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tra il  , i t I ( Ins  and energy-level exchange . an understanding of the coup ling between rad iative and n onradi at ive t)II c~~
is i mportant . This document reports upon one aspect of this interacti on by develop ing an internal  phonon th e oiy
for the  thermal dependence of l in ewi dth in Nd +3 YAG . .~~

The approach to the problem begins by first reviewing tile energy levels and wave functions ot rare -earth ions iii
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will determine not onl y t he spectral range but also the validity of internal-mode interactions).  The rigorous theory of
phonons within a comp l icate d c rystal is then deve loped gro up-theoret ical ly,  a nalyzing the entire vibrational system.
The coup ling between the lat t ice an d the active ion is subsequently considered wi th  the sing le phonon process invest -

gated ri gorousl y. A nearest-neighbor appr o xi m at  1(111 is then presented and the internal-mode formalism is developed .
Here the parameters which determine the internal  phonon in terac t ions  wi th  the rare-earth ion are exp licitl y formu-
lated and the number of interacting modes predicted. It is the prediction ( I t  the number of interacting modes
which will make the in ternal  mode approximation valid (via the vibro n ic spectra ) .

After completing the formal derivation of the direct phonon transition rate , the two-phonon Raman transition
rate is de rived , simplifying the expression where possible. The internal-mode approximation is then considered in
detail and the vibronic transition rate is derived to determine the range of interacting phonons in the spectrum. A
uniform phonon approximatio n for the “effective ” modes is then proposed , which will determine not only the range
of interacting modes but also the dominant broadening mechanism. Before app lying this approximation to the
broadening mechanisms , t he Debye linewidth theory as presented by Yen , Scott , and Schawlow is reviewed. This is
done primarily to place the propo sed theory in proper perspective. Also , this furnishes a theoretical and historical
base to the effective-mode theory to be presented. Derivation of the equations which will determine the functional
form of the thermal variation of linewidth is pursued. Here ti le effects of all coup led modes are summed and anal ytic
expressions are derived for each of tile broadening mechanisms. Also , by emp loying the effective phonon spectrum.
a dominant broadening mechanism can be predicted and the lii iewidth expressions greatl y simp lified .

With this formalism developed , the comparison of the predicted linewid th shape with the experimental data is
investigated (data are available on transitions between mul t ip lets of the 4F31, and 411 1/ 2  and 419/2 ). Only

normalization to room temperature (determining a sing le mult i plicative parameter) and determination of a low-
temperature intercept (dependent upon samp le qual i ty ) ar e  necessar y . The qu al i t ~ o f the l i t  to the exp eri ni ent  is
generally good and within the experimental accuracy. The sources of error (especiall y at elevated temperatures )  are
discussed and are consistent with those predicted , ie . second -order anharmonic effects are expected to degrade the
agreement at hig h temperatures since the ph onon theory emp loyed is co m pletel y first order.  Also, a breakdown of
one of the approximations does occur due to the simplificat ion made for the effective phonon spectra , wherein
one set of energy levels exhibits  an cx t raord inar i ly  large direct phonon coefficient.  Th is is not considered critical as
inclus ion of the neg lected mechanism achieved v e t v  good agreement . Poss ible i l I l l I l s  to the v a l i d i t y  ( I t  th e approxima .
lio ns made were indicated , a nd the irade ff of simp lici ty .  predic t iv i tv .  and consi st cnc~ is sig nif icant .

UNC i AsSIFhh ~t
S E r U R I T Y  C L A S S I F I C A T I O N  OF T H I S  PAGEI ’Wl,an Data Entarad 

— - - - - -— - - -
~~—- r--- - .- ~~ ~~~~~~~~~~~~ 

.a__ _~~~~~~~a._ .-.~ . . . .



OBJE CTIVE

Since nonradiative processes affect such critical parameters in solid state lase r operations
as linewidth of optical transitions and energy level exchange , an understanding of the coupling
between radiative and nonrad iative processes is important. This technical report investigates
one aspect of this interaction by developing an internal phonon theory for the thermal depen-
dence of linewidth in Nd~

’3 YAG .

RESULT S

A simple , compact phonon mode theory predicting the shape of linewidth as a function
of temperature has been developed . Only norma lization to room temperature (determining a
sing le multiplicative parameter ) and determination of a low-temperature intercept (dependent
upon sample quality) are necessary . The quality of the fit to the experiment is generally good
and within the experimenta l accuracy. The sources of error (especially at elevated temperatures )
are discussed and are consistent with that predicted , Ic , second order anharmonic effects are
expected to degrade the agreement at high temperatures since the phonon theory employed is
completely first order. Also, a breakdown of one of the approximations does occur due to the
simplification made for the effective phonon spectra , wherein one set of energy levels exhibits
an extraordinarily large direct phonon coefficient. This is not considere d critical as inc lusion
of the neglected mechanism achieved very good agreement. Possible limits to the val idi ty  of the
approximations made were indicated , and the trade-off of simplicity, predictivity, and consis-
tency is significant.

RECOMMENDATIONS

Expand this work to include other trivalent rare earths in other crystal l ine hosts.
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INTRODU cTION

The physics of solid-state laser materials is well understood. Both time-independent
and time-dependent problems , such as line positions and rate equations , have been investigated
thoroughl y. Interactions of the crystal lattice with an impurity ion is also fairly well under-
stood , although not nearly as well as atomic phenomena. What is investigated much less t req-
uent ly is the quan tum electronics of the nonradiative processes , especially as it applies to the
d ynamic operation of solid-state lasers. Since nonradiative processes at ’tect such cri t ical  para-
meters as l inewidth and energy-level exchange , an understanding of the coupling betwee n radi a-
ti ve and nonrad iative processes is very important.  The purpose of th is  report will  he to it lve s-
ti gate one aspect of this interactio n by develop ing an internal  dependence of l i new i d t h  of
t r ivalent  Neodymium (Nd +3 ) in Yt t r ium Aluminum Garnet (YAG ) .

The system to he studied is simply an example of the general system of a rare ea r th  ion
replacing a const i tuent  ion in a perfect crystal (Nd +3 rep lacing Y~

3 i n \ A G ) .  W h a t  is  tn ’.es-
tigated about this system is the interact ion between the impur i ty  ion and the rest of t he  l a t t i c e
and , in part icular , how the radiat ive t ransi t ions  are affected b nonradia t ive  processes . I l ie
formulat ion of the coupling between the active ion and the surrounding l a t t i ce  wi l l  d e t c r n l I n c
how the la t t ice  (ie , phonons) affects  the rare earth ion. It is this  interact ion t h a t  broade ns
energ y levels and spectrally broadens optical t ransi t ions . When the t empera tu re  dependence
for the phonon occupation is included , the thermal dependence of l i newid th  m.i~ be derived

In order to find the dominan t  broadening mechanism as well as the fun et  ior ta l  t o rm  ( i t
these in teract ions , the spectrum of ’ those phonons affect ing the active ion mus t  he dci e m n t i n e l f
In previous t rea tments , best i l lus t ra ted  by Yen , Scott and Schawiow ~~~~

4 . the  I ) ebv e .ippr o\I -
mation was used , wllich considers only acoustic modes. Th is “external”  mode t h e i i r ~ i .~ .1 p o t
approxinia t ion to what  ac tual ly  occurs , since lattice vibra t ions  w i th in  tile u n i t  cells  are ignored
Tile theory presented here departs  from the previous t rea tments  by considering on ly  those
opt ical  phonons which cou ple strong ly to the impur i ty  iou : ie . tilose in te rna l  phonon s re sult-
ing f rom nearest—neighbor i t i ter act ions .  This leads to a theory much d i f fe ren t  in i n t e n t  is ss e l I
as in func t iona l  form . The objective of the l ) ebye -tvpe  theories is not to predict the shape l i

t i le l i newi d t h— vs— tc n ip e ra tu r e  cu rv e , nor even to f o r m u l a t e  a n a l y t i c  expre ss ions  for tile broad-
en ing  mechanisms  vs t e mp era tu re .  bi t t  r a t h e r  to check the  v a i i u l i t v  of the  proposed br s t ade l i i i l e
fll ecIl~in iSn ls themselves . The i n t e n t  wa~ ne ’ er t h e  f o r m u l i t  loll ot i s imp le theory able  to
predict the shape of tile I i n e w i d t h i — v s — t e u n p e r i i t u i r e  curves ill t r i v a l e n t , rare — eart l l  doped cr\ st a t s .
This is tile i n t en t  of t il is t echn ica l  report : establish tile i n t e r n a l  mode t orn la l i snl  necessar\ to
model the i n t e r a c t i o n s :  d e t e r m i n e  an ap p r o \ i r n a t i o n  fo r  tile C f t e c t i v e ” ph onon sp e ct  I I

usi n g th i s  a p p r o x i ma t i on .  derive compact  expressions fo r  the b ro a den ing  n i echanisms t h a t
do not req utire numer ica l  i n t e g r a t i o n  t ior I he d e t e r m i n a t i o n  of n o nn l u l t ip l ica t i ve  parameters .
emplo Y a p p r o x i m a t i l  us to s i n i p l i t \  t h e  l o r t u a l i s t i i  and d e t e r m i n e  the  d o n l i n a n t  b r o a d e i r i n e
t l l e c i l a t l l s l t u  : and .  i i i l ~~l !~ . to a t  t empt  1( 1 l imed ci f l u e  shape of t i le h i n e w i d t h — v s — t e m p e r a t u r e
i-urve s f o r  the t r a n s i t i o t l s  on wIt  ich da t a  are ava i l ab l e ,  the conlpari son to e x p e r i m e n t a l  r e su l t s
wi l l  he t o u n d  to be w i t h i n  e x p e r i m e n t a l  aceur a c~ of ’ t i le  d a t a ,  and sources nt  error  ir e  to be
exa t l l i ne d

i lli- approach to t h e  problem h i-gin s b~ f i r s t  re s ew ing  t h e  ener g~ level s  and wave
f t i , t e t i t i n s  n f r i r e — e a r f h t  ions i l l  c t \  ~t , i l l i n ~ iio~l s . I i t s  e s t ab l i shes  l ) I ) f , g t t n t )  and  d e f i n e s  t h e

\t Sine? .ui d I’ 5 1 1 k m . I lie I .I ~ cr . \I~-Gt is~- l l i l l  13 111k ( o l T i p I t l ~ . I t I t , t ,
2 W\1 ‘~ e n .S ’i( Sc t t . i t id \( Sj i . tss l ss . ITh ~i~~, i I  Rev iess  . i .~u. -\ ,~‘l .  bIo4

1) 1 \I ( u m b e r  nid M l )  S l u u m ~~i’ I~~ i r i i . d  t A pp lied Pbs sIC ’ . . 1 ’ . ~~~~ *3
-\ K el Ph s ~ie tl Revi ess . I .~h . I .‘. I ’
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wave tu t l c t i ons  which  wi l l  be used la ter  in n o nr a d i a t i v e  t r a n s i t i o n — r a t e  c a l cu l a t i ons .  The
allowed radia t ive  t r ans i t i on s  are thet i  br ief ly  considered , p r i m a r i l y  to in t roduce  rad ia t ive
selection rule s which wi l l  he used later to determine the al lowed lat t ice—a ssis ted v ib ron ic  t ra t i s-
i t ions  wh ichi wil l  de t e rmine  not only the  spectral range but  also the v a l i d i t y  of i n t e rna l—mode
in t e r ac t i ons ) .  The rigorous theory of phi onon s \ v i t h i n  a comp licated c ry s ta l  is t hen  developed
gr o up — t l l eo re t i ca h ly ,  a n a l v i i n g  the  e n t i r e  v ib r a t i ona l  s V S t L i t l  The coupl ing b e t w e e n  th e  l a t t i ce
and ti le ac t ive  ion is subsequen t ly  considered w i t h  the  s ingle—phonor t  proce ss inves t i ga t ed
rigorously. A nea re s t —ne ighbor  a pp r o x i m a t i o n  u s t h e n  prese t i t ed  and t h e  i n t e r n a l — m o d e
forma l is t r i  is developed. I ~ere tile pa ra m e te r s  which  d ete mnl ine  the in te rna l  phonor u j u l t e r ac—
t iOil S w i t h  the rare—earth ion are exp l i c i t l y  f o r m u l a t e d  and the  n u m b e r  of i n t e r a c t i n g  modes
is predicted. I t  is the predict ion of t h e  number  of i n t e r a c t i n g  modes whi ic i l  wil l  make the
i n t s - r t i a l —niod e  a p p r o x i m a t i o n  val id  ( v i i the  v i b r o i l i e  spec t r a ) .

.\ t ’t e r  comp le t i ng  the  f o r m a l  den s a t i on  01 the  d i rec t  phot ion t r ans i t i on  ra te .  the  t wo—
p ilonon Ranlan t r a n s i t i o n  ra te  is derived and t h e  c \pre ssion is s imp l i f i e d  where  possible. The
in terna l  mode appr (~ : in l a t ion  is then  con sidered in de ta i l  and the  vib r on ic t r a n s i t i o n  rate  is
di-riv ed to determ inc I he range  of i n t e r a c t i n g  ph i o i ions  in the  sp e c t r u m .  .‘\ liii if orm phon on
a p p r o x i m a t i o n  f o r  the ‘et ’ f cci ye - .  modes is then  propo sed which  wi l l  d e t e r m i n e  not only
the range of i n t e r a c t i n g  modes b u t  also t h e  d o m i n an  I b roaden ing  m e c h a n i s m .  Be tor e app ly—
ing th i s  approx in i a t i on  to tI le  broaden mg n l echan  isms . tI le  l) ebve h tnewid  lb theory  as pr e—
senteil by’ Yen . et a! . is rev iewed , 2 [It us  us done pn i ni . i r i  l~ to p lace t he proposed theory  i i
proper perspect ive.  Also , t h i s  f u r n i s h e s  a t h e o r e t i c a l  and h i s t o r i c a l  ba se l ’or t h e  ef ’t ’ec t iv e—n i o sl e
t h e o r y  to be presented .  Di- n i v a t i o n  of ’ the  e q t i a t u o u l s  w h i c h  wi l l  d e t e r m i n e  t h e  f u n c t i o n a l  form
of ’ the the rma l  v a r i a t i o n  of ’ l i n e w i d  th us now pursued . I here  t h e  e f f e c t s  of al l  coupled modes
are sunln led at id anal ~ t i c  e\p t ’es s i o i l s  are deni v i -d f o r  cacti  nt  t h e  b m o a d e n i n o  m e c h a n i s m s .  Also ,
by emp loying the  e f f ec t i ve  ph lon on  sped rum - a d o m i n a n t  b road e t iu ng  nie chai l  siii can n ow be
predicted and the  l i n e w i d t h  expre s s ion s  g r ea t l y  s imp l i f i e d .  W i t h  the  f o r m a l i s m  developed - the
compar i son  of ’ the  pred ic ted  T i n e w i d t h  shape w i u l l  t h e  ex p e r i m e n t a l  da ta  is i n v e s t i g a t e d .  On i
n o r m a l i z a t i o n  to m oth t e n l p e r a t u i r e  d e t e r t i i i t h i t l g  a s i n g l e  m u l t i p l  c u t  ye p a r a m e t e r  I an d
det e r n i i n a t  ion of ’ a ow te ni p erat  nrc m t  ercepl ( de l lenden t cut sam p Ie q u a l i t y  ) are n e c e s s i t y  -

Tile q u a l i t y  of the  f i t  to the  e x p e r i m e n t  is gene ra l l y  good and s v i u h i n  the  e x p e r i m e n t a l
i c c i u r u c v  - The sourc i - s ol ’ error f e spec i a l l y  at e levated t e n ip e r a t l i r e s  1 are discussed and are

cnn s i s t en t  wi lb those p red ic t ed .  ie - second—order  a n h l a r m o n l c  e f f e c t s  are expec ted  to
degrade the  agri-emeru t at  hi igh t empe ra tu r e s  sluice the  phonon theory enip loyed u s  c o n ) —

ple te l  f i r s t  ord s- r. .-\ lso . a b r eakdown  of one of t h e  a p p r o x i m a t i o n s  does occur due  to t he
sim p l i f i c a t i o n  made  f o r  t he  e f f e c t i v e  phono i l  spectra where in  one set ( i f  etlei’ gv l eve l s
c \ h l i b i t s  an e x t  r a o r d i n a r i l v  large d i rec t  phon ot i  cod l i c u ’n t .  l h u s  is not  considered c r i t i ca l
as i nc lu s ion  of the  neglected mechan i sm achieved s cr~ good agr ee i i ien t  , Possible lull  i t s

t I le  s’ i l i l i t v  to t I l e  a p p r o x i m a t i o n s  made svcr e i n d i c a t e d , amid  t h e  t rade—off  01’ sn i ip h i c i t ~
pred j et  i v i t \  - and con s is t  en c’ is s i g n i f i c a n t .

St \1\l . \ R Y  01” l5RO. -~ I ) l ’ \ I M ,  \ I l ( ’I l  ~\ I S\ I S

If one i - . t o t ’o m n u u l a u e  t h e  e f f e c t s  ol t he  pho no n  n i t e r u c t i o n s  and d e n s e  t h e  p h u m n u m n —
p h i u i t u i l  e q i i . t i o n s . one mu st  r i  un .h e r s t a n d  n u i n — r a d i u u u s c  t t i t e r _ I L t u o n s . I i t s  ss i l l  lea d 1 1  .u t i

u i l d e i s t . u i t l t u t i c  of t h e  i l l e n i l l a l  d ep e i i d e t i c e  of ’ l i u i e s ~ i d t h u .  l e t i u ~ ii os~ b u’ue f1~ r e s i c e  senile of
t l u e  p li ~ s ucs  u u i s m l v e d ,  ‘ftc ss i d t h  u i f  u t r a n s i t i o n  ( l u i e s s  i d t h i  I is  a t f ’~- s-ted hr f o u r  m e c h , u t u sn i s .
e u c h i  l t . u s i  i i.! a h i f  t e n - u t t emt l e i ’ ; u t l u r e  de et i d e n c i - .~ I i n s t is  t h e  n i e c h u u i i s i u i  u ’u t i ’ u n s loin i o u .  m u —
s~ opk  s t i . u i t i  s s i t l i i n  t h e  h os t .  S ince  t he  s t . u t i s t i ~ , u I  \ a i ’ u a t u o n  i t i  a ~r~ s t . u I  f i e l d  on t h e  i t u p u r u t ’  
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ion results in a variat ion of ’ f lue  Stark sp l i t t i n g ,  we expect a Gaussian broadened l in t -  tha t
should he t emperature  independent . 3’4

The widths of radiative transitions ( a l though  ions v ibra te  r ap id ly )  exh ib i t  no l)oppher
broadening because t h e  a m p l i tude of ’ v ib ra t i on  is so small I t ’ ioti s have very short l i f et imes  in
a pa r t i cu l a r  s tate . th leul  h l e i senh erg  b roadening  wil l  give rise to homogeneous Lor ei ltLi ai l  lines
havit ig w i d t h s  propor t ional  to the to t a l  t r ans i t i on  rates of each level.  (‘onsider the typ ica l
ci ierg r - level scheme eulcou ntered w i t h  a rare—earth ion in a c r y s t a l  ( figure I ) .  I lere we f ’ind
groups of crystal  field split  Stark  levels fo r  eacil sp i u l —orh i t  m u l t i p l e t  wh iel l  are cli araete n ize d
by 2S-?- I L j  (energ y levels in rare ear ths  wil l  be examined  l a t e r ) .  (‘onsider the  state ‘

~~~
> Thic

total transition rate . W~0~ , both radiative and ij o nnad i a t i ve , upward  or dos~ nward to Stank
levels ss ’ith in th e J m a n i f o l d  or to oi l ier  J m a n i f o l d s , de term t i cs the  l ion logeneous h i n e w i d  lb
f’u ll  wid th , half  maxiuilum I

S inte  the  r~u h i a t i v e  l i f e t i m e s  are i v p i e a l l y  on t h e orde r of I ()‘~~ to I O~~ second. sve can be
sure t h a t  t h i s  is neg ligible  s v i t h i  regard to the observed Iin esvidth ls , A u understanding of the
nl ech ani sms of nonradiative energy level interacti ons will thus lead to the  t he rma l  v an i :u t  ion
of h i n e w i d t h  and to au u t l d ers t a ikh  lug of t h e etiergy level  e xehlange during the opera t ion  of
a laser.
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If there are phonons in the lattice resonant wi th  the spacing of two ionic energy
levels, then the lattice may couple with the ionic states and a direct , single phonon , non-
radiation transition may occur either by phonon absorption or emission (figure 2 ) .  We will
show later that W~ and W~ (the downward and upward direct transition rates ) behave like :

W~~c~ [ n ( w ) +  h ] D ’(w)

I I )
W~~ x n ( w ) D ’(w) .

where n(~~) is the occupation number for phonons of frequency w, the thermal occupation
number is

n(~~) 
= [ e x p ( h w - L T)  - 1 j— l

and D’(w) is the effective density of states for the ion-lattice system. The energy level spacing
of the system of Stark levels is typically 10 1 to IO~ cm~~ which results in tr ansit ion rates

DIRECT UPWARD RAMAN UPWARD MULT IPHONON T R A N S I T I O N
TRANSIT ION T RANSIT ION ~P PHONONS OF E N E R G Y  .~ )

w~
D w~

R 
- 

Wd
mP
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I ~~~~~~~~~~~~~~~~

_ 

~~~rna*

~~~~~~~~~~~~~~~~~~~~~~ 

—

DIRECT DOWNWARD RAMAN DOWNWARD
TRANSiT I ON T R A N S I T I O N  COMPLICAT ED MULT IPHONON “ R A N S I T IO N

Wd° Wd
R W mp

V I R T U A L  OR I N T E R M E D I A T E  S T A T E S

I i c u i m e  2 . t ! I l m~ i I , I t i u i ~ u t  t h e  phonon hru i ad emiu i i g  mechani sms involving nonr a d i a ui ve  t r ans i t i ons ,

S
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from ‘
~
, ~> of about  10 —H second which resul ts  In levels ~ 3 cuii~~ ss ide ‘I h e r c t ’mi re . if the

t r ans i t ion  rates arc SUi lh t hl ed for interactiouls w i t h  al l  t he  o ther  levels , t he  t o t a l  I r a t i s u i  m O )  r a te
fro m ca n he de te rmined  and , hence , the  width of ‘

~~ 
>, I f ’ t he  s u u i l e  5 don e ul ir  - -

t hen  tile wid t h of ’ the optical t r ~mn s i t i o u i  from ~i i> to i..0 
- - t i i ’iv he d e l c n i n i n e ih  - I he ph i ono i i

depi’ n d eu ice , and theref ore the  teti l  l) era tu re dependence - of t l t a  t I m ess id t Ii is  t ( m c i i  k i u u  IV.  Ii

If the level spacing is su dh l  t h a t  hL, > hwm.~~ , siher e 
~~~~~~ 

is  the  l a r ee s t  i r eque i l ~
ph ioiio ui supported hly the l a t t i c e ,  t hen  a h i gher—order  pr ocess mus t  be mis u i k e d  - one ss b u t c h
involves t i l e  emiss ion  and ab s o r p t i o n  of iii ai l y plionouis. In gener: i l  - the  n i u l  11 1 ) 111 ‘ ‘ ml  fl re l .m \ ‘
at io n rate goes down as the uniter of the process , so in h u e  e i t c r g v  co i i scrs  at  oil eI.l u a l  oil
.~~ X p = 1 g ‘Ii . svc hi’ to n h i n i m i / d  p and s till have ~ con ta ined  in the  p l l on ou i  spec t  ru in
s v h u c re  p u s the nu u i lh e r  of phoi loils (order  of ’ the  pro cess . F~ is t h e  energ\  g a p ,  and ~ is  the
phonon frequenc y ( f’igure 2). Thus, we would cx ps- ct  a s in ip le  d x pr e s s ion  ol the  fo r m

~~Ifl P 
~ i (n L ~ ) + H l)’U) P 

(2)

