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) Introduction

¥ pDue to the increasing use of PLAcs (Programmable Logic
Arrays) in 1logic design, an efficient algorithm which
performs multiple-output AND-OR logic minimization 1S

desired.

e

Quine-McCluskey (OM) logic minimization has been known
for some “:1nc'”{1} It can provide AND-OR structures with a
minimum number ©f gates, and secondarily, gate inputs.
Unfortunately, fhe OM method is generally practical onlv for
small numbers of inputs (under 1@) and outputs (under 6).
The enormous size of the multivle outpbut prime implicant
covering table used in this method for large problems makes
it too expensive to be implemented.

\ Other known algorithms either have similar complexitv

N\
N\

or xovide only ‘cood", but not necessarily optimum
‘\\ v 3 ¥ 2 A 1
s~1u1xnns.h,w39ﬁeLq;v]ﬂ new AND-OR minimization algoritnm
=5
for logic problems with up to 16 inputs and 8 outputs
(standard limitations of PLAs available at bpresent) is
needed. The algorithm should be particularly effective for
problems which require no more than 48 to 5@ oroduct terms

In an optimum realization.

In this report, such an algorithm is formulated which

trives to achlieve an AND-ORP realization with the smallest
number of AND gatesg,.without regard to the number of inout
connections er AND gyate or the number of 1nput connections

\




per OR gate. This gc
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al fd~rives directly from the fact tha
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the PLA structure. The basic structure of Ehi

was originally suggested to the author by E. S
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2. Description of the algorithm

The AND-OR minimization algorithm discussed here 1is a
branch-and-bound algorithm which makes a series of locally
optimum decisions using the concepts of switching theory to
derive a first solution. After finding the first solution,
it backtracks to consider alternative decisions, modifying
gate inputs and successively improving the solution. If run
to completion, the algorithm finds a minimum gate solution.
At each point the maximum improvement oObtainable from

continuing to run the algorithm is known.

The algorithm starts by choosing, heuristically, one
minterm (l-cell) from one function of the given set of
output functions. The smallest cube 1is found which covers
this minterm and all its neighbour minterms in the selected
function. Note that this cube may cover some #@-cells of
that function. All the minterms inside this cube are said
to be covered or potentially covered. This cube 1is also
potentially useful for other functions in the set which
contains the selected minterm. Minterms of such functions
which are incside the cube are also said to be potentially
covercd. The cube is then entered into an (initially emotv)
it called LISTA. Then another minterm which is not
covered or notentially covered by cubes in LISTA is chosen
and the ©nrocess is tepeated until each minterm of each
outovut function is covered or potentially covered by some

cube in LISTA. The resulting set of cubes in LISTA can be
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1 () f e bl Y N o f the tout
functions Dy shrinking the cubes, adding minterrs Ar 1
to their ¢ r )T product ressions, add ing
ir ther c s when intern becon i red, until all
l1-cells of the given set f 10ns are covered i
111 the 8-cells in the et JISTA are el
Different "hoices of variables for =1 b
orrespond to differe f sible realizations of the tpu t
functions. A branch-and-bound method is us 50t 311
possible¢ realizations in be examined nlicitly. Mhat 1s;
instead of f j all feasible 1 1ons, the lgorithn
only continues to levelor a lass of lutions i

realization.

A form ription of the algo t DI
the followina ~tions.
1 v 1 Y ¥ "
Lk Prel ry bDerfrinitlioh
Definittion (Term)
p p : A ) -
v tern ] a ogical product v OT1e ' nore rariables
ome of whicn n vy be complemented 1 1 1O Me O whict nay
enclosed in parentt 88y )




Definizion (Maximum and Minimum Cube of a Term)

The maximum cube of a term is the set of all cells
covered by the term 1if all parenthesized variables were
deleted from the term. The minimum cube of a term 1s the

set of all cells covered by the term if all parenthesized

n

variables are replaced by the ame variables without

parentheses.

