be (V
q~

V
p
)~~smooth in B~(Y): {u€ D Ill u_ y Il <~}

and iet with Vq ~ r V ~~ F have r Lip schitz—continuous derivatives

Then 
~h = 

~~~~~~~~~ 
is r —t imes  (v q~ vp )~~d i ff e r e n t i a b l e  in 

~h B~ (y)

and with i such that  Vj<mlfl{(r+1)Vp~Vq~1)~ aVp we f i n d

(2.7) +h~~~~~ h~~ 
- 

~h
(F (u) + h 1 

f
(O~~~~~) )  a=1 (1)r.

For a r ~ [V q
/V
p
]~ with  at most one -s ig n , we a l w a y s  Iz a ve

min ((r+1)vp~vq~1
}~ avp>v p sO i ~ 

1 and the 
~ 

in (2.7)
is well defined. .For a = r = [V Iv ] it may be that 5 < 1.

Then we define : 0 in (2.7).
l~~1

The proof of Proposition 2.5 is obvious with DefinitIors2.1

and 2 . 4  and (2 . 1 ) .

J To give the fol lowing Theorem we need some formal notations.
Let F be [V q/Vp

]~ times differentiable , let y be the solution

• 
• 

of (1.1) and let be (V q~ V p )~~smooth .  Then , with F (y )~~0 ,
f1 (y)

. 0, l=l (l)p—l , y, e e

(F + A~~~) (y  + ~~ h e )  + ( q+l 
~ h f ( y )

l = p

( 2 . 8)  • [V q /V pl V 1
•~Vq

_aV
p ~ 

q 
~

+ ~ 1.{F (a) (Y ) + ~ h t f~
0)(~~)}( ~ h 

kek
)

a=i  1= 1 k =p

Now we introduce operators g~ (. , • . . , . )  by collecting equal

powers of h in
[V Iv I V V C~

- • 
- q p 1 ~~ 

i q V 
~~~~

V
k 

a
_1{F \ a / ( Y )  + h 1f a (y)} ( ~ it ek

)
a=2 

a. i= 1  k -p

(2 . 9) = ~~ h j g
5

(e~~, . . ., e~~( 5 ) ) , g~ 0 , j = p ( 1)p 1-1 ,

I J-p 1

with 2V~~, V9 ( j )  v
5 

— V~~, therefore L(j) ~ 5 ;

— 6 —



r—- 
~~~~ 

__
~~~ ‘_ -~v~•--- — -=-—.- -----~~ 

, .— —.—--- .,-•-••-- - 
~~~~~~~~~~~~~~~~~~~~ 

—— • - . ---- •-• .

in the f i r s t  line of ( 2 . 9 )  ek gives contributions to powers

� + V~~. So the bi ggest k appearing in ~~~~~~~~~~~~~~ is

k . L ( i )  with V
5 

V~ + V~,(5). For the special case V~~z i , i~~1(1)q,

we have t (j )  = j  
- p. With the g5, def ined  in ( 2 . 9 ) , we f ina l ly

• have

q V V q V.
(F + A~~ ) (y  + ~ h ~e )  + 0th q+1 ) - it ~{F’(y)e~+f5

(y)

• (2 .1 0)

+ 
i~~1,k~ p 

f (y ) e k + g
5

(e~~,. . . ~~e~~~ ( . ) )}
~~~ v~~ V~~ +

. i k j

Since we want to have 
• -

= A~~~(y  + h e )  + ( q+l) 

-

and since

+ A~~(u))

the proof of the fol lowing Theorem mainly consists in equat ing to
V

zero all the coefficients of h 1
, i=p (1)q, and can be done exactly

in the same way like in Stetter [131. (Due to IN~ Vp([Vq/V p]+l)>zV q+i
!)

