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‘Ube r a x  i - r u n ’  cube  of a t e r m  is I- h r. set of a l l  c e l l s

C O V C O S s i  5 - V  I C -  te r c i l  ii a l l  ; a r i - n t I t o ’ s i z l s sa va r  iahles w ’- r e
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o n l y  I — c e l l s  o f  i t s  a S S i .~ n n ~ i f un c t i o n s . -‘ - a r  e n d : t e r m , t t

a ny  i n i n r i c )  :— ~~r e a t h e s i , . e d  v a r i a b l e  w a s  d e l e t e d  f r o m  t n u

t - r r , tI:e m i n i m u m  cube of  t . - re sul l in i t e r m  w o a l d  i n c l u d e

- -:n l ’ j  ‘5 — c n - l l~ of  i t a t  as :110100 t~ 2 ” a c t i c - n n .

For c - zn: r:- l1 , consider th i-  I t i n c I  ion

I ( t ~ , x , v , z )  =7 I ) , 1 , 4 , 6 , 7 , 13 , 1 5)

T I - ’ -  e r r  w ’ ( :-: ‘) v ( z ‘ ) cci u 1 ~ 1 - a ss  i -ins t 0 f in a n-a r ° a I

-
~~ - I : L t  i - U )  : 1m b ’ I I I;  I . I n I m I II I ’ s,’ I J i . n , ( ‘ s ) ,  ans i  t hu  n i n t m i j s

~ -. ‘ u hs ’~~

ul s’- ( i ) ‘.‘ ‘ , (it , 1 ) , an d  ~%i y ( ~‘. ‘ 1  , ( i~ , I ) , (‘ount .3 in 111 lv

i — c n ’ i l ~~ of  I . tc’ s s t n -  t h i t, i t  i S  f l s~~t t~~- ; u 1 r + - o t h s t  t h c  . r ix im u n:

- 
,

ii - n  - o t t  t~ M n - t c i  m , (It , I , -1 , 5 ) cot  ron rnond i ru t o cn v I , Cs a rat a jr -n

0 0 1/  1 — cc I I t  of and in f - a c t  in t h i s  C O S C )  , (
~~) i s  a C — c o i l

I s !  i . i- O r  t- h r s t ’ r  n’ jIlt2 1~~ t n - s~ t o  t , ~~- • -i nsi ‘. • a iv not h- u

r . l t e r I Lh : t ;  l Z o - L  . ;iri c i- ( 8 )  and ( 2 )  - -~re :i ,t l c i s I l s  o f

_ _ _ _



Us ’ I 1 0  I t I ( n i t  (~ 
s ’ -
‘ - - 1 1 1 1 1  I l l s  - n t  .1 1 1 v V n O n  -

~\ t 5 ’ 1 II C - - n U ’  - I I t - I i : t iot I r  nO I i - ’ ’ . ‘ t t - n  r i. : ‘ ( t  t n - Ii l I -
-

c O l b i );  i t s  ‘ : : \ l l L l : l  b ’I ; t V .  ‘ 3 1  n - X . 1 I 5 ’ i n ’; ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘ - 1 . 1

w \ ‘ 
~. a Its _ i n~~’ ‘a I L l  1J  1 1 v co vc ’ U -~~- v

01- 1 10 t I ~~~~~ n et  u I .‘~r c a  Pot - t n t  i i i I v Jn. - a 1

.-\ t n ’ i I1:- I I  t i - - 1 4 t i I  ‘
~~~ p I L I I I’ t  0:1 i t  ‘ L i  s ’i-a l L i -  CO’~’ n ’- t , - - j  -

i t ~ l _ I l : , i,i : 2 . , . _ c s s l l ’  I t i ’._ l i ci fl _ — I Il

- 14 5 1 I v -
- - - - ,  I . ~~i i O c t  1 -  ‘ I I  i i  no .n’ i I  - ‘ i - - ’ ’  ¶ ‘ -  ‘ -

I I - 11 — - . u t :  ~1: :: . 5  a~ s- 1 - I — 
~0 t~ n L I ¶ ) . ‘ I  I s)11I —

11 - ‘1- 0 V l s  U ’  n’: - 
- 

~n i . - , i-n a . ’ a t a i  ‘ —r: 4 r - ~~~~~~~- ’ ’.e

t e t T . - I t s  - - ‘  I 5 t . .- t t L n t L t l . ) f l  ‘ l t - ~ ‘ 1 . 1  c - i l  
~

5 ) -

~~~~~ U I S - i-j’ .‘: • • 
~‘ 

‘ I - U- - — - ‘ ‘ n - i- 
— 

I - 
- - t ~) n - n - ‘ I I s.’~ 1 s_ I t ’. - -

: n . i r s s : j r h o . :  1 t .  V I I  Ii 1 ’ - ’ i ’ I ‘i .ra ~~ 
— : - I  it + 5 I I,~~( s  +ç~

- 
‘
~ 

- 
I S I  - i t - ’  i s O -  I, t i c ’ s ~ i’I 1 . ‘ ‘ -1..’

r ~ ‘ - - L - n i l  : - I t - - ‘ - S I I I I  - ‘ 
~ ‘ 

i- n - I i  V i t  i 1 I - ‘ i- -

s i t ’ I ‘ . 5 t i t t s~ - -  - i t  sn  1 - s-rae -’ — 
‘
~ t - 

‘ i - n c’ I 
- 

t S - ¶ s 11

‘ l s 1 4 n ’ t n j  ‘ :~
- 0 2  I5~~I ’  t ’~~i t s , t t ’ is a i i , s t  ~~t r  i,,- ; 1 - ’n a : -  ~II. - s

I t .- - n - a :  i n s -  ~ I - 
I t :  I s I l  a l  n~~I I t  15 11 . — I i -~ L i  a

- - 1)2 5 , ~ ‘ . ‘ I I - t t -  - I I ‘ I -1) I - - n I ~
-: 

~~~~ t ~‘ .‘ - 1 1

n i l  I —

‘ n - s i t - ~~~ i t  t i n , . r~~~i o’  s ’’ n : i t s - ’  1- i t  t ’ i. ’

‘ I  ‘ ‘ l . ! I n i  . ‘ I  ‘ i 1 _ I f l s I l s n I ,  t 1 1i _” T t t : t - ’ t r

t i n t s ’!— ’ r t t  i n - ;  t I t t ’s I s n i 1 4 n s l 
~~~ H r n 1 - t , t n  

~~~1 1. fl s _ l c i i

o-~~ r r i t s  I. - 1 1  01 I n . ~~~~~~~ ’ - ’ , n \ s ; I  Is I’Ll ’ n ’ 1’ 1 - I I t~ n ’ ‘u- I , s~~~~ . - Is -

p, • ‘- ‘I V - t I ii 1 1 - - I , 1 s ’ W n  I 5 5 it rr 0 .11 - ‘II t - 5. —



-\s t a o  L l I b s - t  i,t i i n ) t s _ ) s_ ’ 5 s - s _ ) 5 1 , l i O n I ‘ n 1 -0 5 1  V . 1 1  i..a t d  s ’ ’ 1 1 1 - 1

1~~1 0  51 I s  ~~e- 5I  I i s :it t n - t m ’  ‘I~~ ’ ii  . 1 . I t . - n , b . - - l j ’  - :

V L I  1 _  . - 0 15 s I  I -n I - 1 - I i s  L n - I t n - - - s_ ’ - X L  ‘ ill - i i  : t •

1)lfl i,iI i i I s  c b s ’ , - .r , - Ict 1 1.05 5 i i - n t f l O  e~~ r n  2 5-01 1 i - i f  I• a ‘ L i V e  10

in O s _ l O t s - :  t i o’u t i n -  t n - t H u 5 l h n ’ i s - i ’ B ht  1 0 - 1 1 1 - i  1 ’ S  I I I C X 1 T i i ’ T

C C  V ! I  (1 1 5 - - si s -  I - , 1 1 0 1 1 iii - t - 3 2 5 0 I~ 
t i f  - S I Z - - I ‘1 ,i I ‘ ‘ 1 at

1- u ( 7. ‘ 5 ( I )  o: t s - k ’ t t - J , 1 - n ’ : r i lt l l n s t  a’: - 3 c ’  01 O O r s ’ V a t C c € - : 1

in st  ~~~~~ ,I~ - l s - t n - . t  s .  n~i - - 1 1 , I s _ I ‘‘r  s s ( u I n , ‘ I -  l~~~i l n - f lt  - I ’ I I ”

l i t  s C- ¶ 0 1 .

I t i  ~_ s_ P 11 51 ~ ,‘I l)Ll 10 j~~-’a I 1 “I . - i ls I  I t . -‘ t h H I 011 ~~
‘ 3

s.- 1  a t ’ u f lt t I e  1Z.Otl v . r l 5 s a i i - s  i i i ’ E R - I t -  n - L  ‘10 1 , - f l 4 i l i v  ( 1 5 : 1 1 1

t n s _ i f l i .  S ’ t l I C f l  a r t - Il s_I l a i s - o u l  I’s ’- C0’~~e 1l31.’ t I i i  if  C 5 ’ t t C I S

.lr:- lo t es i . nl n hs . y  I’ 1V 1 5  carni - no t  ‘.a t~~nt 1 , 1  10’

a _ a n - I  1 1 .  10.1 l o t  i i r a t ’ l i~I 1 1 s_ ’ t r L . , i n  i 1 a r n r 1 t 5 ~~
:s S i : ; ’d V _ I  iIt , I , n C a r e

is’ 1 ~ ‘ t s - n i “i- v t - t fl Ll I I ii I 0 iS , 15 ’- ‘1 2 I - :r t flC ’ I s ‘t s s -  - at ~ 5 5

i l l - I  :o t s ’ liI i _ i l l’ s  l : : L I ’ ’ L I  I t  t h n ’ ~t m  - i n - - s  I’Is_ n t  ha - 5 ’e any

f l j  r~ ’n , , n a n  ,o’s_ \! i i  ii hi n - I n I Ic - a  s ’ . I S s i  , t 5 Ci”L j 1111’ - n i - n  aa t

- a - m i —: ¶ 1- ’ -a . +~~~~
, ‘ 0:. 1 M n  f l i t ’  i 011 Il c i i  lie 0 I I L t’ t’ it” 1 S —

l a s
_
s t i l t  100  I ns ’1 - v ’ - r s - l  - ‘ i t - H )

In H~~’ 5 i l  • ) t  - I  t t i l ~~5 ’ t O M  I C  :‘ i i i  t o  i t -  u fl i’Ov s ’ r n . t  i n  ta

pa r t  I i !  5 0 1 . 1  t i l l’ I t  i t  is r c i - i t h t ’i ~~o V t ’ t + ’ sI  11(1 1 f l t I t n ’ t t l 111110’

i ’ t v - _ s - ‘ I i  b — I - i r a - n ’  I I 1) I I In ’  Dit I 1.1 1 aol  :tt j sI P Vi + j s

m e  I ‘ f l  t I I I 1 ‘- ‘ I I  n ’ lii I I s O  I I - t I lu te I I ill

- - - ~~~~~~~~~~~~~~~~~~ ‘ -  -~~~~~ - - ‘ -  ~~“- ‘~~~~~~~~~ --‘~~~ 



S

n n~~ L i f l i t i n n f l  (~~‘ t . t  ‘- f o r - p - a  il l! , o f  a ‘ I - ’ r  : 1

‘i t i l l s 5 , ~ S t n , l n i s f I’ c p .a t i o t ’i ()~ ~~~~~~~ - ‘1 1 ’ “‘1

c m  I-c ’  ot  t a i r : - ’d f r o n  .T n~
n 

0’; ~~~~ 1 - “ 5 -  - a ‘

o a r e n t h c ’ r- cn  and c,: Sun not  n ) f  ‘ a ’ n r o r  ~~ ‘ c - ” , s t 
~~~r t i: i~ 

‘ ~~~, ‘i- S

= ‘1 ii ~~L l a t  ui5 ii ( I n  t e a  r e d  In t bI 11 u 1 L ~
‘ I 011 1

\n  j u t  or ‘to’- ~ -n t:~ rac i- i ~
‘ i - a n  i s a n a t  1’ j a o I - - : ‘ c-n’’ 1 s_~~~