Definition (Partial Solution)

A nmartial solution 1s a set of terms each of which is
assigned to a single function in the given set of functions
to be realized. The minimum cube of each term must include
only 1l-cells of its assigned functions. For each term, if
any (single) parenthesized variable was deleted from the
term, the minimum cube of the resulting term would include

only l-cells of its assigned function.

example, consider the function

1
@}
e

i, pr 2l o= 2 00, 4, 6,7 131 5)
The terim w'(x')v'(z') could be assigned to f in a wvartial
splution since its minimum cube, (A), and the minimum cubes
ol wi(x yy" ., (@), and’ wiy*{z'), (@,4), contain only

l-cells of £. Note that it is not required that the maximum

cube of the term, (9,1,4,5) corresponding to w'y', contain
only 1l-cells of f and in fact in this case, (5) is a f-cell

(o s A 8 For this term assigned to £, w' and v' may not be

parenthesized since (8) and (2) are not l-cells of f.




covers its maximum cube. For example: v'(x")y'(z') cover

w'x'v'z' and potentially covers w'y'.

Definition (Useful and Potentially Useful)

term 1 useful for a function if the cells covered
1t | X i 1 l-cell or % function. A ter
)t ¢ f1 I function 1f the ell er
et 1 mul ¢ re l-cell of the function.
I \ ( | , W 1G0T W ] to KNOow
t T R e | fo iunction f in er cel (9 f
course w'x'yv'z' i } ter ! the restrictior )
parenthesi z¢ variable { terms a 1igned to f, we know that
w'x'y } wl'y'lz! ! &l terme ) well. Ihe ern
Ul { I { 1 1 q"lv I ithe 1zZzed 7Aar bl 1
lelet ing x ( 101 1 1theses., rn resultinag fro
leleting " r more parenthesized variables are suc ter
1f they may I 131 RS 1t r partial lntion I this
e XAl e, w'y' 1 not ch a term ince (5) 1s not a l-cell
Of {
In the jorithm to follow, terms are created for the
1L DO S y £ ‘over ing ) | ] 1 function, the minterm
tepresenting the selected l-cell 1 construcied and 111
ir1ables 1 thoe interm which he parenthesized, while

preserving a igqnabillity to £, are written in parenthes:




As the algorithm proceeds, parenthesized wvariables and
parentheses are deleted from terms, Nhen 1 parenthesized
variable 1¢ deleted from 1 term, thereby expanding its
minimum cube, parentheses around other variables may have to
be deleted from the term, thereby shrinking its maximum
cube. In our example, 1f either parenthesized variable 1N
w'ix')y'tz*) ] ¢ leleted, the remaining pair of parentheses
nust hbe i‘l'(~ 1 i \m-l ¥ tO vre erve { P 3 ranmen t of the
term O K

Useful terms remain useful no matter which parenthese
or parenthesized variables are deleted. Potentially useful
terms which are not useful become useful if certain
parentheses are deleted. They may become not potentially
useful and not useful 1f certain parenthesized variables are
deleted. Note that there is no difference between useful
and potentialls useful L the term does not have any
varenthesized variables, In that case, the maximum cube of
the term 1is the same as the minimum cube of the term.
Definition ('ncovered Cell)

A l-cell of a function is said to be uncovered 1in a

partial solution it it is neither covered nor votentially

covered by iny  tern in the partial solution

potentially useful tor that function.

that

is




Definition (Transformation of a Term)

A term, Tl, is a transformation of a term, y f T1
can be obtained fron r'2 ) eleting n¢ 1t ) f

parentheses and some set of nmarenthesized variables rom T2.

Definition (Intermediate Solution)

An intermediate solution is a partial solution in whict

no l-cell of any function is uncovered.

Definition (Feasible Solution)

An intermediate solution is a feasible solution 1f no
term 1n the intermediate solution contains any parenthesized

\

Definition (Potentially Redundant)

ter ) i r liate lution < sald he
ntiall redundant 1f the deletion of the ter tro the

P 4 )y 16 ©f Y A 3
in runediat olution woul not generate any uncovered cells

for any output functions.

Definition (Tabl of Usefuln )
The table of usefulnpess is a tabl for partial solution
which shows for each tfunction the terms which are 1seful and

those which are potentially useful.
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.2 Basic

process of the algorithm

All outout functions to be realized are 1input to the

algorithm

as sum of products expressions. The number of

distinct product terms in these expressions 1s an upper

bound, UP
optimum so
same or

the orgina

The &
of a mul
the descri

and ()-var

2.2.1 Phas

BOUND, on the number of product terms in the
lution. Any other feasible solutions with the
hicher number of product terms are no better than

1 input and therefore are of no interest.

lgorithm for finding an optimum AND-OR realization
tiple output function consists of two phases. 1In
ption below, ()'s is used to denote "parentheses"

iable is used to denote "parenthesized variable."