Theorem 2.6: Let the original problem ~~ with the exact solution y

- : and the discretization method ~
‘L , app l i c ab l e  to , satisfy

(a) ~ L is stable for ? ; (see [13 ]);

(b )  ~~ is consistent with ~~ of order v ;

• (c) an a s y m p t o t i c  expans ion  (1.5) of the local error mapp ing

exists and y 6 D
(2.11) 

q
(a) is (v

q~ vp
)~~srnooth at ~~;

( e)  F has [V q IV p ] Lipscliitz—continuous bounded derivatives

in B~(~~);

( f )  ( F ’ ( y ) ) ~~ e x i s ts  and is bounded.
— )

-
. 

~~~~-
_
~~~~~~~~~~~~~~‘~~~~~

j
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ 
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Define the e5 ,  5 p ( 1)q  by ( see ( 2 . 9 ) , (2 . 1 0 ) )

(2 . 1 2 )  F ’ ( y ) e
5 

-{f
5

( y )  + 
Jl ,k�p 

f~~(y )  ek +

V + V k
...V

i

and let e 5 
e Dq ,j •

Then the global discretization error 
~h 

- admits a unique H
a s y m p t o t i c  expans ion

(2.13) 
~h 

- 

~h~
’ 

~~ ~ h e  + ( q+1)
l =p

I ’

For the rest of the paper we postulat e ( 2 . 1 3 ) .

For our later applications we need the s t ructure  and the arguments
of the g

5 
in (2.9) a little bit more completely:

Proposition 2.7: The g
5 

in (2.9) are operators acting multi—
linearly on the ek ,  k p ( 1) 2 , (j ) , V

5 
= + V~~ ( 5 ) ~~ and linearl y

on th e F a (y), o 2(1)[v
5
/v ] ,  and the f

-t
a (y), a~ 2(1)[—~-—---~-I .

( . )  
p 

~~~~~~~~~~~ p
f (y) contributes to g

5 
if f  2 ~ [ ~ 1 J or foz~ ~~2(1)i (5)

with V (j) ~ v5
-2v~ < V

( 5 ) ~~1~ So

• ([v.Iv I)
- 

g
5
=g

5
(e~~,. • . ,e~ (.);F (Y)~~. . . ,F ~ ~ (y);f;’(y),

(2 . 1 4 )  
V . -V V . -\)

([ J 1] )  ([ J 1)
. . ,f1 ~ (y) ,f~ (y),. . . ,f (y),... ~~ ~~ 

(y)).

Here (y)resp. f~~ )(y) has to be a p p lied to th ose  ek 
with

( 2 . 1 5) V k ~ V 5
_ ( a _ 1) v~ r e ap .  V k ~~ V

5 
— V — ( a _ 1) v ~~.

— 8 —

~~~~~~~~~~~~~~ 
•
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Proof: We only g ive the~ arguments for the ~~~~~ By ( 2 . 9 )  we

• have contr ibut ions to h ~ g
5 

by f~~~~(y ) (  ~ h k ek ) if
V .-V 

k p  
V . -V

v 1
+av ~ V . , that is for a 2(1)[ ,~ ~~~~~ From 2 < [ .i

p p

we get 1( 5 ) .  o

3. Defect  corrections via Newton ’ s me thod

The results given here are slight modifications and extensions of

those given in [31 . We use an operator (see for example [9])

Eh + E

(3.1) T~ : , iS 6 := {t€ ]RIt > 0)

~h 
‘÷ y1~ : T

~nit

which essentially reproduces -the asymptotic expansion of fl1~ in (2.13):