00 1 —c i ” l 1 o~~~nn’-i ‘ tI nt :- -n r’i c’ ‘ i t t c o o ’ p r  ~- s ~

1(5 1 u I  - t i ~~“ ‘ c i - ’ i an I e 1 i 1 I t t  I

S
- f l  1 I L t ’ O l I -  l i ~~~tF ~3 s ) i a t a - ’a r: 1 5  Li ~~ t ” s i 5 1 ic ’ l e  ““s l s i t c n ’u— t 5 n

t e a - i ’ , a ’  ‘ I a - -  : 5 5 ’ ’ t r r i a n i a ’ ~ 5 1 s _ i~~It~~ i t 1  ~‘ n ’  t , a i’i ” - .-

‘i a i Li I c a —

i’ 1 j~~~~
-n
~~~~ ~ i 1 O t e r t t L l J ]\ n  I

~~
c n 11- ,. . 1 i t t \

- , ~‘ a - - . 1 stn . - s - 1 1 4  ifl 1 1  V n n-

- 51 1 , a I - t i :  - : - I s ’- Jr- 1 o~ I t I  t b  r- t - - t Ti I - o-’

+ 0 1 ~~~t’ s i H I ) , )  ‘ ‘ s i C  - I l s _ i~ n t - - I~~~1 s  O t s ~’ i r I c C V o r e~i C c - f l n

I c - i  3 ‘1 -l L i  I : ~~I I u- ‘c t  i ‘ -a -

1;’’ 1 1 t l ’ ~~l I ‘I~ it - - i I - - at - 1 2 I ‘ -

11’ ’  I l i l, In  ‘14 U n-s t a: I n - - - u ’  a I ~l 
- - L)I T I P  t i a l  r a i l  ~ s i s _ n at

WI Ii ’ - n- -n w  f s l I  5n5 , t’ i n i -  P ) s -  - u s ’h 1 10  inc - f i j I  ~ nd

i t i ~~
_ i i  _

~ ‘ i I 5 - ) I  s I l t  r - ’ t C ’ r i t , i . 1 11’1

_ _ _ _ _ _  _ _ _ _  _ _ _  _ _ _ _



2 b o a  in ( i r n cCoaSa 01 ‘ :1 - se -a lqsa r 1 t,hin

~\i. t lt I i t ’ n t l t  func t ions  to ho rea l  l ied a r e  input to ~ae

door oth in ~-.a - ; : t m ot  p ro d u c ts  n ’ X i ) [ s _ - S 5  i s_ i f l S .  T V -  num b i - a  of

01 o c - ic t  t e r ms  in these e x t - i  ess ions us an u:ur-er

h~~itnJ , UP B 1 i ~~ , on the number of nroduct  t e r m s  in the

s _ c t - I isa:. nol 1 tion  . -0~~~~’ other  f e as i h ln -:’ so lut ions w i V  the

53310 or h i a f 5 ,- r  nu mrss_ : r o f  p roduc t  t e r m s  a re  no tsi’ t tc l r  t h a n

the o r - ~ inal I nput and t h e r e f o r e  a r e  of no i n t e r e s t .

.‘hc a l~~5 r i t h m  for  fj ndj n n i  an opt I rum .‘ L D ~ OR r e a l i z a tio n

of a nult i I .- le  ou tpu t  f u n c t i o n  s_ ’ o t :S i s t ~ of two nhases In

t i l t ’  0 5 C r lp t aara be low , ( )  ‘ s is u n- n - c to  d e n i n l e  “ oar - n t a t + ’- s e s ”

L L f l U  ()— ~‘. ir 1 n :  ii - - is JS CLI to d e n o t ’ -  -n t t , a r e n t h t -n  111 1 ~ v a r  m t  ic. ’

. . 2 . 1  PI: ’ISC I of the a l - m o r i t h t

I’Ve - ce I o e a i f l r t  w l t 5 1  a o s _ a r t  i-i t - ‘- O t I t i t  IO fl c o n r a i n in~ a t ’

t C i I i l S o’td I’, s o cl :is - n s  n - -sn  t n t e r a , - ~~i a t c -  I - s a l I t I : :s n  H. a ’ i i ins l  t C IT n

t o  r n ,  n a r u  :31 s o l ’j t  ton . A f l a w  c bs _ u t ot  Phase 1 is s - - va t

in F’ i s u _ i r + ’  I .
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I t - n s_ jins by choosing a product terrr from the m at-ut

~-x n-uessio r a t or nome function -mn -.’i selects an uncover ed

hr. i nte :l’tc (1—ce 11)  in a h i s -nr s.nduct ter u us i a n t  the Sc- icc’ t ion

Cr ire : ion fv-r a ~1 a n t - a m  in a Product ‘c’ n r m  ( S C — b r) , wt. ich

w i l  a--  di: :cLaned later. For Q U L’ -,au rposes , SCMPT may Ic

assum€-o to select an arbitrar y uncovered cell. T hor ,  the

directions ir. w’ci- ~h this m interm cm be expanded (to cover

two n - irterm n of the function) are :h- termin s-d . Va r i a b les o f

athe minters car rn:spond i r5 s~ to these exr ’t-anda tsl e dir ections

ht-c ’O~ + (I — v ar i a h i s  ci- in the term an- .i the term is added to ~~‘e

ac t or t e rm s of th +- u a r t i a l solution. Is- v reoeatin -n this

nroc -5n un it ii no Ii i nterms - of any 1:inC ti - n are uncover ed , the

or — j ar , 1 .;ut 01 t.?rms is auo-~aent :-d to an interme d~~~t e

S I s  1 4 100  v j t i T ~ t1’t~~ characteristics n) utiI ne s_’l ar)ove. Just

heto r c t I C  exit ot L ’ : - - 3 S 0  1 to Phase 2 the int e rm rdi nt c -

nol~~r io n n~ -,-- .jC t. ’ a a d j f j c - a  ov exr ’ta n it i in - i sOre terms - . A V-rra j~

O X t - j f l -~ ti-d i f ’ m a r t  onl y i t for each functi on for whic h t f l t -  t e r m  -

is t ot ”- i I i~~1 i i-,’ useful or -jac- fu l its maxi m um c u b e contains

o n l ’~’ l—c c-11 s s - f  that t u t t c ’ t j O f l. ‘ibm its entry in the tab le

:sf : I : n- f U l ns :s~~ in n~~ c i.’ n- i ed by ds,- Ie t i n .a  a l l  0—var ia t - l r - s .

in t h i s  cast’ , ii ( ) — v a r i . i h l e r s  a r e  cI r - - I t ” t n - ~ so t h a t  t he  t o rT

c c i v  C O - n / S - I  t h e  (It ’ l l: ; o t  i t s  s I l s i x I c u c I m  s_ ’ i i ’ n ~~ . T h i s  ster ’

ii l o w .  the  c u t - i I~~~ - i r o w  to I t S  .li ,LX IOU IP e x t - n - n t  W i t  L o u t

n r i - c - l i i -- i i r c - ’  c o n . n l d e r nt is i l u  14 any ( lo t  ilnuill no lut  ion and s imolv

s. i ke~ t h ’ -  ~ l n s - u  i t h I a l  mor - ‘ - f t  ic ient

_ _ _ _ _  _ _ _ _ _ _ _ _ _  _ _ _ _ _ _  ‘ —~~~~~~~~~~~



I t  i t ;  i m x m r t a ’ ui ; t t o  n e t - - t hat  “ p -c  max i m um c u b - s  a l  t h rs

tea laS 1. ~s iht  cant a in some H — c c ’ l I c  -

cC- i ( -X 3 ~t t ) 1 e , c o r t s i -j e r  t t , e t i l I Ct i O l l

f (w ,x ,v) ‘~s ’ y + 0 ’ X ’s’ ’ =~~~~c t , 2 ,~~ )

Let  t b -  m int er ,r cb : ’a’ ’~n f ro - ”  t b 1 -  f ;r :” in - n - cia - ‘ s r — a-c

w ’ x v , i . e .  ‘ i ’ l l  H ) ,  ~~~- n  t h -a t’ s - L c~ ot~~~ in ’-~ :5 ‘~~~~‘ ( : - . v ) ,

w h a s_ aL c-j ’~-’c r s ( ) c u  n ‘ -  - a’ c-n ~ i a ~ 1 v s _ a c  r - at , I , 2 , a - ‘ In ’nt c-n

t L 5 -it r n u n t n~ r T  (.) ) 15 fl’” I T t  I .  H ct a t l O a t )  ‘ I C  0 C”- - if • -‘o H a -l-

w ’ ( x )  ( - ‘ )  in th a t r-’;r-ry n-u~st uf nrod ’ : c t,s f a r T  - r  f TaSt cover

m i n t e r a ’  ( ‘- I  ~~i th an t a r — ni- w hj - ”h ~“ -a ” r a n - f o a - ’~~- t i o s  of

w ’ ( x )  (H . iov ’ - ’;’a r , not a ll  t r a r ’ t n t s, r r a a t ior: c of  ‘~~
‘
~~~: - )  Li ct--

it , - a Ii owed . H c h  t ii’”’ a ( > 
_~s_ n -_ r j ab - I e i s ’ n’- I n - I  - -d , - - “ ‘t e l

f l — v a r i s a i ’s lc? a .Il,l it’ SIC r n ’_ O .7 luitt ’ st1 tO S C E  i-~~ It’ t C I t  C ) ’  - - st

- a -~ tarn “ s  ~cI ~~- I a’ sa -~ ~~c-~ t ho .u 1 1 rc i -,”tn in 10 r r ~
n , -

~ f i-ar a : -a f

~ ‘(x ~~(’i ) ~-i t ~- at’ (i— v a n s_ iL -in’ s a’r~
- w ’~ : , - -n ’ h a t ’  -

~~ 
s, r / .

r -ca l n I n -~ ~- ca:- ’ t~~ib l ’ - n  ‘ - r . nI l Ierac ,i - ’ t c o n , w ’ , is n a ’ :~I I ‘yoU .

S ince  t h ” - re  .a a r-  -i -a s l n - ’ n-a n- ’- - ’-:I c’ I i  a o ’ I (in C-I’ I b ’i~ ~~~ a

y ’ ( X ) ( ’ c’ )  1 :- in t 5 c i ’-n t i n ’ , S ( ~~~~~~~~( \ . ) ~~~~ an

210 1 :~ t ion and no I - r r r - -  S i r a ’ r- ‘rat ‘i~ n ‘ ~ 
1 -

‘l h r - r n ~m C ~~‘ u ’ n  LII I ‘ ‘c’ fl’,r 5 Ii ’ 1 2 0 1 ’ s - I  S . V  (If t~’s-

i r , t n r T — t-n - V a t r - roa l m j t  l is a ’ . , i s - h j ( ~ n n i  - : n ’ 1 _ 1’’ a n :  a ’ — to

I ’ I 0 V n ’~ i t , how -  vi-” r , w e l’n sl  ~-0 5r -  - L i f i n j ’ j ; ar, p’- 1 ~~r r - l r ” t ’ j ’ - ,’u - ’.-

5 5 1 I  ‘i ‘I
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De f i r.i ::on ( l r ap l ic a n t )

An imnl i c :- t:a t - i f a funct ion I is -a o ro d u c t  t:er;r. ( w i t h  no

()—v am r :.ao ie s) w~t I s _’h covers only  i — c e l ls  of t h e  f u n c t i o n .

f l L f l n L t  ion (Prope r Transfor m )

i-’or a t.is~’ - t i - t m , ‘I , u e n e n a t n d  fo r  minter m “ of

t u ns _ -t io n I ( i . r~. - o n- -rated ‘j u s t  a f t e r  ;l iinte rm ~i of  functi on

I is  . ae i e ct e s ’i) , t he -,a ro rc n’ r t r an s  f o rms  - a f  T are those

a’ ransto rm s of T —~l i d ’ - are i an lic jnts of I

I~0te th at  the .-a o i s - r  tra n sfo rms or T , s _ t n  n era t ” - - i  f o r  ‘1

or 1 , 11 o n - - i  the m in i ,Th. n’ c-a be of T. - t t - r  Phase I, L . n?