e 1 of the algorithm

Phase

terms and

to the par

in Filgure

1 begins with a partial solution containing no
oroduces an intermediate solution by addinag terms
tial solution. A flow chart of Phase 1 is shown

LE
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1:- begins by choosing a product term from the input
expression for some function and selects an uncovered
minterm (l-cell) in this product term using the Selection
Criterion for a Minterm 1in a Product Term (SCMPT), which
will be discussed later. For our purposes, SCMPT may be
assumed to select an arbitrary uncovered cell. Then the
directions in which this minterm can be expanded (to cover
two minterms of the function) are determined. Variables of
the minterm corresponding to these expandable directions
become ()-variables in the term and the term is added to the
set of terms of the partial solution. By repeating this
process until no minterms of any function are uncovered, the
orginal set of terms 1is augmented to an intermediate
solution with the characteristics outlined above. Just
before the exit of Phase 1 to Phase 2 the intermediate
solution may be modified by expanding some terms. A term is
expanded if and only if for each function for which the term
is potentially wuseful or useful, its maximum cube contains
only l-cells of that function. Then its entry in the table
of wusefulness 1is not changed by deleting all ()-variables.
In this case, all ()-variables are deleted so that the term
may cover 111 the cells of its maximum cube. This step
allows the cube to grow to 1its wmaximum extent without
nrecluding consideration of any optimum solution and simply

makes the algorithm more efficient.




It is important to note that the maximum cubes of the

terms might contain some (-cells.

For example, consider the function

f(w,x,y) = w'y + w'xy' =3 (1,2,3)

Let the minterm chosen from the first inout term be
W XN, i.e. cell (3), then the term obtained is w' (x) (vy)
which covers (3) but opotentially covers (9,1,2,3) Note
that minterm (9) is not in f. The significance of the term

w'(x) (y) is that every sum of products form for f must cover

minterm (3) with a term which 1is a transformation of
w'(x)(y). However, not all transformations of w'(x)(v) need
be allowed. FEach time a ()-variable 1s deleted, the other

()-variables must be re-evaluated to see if their ()'s

pos

be removed.

—

n this case the allowable transformations of

w'(x)(y) with no ()-variables are w'x, w'y arnd w'xv. The
remaining possible transformation, w°', is not allowed.
Since there are no uncovered cells of £ once the term

w'(x)(y) is in the list, w'({x)({y) is an intermediate

,
solution and no further minterms are selected.

Theorem 1 states an important proverty of the
intermediate solution produced by Phase 1. 1In orde to

prove it, however, we need some definitions and opreliminarv

results.




Definition (Implicant)

An imolicant of a function f 1s

()-variables)

Definition (Proper Transforim)

ol

For a LISTA

a product term

term, T, generated

(with no

which covers only l-cells of the function.

for minterm M of

function f (i.e. generated just after minterm M of function
g selected), the proper transforms of T are those
transforms of T which are implicants of f.

Note that the provrer transforms of T, generated for M
of f, all cover the minimum cube of T. After Phase 1, i.e.
before Phase 2, the minimum cube of T 1s M (unless T 1is
expanded | the last step of Phase 1). If expansion of T
occurs, let T represent the term before expansion and LISTA

represent the set »f terms in the
before expansion. The expansion step
the end of the discussion of Phase 2.

intermediate solution

will be Jjustified at




If T is a LISTA term generated for M of f during Phase

1, every implicant of f which covers M is a proper transform

Off R

Proof :

Let I be an implicant of f which covers M, Anv
variable which appears complemented or uncomplemented in I
must appear complemented or uncomplemented, respectivelv, in

1 ™

M and hence likewise in T, otherwise I would not cover M.
For any variable which does not appear in I at all, the cell
adjacent to M found by complementing that variable in the
expression for M must be a l=cell of f, since it is covered

m

by T, Hence must contain that variable as a ()-variable.

Thus there is a transformation of T which eauals

o
~h

namely that transformation ( T which deletes all

()-variables which do not appear in I and deletes all other

[ L e This transformation is a proper transformation since
it is an implicant f f ind contains no ()=-variables.
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If T is a LISTA term generated for M of f during Phase
Ly no implicant of £ which covers M 1S a Droper

transformation of any LISTA term except T.