If sat isf ies  (2 .13) then

( 3 . 2 )  T iS n it ~h ~ 
+ 

i~~p~~
h

1
(
~~~ 

+

where v~ ~ V q~ S < ~ V~~~~1

3 Usually T6 are interpolation operators and often 
~ 

11 E includes

j derivatives , so one has q ~ q. We will have to compute the defect

F(yh) = F(T
6n it) and we need an 

asymptotic expansion

Q V  V~
(3.3) F(yh) = ~ it g1 

(y )  + 0(h ~ ) •

— 9 —
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with the q from (3.2) (see (3.7)). Sometimes , for example in

spline interpolation, y11=T 6 n~ is not smooth enough to admit the

full expansions in (3.2) resp. (S.3). In those cases we have to

cut down the asymptotic expans~ on (2.13) to

V
• ~o V q + 1

it e1 + 0th ° ) with q0 < q
l = P

such that this expansion admits (3.2) , (3.3).

As a consequence of the modified Newton method we find [21

Theorem 3.1: Let y0 6 D be an approximation for the solution y of

(1.1) such that F is at least t~’ :~ [V q /v p }~~times differentiable with

uniformly Lip schitz—continuous derivatives in B (y ) and let

Fx (y0) e (E ,E°) be invertible with

< p ,  p•sup IIF’(z)-F~
(y0)H ~ q < 1

- 

zeB~ (~ 0)

~ p . ( 1 -q)

Then the modified Newton method

- F(y~~ 1
) ,

(3.4)

with v : = v , v + V = , 9~= 1 , 2 , 3
p0 p p~, _ 1 p0

defines a sequence y converg ing to y, iim~ y~ -y~ 0. If
1further F t ( y )  exists and is houndcd and

y0 y + it e1
(y) + ( q+1) e

,0
(y) :~

1 P 0

(3.5) • F~ (y0) F’(y) + it C (y )  + ~~~~~~~~~ ~~~ + V~ V
q

C (y) 6 0C (E ,E°), C (y) independent of h ,

th en y~, adm-~ts an a s y m p t o t i c  e x p a n s i o n  of  the f o r m

-10 -



r
y + ~~~

-t ~~~~~~~( y ) + ~~ (~~~~~
+l ) fo~ p~ ~ 

q
1

( 3 . 6 ) V q+.:l
reap. y~ y + 0(h ) f o r  p

~ 
> q

If F~ (y0) F’(y0), the second part of (3.5) follows from the Tay lor—

formula.

If y0 and F~ (y 0) satisfy ( 3 . 5 )  then we have

F~ (y0) F ’ ( y 0
) + ~ h ’ ~~-t

(y )  + 
q+l

~~~(y )  C ~~ (E ,E°) .

Proof: The convergence of the modified Newton method under t he

r e s t r i c t ions  on y 0 and F~ (y0) follo~ s by usual conclusions (see [2]).

$ (3.6) is proved by induc t ion . Let y~~~1 be of the form ( 3 . 6 )  w i th

and e £ replaced by p~
_
~ 

and e 
~~~~~~~~~~ 

Then we have with Taylor ’s
, ( f r )

formula and because of the Li pschitz~ continuous F 
— we suppress

the argument  y in t h e  a sympto t i c  expr css ions  -

q v v
F(y~~ 1) F(y + h -t e~~~~ 1 + 0th q+1 ))

l
~~p~~— 1

q V V
1

= F(y) + ( F u ( y ) + F ’ (y )  - F~ (y0
)) ~ it 1 e ~_ 1 +0(h 

q+

l = p ~~-1
(K+1)v

+ ~~ ~~~~~~~~ ~ h e~~~~~ 1
)~ + 0th

j=2

Since (~~ +1)v~ 
1 ~ 

~ +1)v k v~ + 
~ V q+~ and wi th  F (y )  0

and (3.5) we find

v - q v v
(3.7) F(y~ _1) F~ (y ) ~ it e~~~~_ 1 + ~ ~~~~ +O(h ~~~~

l - p~
• ‘\, .with e and e ~ indepcnjent of it . Now (3.4) , (3.5) and (3.7)

imp ly

— 11 —
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~~~~~~~~~~~~~~~~~~~ 
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q v 1 - 1”y 2~ y + h (e
,~ ..i 

— Fn (y
0
) e ,~~) + 0(h

A i:i (3.5) implies

F~ (y0)
1 

= F’(y)~~ (idEo + ~ h~~ c~ + 
q+l

-1

~~~~~~~~~~ C:: independent of h,and a combination of the two last i-ecu~ ts
- ; . v ~ s (3.6). The last statement again follows with the Taylor fLr-

.
~~~~J s.’t .  0

Since , again , (3.4) is usually not solvable exactly , we have to

use a discretization method . The crucial question is , if thi•s

I discretization method reproduces the asym ptotic expansion of the

To guarantee that we need 
.

Definition 3.2: In (1.1) iet Fu F 1u+d reop . F u F 1u+F2u with

F1,F2 6~~
’(E ,E°) and d independent of u. Let ‘5~’t app lied to~~~ give

with 
~h
(Fl
),
~ h

(F2) 6 ~~ 
(Eit,Eit°) res~ .

(3.8)

~h l u4F 2~
1) h l h u h 2 Thh~1

Th en we call ~~ a linear discretization method for ~ ? and 
~h l h u4

~ hd

0 ~e s p.  
~ it (F

i
)A itU~~~it (I’2 )~~itu=O linear discretizations of F1u+d 0 r es p .

F1u+F2u= 0.

4

I — 12 —

-~ .—~-.-- • ~~~~~~
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Let

~~~~ 
:=  T iS nh~~~~l , R. =1 ,2 ,. . . and

(~~.9)