- n i O r e  Po a s e  2 ,  abe m i n im u i’a cube o~ T is ‘~ ( u n l e s s  T is

il : - -  a’ II , -  lost s t c c r of P ta s ’  1). U ex n - 3 ra s ion  o~ T

o c cu r s , I n s t  T r n - C r  051-nt  a t e -  t e rm b t o r e  c x na ns io n  and [I~~T .a-

r~ ru r r snen~ ‘hI,- at~’ t  a t  t e r ms  in tho  i nt e r r ns~s 1ia t e  so lut i on

hi -f o r ’  n ,;-an slon. 1’hc’ n a x L i -a n n i o n suer’ w i l l  he j u s t i f i ed  at

t~~~~t n - nj  s _ a t  I’ H Ii seussi on of itt ase 2.
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l ’s a: -

I -  ‘1’ i S  - l- ~-i’ ’- tern’  n s t s~~~i i t ’,s r a r  - ‘- i-a ’ d - c r i n c t  I)k~~~50

1 , e-~ rv innp l’ -:~~na (‘af I 5~t~ u - b  mo ver a ’ - ‘ is a r r 0e n~,~r ‘ t a n c t ’ a r m

‘Ii ‘[ ‘ .

I-j r ,iot

t s a ’  [ Ct ’ ’I C  a’- :  1 ii 5 ~~t t  01’ 1’ ~~ 1i- 1 s _ ’i c - o v c r s  ~~~

V 1 1  l 5 I O i n ,: w h ic h  a:  - - a r  a c n a t a l e a ,~ nm n s ,: or u ’ -,c a a t i e~~~c n t r n  i~ I

f l j~~~t 1 0 1 - O i l  ~‘om r- lr- nt~~nt r5 i 0) Ut h i - s _ ) , n n I r , , s ’, ; s t n~ ( i , rc-sr ect iv U . a n

- - m o  r t - ’- n c t e  ~~ I I s pw n j 5 t ’ in 1 ’ , - t t ’ ( - e r - - - n I s - c -  I ‘nn ’ ’ ,!l~~ r o t  co~’~- r

P or n’.’ vu a a F- ” -c a c i n -~ c F ’ S  racs  3 r r ’” ’~ r 
n’ I I t a 1 1 , he ‘c’

ad jci (‘ tar to “I c c j r ’ n’I Lv cc- ri a I r - I t - n t  I n i  a’ hi n r iani - a r’, t i e

m x ; t r p s s r o n  foi .  - i : ’ t  no ~ i — a t o l l  of  t , s i nc e  i an c’over-ad

I - v  I. C a c - n a t , ’ n m n c t  c~~r , t a a n  t h a t  v a r i a b l e  , n~~ -a ( ) - - v a r r ’ - l e .

1’ : us I’)~’~ a n ’ ~ i- a I’ a , n 5  ‘01 r’ ii i-a; — - it’ I T s - - I C~ I , -

ru t s - l w  t h a t  ~~F ‘I n S t o r u I , . l a s~~I 
‘~ , l C m’ F - i o l s - t s  

~ 

o l - ’ ,- ’ - - (; i ’L do fl o:;r-° - i: I an r~~ n ’ L °teS c i  c - t n o r

‘ ma .  ib i s  t r a r a n f ’ i r  -1) 1 0 1  in an i~ r o r - c - r  t r a r l - f - ’ ) , -n -a ’  ‘~P,

- 5 ’  i S  s’lf l  U I V s _ l n, J r  I - - I n - I  ( ‘ ( n I l  n 0’ , n ( l _ V 5 ’  S T I  , ( I _

_ _ _ _ _ _  -“-,~~~~~~~ ---- - -“-“-.‘- - - ‘ -.‘- ~ ---—--~~ --~~~~-‘— ‘-~~~~~~~~~~~~~~~~~~~~ 
-
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L e m m 0

If  T is a LISTA term yenerated for 1/ of ! during Phase

1 , no imr ’lic ant of I which covers M is a nroper

transf ormat~ oan , of any LISTA term except T.

Proof:

Suppose al is a LJSTA term qenerated for Ni of ‘r and

soer e irnpii cant , I , of f which covers N is a transforma t ion ,

ti, of Ti. ~e will show that ti is not a oroper

transformation of Ti.

Since al L tran storni ations of Ti cover “11 and ti rsoua is

I , then I i’ua st cover M l .  Thus v ] ‘rust be a 1—cell of f.

Therefore Ti , whose minimum cut-c i-s ‘-
~1 , i /i no tenti ail v

us e f u l  f o r  f .  “urtherm ore , since ti covers ~~ Ti

m otent ially covers M. NI OW ‘-1 01  1 could not nave  teen

selected in 1--nase I if “1 of at toad been selected firs t ,

Since- Ti in LIST/c w s , u 1~ not l ’c - ; v s  - s an f I unco’j’~ro-r - 
TH 05 ‘-~1

of -i a u -at have Ie - ”n se lec t- ,-d a f t n - r  ‘A s _ c f  I .  How-a v - - r  , since I

must i ’ -~i ;) ro la ’ - r  tr ansf er -a - of T, T (tent i - a ll y co-~’’~rs “1.

‘~~- s W  T must n-at ho r s o t e n t i s l l y u s e f u l  t o t  g other w ise “Il of

‘J c oo l - a  not I s : -  a’ol sic ls ’ sl after T is in L I S T A .  ‘ l b - a n - f o r - ~
‘ ,

t t t -  o in im ui n c j hc- of T, must he a 0—cell -af u. Since ti

‘ o ” - r n  ‘1 , H is not a puor er transformation of TI. (a~~F • fl •

- ~~‘.‘-- -- - ‘- - - - - - - ~~~~,- - -~~~ - .-
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Theorem 1.

- i - ny n 1 I ‘s rod - ‘ t  iv ln~ r a s of “ air  ic— ”

ano s _ an ria i tsar -,‘ a; r - 0” r- L ’o-t: cts ext r e s a~ ion f o r  a- ,” ‘f

function; In r h ~ net , m ere I S  tome at r- :aon,-r t l atsIota-a t i(,r1 oZ

each t n IS t ~ ’, a- i a w:: I s_,~h ao-oe’rs in the 5s _ ttt ’ o f  m r  ariuc’ts

- x -,i -rt’ 55ai ana , am ,’ + h s s e  t s r - a s  ar,e d i st  Inc a .

P r o o f :

H’ic h a c - a ;  c f l  I i~~T-\ is ii ’n er aa ’od r ca  s- ’t’ — anr—a ’ e r - a of

some f s j r  ‘- t i , .  ‘ ‘- nt 5’ in [ UT - ”- he - :- n a ’raaed for ~
‘ o f’ H I n

an—i s u n  or p a i d ’ . a , ,a t c t  ‘ - a ’ a n r e s n i c i - r i -  f- or  , r 5 c - r p  mus t  s-c a t

one t e r n  WI’ l c : .  na o - 50a- r s  “ . L s - t  I ate ‘,n t ’ h- j t r a ’ v ott -’- ot

te tmS -. E’ y i,s ’- : T i  1 , 1 is a or o c-- r tr - a r - a - f o r m a t r o n  of  ~~
‘ an y

Lu a 2 , I is it -n a a a rca~ or “ ral r c s formatl on 0+’ any ‘c-’hor 1

t~~r ci’I . S i c i l a c  ly 5rv-r . e ‘a’ ‘~°t-e propc-r t r s a f l 0’ f n i r m it i O n  1 e— n~
LIST-~ t i - c a -  n~

’0 1 C) l  o u ’ r’ - l:’ n ame e x a t - m n ’ c s j  ‘itt t ’a’si’, ~~~~~~~ ‘-‘~ cr. o f

than ;”- ” - x p r - -~~” ur n n a n - i . ‘a ii ”- to r i o - a l l - ’  —‘i i” t i -  -
~~ ~t-i p an

oth er: ’. Q.i-: .,: .

,“ - ‘ t c i - - ; al I , ~~h n -  r’rlI ’; 01 ‘ - , r v  tIn ” t - 0  SIIS 1 o r c ’ ’ i ; s _  t~~

‘‘x;s retr - nro- l i r  . n - a  c i  I uni-- t  i l )f lS  s_ ’ef l  n , C ’ i ’ i a t t ’ ’ ~~C I n - t - ’ ‘ ; - ‘in