Proof:

Suppose T1 is a LISTA term generated for Ml of g and
some 1implicant, I, of f which covers M is a transformation,
Bl of « B, we will show that ¢t1 1is not a proper

transformation of TI1.

Since all transformations of Tl cover M1 and tl eaquals
I, then I must cover Ml. Thus M1 must be a l-cell of f.
Therefore T1, whose minimum cube 1is M1, is potentially
useful for ) Furthermore, since tl1 covers M, Tl
potentially covers M. Now M of f could not have been
selected 1n Phase 1 if M1 of g had been selected first,
since T1 in LISTA would not leave M of f uncovered. Thus Ml
of g must have been selected after M of f. However, since T
must be a proper transform of T, T potentially covers Ml.
Now T must not be potentially useful for g, otherwise M1 of
g could not be selected after T is in LISTA. Therefore M,
the minimum cube of T, must be a @-cell of g. Since t1l

covers M, tl is not a proper transformation of Tl. O.E.D.




Theorem 1 :

Given LiSTA produced by Phase 1 for a set of functions
and an arbitrary sum of products expression for ea~h
function in the set, there is some proper transformation of
each LISTA term which appears in the sum of products

expressions and these terms are distinct.

Proof:

Each term in LISTA is generated for some minterm of
some function. Let T in LISTA be generated for M of f. In
any sum of products expression for f, there must be at

one term which covers M. Let I be an arbitrary one of these

terms. By Lemma 1, I is a proper transformation of T. Ry

3]

Lemma 2, 1 1s not a proper transformation of anv other ILISTA
term. Similarly there is some proper transformation of eack
LISTA term which equals some expression term and each of
these expression terms 1is logicallv distinct from *he

others. 0.8 D,

By Theorem 1, the terms of every set of sum of products
expressions for a set of functions can be constructed as an
appropriate transformation for each LISTA term produced by

Phase 1 and possibly some added terms.
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Corollary 1 :

The cardinality of LISTA after Phase 1 is less than or
equal to the number of terms in any set of sum of oproducts

expressions for the set of functions input to Phase 1.

Proof:

Follows immediately from Theorem 1. Q.E.D.

Therefore, at the end of Phase 1 a lower bound, LBOUND
= cardinality of LISTA, and an upper bound, UPBOUND = number
of distinct terms in the input expressions, are established

for the number of terms in an optimum solution.

2.2.2 Phase 2 of the algorithm

Phase 2 examines the intermediate solution obtained
from Phase 1 and proceeds to find a succession of feasible
solutions, each with fewer terms than the previous feasible
solution. Phase 2 will halt and upon balting, the last
feasible solution found has the minimum number of terms
among all feasible solutions of the problem. The flow chart

of Phase 2 is presented in Fiqure 2.
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A ()-variable is arbitrarily chosen from a term in the
intermediate solution and a 2-way branch is verformed. One
of the branches corresponds to removing the ()-variable from
the term. This is equivalent to retaining the maximum cube
of the term but doubling the size of the minimum cube with
respect to the ()-variable. The other branch corresponds to
removing the ()'s from the variable. This is eguivalent to
reducing the maximum cube of the term by a half with respect

to the ()-variable while the minimum cube remains the same.

Both branches have the effect of reducing the number of
()-variables 1in the term, a procedure which will eventuallv
transform the chosen term into a legitimate product term of
the given output functions. Since both branches
(transformations) may uncover some l-cells, subroutines of

Phase 1 must be called to check :

(1) If the rest of the ()-variables in the term are
still wvalid. 1If not, ()'s may have to be removed from some

()-variables of the term.

(2) If all l-cells of the given set of output functions
are still potentially covered by the terms in each of the
two transformed lists of LISTA. 1If not, approoriate terms
must be added to the two lists respectively to cover the

uncovered l-cells.




Step (1) arises when the minimum cube O f a teln

f-cells of the function, ()'s must be removed {roi ¢
() ~variables: whicl 10 not correspond t Y oexpan
direction of cthe new minimu cube (even though t he
COrre pond O 1] exnandab e« i1« t n ' 1 + ¢ Y
nini 1 11} & ) B

tep (2) r1se when ()-variabl 1 deleted since t
ninyimu C DeCcomd rargel 1 t ern 1Y
potentially 11 for 1l led t f functions.
which t ¢ ter Ot nti 11y YWel ) 1 g R nctions f{oOr W Ct {
term is no lonaer potentially useful may become uncover:
Step (2) 11 y Peo wi y ()} 17 ¢ loloted 1 ¢ + ¥ ¢ '3 o
Cul Ome { ! { T4 I \ 1
potentially covered by thi term in functa T W }
cerm. I potent lly useful ma hecome uncovered.