- 

~h , 9~— i~ 
=

I
be a linear discretization of (3.4). Sometimes we use

then often is the Frechet derivative of from (1.3), but that

is not true in every case. We want to prove a result for the

in (3.9) similar to that for the y~, in (3.6). Since we have to use

in (3.9) the TiS nh ,p._ 1 
not only the lower index p~ ,but also the upper

index q has to be changed for every step corresponding to T6, and we.

define (see (3.2) and (3.4))

(3.10) V < V — 6 < v < vq~ +1

Now the following Theorem is valid

Theorem 3.3: In add i t ion  to the cond i t ions  in Theorem 3 . 1  let

d . be a stable ltnear di~scretizatron for F” (y0)u=d.

Fur the r  let  in (3.9) the 
~~~~ 

and t h e r e f o r e  the c o r r e s p o n d i n g  d e f e c t
F (y ~, _ 1 ) 

- ~~_1 ~
+ ~~~~~h e~~~~ 1(y)} + 0(h 2~~1) , 2.=1 ,2 ,...

(3.11)

• q2 ~ 
V~

F (y ~~~1
) Fn (y 0 ){ 

~ 
h 1e 

~~~~~~~~~~~~~~~~~~~~ 
~ h “~ ~ ( y ) + 0 ( h  ~~)

• p~ _ 1 •

be such that (with e 
~~~~~~~ , 9~,k 1 , 1,1,

c~~,9,
,g1 ,~~,~~

independent of h)

— 13 —
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~h F ( y O )e l ,L—l  imp l i e s

l , _ ~— 1 V. S

• c
,~~_ 1 ~h

{e
t ,~~_ i 

+ h 1k ,~~_ 1 ,1
) + 0(h -t

~~ )

4 
1-p 0

(3 . 1 2 )

with V + V = V , V + V ? V~ and
-

implies  C _
~~

fe ,~ 
+ ~~ 

l
h

V t g +

- • 

- 

+ 0(h 1. , 9~~1)

Then, for h small enough,n~ ~ from (3.9) s a t i s f i e s

v Vq
n

(3.13) 
~~~~ ~~~~ 

+ h e
,~~
(y)) + 0(h ~‘) f o r p~ < q~

resp.

V
q~ 

-

(3.14 ) 
~~~ ~~~ 

+ 0(h ) for p~ > q2 .

Proof: In a totally analogous way to (3.7) we find from (3.2),

(3.10), (3.11) and

v V q~
Y L_ l  T6 fl it ,t_ i  Y + h e ,~ _1 (y) + 00-i )

l= p ~ _ 1

that

p~ -1 V qj V 
V~~~

(3.15) F(y~~ 1
) Fn (y

0
){~~ h 1e ~~1

(y)} + it ~~~~~(y)+0(h ~~) .

-P~_1

j With the s tabi l i ty, (3.9) and (3.12) we conclude

p — i
V ~~ V V

h e ,~ _1 (y)+ ~ it 
~~~~~~~~~~~ 

+ 0(h ~)pt—i i-p t
•1

— 14 —
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F I ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~

- 

~~

-- . • -

~~~~~~~~~~

-

~~~~~~~~~

- -  - - -

~~~~~~ ~~~~~~~

•

or f ina l ly  with  (3.11)

V 
V
q
:~

‘~h ,t ~h~~’ 
+ it e ,~~(~i ) )  + 0th t) for p~ ~

resp. (3.14) if p
~ 

> 
~~~~~~~ 

0

: To find (3 .13)  or (3.14) one has to know F(yt.i) exactly. In many

• 
applications that is not the case. This difficulty is overcome in

the following

Theorem 3.4- : Define the ~ by fl-,., = and
£ ,O

(3.16) 
~h h ~

’o~~~h ,~ 
_n
~~,~ _1) = - ~(n~~~~1) 

~
I

where

q V1 t-i V
(3.17) n~~~~~1

) °{F (T
6~~~,~ _1) + it f~~~~ 1

(y))+0(h ).•
- 

i -p t

- 

Further let the cond i t ions  o f  Theorem 3.3 be satisfied with

a.s.~~. in (3.l1) ,(3.12) rep laced by ~~~~~~~~~~~~~~~~

a .s . o .  Then (3.13) reop (3.14) are va l id  for ins tead of

Proof: The proposition follows by comparing (3.15) and (3.17). 0

The question , how exactly 
~h ,o ~it in = 0 should be known ,

• may be treated exactly in the same way as it is done in [10] by

introducing the concept of approximate solutions.

4-. Defect corrections via neighbouring problems

If the. discretization (1.3) of the original problem (1.1) is good

and if it is small enough then y0 : T6ni t 0  
(see (3.1), (3.2), (3.9))

will he a good approximation for the solution y of (1.1) and the

• — 15 —
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rm. 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~ 