Wmp 
~ ( n  I~~ ) 1) )~~ ) I  p ~~ ~~~, 7 , 5)

for the dowuiward and upsvard m u l t i  phonon t r a n s i t  i o u  r a i d s . ‘[‘he p r o b a b i l i t y  of a ih iore  d O l i l —

p lft -ated process i ’equ iring ph ou ions  of m a n y  frequencies could also occur becau si- of the
shape of 1) 1w . selec tion rules , and so on. Since Wm P is  a f ’tmction of the  occupat ion  n u m b e r
n fo r phonons ~ . i t  n as a hem pe nature dependence amA s ifi co u i t r a d ic t ion  to the article by
Yen. 2 Approxi  mate  I c in p e r a t u  re indepe u i d ence  i~ ach ieved oillv when  n is small  coni pared
to I in equation (2). Because ~ i s  large . n is smal l  a t  al l  h u t  the  h i g h est t e n i p e r a t u r e s . I t  i s

in iporf: m nt to note that i t  is t h u s  process which euii pt ies the th iem niah level to t i le  ground
s t a t e  in \d~~ \ \( , The eului ssl on of two 00-cni~~ ph ono mi s  a c c o u n t  for the 0,5-p s  decay
time f’noni the thermal s t a t e ,  ‘l ’l i cr c f ore .  w h i l e  t he  u n u l t i p h o n o n  pi ’occss c o m i t i  h o l e s  I i t t h i ~ to
the Iine svid t h i broa de i n n g_  it  us vi-r\  i u i i p o r t a n t  in the exch ange of’ cne t’ gr  levels ( c spcc i i I t r
the thei ’tna l level d e p o p u l a t i o n ) ’

I I  .‘ n i a m n u n g  hroa heni uig niec htai ii stn i n v o l s  e’. -i se,,’oiiih—o rder p r u i c c s s  ss h iic h pu ’.’—
d o m i n a t e s  .ii  h ighe r  i c i l i p e l  . . ; . 1 i c ~. , the R~mm ~i :mu—t i b , ’ ~i t i e i  , ol p h i o n m l t i s  f t ’o m :i  I t i i l ’ I i m m l i \

( cg .  a ~~st ion rep lac ing  t h e ~ ion in Y \(  I In s  c a t i  be t h o u g h t  of’ as an a h s m i r p u m o i i  I ) ;
Oils’ p h l o t l o ml  and thi s’ emissio ui ot m o t h e r  ss iu h i t l i~’ d i )  f e i ’ en c e l ’r e u l t i en c~ c m s r r e s p m m i i d i i i g  to
t l t e  enc t ’g\ ~rap  of t he  I r a t i s l t i o t l . 2 For a d ec imr  proccss sse find the tr .m nsi ti on rate hetsve eti
l eve l s  sdpa r ated  hr ~~i ’ 1w2 — = I l i t  is j u s t

D ’ w i ) t i ( w 1 ) 
~ I) ’ w 2 ) I  t i I W 2 )  + I I .  I 5 )

sv h icu ’  w l  m u d  L J 2  m i s ’ t h e  I i ’ e q i m e t i c i m .’s of t h e p h lo i l0 t i s  I i g i u r e  2). \\ c mii see t h m . m t . ss lube  ,mt
loss li ’ u t i p e r ~m t t m r e s  n * 1) and sui sho e s  \V R . at h l t g h - t e n i p e r ~m t u r e s  ~ 

R can bec u n i e  t h e  p r e du mn -
m a u l e f f e i ’I . t h e  n ’s i uic re a ss’ mild  n i a n r  u l imi ni - p hi on m l n s  c ; m u i  cu m i u r i h u i t e  s l i t ’ II t h i . mt N m ’ e l h t t i l  ‘ l l

c~~1 11 , m 1 5  m m m d  I l ~ \ 1 s  l ’ I m s ’ , i e , m l  Resj ess’ . t 5 7 ,~~S .~, t l I m ’~
‘ (  .\ R mse ) ’i s ’ %~, It I Lumid rm i u l  . m m m d  I l’u~u \b ’ s , l ’ l i s  s m , , u l  Res’iess , f ~‘m . ‘~~ ,

R~,s ’ l c isr  .imm d I I\~ \l ’ s . I l l s - i  I I  Resicss I c I I s ’ I s , Pm . I,t ,~
\ t~~i ~‘l1 s’i ~ , I I\\ \ I - ansI \~ I )  I’~ m : l  ‘iv , I 1 1 1 1 , 11 of ( ) i m _ l I t i i u i t  I ccii  i l l s ’ s , ()l —4 — I_ O I l 
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is t h a t  w~ — w 1 = il- . h i ,  Therefore , the total  t r ans i t ion  rate is smimn i ed f o r  al l  i n t e r a c t i n g
phonons in t h e  spectrum.

Even fro m this  brief  description , the impor tance  of knowing  the deta i led  dens i t y  of
st a tes . 1) 1 w) .  is obvious. For example , we know t h a t  the phonons which  C , muSe Raman-like
re laxat ions  are those where the difference between two peaks in D 1 w)  corresponds to the
t rans i t io u i  ct i crg r  - [)~ w ) i~ also impor t an t  in de te rmin ing  the  order of the  mLil tipllonotl pro-
cess, and so on . Tile use of the Deh ye acoust ic—phonon model is comnion in deriving line—
sv i sh t h  expr esSioiis but is actually a very poor approximation to what occurs  In the Iollosv-
ing sections a more correct expression will  be used which l imi t s  the phon on spect rum to
oi i lr  those optical phonons which couple strong l y to the i m p u r i t y  ion.  This resul ts  in a
reduc tion in the importance of the direct process and simp lifies the Ram an expression.
F i n a l l y ,  a l i n e w i d t h  expression is der ived which f i ts  the experimental results to w i t h i n  a f ’ess
per cent , within the stated experimental accuracy,

T R I V A L E N T  R A R E  L. -~RTHS IN CRYSTALLINE HOSTS

E N ERGY LEVELS , -~ND W AVE FUNCTIONS

The t r ea tmen t  of a rare-earth in i pur i t v  ion located in a crysta l l ine  host is very corn-
p Ii ~ ut csh In or(ler to begin to understand the quantum electronics of selection rules . phon on
transitions , and ion - la t t ice  eff ’ects in general . a good unders tanding  of ionic-energy levels
and wave t’unctions is required.  Tills section reviews the necessary physics ant i establishes
notation to be used later , The svs t cmn of a Ns h +3 ion located in a Y’~3 site in ‘~

‘ AG is u sed as
an example ;  tIle fo rmal i sm nece ssary to handle  general ion-host combina t ions  is s imi lar .

A tomic  Nd is number  60 in tile periodic table and has a c o n f i g u r a t i o n  of ’ X F N O N
÷ ( 4 1 r~ ( S d )0 ( 6 S) . ‘[he normal  ox ida t ion  state of rare ear ths  is the t r iva len t  s ta te  sv h ic hi
results  in a ground-state  con f igu ra t i on  (‘or Nd~~

3 of XE NON + (4f ) 3 ( 5 d) °. This is not  the
only  possible conf igura t ion  bu t  u i i s r ch y  the lo svest—energ y one. Other possible confi gu ra t io u i s
are (4 f ’f -  ( 5t h  ) l , (4 f ’ )~ ( 6 S) 1 . ho th h  h a v i n g  even p a r i t y ,  The impor tance  of high er- en ergy
c o n f i g u r a t i o n s  becomes clearer i1 p a r i t y - f o r b i d d e n  electr ic—d i pole t r a n s i t i o n s  are i n  V es t  I g : I t e d .

~ t t r i u in l  A l u m i n u n i  Garnet  has  a ch emical  compos i t i on  
~~~~~ 

A1 2 ( A l  04 )3 ss ’hich is
coi lhpo sed of bod y -cen te red  cub ic  cells.  T h e  a r rangement  of th l e So ions which  compose ti le
un t cell is described hr t h e  sp im c c group svn n i t c t  r v .  The local field (or  t h at  svhi ch l  is ses’n
hr the  \~j +~ i o n )  is described by the  po in t  group symnlet r\ : in this case . D2 ( i n  2 2 2  in
i n t e r n a t i o n a l  n o t a t i o n  1, 1): s v n h n l e t r r  is t ha t  of ’ t h ree  m u t u a l l y  perpeu l d icu la r  r o t a t i o n s  of
in ( note  f i g u re 3 I. N u l t u c c  t h a t  t h e  c ry s ta l  dos’s not  bias e n i s ’cr sion sr’ m i i n u s ’t r \  and - lhere t ’m re .
p a r i t y  ss i l l  not  be a good q u a u i t u n i  u iu n ib er .  \\ ‘hen t i l l s  io u —h ost comhim i a t i on  Is used as a
laser m a t e r i a l ,  t i le  ~~~~ ion s  are su b s t i t u t e d  in to  \ ‘

~ ~ si te s  at app rox ima te l y  onc alof l l ic
per sc i t . I a n g e r  doping  le s i t s  reduice t h e  va h i h iv  of ’ a s i n g l e — i m p u r m t  r iou a p p r o x i m a t i o n  in
th :  I~i t f l e e  ( p hmr  s i c a l l  ise get  io u —ion e f fec t s  which  has ’e macroscopic s’f ’f ’s’cis such as r educ ing
l i t . ’ r a u l m : m t  se q U a u l t u m  e f f i c i e n c y  and i i l d t i c i u i g  crr’ s t a l  s t r a i u i  I,

I he l I ~m n i i l t o u l m a n  of ’ t h t e  ~~~~ i m u t  in t h e  c r y s t a l l i n e  s i t s ’ t i t a r  he s v n i t t e u i  ifs
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Fi gure 3. (‘haracte n tab le of ’ t he irreducible representations f o i  the crystal double group
D2 and the stereograp hic proIcdtion of the 1)2 point group.

N
+ :~. ~

(r k ’) ‘
~k ~k ’

~
’11 crs ’s ta l ’

k = l

Tile first  term is the k i n e t i c  eiiergy of the N electrons , t ime  seco u iuh the electron—i l  uc lear
a t t rac t ion . the  t i l i r d  (lie electr on lect r oul  coulo m b repuls ion . the t’out r t h  the spi u ’t—or b it
i t i t e rac t i on , and the last the  s t a t i c  e ff ’ect of t I l , k i l t  i ce. I l i e . s c also have f’~ as the
pos i t ion  of the k th e lectron,  ~

(r k ) its the  sp i n -  I r h u t  dos’) I i ~ l e t i f , and N = 57 , / 60. Since
direct  de te rmina t ion  of the  e i g e t m s  ~m luc s  of ’ I I  I ’ . i l impo s sihl , , ~~

‘ cs s ive a p p l i c a t i o n s  of f i r s t -
order ul egemlerat e pe r tu rba t ion  t h m e o r ~ is used . I it vcr ~ s imple  t e n u i l ~ , w e ih ivi s l e up f l i t ’ i i  m id
pa r t s  of ’ I I  as fo l lows:

l I ~~ = \ V~ +V ( r k )1
k =  I ,..Oi

N N N 2
~
-‘ e— t m .

I V( rk ) +  \ 
— — — S 

—

k = I m ’ ‘1 =1 jr ~ ~~
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[J (0)  ( i n  the ceul t ra l  f i e ld  app rox ima t ion )  determine s  the e lectronic  configurat ion , (4 f ( 3 , and
the s t a r t i ng  su ave f u n c t i o n s ,  Tills conf ’ig uu ration is 364-fold degenerate with respect to ihl~ and
i i ,  The e lec t ros ta t ic  per turba t ion  Hes has the effect of adding the individual ~‘s and S’s and

results in su ave I’u inct ions  described as ~ L S M L M s > with L =

N - 
N

I ~k - S = ~ and ~ desi gnating all tile other quan tum numbers of the
k = 1  k = l

conf igura t ion such as the  n and ~ designation of (4f ) .  Formal ly ,  t h e p rocedure is to f’ind a
vector space of funct ions  composed of l inear combinations of the old symmetrized svave
functions 

~a ~a m Q a 
‘11Sa 

> Ill~ ~h m
~b 

m a > which diagon al ize 1
~es’ Thuis. I i ,.,,

sp l i t s  the 364 degenerate levels into  d i f t ’erent levels depending upon L and S (the terms).
Each term is st i l l  ( 2 L  ÷ 1) 1  2S ÷ I ) fold-degenerate with  respect to M L and M 5.

— _ The app licat ion of the sp in-orbi t  per turbat ion H50 results in the vector add i t ion  of ’

L anti 5 ; where fo rmally we say that  the terms are diagonalized in t he space I~ L S J Mj >.

N
wi th ~ 

= “ ~~k ÷ 
~k~ - Nosy the wave func t ions  are only (2J + I )  degenerate wit ll

k =  I
respect to M~ .

The va l id i ty  of applying the per turbat ions  in this  order (the LS coupling scheme) is
coil t’irihl e th spectroscopically ( figure 4), where we find that  Hes ~~l0 ,000 cnl~~ , U ,~ 1 .000
cm~~ . and 11crystal  100 cnH . Thus , we expect a given term , labelled by 2 S+l L . to be split
by spin-orbit  coup l ing  in to  a close group of levels which are st i l l  characterized by L and S ( t o
a good a p p r o x i m a t i o n )  and dis t inguished by d i f t ’erent values of J . noted by S+ I L j .  The

red u tc t ion  of the  ( 2J + I I degenerac y is accomplisiled by the s tat ic  S tark -ef fec t  term - ‘1 c~~’staI’
The fact tl lat the ion in t e r ac t s  onl y weakly with  tile crystal  l a t t i ce  is due to the  small spatial
extension of the (4 f )  svave f u m n c t i o n s .  Likewise , th is  will  be responsible f’or narrow spectra
from transitions hying wiloll\ within (lie (4f ’)3 conf igurat ion (whereas  in te rconf igura t iona l
(4 f) 3 ( 4 f ) 2 Sd t r a n s i t i o u i s  are charac ter i s t ica l l y  mu ich broader ) .

The appl ica t ion  of the l 1crvst~tl per tt ’rbat io t i  term t u r n s  out  to he much more diffi-
c u l t .  A l though  a b ru te - fo rce  d i a gona h iza t io u i  w i th in  tile (2J  + 1) ionic manifold us certainly

possible, m n a t i i e m a t i c a l  i n c o n v e m l i e n c e s  render it imprac t ica l .  Instead , by using the  essent ial
propert y of t h e  cn~ still , n a m e l y  sy mmet ry , and the group theory , the d e t e r m i n a t i o n  of the
q u a l i t a t i v e  sp l i t t i n g  t in e to the  crystal potent ia l  is great ly  simp lified . More impor t an t  thoug h ,
t h e  t r ans l ’ormat  ion propert ies  01 the wave funct ions  are determined which al losu phono ui
seleetiou l rules , i on—lattice eff’ec t s, and tile l ike  to he sy s t ema t i ca l ly  studied.

In YAG . w i t h  t he  Nd ”3 ion located in the low site sy mmet ry  D2 . all except  the
resid tnt I t svo— l ’old K r~ini e r degs’ne rimc y is removed. The character  table  (11’ I lie cr\ st a I don Is! ’
group der ived l ’or t u e  n o n i n t e g r a l  is is given by fi gure 3.~

Since t h e  p uu r e l ~’ ion i s ’ II  is sph er ic a l l y  sy m m e t r i c , we f i n d  tha t  the s it ’ t i t c t i  v of t h e
t o t a l  I I  is t h a t  of I ~~~~~~ In th i s  g roup theore t ica l  n o t a t i o n , it is de termined - , i a t  all wave
l’i i u l e t i o u i s  are described by a t wo~linien sionaI I - representation within the cr~ ‘ :ah double
group  1) 2 .  F or  e x a m p le. th u e  main  laser l ine  is the  t rans i t io u l  (4 f’ 3 1 2 1 2  i (4 1 1 1  2~3 ~

‘ ( t h e
2 me aul s  t I le  secoild S ta rk  level  front f l u e  bo t t on i  I . It  is only  because of ’ the  low—poin t  group

~ ( l o n g ,  I’ m l u m ~- l p Ics ‘I Q u i a r m m u i i i  I ls ’~ t i l im i es . Ail d usl ul \~ s, sIs ’s P i u h l u s h i i u i g  (‘ l im p al I r , Reading. \1~\ . 1 0 1

4
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Fi gure 4 , Observed energy esci s of the trivalent r a ue ~~a rt hi oils!

s~ i i i i m m i ’t r y  t h a t  sve have a l l  energy l c v c l .  t r a n s f ’ormiti g the  same : in general . cl i ff ’erent  wave
f u n c t i o n s  correspondi u ig to dit ’fereui t st a t e s  w i l l  trans loru ll  d i f fe ren t l y  under  Oper ati ons of

lie gro up and reta in  rl egeneracie s .
‘\ l tho ugh grou p theor y is very powtSnl ’uil . it ca nnot  give the amount  of Stark  spl i t—

ti ng I n l a t r i  x elements must s t i l l  be Ioti uid ). The t echn iques  fo r  calculating qU a t l t i t a t i v e
s p l i t t i n g  are not discussed here!’ Tile eml erg v levels of N h +3 ~ AG are given i i i  f igures 5 itm id
6.

ALLOW ED RADI ATIVE TRANSITIONS

‘F rans i t ions  bet iveen I ilest ’ levels are responsible for tile o i ’era t i on of the se m a t e r i a l s
as lass . ,. While  ti le ca lcu la t ion  of rad ia t i ve  t r ans i t ion  rates for rar e s’ar t l i s  us act R e l y  p t i r sus ’d ill . 1 %

ifl ( ’5  t)t cl i _ J o u r n a l  ‘ I Uh ieu i u i s t r y  and l i i v si c s  , 3~ , S t h . l O ( ~
WI— K r i i p kc . J u i r m l a l  I Q i i a n t u i m ii I le ci r u im s ’ s , 01 ‘‘ . Pl ~~3 . I ’ - ) 7 1
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only a brief ’ review will be presented here . The observed spectra of RE ions consist mainly of
electric dipole tran sition s ”° which are governed by matrix elements of the type < f t  — e I’ I i > ,
If the initial  and final states I i >  and I f >  have the sante parity (as with crystals having inversion
symmetry and for transitions taking place wholly within the 4f shell) the electric dipole transition
is rigorously forbidden , Only if there are odd parity terms in the static crystal potential or if there
are odd parit ~’ vibrations to admix opposite parity states (eg, wave functions derived from the
excited (4 f)— Sd confi guration) can electric dipole transitions occur ’°,

~~~
3 We wil l  assume here

that only the odd terms of ’ the crystalline potential can cause mixing of ’ pa rity states and that
the vibrational contribution is small (later we will use the weak vibronic emission and abso rp-
tion spectra to determine the range of interacting phonons) ,

As stated befo re , the total electronic Hamiltonian ~S H ei = ‘1f’ree ion + H~ . wi th

hlc = - e  I~ V~~
(r 1, O~,~~1 ) ,

Vc (r i . 0~, Ø~) be ing the crystal f’ield potential at the i-th (4f) electron (in our example  the sum-
mation extends over the thre e (4t ’) electro ns of Nd +3 ), It is often convenient to expand lI ~in spherical harmonics

n
H~ = 

~i’ m ~~n ~~ 
Am r ?  y m 

~~~~~~ ( 6 )

where the A~ coefficients are constants determined by the position of the neighboring ions
around the central RE ion (ie . point-group symmetry) ,  r ’~refe rs to the radius of the i-th (4f
electron and the Y~~ (O f, Ø~) are spherical harmonics, TJ~is potential  may be separated i n t o
even and odd par i ty  parts ( w i t h  n eveul and odd respect ivel y)  and wri t ten  as

11c ( even)  + 11c (odd ) .

In the  ca lcu la t ion  of ’ l ine  posi t ions . only t h e  even terms of H e are impor t an t  and . there t ’ors’ ,
the  odd spheric a l  harmonics  are ignored.  Since the Stark sp l i t t i n g  involves m a t r i x  e lements  such
as < ~ f re e  ion ‘c ~ t ’ree ~~ 

>~ sue need only consider terms u i l  ii~ wit i i  ii ~ 6 ( s ince t h e  f
electrons wit l l  t. = 3 cannot con nect stat (Cs wi th  ii > 3 + ~ = 6) ~

Analogou s results are obta ined  wl len ca lcu la t ing  t ran si t ion ra tes . Here we will requiire
mat r ix  e lements  between admixed stales such as < f — C ~ > . W i t i l

K ~ 11 c ~~~~~ i >  I
Ix > = I i>  + F - i -  - .

su-Ilere I he s u i n m n l a t i o n  s-x t e t i d s  over al l  ex c i ted  opposite p . u r i t y  st a t s ’s ~~ . These sta t s’s are
derived (mm higher  ener g\  coil f ’i gt i rat o i l s  I h a n  41 n , such as 4f ’t~~ l ç

~ (u l o t e  f i gure  1 Since
I I , is l imi ted  to terms w i t h  ii - 6 , f l i ts impose s  a ss’lec f ion rule w hi ich i  t ends  to  decrea se the
l ine  i n t e n s i t y  w~t il m n c r e , u s i u m u ’  ‘ .1 up  to .“J ~~~~~~~~~~~~~ 1 I l i s  is  one reason suhi ~ t h i s ’ 4i~~,1 41 1 ~
I r a u t s i t m o i l  ( “ .1 = ( ) i s  i ppro x  t i i u i t e l ~ t s u 0  ord s’rs of i l u a g u i i t u d e  less i n t e n se  t h an ~~~~~~~ 2 1 1  ‘:- 

—

‘1 J 1 )  J u d d , t i 1 u s u e a t  R c s m s ’ss , I , “ , ‘ott . I~u u 2
I I  B(’ V.s  I), I u i l l ’ , J u i u , i 7 I l  ot ( ‘ l I s ’ I I I u ~ i i ~ ,u~ it l ’lI\  ~ ~~, “ .2 , .~~ 1 , I I I
Il l \ k . I u I I l s ”.t , ’ u m i  , i c ud J ( i • ‘ u .  Phi ~ st eal Rs’~ i~ss , I , i u. , \ 7 l  I - 1 ( 4

( S
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I i~~t i i e  7 , I ~ ‘ i ~~s Is ’ \L ’ I du , u ~t .u i i i  ‘i I l i e  4l~ (su h i ik ’  mid 4I t H t 5d (b la c k )
C’ ‘ii I c l u r a t  i , ’ i i , ’ t  i r lv ,I k’u , I , i ~~’ ‘C ’ , I i l i  it  ‘ ui ~

l i t re aga in . su ’hiile t h e  p e r t u i r h . t u s e  t r e a t m e n t  c i ’ , es l I u i u n u l t a t  I 5 s ’ r e s u l t s , h i s ’ e r u i u i p  the or-
etica l approach is used to tlets’rniine sim p le se l t ’s- t i o t i  rule s t h u s  met  Ilod onl I l l i d s  f o r b i d d e n
traf l s i t i ot ls . not  al lowes l ones ) .  Since t h e  u l t r e c t  pru m dui s ’ t ‘I I ’  i “ I - I f ’ 

~~~ 
) su ’hu en re dt is’ed

in the  s i t e  s~’ u i i i i i s ’t r ’, I ) ,  con ta i i i s  i r reu . h u c i h l e  l L ’~~R’ ’. ’ l i I , i t I l l i l s  ‘ ‘ I  t l i s ’ t i ’a l i s i t i O t i  i l lOi i i s ’i i t  i’ ( odd
p a r i t y  sr ’, tal te rms aris i n ~ f ro m \ ~~

— , ‘
~ ~~~~~

. ‘i ~ s p h e u i e , u l  l i , u r m m i o m i i ~ s ( ,  no e l e c t r i c  d ipole  t r , u i i s i —
( i o n s  are fo rb m dde i i  l i e , no d i s t i m i e t i u i u i ,  a t  le~usI f r o u t i  e r o u m j ’  t h i e ’r ~ . ,u s i i i  ~~ au th (I e l e c t r i c  d ip o le
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radiation) ) 5 7 i6 It is again only the very low site symmetry of D, that prevents selection ruI es~
in general , different selection rules are obtained for transitions between states characterized b y
irreducible representations.