c l - : - r u ’ j ’ r a , -u~~a I~~ r I ’  n I p a f  n ‘ -
~~~~ ~~, l2 ’ I ~~~~~~ t ’ - t ’m ‘ J r O - 1 00sP’] I ’ ,’

Pl i n OOt s 1 sj ru l’I ;‘-O”- I F ‘‘p a mc- i~~ d~~ d “erm : -

--

~

- -

~

-- - ‘“- - - ‘ - ‘  — ‘- --- ‘
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Cor o l l a r y  I

the car u1r ~~l1t’! of l,ISTA a ft - -n t Phase I is lass at cn or

e q s _ u a a l to  t :’, t~ f l U 5 s . - t of teams in any Set of s-j ar of orod~-c” s

ex-aressions for toe :et of functions input to Phone 1.

Proof ;

~‘oJic ~~o is m e I i a t e a v  from Theore:n J.. Q.~a. D.

Therefoso , :ct the end of Phane I a lower bound , LBOL~~P

= card in al it~ of LIST,’~,, and an unzaer bound , JPBQU~/t =

of distinct terms in the input exoressions , are established

for tce nun , en of ter:ns jam an s a nt i m~;m solu tion.

2 . 2 .2 Phase__2 o t __tht alq orit hm

2 ex crn ines c , O  inter; -a’ - - jute solut ;on oh -a ’ a m e d

from Phase I ar- d proce c-as to f i n d  a cs ’,,ic cc -s s ion  of f e as ir- U

sol - ; ’tc ons , each w ith Lenc- r terms than the m r - ’vi ou,a feasih le

aa o lut aon. °hua — e 2 will halt and upon h o l t i n a , t hc- la st 

a ;;oluiis ri found has thu- m i n i m - u r n  numl -‘- r of term s

- i t f l O f l s l  a 1 1 foura I b it -  sol u t  ions of the a r c a l s  I - r n  . ‘1 he flow char a’

n a t  J’- h u a t e  2 ira r r . ”ma en t n - r i in F- ’ i u i r e  2.
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\ O — v a r i - a i ’ i l ’- u s  ;rhi t r,u’ i l v  choeu- n f r o m  a t,-rm in th u

l f l t n  t , f l n O J  L,iH’ so lut  ion and s_i 2 — w a - ’  - ranch  is oc r  t s _ - r T n ’d - (ifl~-

‘ a t - tne l s r u n c f , n - : ’ cot - r n - r ~i-~onds to  re - nov i  :‘i’i the ( )  —v ar iacl :- from

t I e  term. ‘his is c-uni va lent t o ret a ining the maximum c- id ’-

ot the t i - a m  but -Fou b l inq  the ,alie ot t h e  m inimum c u r - a n  ~~i t h

ie :-pu’ct to the L —v ar iahle . The it— thea branch corresr’-onds to

r e uuov lnc l  r h o  ( )  ‘ s from t hu v a ria b le. This is na - I L ;iv aius r .t to

m a d ams _ s inq t he -ia a ,-, i a ura, cube o f  I tn t o  a s  a -v  a I’,, - ml f w I u ~a r e na- a ct

to t h -  Q — v a -;; i,~~- l e  Hnt a le the O i f l j , T , J i , f l  cube r n - c a i n : ” the  samu - .

-l ath b c-j n c ~u n ,-s  h a v - -  t b s _  of fr-ct of rc -duci nq th-a nu’nI n a a ’

—v ar is _’ables in hi - a- ro , a n ro- ’n ’ - ~ij a v~ i ch w i l l  ev ’ - r a  t can  I v

t r - Jnsr - a r aca th~ chor ;,-ia t a r s  into a lodi t l i l a to  r’ r s _as l, ,’t t. ’rT 0’

the - i i v n n s_ ’ i f  ;-ut functions. S i nc e  F o t t ,  ht anc h i -s

( a  i’ a n nf o a ’ :nut ~s a n : ;)  :,iv u;ait ’ i- n y a - r’ so-ic c 1— cells , sat-rout late - s of

phaso 1 ia st I n  c-~ 1 1-a’ai t o  c-n -c - k

( I )  I t ’ r are r - ’ut of t b ”  ( ) — v s _ i r i u b l e s  in th ,  ter n- arc

- ‘ t i l l  v a l id . It  not  , ( )  ‘s may hi-s n .- to la , r - n a a s_ a v - ,- ,; ~
‘ r s am -‘-us -a ,—-

~ ) —v ar i s _ i b F~ ’s c a l  t h e  r - r m .

(~ I )  1 1  s _ I l l  1,~~( n i  15 - a t  t h e - q l a n ’ f l  s n -f of s a u t a ’ : t  f a a n c t  ion:

ci r . ’ a; I I I I ‘II) t “n t i 1 1 y c-ova- r n -’d -v t i -i n ’  t i ’ I n c - a c t :  ci f t l’ s

t w o  t , J f l a f i , r i a r , s i  I is ’s oF 1 , 1511’ . T I  fia t , ‘J r ; o - ) t t l O t n ’ t n ”rfl’ O

uIi t ia :t i s ’  , i - m-c ’d t c ) the’ t W n  I j St S I ‘ ‘ I n ’ s_ ’ t  ivc” I\’ I s a  n S O V 4 ’ I  t he

l i f l n’ ov , ’ r . - n 1 1 — c - c l  1: ’r .
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I s-I ’ ( I I _ ‘i ‘ is - n - II ~ I t  — III I ’  1 1 1 1  P ,‘ i O a t — ’ 1

~c , liSe a , . . — - - r a  a - V , - i I i 01 - 1 - ‘ -  -~~ s_ I -o - ‘d - ‘r der  I -

1 m a r 1 1 - ’ It - _ a t ‘ r ’ ’  I )  ‘_ ‘ “ ‘  l -) ’ O ’ ’ 0 ‘~~~~1 ‘ ‘ i a p I i ’ ,’ , - ‘ ‘ - -‘ 1 - : ’

~~i t  b - s a i l  rr,, ~ a i :lq I t s , ’ I a , , I I I : I  5~~i ii - ’ 1 I I ‘ a s ’ I ‘ ‘‘  a c~’’i- - i  O r ’ ,’

‘ —c ~~l In ‘i t l t - ’ t u l i e l  - t  - ( 1  ‘ -
~ p - - ‘ t  ~~ n ’n’ s a v - ” m  I r o n  t h - s ~~~’

( f - - va i l i l - i c - S  ~~f - i ’ Ia  i i  ; a - ’ t  s_ ’ s n n t O I a n s S : n I  ‘ 0 ~i1 e\:-I I I -f I - ’

a i c-c t i n  a 0 1 a I n - a’ ’w -P I :: n ~a s u - p  c a~ a- ( - V - I c ‘ - 1 1  - a l a  I I s V  - I

7 ’  ‘ - i~~~’ I i i - - i ‘x~’ a r -  I , -  l u - c ’  ‘ l ’ s  it t b ’  ‘ a - ’ m i

1’ if  a ilas:rn c - L I ’ u it f

S t ’ s  L’F  01 i t i ’ - - ~~~ - - - I 5  - i  ( ‘ - - V i l  i - s I c - ’ I i ’ , l s _ ’ l ’ ’ t n , i  a I r l c t ’  ‘ it-

Il i I  j - -  - ‘  c a r  I - - - l , ’c s  n : I J -  1 i i  - ‘ i 01 1 i - I - - I “ - - ‘V - -

‘ — o t - I I I , I l \ - ’ r , - ; - ‘ I  ~~r - I l _ I 1 I n ’ S ’  ‘0 n t  i r I s _ f ; , t ’ - .

a i s_ S I  - S n - I i ’ s s - a : a a 1 ~~ s_ ’ - ’’- ’ ’ ’l  - - 1 ii I s r  s_ ’ I ‘n.’ c -i s ‘ 1 ,‘ - 
- -

a a - 1 , n r ’ - i t ’  I a ’  - F “ ‘  I - - I v ~ I I  1 i i~ , tn ’s ’- a’.’ s i ’ a c  - - \ n -

~‘ t n ’ ’ ’  k , ’ )  ~~~~~~~~~ I I I ’ ’- n ( 1 ’ - i i ’ ’ - h - t ~~~ t ’ d  n t - n s_ - ’ r I ’ - r ’ - u
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There ore rwo steps , the te rm  e x p a n s i o n  step at  t t ,n end

o~ pI- ,s_~pe I 5od the c’astjnq ou t  as -d undancy OHio w a t o n  a

bs . ’ i s ible  s o l u t j - a u  is found in Phone 2 , -,~- hich m l ~hc ru- s _ a u i r e

h u r t l e - - a exp lanation. Since exna i ’a - in z ’ d tc - -rms c onta in only

1 — c e l l s  of f unc t i ons  t c r  wh ich t he -  t a - m ar s a re  un- a fu l  or

I ’ o a - - n t i al ly  ,a~~s - f i i i , the c - x p a n s ion s _ ia - a - s not e l i m i n a t e  any

soi,at ions -
~~ith t ’ e- , s _ s_a c  t e r m s  t han  t On  r aj n h l t u, T i — t a - r r n  so la t i o n

ce - ac - haL l -a  t r o a v a  t h e  T sod i fj ed  L1STA . Th is  Droperty t o l I n w a ,

f r o m  the pr j ar ’, j mul icr int theorem of switc L in -~ t h eo r-~’ .

t s_’I S t~~~t ;(f ou t  redund ant I —r ip s in Phase 2 nerves  on l—i I- - r - ” -ruc e

UPPOUNl~ when poss ib le  and does not prec lude  re ,ach i raq any

sol -,it ions  w i t h fr-- - n;a-~ g at es t ha n  UP2I IND . ‘ ‘~~c se St c-c-n tfus

onl~ i,a .-ce t rait a l g o r i t h m  - V O L ’ --’ e f f i c ~~c n t  ~- i t ho u t  le oo a r i i ; i r t -nr

an o c - t i n a t r a  s o i a , t i o n .

_______ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



3 .  Heur i st i c a ’  arid snecia l  t ec h n ic ue  a c - - ’ ’ - b  I:: the algot it i - -rn

I n  to is m i n i r n ia at  i - - n  algor I t ~ ’m , hour 1 s t  ~ CS O r ’ -

i n t r od u c- as i  in

( i )  the Select m a  c- r i t e r  ion of a ~1 i f l t - r n T ,  in -:‘ l’ rs)drl ‘I T e r m

(ii) select iaa -~ “ia -~ ‘ s r  onchia,: or iou i ty  w ’ t t ’  re nr” -i t c~ t o  tim

ar i - -it ra r ily chosen 0— var tal l-’ .

~1so a spec ial t e a - f  n a -ut- -”- is ac -u -U t- ’t to l ve  t O - ” ra r o h i . em of

de cidin st i t a p :~~~’ s, ’ j f j c  n r a - d u c t ’  I , - r -
~r is cov— ”r a - d  a’ a

Se t  of a - r a i l- a c t  terTs .

3. 1 Se l ec t i n0  ,‘ r i t e r ls - ’ a O F a ‘-lina,e r m  in s_ S Prod uct  ‘ F e - r n

A he n  - x  - s T i f lj f l ’ I  the I rt a - , it  c - i  od ,ict t n - - a r - s  in P l a n e  I , -a

mir :tc-r rn msj1,a r hr- a ’’ . ~ - - n  f r o m  - ‘acm- ’ i a a  I t t  c - a - a - - i , ” ~“ r ’~’ - ’ In

t l ae - -  n u c - l a - a i s  n o t  I ui du- :t  term , . a- r n,- th e - -  1 I r a - c ’  i - O t t  a t -a

t h t ,o m i n t - - r i o  c a n  be an,’~~ar’, i - - nd is c- x r i :a ij r n”  to  - f t’ - ” r - r i ii’a tH

t a - c H’s j c -  na - tat-- nt’rn. l l r -urit - t a c - a l l y , t i , - “ a a i f l t -”'’i Ii

win itO in c-sver -’- 1 f- n t’It r-n l .’a ,st ru -i-ha ’ of -~ ist ’ inct c - ri te

i - r ’ t - l l c r -an tsO ”  n i l  F f t s  s i l t a - t i t  I a t  -,‘ t i c - n~ :C- - - u t r l  h,a’~’’- Inc i t  t ’ ,1, ’V

10’ 1 s ) I  i~~’y’ . T 5 a i n  i r a  h ’ - c a - r ’ ,i: ’ s ’  I be rn -o x l i - o a t s  c--ihe a_ I - ‘ t m - - i  - -

ifl I Ia - - I ti c-’ ~ a - a l  1 I i - n  - ‘ 5 ’ ’ -  1 V ‘ I - a~ - 
‘ , I I F j : -, I s  n ’ ’ ,- ,.,‘ i I I save - r _ ‘ s ’- r n—-

t i - nw Il— c ’ i ’  1 1 s . TI, I ‘a w 1 1 1 s_ ed ii - - l b  a- w- - 
~, ‘ ‘ - - i n  I r -‘H I 0 1- - ” ai atr: ’”

m n Ph ase 2 ars - l w i l l  F c ’nsf to ‘poke flfl~~~~e 2 ( ‘ s l a V e r - i c  t o  H-nc-

ran t 1 c r - I n  Sc n l ii l, i a - r s _  I ~~SI  c r  - Y e t  I h i ”  ‘ - r a c e s - n  r n ’ c a u i re r t  k ’ s  - w i n - I

hos _~a -n - a n y ‘ 0 ’  r - ’  i - i - t - - c - a i r t - a  - i  m i n t — c - n m  h ’ im . 4 t ’ - a ~~~~O a _ i 5 1 s _ I

_ _ _ _ _ _  _ _ __ _  ‘---‘ ~~‘--- ‘-
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ime— c ; i g u a nj c - s t  p r o c e - - d a r u -  has to be usn ,- a i  t O  s~~t - t ~~ in th i s

m l  o r a t o t  tori a n — I t h i s  proc s’-s a  is iaiIra rac t  ic -a l .  “- Ic-ms

e f f  i c - ia - n t  2-u t - ‘ - - t ’ y s imple c - e l e c t  i n  a s_; m i t  e r i c - n  in chos en in

t h i s  m i n i r i n i z at io n  a l - t o t  a thin .

i f l  t h e  p r oqrarn , t a - r a r ,n in the prO ;~ l(’tt ’ i c - c c  a ic - t i - in are

Sc ua lncs c in a ” r — i ” -  a - For each term -~ i a i c b  c o n ta i ns  on-:- or more

i - i c - t e a T s  u n cov e r ed  lay LISTt-., o n€- a ncove red  m m n t - e r m  is

SOlu -c - t  - - H .  S- i-sc nl i int-o m wh ic-h is  cove rn5i  by a- n i --a one m a- ut

a t s_ ’ a- i a lC t  F e ran is -  caao s -? n -5~it - h  hi i b n - -;t a - a r i a - r i t e  :- ~ c a use the

m a x  t n - ,a ati c ii - - of t t - , is a n i n t e r m  W s ’Iim 1 1 t n - - n - I  no t  t o  include too

mala y i— c e l l s .  It sac - h :~ m in te rm ~ annot 1ae found j am ti-o~’

inPut o roduc t  t e r m , t hen a a n i m n t e a ’ n is c - ro s en  a - r i - i t  nor ~l’i

f rom the i aa - u r  r o r o d  a c t  e r m to s e r v e -  as he nuc le on -, o f  t ha t

‘- t a - d u c t  t e m n a  - ‘c-a -~~ c a - s u i t  the I o w - m r  :,o-~ra - ,i ‘I a - t  a i -o n- U at  the-

a-nd o f  Ptc ~~t’ ’ I is I a i r ’ - .’ t i g h t .

L2 S r- I a - c - l i o n  01 I- he h r - ~nc - h mn q  p r i o ri t ’ ‘ w i ’ b  ia -s i te -c l ’  10 tr-”'

irhi r  ia n  1 - c - h - i s  - am — n c r  iahl e

In Phi :  - 2 , -a - - -
~~~,- , - , - - ra nc h  lia ,aJ I-c - fl- ’ t  I o r - v 5 - H  a

~~~‘- ‘ ‘ ‘a r i a a l n i ’ -  in l,ISTA ‘a n t  i i  no ()— ‘Jaa - i R I - l s ”s i’ - - t r ,rU fl , i .e .  - a

- s so l - i t ion i -t rn ,as ’he- 1 . H- - a i- i  at  i c- ii -a , t I ,a ’  i r  s_ inch

c o r r e a . r)o r ld l n- 1  ‘o  n le l n’:t 10- 1 t _ h e  ()—v ,a t’i a h l ’ - f r o m  t b ’  term is a

a - n - I  H-t c h o i c e  Is n - -c i t i s  - t h i s  d i r - c t i y inn li ”s -a rn -Unc t i on  ira

Han i nput  I’a ,t - l  a i f  the t e r m  and a l so  an incr.- ’a su -  in t O n -

( n - n -~ r i n-~ - - - s - ~~, - r of  h’ m in i  mum s_ - a be of the t e rm  - I n  the can e

~ ‘ a ’ ” i )  ‘ f t - r i -  ii; ma- ru- t h a n  or-ic- an tj a f l a n t  m a - I - i t _ i o u , t h i s  se l ec t ion

a I - I t s- n r d  F a- I rid I h’a ( 1 1 1 5  W I  t h a sma l le r  numbe a- f  j air - ut



“- -‘-‘ - -  -‘  ‘ - ‘  -~~~~~~ - “  -~~~~~~ - ‘_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

connect  ic-nra 0 t b - -n - “ N D  - i a t - - c -  -

3 . 1 r~at~- s: ia l  t s t c hn is i a c” f o r t he  ‘ cover  m a ’ pro b lem

T i ’ - : - r o f : - le ns to f-ne s o i - , -’- d he r .-  is to n et - c - r i - i n c  i f  ,i

r - r — d u c t  t e rm - Ia a s  c o v e r s _ - U by -i s t- 0~ I” a- r c i do , -t  t a - r c a _s

n a m- ’i v , ‘n i , \~~. ,  X l , . .,  ~~~~ T f i - ’ a  a o r o a - l e n  c a r .  iaa-

- r a n s - t o ’  0 - n i  int ,) .1 s i t - a - i c - i p r - . hle:r _

2 a m -  or~-r - 3

-
- o r o d u~’I t e r n  P in. c - ov ,’r- ’a by a n-n t of  n ro d u c t  t e r ~~ n

1< a ( 1 = 1 , . . - , ‘ 1) i f  f - - he an i - - n  o I th-’ a- r-nc ’1 uct  ~~n -  r n-”a It

( 1 = 1 ,,. . ,’’ lc esnial t o  ‘ 1 ’ , - ,- O ’ r ’ - Y i i- a  t O - ’ - r’- r - ’ : - l u c t  t ’ - r T

r n - s a l t  i c - i  f t  anT I e t n O v : n s u  a l l  I’  a- l i t e r  t i n  o f  p Ire’nm tne

a~ I n-I J ct , Is  ar ~ 
— a

P r o o f

} tV  t,I~ aas :Iu’ ;tn’ p r n ) r ” n r t - ,’ : PL, ’ n ]  ‘1~ X .  _ . .  ‘f 1 <\

i f t  ~‘= P - (~~
‘ - - ~ V \  )

na y the - a i s t  a i n-  Ii ~ v’
~ I -o

P . 1 1 < 1  4 1<2 I • . .  I ‘IN) = P. ’Il I c- .’~ 2 
n- , _  -

S ~ n s _ ’e - 1< 1 n-n r s_ s I 1 i , h-- n r a- fo i t’ t k a- r - -n x i t ‘a o 1< a a_ u c-h

l a~~~t’ Y j  ‘ c a l I - ‘  ~~- l i t  o r a i —‘ui - a- i’it a nd P - ~, i P.  I i f c - r  o i l

I I , — . — , N .
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P <1 + P X 2  + . . .  + P .XN = P.11 + P.12 + + P.YN

P’s’ the transitiv e 1 -maw:

PC— X i + 1<2 + . . - \N if f  P = P. (Ii + 12 + - - +

tat san ce Yi (i=l ,...,~- ) and P are lit e ral— disjoint ,

P it. (11 + ~‘2 + . .  + ‘a~~:) h f

‘,‘‘L f 1 2 + ... + ‘fN = ’ l’ -

r~c i a in by applying the transitive law ,

P~~~Xl 1<2 a’ - -  . +~ XN iff 11 + ‘(:1 + . .  - a’ = ‘1 ’ -

f- .E.D.

T a t e  r e - i a - c - ed  problem c_ a n f a n- - easily solve --I ~‘-y the tree

m~ t: a - m -- i descr ihed i - - sn low -

bad , node of t - h €- tice rn ,-n r. - ns e n t s  a r’-rod as_’t term. T a _ c -

na-ale at the top level is the n-rod ,ict term 1. Pach n-a- ac is

nro ncl - -sl Out it -a loris two new ne - le o - . -O r - n -  br anch c a - r c a - s c - a n U s

to a - Odi n -I (-\NDinq) one more literal in the un c a - - a_ p l em c-nm n - - - U

t’ o rm t o  II:, ’ p r - i l i a c - I  ¶ s -rm; the othc- r to a-U -ding th i - same

l i t -  i - i l  in  ~ r - - c o m c - l - - m ’ - i a t - -o f o r m .  ~ co - nc - i - - t a -  I rs -i - - is I - i r m a - - U

w i l l- i a no n r a  I ‘- 1 5 - i  1 1 s a a n  a V ’S i i  - i f - i n -n ¶ - r hr a nc-h i n-i ía a-ar ,i c -v

n o a - . l-’oi e x , lm I a le , t a P  i,-oan pl ’ te t i - - u -  of l i t - c - i c - a i m (~~~,P) in’

c-a sho-,s_’n i - - l  ow:

~ _ __~~1 ~~~~~~~

/ ~~~~‘04 A~~
’ A ’B (\ ‘ P ’ 