KEfEor t j i na ST OO E , t wO | ¢ interne :
solut 1on A f ormed. TRl Y ONe Ot { F wO inter
oluti1on: (tl yne with th () ' iby 1 Y t ¢ \ X t
to ! unsed A ] new ] y Phase It other ’
tored in a ek call ) oo lat track ing
t he whole D1 O 1 Al t 1! ice ? focusina « t

now i1ntermediat olution.




Phase 2 thus contains a routine which 1S repeated
iteratively until the intermediate solution undery
consideration has no more ()-variables in it, that is, until
a feasible solution is found. All redundant terms in this
feasible solution are deleted. Then the feasible solution
1S stored as the current “optimal" solution and replaces the
old "optimal" solution. (The realization used in the 1nput
to the algorithm is the initial "optimal" solution.) The
number of distinct product terms in this feasible solution

becomes the new uppber bound, UPBOUND.

If at any time in this process the number of terms in
the intermediate solution under consideration is greater
than or equal to the current upper bound, UPROUND, that
intermediate solution 1s discarded and the algorithm
backtracks. A new interimediate solution 1is obtained from

STACK to be used as the input to the iterative routine of

Phase 2.

The algorithm stops when either a feasible solution
consisting of only LROUND distinct product terms is found or
when all the intermediate solutions in STACK have been
processed by Phase 2. The last "optimal" solution recorded

is an optimum realization tor the given set of output

functions.
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We now prove the optimality of the final solution

produced by Phase 2 before haltinag,
Definition (Reachable from LISTA)

A solution is called reachable from LISTA i i it
contains a set wfiLiFTA!diﬂfinct terms each of which is a
proper transformation of a distinct LISTA term (and vos

\

some other added terms).

Note that by Theorem 1, all solutions ars reachable

from the LISTA produced bv Phase 1 (before expansion of

LemmaA

)
.

All solutions reachable from the LISTA input to the
iterative routine of Phase 2 are reachable from at least one

of the two LISTA's output from the iterative routine of

Phase 2.

PEOOGLE 3

Consider the term and the ()-variable selected by the
iterative routine. All solutions reachable from the input
LISTA contain a8 term which is a proper transformation of
that term. Furthermore this solution term is distinct from
those corresponding to other LISTA terms. HYence that rroper
transformation must be 3 Droner transformation of the

selected term with the selected ()-variable either missina




/

or appearing without ()'s. The proper transformation must
thus be a proper transformation of the term which replaces
the selected term in one of the two outout LISTA's. This
statement is valid whether or not other ()'s are deleted
froim the term since other ()'s are deleted only to remove
improper transtformations. Thevy remove no prover

transtormations.

No other terms in LISTA are modified by the 1iterative
routine. Hence their correspondence to solution terms is

unchanged.

Further terms may be added to LISTA by the iterative

routine. However , these are added in a manner similar to
Phase 1 only to cover uncovered cells of functions. [t can
be shown by an argument similar to that of Lemmas 1 and 2

ind Theorem 1 that the added terms are necessarv and do not

1f fect reachability of solutions. O.B.D

Corrolarv 2 :

The number of terms in the LISTA output fron the

ilterative routine of Phase 2 1s a lower bound on the number

{

of terms in any feasible solution reachable from that LISTA.




Follows immediately from Theorem 1 and the proof SE

Lemma 3 by finite induction. Q.E.D.

Theorem 2 :

The last solution produced by Phase 2 before halting is

an optimum (minimum number of terms) solution.