SiNG LE PHONON INTERACTIONS

PHONONS IN YAG

Consider the system of a sing le rare-earth (RE ) ion rep lacing an ion in a perfect crystal ,
The Han i ih tonian  t’or this system is

l l H ei + H p + H ep ( 8 )

where H~1 is the electronic Hamiltonian of the RE ion in the perturbing crystal field of the
other ions situated at their  equilibrium positions:

Hel = Hfree ion ÷

H~ is the crystal potential energy , H~ is the phonon Hamiltonian , and He describes the inter-
action between the electronic state and the lattice phonons. The zero-orler wave funct ions
I ~ >, whl ich are solutions of the equation

Hel I 11’ > F I m,L i >,

are characterized by the frte-ion quan tum numbers ~LSJ , an irreducible representat ion of t h e
RE ion site symmetry group G5 (ie , the point group symmetry in the vicini ty of the RE ion ) .
ari d a row of this  representation (to specify each wave function within a degenerate represen-
t ation ) .

(‘onsider now the second two term s in H contained in equation (8~. Tile phon nn
i-I ami lton ian  H~ is invar ian t  under  the operation of the ent i re  space group ( . The vibrational
wave funct ions  are characterized by irreducible representat ions of tili s group.  If a crystal  has
N uni t  cells and n ions per uulit cell , we ex pect 3N n possible modes of v ib ra t ion ,  Tile Size of
the n l atr ix to be diagonalized is reduced t’roni a 3Nn X 3Nn matr ix  to a 3ti X 3n ma t r ix  h~
considering t ranslat ional  symmetry : all possible values of k being contained wi th in  a Bri lhouii i
zone ( BZ ) .  There now remain 3n branches of ( lie phonon spec t r u um to he obtain ed wit h each
branch being defined by an i r reducible  representa t ion  of ’ G. By s’OflV efl t i Oil . the 3n — 3 u iiodes
which J,: not have zero frequency at k = 0 are cal led optical modes and t h ose ‘~u t i lt sdt h O f  f )
are acoustical  modes. I t  should be noted that  tIle degeneracy of p a r t i c u l a r  b ranc h es may be
l i f t ed  along direct ions  of lower symmetry of vector k than k = 0. In t h e  case of 

~~~~~ 
,\ l  -

~ t Al ( ) 4 ) 3.
the space group is Ia 3d (011) 18 , a body centered cubic Br avas l a t t i c e ,  There ar e ~() t r ; insl a-
t ional l ’,’ i nva r i an t  sites (n 80) in YAG , and by reducing the reduci b le r eprese i ltatiot i  of i o u i ic

t
~J (’ l’t , u t l ic m , , \ t u i n i i c  l - n e t g v  Leve ls in (‘rysta l s. National  Bureau of Standards Monograph 19 . F eh m u u a m ~ I ‘( f ,  I

i s  ( ; t ’ V s ’I u i i m i c i i i  l’m i u l ( uuug Off ice . \‘l _ l s l i i i u g tOn . I)( ’
I u m u k l i , u i i i ,  ( ; r i u p  lh’ . i ~ , imt , I  Q u i a m l l u n )  NIs’c I t a m i I , ’s , \ l d ;u asu - l l i I l  Book Co uuu pany , N cs~ V o i k ,  l~~t~4

I?  
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I

displacements in each of the four types of sites (Y transforms like D-, , 0 like C 1 and the two
types of Al sites like S4 and S6 ), the symmetry of all possible phonons at k 0 can be found
(t ’igure 8):

5A j~ + 3A l g + 5A :~ + 5A 2g + lOE ~ + 8Eg + l4T j g

+I 8T i~~+ l 4T 2g + l6T 2u . (9 )

C 1 S4 D 2 S6
TYPICAL OPERATION 48 ~ -2 12 Al ” 3 12 Y~

3 8 Al ”3

E { c l O )  144 36 36 24

6 C 4 {~4Z 1 T ( 1 } 0 0 0 0

3 C~ {~ 2 I r I 2 f }  0 ‘-‘4 -4 0

8 C3 {~ 3X ~~Z 0 } 0 0 0 0

6 C 2 {0 2 y  r ( 3 I} 0 0 -4 0

I {o} 0 0 0 -24

6 S 4 { 6 41 1 r 0 }  0 —~4 0 0

3 % ~‘‘~2z r 121} 0 0 0 0

8 
~6 {‘ a 3xyz  

i o )  0 0 0 0

6 “ d {‘ 
~ 2xy r 13)) 0 0 0 0

~
‘ 3x y z  REPRESENTS A ROTATION OF 2 3~t A BOUT 1 1 1 1 ] ;  1, 

2xy REPRESENTS A

ROTATION OF i~ AB OUT [ 110 ]  AND 
~
‘4z REPRESENT ROTATIONS OF ir AND

i~f2 R E S P E C T i V E L Y  ABOUT [ 0 0 1 1 ;  r I i )  = 1/4 a (3 , 1 , 3 ) ;  r (2 1 = 1/2 a (1 , 0 , i f ;

r 131 1 4  a Ii , i l l .

Figure ~~ . Th e c h a rac te r  tab le  of t h e red u cible rep r e sen ta t io n s
ge nerated by a r h i i r a r ~ d isp lacements ~ within YAG .

The above cons t i t u t e s  a total  of 240 modes ( ie , 3 X 80 branches of the c~ (k)  dispersion curve ) .
By assuming the harmonic  approximat ion , the phonon Hamil to n ian H~ b ecomes the

sum of the h i armonic-oscil lator Hami l ton ians  for each normal coordinate :

II I) = 

~~r 
[
~ 

~~~~~~~~~~~~~~~ +~~ w~ Q~ Q~~} .  
( 10 )

t i l e  norir ia l  coordiu -u ate 
~~~ 

is characterized by a wave ~~ . a small representation -y, an d a row
r of t h is r ep resen ta t ion  (eg , to account  for al l  po la r iza t ions  w i th in  a T ig .  three -fold degenerate ,
v i b r a t i o n ). T h e  Schroedinger  eq t i a t iO i l  for a par t i cu la r  normal  coordinate 

~~k7 
is

[4 h V
Q

r 4
~~~

W k~ 0ky Q~;j 
1Q k~ n k~~> I l l )

= ( i 1
k~~ ~~~~ Ii Wk 7 ~~k tl k~~>,

l f ~ 

-5- -~~~~~~~-
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where c
~k,, 

and 
~k 

contain no subscript r since different rows within a representation indicate
degeneracies. Therefore, the wave function of the whole system of phonons is the product

h i  Q~~~n~~~> (12)
k~r

and the corre spondit ’ig ene ;gy is

k y~~~~~~~~k~ 
( 13)

k-y r

The three components of the disp lacement x 1(n ;~~), = 1 , 2 , 3. of the ath ion in the n th Uni t
cell are r e lated to the normal coord inates by the linear t ransformation

x
~
ln:a ) (N nla ) l / ~ C~~ (k :a) CXp ( i  k R n )Q k~ 

( 1 2 )
kyr

where R n is th e  pos ition of the n thl unit cell and C
~~~

(k:
~~

)is a measure of ’ how much a nor m al

tll ode Qk af fect s  the particular displacement x~(n :~~). In terms of boson operators ,

‘
~

= ‘2~~k ~~~~~ 
+ a_k r .)

There are two ortho n orma l ity relations (‘or the Cf.)~r
’s given by

~~ ~
‘
~~r ( k : a )  Ciy ’r ’ ( k :~~) = 

~~r , -y ’r ’
it~

~~~

Let \‘ he tile to ta l  i n t e r ac t i on  1- l an l i l ton ian  betweetl  tile RE ion and tile rest of the

ions in t i le cr\ \ t a l  , It ca n he ex pa nded in terms of the d isp lacements  x~(n :  ~~ :

V = V 0 + x
~
(n
~
a) 

~ 
(u~~~) 

\‘ 0 + . ‘ ‘ 
I

= I . 2, 3

The f i r s t  term V0 is th e electrostatic ( Stark )  term which k incorporated in 11e1 ;ts II. , lii t h e

si-cond term , t i le  de r ivat ives a re eval u at ed a t the e q u i l i b r i u m  posit ions of all tIle ions , su it l i ilis ’

RE i O tl considered to he at  (lie origin ~ By using equat ion ( 1 2) we can wri te  the in te rac t  IOn
l l a mi R onia u i  b et sv eei i  the RE ion and the la t t ice  v ibra t ion  as

V ei, = x~
( n : o )  V~

) n ;
~~

) V  l o 
= 

~ 
[ ~ (N il1a l~

1/2 (
~i-yr (

~~~
Q)

fbi k-y r ncr u

ex p t i k -  R 11) v~ ( u1 :~~
) V  

~~~~~~ 
~~r 

\ r (~~~ ,

I’-)
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Th e pote n tial  grad ient te rm s VkY r defined above operate only on the RE-ion electronic state
while 

~ k ( containing a and a~ terms) operate on phonon states only. This separation in ~~~
is valid under the assumptions stated before , namely: Vep << Vc and Ven << Vvib , ie , the
mixing of electronic and vibrational states is small. Since we have assumea only a single RE ion
i n te ract in g w i t h the la t t ice  phono n s, t h is implies that Veo is not invariant under the full space-
gro up Symmetry operations , but is invariant only under the operations of the ion-site symmetry
(a , , There f’ore , the phonon wave functions which transform according to the irre ducible repre-
sentations of G are combined into linear combinations which form a basis for the irre ducible
representation of G5. In practice , this means that the representations arrived at by using the
t’u ll space-group G are no longer irreducible in the less symmetric point group G~ and may he
further reduced , analogous to splitt ing of residual degeneracy due to a lower symmetry distor-
t ion.  If th is is app lied to the lattice norm al coordinates 

~~~ 
, the following expression for

V~1, is obt ained :

r r - -

Vep = 
~~ ~ kiT ’ (16)
kI ’ r

Tile sum extends over all d is t inc t  stars of k in the BZ , over all irreducible representat ions
F’ of G5 which appear in the reduction G —

~ G 5, and over all rows of the representation . The

electronic operator v~ j) now belongs to the same I as 
~ k 1 for a real representation and to I”'

(‘or a complex one , Knowing the transformation properties of the vkl
r s wi ll lead to ti le selec-

tion rules for phonon transit ions (whether  a phonon can interact  with the RE ion ) .
For YAG , t he resluction of tile °h representations in the site symmetry  group I)~

results in the following : i S

A 1 -. A

A2 B 1
- “1 + B 1

T, —= ’\ 1 + B 3 + B 2

T 1 — B 3 + B 2 + B 1 . m 3

‘[bus. the  9S branches shown in Equa t i on  (9) become 240 non~iegenerate s ibrat ions ,

2s A
~ 

+ 3! A 11 + 2’7 B i g + 33 B111 + 28 B~g + 34 B2~1

+2S B3g +34 B311 ( h , ~~~I

(tI c desigilatiot i of p a r i t y  above has no real mean ing  in a cry stal  w i t h o u t  inversion s\ fl hll ie t  r~
and us left mere ly as a remin d er of approxi mate  p a r i t y ,

M)NR .~l ) I . \ T l V E TRANSITION R ATE

W i t h  t he ab ove  sps’ c f  ca t ion of normal mosles of the  c ry s t a l , one can look at tile
m l u a t l t u n i  mee l lan i cs  (if a (1 irec (  ph ion on  t r a n s i t i o n ,  The t r ans i t i on  p robab i l i t y  per u n i t  time
is 1 i m p l i c i t l y  . i s e r a e l m i u !  over  d i r ec t ion  and po lar i i a t ion  of (he ph onons )

5 -- ---5 S - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘ - - - 5
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__ = ‘
~~~~ I)U’) <f’ Vep I i >  I — 19

where D ( f )  is the  densi ty of states defined such that  D(f) dE f is the number  of such s ta t es  iii
the energy r a u ’gc  dE ~ Under  the assumption of a low mixing of vibrational and electronic w;uve
tun ct i on s , one can write tile initial state

I i >  = I ‘
~~~

> Ukrr I 
~ kF 

ul kI > (20)

and separate the  m a t r i x  e l en len t  i n t o  two parts. If we assume a phonon is absorbed and the F
electronic states go frotii I ‘

~‘i > I y e > . then we can write

I f >  = ~~~~> ~~~~ Q~~~ ~~~r
> ~ I Q~ ’~~’ (Tl k ’r ’ - I)> (21 )

where (he absorbed phonon in mode Qk’I’ had an energy of h = H el I f >  - ‘1e1 i i>.
The matrix eletilent < ~ ~ ep ~> becomes

<I’ I V~~ I i >  = 

~~ kI ’ r { ~~~~ 
I 

‘ r I

I ~ k ’r ’ n k ’F’> X I 
~~k ’~~ ” (n k .’F ” - I)> *

(Qk~.){r1k h r ’r ’ I ~ k ’~ ’ n k ’I’ >]}. ( 2 2 )

As indica ted  before , 
~~kF cart the w r i t t e n  in tern ls of boson aihntll ilatiOn-creatioil operators as

~ kl’ 
~
2
~~kI1 

(a kl-~r 
+ a k lr ) . ( _ _

~~)

so t h at  eq t i a t iO t l  ( 2 2 )  can be reduced t o )  from or thogonal  i z a t  i o n )
I,

hi n kl. —

< f  
~ ep = < H I v U. ~~~ 

> 
~ 2 WkI) 

24

( o i l t i t t i u l g  the  pr imes on k . I ’ . ;u i id r I l ie  t i . t t l s t t t l i t l  p r u i b u b i l i t ~ per u n i t  t i m e  b ecouii e s ,

ii (w ~j ’ )  , 
-

\V~ = 
~ 

h ) t Q~~ - l ’ -~ I ’  ~~~ i 
‘

. 

-
. I ~~ I

‘-‘-‘U’ U

The n l o t l \  . I t i O t l  f o r  o h t a u i i u i i e  s’\ act  nor i i i a l  nlodes and b r  d e t e rn i  u i i u i t ~ preciseI~ t h i s ’

t r ; i n ’ , ) o r i n a t l i n  ch ; u r , i 5 ’ t e r u s t i c s  l i i  t h i e  t
~,l

”’5 is  ui o~ L - l e , u r .  If  t he  d i rec t  p r o d u s i  of ’ t h e  ir i ’e sI l Is ’Ib le

r ep re s e i l t a t i ou i  for ant I  
~ 

does t i u i t c O i i t . i I u l  t h e  i i  e~I us ’ ib l e  r ep resen ta t ion  of ‘ r

this ’ Irr s’s lui c i ble icpre ss ’ n t . u t u u l n ol 0k 1’ in the  p o u t  grot ip  ( 
~ ) the n this ’ t r j n s i t i o i i  us  not  , i l l u i ~t s ’d

‘l’htis , h~ k n o w i n g  (lie t r a n s f o r m a t i o n  p i u ~ e r t t s ’ s u t  t h e  i n i t i a l  and f i n a l  ehs ’ c t r u i n t c  ~s ,i\ s’ t in e —
t i o n s , and th is ’ t r a n s f u i r n i . u i u ’ t t  pu f’~’ I t i ~’ s I i b i s ’ n i i i t h l h  modes cut s u b u . u t t o n _  u i u i s ’ c u t ,  v i a  ~r otu ~
t h i s ’or~ - ds’terniii te ‘A- hls ’t Iis ’r ,u p artic u lar pliot il u ul itt iuit er a s’t w i t h  t he  R I tori ; cc ,  s~ht e t l u s ’r i i  c. u t i

c a tu s e  ho l a u t e i l t l l g .

-~~~~~~~~ 
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\~ i th  t h e case of Nd ’1’3 in low symill etry \‘AG . the formal approach proves discon-
cert ing. In the D2 point group symmetry of the \‘ si te , it was determined tha t  all e lectronic
v.ase (‘u r -ictions transt ’or m as E-type irreducible representations. Thus , one must reduce
1’ X F in D2 .  which yields , recalling figure 4 ,

h - X E = A ÷ B 3 + B 2 + B 1. 11 ( 26 )

So . ( ‘or t he low site symn l etry of D 2 .  it is clear from equat ion  ( 2 6 1  tha t  all 240 nondegenera te
mu sIc s may coup le to the Nsl +3 ion and , in theory,  all 240 may s t imula te  nonrad i a t ive  sICC ;u\ s ,
(~roiip theory does not  specify the magnitude of the interaction , however. Obviousl y ,  the
appro X i n late odd pa ri ty  modes will , in general , have smaller values for < f I vj(F” I i > than

modes wi th  approximately even pari t y .  Also, the nearest nei ghbors of the N’d +3 io n wil l  inter-
act tile most , ie , the v~ 1-)’ are d i f ferent  for various normal  modes. With the formalism well

established , one flay begin to ana lyze the specifi c examp le of Nd +3 in ‘u AG using various degrees
of approxin l a t  ion.

I N T E R N A L  PHONONS

First , it is expedien t to assume that  the lowest order in t e r ac t i on s  are those wi th  the
eight nearest neighbor oxygen l o tus . Tile 

~~~ 
type molecule us assumed isolated f ’rom (lie

lat t ice in that  the molecu le has its own set of ’ normal modes of v i b r a t i o n .  \~‘ i th  i on i c  radi i  for
o 2 . Nd~~

3. Y~
3. and ~~~ being 1 .40 A . 1.23 A . 0.93 .~\ and 0.50 ‘\ respec t ively . t9 this is

s isv to accept. What is p lanned is to consider the ei ght  0 Ions coordinat ed around t ii t ’ Nd ’1” -
ion to he in cubic  °h symme try - f ind the modes of v ibra t ion  of th is  isolated conl p lex and t i let h
reduce the in t e rna l  modes of ’ b ration in D 2 symmet ry ; re ta in ing tile a p p r o x i m a t e  s ta te  of
p ;u r i t \  -

Th ese in te rna l  n or t i ia l  mosles of ’ v i b r a t i o n  are not  la t t ice  wave s . th ough , The (3’s

arrives l at in eq u a t ion  ( 2  ~ I wi l l  s t i n i u l a t e  the localized modes to  osc i l la te  and t i le  loc ali ied
iilodes wi l l  at ’fect the  t r a n s i t i o n  ( in  our app rox ima t ion  ~ , Thus, j~ is the K th normal  mode
of thie  molecu la r  comp lex . one can wr i te  tile electron—p honon t n t e r ac t i on  as

“ ep ’ 
~ K

k 0K’ 
(2” )

ss h ere the  a p p r o x i n h a t i O u i  s\ n ib o l  is i n t ended  as a reminder t ha t  o n l y  nearest  ne i gh bor s are
i n t e r a c t i n g  an t I  t h at we have assumed the  NY ~ t y p e  molecule  to be is ola t  s’sl ,  Since th e  l a t t i c e
v i b r a t i o n s  are c u i n i p l e t e . the  in t e rna l  normal  tilodl e 

~~K can be expanded l i n e a r l ~ in term s
of ’ l a t t i c e  v i b r a t i o n s :

= ~ ~‘K kl ’ r 0k 1 -

k 1’ r

5- ---- - -.‘- ‘ - .--~~~~~~~~~ -‘ - —~~~~~~~~~ -“--‘-,‘*‘5— 5’ - -- - - -~~~~~~~ , - -  ‘— - - - 5 —  ‘ -— -—--5- 5-
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where the aK kE ’ r ‘s are the m i x i n g  (‘actors , This results in a minor  comp lica t ion  of equation

(24 ) ,  in that  the lat t ic e normal modes must  mix to give an internal mode ;  one no longer has
tile simple orthogonalization. The result is

11 (w k[)

~~i~~~f D~~~kr ) I \ a K kF r <~~ f ’ I~~k I~~ i > I - ,
Wk 1’,

The above express ion , t’or tile transition rate of’ the di rect-p honon absorption. can be

in terpreted as fo l lows :  A la t t ice  phi onon in mode kI ’ r , and energy h wkr .  in terac ts  w i t h  t h e
molecular  conlp hex NY 8, This causes displacement  of the nearest neighbors to the RE ion ssh i t ch
ilave been described in terms of in ternal  normal modes of the comp lex (the amount  of inter -
action being given iii t e rms of the aK k lr  coefficiei lts ) .  Tills var ia t ion  in the c r y s t a l l i n e  field
induces  the t rans i t ion  of the electron ’ic s ta te  aild tile an: .ihi i ation of a phoi ion in mode k lr .

The mixing coefficien ts aK kl’r wil l  thus  beconle very mode- (ie . frequency ) dependent.
Not  un I v  w i l l  l)( wKI’  I and n (wkF I flleaSure how many  phonons are pr esent  to induce tra uh si-
tions . hut the a ’s wi l l  measure how much those pa r t i cu la r  l a t t i ce  v i b r a t i o n s  a f f ec t  Oie nearest

neighbors  of the Ri’ ion , while the ~k’s determine how much the nearest neighbors aff ’ect the
RE ion ( induce  t rans i t ions ) .  There fore , the a coefficients conceal peaks in tIle V~ (cc I curve : a
large peak is expected whenever a l a t t i ce  phonon h igh ly  conp ie s l i l to tlhe in te rna l  mode l and

- ‘ t h i s  is when the a co e t t i c i en t ,  ansi t h u s  the is large ) .  This us ano the r  rea son for tile concern
over in ternal  nlodes. Besides re quir ing the  t r ans fo rma t ion  properties of ’ (0  lur id  phon on

~c l cc t  ion rules , the n u m b e r  of possible i n t e r n a l  modes a f f e c t i n g  t h e  RE ion w i l l  be an i nd i ca—
lio n of the comp lex i ty  of the ~\‘ftu) curve ,

Fveti more concealetl is t h e added f requenc y  dependence in W ( w )  due to the  p o t e n t I a l

grashient term vk . The orig in of ’ this dependence is seen if one recalls tha t  the Stark sp lit (! i1 ~
of each J m a n i f o l d  arises front m a t r i x  e lements  of ’ ti le c i - vs ta l l ine  potent ia l  energy H c Since
the  coeff ’ici ents of 11c de te rmine  the Stark  sp l i t t i n g ,  and the  a m o u n t  of s p l u t t n~ de ts’ rrn l u i e s

t h e  p l lon on f r e q u e n c y  w. there  is a re la t ion between H e (and thus  the d e r i v a t i v e s  1 ;un d cc-
-\ g e t i c r . l i , a t i o n  abou t  t h e  f r equ ue u l cy  dependence  o f <  

~~~~ 
I I ‘~ 

> is very ~l t l H c ; i ! t .
t h e  first sts ’p in t h i s  n e a r e s t — n e i g h b o r  s o l u t i o n  is to f i n d  the modes of v i b r a t i o n  of t h i s

i so la ted  \ ‘l ’ s i i i o l e c u l i r — h i k e  s’~ ‘i C n t ,  ‘Fits ’ nine ions I i :u s e a t o t a l  of 2 ’ decrees i i i  f reedom

and .  Es r educ ing  the  res lucible  rs’pre ss’n t , i  t o i l  of ’ i on ic  sI sp l acemen t s  in the  °h po in t  gr oup.
ste find t he  f u i l l o t t  t ic  s ymmet r i e s : °‘

‘I c ~~ 
1 c ’1’ 1 le 1’ T2~~ “2u ~~~

1 1~
+3T i 1~ 

T:u’ 
1 2 1 ( 1

If  ( t h u, I I ~ 
ansI one I i ~ r epre ss’u l L i ! i o n  I s  r ct i io v ed t o  ~ c o u n t  f o r  t r a n s l , u t t o n a l  and r o t a t i o n a l

u ,lu ’C ’ L’c” if f’res’sl oni, t h i ~ i t i t c r u i ; u l ,  I oc , du i e s l  modes r en i a t i :

“ I c  + + _ l 2 ~~ + 2 \ 2 u 
+ I 2 1  I n  + ~~~~

In a s i n u i l a r  m a n n e r  by which  e q u a t i o n  I 15 ) \t,us derived , t h e  ,ib ove r e p r e s en t . i t t o n s  c ,un  be
rs’du c eul  in  t h s ’ a c t u a l  po rnl  g t o u p  1 ) 2 ,  Th i s ’ i r rs ’duL ih l c  r e p r e s e n t a t i o n s  of )~ reduced in t he

i i i a i i i i ~’r shio ~ n in e q u a t i o n  I 511 i l i u m  t h e  I d i o ts  r i g i l l t s ’r t i , ul n odes  are p oss ib l c

R Ig  + 2R ~ ,, + ‘~~ $c + ~ \ ,~ R~~ + 
~~~~~~~~~~~~ 

.~R 311 . 3 1 1

u j l l  \ , u l l  ~~l u ’~ k ,  b t u ~ t i , u (  I I , c n t i s i~~s , u i ud  bi i~ sics , 7 , ~2 .  u ,~ 1

_ _ _  “ - ---5-- - ‘
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The d i s t i n c t i o n  wi th  respect to p a r i t y  is used onI~ as an app rox ima t ion  ( formal ly  we can say
t h a t  we are red ucing in the  D 2h group amid consider (lie 1)2 s i te  s y m m e t r y  as a slight d i s to r t ion
to 1) 211 1’ Thus , there are 2 1 possible v ib r a t i ons  of the  X\ ~ comp lex:  9 even and 12 odd, So
iii  tile m a t r i x  e lements  of ’ < c’f ‘K ’  ‘

~~ 
> , uric n lav s’\pec t  1) larg e values  corresponding to the

9 approximate ly  even p ;ur ty n o n d e g c n e r a i e  modes .