~~~~~~~- . - -‘~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - ‘  ‘~~~~~~~~~~~~~~~
- ‘

~~~~~ 
--.

~~~~~~~



I I

A ne-ic ‘-.1 i defin ed a~ a s ucce sso r  of node N2 i f  NI

can ne oL’r, ’ajned t r ai n  N 2  b- -c- adding literals to N12. In nIb

N i can p - -a r a- ached ~~~~~ H aiach inq 0-a t from N2. -~ node

of the tree is s a i l  to be covered if ji is covered u-v sc-mama --

~-r - ad-ic t term Ii , i= l ,...,N . If all succ sas sor rm of a n- c -i c-

ire covere -i • l i t - a r  h e  a - i - -  ic j-’a also said to he covered .

Trn coi em 4

Let the c- ro di c f, t ”r m-~ Ii , j,=l ,. - . ,N be r r od a c ~ t n- ar - a _ is

an na - rag ‘wh j c - h aDneai 1< -s_ -at iah ic- s namel y , ~
j , j=l , . . .

11 ~i 2  
-t . .  a- i’h = ‘ l~’ j f h  e-a aa h node of tO-,’- ~ree of

ai r t - ’ r I - ’-rc C \j j 1  , - . - ,~ ) is c o v e r e d .

P roo f :

I t  is - o:- ’,’l a - a,is I f i a ~ hi n - I ?  + . ~‘ IN = ‘ 1 ’  ~~~ a l l

possible a-ia - uct t e r m s  o t  v a r i a - h l e - ’ a  ~~~~~~~~~~~~~ - - ,T a M )  3 r P

covered by 11 12 + . . + ‘ N .  ~~tn ce the tree ol var iah ~ a-- s

(A l ,’ f ,. - .,,AM) -m - x D l i c i t  1~, repres - -n a t o all po os i l - l e n -c - c - - a ct

t _ - - r ’ns fsorm .- d by v a r i a b l e s  (A l ,~~ 2 , .  . . P AM ) tOn :- theor en is

p ia -vn - - i. - ) .E . - ) .

It  itt i l r - o i  i t~~t t n a  u s _ n t - n  t - l a f l t  i t  -s -t v t i a - t i  I--’ n o c e - ~~’ a r v  to

-- x iar ni n ” - ‘ill nod s- - c - I  I r s  t r - -’s n x f - li n t i v , o - j f l s n ’ car~c€’ a n ’~U e

is c c - v - - r e d  bc - m r - - I - i - - k  I s - fl) a l l  i t s  s-j~- -,- - ’-n ssors 0 7

cov ’ -r s - ’-cl by tO a a ’i a i ~ - ’ r ’ a a l s i r t  n - e r a : . 

--
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1’he t - r s a f ’ - l e t a :  o f  t e s t i n g  if a c-ode II (a a - r o d u c a  t e r m )  is

c e v e r - - - .n by m a - t h e -  ni’ a - d t : a~ t term Yj  c -a n h e - a s  ii so l’ :c- U

i c - c a - L a m a s  it is equ i valeni  t o  t e s t i ng  if tOc - s- t of I i a - c r a b

appear In-I ~n the iroducr  te rm Y j  is  a st ,iai set  o t ’ t h € -  set of

l i t e r a l s  apma c- -a r i r ia  in N.

P ’ - a c - l a -  T f-I ST iA iJ ~~ U .CG~:~ , ,~s sh o w : ’ a - n  P l c - - a r ’ ’  I ,

i l i a s t r a tes t h is  t_~~~n , - n -  meth od of  ::-o1’~’ in s _ a t h ~’ t a u r - c - i ’a ’av ”

p t a - h i . -  ic-
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4 .  na.~ ma a l - I _i- -n o t the prog~ a i: t ha t  f inds an op t imum sum o f

n r a - d u c t’ a - a -~e t ~~~a~~

1 - 1 i- s_ t a - r a e  a - i  h-n a - r o t ;

Tine pro gram ‘ l i l t - I l’  is_a S hn:’ st c- an -n -i t’d f o r  the f l P C— l t~

cs _ na n pc - te r  iii S A T ’  ( c - n t a n f o r d  A r t i f i c i a l  l ra t n l l i oe nc e

la n c - u  a -~
,‘ )  . It’ der  1Vn-’ S a-n Sea t  itnij in co m hj na tj o na l  A \ D — O ~ ( s - a m

n- i t  a r ’ a - d u c t s )  c-n ,a l i a a t ao n  of St set a-f  Ota t u ~ f i a a c t i o n a ’ a .

a 1 gor a thin is - - -ased on the a - r a n c h — a n d  - ian naa ns i mn n- thod di sca a : -  ta t - i

t i-c-n c - r ev  ~OuS se-c t ions. Fiecs_,a ase of t h e  n a t u r e  01 the

b r a n c h~~~c- l _ i - s : : n : i  m-~ar h a - al , the f i rs t  - - - a s i i - a l c  s o l a r  ion found

is not  n- -cn - - s sa r i i v  an o - t i m ~an a r e a l i z a t i o n  of  the f u n c t i o n s .

A: r~:-r - a e aaa - roa _ no the fir st feasible solution , the o r o q r a m

ic- -arches lot’ f-c’t Icr I e as ibl a - - solutions f-v h acktr ac kin n o .

I ~ca ’a t t in-- t n t -  ~- r o ’ 1 r a a - f l  fin ds a teas li - a le sol it ion w hose t o t a l

rs _ l I a t a - a - r a - f  t a _ r o d uc t  t e r m s  is not o r n --n ,’ a te a  thara t he  a - a i ’ n . ions

“ u - p t t ’ c - a U’ fea sib le n a - I - i a _ i a - n, t i e  p r o - t r a m  p r i n t s  o u t  t he

I s - a - s  i b i s -  sol ~t t o r t  ~ c-d t O , - -  number of  c - t a - d uc t  t e r m s  in t he

I I -  a~~ i I l n  , :o1 ~~~~~~~ a - n t u i i l y  t h e  n r - -  a - r a m  eii a i ne r a tes  - i l l

i , - , a ’ a i U I r -  5n~~~ :a t j o i a s  ( i m p i  ic i t lv )  a - n a )  t h~’ las t  fe ,an ihlr -

ac- i Ut  i - a n  I o a ~~t - i i n  iii a - i - I  i a - u r n  no] It i- - n r a  I or t h ~ - a - a n t  a - ’ - : t

I a i r c - - t  i s ’ifl a’; •

‘I ’ a - - : j S . - r  s i l ly  a-~~ . - c - I  f i -  the i n i t i a l  t i c - i - s r - - c - i n - i  on tic--

s - a -  t~f a - i  a ’s lUC t  t e r m s  to  n v a l u e  ha- t h i n k s  is t - - a , n -, - n a h lv

l ,~~’ , i n a i d s - i  to  c -rune ‘ ‘ f t  ~iarn s ’ n nn —c - a - ti - n a is: netw o rk , ,

~ a I d  c - t t ’ s ’ r ; -’ i . : - -  H - I s - n - r a t s - - i  i - v t h e  p a - - n - i r a - n . T h i s  m a y

i s - a l  a c - s  - t a n  - corn pn i t ti t 1 Ofl i Pa - I I th is t un a n i  - - i  is n o t



a l p - c - I t  l a - c t  ti” n, pr ’a l t d l i I  w i l l  t a - k s ’ f t n , - u c - ) s s’ r  of  .i~~~ r j~~~~~~l

n- - i- a s_ ’iuC t n- n r f l a ’ t  i t :  t i t s ’- i i i ; -  a- a - a t  t h e  m i t  i a- i  a l a - t ’ a - t  hound .