-

~~~~~~~~~~~~~~~~~~~ 
-

~ 
-

~~~~~~

• 

- 

defect d 0 : F(y 0 ) will be small. We assume that the neighbouring

problems (N.P.)

(4 .1)  F (u )  d , Il dil < c C  N . P. for ( 1.1)

and , by discretization of (4.1),

(4.2) 
~~~~~~ 

= ~~1
0d , Il dil < c~ C N.P. for (1.3)

• are uni quely solvable. So y0 is the unique solution of

(4.3) F(u) F(y0), if II~ (Y 0 ) i~ < C0

Though we know the exact solution y0 of (4.3) we use the corres-

ponding discretization to compute 
~h ,o 

f rom

(4 . 4 )  
~~~~~~~~

If IIF(y0)II is small enough the known error

V u

~h o  
- 

~h~o ~h ,o 
- 

~h ,o 
+ 0th 

q 0)

see (3.2), (3.9), should be a good estimation for the unknown error

- 

~~
y of the. original problem (Li) and of its discretization

( 1 .3)  and

(4.6) 
~h ,1 

:= 
~it ,0 

- 

~~h ,o 
- A 11y0 ) = n~1,0 - - t)h ,o

)

V
q

•
~

+ 0(h  0
)

— 1 6 —



should be a better  approximat ion than n~ ,O and the defect  F(y 1)

with : T6r111 ,1, should be smaller than F(y 0 ) .  (n it , i in ( 4 . 6 )  is

usual ly d i f f e r en t  from 
~~~~~ 

in ( 3 . 9 ) . )  So

• F (u )  = F (y 1) 
~ ~~~~~~~~~

are closer to (1.1), (1.3) than (4.3), (4.4-) and the known error

V u
q

~h ,1 
— 

~ h~’1 ~h ,1 
— 

~h ,1 + 0(h )

should be a better estimation for the error 
~h ,o 

- than (4.5)

and , corresponding to (4.6), we define

V ::

~
h , 2 := 

~it ,0 - 

~~h ,1 
- A~ y1

) 
~h ,o 

- 

~~~~~~ 
— 

~it ,i)+oth 
~1)

This process may be used to generate the following iteration method

=

: = T6 ~~~~~~~~( 4 . 7 )
= 
~~ 

F(~~ _1) t=1 ,2,3 

- ~h,t 
:= 

~h ,o 
- 

~~h ,t-1 
- 

~~~~~~~

Since we hope that the ~~~~ wi l l  approach the exact so lu t ion  y ,  the

defec t  F (y ~~~1) w i l l  grow smaller and smal le r , so

wil l differ less and less from 
~~~~~ 

o. Therefore a very good

— 17 —
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~~ to compute 
~~~~~~~~ 

from ( 4 . 7 )  is to use a modified Newton method

with starting value = 
~h ,o

- 

~i-1~ h 0- i-1~ 
- 

~h F (y t i )} ,

04 .8)  • i= 1 ,2 , . ..;  
~o = fl J~~0~ ~~~~~~ ~ thh ,o ) ° ‘

I
L and hopeful ly 

~~~ ~ ±

!-~s a consequence of 
(2.6) and (3.3) we will have 

~~~~~~~~~~~~~~~~~~~~

0 .
i V q .

it g~, (y )  + 0(h 1
) with appropriate ~~~~~~~~ s q. Similarly

~=P i

~s in 3.,we may use in (4.8) instead of ~~~~~~~ any ~1~~(n~~0
) with

+ h 1 +

(4.9)

- ~~i 
6 ~C (Eh,Eh°) ~ i p (i)q, V~ + V~ V

q
•

If we do so and compute only the first step in (4.8) we find the

following simplified version of (4.7)