Proof :

All solution are reachable from the LISTA produced by
Phase 1, by Theorem 1. By Lemma 3, no reachable solutions

are eliminated by the branching in Phase 2. Rv Corrolarv 2
and the structure of the backtracking in Phase 2, all
feasible solutions are fully develoned 'xcept those with
UPBOUND or more terms. UPBOUND is monotonically decreased
during the run of Phase 2, but a solution is ©vroduced with
UPBOIUND terms for each wvalue of UPBOUND. Thus the only
solutions not produced by the algorithm have the same number
of terms or more terms than some feasible solution produced
by the algorithm. Furthermore, the last solution produced
by the algorithm before halting has the fewest terms of any
feasible solution pnroduced by the algorithm. Thus any other
solution to the pnroblem has the same number of aates or more

gates than the last feasible solution produced by the

algorithm. Q.F.D.
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There are two steps, the term expansion step at the end
of Phase 1 and the casting out redundancy step when a
feasible solution is found in Phase 2, which might require
further explanation. Since expanded terms contain only
l-cells of functions for which the terms are useful or
potentially wuseful, the expansion does not eliminate any
solutions with fewer terms than the minimum-term solution
reachable from the modified LISTA. This property follows
from the prime imvlicant theorem of switching theory.
Casting out redundant terms in Phase 2 serves only to reduce
UPBOUND when possible and does not preclude reaching any
solutions with fewer gates than UPBOUND. These steps thus
only make the algorithm more efficient without jeovardizing

finding an optimum solution.
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3. Heuristics and special technicues used in the algorithm

In this minimization algorithm, heuristics are

introduced in :
(i) the Selecting Criterion of a Minterm in a Product Term

(ii) selecting the branching priority with respect to the

arbitrarily chosen ()-variable.

Also a special technique is used to solve the problem of
deciding if a specific product term is covered by a given

set of product terms.

3.1 Selecting Criterion of a Minterm in a Product Term

(SCMPT)

When examining the input oroduct terms in Phase 1, a
minterm must be chosen from some input product terms to be
the nucleus of a product term. Then the direction in which
this minterm can be expanded is examined to determine the
()-variables in this minterm. Heuristically, the minterm
which 1s covered by the 1least number of distinct prime
implicants of the output functions should have the Hhiaghest
priority. This is because the maximum cubes formed bv these
minterms would be very 'tight', that is they will cover very
few @O-cells. This will reduce the work reauired to be done
in Phase 2 and will tend to make Phase 2 converge to the
optimum solution faster. Yet this process reaguires knowing

how many '@' neighbours a minterm has. A tedious and




time-consuming procedure has to be wused to obtain this

information and this process 1is 1impractical, A less
efficient but very simple selecting criterion is chosen in

this minimization algorithm.

In the program, terms in the problem description are
scanned 1in order. For each term which contains one or more
minterms uncovered by LISTA, one uncovered minterm is
selected. Some minterm which is covered by only one input
product term is chosen with highest opriority because the
maximum cube of this minterm would tend not to include too
many 8-cells. If such a minterm cannot be found 1in the
inout product term, then a minterm is chosen arbitrarily
from the input product term to serve as the nucleus of that

product term. As a result the lower bound obtained at the

end of Phase 1 is fairly tight.

3.2 Selection of the branching priority with respect to the

arbitrarily chosen ()-variable

In Phase 2, a two-way branch may be performed on any

()=-variable in LISTA until no ()-variables remain, i.e. a

feasible solution is reached. Heuristically, the branch
corresponding to deleting the ()-variable from the term is a
better choice because this directly implies a reduction in
the 1nput load of the term and also an increase in the
covering opower of the minimum cube of the term. In the case
when there is more than one optimum solution, this selection

wounld tend to find the one with a smaller number of inoput




connections to the AND gates.

3.3 Special technigue for the "covering" problem

The problem to be solved here 1is to determine if a
product term P is covered by a set of N product terms

namely, X1, X2, X3, D ¥XN. This problem can

@)
™

transformed into a simpler problem.

Theorem 3 :

A product term P is covered by a set of N product terms
X1 (i=1,...;N) iff the union of the product terms Yi

(i=1,...,N) is eaqual to '1', where Yi is the nproduct term

jo}}
[y

resulting from removing all the 1literals of P from the

product term P.Xi.

Proof :

By the inclusion property: P& X1l + X2 + X3 + ... + XN

By the distributive law:

LI I SRL b S SR FIXNY = PLXE 4 PL.XZ ¥ s + P.XN

0N
w
<
ol
n
Q
o
P

Since P.Xi&P for all i, therefore there exists

I
o
o
[,
O
~
W
—
st

that Yi and P are literal-disjoint and P.Xi

=2l iaewmyN -« Then
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B.XLE + BuX2 ¥ .os + BP.EN = P.¥L + P.¥2 + ... + P,¥YN
By the transitive law:

PEXL £ X2 + ... + XN 4iff P = P.(¥l + Y2 + ... +* ¥N)
But since Yi (i=1,...,N) and P are literal-disjoint,

P = Bo(¥l + ¥2' 4+ ... + ¥N) 1fEf

YL kY200 cnn o F XN = NN
Again by appolying the transitive law,

PRl + X2 oo RN ERE Y D L ¥ ¥R = "1

O -B. DS

The reduced problem can be easily solved by the tree

method described below.