R~~\l ,~ N - L I K E  INTERAC -r I ON S

The formal deriva tion of the direct-phonon transition rate illustrates the complexiti es
which result  in a crystal of low-site symmetry.  This detailed derivation will not be f ’ollowed
in the even more comp licated derivation of the Raman hroadenimlg ternl . This is done for t w o
reasons , First , tile inherent  t’ormalism of a second-order process in t roduces  comp licat ions
which obscure the desired result  by requir ing the determination of parameters impossible to
measure amid ex trenlehy difficult to calculate. Second . a t’ormal derivation of the Ra man
broadening nlechanism is not necessary to determine the parameters in which we are in ter-
ested , It i the final conclusion we will  have to rel y upon exper iment  a ny w a y  to normal ize  t h e
result  and th is  i m p l i c i t l y  calculate s  all mat r ix  elements  and makes  all the necessary s u m m a t i o m i s .

Jus t as in the direct process. we desire to find a t ransi t ion rate :  this t ime for the  two-
phonon process exchang ing states between two energy levels of a single RE ion situated in a
perf ’ect c rys ta l .  Schemat ica l l y , we have tile s i tua t ion  shown in f igure 9 . For an upward  transi-
t ion . a phlonon of’ freq uency w 1 is absorbed and a ph onon of f ’re quency w,  is e m i t t e d ,  Since
the  t r a n s i t i o n  occurs very fas t  (via  the v i r tua l  in te rn l ed ia te  s ta te ) .  Heisenberg broadem i ing
r e sul ts .  As before , the t r a n s i t i o n  is described by an in t e rac t ion  I l a m i l t o n i a n :  w h i c h  means ste
mus t  expand the  cry s ta l l ine  po t en t i a l  as seen by the RE ion in disp lacements  of the su r round ing
ions , this time to second order ,

UPWARD RAMAN TRANSITION W~ DOWNWARD RAMAN TRANSITION

I 
—

~ E -“
~~~

‘- - “--“-—- ----‘
~~~

-

1 I

‘V I R T U A L  OR N I  F I 1 M (  D IA T E  S T A f F

I u 1 i i i i ~ ’ t o  su,’ l i t ’ u i u ~u t i c  r t .’ I ’ u e sl’ T t t a m i ( F ls  I i  mh c  i p o n d  ~in J l I st I io , uI ,1 R i m _ u i i i l O i —

I I  i .u  I uvs ’ C i i , ’ u~it  l evel s’ \ .  h u . I T i c l ’ i i is ~c ii iu i l  I s i i l s
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V ep = v0 + v~~
1 + v~~

) + , - . ( 32 )

V0 is sti l l  the s tat ic  Stark term and ~~~ is tile first-order term used to calculate  (d i rec t  1,

v~~~= ~~ x~ (n : a)~~~~(n : a ) V  I~~. (33 1
ii a i = I , 2, 3

where x~ (n :  a) is the i~~ direction of’ the disp lacement of the a t lh ion in the n th u n i t  cell .

~~ 
(n : a ) V  is the ~th component of the slerivati ve of V taken at the ath ion of tile ~ th u n i t  cell

and it  is evaluated at the RE ion (since this  is where the e ffect happens ) , The second-orsler

expression for is

~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V 1 (n : a ) ] V ~ I ü . (3 4 )
nat nat

ss’hiere the last expression is the two—component derivative of V. namely

a 2 V
ax ~ 

(n :a) ax ~ (n : a )

There fore , in the same way equation (14) was derived , we can write ~~~ as

V~~
1 

= 
~~~~~ Fv k~~k~y Qk~~~~~~~~k~~~~J. ( 3 5 )

kyr kyr ~ 
— — — —

ss here

V ky :~~ y = >•~ >~ I ) c~~~
l 

~
‘i’y r~~~~’~—— no’i no i

yr (k ’~~~~ex P  (i k (R~ + R~~
) 

~ 
t t 1: a )v 1 l~~;~~ )V I ( 3 ( i I

Aga in . R n is tIle pos i t ion  of the  n ih u n i t  cell and t h e  
~
‘i yr (k: C I ~-oefl ’ic i en t s  mi iea ~ i m r c  h ots

mucil  a n Orth la h t ilode 
~~~~ 

a f f ec t s  the p a r t i c u l a r  d isp l acemen t  
~ 

I n:  a) .

There t’ore , we may get R a m n a m i - t i k e  t rans i t  ions t svo way s :  t i  rst order mi \ or sc. ’o t t u, f

order ~~~~ , I t  is ller e t h a I  (h s ’ fo rma l i sm becoi t i es  cumilbersome ansI it is h ere th at the  t ic ’u s i -

tioih will ~ s’ strs’atllh itle sl. From ii eq ui :tl iom l (18) we h ave ( n e u l s ’ c t i n ~ m i i u l t i p i u c ~ I t i \ s ’ c ’ t i f l 5 t . i f l~~~~

w R cy 
~~~~~~~~~~~~~~~~~~~

“ S
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I lere DIv is the tota l detlsity of t i i i a l  s t a tes , l : i i r  an upw ars l R am an  transition we e x p e c t
initial amid final s ta te s  which look l u k e

H > = k ~i > 1 J kFr I Q k F n k1~ > 13T h

f -> i
~~ f > l 1L ( ~~ i QJ. i I k ( . > I Q k .

~
.: ( i i  i . . _ l I > I Q v1.; (n k F . +  I I >

for the process shots ii i ll  f i g ure 1) \Vh ie t i  the  
~ k i ’ ‘s are w r i t t e n  in t e rms  of boson ann ih i l a -

t ion—crea t i s i n  operat ors ,  ss u, g em terms l ike

wh ich ‘ corlne cm ’’ I r > amid I I >, There t’ore , Rari t an ran s i t i on  ra ies  are derived which 10( 1k l i k e
I

11 I W k l . I  In (w k 1 . ’(  -+ I l  r r ’
I ‘ki ’ ; k I ” I ~~~ ‘> I” 

~~~~kI ’~ 
DI Q k ’ I . I. (~~~ 5 )

Wkl ’  Wk ’ I ”

rca r r : u t t gun g  p r imes .
As stated ear l ier , the purpose of this  calculation is to find the temçera tur e  dependence

of ’ the l inewid th .  In order to accomp lish this ri gorousl y,  one must go through the sante internal-
model anal ysis as tha t  done for w D , As will be shown later ,  the naturs ’ o f the c r y s t a l  reduce s
the prac t ica l i ty  of ’ car ry ing  Ou t  such calcu la t io n s .  In stead , a s imple a p p r o x i m a t i o n  ~ to he use sl
to obtai n a good fit  to the  e xper i m ’i l en ta l  cu rs e , w i th  enough ver sa t i l i t y  retained in the  t o n i i a l m s m n

to a l low pred ic t io n  ot o ther  ion—host combinat ions .  As was emphasized in ths’ si irect Lass ’ . t h e
deta i led s tn ic tu re  ( i i  the  1) 1w I cu rve tensl s to smooth out when sums are taken and the real
densi ty  of ’ states is used and especially if la t t ice  anharmon i c i ty  is considered . In the Rarnan

Lass ’ , the in t eg ra t ion  over al l  phonot i  r i i u i des  i nduc ing  t r a n s i t i o n s  wi l l  intros luce eve m i more
snloo thi tl g .  For th i s  rea son ste can consider the Rarnan transition rate as suiiip l\

\V R (‘ n ( w 1  I In (w , )  + i~ D ( wj  I i)(w~~)

= (‘~ n (w1 + 1 ) 1  n (w ~~) l) (w 1 ) [) (w , I . (~~~ l I )

where  in eq i m i h i b r i u n i  V,~ = 

~~ 
,— Ai k I 

, (‘ is a sing le m u l t i p l i c a t i v e  parameter  m a k I n g  i n to
accoum it  all  m a t r i x  e l ement s , su mm i l a t i o n s . i n t e r t ~ ’fl ~l ide mix t m l g .  amis l the l ike .  In p rac t ice .
this will he determi’iined exps’rinl entally by t i orm llal i i in g the l i m i e w i d t h  to  e x p e r i m e n t a l  r e su l t s
at one t empera tu re

‘[‘he ttse of \ ‘
~~~~~ ill second o r d e r  resul ts  in a s imi la r  cx p res su ot i  ( w i t h  d t t ’ferem i t i i l a t r t \

s’ lem ent s  I , I lere ste uu ss ’

.
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where in is a member of the complete set of wave functions comprising the  in ter media te
states , Since the difference between this expression and the one used in f ’irst order only
ch anges C i n eq u at ion  (39),  we will st i l l  use (39) as the expression for the Raman transi t ion
ra te .

INTERACTING PHON ONS

INTER N AL MODES

In order to t’insl the thermal  dependence of I i newid th , the  spectrum of those p hi oi i omi ’~
affecting the active ion must be determined, As was shown , the existence of a latti ce phomion
is not a guarantee it will  couple into  and a ffect the  act ive ion , inducing a n o n — r a d i a t i v e  t r a i l s u -
tion . ,- \ cou st ic  phonons ilave high densities of states and large occupation numbers , yet tht e~correspond to movement of the entire u i t l i t  cell and . therefore , small  relat ive mot io n  to the
active i~ n to induce transitions, The determination of a tractable model for interacting Phonoii s
is what is sought in th is  section. If the range of strongly in t e rac t ing  in te rna l  modes is deter-
mined , tile predominant broadening mechanism can be found (whe the r  direct  or R a m a n ) ,  the
t rans i t ion  ra te  can he summed (‘or all et’fective milodes . amld a s imple , compact h i i i e w i d t h  f o r m a l i s m
can he founsi . ‘File degree of ex pe n i mem ’mta l  fit of the l’inal h i n e w i d t h  theory wil l  j u s t i t ’v t he
a p p r o x i m a t i o n s  made .

The Deb ye theory for acoust ic  phonons . when app lied to the  system of a rare-ear l h i
i m p u r i t y  ion located in a simp le crystal , results in ‘a l inewidth theory well i l lust ra te d in . i r t t L i u ,’s
such as Yemi . Scott amid Sch awlow , 2 This appr oximat ion  allows all l a t t ice  pho n ons to coup le
in to  the ac t ive  ion , gives no clues as to wlli ch broa dening mec llani sms predominate  amis l r e s u u h i s
iii n o n — a n a l y t i c a l  solut ions.  In addition, use of the Dehye theory requires manr curv e f i t t i n g
para m eters  to fit experimental data , both a multi plica t ive parameter  as well as a special I)eh~ s’
cti t-o l’f l’reque il cy (unre la t ed  to simp le h u l k  t he rmod ynamic  q u a n t i t i e s )  f ’or each set of ls’vs’!s ,
‘I h is  m hts ’or ~ then  shoes not p res his ’t t he  f u m i c t i o m l a l  slependence of h i n e w i d  th  ss i t h i  m s’nip s’ra t t i r e , it
nie rs’l~ can be mads’ to fi t  th i s ’ e x p e r i m e n t .  ‘I b i s  u s of ’ten at t h e  expense of absursh m p h  icat  ot is
ss i t h i ’csps ’ct to p hy sica l  parameter s  such as hu lk  modu lus . thern ’ial c o n d u c t i v i t y  - t e a t  , u p 1 1 i t \  -
and the like , IS As s t i l l  be sh ots n l a t e r , o i i l ~ t h e  inss’m l situ s tv of ’ t h i s ’ th er iT mal  ds’ps’m is h s ’ i t L c  I f  i n s ’ —
w i d l  Ii t v i t h i  t i le s t r u c t u r e  of the d e i i s i t ~ ’ of states accounts for the success in f i t t i n g  t he  t h e  ‘m-
e t i ca l  model to the  expe r i m en ta i  r e s u l t s .

I s’t u s  look aI a i io t he r  approach to t h e h inewi s l t h  problem . s-mp loy ing local iied no ides ,
( ‘omisi d s’r again the  resul t s  of equa t iom i  ( 2 5 )  em ll p lu ’i yi i l g i t i t s ’nii ~u I illodes in (lie s ing le  p homio t i  c , i S 5 ’

I lens’ all h m avi- tlires’ paruii ls’ter s. 1)1 wkI ~ ~~~~~ ~~~ 
and < ~ i~~’ I 

~K ’ ‘

~
‘
~ 

> — al l  of ss Ii cli mn easur u,’
t he  s’l ’iect of a l a t t i c e  pho non ( if  I rs’qus ’T i c \  wk l ’  oil t u e  as- t i e s ’ i ou , R e L , u l i  t h a i  l ) I w k l .  is  i f i e
s l e m i s u l v  ol ’ s t a t e s  u t  t h e  l attic e phono im 01’ f r eque n c~ wkr. aK kl’r is a rns’,u surs ’ u t f h ots m u nc h

It s ’ lat  i t s ’s’ phon on a f t  s’s t s I h L ’ local i,,ed illode K , amid ‘ de termi  mit ’s how iii us ’li t he i ii  t s’ r iu a l
m ode at i s’ct s th i s’ R I’ . ton ansI induces  n on r a d i a t i s - e  t r a ns i t iom i s ) ,  ilers’. for s i m i i p i i c i t r  , all  t E rs e
pat  u l u i s ’te r s  are s’ombinesl ansI cal led t l i s ’ e fl ’ect ive s l e i t s i ty  of st a t e s , V~ e have mer ck

I ) ’ 4 w)  ( i l ( w )  I

= D ’ I w l  ii ( c c l ,

1-i
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with similar results t’or the Raman case (equation (39)) , D’ ( w)  is the spectrum of the eff’ectise

internal phonons and is an average over all lattice phonons reflecting how the lat t ice  ph onorm s

at frequency w affect the rare-earth ion , Now the non -radiative tran sit ion rate is sensitive to

only these active internal modes rather than all lattice phonons.

What does D’ ( w)  look like? Certain ly it will not be a cont inuum like the Deh ye

theory . In t’irst order , it will  most closely resemble the E ins t e in  theory , di ss ’rs’t e normal  freq-

uencies for each internal normal mode coup ling into the active ion , Figure 10 i l lustrate s the

differen ce , Fundamenta lly , the continuum described by tile Debye theory is rep laced b\ a

spect rUfll ret ’lecting the active internal normal modes: exh ibit ing a m in imum as well as a maxi -

mum frequency of vibration of the RE ion , nearest-neig hbor comp lex. This will have imme-

diate impact on the direct phonon transition rate , as how frequency phonons resonant v. uth

energy level separations may not exist in D’ (w ) .  One can also pred ict that ther e is width to

the lines in D ’ ( w)  due prima rily to anharmon ic effects which will cause overlap of peaks .

There fore , all that  is to be determin ed to find h in ewidth thermal variations are the frequencmes

of the normal modes and the relativ e magnitude . As will he seen later , more importan t  than

the precise values of the vibration frequencies will be the range of active interact ing phonons in

D’ (w). With D’ 1w) modeled , the thermal variations of the l inewidth can be solved , in this

case , analyticall y ,

DEBY E THE ORY EINSTEI N THEOR Y FOR INTER NAL
MOD ES

- ~~i~~~~~~~~~ i1 L II IL I
W DEBYE “~m n  ~“ max

EmN STE IN THEORY INCLUDING ‘ E F F E C T I V E  PHONON

ANHA RMONICS 
A P P R O X I M A T I O N

w mIn ~~max “ m n  “nlax

l - u ~’ i u r ~’ I I I  F o u r  models t o  the d~ ii s i tv  of l a t t i c e  amid inter nal phono n s .
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V I BRON I C TRANSITIONS

One method of obtainin g insights as to the structure of the effective phonon spectra
is to look at the vibrational sidebands accompanying the electric dipole transitions in RE-doped
crystals. Since direct vibrational data are difficult  or impossible to obtai n , t h is is ex t rem ely
valuable ,  Here the vibronic data will reflect the range of int eract ing modes affecting the i m p u r i t y
RE ion and will  establish the degree to which these modes are indeed “internal . ” By e x amim i i n g
the s tructure and number of phonon-assisted sidebands , and by recognizing that vibronics
are al so a nearest-neighbor phenomena , one should be able to establish , at le ast , the fre que ml cie s
of tile internal highly coup led niodes in the crystal ,  Since these data are usually taken at low
te mperatures and with high dopant i m purity concentrations to facilitate the experin leti t . the ap-
plicatio n of tilese results to the nonradiative energy-level exchan ge problem will not g ive t h e
exact shape ot’ D ’ ( w ).

Let us f ’ind a simp le expression for the intensity of the vibronic emission or abs orpt ion.
As before , for the static lattice transition in a crystal with inversion symmetry , elect ric-dipole
transi t ions are allowed only if there is an odd parity conlponent of the interaction H ami l ton ian
to admix opposite pari ty states , The odd pari ty lat t ice v ibra t ions  will now cause tile adt i l ixi i ig.
(‘otisider the electr ic -dipole t ransi t ion m atr ix element

<~~~ - c r 1

between the  upper state I 
~~ 

> ami d the lower state I ‘~~~~ >. If no perturbation of these sta t s ’s
exist , the matr ix  e lement  will be zero since both levels are derived from the same 4f fl cont ’ig-
urat ion and have the same par i ty .  The app lication of tile electron-phonon in te rac t  ion Il ami t i l -
tonian Ve to the wave f’unct ions  will cause admix ing  wi th  excited opposite-parity wave
t’unct ions  ~rom the 41

-n—l Sd configura tion , say, and permit transitions , Consider the unper-

turbed upper state

r r
I~ .~ii > 1’kI’r I 

~ kF ~‘~kr >

Since we know tha t  in t’irst order cam inot  conmlect s tates separated b~ m ore t h a m m  om me
s l l i an t umi i  number , we cart wr i t e  this ’ p er t u rbs ’d upp er  s ta te  c o n t a i m i i n g  th is’ a dn i ix e s l  s ta te
1 > due to one phonon
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Here , I i ~I~ > and ti~1g> are purely electronic wave functions with the sum ~ extending over
all ex cited . opposite-parity electronic states. Again , the lower state becomes

IX g> = ~g > 
~~ Fr 4I n kI > 

~ k ’ (n k ’F l - 1)>

_
{L I~~~>U kFr lQ k~~~k[,>1*\~ep

I I  ~g >~~~rr I Q k ~r > R k~~ T’ - I ) > ]  
I ~~ > 

~ kFr IQ k~ n k1> , (42 )

Here a simp lif icat ion is made . Since most vibronic data are taken at low tempera-

tures (to avoid second order effects such as anharmonics) the limit of I = 0°K is assum ed.

Thus , the occupation numbers t’or all modes tend to zero . Therefore , using the first order

expression for Vep given in equation ( 1 4) ,  orthogonalization of the wave funct ions , and

re ta in ing  only first order terms. we obtai n

<x u l _ e f l x g >

(2w kU)

-

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ h 143 )(3 i (3 - 1 u

ihi s corresponds to a transition of the RE ion from state g to state u plus the creation of one

phonon in mode (k i n ) ,  Here we see that  I ~~ > must  indeed be derived from an opposite
pari ty  conf ’iguration to remain non-zero.

ihe  t r ami s i t ion  p roba b i l i ty  per un i t  t ime  is g iven by the familiar  re la t ion

whs ’rc p1 I I t s  the  d e n s u t ~ ~it f in a l  s t a t e s  composed of the product of the lattice phonon den-
s i t \  u t  states i)(w and the electronic states g(E — h) . Since the energy spread of the elec-
t r onic  s l a t e s  is  n luch smaller t I t an  the range of the phonon states . g(E — hw )  = 5(E — hw —

w k l .)  and til e v ibron ic  spectrum ref lects  the s t ruc ture  of D (wf  ( figure 1 1 ) .  The precise
structure of’ 1) 1 w)  is d i f ’t’is’ti l t  to determine ,  though ,  because of the electronic  m at r,ix e lements
in equa t i on  143 ) and because of the dif t ’erence Irt tile matr ix  elements involving vf(1 . For

exa m ple . s i m ics ’ the  is opposi te  pa r i t y  to 
~‘u and ~g’ 

only the odd parit y vibrations cami
have non-zero m a t r i x  demer i t s . Recal l  t ha t  the expression for the sing le phonon nonrad ia t i ve
t rans i t ion  depem ids on t i l t ’ even par i t y  normal  nlodes , The group theoret ical  selection rule s
are al so s m m u i i l a r  to tho se  for phonom i n o n r ad i a t i v e  t ransi t i ons.  This states t h at

30 
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AND ARE TO BE REM OVED FROM THE V IBR O NIC SPECTRA .

Figure I I  , Vibro n ic spectra at low te mper aiures for Yb 3 A1~ (A 104 )3
indica ting e t’f’ectiv e phonons . 15

< X u I _
~~~ I X g > O

if

l u* X 1g X I’Qk~
,

does mi ot contai n ar m i r r educi hi le  i’eprs’sen ta t io i i  of this ’ t r a i t s l  t ion il tu ’In iemi l  U wh en  redu s’s’sl in
the si te symmetry G5 (where 

i’
~ 

and I’~ am ’s’ m Ite irreduci bl e repre sentatiomls of t h e upper  and
ground states respectively,  and FQkI~ i~ the  i r reduc ib le  r ep re s emi t a t i on  of the  mu ormal  mods’

0k1’ of (~~~. In crystals sucll as YAG . w h i c h  do not  c o n t a i n  im i v e rs ion  s y n i n t e t r v  - pa r i m ~ is

n ot a good q u antUn l  number  and m u orm ut al mi ios l s ’s a o.’ ci nt ipos s’sl I hot It event and odd pa n i t
parts ,  ,‘\lso , the low 1)-, site sy t t i m e t r v  does m l i i i  s’”,s’ l I ,id s’ ~u tt ~ t r a i t s i t  ions due t o  t h e  sel ect ion
ruls ’s au th all modes can cause sidebamid s . \~‘ I ta t  us s u s ’ u u i l’is’an l us  t h a t  iioss f I t s ’ l , u t t i , ~c ot i t i t c i
a c t i n g p h om ’io ns can he deter t i i iui ed by exan i in  i t i g  this ’ v ib ro t i i c  sps’ct ra , Bt coum’ i t ii~ t he
num h s ’r ot’ side hands and compar ing  this  to the number  predict s’sl from t l t s ’ i i i i s ’r na l -m um ods ’
a p p r o x i m a t i o n , t h e  degree of ’ m s o l a t i omi  of t h e  i n t e r n a l  u i t u i d ’s ca n j lso be i t \ c s t  c u e d