= 0

:= T 6 n h ,~~...1
(4.10)

h h ,o~~
Ch ,t_i 

— 

~~~~~~~~ 
= A it° F(y~~ 1

)

:= n
~ ,0 ~~~~~~~~~~~~~~~~~~~ ~h ,t- i~~

=
~ h , ~~~~~~~~~~~~~

- 

— 18 —
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To be able to prove the fol lowing Theorems we need

D e f i n i t i o n  4 . 1 :  Let  be (V
q~

V
p
)~~B W O Ot h  f o r  . Fur the r  Z e t a f o r

u e

(4 .11) ~~ (A ~1u ) T

be such that the d ia c r e t iz a t i o n  of

(4 . 12) F ’ ( u ) V  d

I by ?17~

(4.13) 
~it (F (u))T

I satisfies

V V
(4.14) 

~~~~~~~~~ ~~~~~~~ 
+ ~ ~ 1 (A ~ u)  + 0(h ~~~~

wi th  6 Z (Eit,E~
°) i n d e pen d e n t  o f  it r e s p .

(4.15) •it(F’(u)) ~~
(A itu) + Q+l )

Th en ~~ is called a diffe i~entiablc reap . a s t r o n g ly d i f f er e n t i a h l- e

d i s c r e t - i z at i o n_ method for

1 If,in addition to (4.9),we have

(4.16) Fu (u) = F’(u) + h t F (u) + ~~~~~~~~ F1 € ~~ (E ,E°)

then we have an analogous formula to (4.14) with 
~it (F’(u)) and

replaced by ~it(Fu(u)) and ~~~~~~~~~~~~ For most of our later applications

- we have the situation giv en in

• Definition 4.2: Let ~~~(~~~u) i n  (‘4.9) and F~ (u) in (4.16) be such  tha t ,

- for d and u smooth enough , tho a o l u t i o n s  T and v of

(4.17) 
~~~~~~~~ 

(t~ u)r = A1[d and F~ (u)v d

I 
— 19 —
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8 at  i 8 fy

(4 . 1 8) t ~h{v + ~ f 1 ( v ) + ( q+l ) )

Then (~h
u (
~ hu), 

F u ( u ) )  is call ed ~~~-admicsible 
( ~~t a

(V q~V p
)_ 8mooth discretizcztion method) .

It is possible , to g ive s u f f i c i e n t  con ditions , depending on d ,u

and the in (‘4.9) and the F1 in (4.16), for the 
V’~ -admissibility

• of (~~
u (u), F~ (u)). But since these conditions are very complicated

and do not save too much work in the special cases to be treated

later on , we do not formulate the corresponding theorem . In our

later application s we wil l of ten us e

or ~h
u (A

hu) 
~~~~~ 

~~~~

If Th is strongly differentiable for , then (
~~~
(
~ itu),F’(u))

is ‘
~~~—admissihle .

Theorem 4.3: In addition to the conditions of Theorem 2.4 and

3.1 let  aa~ be a l inear  d i s c re t i z a t i o n  f o r  ‘

be ~~~—admissible and O { E it,Eit
°,
~ i~~

(n i t 0)}ite1i be stable (see

[13] or [10]), that is for this case

~ c~~h
.
~(flh ,o

)yIl f o r  a l l  
~ e 

Eh and a f ix e d  c € 1R4

Further let (4.2) be the ?d~t —d is c r e t i za t i on  o f  (4.1) and 1-ct the

N.P.s (4.1), (1.1) r e sp .  (4.2), (1.3) be uniquel y solvable f o r

< c0 C ~~~~~~~~~ F i n a l l y  le t  the imp l i ca t i on  (3.11), (3.12)

be satisfied with ~h
u (
~~ yO

) r eplaced by 
~~~~~~~~~~~

Then , f o r  it s ma l l  enoug h , the 
~~~~~~~~~~~ 

from (4.10) satisfy

V 
V

q
( ‘4 . 19) ‘~h ,t ~h~~’ + ~ h ~ e 1 , t (y )  + 0(h t) f o r  ~~ ~ q 2,

1

- • 

- 20 - 
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~~~~

- 

~1
resp .

(4.20) - llh , t = 
~~ 

+ 0(h ) for 
~t 

> q~

• Proof: For h small enough ,T6fl~~ 0~ and by induction ,
T6flit ~~~ 

C B~ (Y ).

Analogously to (3.7) and (3.15) we have

V p 1  V - Vp 2•_ 1 1
F(y~,1 ) it r’::(y

0
) f ~ it

1

( ‘4 . 2 1 )
V q V - V  v u
pt—i ~ 1 

~t—i~~+ h ~ h e g (y )  -f 0(li )
- i p ~ 

1 ,

—1
• Since F”(y0) exists , the problem

• Fu (y
0
)v

is uniquely solvable and we find ,by (4.21) and arguments similar

to 3.,

v~ h t l  {~~~~~~~ h~~~~~~~
_ 1 

e1 ,~~ 1
(y) + 