Each node of the tree represents a product term. The

node at the top level is the product term 1. Each node is
¢
branched out to form two new nodes. One branch corresponds
to adding (ANDing) one more literal in the uncomplemented
form to the product term; the other to adding the same
literal in the complemented form. A complete tree is formed
when no more literals are available for branching from any
node. For example, the complete tree of literals (A,RB) is
as shown below:
1
A'//’ \\\\A'

S 7S

AR AB' A'B A'R'

~
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A node N1 1s defined as a successor of node N2 if N1

ul

can be obtained from N2 by adding literals to N2. 1In other
words, N1 can bte reached by branching out from N2. A node
of the tree is said to be covered if it is covered by some |

product term Yi, i=1,...,N . If all successors of a node

are covered, then the node is also said to be covered.

Theorem 4 :

Let the product terms Yi, i=1,...,N be product terms

among which aopear M variables namely, Aj, j=1,...,M.

YLt N2 o0 . + YN = '1' iff each node of the tree of

variables (Aj, j=1,...,M) is covered.

Proof:

It is obvious that ¥I + ¥2 + ... + ¥YN = b I iff all
possible product terms of variables (R By s w gAY are
covered by Y1 + ¥2 + ... + YN. Since the tree of variables

(BY A2 ;5. « ;AM) explicitly repres

(0

nts all possible product
terms formed by variables (BRE N2 s o« BMY) the theorem 1is

proved. Q.E.D.

It is important to note that it may not be necessary to
examine all nodes of the tree explicitly, since once a node
is covered by & product term all its successors are also

covered by the same product term.
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4. Des ription of the program that finds an optimum sum of

1

products network

4.1 Scope of the program

The program 'MINI' has been coded for the DFC-12
computer in SALL (Stanford Artificial Intelligence
Language). It derives an optimum combinational AND-OR (sum
of products) realization of a set of outnut functions. The
algorithm is based on the branch-and-bound method discussed
in the previous sections. Because of the nature of the
branch-and-bound method, the first feasible solution found
is not necessarily an optimum realization of the functions.
After generating the first feasible =<solution, the program
searches for better feasible solutions by backtracking.
Each time the program finds a feasible solution whose total
number of product terms 1s not greater than the previous
"optimal" feasible solution, the program prints out the
feasible solution and the number of product terms in the
feasible solution. FEventually the program enumerates all
feasible solutions (implicitly) and the last feasible
solution found 1is an optimum solution for the output

functions.

The user may specify the initial upper bound on the
number of product terms to a value he thinks is reasonablv
low, in order to orune off some non-ootimum networks, which
would otherwise be generated by the program. This may

reduce the computation time. If this numbker is not




specified the program will take the number of distinct

oroduct terms in the input as the initial uoper bound.

The source code of the entire program occupies 53

blocks of storage on the DEC-1@. The object code occupies
]

60 blocks of storage. The compilation time of the program

.

is approximately 8 seconds. \ listing of the program can be

found in Apvendix A.

4.2 Set-up of input data to the program

iy AR

rhe input data is stored in an input file called 'DATAB"'.
‘DATAD' contains three tyves of lines.

(1) {problem-parametei

(i1) <function-specifications>

(iii) <input-terminator>

<{Problem-parameter

The first line of DATAG specif i JV, the number of
variables in the functions.

The second line of DATAG specifies NF, the number of
output functions.
<Function-specification

The set of functions is entered in some sum of products
form. Fach line corresponds to a product term in the i1nput
OXDressions. Fach line is coded as a character string ) f

ar, '*1' and "="'. The character strinas are each of lenath

equal to the sum of NV and NF.
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The first NF characters specifv which output functions
contain the product term associated with this line in their
expressions. This part of the string constitutes an entry
in a Table of Uselness for the input terms. A '@' in the
i-th position, where 1 ( 1 { NF, denotes that the product
term 1s not in the expression for the i-th output function,
and a 'l' denotes that the product term 1is 1in the
expressions. This part of each line contains a single '1l'

and NF-1 '@'s.