PRFSUNILfl INTERACTING EFFECTIVE \IOI)ES

lii  order to f i n d  th e e f f e c t i v e  i ) h m u m m i o n s  of the s~ st i ’ mtt  of \d ~~~‘ i i i  \ \( i , l b s  u b u i m t u c
spectra at low I em l i p e ra tu  r i’s can he e x a m i  ned - i’he d ; u t a  s i i  l ab le  ~~ I rs ’ f o r  ‘i h \ l  I \ 1( 1 4 I~

i9 R A R u is ’t i ;i n a n ,  P l us si i i  Rs ’si~’~s . l~ ° , ~4S - t t i U ’
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Since the dit’f’erence in atomic weight between 
~~~ 

and Nd~
’3 is 173 vs 144 , t his data  is

assumed to he adequate , though not precise. Also. Buchanan states that using Yb Al G
instead of Y~

3 doped YAG results in larger absorption coefficients wi thout  seriously per-
turhing the symmetries and so facilitates the experiment.  The results are shown in figure I I .
H ere we t’ind approximately 20 large sidebands occurring between 250 cm ” 1 and 570 cm 1

and a small group of approximately nine smaller ones from 75 cm ’ to 225 cm ” 1 . Recal l ing
the result s of tile group theoret ical  reduction of the XY 8 complex , we expect  the  i n t e r n a l
normal  modes to consist of nine approximate ly  even-par i ty  and I 2 approximat el~ odd-pan ty
vibra t ions , a total  of ’ 21 close-coupled modes corresponding to the XY 8 molecular sy s tem of
Nd~

’3 and 0 2, The conventional normal-mode analysis of the 80 ions in the unit cell predicts
240 possible modes seen by the Nd”3 ion in D~ site symmetry , The data using Yb Al G fit
well with the predicted results. The range of internal vibrations then , is confined to a region
approximately 300 cm ’ wide containing narrow peaks corresponding to highly coupled modes
(contrasting sharply with the Debye prediction). The small peaks on the low frequency side
are thought to be next  nearest-neighbor interactions of low energy between the RE ion and
the AI~

’3 ion, Since the atomic weight of Al is 27 and that  for 0 ’2 is 16 , we should expect  a
lower vibrat ion spectrum. Also , the larger inter-atomic spacing to the Al”3 ion will  result in
lower frequency modes as well as smaller coupling (as seen by the ampli tude of the sideh ands ) .
Therefore, let us choose to model the complicated effective phonon spectrum by a simple
uniform density of modes ranging from approximately 250 cm~~ to 570 cm~ (note figure 12):

[5 250 cm ’1 <hw < 5 7 0 cm~~ 3D( w )  = 
‘ 

(44 )
0 otherwise

D 250 cm ”~ ‘ h~., ‘,. 570 cm~~Dki t Df w N
0 OTHERWISE

I

I I _ _ _ _ _

0 1 00 200 300 400 500 600 700

~
k4 m n  E F F E C T I V E  PHONON ENEB GY Icm ” I t

~
w ma,

I Ii.’ i i I ~’ 12 ,  I ‘ u l u t u rn u  ds’u l s u m \  n iodel t o t  the e t t i ’ c t i s s’ mi tod es in ~~~ \‘ ‘t(
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(with E~ a constant). Simlce iilcorporation of the precise shape if ’ it could he extracted t’rom
the data available ) would result  in another numerical result , let us try the above approxima-
tion and examim ie the quality of f’it to the experiment. After the ulext section we will examine
the prediction ot ’ thermal . h imi ewidth  var ia t ion incorporating the above approximati on.

l)E BYE L I NEW I I ) TH THEORY

%~hat is pres ented in t h i s  sect out is a brief overview of the Debye theory for the
t h erma l de p e nd em l c e  of h i n e w i d t h . best presented by Yen , Scott and Schawiow.2 Th is us dot e
pr i t l l a r i ly  io  p h a s e  nt proper perspect ive t h s’ theory to be pre sented , Also . t i l is  f u r n i s h e s  a
t h eoret ical  i , i ’ , . i t ’) tile ef f s ’ c i u \ s ’ - i i t uu s l s’ theory to he presented later , Assuming a comp letely
l)s’hve model f o r  the  L’ u\ sia l - Yen , i t  al . begin b writing tile Hanliltonman of the inipurit~’
iou i n a h ost r~ st al as

1’ to t  = i l {) + li p + il l

where hI~ shescrihes the ion iii t h e  press ’mice of a c rys ta l l ine  field . H~ describes til e ph onom i
s s t s’n u

h i ~ = 

~‘k~~ k ‘1k + + h w k ) .

and (I I describes the u mi t e rac t i on s  between tile iOfl and the lat t ice vibrat ions

/ h \  ‘i’
= 

~- k ( - 1  ~ ‘-‘~‘k ( a k — a k ) +
\2Mv” /

~ k ,k (,
~

‘) I ) wk~ wk ’ ( a k - a t  ) ( a k - a ~~ 1+ , , .

= i I ~ + il ’1’ + , , .

I hers ’ . a k : ii ij  a~ are ann m h i i l a l ion and s i i ’ , i t  uomi  Op~’ r , u t O t s  of .u c o i i s t i c  p hi om i ouls in t lie k th i  m it ode.
is I hs ’ir f r s ’( l i u s ’ t i L  , ansi ( amid I )  , I rs ’ t h s ’ l i u t e a r  amid l u a s l r a t i c  irs s t j h  fie lsl 5’o u i p l i m i g  u ip s ’ t , I —  - -

tor s  respectively I ssh i s ’h i u u p e r a t s ’ l i i i  s’ls ’ c t u o u i i c  s t , i t c s  i f the iou  onl~ I . \ 1 is the  ul i dss  ~if flit ’
cr~ sf a l , am i d s is an , I s e T : I s ~s’ so u u t i d  sc l ~~ u t y  i i i  t h e  cr\ s t , i l .  Smn ~ e t h i s  assu i iis ’s t h e  I ) s ’h~ s’ ~ippr ox-
i nl atiomi . v is asst m med m n d s ’p e ’i d emut ot k and k = - I t hu  R p eal energ y ls ’vel co nl I s ’ tu r , i~
t io n ,  l ime  rs ’ l , u x a t i o m i  t r a n s i t i o n  pr oh~u b u l u t ~ f o r  the  i 11~ ls~t s’l d i i .’ to the d m m i ’ct , s i mic l e  p luon o u i
pr ocess (W ~

1 ) is ( usi ng \ e n s  n ot , i t  ion I

= 
2~ 

~~ ~~
,, p I i ~~~ i

) 
~~ 

( \
i

~ s Is  1i
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IP 0(w
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) + I I  + ~ w~ ~ (w~ ) l < A ~ I C I A~> 1 2 p ( w i
J > 1

= 
~ij o~~ ij~ 

+ 11 + ~~~ ~i jp o(wii ) } .
j < i  j > i

H ere. p ( w~
) i s  the detailed l) eb~ c de i ts i t ~ of s t a t e s  at w~ . and p0(w

~
) is the p h om lo m i Oi ’CI i-

patio n num ber for ph on ons of ’ energy h(w 1~) at te mperature  T.
The cont n ihut ioul  to the relaxat ion process due to Raman scattering of ’ pho non s b~

the impur i ty  ion is calculated using H ’1 in second order and H ’1’ i n first order. This rc~~i l t s  imi
an expression for the 1 t ut level give n by

= 
~ i ~~~~~~~ 
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svhene x = hw/kT and

I 9 h  k O D
8 

-

= (~~)~ :+ 
~~~~:~~‘o ~~~ i 

I < A 3 I O I , ’~1 >h

+ 
~ I < A j I C I A k > I 1< A k I C I A j > 1

Fj k E ki

~~ 
( k O ~~\

4 I < A k~~
( ’ A i >I

a ‘ 
- < A - I D I . ~ ->-

2 7 r p v ~ 
Ii k 1 ik

where 0 1) is the l ) e b v c  te u i lpera ture  (which t u r n s  out  to he unre la ted  to the va lues  consls -
teu l t w i t h  h u l k  da t a  sucil a - - sp e c i f i c  h e a t ) . The in tegra l  

~~~
0 D T) has he emi t a b u l a t e d  by

/ . in laui  and is propor t iona l  to (0 1) T )~ at  hi igh t empera tu re s .

Th s’ t r e a tmen t  of ’ im i hou n ogeuieoiis strain hroadem i ing and homogeneous rnu l t ip h on on
relaxa tiom i hroashening is essentiall y isiem itical wi th  t h at prese n ted ea r lier . For the 1th li’s cl ,

lb s  to ta l  c o n t r i b u t i o n  to the I in ewis l th  due to H I is , t herefore , g iv en  by Yen to he
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is  the  I e s se m i t i ah l v  ) t em i l p e r a tu r s ’ im i depend ent  mi l l i l t  i ph ono uu  c o m i t r i h u t i o u i . i - o r  a g I s s ’u )
op i m ea l I r a u t s l  t i u i i l  , t h i s ’ E. ors’m i t i  an ~‘ on t r i h u t  ions f rom each level add

:i’
~~ 

= 
~~~~~ 

+

I l l s ’ c o n t r i h u i i o n s  t I ( ‘ i t i  t i l t’ ;au s siami shaped strain broadening are them i  added to
I l ie I i  of th i s  t lu s ’ur ~ to s’’spe r imi i e n t  is d i f f i c u l t ,  Since om i l ‘a’~ is a c t u a l l y  nieasurs ’d -

t h i s ’ l u t i s ’tt Rh m I t - s  s — ts ’mi tp s -ra t urs ’ curv e mus t  be measured (‘or all optical t r a n s i t  ot i s  tu separate ou t
t ro mn ‘a ’ 1 ansI , h i e m i c s ’ , t i t s’ s- , i r i ou s  m u l t i p l i c a t i v e  coeff ’icie mi ts  , - amid K~ f ’or each hs’vel 1.

In ,id d it  ion to  t h i s , au e l ah ora te  t i  i t  ing t s’chm i i qu e must  he usesl to determine ti le prop er ; u l ue
( I

1)  I : :  gs’ u ls’r al . a u i i l u l t i p a r a i l i e t s ’r f i t  r equi r ing  var io u s 13’s amid a ’s as v a r i a b l e s  is emp lovesi
,uu d m lu ~~e p . u r a u i u e t s -r s are , i sh i u s t e d  u n t i l  a good fit  is ob ta ined ,  For examp le . in t he  case of the

‘ I I 
‘ ‘ i , ~~ , 

t r a u i s i t i o n  (it P~+3 i i i  L~ F 3. Y em i was able to reduce the nun l be r  of coef ~
i~~u e n t s  I rotn (~ t o  1 - h el ’ore hs’g iu ’i m i i ag  t he  pa ramet r i c  fi t  (wh ich  depends omi the d r a m a t i c a l l y

i t  ?s ’r eIul ms ’ m u u I ” s’ r u t u i r s ’ ds’ps’ndeulcies of the  direct  and Ran ian processes ) . The fit  to exper iment
i s s \ ,  i ’Ils ’ui t -

h it s’ } i I i ’~ t O s ’ t t h i s ’ l) s’h~’e t l i i ’or ~ ‘~ not to predic t  t h e  shape of l i n e w i d t l l — v s — t e m p e r a t u r e
i O n s  e l i i  P I ions in c ry s ta ls , nor is  it to  f o r m u l a t e  an a n a l y t i c  expression t ’or l i n e w i d t h — v c —
t s ’ i ! i  p~’r , I i u i r s ’ . i t  r a t he r  to  check t h e  v a l i d i t y  of the  ~ropose sh b roadening  n iechau iisn is  t h e m —
se Ise ~ I ~l t P htoi l oul  - R : u m t t a ’ i  , e t c  I . The success of demons t r a t i ng  th is  has been ex ce l l s ’u i t .

I I i  i t  id . ’ i t  i s  t h a t  t l i s ’ t h e o r y  has f o u r  cou i s t  r a i n t s  r e l a t ing  to i t s  u t i l i t y  of b e u m i g  a n leau s of ’
prs ’sl i s ’i h is! t h i s ’ sh i ~ips ’ ‘f t h e  i u m i e w i s l t h i - v s — t e m p e r a t t i r e  curv e wi th  only a f e w  measured p i n t s  -

t h is ’ t l i s ’orv it Yen uses m l i i ’  l) i ’b\ s’ theor ’5’ which is not valid for most hosts (where  op t ica l
u h ’ i u u t s  Ir i t i ’ F , h ~ t si ro r t g l \  ss ’it li mhi ~’ i m p u r i t y  ion)  amid requires comp licated curs e f i ts  to deter-

mine i i i  s i  s i  I t s ’ H I )  d ft ’s-r en t  f ’ru u i t u  t h e  resu l t s  of bu lk  mea suremen ts: the t’i m n c t i o n a l  expression
f ’ r  t h s  R . u t u i a u u  5’ o u i t r m h u t i o i  is au i n t eg ra l  f o r m  resul t ing  in a n o n a n a l y t i s’ expres s ion :  this ’ Yen
m hs’ors req u ire s  i lie u t le a sur eu i le i l t  u I  mamly  P o in ts  Ori maui ’s ’ l i n e w i d t h — v s — t s ’mii p erat  t ire cur ses to
i’ n , ib ls ’ t his ’ ~‘o i t i p l ica tes l  p a r a n i e t n i c  t ’it t o  lie comp leted : ansi f ’i u i a l l v , the  t h ’is’o rs’ l u s t  docs  no t
‘‘prs ’sl l e t

’’ t he  s lops’ ot t h e  s i l l S  i’s . The theory  to he present  .~~~ wil l  address the  p re d ic t  i ou u I
I li s ’ shaps ’ ‘i t h i s ’ l i u i e w i s l t h i — v s — m s ’mpe ra tu re  curve for rare — e , i r th t  i m p u r i t y  lou is  r e s i d i n c  i t t  harsh
cry s ta l s .  S ince  da t a  .irc ava i l ab le .  ansi becau se of i t s wish ’ . ipp l i c . u t i om i  as a laser i t t e d i u n t .  \sh~~

,’
‘t \( , s t i l l  u s  i l l S  s’ st Igated s p e c i f i c a l l y .  The u’ cg u m e of 30( 1 K t i  401) K is of spec ia l  i u m t s ’re s t as

th i s  is t h e  t~ p ica l  operat ing t e i i i pe ra tu re  u i f  h ig h -power Nd ’
~” Y .-\G lasers amid a m n p l i f ’ier s . Th e

pr :u s’t i c,il u f i h i l ~ of a simp le i’\p r i ’ssio n t ’or the thermal dep cnde t t s ’e of h i u i ess  m d t h i  r equi i ’ i t i g  onl~’
the  rns’ asu r e i i i en t  01’ th i s’ 300° K l in e w i d t h  ansI the l ow- t e m i t p e ra t u r e  I u l t s ’r cept for each s) h i t i ca l
t ra u l s i l  ion sts ’sires l is ob v iou s .

l’ I ”f’I’ .( ‘i’ IVI’ . ~lO l) I E, l \ I - ~\ I I )  I I I  T H E O R Y

R \ \ l  ~~ I - .i ” i - ’L( I ov l :R .~ LL ~t OI ) ES

t h e  I m u c o r p o r a t i o m i  of a l l  I h t ~’ prs’cs’di ui g q u i a n l t n i i  e l ec t romi i c  t o r n i a l i s u n  i u i t o  1 t h i ’ u u r ~ to
ds ’ l e u ’ m u i t n e  l i i i ’ i l i s ’rn u a l  s : u u ’ i : u t l o t I  of  h i s ’ h m u u u u i u t s ’s’mic ou s lv  broa u ,lens’d r a d i a t i s e  t r , u i i s i t l o n s  uiss’d i n
this ’ o p c i . u l  l i i i  of ’ RI ’  l a ser s  rs’ q u i m r s ’s t h s ’ ds ’ts ’r n u t t , i t i o u i  u f  t h e  n ou i rad i , i I  se em i s ’ri1 \ ls’vel i’\~’ l t , i ~ s’~’
r a t s ’ Ii s ’is ’, ccii al l  s i t s  i t  l~’s~’ls 51:1  a l l  ms’s’ h m a u i i s m n s .  i ’Ili” r equ i res  t h a t  t l t e  t u n d a m n e u i m a l  ds ’ps ’i t ’
ds ’ncs ’ i i  l m n i ’ s s - u u l t h m — v s — t s - m n p e r a t t i r e  i t l c o r p o r a t l i t g  al l  e t f s ’s’ t l s s ’ ni os ls ’s f o r s’: hs ’h i  l i i i  I u , i t i s i ~ I i i i i s t

l~i s~ ton  t td , t h i s ’ d e t a i l e d  ss’I i i !  s’i t s ’ii’ \ l s ’s e l s  must  be s’ x a u n n i s ’sl l i i  f ’nis i a l l  g r u u i i p s  of m u l t s ’ t . I c i m u l g
le ss ’h s . m d  those i~t u ’ ’ l i : u t t i s m i t s  s s ’ h mu5 ’ hu c m i i  be ns ’uz ls ’ct s ’d i t t i i s t  his’ uh s ’ ts ’n u i i i u i s ’ul . hh u t u l t , i ’ i e

—~~~~



- -5- ’- -- . - -

t h e  u iess :uppr o’s ii i i ~m t u o u i  ( ‘or i n t e r ac t i ng  modes, for examp le , the predominant  broade uim n g
illechanismn I i i i  \1f +~i ‘fAG ) will he shown to he the Raman type and an expressiotl will he

deriv ed for the total nonradiativ e transition rate due to th e sum n l a t i o n  of all e f f e c t i v e  mode s ,

This will  also set a practical limit (‘or the m a x i m u m  separation of energy levels comin ected via

the Rama n 1’~rocess. An expression will then lie derived for the elastic Ranian scattering
proces s which  homogeuleousl y broadens art individual  level  i ndependen t  of all  others. This
will tunm i s)ut to he a ser ~ impor tant mechanism arid wi ll greatl y simp lify the analy tic c\presstoli

usesh (‘or the the rmal  var ia t ion  of I iu i ewid t h .
It  Is v ery impor tant. thougil . to re niember tha t  the  results to he pres eilted are riot

app licable to ion—host laser sy ste u i i s  in general .  In tac t , evem i the  same rare-earth ion in another
crystal may fall into regimes not accura t e ly  described by these approx mn l a t i ons  ne i :hc t ’  quali-
t a t i ve l y  nor q u a m i t i t a t i v e l y ) .  Thle system of Nd +3 YAG when used as a laser ms’d ium as su ml ie s .
among otllei ’ things , a RE ion (of ’ snlall spatial extension c a u s i n g  low m i x i n g  of e h e c t r o u i i e  and
vibra t ional  wave f u n c t i o n s )  located in small q u a n t i t i e s  (reducing  ion-toil m n t e r ’ i c t i o n s  l i n t
sing le cr sta l  ( low impur i ty  levels to form per tu rba t ion  cen t c r s  f ss u m l t  a large U n i t  cell l c l iu i i i u i a -
t i ng  acoust ic  mode e f f e c t s  I in a ‘‘h ard ’’ crystal ( ahlo wi u ig  large-f r e qu en c~ p b t o n o u t s  to . 1  t i ’ r .i~ I

w i th  the  ion ) -  Also , the ex t remely  low site symmet ry  w i t h o u t  u u i v e r s i u i l i  rcl:u\i’s m ost selec—

t ion rules and a system wi th  the im r u pur i ty  ion having an a tomic  ss e i g h t  m uch lar ger t han i t s

neighbo nimig iomus s impl i f ies  the vibrat ional  s t r u c t u r e  , ,So. whi le  the theor y to be p u ’c s en t .. d here
can probably be modi f ied  to satisfy the general case of an io u -host comb in a t iomi .  r e d e r hs  ,ut u i u i i
f ’rom fun d am l l en ta l s  may lie necessary .

l :ir st tile t’unc t iona l  expressio u l s must  be f ’ouui d for the R-am an h r o a d e n i u i g  t er m .  sl u m -

ming the effects for all active modes. The upward  and downward  R a m a n  miomirad ia t i ve  t raru-

s i t ion ra tes  h etweemi two energy levels s ep :ur :mt ed by ~ l- art ’ given by the f a m i l i a r  re la t ion s  ( i n ~
elast ic  phonon sca t te r ing  I

= (‘ui (w1 ) I n (w~~) + I I  1) 1w 1 ) D ( w  I

551111

= (‘ n (w~~) ln (w1 ) + fl 1) 1w 1 ) l) ’(w ~ ),

it  h i w I — = .~.l - (n ote fi gure 9), if all procs’sss’s ss t h i n  the  oper at ion  mit  t i l us  sy s ts ’ni as a
I : us i ’r occur w i t h  muc h  la r g er  t ime  cou l s t : uu im s  t i lan the  u io ui r :ms l ua t i ve  ex chamige  ra t s ’ I lO l 1 S i c ) .
th i s -il it un:u ~ he :m s su u t ied thiat the Ii’s c i s  are aiss :m\ s in t h t e r n i o d v u i a m i c  equ i l i b r ium and describ s’sI
h is B o l t im au i  s t a t i s t i c s ,  ‘I ’hu eref ’or c.  and are not  in s l epe n de i l t ,  ~~ u u t  ce t h a t  t h us approx -
in u a t i on  break s  d o wut  ss’heui l :u ser  mosli’ l o c k u m i g  o5 c i i i ’s ( w i t h  p i u k i ’  sv i s l th s  I0~~ 

— si-c I amid when
h i t s ’ level  si’p a r : u t u o n  l” econies  largs’ an si t h e  m io miri ~l i um ive i ’\ i  h t . i i t i i i ’ s :irs’ no longs’r slescribs’d f it ’

f ’i r s t — t i r d s ’r e f f e c t : s’g. by n i u l t i p h i o n o u i  i ’ i i i ’s t s , l t w  s’ q u u l i b r i t u i i  ii this ’ 41 1 I ‘2 I h i s ’ rn ia l  level
m u d  t he  419/ i  grouuid si ,bti ’ i s  ‘ ss ui - p t ion o i l  process ss th u  a r e l a x a t i o n  f l i t .: ~l’ a p p r o \ i m i i a t e l \

( 1 ,5 X I 0~~ secon d ansi . I h eret ’o:. in t u e dynanit5 opur~it I t ’ l l  of a Q-sst itchesi las er  I T  1 O—~ si’s 1,
the se Ii ’S’ s’1’, :irs ’ f ’:m~ f rom re m aim l i ng  in t h i s ’n mnoth i i :l m u t is s’quih mbr iu u ii . But I o n  all the t’mrst—order
Ii ro adeni n~ mech art isnis

= ~.. “ , I - k I 14~ I



where AF is the emierg \ level separation between the upper and lower states at T. If the equili-

brium occupation numbers are subs t i tu ted  in to  the Raman re la t ions  above , the fol lowing is
obtaim ied (no t ing  tha t  n ( w )  + I = m l ( w )