~~~~V l V
P~~1 e 1~~~(Y L

( 4 . 2 2 )

V
— 

~~~~~~~~~~~~~~~~~ 

+ it ~ e~ ~ (y )  + 0(h R. )

Now (~ h
n (fl

h ,0
),1~

u(y0)) is ~~ —admissible , ~~ is linear and

e{E it,Ei °, ~hu (flh ,O~~ 
stable , so we find with t : — ni t o

from (4 .10) , (4 . 17) , ( 4 . 18) , (4.21), (4.22) that

V p0 -1 V V
1

(4.23) 
~h ,Q— i~~~i ,o~~~~ 

h 
~~~~~~~~~ 

+

qn V -V V ..
1 P~~ 1

+ ~ h e~ ~ 
+ 0(h )

l P
~

— 2 1 —
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: - ~~~‘ :~~n .illy

~~~~~~ 
= 

~~~ ~~~ 
+ ~~~~~~~~ ,t-1 

- 

~h ,
~~~~~~

V

~it {~i + ~ e 1~~~(~’) }  + 0(h

•1

for p .  ~ q~ and (4.20) for > q~ . 0

Inst~~i~ of the original iteration method (4.7) we have studied in

The~ re~ 4.3 the. method defined by (4-.10).What did we lose by this

chanc t’~

Theor~ r~ 4 . 4 :  Under  the conditions of Theorem I4~~ 3 one finds , using

(4.7) i’:stca~ of (4.10), aga i n  the r e l a t i o n s  ( 4 . 1 9 )  and (4.20).

In ( L . 1 9)  onl y the 
~~~~1 ,2! 

but not the ~~~~~ are to be changed.

Tha- ~ ~-~-a:s , f r o m  the viewpoint of asymptotic expansions: The

r e l a t  ~v~- l y simp le method ( 14 .10) works  as w e l l  as the relativel y

comrZf ~~:ted ~-cthod (4.7).

Proof: Since we , usually , cannot solve 
~~~~~~~~~~ ~h

°
~~~ t-1~ 

in

(4.7) ~J~ rectiy , we do it via (4.8). Let us substitute

for ( n )  in (4.8). In (14.8) we will perform only a few iterations .

So th•2 fcT~lo~-:ing argument is valid : Comparing (14.8) and (4.10) we

find t hat ~ n~ implies ~ from (4.10). Now by (14.23)
~1~ £ 1 , k

V V

~h , t ...l— n 1 ,o = it 1e1 ~~~~~~~~~~~~~~~~~~~~ 

+ ~ h 1 e~ 
,~~~ 

(y))
• i -p t— i i-p t

+ O(h )

i
— 22 —
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To compute 
~2 

from (‘4.10)we have to determine 
~it(C i) and we find

with 
~~~~~~~~~~~~~~~~~~~ 

= 
~~~~~~~~ 

and the. (V
q~

V
p
)_ smoothnc~~ of ~Jt

~h ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

[v /V I V
- 

+ 
:~ 2 ~~ ~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~ 

+ 0(h t)

This and the conditions in Definition 4.1 imply

V 
V q

:~

-
j — — 

~h~~~~
’t— l~~ ~h ~~ 

h 1g1 ~~~~~ 
+ 0(h t)

So again using (4.8) and the ~~ -admissibility of

j  

we find

I V V u

( 4 . 2 5 )  
~ 2 - 

~1 
= - h g 1 ,~~~~y~ + 0(h

I •

I where the. f e1~~ I=p ~ (l)q~ , unless the. e1 ,~
_ 1
~ ~~~~~~~~~~~~

are reproduced more exactly than we required and unless

additional conditions on the higher derivatives are imposed . If we

now define an improved n
~~ t, 

ana logous ly  to ( ‘4 . 7 )  and (4 . 10 )  by