: :OIIa - c - -  c-- - l- n t  t i e s~~~t l t ’ C  n r a --a - ra in c- c -un lee

b l o c k : ’ ;  tit a t I O t  a - -  a n t I  I n  1I - s ~~~ i a ’ . ‘ I f a -  a - c - ] n’ c - t  code - c c ~r t - i r s o

s n  f- l o ck s a - I  -~~t t a t as ;- - l a ’  c - s c - a c - - i  l i t  m a n  I i a r i ’ a a ’ ft c ’ p r a a a - a c

i n — - a a- -~ i t-a ~ ~~
- I n- d ce - -or’ 5 1 t . \ 1 i st  i t t  a- . - I H n- - m a -  a- ‘s n’ c-- a n

n,~t W ’ i 1  t ,a A pr - s - a - id i -. - \  -

—I . s_ ’ 5- —U :) a i n - a r - i t d - I a- t - - t - n ’ ;‘-t n n i’ a -ar

i On -n i n c - m a t  - 1 0 1  j , t a - t a - a r -’- - t i t t  t a t  in c - art t i l e  c - c u l l (’ I

- t -  t s i  fl ti t ’ a a- s - n - -n I - a ’ a - c - a  it  1 1 nc- na —

I - - 0 a 7  0 1 ’  - t n — a - -~t r a  r e t  a - i  ~

i ) - -~~ u 5 s ~ I i - -n ‘a a a’ - i ‘ i- t ~a t- i - na a—

- i i 1 -t m n a - l i t  I — - c-i t c-i —

- Pa - 0 1 a - m n — p a - i  a- - s  —

— 1 ti I i i _ a - ’  I — - . 5 ’  — “ -~- .1 a n - — ’ ’ a a - , — s — ’’ U ’c- c - a-  i a- ’

n - ’ a - r a , , a - s - :  ill t O n  t i r c - - t ’ - ”  -

‘t he ~~a - i a I  I t i n -  0 Ut-- -‘~~
(‘ - p ‘ s j I - NP • in : - .nnc t a - i  a- -

- a n ‘ p a a-’ I ii ‘ a s  - I a - - r a n :  -

- i - n c - n - I t a ’ c -0n - i ’ i t 1 5 a 1 t - a -~~~

‘ I I  - n ‘ - a s - I  - 1  t i is ’ i a - 5 : -  ‘ I — - S a I - - i , a -i - ‘ - , n i a a -  ‘ a m  t i ’ - n t a - c -  - - a l , ’

¶ - ,i a - n - -Ia-i-) - I - a ’  - - - n - n c  ~~
- - : n - e l i  ci  - - ‘ ‘ -t i - - l e s t  - S i  1 i t ’  I ha- I - ‘ a m a-

- - ~: 
- - r e n  In rae - I-ha- - I I i - n - n  i 5 - ‘ n a  In - S - - - -I- ~i ~ c- - , - r  S i a l ’ l  a-

I ‘ i a - a U ‘ - ‘ ‘ 
— I - n • — I - i t  ‘n — ‘I - — y ’  a’ I r j ri-a n _ i r - — n — n —  - 5 a  1 1 n - - a t  1:

5 , 1 1 1 , 1  1 s _ - n  - ‘ - ‘ ~~ a- $ nn _ ’ - a - a N I- -

- - _ _ _ _

~

,

~~~~ 

,~~~~ 
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H

Ih ’.i f i r s t  h~ eb a r a c re r s  a - a ’ a - s -a - j I v  which outnut unc t ions

s _ a c - c - t a - i n  I S n  t ’ r o d a c - -t 1 ,- i n  a n n a - C i a - t n - - a -  w i n - t i  t h i s  lit’,’ - in t he i r

O x c - renm ~’ 3 i o n - n  - l’ i - is  n - o c t  o f  t i c - -  s It  in e s i n st i t ut e s  an entr y

In  a ‘~a i - I - sO ’ T a t  
~c- a -~a ’ 5 fo r  I n c  jr-n- s _ nt I - r a t ;t . -

~ 
‘I’ ’ ira t i - n c-

1 — t n  :)o5~~~~ on , w h c - n t e  - I < ‘-i F , d s - r a - n I  - s t ha t  t O n -  n ra - d uc t
‘-S -‘ 

-

te rm is not, a la  t 1 -, - n - - x~~- r a -~~s ion f - s i ’ l it ’ i— t h  o utc - u t  fund :- ,aa t ,

a n d  - - I - :c’ no t - -s t raa - t  I l - a -  r’- r - ’- a a ~ - t  t e r m  is in t he

ex ;:s I O S S~~ O a - t S .  ‘a i l S  oti u l-, of each line co n ta in s  a s i n qie  ‘ 1 ’

SflCI ‘s _ r~~ I ‘ U ’ s.

i’t i s t  La-it aX c n a c a - c t - - - r : ;  :tc- eci  fy a oroduct term . A, ‘ U

in tOn: j — t h oo s it io n ’ ;, w t ’ ae re l+NP ~ ~ K ~ E+ Pa - -’ , imnl~~es t h a t

the fl — N F ) — t : ’a c - a ri a - n le in ths,’ cotnanl emented form apnear:t in

th p roduc t  ri :  a- nd -i ‘1 ’ imp i tes that t h -  v-a r ia t- le ap r-a-ars

in t h~,- a a n c o r n p lanai’ en tea  t o r t ;  in t I e  ~- roduc t ,  t e r m ,  a’ ‘ — ‘ in

tO ’-’ h — i a - .  p o s i t i o n ,  i m n - I i s n - - s  t H a t  I - s ’ (~ 
— t-/ 1 - ) — t h  v a r i a b l e  does

n-a t a a r , e a - r  a n  t h e  r a t e - I ; :c - t  t c - r m .

~ i n p : l t — t e L m i n ’a t a r >

T O -  I a - s t  1 i n s -  n- s f  a t / A a  is th e c - h a - r a c - t ,- r  s t r i r a - a -  ‘ s _ ) 9 9 ’

‘a / i t a I i i  1’ ;  $ a - -  a - a r c - s _ i r s _ na that tic -- -‘ n - i of funct ia - n

I i s _ a mì t i a - r i  ,n i  i a ; - - n t  h a - a - a  - s - e n  i

a-, am pi ’ - ‘ I n c - t a t ’ ’ i i 1 - a : ; t r  a t - -s a lA’T’ A~1 ~n : c - a I  f i le.



Is-

Ex a :tr tn- n ‘ I N PULP

C o n s i t l e r  Ho  C it p~~~ t u ’ c r  ion- ’ ;  c - f  Hir e v a r i a b l e s .

aa- s_ , ’I.\fl ‘ s I N t ’ ’ -

= a \ Y  + N Y ’  i ‘ - V

T hen f l ’\T - \ ali is c - so t  n a - a  a - s  f o il

f ‘~c - ’  —~‘a~~~~- , 

3

. I’ 1 ’

1 , 1 U 1 1 U  -:~~ ‘a- ’ 
~f i-’~

4 .  t’~
’—1 -- ‘

~~~
‘ o~’ a - ’ ’

cii . ’ 
~I - ‘ V ç~’

am - ‘3 1 (i -r ‘ - ‘ -at r- ~

7 - _ . i 1 i _ _ _  ;--~ : a- ’

a3 . 5 9 - a Inn~i ’

~- - r - m m n , -O ca r

1 . 3  m n t ” — r n r e t s _~ t i - - - a  o f  :-‘ - “ c - s’ ’-a - - a -  ‘ o t n a i t f  - I r m a - S
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tel S ‘-, ( ‘ , — ‘ I ( , ‘ a - : ’ : :1 r or I-~ -an nca t’ e r, ’ tal l - -~’ ,a - s e t i l  for
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t a t s t  \ F  c - ) , a - i ,’a c - t s ” r c -  is  s_” s a - ; ; t V a - l - ’ - n t  I n )  ~n ‘ 1 ’ , “c- re~l a a c - c  ¶ - r m
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a- To check  i t  c - i s _ a -  u n i o n  of t r o t  a- i  pr O - rt -a nt terms

~n equal  to i0-i i- cal ‘1 ’ -

N I - t n - , : C’ta - a - c k  s _ f  -i n -a’ - a a u n a - t a - - r n  a s  c-a- v - - n a - - i  h ’,’ a q a - v e n i is t

s_ if Prod  .ct Ia-ins.
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‘
i . F t c - ” Pa , oi- lems_ ; ~aa-,~ a ’a ai ”sis of r e s u l t s

p r o c r a ~ “ : t i N I ” ~ ‘s_ s i c - n- -n d to f i nns _ f a’ e a i r za a - ions of

a- ever~s _ l  t a - s t  s ingle arid s L l i t lp le Ou La- ut  s w i t c0 i n~ : r o:-
~lems.

S s _ a - : s _ s _ l t S  ~s _ r e  re c o c - d e d  in Table 2 .  For test a r r o b I - m - ’ a s ,

de t a i l s _ -ta func -t jc -n soecifications a- a - -n the corresoond ’-a-

solutions tou,a d aLe l i s t e d  in Appendix B. ~
- d e t a n - l e d

1 i s t i r g  on - the :‘aL at - a -  L’s_ ’im out na -ut for ta-st ia - robi n - an I , t he

7—aes_ irnent - ra n - c o d e r , 15 ic-aC t i d a -- i in ftj p - n n s_ ’ia x C for ret erenco

a-c- 0 Sa- :c- pie ou tp u t  of the program ‘~~a I - ~ I” .

‘ . 1  :05 I t s  o f  t es t  p c - a - h i - c - - m s

- s indi a C -‘id in Hble 2 , a-: r~~m ai realiz ations vc- re

to~ uci n - or so ‘ - - -n o f  t n t’  t - ,- a t  nra -n 1e ’at~’a ‘a nd the p r o c - r a m  n a i t a - - d

1Io- ,~cv c  r , t Ia ra  s _, Ls _ cm- r 1,-n -iL n s r a - a - i e m s  v n - a i C  Sto pc -a-- l rota e’-s_ - ,~Cut in-ra-

nt t a - no r a’ecs_ a - -a - - e i t  hr- a, t ha-  ~om n at i ofls obta  i ned v - - r e c-ood

“‘na- air , (‘he r , I I T : - -’- r  a - f  c - u t n -~~ i n  the ba -st solu tions n- n - ni - ta - a-

t n - nc - I a-’ ~ , a - ’ c H i n -  t a -  the c o r r , -n ‘in d i n - a -  lowe r  ~- c - u ta d )  ,

f a n - t a r  a - a t t ; c a - l I - i , i t : snsa -  I r a _a t  the n - n a s a - i t  m - -- - ‘- a l l  a e c a - i i a - e  a-

l i i i - - e X e s ’ s _ t  a - t a - i  $ a aa - i - ’ t o  i ’ a a l - n s v -  I r a  c-I, c - 0Ia -~ i c - - a t  1 s _’a’,a - rr , i  f - - a - ’

I r s s _ t - l c - ;i a - t  n - h - ” a n o i n t  I I  wa -S a t s _ - p a - n, - 1 . s s t Wa-’, ’ ’i , it THi n-c- I- 1 s t

a - - t n - - i  t h i n if i l l  I - h a - c - a -  t - ’ n ’ a t pr-n- i - i s - a c - s I t o ’  ~ - -r st at --n c-c-na -are

, “- H , t w s ,’ , i  t o rua n to c-o,’,Ha-t n - - na , op t l t nc-s l s olu t i o n s  v a - n a l - - be