R , I o 13 , AE
W ( — D ( w ~~f l ) t w, + —)

d a — I  o p — i  - - h

‘5 u t h

= 
liw~ k ’l ’ ~ = e~

’
~~~ 

k ’i (4(~ I

I o 13  , ,
Vt — ( 1)1w1 11) 1 w 1  — — I

Ii ~ — I (4) — I Ii

st th u

k I  
13 = .~~.l kI 14Th

‘Fheref ’ore , :u l l  t h a t  rs’m a im u s  is to in i e gr , i t e  th i s ’ ab ove  es,p ni ’ssu ou i s  over all interact im ig modes to
he terii iimi e t h e  contri hi ution f rom u i all  mode s . It ’ a det ailes i , highly s tructur ed expression ton

t h e  ef ’ i i ’ c i i ’i ’ ih s ’ t i s i t ,  of ’ st a t s ’s ss~m s used , i t  is clear tha t  the above expressions would be sensi-
f i ve I i  peaks in h ) ’ t w I  separated b y ‘.1 . It is also ciear t i lat , for m liany such peak s in 1) 1w I .

the  ni ’ s u u l  Is St o u ib s l  t en d t o  aver’ .ige to thos e obtained by emp loying a un i form effec t i ve  demi s i ty
of sI  i t s ’s I this ’ :mp pro\  m n u a t i o m i  te be u us i ’d 1.

t u e  i n t e g r a t i u i g  t h ’ie :mh ov s ’ , let us f im 4 the m a x i m u m  energ y—lev el sepa ra tuo u i . -
‘

c o n u i e c t s ’d by the  R:mu i t :m n  mechani sm elllp loyiflg the uniform —dens i ty —of—sta tes  a p p r o x i m a t i o n .
I Jers ’ os ui orm it a l  ize e q u a t i o n  I 44 I

1 Wf~f l~ w <
I ) ( w I

0 tb ., 1 - 0 I se  -

where in t h i s  s’as s’ W t i i l u i  = ~ ~~n ciii I and W ii i i \ = 570 cm I 
- N ote tha t  D’ (w is not  mu l t i ’ -

gr abl e  u ive r  all  w ‘s to ins s’ I hrs ’e t u r n s’s th s’ n u m b s’r of toi ls  per u n i t  cell , since these arc cnily
the  s l i e s t  is i’ mosls’s , I I i  .‘ I )i ’b~ i’ :mppro\ u u t i , u i  ion n o r m a l i  s’s in this manner amisi theret’oi-~
c u tu i s i s l e r s  a l l  u n m i d e s  s’qu:u l l ~ i ’ i i c i  l O s ’ Sim ics’ 11 is alt s- ’ av s  t rue  t h at  w 1 — w~ ~l - . for Vt it

m t t u s l  he t h a t  W i  > ~~~~~ nt t i t , u i  ~~~ I ~
“- H i i . u \  ~~ Wi  < W u t l a x  — ,~ h - T h e r e f o r e . for t h e

s’ \ , u i l i  pie ( i f  \1 ~~‘ \ \i

- 32 1)  cm~~ 2 5 ) )  cutH <1 W i  ~~
‘ 

~~() - ‘\l- I 4 - ~~I

l ’ h m i ’i ’ef r i’ . at lea st to i l l  s t  or sl s ’r in our  : m p p r o \ i u t i : i I  oi ls , l eve l s  separated by over 320 cm~~ are
h u t  c o uu m us ’ct s ’d V I I  f l u e  R , m u t t , m m i  u t u e c l i a m u m s m n  am i d  I s  .~ i .  3 3 ) )  cm — I  the  ( I t i : I u1 t I t ~ of ef ’t ’e c t i s i ’ mode s
i m l l s ’ r :is ’ t i t u s ’  s s i i h i  f i t s ’ l’s ,‘I s i e u t s l s  m i t t s  : u u f s  lero , I c u t  i u p o - ,Ir si  R aui ia mi  t r a n s i t  o u t s , again w —

‘ I ’  amid s I t l i ’C  Wi  5” I I t i m l ’ ~~ iC~ u i ~ 
4 , ‘~l ,iut sl w 1 ~~

‘ W mil ax .  t h e r e f o r e  
—

- 330 euui 1 5 W h i t  2~ 0 cmiH < w 1  K 5 7 ) )  cmtK ’ - (1~~I

3 
-
~
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The range u I  va lue s  for W2 am i d w I in equat ions (48 1 and (4 9)  now specify the l imi t s  of inte-

g ra t ion  in equat ions 146) and (47) for W~ and W~~,

~~~~ an examp le of how the s t ructure  of D ’ (w ) is used , consider the Stark doublet
forming  the upper lasing level in Nd ’

~
3 YAG - the 4F 3 1 1( 2 )  an d 4F 3 2 (  1) (note figure SI ’

Since th e closest set of levels are the 4F 5 2 (higher in energy by approximate l y  870
these two levels cart he considered isolated and the nonradia t ive  re laxa t ion  rates be tween them
svi ll de te rmine  the ss’i dth of cacti level I neg lec t i n g  e la s t i c  s~ a t t e n i n g  fo r  the m o m en t  I , Since ,
from our approximat io n  ste f ind tha t  1)’(88 cm ’ ) 0 . the direct  sing le-phonon t rans i t io u l
ra t s ’ is zero . Real is t ica l ly .  W’~ is consi~lered small and may be neg lected (th is  wil l  be dis-
cussed la ter ) .  There fore , the Raman expression alone defines th e broadening of these levels ,
V si u i g  equa t ions  (4 8)  and (49 1 the widt ll of the 4F 311( 2 )  level is given by

~~

-

~~‘l 41~3 ’ ~~ 2 ) I  J —
~
- + A ~ strain

all
e (( ‘cc live
modes

where L q u a t i o n  (4 6 )  is summed (‘or 250 cm~~ K w, <4 8  cm~~~. Likewise .

fw ~
tw[4F 3 -‘2

~ 
1 ) 1  

J 
+ Av ’

st ra i mi

all
e f fec t ive
ni odes

where  equat io i l  14 7) is summed for 338 cm~~ < w I K 5~ 0 cm 1 . 
~~ st ra in  is the inhonio-

geneous residual l i n ew i s l t h  due to microscopic s t ra im i  w i t h i n  the crystal. Proper ly .  the Lore u i t i i a u i
shaped . R a m a n  bro ademied l ine  should not be adsled to the Gaus s ia i i  s t ra in l ine as I i n e w i d t h  us
d e f i n e d  d i f f ’e r en t ly  f ’or each .  l’hie error wi l l  become more proui ouunced at loss’ t empera tures
ss l iere  ~V R 0. Also , it shoul si he t ioted t h a t  t lle two residual  st ra in  wid ths  uleed not he equal .

The in t eg ra t i on  of equat ion  44 and 45 is s t ra ig h t f ’orward , Lsi ng equa t io n s (4 8 )  an sI

~49 I , the f o l l o w i n g  is obtaiuied

w u i i u x  — Al

~~~~~ 
( ‘f 

~
‘
~‘i im~3 - l  

siw
W t u i i u l

= 
_~1.1~L dw

LI (I 1 o13 I
w ul i i u l  + / ii

ss’hi ers ’ i u  = ~f i i ~ L I  = e~ ” L I  
~3 ’ = —Al L I  \~os a !I i i i t u t n u i i , m t i o u i  on ds’tt ~ it ~c~ ‘ 1  ~i , i t s ’s is

I n s  uu r p uu n , m li ’ uh int o flit ’ l i m i t s .  Since ~ si us r s l : u t s - s l t i  \\ 
~ 

I ’~ thus’ h I t i  / t t i , u t ’  ss,~u , m l ion  I cqi .u t n i ui

4 R 1 , ls’i us t u s t  i i t i i ’~~r , i l i ’  W R,

3 t’, 

-- 5 ’ - ’ , - ,  -~~~~~~~~~ -- -5- - - -- ~~~~~~~~~~---- --5 , ---



If

a = 5,hw ‘LT themi da = d w ,

so

= 
C kT 13 

f

W ill ix L I 
da ,

u Ii a — I  a 13— IW m imi  +

w i t h  pr imes e l im ina t ed  and 13 = —Al k 1 , This expression becomes

= 
C k T I3 

1
~~ iu1 ux da ISO)

ii Ii j
+ AF ~~2 + 2 - 

(13 + I) 
J a + 1

wll ich is in t u e form

f six

J A + 2 B x + (’x -

it h

A = + 1 , l3

The fo l lowing  r e s u l t s  dep eu isl t ipo n

11 3+
cur 13< I~ 2 1

TIt us I s  ses’u i to : m f w:m ~ h o i sh as t he  :mb o vi ’ reshnc es t o  ~ ~ — 1 : i t i s t  S I i i i ’i’ 0 ~~ ~ < I I ‘ 1  ~ 01,
th is coulsli t !omi is :mlss :uv s  S a m I s i  ii’s1 , l’hls’ni’t ’ore t h e i n t e g i ’ . i t  ion ri-stilts in

In 
(‘~~~~~~~~/B 2 - \ ~

3~~B —A (’ Cx+B+ .,/B -A (’

8 s t u h i s t i t t i t i m i g  Ion A.  B auisl (‘ in e q u a t i o n  ( SW and s i u u i p l i f s ’ u n c , t h e :uhos s’ s’\ p I ’ s’ s s i u n i  Ii s’c .u ii i s ’s

W m ui ix
R ( L I  

~~ 
k t — , .~ —Vt = 

13- I 
I l l  

13 o-1 
-

w ill ~~ 
+ .“\ I

3(1

___ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —--‘~~~~ — -5 —-‘ . - -  
_
- _



--5-5 - “ -‘

If the l i m uu i ts  are inc l uded and the expressions for a and 13 subs t i tu ted . t h e  f ’oh l owin g f inal
result is obtained:

1 (1w . —A FI ’kT — AE/kT
R ( ‘ k ’F max -e

= 

I - e T 
lii 

e 
(hw max - AE)~’k’l’ -

L I — I
1 5 2 1

— e — Al kT

W~~. svh u ei t  i n tegra ted  over (lie proper l imi ts , is given by ~~~~ kT t imes

( ( 1w , , -AE r kT -AE ’kT
R (‘ kT e max -e

W 11 
= 

5,-AF ’ kT I 
In 

e mhl:t x ~~~ f ’ L T _

hw mi ut kr - (~~~)
Ow - LT —A E /kT
e ntm n —e

l-xpressions I 5 2 1  and ( 5 3 )  are a n a l y t i c  expressions requ i r ing  only t h e  d e t e r m i n a t i o m i  of t u e
mu l t i pl ica t ive  paranleter  (‘ (th rough  fit to a sing le t empera tu re  ( t o  de t ermimie  the fum i c t iona l
slepende ul ce of the Raman t rans i t ion  rate  w i t h  tempera ture .

R - ~\I ,~~ ELASTIC P I-IONON S(’ .~TTER ING APPROXIMATION

The elastic sca t te r ing  of phl onons  fro m the  i n i p u n i t v  RF ion also induces  a homoge u ieou is
bro asl eu t imig of t h a t  level .  R a t h e r  t h a n  being an in d cpe u ide n t  broadening n iccha u i ism . th i s  pu ’ocs’ss
u t ia v  he t h n u g h t  of as l i t ’e t i n t e  b roadening  due to the  nonras l i a t ive  m r a u ~si t  ion rate  betweemi t o ii
I cse ls  sshosc energy separa t ion  is / ens . hi fact  - s lu ice  all l ev el s in ~ d+~ ‘t A G  are tsvofolsl Kran i s ’r
desi s’ mis ’ rate , s’ I ; m s t  ic s c a t t s ’ r m u ig may h5’ t h ough t of ,us inelastic scatteniul g bs~tss s~s~u i Is ’vels  whoss’
ss’pa ra t ion  approac h es zero . The s’ \p rs’s s l i i i i s s h c r i v i ’sl in e q u a t u o u i s  ( 54 1  amid ( 5 5 )  may  be used to
s l e t e nmu ine  the  i m i s h iv i d t i a l  w i s i th  of ’ a s ing le level b~’ l ook ing  at  this ’ limit as AF 0. C omit r ib u —

ion s to th s ’ R a m a n  s’or np ou is ’ul t of l i n e w i d  th hr oas l ening ss’ m l h  conic f ’ro ui i Al = 0 as well as f ’nui u n
Al’  eq ua l  to s’ui er gy level s e p a r a t i o u l s  to adj a s ’eu ’it  S ta rk  levels , F m n p l o~’iuig eq h a t  iou I 51) , i t is
ss’s’fl that

R . (‘ Li 13 13o — 1 3  (1
Itni V~ = hini In

Al 0 A l 0 3 — I — I 

~~ + ‘s Im mmi
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Th erefore , I’ Hospital ’s rule is emp loyed and

W uli a x
R —C k T / l

Ii m uu WI =

AF ~~~ 
u Ii \a— I

W miml

Since e las t ic  sca t ter ing  involves only one level . and are rep laced by a s imig le rate  of
Vi’ ~\ sifli p Ie tumi d  ion a l t o ru l l

(‘ kT ’ I I -

Vt ( T I  ‘ 
— (‘s4)

h 
e

tlw m i m i  ‘k l  
— I e hi~~>~ 

kT 
— I

~“~u p ice t h a t  th i s  cart he wri t t eui  vs’ry simp ly i n ter m s of ’ phonon occupation number s  as

R ( ‘k TW Ii) = ‘—h’——” [muw 111~11 ) — ill

a nsi tha t , at hi gll te mperatures . ~~~ ~ T whic h  agrees wi th  the limit obtaim ied usimig t h i s ’ l)eb~ e

ap~ ro Xi Ill at io ii.
R a t h e r  t hu am u req ( mi r ing  both  fo rms  ( i f  t Ot ’ R am an  t r a n s i t i o n  rats’. aut  approx m a t  ion s t i l l

lie eti ip loye h wh ich  wi l l  g rea t ly  simp lif y  the  ac tua l  de t e r m iu la t io u l  of lm ne st  i s l t h —vs—ts ’ m p e r a t u u n s ’
t ’or a general set of Stark levels. This approximat ion  is to employ only ~vR fo r  the  Ram l ian
hroa h e m u i u i g  componen t of a level .  (‘ouus i s ler figure I - (lie eui e rgv level d iagram f o r  a ge uu s ’ra l R h
ion im i a crystal , It ’ (lie Raman comi t r i l i t i t io u i  to t h e  broa d em iing of (lie ~~ level us slesired. s, m \

the  f o l l o w i n g  is t’ound :

Av~~= 1 i~ .w R 1~1+~~~ \V R +~~~.~~1 W~~I ,

ssl ier c -

~~ 
is a mt iu l tip h i c ,ttive I’actor i cI.i t~’J 1 t Ii s~ u i i a g i i i t t m d s ’ cu ) I l t s ’ co m i t r l l ’n t i o n  I rout ‘l. i ~ t i ~

s c a t t e r i n g  I re lates l  to i l i a t r i x  s’ le nus ’ i t t s ) , \ \ ‘~~ i s  tl is ’ upss a rd R a m n a m u  t n a u u s i t i u u i  r a t s ’ ( i n t l  i l t ’  mb

level to t h e  o~~ level sv i t h i  a m a g n i t u d e  y~0 l l h i u s  is ni -lat esi to ( in I ( h u u a t i t t u t  I 50 ) 1 , a m isl  is t h e

( low n ss , m r sh  t r a u u s i t i o i l  r a te  f ro m I l l s ’ i~~ iess ’I to t h i s ’ ~
i Is- t e l  w i t h  a m l l a g n l m l u d c  

~~~~~~
. I Its ’ si i l t l s

tbex t e n d  ( iv s’r all  Ii ’s s’ls , m I ’ovs ’ ( Vt  u I mu ts l  :m h I l evel s  bs’loss lie m levs ’f ss-ith 
~ I , 

= I )

Al : > 320 cnut ~~ - Sins ’s’ the q u a n t u i a l i s s ’ (Id ols and y i : are umpo ss tb i s ’ I ’  ds’ t s ’ r u t t i t i 5  ~ i t l i u u u i t
p reci se  L u u t u s s  ls ’ u.lgs ’ of t h e  m a l t  i \  s’ls’nis’n t s , ansI Smuts ’s’ t l ts ’mr , i l u i s ’ us h ot i’\Iii’s’is’sI t o  5 , i r \  ~i t  s i —

i~’,ulI ~ with thus ’ \s’ a s ’ s’ f ’ii ul s’ tioi ’is used ss i l h i m i  a t n t i l t i p fs ’t . i l l  t he  
~~k u

’
’ , ui t s l  ~ ~- ‘

‘
~ .m rs ’ , m s s u o i i : ’ I  s ’ i u i , i h  -

I I ’ t h is is ;issumed . a cury e oh ’ ss  A l is p lo t t ed  I t u i r  a p , r m u i ’ i I ui  I I ansI j u t  i’s i i i t t , u i e  cu t  I l k ’

ms - I a t i s s ’ s’om i t r i b u t i u i u t s  (if s’:is’hu m n s-cli auu smn can his’ ()hi t ,uuuied , Figu ir i ’ 13 shioss s Vt t s  I t o n
‘ I = 300 K and ‘I = 10( 1 K.  l3 ot h i shots’ si u l i s m , u i i t m a l  r e s i u c t l c u m u s  in t h e  c u i u t i r u h u u t  ‘ i i  i i )  Vt

I o n  Is  p u c a l  v , m f us ’ s u u f  ‘ .1 sa\ , ‘ .1 1(X) cm~~ - -  \ I s c u , f o r  .1 1 5 ) )  ct t i ~~~, plu ’Is i Vt ~
‘

I an d vs ’! u h i f t ’s’r b~ less t I t a n  hO p e r c e n t .  Then s’fore , l o u , ’ I < a l su i t i t I S ) )  t h e  sli m-

l i nens ’ s’ of ‘ u vs ‘1’ t is iu lg f i t s ’ 1st i i  n i s’t l t ~ sl s is losv s-r t l ia i ’i s-xps ’rin i s ’nm ~il m s ’ s’ i i l , i s ’\ .ei d t o t  -

I So cm ”~ l i i i ’ 5’ m’ u u i t r i b i i f i o m t  m i t  i n t e n l e v s ’l R a m u t a m i  br oa d em imng is consusl ered smal l .  ‘Ills’ i’s f t  s’ s \i  Ii  ‘i

4 1
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Figure 13. The upward Rani an no u ir a diative t ransi t ion rate (W R ) vs euis’rg~ ‘levelseparation ~ E for temperatures of ’ I OO° K a rid 300°K.

elastic Raman scattering w R given in equation (54) svill he used to determine (li e temp erattmre
slepens leui ce of the Raman  two—phonon cont r ibu t ion  to h i n e w i d t h ,  Again , as wi th  most ap-
p rox i m a t ions  made.  the q u a l i t y  of (lie predicted fi t  to the exper imi lenta l  resul ts  st ill i n d i c a t e
(lie v a l i d i t y  of tile approx ima t ions  made , In add i t ion  to this recent assumption.  miiany approx -
imations and assumpt iou l s  were made to derive the expressions for the Ramami tram l smti oui  r a t e :
comp lete local thermodym ’iamnic e q u i l ih r i h mm a uni form de t i s m tv  of s ta tes  described by the un i te r—
nal mode approxin la t io t i  wi th  l imited ranges ( ie . equat ion  ( 4 4 ) ) :  and a conip lete ly  first-o rder
description (if la t t ice  phom i om i s svhic li neg lects anharmonics and other  higher-order e f fe c t s  svli ic l t
obscure cr s t a l l i u i e  svave funct ions  and induce m i x i n g  of electronic  amid l a t t i ce  st ave t u m l d t l u s n s ,

induce an appreciable  ph uono n niode broadeni ng,  and general ly destroy first-order f h e o n i i ’s as
ionic disp hacem n emi ts  become large due  to elevated tempera tures .

I ) I RE ~ T TRANSITION

Sim i ce the ss ’idth ui a t y p ical  ens ’rgv level is mn t mc h smaller  than  D I  w I  ( a p p r o x i m a t e l y

~ cni~~
1 vs 300 cmii~~

1 ( lie e xp re s s i ou i s  for t u e  direct  pht onon m echa ui isn is are govs’nu ie sf by
reso na mi t t r a n s i t  iO ils ,

= (‘nOw ) I)’(wl ~O 1iw — Al’ I

= (“InIw) + I f  I) ’( w )  ~(hw - A l -  I.
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Tiuere l ’ore ,

W = 

e~~~
1 - I 

D ’(A E/ h ) ,  (55 )

I) ‘~~~ 
,AF ‘ki ’

= 

CAl ’ ‘ki’ —l 
l)~ AE h), 

(56)

st it h i D’OA I h I  given li~ t h e  ns rni ah i i ed equation (44 ) .  For AE < W fl)i n and AE >

= = 0 (more properl y .  w’~ beco mes neg ligib le ) ’ This greatl y reduces the contr ibut ion

of to level hroa d emiim i g since the express iom is are governed by phonon occupation number s
m i ( w )  st-’hich are large b r  smi t a l l  AL L’F , consequent ly .  D (AE/h) tends to render tile upward  direct

ph omion process (W~~ I i ne l ’f ’ect ive (‘or (lie reg iomi s of maximum effe c t - - - low energ y spacings

o i m h  larg e mit w I ’s , Also , since most Stark levels are separated by less than 250 cm~~~, f’ew levels
i’vs’n fall u t  the range of’ D’(w I (and can coi~~le with the  effective photion via the  direct mc c li—
a m i i s m ) .  I f , ‘ .l “P wmj n ansi AE < wni.ix. W’~ is allowed , hut  ml(w ) tends to be small a t all bu t

t he h igh est temperature s  and WI,? remains re la t ively  ineff ’ective in broadening (lie levels. ~ ot i c e
a lso tha t  for  large t emper atu re s . the Ran ’ian m echanis m imicreases much niore rap id ly  t h , iu i  th e

direct  (W R T 2 as compared to W,? I ) .

W~~, on the ot h er hans l . tends toward a cOflsta il ( (of unknowm i  magni tude  re la t i ve  to

other  mechanisms) as n iw)  becomes small and therefore contr ibutes  l i t t l e  to (lie t h ermal
varia tion oh’ (lie hinewid (h , ami d could he lumped togetller with the (e l llperat ure i ndependen t .
strai ui imlsl uced h imi cwidt h ,  This temperature  imi dependent contr ibut io n to I inewid ( ll  u s t hen
deter mines l independent ly ,  For (lii’ above reasons. the t en lpera ure dependence of this ’ sh irect
phono n . mionr a diat ive t ransi t ion b roadening mechanism is considered to he small when coin-
pares i I i )  f lue  Ran ian  proci’ss whs’m i d e t e r m i n i u i g  the the rma l  va r i a t ion  of h i n e w m d t h  in a s~ stem
of ~\si +3 Y.\( . Since t h e  n i u l t i p h u o m l o n  process is also su li al l . t h e  thermal bro ademiin g of It s o

cns - u ’gv Ii ’s s’ls is assumeu ,h to lie d t ie to res is i tmal  sI ra imi  and t l t e  R aut iami  process on ly .  TO us b ecomt l c s
a n o t h e r  assumptiom i to lie res l eem tu e sl f i~ the  q u a l i t y  of f i t  to t h e  exper im i ien ta i  da ta  ( ansI  slos’s
in hes’ul bre ak dowmi ).

lii passing.  OtIs ’ should not e t n o  itnpo r tau t point  J:irst for larg e T’s (abut’ s’ 40( 1 ‘ K
sa~ ). t h i s  a p p r o x i m a t i o n  wi l l  b egim i to fai l  as mii osI e s be (ss s- cut  250 and 5’~() dill _ I  s vmfl  hecom its ’
s ig u i i f i c a mim l v populatesi  - ‘I’hieret’ors’, in a s l d i t i o m i  to  ( I t s ’ s’f ’fci t s  of ~mn h ia r m on i c s  ansi  o I l i er  h igh er
or ul s ’r el ’l’s’cts , th i s ’ b igh t t e u i i p e r a t u r s ’ t’it i s  s’xpes’ted to  degras ie sine to (lie assuutiptu oi i cul  su t ia l l
I i i  mi d i o mt a i  de pemi d emi ee of ~vD . Secomid and mtio s t  mit  p ort  an t . I on  some in tern i ed ia t  s’ cite ng~
l~’s~’ I s p . u d u i t ~ s . t h u s ’  a s su uuu p t i ou l  of .m s ing le . u i u i mt ’or mn s l en s i l v  of s t a t s ’s . ss i t h  l i m i t s  of 250 cuu i 1

amid S ~( f cuu i  I h is ’c o mt u e s  i m t t p u r t a n t .  I here it was asst imi ie d t h a t  the  u u e \ m  u i e a r e sm -u t e ig lubu s n  mi iode s
( a p p r o x i n i a  t e h v  m i mi c  o rder  of n t a g n i t u m s l e  smal le r )  t ’rom ii 75 cmn~~ to 2 25  cul l _ f  were m i e g l m g t b l e

I h i m s  u s s u u m u t p t  m i n i  i u i , i \  pros’s’ i mi s ’ .u l i s l  if s’ry lar gs’ m a t r i x  e lc ni em lt s  ( re t ls ’cts ’d in (‘ ‘
I occur  ti~

I i u n t u i u t , m t u ’Is - p u ~ ’ s l i 5 ’ t i on  t t h s ’ut  s’ \ I  i , m u i n d i m t , i u - ul ~ large t a l u s ’s oi

ik  k i t  ~ u - 
I ‘ K~

( !( S’ i i i  I , e \ I i ’ s’iii s ’l~ t f i l l i c i i l l  - I h i s ’nu ’ f c u re . t h i s ’ a p p r o \ i u t i a t i om i  o il l  be uiss’sI vi mt hu this ’ p u s s ihiII I~
i l t , m t  I , m u s ’ s ’ s’ i l u u i ’ , i l I , i ~ m e s m u f t  s s he l l  I l ’ i 5 ’ , i k s l m i wii 01 t lt a t ,uppnm ’u\ im at iom ’i occurs,
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C O M PARISONS TO EXPERIMENTAL DATA