~~~~~~~~~~~~ 

:=  ~ - 

~~~~~~~~~ 
nh,~ -i 

- (
~ 2

_C
1
)_ (

~~1
_n

h ,o)=n~l ,t
_ (C

2
_
~ 1
)

we f ind  with  ( 4 . 2 4 ) , ( I 4 . 2~~~~~~) and - e ( y )
4 1,  1 ,

V
q
u

~1-I ,Q. = 
~h {y + it 1e

~~,~~
(Y)} + 0(h t)

I 

~~~ —-~~~~~~~~ 

_
~~~~~~~~~~‘_~t 

_i  

i~
_ _
~

_ __ 
-
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-

~
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~~~~~~~~~~~~ 
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So 
~it titas the same asymptotic expansion like ~~~~ and further

iterations via (4.8) would give the same result . 0

Again , like in 3., it is not necessary to know F(yt_ 1 ) in (14.10)

4 exactly,but only approximativeiy If we use in (4.10) an approximation

~j iu to F(yt_ i ) analogous to (3.17) ,we find

- 

~~~~~~~~ 
- 0, so 

~h,o ~h ,o

-i
(4.26) - 

~b h ,o ~h ,t-1 
- = ~~~~~~~~~~~~~~~~ with

V 
V
q
::

- ~
Pu (n~~,t_ i

) 
~h

(T l~,t_ l
) + it ‘g1~~~.1 (y))+oth 

t)

- 

~~~~~~~~~~~~~~~~~~~ 

-

Theorem 14 .5: Define fl~
u
~ by (4.26) and let the conditions of

Theorem 4.3 be s a t i s f i e d  with  n~ ~~~~~ 
e in (3.11) r e op .  ( 3 . 1 2 )

rep laced by 
~~~~~~~ ~~~~~~ 

Then ( 4 . 1 9 )  r e sp .  (‘4.20) crc va l i d  wi~~7~

~~~~~~~~~~~~~~~ 

e1~~ rep laced by 
~h t ~ ~~~~~

We now proceed to study the relations between the resu 1ts in S.and
I

4..(3.9) and (4.10)look very alike and so the following Theorem ~s

not astonishing :

— 2 11  — ft 
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Theorem 14 .6: Let ~~~~~ be a l inear  discretization method and let

Fu y0
) in (3.9) satisfy (3.5) and 

~h
(F (y

o
)) 

~h
”
~~ h ,o~ 

+

with the 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

in (4.10) reszI . (4.26) and let  
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

q+1 ),

If we write the results of (3.9) resp . (3.16) as ~~~~ reap. ~~~~~ 
and

the results of (4.10) resp . (4.26) as reap. then

V
~ 1~~

+ 0(h  ) 
,

(4.27)

- 

+ 0(h , t=0 ,1 

Proof: With the denominations in Theorem 14.6 we have by (4.10)

resp. (14.26)

- 

~h ,t-1 ~~h ,~ -1 
-

• 

~h ,~~-i ~h ,~~-i ’~ h ,o ~h ,o

- , t 

- 

~

_

~~, t — i  ~~~~~~~~~~~~~~~ 

— 

h ,c)

and therefore by (4.10) and ~1~(Fu (y0
)) 

~~~~~~ 
+ 0(~

Vq+l )

- 

~~~~~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~ 

- 

~~~~~~~~~~~~~~~ 
- 

~~~~~~~~~~~~~~~~~~~~~~ 

+

+ 0(h

= E~~
1

~ F(y
~ .1
)

I

So ,if ( 4 . 2 7 )  is already proved for t—1 ,we h~ vc~

- n1~,~~ 1) 
_
~ J~

F(y& l
) + 0(

q+1
)

— 2~~~ 
—

I

~~I~JI~ .
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- • and so

V
— 

- + 0(h- 

~h ,t

The results for ~~~~ 
are obtained in the same way . 0

The idea of using N.P. goes back to ZADUNAISKY [13 ,114 ,15], again

discussed by STETTER [12]. They treated initial value problems of

ordinary differential equations where STETTER used our first method ,

J too. The method of N.P. was applied by FRANK , HERTLIN G , UEBE RH UBER

[4,5 ,6] -to initial and boundary value problems of ordinary diffe-

rential equations. In the next papers we will give corresponding

results for non-smooth starting values y0 and present some examples

of our general theory .
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