I s_ i r a -  a-n - I -
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5. 4’ s_~~y s r s  ot a - e s a n i t s

j t r  is oov iO ua ;  tha t  the e f f i cie n cy  of  t h e  a i- ur it ha-s is

h ighly  pr- ,a c - - lem ds _ a er,dn!s _ a t .  The n c - i n - n i  e x e c u t i o n  t 1 a - i - r~ rr- inr n i t ’d

t o a,, c- i ‘ ‘a -  a- c - w i t c h  incn urob iem depends on the nurrbr’ r o a r t ou t

v a a i ,ac - ’- les is the pc - a - b lea t - , t he i’aa - a t r l, e-c  o f  o u t ’ a - ; t  func ” n- ions ,

and most  i:annc-,- r t ant , the s t a -’ uc t u r e  of I-hr n- t ic - n e i ac - p l i can t - n-t e ’

c-- na on Ic :  -

1\~~ the rs _ n m i - - n ’ r - r  of  input va r  i c - s _ t ies a a -’i .a t , nna- n c - T h e n’ of

a-na - t n - ut f ana - n ca ’s_ , ior ,n- in a pronlc’m in c - r ca - s - , t he  a - r o t — l a - r n  s c - a c e

hec-sa - : res i - a r c - e r  a- r is c - i  t l a e r c f o r e  the n- ’x e cu t  ion Ii - a- , - r’ esu u a r - , c-n

a rnolv e t h~ or o r - inc - n a is qe nr- nr all ’s_ -n increased . a- t -~- - , ’:t’r , dc - n c- to

t O n - -  not u rc-- 0 1  th s_ .’ n a t  a - anaL - - a n d — n  noa nd c - a - I -hod, n - On - - ac - ta - s t

i t a ,’O: t , n n- I cto r qov r- rni n - a - t h e  a ia- aou nt  of ox - a -c u t ia-a-a I int o-

r - - , - s_ta L- l r e - n na - I - - i a,aolta - - a- n r a - a - - i a - r n  j c -  the s t r - ,a c t u r e  o f t h e  rri ’~
s_’-

n-aS p i i c - an t s  a,an t I ,a- set at  O a , a - t a - i c it I , a n c t l a - n n s  in the- n - - n r a - a - c - l a - r n.

‘s _ f  a- c-nc p r i m e  l .a -t a-h o - a n n - s a- re s_ ’fen seI~’ qa t i a-- ro d  , ti’a - c - i t is ,

I— c e l l s  t - 1i r s _ a c a i l\ ’  s _ s _ r - - rs_ ea t at- n n ’- r a - o f  ama -nv o r i mc  irnc - ’~ i r ” i a - atta , t h e n

a- la - c - - p c -  n a-a-a r-cr or (i— -iou ic -a I’t l e c -  in ~ha- i a t e rm -~ ’a - aa t € c - a - s’n Hnt ion

ar - a - v C s ? a a - a c - 1 1c-i a~t i r O n -  s _ n d  a - i’ Ph:a n-a , ’ - I of t h e a - is a - o n — h r  a-n~ t he r e

r t- in s _ a - ay , ‘n - - s ’ s n j f l n l j v  - a - ,a -a - ;1 a - I t t - m a t i Vs ” -
~~ n\’ S of  r e t - a - v a n - a -  ~‘c - r r .

ía - rir a - n,, t I a-  1 i n—I an  o~ - t  I, - t i t in ’  i s - n i  I i 7 I t T  l a-f l  , n - - - ’ - a- I -~or j t ni ,1’ ~~~ t

‘ i a n - fl t a -  Ic- .n fl ’ / i a ) C - N rd  t’ - r - ’n n c h i r s _ q  i n s -i a -  s_ - s t  r , c - a-a I f l q  -t lri - ra- na - h a -~h

Cn -s f l 5 t j i i a - n ’  a- - ia - h  a - X n c i t  I c - s _ i a -  t i - T a ” . i f s _ i s  act s_ S ’ s _ n  i s -  a-I - ‘ a- r \ ’ c - i roar

t ’ - - a ; a i l t s rat ’ t n - s t  i- - i - a - i -- i - - ia - s ~ , 1 , -‘and S . a t - - - t - - f c i a - e , i t ( h ’ -

I a - - a - - I  - s _ o l -- I ~ - tr, ha-~- - n  l i r - i n -  a - t a - a - h - s - i  at  ( l — t a -’ a- m u  l e a -  -it t h e  “n d

s O  ‘i i : - -’ I o r I- l i - - a l - a - a - i a - t h a n, - f - n ’ s ’ x - c - a t  ion t i t n~c-- t h a - t  - - -

_ _ _ _
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pro gram taKes to a c- c - l y e the -‘-nroi’aien a -a -nd~ n - a - Lu i a i r g s _ - .

H o w ev e r , if I- he re  is ,n hi -c -  d i f f e r o n c s c -  in s i z - h-nt w c - -c-r

W c ’ pr a - f lea ns , t O n .- - pr- a -gram m a - - n - a_ i ke in - - n-a s time to sil’;.- -- n h-n -
a 

“ sainol icr ” e ro~~is :- ,a e t a -e n ~ f the r s j a a ’a f a . - r of () — ‘s_-ar iabies at t b - c -

enat of Phase 1 t o r  I-he ‘ s m c - a l t t : r ’ p ro r t i e na-  is i a r- ’ta s’-r  It- an t ha t

o~ n - r a n - -  ‘j a r s _ - n - a r ” p r ’oa - lem . Far a - - /’a c - n f l ] n - .  c o r s i d s _ - r  ‘ h - ’- re s - at~~I.c-

of  t a - c  t e s t  a- ; r o h i e c - s t  B a-nd lit -c - s those of  tes t  nc- rohio - . a ’ :

a -a - nd al .

‘ti so note tia c-a c a-i t.In ou-n h t t ’a ,’ t prohlo- -r 7 is -‘a

“ sma lle r ’ prot ’ r iean that ’  t es t  nr~ n r- l- ’-r’ 2 , v’-:t t “ a- ‘- a - -v a- a-c--

to  s r - i a  a’ t-c -c-- t a-’ ro r . le t n ’ . a s r n - a c - t a  sn :o r I-er r } a , r n - - n a n -  nec -d c - ta -  to

so ic t,- n- -st nc - ro b l t -a - a r  7 . F I t s is a- r- e -c .’a a ,as e ta - t o-- a - - r i - r e  j a r s h j c - n ’ a n ” s

of :‘nrc k’- ’j e m 2 ar e s c a t t u c - r o s i  a t - a d a - c - h e r e  is  --‘ a - m v  l It t l e  c-h -a r c - f l s _ a -

o f  t e a - m s  hn-- t~~- s ’ -s ’-n o u t i  ut f - ,a - n c a -, a - a - a - a s .  ‘T ’h-c - - r s~ fc i rc-  tn-’ e l a s t  s t e p

on - Pta -a - sc- i a~n o h i - n o cut t a - n a a - t u r f - e r  of ()— ‘c - a:ia - i’l - c -s in

L U—i T A a r- n - s Bl - nfnn- ~ . - to -- . So v - - a - v 1 a n 1- ’- a _ 3 f l C t
~~~5s _ a - a c - -a

f t a - ’c-~a t a c - i - i n - i - ’t n~ a - - s - - a - ’ ;  to  - - - a - c - a - n e  t a -  S o s _ y e  a - t C  a- c - a- na - blea t ’ . a- c - n

otlnsa - a- a c- in- n - , If - -  pn i t t -  i ’tapl i c - ar t n- os _ t o -st on- c -b ie r 7 is

d ‘ - c -~s- - - / - a - , i  0- - r - ti . “u’I ’ -- n a-a e a: :  a l o t  I ~‘ In - a t  ‘i a - a-a -of I — :-e T i  n-c-

- s ’ t w s - s t f l  t~ a- - - a - a t  n - - a t  ‘ - a r ,  ‘ t . j s _ ’n f l c - .  T1 a s  r e s u l t s  ia - a a lot ’  -s_a l

b r - a a - a c a - a i a - i i  - i a-~- -a r - a c K t , r a a - ~~1nn 1 in  i h o s a -  ? .  T’ a ’- r s - f o r n - -  n~I , - a - a t~ --

p r o  a - i  -isa- “ 
~
- ‘ I -- w a  ~t i i a - - - t ’i t a- ns a- 1 vt- n t n - ’ ’ t a- ,s a -  a - i - I  - ‘- a  7 , I- a- an f a a - ’

2 - -n a- nc- i t - - a-a a- a - i - a t  i 1 1 - I 0 m a - i t f t  ‘i i t  a - n  a h a -  - i t -i i’, —  a-c I ca- n- c- - - —

Tn - i c-a -a - I I a a - t n - a -  a t  s_ -n -a t I a - c - a I- I - f  s - n  a - f  a- c-ct U a- ’ - - c-c- a- he a- r a ire i na - u i i c- ira t a-ta

cat  ‘a n - r a I ls - -na i-a -a Ic - : a - a tn ri,t ia - c -,-a- I ‘tc t ’c -- a-n I- h’— r - c r f -’r -ms _ a - ncs ” a - f

‘s_ a- ‘i 1 - i a -  r i t  Ia - s _ ia .



,-
‘
~~~ s_ - n - O c r  in a - c -’a r ta a- -s _ t  f a - a t  is tha t  if t h e  i n i t ia l  input’

sp n- - c : .  I c- s t  iora of  c-a t es t  proh] , et ma is v e r y  qood , i . c - . near

a-a- a t I. i nu a ’aa- , ia- no t a e  a - n- i’s_ a t - n  im a-i1 ic - a n t s  of  a-, he pr oblem a re  de nsc - ly

qat herea l , a - a - in f i f e  c a s e  of tes t  problem 5 , t Ie  a - r o g r a m  ma-v

tLI a-i tar an c x t r e a i a c- iy long t ime a-n c-I s t il l  not he a- f i l e  I s _ a -  f ind

any b e t te r  s o l a t i s ’ ’ c - han the o r ih i s si  inc- ut .  This j o- -

b eca u se the i a - a - c - a t t  s_ a - ’ia -y a l ready  a-c an opt imum r e a liz a t i o n .

Y e t , c - ho- c - c - cs _ c - ra m 4 - a - i a -  stil l na- ave t~. t r y  bra - nc - c - an - n c - i on al l

tho~~a- t ’ a t -.- r - ,r-.- J  n - - a t a sal c - n c - j -~a-n~ n--n j t h 3 Ina ~W -.~ n- n a - n a - e r of c-at ,. a-

t han ‘“ 0 t nit  ia- I  x a r e s s i - ,-s_ n w h a i e  s -c-- c - a r c h i n q  for  an oa - c - t isa - a- na-a

-aol -,at on , -an- v e r i f y  c - 1~a s _~ t t he  input is an or,- nt imu n ia  solu tIon.

T n- is o r o c - :- a - r e  r e n a - i t s  ic - n a l nrqe  amount of  e x e c u t i o n  t a - i t o -

es na- c - : -a l i ’ :  .~c- i -oa t h a -  nu n- a - n- n o f  ( i— v a r i a b le s  ,‘a t  t h e  end oa-

Pins_i c-ni 1 rot c - ha - u -  o c - - t b l e m  is i~j i.~c .  This pr ope r ty  is

II l u s t : a a -  - a n- - v  a faa -  s _ a - S - s _ I n - S  a - f  t e a t  o s _ o n - c - l e a - i  5 .

I an ,a l I y ,  a- a- ’ ,- a - r n - t v  u a - a J ’ -a -  I a ir’ hn , c - a -~ in-’a : “ Deot h a~) t  T r e e

of  ~ cn la i~~ior ” a n dy  r c a - n i c e  f u n - t I n-nc- n e x n T a n n a t’ iorn . T a - ’- .’- en t ry  in

t, f a - a -~~ c a l na - nra far -c-ac-h tes t  n r a - a - - i c -tn j ’ c - a - a - 1 C i n - nc - S  n - b c - a n- a- f c - r n - a r t  ta ng

f r o m  t he int r r r m e ’ i t a t e  a - n - I t t  i c - a - a - n r,, in-’-r a-a- , - ‘ - - t i ns -ad n - r o t a -  Ph-a .a-e 1 ,

- a l l  a s _ i’ i nc- b a - i n  a - s  ( a - j t i -’ s - r  s i n 1 - t  i a - i - a -  ‘ ‘ a - r n ’ f l t t ’a s ’ S e s  f r o m

( i — v a r  i - a - - U - s  a - t i  I j s t  i a - n - ;  ( ) — v a r i , s a - - l a - s )  ha v e  been n - s i~~ct~~d

- t a -  t n i c - a -  I : , t I .~ c - a - I - m t  i n - a -  c -a n a- -a - r~,-ac ’a - .-d f r o m  I n c  a - n i t  ial

T _ I S _ i - an  s _ - x j c t~lv  t a n  t u ’ n , u n r~~1n - , i nin th-er o f  - r a n c l a i n g s .