Since (lie quantity of experimental data on hinewidth-vs- (emperature is limited, ~u n l ~
a test’ lines will be considered here , It is iniportant to recall that a line shape will  be pred icted
here amid checked with t h e  exper imenta l  results. Only normalizat ion to roonl t empera tu re
an d dete rm in ation of ’ (he low emperat ure intercept are necessary . Using (lie tools developed
above , consider first (he t ransi t ion iii Nd~~ YAG of 4F 3/ 2 (  2) 41 11 ‘2~ 

I I (lie R~
t ransi t ion.  Referring to figure 5 showim ig the partial  energy level diagrani for Nsl~~

3 ‘u A( t h t e
following is found for the gen e ra l expressi on , be fore sim p l if icatio n , for t he I iu iewidth of the
R 2  ‘ Y 1 t rans i t ion:

Av ( R 2~~~Y 1 ) = ~~IW ~ + W ~~~] +1 [W~ 2 1 ( R ) + ~~~~~W~~.( y ) J  +

+~~~lW ~~2 1 ( R ) + ~~~~~ W~~.(Y) f  +!w
111~~+ A ~5( R 2 )

+Av 5(Y 1 ). ( 5~~I

ss here W~ and Vt’~ are Oue elastic Rautia n broadening term s (‘or the R~ and Y 1 levs ’I s
—

r esp ect iss ’I ~~. ~~~~ 1 ( R )  is t h e  downward  Raman ransitiomi from R2 to R 1, W~j.(Y (is t h e

tmp ss ard Ramutami t r a n s i t i o n  I’r oui u V I to Y~ 
( i = 2 5 ) ,  W~ 2 ( R )  is (he sfosvnward d i rec t -p l lon out

t r a m i s i t m o m i  ra te  I’rom ti R 2  to R 1 - W
~~~~~

l Y )  is (hue tmpwar si direct-phonon tram lsmti on rate from

I ~° ‘
~i - 

~~nip is a u i V  u n t i l  t i p luonon t r ans i t  iou ra te .  A~5( R 2  ) is tile inhomogeui eous r amidom
s t r a i m u — t m u s l t ic s’sl I i r oa s l eu i i u ig  ton  th i s ’ R 2  ls’ve l ami d Av 5I V I ~ ( lie s t r a in  br oad en lulg for ( l ie ~ I

15% s I . B\ t i s i u ig  flue a p p r o x i n l a t  omis d is ’,’uusse sl abos e, com n hi ui ing  the amish t e nm t t s  i u t t o
R m s ’n m iis . m i eg l esm m u g t Ime  d i rec t  V t , ?  amusl te rmi l s , amis i mieg lec t ing  all m i u u l t i p hu o miou  t s’rn l s.

I hue to l l os s  u m i g is used us the  cx prs’ssio mt ( t i n  A~-’I R 2  ~ I

‘ , u ’ I R i ~~~Y u I  = f W ~ + V t~~ + ,-
~~ ‘ f R ~~( + A v . ( Y 1 ) .

- ir R~ ~~I

I - u ir ths’rmtuore. smn cs’ the t u n c t i o u i a l  dep euislcn ce w i t h  tem u ipera t ire of ~V R and W R, s i d e u i t  i c ,u i

iu id epemide n t  of I I . and since Av 5I R 2  ) ansi A~5 V i are cons tan t s , the above e \p re s s i ou i s  c , m ui
Os ’ t ’t i r t h u s ’r rs’ul tm ce d to t h i s ’  s’x t r e m i t e l v  s imp le expr s’ s s i u i m l

~~~R1 
. Y i ) = ! V t R ( I(,~~~Y i I + ~~~ f R ~ . Y ). I S ~~~~ I

— I iT — S —

Nui st al l  t h a t  is  r e t h u i m ne s i  I s  the  m n , m g n m t t m s h e  ~ f \~‘R ( R 2  ‘t I H related to the c u u u t s t a u t t  “( ‘ 
i i i

e q u a l  molt  I ~4 I )  and . ‘ ,i ’~ I R2 , I I: r a t l us ’r t h an ss’vs’nts’s’n d i f f i c u l t  to measure , coup led
par am l is ’(er s u i s ’cessa n~ in eq u i a t  oil I S ‘ 1. ‘l ’h is ’ m i u m u t h e r  ( ‘i f um i k u iowns  h a s  hi s’emt re siu is’ed ,m s loss ,u s
J)0’I ’~i h ) le  w i l I im ~ it d e t a i l e d  de t s ’ ru t t mmi a t  0’ I f ’ s’n~ s t , m i l i m i s ’ w ,m s’ s’ t ’t m ns ’t iomts  au is l ni a n ix  e l e u t i s ’t i t s ,
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I l l s ’ s’

l iii ~~R = 0 . (51) )
‘I 0

the measurement of AvO R 2  V I at low temperatures determines the residual strain
hro aden ing

A p ( R - ~ --” Y 1 ) �Av 5( R ’~, Y 1 ), 06 0)
l ’ -.O

‘E’h s’re t ’om - s’. hi~ requir ing  measurement  at  another  temperature and implici t l y assuming th at
is im i d e p e n d e m i t  u u f  t emt lpera tu r e  (obviously violated at very high temperatures causing larg e ioiiic
disp hacem ui en t s )  t h e  h inewis l th -vs- t empera t u re  curv e for (lie R2 —

~ Y I line in Nd +3 YAG is pre-
m,h ic ted .  For com i vem i i e i i ce , 300 K is presumlled as a ret ’erence temperature and in equat io ul
I S~4 )  is “mi o mnia l i z ed ” to 300° K. Formal ly ,  a coef ’t’icient , say a , is introduced and t’ixed liv
re qu i r imig  t h at

± w R (300 0 K ) = h , 0 6 1 )

or it ’ t h e  ~ is ahisorhed into t h e W R (cr111, then  nornu al iz a ( ion  to 300° K results in

wR ( TI  = W ’R ( ’l (~~~‘R ( 3ooo K l

wh ere W T  is givemi by l’quation (54)’ Th ieref ’ore .

~ v ( R 2  - Y 1 ) aW R O T )  +

ss I t h i

- ~ v( R 2  ‘t I I - ~ v 5 . ( ( ~
2

3000 K

l :or t h e  R I curve ,  the  low ts ’u mu l ie ra ture  i u i t s ’rcs’I it  us u i t s ’ast urs ’d by Kuis (tm sh,m 11 to lu s -

~ . x c m u u 1 amid thus -  300 ‘ K I i m u e w i d l h  to he 5 3  ~ 
I ‘fliers ’f ’ore , the  t’o l low imtg is  )uns ’(Ik ti ’ s1 t’u u r

f i ts ’ In  net ii n ua l  ds’pendeui cs - v i i  thu  t e mt t  ps’na turs’ i uf I he R 2 —~Y 1 r a d ia  t i v t ’ ( ram i si  l ion

ii”  R2 V 1 I = 4 5 c mtu ~~ \~‘R 1 I I  + 0~~~~ cni~~ -

V~ h i 5 i i  ( I t l a t i ~ ui ( ( u 3  us I i io t t s ’(h a mu ( h (h i s ’  s’x p e n i m m u e n t a l  fio lli ts givs’n by Kti s ltmmla 2° , I F ~~
’ i m i ~’ I u u d ~’ l

om i t h e  uu r s  c , t h u s  ri - s t i l t s in f u s ’ u u n s ’ 14. l’hi~’ agrs’s’nls’uu t is good and within (Os ’ s f , i i s ’sh s’xp s’n i i : i c i i l . m l
, I t i ’ i i F , u s ’~ i t )  II I’ - i l ls ’ f.i ~ I t h a t  s ’ u n u s l  ag r s ’s’mn s’n t  is ac l ums ’vesh ss’ it hu such a suiup hs’ s’\pns’ssiuun

I I ’  qu a t i o m i  (6 3 1  was p lo t t ed  ss m l i i  ~m desk cal s’t i i a tor ) and aI ’ier so mui am i v approx imat ions .  is

s ’u . m l m l ’~ m u t e  I t  is u u l ’ i s s’ i ’ , ’.’d t h j l  ( i t s ’ fi t bs’s ’iiis to ds’grau.ls’ at aboti t 400 K and a l n t u u s (  1 t i  ; e r ro rs
ar s’ ss’ s’i i i f  4 ‘I I  is - \~~ ~I , m ts ’iI s- a r h t ~’r , error s il  h ig h ts ’m nps ’ r a t u n s ’s ar e mi m O uns ’xp s’s’ts ’ ui Since
u u i u u s t  h i u s ’ I u c r  i i  i i i  i l l s ’ s Is U s  s h s ’hss’ml ds ’ii t Oil f i t s ’ h ’ i a r t i i  t h a n  st’ , iss ’ t u i u i s I i o n s  inv o ls s’si I s ’s’ . s’ l l i ’~ I s

u u t  . m m u l m , i r m u i m ui i s ’s s t i l l  m t a f u m r , m h l s ’  his’ s ’n ~ del’Is’m ) d s ’m ti  ( Sm ) f h t s ~ spa f il f ’o m m i l  i t  i O i ) i ~ ’ tt is  s )  t i i i ~, I i ( l i i \  I ,

.1 pr s’ d l 5  t u tu u l t  s t h u s ’ i u  l u u g l u ’ l i ’m i u p e r a t u r s ’ s’ r r u i r s  I r s ’ large Is “ i ’ i V  u h i f t i c u l t .  I t  wi l l  be obss’rved

4’S
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hater that better  agreetilent at high temperatures is achieved with sonic levels than with
others . A lso , since the quali ty ut the fit over (lie entire curve is particularly sensitive to the
experimental accuracy of the measuren lent of linewidth at 300° K (and somewhat sensiti ve
to the determination near 0°K), if a large error occurs experiunentalhy with the determina-
tion of the hinewidth at 300°K, the  shape of the entire curv e is affected. In conclusion , it
ca n be said that the agreement between (he theoretically predicted curv e and the experi-
ment was adll ieved to over 177 °(’ higher than most Nd~

’3 YAG lasers operate ) .
(‘onsis ler  nosy ( hue R 1 ~~

‘ 

I t ra u isi l io ul . Proceeding in the same ma nmle r  as used f o r
the R 2  ‘~

‘ t ransi t ion . ( lie low te n upera (ure  intercept  is measured to he 0.6 cm~~ and t h e
300 K poin t is 4 .0 cm~~ . There t’ore . using equation (60),

Apt R~ V 1 I = 3.4 cm~~ W
RiT) + 0.6 cm ’. I (4 I

This result is p lot ted along wi th  exper imenta l  points in figure 15 and agaim i good ag ree ment  is

realized. The mllaxin luill error occurring at 445 °K - is nine percent ,
Amuot h ue r  t r ans i t ion , for which da ta  are ava i lable , is (he primary laser line in \d+,’i ‘tA G

This l ine is composed p r i m a r i l y  of th e  R 2 Y-~ line lin t also has overlapped from f h e  R 1
(no te  t ’igure 1 5 ) ,  The w i d t h  ot ’ th is  dom l iposi te  h u e - v s - t e m p e r a t u r e  was nieasuresl by Bell
Laboratories ’7 and is used as the expe n ime u i ta l  da ta  w i t h  which  to d e t e r n u i n e  ths ’ q u a l i t y  of
(‘i t  to the  theory, If no s-on s ider at ion  is gi s s’n It ) (he fac t h a t  the laser l iule is act n a I l  composed
sit ’ wo Loremi zman lines , hut tIle tss’o miieasured paramiieters of t h e laser  are tisesh w i th  es l tma t i o mt
(60), a remarkably good (‘it is ob ta ined .  From th is  da t a , t u e  room temp era tu r e  o i slth is measured
to  be 8.0 cni~~ and the lost’ t en ipera ture  width is 0,5 cmn~~ . This ’ pr s’d i c f i ou t  accors h ing Ii i

eq t i a f ion  ( 5 S ) i s  plottesi , alotig ts it h t the  slat a po in t . imi f ig ure 16

Av(haser l i n e )  = 7.5 cm~~ W~~(T) + 0.5 cni~~ . 1 0 5 )

20 __________________________________________________________________________

18 —

- V 1 I 4,5 cm~~ w R IT )  ‘ Q,~~ cm ’
~ I -

16 — o E X P E R I ME N T A L  POINT

50 100 150 700 250 300 350 400 450

T E M P E R A T U R E  I K )

I i s ’ I I c u ’  4 The theoreticall y predic ted curve lo t  the ther ma l dependen ce cul h u e  i imt cw i d lh
of ’ t he  R 2 Y 1 rad iaiive tr amis il ion , showing experinient~l points given by Kushida .~
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I i~’ i u i i s ’ I ~ The iincw i dth ’vs -tempe r ature curve predicted for the —. Y 1 trans ition ,’~
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~ i - ) Iase r l i ne) 1.5 crn~~ W R I T I  0.5 cm~~
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I-.
0
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LJJ
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l i gu ir e 16 , Tiis’ l i u i c w i d t h i - v s - m e m i i p c r a t u r e  s’ur ve predic ted for t h e couui p os iic l aser h u e  ~
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l i ens ’ , wit lIe i i  id agres ’ ml ueut  t us ohisers’ed - a no t i ceab le  ds’t ’ at  o u t  occtmr s . u m ahoti  I S O  K j s st-el I

as (hs ’ cx pectesh h i g h — t e m p e r a  t ure error .  1’Iie devia O om t  a round  I S O  K us a f l r i h u t e d  o O ts ’

n a t u r s’ of ’ I ll s’ mti s ’asti ns’t i t s ’mt t ut  a “ l i n e w i s l t h  ‘‘ s’ontposs’sl of m s t o  Lors’n t i i a n  l ins ’s i i )  d if f ’s’re u it
m i i a g n i ( u s h s ’s ss’p. u r , m t s ’ sl l i t  ss ,m ’~ s’Is ’u t g t h  added to a constam ’it s t r a in— b roadened  ( ;~ u~~i~ n l i n e .
\ s ’rs’s’nis ’m i t  h ieconts ’s bet Is ’ n a I Ia i’s’s’ r ts’n tp era t t t re s  v i i i  s’fl (lie I. oren m / ian l ine s become mu uch

lar g s’r t h a n  t h i s ’ ( . i l i s s I a I l  l ine s .
h u t  o rder  to sb e i s ’n m i i i u i e  th ls ’ t r a i i s i t i c u u i  s’ r os s—si ’ s’ i u o n  au tsi h ’u r a u t c l u u u i g  r a t i o  f o r  (h ’m e I a s~’r

h i n s ’ , Ku sh i da . \ l ,u r~ i t s . ansi ( ;s ’ t i sus -
~

1’ shecom i lposed t lie laser l ine  i t t t o  conipone ut ts of R —
~~

amish R 1 ‘t ~ (n o t e  f i g t i n s ’ 17 , \ l  ‘‘room (emi’iperature ’’ I presum ’ned to be 300~ K I (lie n i ea sured

t a b t i s ’s ws’re d e f e r m n i m i s ’d

API R~ Y 3 ) = S, cui t 1
300~ K

auis l

Av ( R 1 Y~~I J = 4 ,2  emi l _ I
— 

300 K

\ u ’ i t i c e  t h a t  I h i s  cor re la t s ’s c x t r e n u e l v  ss’ell ss ’i t hi  ( i t s ’ d a t a  fo r  th i s ’ R~ 
-
~~ V auud R —. V t rails—

i t  ion where  l inewis i  thus  of 5.3 s’uil ans I 4.0 dm i i st s r i ’ obse rved I th i s ’ d u f ’t ’crencs ’ of 4.2 cm
to 4.0 ctu~~

1 i5 S percs ’u it  and ss ’ i i h u i u i  s’xpe n i t i i e u i t a l  acc turacy  1. Thi s  i u i t p l l s ’s . the u t , t h t a t  m hi e
t r a m i s i t i o n s  f r o n t  ( l ie R levels  to t h e  ‘~ I ‘t~~~ .mu is l ‘

i 

~ 
les ’els are broadem iesi a lm o st  emi t  m clv liv

h i ts’ R Is’s’s’Is a l om i e .  ansi ( l ie  s’ont n i b t i t i o m i  to  (lie b ro a deu t i t ig  slue o (lie V lev e ls s’ i , m au iv  m ccl i—

~ut isnt is small .  ‘t h i s  shes luce u .1 fac ( is cu r ious  t h ought  t i m i e x p l a ina l i l e  s v i t h i i m i  Ib i s ’ prs’seui t si’ cu 1u s’

,- \mt a t t e m p t  to exp la i t i  ss ’hv ( hue  4 1 1 1  - , le s ’cIs a n ’  not  s i g u i i t  i c a n Oy  t h i e nmu a l l  h i roa shs ’ned. u s in g
he press’II t ds’s ~‘l op nt eu t  I s t i l l  r iot his ’ at  t em pted liens ’. ‘hits ’ rs’ I ons ’ - h i s’ I enips’rat ti rs’ sls’ps’u id encs ’

of (lie vi i s I t hi of b o th  ( lie R 2  amid R I levels  has h eemi c \ t i l i c i ( i ~’ s le term ii ntes i  amusi sa l t  lie used n
the  R ‘ r an ’, i t i o u l s  to ( l ie Z levels ,  to lie prese ui ted n e x t ,  In passing.  ( inc u t t i g h u t  exp es ’t a s umi i mla r
co r re l a (  iou to lie pert ’onm ne sh on t h u e  r c s ish t ia l  b roas len imig at lost ’ t s’uul is ’rat lures . ‘l ii I s  ss’otuhsh hi s’

n iea u t ing l e s s . I h im i ugh t . because d if t  e ren t  samp les of \d ’
~~ ‘t ’ ,-\( were uus ~’il to p e r f o r m  t h e  cx-

p ’ r nii’ u t t  and res ishu a l  s t r a i u t  is a f ’unc t iou i  of ’ s a i t t p l s’ qu a l u v  am i d s a u l  s’ x h i h i i l  l a rge  di ’t at m o i t s
sa~ i’ p it .’ to s a u t p le .

‘l’hi s ’ n e x t  r a d i a t i v e  ( r a i i s i t  ion to be s’uiu ’i s is le resh shepar ts  f r o n t  (his ’ R \ iii u l t u p let s au th
the transition f r o m  ( lie 4I~~ ~0 I )  ls’vel mo t h e  h i ugh i ’st 4 I t .~ 2 level . (he / ç .  Since Ills ’

u s ’svi d t h i  is alrs’aslv shets ’nm ii iu ie sl - al l  t h a t  is neesles i 10 s i e t e nu t i ine  th i s ’ h m u ie s t ’ i sh ( h i  of t h ic  R I / ~
t r , u n s i t i o m t  is  th i s ’ t e n i p e r a t t i r e  sieps ’tidencs ’ mit ’ ( his ’ /.~~ levs ’l , In p n l i ’ t l s ’ i’ . ni s’asu ir eni s ’ n I  cut  t h i s ’
s s ’ id thu of ’ a s i t ig le hs ’vel is  not  p rac t i ca l  so th t e  same pros’s’durs ’ u i s i u ig  s’ q t i ah i o n  l O l l )  s t - I l l  Os’ t is s’d
ss’ ut hu  I l l s ’ prs ’cs’d us ’ & h , i t m  f ron t  lus t  R I i i s s ’d t o s’s t a b h m s l i  (he  ss’ l l — s ’cu t t s s l i ’n s ’\ u u f  t h t s ’ m h us -or ~ , I I s ’rs’ .

t he  .50 11 K I ines v i s h t hi is ( ‘o t m ns l  to lie ( 1 2 5  cm u 1 au th ( lie low -ts ’mp er a tu r c  I m u l e r c e p h  is 0 , ) )

This  rs’s t u l t s  iii

“ .1’) R 1 ‘ 3 , 2 5  cuti 1 W R I T I  + (i S) ciii~~
1 . 0 0 )

whi , i chu is p lo lts ’sl i i i  f ’igun s ’ I ~ uhu uuis ’ st ’i th  mO e  i’ ’sps’r u t t t s ’ u t t a l  l i o l u i m s , ‘l ’lts ’ ;mg n s ’s’nis’u t (  is gs’ns ’r a I I \
s ’ou id ss’u t h u  ds ’ v u , i m iu i n  aga t bs’In s’ obss’rs’esl it  h ig h I s ’t t t h is ’ r a t t m n s ’s: I 0— ps ’rcs ’mt l  s’rn cur s , m r s’

I K u i ’ , h i i d i ,  I t  \ I i  ‘ u ’ , , .u l I t I  .1 ( , s ’ I ’ .L - P f u s s u ~ . mI ; ‘ V I , ’\t I I ’ ,  ~s’( ‘h is

4,5
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COMPOSITE LASER LINE

I

I t 2 ;4F 3 ,2 i2 i ~ ’4 l 1113 l3I

s 1 :4F 312 ( 1 l - ” 4 i 11 12 12 )

I ’ 2

‘I
‘ I

II t
~/ 1 
~/ 1 1 .1 _ _ _ _ ~~~~.

L... ‘I ~~~ I
1 066 t065 1 ,064 1 ,063 1 .062

W A V E L E N G T H  ~~

Fi guur s’ IT , The s’I I i i s s u i u u  sps’~ l i ::~ of the I O64).L “laser line ” at roo m temperature
showing the d ecomu i posim ion l iuto  R, V 3 and ~~Y2 componen t s, i6

20 _________________________________________________________________________________________

18 
~ ,‘(R 1 - Z51 = 325 cm ’

~ W R IT) + 6,0 cm ” 1

I l I l I l I t i
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T E S ’ l i  ) \ T U F I E ~

l ’m ~u mu s  1 ’  1 l i t ’ I u I I s ’\~. I t I h h i ’ t s ’ i e u I lps ’ l i I u i I s ’ d l h l ” t ’ t r s ’dI ,  is’ I  cu r m Oe R I /~ m i , m u u s u u o m i  2 i

2 1  Sohmd ’ St , i ’  \ I , cu ’ ’  R ’~ ’ ,~~ Ii ) I  ) p j  u t ~ I i i i  Rep u i . Bell I t ’ ’ ’p hicuuiC I . m h i u u . m l c u i u s’s , t ~‘i \ iuu ~ I f s’ d t u t i u u i ~. s
\ I , i i ~’ i i . u l  \ u  \ 1 ) )  . ‘ i s l  b I t ”
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cu l’i ss’r s s~t l a t  4A )  K . ‘\g~u n - c on s i d e r i n g  th i s ’ a p p r o x i n t a t m o u t s  miuade to s m n i p l i f  Y the e \ l ’ i nc s s l (  in

used i i  e s lua t i omt  (60 ) , ansi t a k i tg i n t o  m s ’ s’otul t tha t  ( h i t s  sh ape is ‘‘ prs ’ s h u s ’ted ‘ r a t h er t i t a n
leas t—square  l i t  to t i m e  da ta , thus  t ’i t  is s’ou isiders ’d good . it  t h i s ’ m agn ilt ids’ of (lie R a n i a n  te rm
in the  R 1 1.5 t ra u t s i t i ou l  13 ,25  emi l _ I  ) is conip aresh vi i t h i  the pns ’v Io t i s b~ de cr t t i uu i ed  va lue
for j t m s t  (lie R 1 leve l . 3.4 cni~~ . it  is seemi t h at lucre tile sv i sh th  of t h e  R 1 /~ t r a n s i t  ion is
do ni po ~ed of t u e  ( emit  pc ra tu u ’s’’tl ep eu is l s’m i t Ra t u  au — h rsia sle nest R 1 I i ’s el auts l (lie m emtips ’ra t ons ’ —
iu i depens i en t  / 

‘S 
level . , \ t . ’ l  ( i , l l l \  . ( h e r e  is a c o u i t n i h i u t i o n  of t h s ’ st r o u t h ir oash s’n in g  fr om it this ’

level bu t  it  I s  smal l  conipare s i  to  I t O  cn i 1 ( f r o i u l  c q u a t i o u t  1 4 1  it Is gt m l l , u u i t e e d  Is ’ss th aut
0.6 emil _ I  ) . The ss’ I t - e c u u u s i s t s ’u ic \  of t h u s  da ta  us g r a t i t ’~ r i g  ( t h e  S-percent  d iscrepanc y be lvi
(lie Iss o val t ies  5 w i t h i m i  the s’x h i s ’ r u u i t c u i t ml a d d u r i s ’\ I.

hi Ous’ prec eding ss ’ t. ’t  lb m u i t  55 15 s I l  (i ’d t h a t  th i s ’ downward dtr s ’s’r—p l t onon c o n t r i b u t i o n
to h r o a d en i i g ss as cou ’nb in esh svi (h t he  t e m p e r u ( u r e — i m i d e p e m i s h e u i t s l r a in  h roaden i u ’u g h eca tu s e
for most cases ,s l u em i  1) 1 w )  s non-zero ,  nI ua ) + 1 1 amisi is in sis’pensIcnt of t empera tu re .
Sitice it is reall y u m l i m u p o r t a u i t  to th i s ’ slets’r n i ina ( io u i  of t i te  I i u i s ’ v i i d t h — v s — t e m u p e r a t t i r e  ctirve
svhat uties ’hauiis ni  d a t m s s ’s t he  r cs i d t ma l  h roa s l euuut g ,  all  t e u t i p e r a t u r c — i u i d e p e n d e u i t  t e rm us  \t’ers’
con ihi ied , ~~~ (lie / 

~ 
Is’s’ s’h , an o rsh s’r of n i agn i t t i de  iui drs ’ ,bs s ’ in (lie ns’s i d t m a l  h iroads ’ m i m n g  is

o l’i ss’ rs s’ sl ansI so m e esp la u ia t i o mi  is s h t m e ,  I here . the  Z~ level nes tles 537 cm~~
1 ah iove the

ev i l  I f i g u r e  51 msi is r t - son an t  ss’it h t e f f e c t i v e  ph im ions c o n m a i n e d  in the l a t t i ce  ( s v i t f t i u i  1) ’( u, I I .
S i u i5 - s n ( 53 cuu ~~

1 
I << I at  s’ven 4 5( 1 K . th i s  ri’s t i l t s  in an est in l a te  of ’ ss’hat the s’cu s’t ’t ’i c i s ’ l t t  f o r

sh red p h io tomi t r m u i s i l i o u t s  m i g h t t  be sv i ( h i i u ’i thus ’ 4J s )1 2  m t i l t i p le t  I u to t  , t h a t  Z ç Z~ is o t i l —

side 1 ) 1 w ) ) :

/,~~~~) 0 . 1) cmu ~~ I u i ) 5 3 7  c uii~~
1 / k T )  + 1 1  D ’ S3~ ~~~~~~

l ’he c o e f f l c i e u i t  cut  0 , 0 cuu ~~
1 is of (lie samu e order  as ty p ica l  c o e f f i c i e n t s  of (lie R a m a m i  e~-

I ’ i n c s s c u n  u i a mi t e l \  4 cm~ 
I 

- T hu i s  shu ’ s’s- t - p honon  cos’f l i c u e u i t  is  s s’n\ i , mu’ nc coiu l i au ’s’c h to t u e
R ‘ V ls ’Vs ’I s a l r s ’a dr  e \ a u n i u i e d  s~uie e no lar g e residual  b ro a she u i i t i g s  st’ere ob s er v es b  . h m  vi i l l
be shoss’ u i h i t s -n ( h t ml t i t e  4 I~ ‘ 2  levels  sb in ds ’esl e x i u i h i i t  t.’\ I r a s l r s h t t m r i b v  largs ’ d i rec t —p hio i io m i
t r a u i s i t i o n  sod ‘ic ie ui l s  st ’hi s - l t  r es t i l t  in a p a r t i a l  bn s’aksl ost’n of ’ ( l ie a p p r o x i n i a h m o u i s  usesl to
ds’r i t  s’ eq u i  ( m um tOO ) .

i’i ts ’ f ’i u t . m I  d O l t s ’ f o r  st ’his’it t ha t a  arc , ms m u l a b l e  is this ’ R1  / t r , m n s m t u c u u u , I I  ( lie loss t s ’ ’ ’ ’ r ’ i —
— — I  ‘

I
-

s’ n i t t i r s ’ u u i m s ’ns’s’pI I s  ut i s’as i i r i ’d to  he 0 ,~ cm amid th i s  ,~O0 K l i n e s v i d t h  us n tc , i su r es l  to  lie
12 . 2  e mu i 1 

. ( lie f ’uu l l cu vi m u t g  c ur s s’ us de nu vesi  t i s iu lg  s’q u . i t l c u u i  1 00)

:,~ m R 1 / I = I 1 .~~~ cm i t ~~ \v R I I I + 0 .5 cmir 1 . i S

I t  c b I i i . h t i m U i  I S  I is p l u u l t c s l . ansI d i i ,  po iu i t s  e i t l er s ’cu . t i te  c urs e in f ’i g tu n s ’ I~
) i s  fo t ind .  i ’he f i t

is h. u d , \ t  t s ’ml tp s ’ra t r u u ’ s ’ s ol abou t  l~~O K , s’i’nu irs  i t  60 ps’r cs’ t i t  are cul i ss’n s s’sI au th al t h c u u g l u  si at m
p t u i l t t s  irs ’ t , m k i ’n m i n k  t o  .~ 2 l l  K ,  t h u s ’ sho p s’s , l I s ’ ses’il  I l l  h i s ’ i’ m s h i c a h l ~ shi f ’feu’ s’n t .  H u m s  po om’ I ’ )
ns ’I’ ins’ss’ l i f s  j u t  ohs  b u s  bns ’, ik sl oss mu of ’ 

~s ’ u l i m i t  I 1 i ; i l O \ i m i t ~h i I u ’ i u ’ i s  st h t i c h t  st s ’u ’s’ ni. uI t . ’ . I t  st- i l l  ur i i
ou t  th i u t t h i s ’ s h t i u I t .  s’ 0 )  ‘u r r  n -s u I t s  hs’s’ , i i i s t . ’ i t  t hlt ~ . m p p n m u \ l l n , u t  m on m s to  t l t c  slt mj i e of 1 ) 1  u s) .

tt hi s ’r ct n  h u e  l m u s ~ ~b t. ’r i ~u s i l  s i l t s ’ p h u u r c u m i s  u u i ’ i s s’n ss ’sI f ’r om t t  ~ S c ul u ~~ t o  2 5 ) )  ent ~~ st’ s-re ignoresh .

I l ie  . i l ) P l u t \ I u u t , m h m t i u l  \t is nt ,u ds ’ t u t  gi ’s’ .itl ~ situi I ilIt ~ t h e anal ytic s’\pns’ssIoui b r  ~ 
R bt m t  h iecon ies

i t i s , i l i d  w h e n  t en s l i n e s ’ s h i n s ’ t.’ t — p h i o u t m iu i  t r , u m u s i t r c u m r  s’os’ t l ’ic c u i t s  os’ctir  wl’mich u  mo nt .’ I h t a m u  o f f s e t  Ih s ’
ns ’~h m t .  s i t  uu r , m ~~u u l h u i d s ’ i t t  I ) ’ ) u~ I i c u l  2 R ( )  cu it ~~ - 

‘h O e  q u l t i t t i m u  m i t e c l t i u i m s ’ s ss h t i c i u  s’xp l a i i t s  st hir
t l t ~’ 1l m ‘2  uuu il t ip lc t s It ,iss ’ ~m n s’x t m , n t nuiui t . u ul s b u s ’ s’ t.’ c u s t b i i’ls’nI I s  not t m l n h s ’ n s l s io sf  . u u i t l  is  bs’ r u i u l s i

t h  pn s’ss ’ u m s t . u t p s’ I t .’s’ , C u t u p  h h i e i i r ~ w i l l  p red ic t  oi t i r  qu a l I m l i s s ’ e t t s ’ s’t s . q u m n t b i . I t i s c  ns’ s t m l t s
rs- quu m ne ( h L ’t e t i l t l u r , u l I i i l  i t  u h i . i t u i x  s’Is ’ u u i s ’ l l i s l

c o
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I micor p ora t  iom ’m of t i t s ’ direct  p l u o m i o m i  m u techamtms n i  wi l l  nu ts  he pursued , ,\s stated earlier .
the R 1 level b roaden in g  is a lreasiy de t e n u ’nined amid im i I’act . since the residual b roaden ing  ‘i l (lie
R 1 level is a lu i i os t  i d e n t i c a l  to t h at of both (lie R 1 and Z I Ie vs’l s , all t h at is to he di- , c rn i i r im ~sI
is t u e  ts’u i ip era ( t i r e—shs ’pende uut  level broadening of the Z 1 level.  This I~ ’v~ ’l then wi l l  he both
Rami i an  ami si u pss intl . ii m eet phiouto ui hroadeuied . If (lie R a uuaut  h’uroadeui i mig of the Z I level is
as s tuui i e t h  mieg l i g i b l e , ( lus ’ upwar d  phomiou t  absorpt  u n i t  mechtau i is ui i  rem t .h i i t s , i ui sl (hue f’o l l u u s s u i i n  s’ :mn
be de ihuce sh :

~~I R 1 = ~~~~‘S dull
_ I  W R f ’f’ o + 0.5 cnt~~

1

~~~ ) = ~.2 cm~~
1 w D ( a l l  I c t e l s ) ,

st lie m ’s’ mn

I)
t a l l  l eve l s )  1.u 300 K

20 —

18 —

~~ ‘ Z 1 1 1 1 , 7 c m t W R IT )  +0 ,5 cm~~16 —

i 4  —

ci
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If :ill mu ltip h i cat ivs ’ coeft’icicn ts for thte u ps s ’mnd t r a u i s i t i o i i  to eac h Stark ls ’s ’ cl are assum iic d th s~
sautie 1 there I s  no reason to assume this s’xcept for  t’Of l V s I i i s ’ l i C s ’ ), and if 1) 1 w)  it  aSSu fl led ths’
s I m u i e  fo r all upwa nih  t r a u i s i t m o u i s ( t h is us required because the  detai led shap s’ of 1) I  w 1 tl t i d t l u u t s ’ s

grea t l y ) , the f o l l o w i n g  can he w r i t t e n  I’or (lie I in e w i d t h  of R 1 / I

~~~~~~ cutH \k~~~’ r l + , ~,2 cnH { 1 m ~~l 3 4  c m u H : T f +

+ n I l O T  emit _ I  
- 1 1 +  u i ( 3 1  I cuu 1 : ’l’ + m i ( 5 4~ cui i _ l , T I I /

[i l l  134 cni~~
1 : 300 K )  + u I  l ’ )~ cutH : 300 K ) +

+ m i ( S l l  emu : 3 O O ’ K ) + n ( ~~4~~cm~~L 30I) K ) I } . l~~~0 l

ss ’ I ’ iu ,’ re n( w : ‘F) is t he  ocs-u p a ott u i u u u 0 s’r of a phonoui of f r e q u e n c y  w at t eni l i s’ra (tire ‘1’, The

pie ’ of ’ eqiuatio ui I 1 ans I t h e da t a  p t u i m r I s  is sh ots ’m i in f igure .20 and s’xee lls ’nt agreement  is

foumtd.  ,\ o a in ,  (h e  p a r t i a l  i i reakdos s ’mi of ’ the t h eory is uio consisiered cr i t ica l  m s the possible
l i m i i i t s  10 th i s ’ v a l i d i t y  ( if  the  a p p r o x i n u a t i o u l s  vi i re’ indica ted , aui sh also this ’ t r ads ’olf (if siuii p l is ’ mt ~
lins’sh l e  t is i t~ , au th cou i sisl  s’nc\ ’  is s u C u i h l  u d a u i t

20 — ~~ 0 1 - Z 1 i ~~~~ 
,H W R I T + 8,2 cm 1 

~~~~ 134 cm 1 ; T I  +
- n 1 t 9 7  cm ” 1 ; T I nl3 Iu cm~~ - T ‘ ‘~ R48 cm 1 . T ‘I /

18 — ln ( 134 cm ”1 ; 300 K )  + o i l i t l c m t . 300 K )
, n l 3 l l c m ’ 1 3 0 0 5 + ,iu 84 8 cm’13 0 0 K 1 1}

16 —

14 —

5,) 12 -

~~ 

~~ 
:

6 —

4 —

2 —

I I I I
50 100 150 200 250 300 350 ‘1111

T E M P E R A T U R E  I K )

I e u i u s ’ ~ E I  I I m e l i i s ’ss i l i lu ’s s .ts ’umup s’ rm I t mue C u l t s ’ i t u  m i m e  — 1 ) I I  , u u l ~ I i  I I  u h u ; u u u m s’d
h~ s’ r i p I is i u l c  I lu h I  ( c u . “ i I i i 1 l C  p h i tmmuoum u m is ’ c h i m m u u ’ ~u u i

c i

- -- ‘- “ ‘ -- , - ‘. “ --—“- .,‘ -~~~~~~~~~~ ‘-~~~~~~~~~~ -- --~~~~~~~ ‘ .--— ‘ - --‘-- -5 -- . - . -- .‘-—“



‘- ---5 ’ -- - ‘-~~~~~~~~~~~~~~~~~~~~~~ “- ‘ - - ‘ .  ‘ -‘-- ‘

(‘0 \( ‘
~~~~ 

I 5 f ( )  \ 5

As stated in the  h m i ( r o t l u c t i o n . th is ’ t i bjes ’t I t s ’ ot t I t u s  t s ’s’ h t u i u c m l  ri-p or t  vi .~s to  sh es s l o p  a

su m ui p le dom l ipact  theory to pred ct the  sh ape cu t  the  hun i -w id th i - v s ’t emi ip c r a t  tine curs s’ s f u n  Nd —

‘m AG . This was to Os’ done hr u c c o u u i p i i s h i u i o  Ute t’o li m uss mug: s’st ahlish thi5 ’ u u i t e n u u . m I  t.’ t  b e 5  ( i t s’

m ’mi ot i e for rn ah is ui i  ns’t.’s’ s s m m ” ,’ t h u  m t t o d eh ( l ie  m o m i — h a t t i c s ’ I l r I s ’ r , m t .  l I o n s , dets ’rmni e a s u i t a b l e  i g p r i ’\
i i u a t i o n  fo r  (lie ‘‘ef ts’s’ l i t s ’ p hi onomi SI’is’ct n i - hr enup lov 110 this .Ip p r o s . n a t i o n  - t.h t’r ut s’ coni pas i

ai ta i r  t ic , s ingle m u t m l t i p h c u t i s s ’ p a r a u t t e t s ’n s’” - p n s ’ ssl t n s  ‘ u u  m h u c h r t ,u d e n u r t c  uI r s ’s’ h u j u t t s i t t s , d e t s ’u-
mt t i u i e  t luc  shorn m n a m t (  Ii roade u i ung m u u e e h am i isuuu : auisl comn p ars ’ t h e  pnesl meted  rs’su h t s  55 l I l t  t h u s ’ 5’S ps ru —

m u i e n t a l  s l m ( a , [‘Its ’ p revious  theor ies  h id ,  us t hs ’ m r  ob~s’ t.’ i u s s ’ , t he  s + ’ r i l  i t . , m l i h i n b ~~~ t a l i d i t
of thus ’ proposesi b roashemt i i t g  u t i s s i u a u i  i s l t i s  I ht s’mu’ ,elvs ’s I tIm rs’~ t , R u ui i , i u i  , st r . ~u n , e t c  I ,  ihe sus ’ es’ ss

at t hem i t ons t ra t i  ng thu  Is a lone  i i , us  been c s.eelk’nt - I ’hu ~’ i s l  m l i i i  Is  proh ibit I n c  the l i s t . ’ of a
l)s’h ’ i s s’ — hass ’sI theor y  us a u m is ’ans t i f  ~irs’d I+ ’ t m n g lOs ’ i h u s ’r ui i . m I s . u n i . m t m o u i  i f  I in e ss u d t h  j u t . ’ I o u - b  o ld
( l i e  t heor y  of ’ \ e u l  e :ut l t i v s  this ’ L) i’hr s’ t i u s ’o n\ t o n  p h u i u u i o n s  ss hi us ’h us not ‘.,mhud i t t  niost I~~is ts

( w h ere th i s ’ prs’t io iu una r t t  i o n — l a t t i c e  i n l e r , m c t  1 1 1 1 1  u s  s m . i  op t . , ii  p h omion s l  ansi rs’q ti u n s ’s .m t. t m r i ~
phcatcsh ctirvs ’— fi t  procesl urs ’ to shets ’ n m ui m nc  an s’ l fs ’c t i sc 01) I dit t s ’rent from t h i s ’ r e s u l t s  t u b  b u I ~,
mi l eas u i r s’ m u e n ( s f :  t h u s ’ i u m i e t i o u i a l  c \ j ’ i I s ’ ss i b l u i  t u u t  thus ’ R , iu iua u u  s i t u i t r m h u u l i o n  I~ m t o m i , t r i a b v u  i~ i t

r e q u m i r s ’s t b te  m lu s ’assi rs’nu s ’ul l  u t  u t i : m n r  p o in t s  (iii i u i , m u i y  hiuts ’wid t l t —ss—i s ’uuup e r .itur s ’ s t i n t s’s t u t  e u i , i h l e
t his ’ e~,iul ip h ic a ( e t l  p a r a m u c t r i s ’ f i t  ( ( i  his’ acc omt ip lis hs ’d : a mtsh f ’u m i a h I ~ . ami d i l i u u s t  s i o m l i t i t .  o u t , t h i s ’
I h is ’o rv ( i f  ‘I cmi ti Os’s mint ‘‘pre sl me t ” (lie sh ape of th i s ’ c u l t s ’

‘l i i i ’ i u i t e r m ia l  u iuode ths ’oi’v presented h ere a l l e v i a t s ’s Uie , u I ’ t h i s 5’ s’(i u i st  r a i mi t s , I ls ’ni ’ . mit
i’s t r s ’ i uue h r  s imp le s’\p r s ’ ssuon , eq smatiomi ( S ~~) is t ’ , e l  t o ds’t s ’ r u i i u u t s ’ t he  t hi s ’ nm n al  s , u u i . i i i ’I i s  cut

h i n c w i d t h i  t ’or several  op t ica l  (r :ins i t i ou i s  b et  st s i l l  m u t i l t  ip is’ts t u b  \ , )
+~ 5 

\ t I t  t i n  vi h i uch  ti at :m
it s i ’s’ ava i i a h l i ’) TOt ’ R -

~~ V
1 

and R 1 ~~I t t i u i s i t m o n s  I I I  ss~’ l h v i n t h i  t h i s ’ p i e sh i s ’ ti on ’- . t h i s ’
s’s,p s’s’me d h u i g h i  l i’ iutps-r a ( u re  deg rada t ion  h c n i n n i u i g  .11 ,i i t i l i t  40( 1 K .  Th Is . h s ’ . h i t t  us  a t m  n mh ’ i tu te d
to ss’c l u i ( I — b l n i i s ’r l a t t i c s ’ s’ f t s ’ s ls , e x p e r m m c m i t a l  m n , u s ’ s’ th r , m c ic s  ni t h m s ’ ds’ts ’rmm natuo ui of thu s ’ luuu ~’wu~h thi

ml ,SO( ) K aits l rican 0 - K used to de t e r m ine  Ott ’ slu mps ’ cut  t h u s ’ t.’u i r s  s’ . a itt l  mn er s’aslng t h i e r n i a l  oc—
s’up a t i o u i  oh loss - s’ilerg v n lods ’ s resul t ing  in sm it al l errors dtis’ to (he . mp p r o ’ s m u i u a t i o u i  asciI iou
1) 1 w  I l l s ’ , su tua ih  c o m i t r i b t i t i o n s  f ron t  t lue  h i re s’i uu s ’ c h i , u u t u s n t  I , ‘~i i t h i o t i t  s t i l t  +1~’~’cu umtpo siIiot i 0) Ote
“laser  l i m i t ’ . ’’ t he  f i t  of thus  t r a u r s l t i o m u  h usmuig  e q u a ( i o u u  1 0 1 1 1  55 .ms  s’’s , s ’ I l e n t , l ut , m d s h m t i o n  to t h e
s’ s pes’ts ’d errors it  l u ig h u  t s’nups ’rafl i u s ’s . t h u s ’ t i s ’s u . u t u o m t  , iu ; i ; + l  I S O  K tt ,is a t t n m h u t s ’sl t i  c n m o n s

m’ s’s u l t  lug  f r om  old t i n  t s s u u  I ur s’ u t t / m ; m u u  hu h ’ s u ul dm 1 tcn s ’uu t n i . I n i l i t  t i tle s e p . 1 1  1 0 , 1  in s t ,~ t s’ I s ’ t r g l h t
as lded to ii Gaussiami h u e ,  Thus ’ R 1 - 1~ t n a u i s i t i c u u t  , u l s u u  ( ‘ I t s  ss~’ l I  w i t h  e q t m u t u o n  I ~~l h i n t  i i
was  eli - m r  t h at h it ’ s’ \ t n h u u r s h n a n u i y  l ; u r g s ’ r e s m th t m: mh h noads ’ u i i m u n  of  I + i ’1~~~ us t t t i s ’ to h i u ’ s ’~ I . spou t-
t a m t s ’m it i s  emi ssion of p h iomio n s , s l u i ce  l h t s ’ emi i ’r g\  s ’ h p  l i t  h i t t e r  lesels u s st u t h i m u t  1 )1w I . I h i t ’ - is

t Ime ’ b u r s t i u i d t e ~m t u o m i  u i t  s’-s l r ; I t I l ’ d l m l a r i l r  l I m o s ’ s h i n s ’ eI p h i u u u u m i u t  + t u e t f i t .  k i l l s  t u t u  i l l l u i u , l , t i . i l l \ e  I I , i u l —

s i l i t ’ i u u s  s t i t h u m u  t i m e  41,~ 2 Ii u lul t lp h t ’I. \\ its ’~t t h u s ’ sant e p ss ’d u n s ’ . us in g  s’ q u m i t m o n  I l ~I ) t . it is

u t t s ’it i 1itt ’d f o r  t h i s ’ R 1 — / u t r : I u t s i m m u t m t .  \ s ’F \  poou i+ ’ sub ts St i rs ’ o h i t a m n e s h , I i  I s  t . l c _ m n  t O i l , in I h i m s

5 155 ’ . fhi ~’ shi res- I I’ iIuoli t iit i’ tu utt ntt ’ i uui ion cm u iui uu t hi’ um s’gls’s’ms ’sh , \~ hs ’ ut uns ’l t u shs ’ti , s-’,cs’Ihs ’ nm to ne d —
i i i s’ I l t  I s  a g _ m i m i  ; ms ’b l i s ’st ’d, ,-\ s  s b u t s ’sh hs ’ b u u u s ’ , th is ’ p ar t i a l  h i ’ s’,m kdo st ii cut souls’ t O t he  a p p r h i \ I n l a t  u i ~
Is n I l l  s’oui s u d s ’ns ’d s’ r u t i c u i . ; mmus i  i u ids ’ s’ tl t h e y  t t s ’ u s ’ ; m ui t i s ’uj ’ i a t s ’sh.

I I  e:i uu Os s t a t ed  t h a t  t h u s ’ i t h i s ’ s’ t I \ s ’ ~uf t h u i s  t h i s ’o ns’ t m s ’ i I  , m u t , m l r s m s  l m , m s  his ’s- mu s ; i t i s f m s ’t I , h

sintp lc c l l u m t h i I s ’ t i m i t e n m i , m I  m i t u t u i s ’ I hit - o u r  lirs ’t l i s ’ t i n g  th i s ’ s h i p s ’ t i f  h m m is ’ w l t i m h i — t s ’ m s ’ u t u l -i s’ r i m u i r s’ s t i f l e s

fu r  \ ,b  ~ \ \ ( ;  h i , m s  hs’s’mt ds ’s’ s ’ I t p i ’d
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