_ _ _  ‘- - -- --  ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ —~~——
- .  - -



6 .  h-c - - a- nc ii:

Tte a - b ar i la -  d i s - o a - j s c - - ’ -~ above is an e n t i r e]  v ne~-

an-p- r oach  t ,n sa ~i v a -  a - u  r h - n - -  na - ro l l-c - a rt o r — r a - n j m n z i r a - - a -  ~‘ - ~- a -  t e - -n- -c-- i

r \ D — 0 1  t a t i l t n — o a - i t p u t  s- ,~ it- :in i -; t u n a - t a - s i r -  r a - a l c - z a t i o n : .

“- n-~-— e f f r c a a - n s c - - ’ of  “‘no a l - c o r i t h ra - r  is hiaI ’ly a--c - a -- poLes ’

d--rc -~’-o :i -a -a l . ‘Fh e . -’ a l ’a - or  i~’hm wo r k s  na - rI - ic- - s _ I a - n v ni I nor

o r a - h ie r s  w i t h  s c a - t t ’s c - r a -d on ’ime i- ra - t l~~c.a ’a - t s .  T hus a t  a-~ 
a - - a rc

t o der jvc a - n .  ~~ac- n ’ , - i  t i c :  c a r r e i a t  ia - nt  hs ”ii - ja -a-’ a-t n r c

t itan--n needed ta-a s o l v e  a n- ran - a - lear  and ~he s i z a -  o f  t n - c  n- r e f - ic -a r - .

6 . 1  “me of t a - c  - a - i a - c - a  i n - c ,~

‘c-n a t  t i - a - c - t i  s_ ’ i~ 
p at- i ia-I -ar noac t tO is a l - a - o r  i khcr is t h a t  :af :-‘-- r

-a- ‘sr  j a-sf n - - x c - - c t a - t a - -~ a -t t i-ne a - f  c a n  n - f r a -  ‘a a’ n- - c - s o na a h l ;  11 z ’h t

a c -j O n -  a -a - t o -  n a y - n  a - f  na~~~a- ’-a -r-’-n - n - a a - r c - n’i “ a- r- ’ — c t I a - ’~r- -~~ ci’c - ec - a - sc- n

c-~ n - t a - ’  cc- ut f’ n- in ,-~- j oa - -,s .  ‘ t- - n r a - f ’ a r~— , w - - - re- icr a s a t i~~f a - a - t -’ a- - v

s o ; . a - a- n ‘ r o t  f l r c E ” S s a a -  n - i c - ’  o - a t i r n a a a a ) a - c  faa - c-a- a - nra - s a t f ’ a a- n a - a - e r  o f

-~ a t - .- a - n - ‘ l a - c - s  t o  t O - ’ - - ni-’ a-’ Ira-a- a- a - n - I , :a- ’- na - r an -- a - r a n  oa- i  - a-

r I o~ 1 - n-i 1 i t  - r  “ a - a t’ t f a ” —  ma ia -a s _ c - i  a cc t i vs a I a - n a a- ag c-a a- s

i i n - j o r i t F  . T a - a  p a r r  a c - a l - a r’ , a t  Iii - -- h i - - n - a - t a - y e  i tt ’ 
i a - 5 j ’ a - a- r h a - s

‘ a - , ] n n n i t h , a - ’  a-~ I i a s_ a- in j ’a--a - -_ c - - -  n- l a - - -  n - J r r a - -- c ’-- r au ’ t h a n  r es _ au i - n- si “ 0

i - - c - l a - ; - -  a s _ a - a c - - n  ar- n- a - f can - nu t f u n c t i - - n s , t a - - - f o I i s _ c - -~.~- a - a - a - a

s a - r a l  - n a - n  an i a - s  c - n - - - a - c a - 3 no -‘c - f  n a -c- t hu ” n a - a - - a - a -  c - ar . 

-- -- -~~ - - -~~~~~~ -- - -~~~~----- -~~~~~~~~~~~ --- -- - - - —----~ ----~~ -- - ‘--—---~~~~--- --
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c i -  n- io n  ia- c- o - n -  a- a- ;,; rn-ri that- prOqr aa ia -

Let c- Ic-ni a - i l a s , e s _  ot’ -tn-n i’) -~ ii c -ni-- n - v a - i  i a- h it,- a - a -i Pht , be P.

Let n- ha -  ia -~ - -  c- n-a-, s_ ’iad In- a - a nd ,,s_ t t h e ,- ~- a - ahi o a -  Pa - c - s _ s c-  I o n -  ta- n-c

c-a- I o n - i  n- ba i t  I’-- L a - c - s _ f l - N - -

Let c - f , - ‘ a - - a - s _ s _ L a - n -  a - f  a - s _ - i c c -  in a- l e a - a - i f  le ~~ s l  a - n - ion fo n - a -n ’n nv

t n - c -  a- I ’ a - O a -  a t a-n c- I-c - . -

a - ” L a- - i P c - c -~~ t

- n 
e lse  C- -ha -F -

-s .2  P - t a - s ’t a ’j i -  a - n - i ; c - r o v e t ac- rntn  - a - f  t n- c ~1 a - c r  i n - hsTa -

It is c - aa -’a f u r t s _ a - r i j te t h a t , t i c - c - c  have  a-sa t a- a-c - n - n  r :r’a

~- L - .’s _ s _c - r a - a -’aa -  ~, L ’ c - t c - - a~s_ t a - c  s _ i n l ; n a i ,n t n a- r n - a I r 1 - - c a i n - c - n t  f u n . ’ c - a O n s .

l n n - - r s _ c - n o r a t  a- ca -’a - a - c - ,b dc- ,a - n - a -  c a n  n - n - - a - a - ,  n- s _ O s ’ a- t c - n -  L a - a -  , a e  t a - c -

c - n -, I a - t i - i-, a-ri , ’ n - t a u n - aa - a - a ’ r s a -  o n  tha- a- t’- s _ s _ i i r a - n - ‘ M I h I ’ . N - a w n - e r ,

im n - ;r c v-c - ara ni n tc - :n ~‘ i c c - u t  i t - a - a -  t a l e  Ca - fl a --. t~~ i i i t - - l ’ c- c - I - n - n i ne s _ a - if

L b n a - -  c - i  ) - I r - t a - Ila- i a - ,  c - -- ec - a - l a - a  c - c - s - - i n - - a - v  I a - a t s _ a - a a - a - - a - e  a - c - s _ i r a n  ta-rn a-a - t in:

a- - a r - j t -  s,’ s a i j  - c - at - - r

i-ha a- t , t s _ s r i ; a t a a a -  - a - v s - i a - a s _ a t  s _ i l  n - h -  a - I - i a - i’ i t  ta - a - a - - ‘i ’s _ v  - s -a - a - a- s _ a - n  i f

Sc - a - na - s c -  - - t  t s _ s i  f a t - i a- a - s t  a - c a-’ s _ c - a - a - c -  I s _ a -  I , c - a i n - 1 T - ’ I - n a ‘i s _ a - - a - s c -a- i in t - u ’ ‘ a-

na - a -  a a - - t t s ’r u t - - I  s _ a - a l  i c - k s - a  itt a - fi nu ~s t a - i  S s _ j I V C  t a - ne ‘ c - s _ a t ri o - a ”

a- i - I -  I , ‘ nr  ~r a- m s _ n a - a s _ i

- 
-‘ ‘—--~~~~-- -~~~~~~~~~-- - _ _ _ _ _ _ _ _
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a-c-

n t’ i t -  - i a - r — - a- - a-’ -c- - ‘a - - a - a - a - ,  , a- c - a - a- s _ n i a- - ‘ - ‘

- an- a- c c - u - a - r i a - - f ;  a- c~ a- a’ i v  ra- - -  ‘ Ha- i r a -  t n - - a - ‘a- - sad a ‘a- - a- c-n a- a - t ’a - c - a - n - I -

n - L a -  a - i n t l  J — n - ’ c - t  n a - - f l - ‘ a -  .~~~ . a a - n a l f l i ,a n - ~- r . - a- is  -a - an n-

i n, a- c- a - a - - C t t ) a-’ f’ a- - - 4, ’ t ,~ a- a- a- ’ a - a - a -  — ‘ r n a - ’ t a -  a- a-- - -~

v c - r n - s _’, I - T s _ a a-a s _ i a - i  t n - n i t n  a - a -  t . i  a- a- a r  I ‘ a - ‘ c - a -  i a - a - n i - -a t a- -

- ‘ a - a - a - a - a - ’  at s _ c - , . I a- c a - c - a - at  - n -  n~ a - a - J . - - a-  a - I  ~, a- - - - 

ante i _ ut ’s _ i a -  n- e r a - i  - c -  L ’ S  l a - i a -’ ~~ — n - - a - t i a b ] e  - ‘ i n n -  a- a - _ a - c - c -  ~~~~ ~~~-

a- s _ a -  -I s _ - s _ c - .

-‘-. 1  ‘0 aun c - l a - - - n a t  m a - i a - al ‘ s_ a - f  - — i s _ a - a - tS c - a - i a - )  a- , - - s_ ’ ’ - - a

a - a - t a - s t, ’ a- ‘ ia - n s a- - s _ f l  a - a - I n- i s -  —
. ‘-c- - a - ‘ - - a -  I s_ - n a - T a -  - ,  a n  n a t -  a- - -a - :

I - — c - a t . ~a- c-c- na - a - t v  -— a - ’ a - a - a -  a - s i n ] ,  itt n, ’ nc- a- a - ]  a- 1 -  - n - n I -s_ -a - - a -  t a -  c - -, n- i

a - n l n a - : a - u r s _  t a - - n t  u — I  ‘ 1 ’  t a - a n - a- 1 - a -  sac -n - ’ -  a- a - a - a - n c - I t --c - n t n , c -  a- ’ - ’ L~~, ’ --

a - - n - s _ i a - i a - - a -  ‘inc~ -

- c - - 
I - I’ in -’- , ‘ - - - - 

- - — i- i a - a - n  I - - c i a -  I a -  ‘ a- a- a -a ---

‘ - u ’  a 7 a - ’ t s _ a -  - 

~~~~~~ - - ~~i t a - - .! , a- T a -  ‘ n - a - c - a- ’

at ~ _/ a- t - l a - a  a- a - c - .~ a - -a -  -a - a - a - - - -~- -v - • , c -a - a- a - : a — a - n v ’  - - 
-_ ‘ , i  a-’ — a-

‘ ‘ - ‘t a- t - - I- - -  - l a - t a - a -  i t , a t a -  a- a ’ - ’ , - t a - c - - n - - a- “ - s - ‘ s l ’ _ ’ - ’ : - i’ s_ ’ f l s ” ;c-c- a-c- aa- - 5 a - —

- -  a - a t  a N ‘ ‘a - ’ c- -a - ‘a- ‘‘ a- ‘ a a- n - c - ’  - a- - — 
. ~‘h a c-a - ‘ii - a - -  - a- a- a- - 

- a- Is ’a - - s_i a 1 1 a- - - -

1 - a - - ant 1 — s - ‘ 1 - — c- - ‘ s - t a -  t ’ — I a - i ‘‘ a - u i ‘-~~_ ‘ - — -~ I? , : ‘ ‘ - —

- - - - r l s  - n, - a- t , - - - I a- - 
- — - _ a -  - a - - I - - s _ ia - I s’ -a - a - 1 s _ I ‘a -~~y - - ‘ a- -

- - - - - a- I a- a- - - 
- 

I - a - a -  - 
- I a - I ’  c-~ ~ 

, - a- p m s _ a -  a - - i , a -  - - I - a- - -

- I a- - : — I - . - . -
- , - t I - - a n  - n - _ 1 n, - - - I i a - a -  I I t t  - s _ a - - a -_ i - I

r a t  - a - - - : .

_ _ _ _ _ _ _ _ _ _ _  
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