The last NV characters specify a product term, R gt
in the Jj-th position, where 1+NF { j ¢ NF+NV, implies that
the (3 - NF)-th variable in the complemented form appears in
the product term and a 'l1' implies that the variable appears
in the uncomplemented form in the product term. R *=' 3n
the j-th position implies that the (j - NF)-th variable does

not appear 1in the product term.

<{Input-terminator>

mi

The last line of DATA@ 1is the character string '999°'.
This tells the program that the end of function

specification and input has been reached.

xample 'INPUT' illustrates a DATAMA input file.
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Example 'INPUT':

Consider two output functions of
F1(W,X,Y) = WXY' + W'Y
F2(W,X,Y) = W'Y + X'Y' + WX

Then DATA@ is set up as follows:

LINE

INPUT

=

s 3
) y
. 2% 1411@
4. 100-]
e A1a-1

999

Interpretati

on of program output

three variables.

COMMENTS

IVt ﬂ{ r‘:\
X'¥* lof PP
WX of F2

Input

Terminator

strinags

The output of the program is essentiallv the m
the 1input exceot that more characters are involved in
strings. The first NF characters displav an entry 1n
Table of Usefulness for the solution found. tvpicallvw
feasible solutions need be printed, but the utput fo
ipplies as well to intermediate or partial solutions w
are also printed in the nresent version. The 1ast
characters represent the corresponding product tern
LISTA. For the first NF characters, a ' in the

position means that the term,

characters of the string, is potent

specified by the las

for the

ially useful

i
'

1
i

as
the
Lv‘<
1 ].l
1 ¢}

NV

i

-th

\:\J




output anction. The meanings of '#' and 'l' are that the

term 1s not useful or is wuseful, respectively, for the

function. The meanings of '#', '1' and '-' in the last NV
characters of the string are the same as in the input. A

'2' in the j-th position, where 1+NF < j < NF+NV, means that
the (j - NF)-th variable is in the complemented form and is
also a ( )-variable. A '3' is the same as a '2' except that

the variable 1s in the uncomolemented form.

Example 'OUTPUT' illustrates the intervretation of an

output string.

Example 'QUTPUT':

Consider a problem of three output functions of five
variables, namely V,W,X,Y¥,2. Let the outout functions be
F1,F2 and F3. An outout string 01712-38 is interpreted as:
term V(W')(Y)Z2' is useful for F2 and ovotentially useful for
i Note that 1f the last NV characters in an outout string
do not contain characters '2' or '3', then any '7' in the
first NF characters is eguivalent to a 'l'. To reduce term
yutput loading, 1 minimum set of S a terms should be
selected to cover each function. FEach term must be a '1°!

term for at least one function.

4.4 Subroutines of the program

The program 'MINT' consists of a main procedure
PROGRAM, which is the outer-most block, and twelve

subroutines, CHOX, COMPARE, INLIST, INTERB, INTERF, PARFN,

" | ,, y
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increasing number of '-'s in the product term.

TAUTOLOGY: To check if the union of a set of product terms

is equal to logical ‘1' .

UNION: Check if a product term is covered by a given list

of product terms.

UPTAB: Update the Table of Usefulness when an input product

term is useful for more than one output function.

UPTAB2: Update the Table of Usefulness for any product
term. This includes updating the usefulness and potential
usefulness of a term or product term for any output

tunctions,

A cross-reference table of the subroutines is presented

in Table 1.




TABLE

1 : CROSS-REFERENCE

Procedure

TARLE OF

SUBRO!

ITINES

Procedures

g
|
’ CHOX
i

T
a
s
1
| INTERF, UNION INLIST, MAIN PROGRAM
t —_— - —4
COMPARE ; - MAIN PROGRAM
. S e e
i ‘ |
| INLIST |  CHOX, UPTAR2 | MATN PROGRAM
% ! ‘
i | INTERB, UNION
] ] —_
f R | £
| INTERB | = ! INLIST, REDUN, |
|
| | | 2
; ; MAIN PROGRA}
= 5 U B Y .
| INTERF - CHOX, PAREN, UPTAR2,
1

INLIST, MAIN PROGRAM

MAIN PROGRAM

TAUTOLOGY

g ——

MAIN PROGRAM

UNION

UPTAR

UPTABZ2

J ON
TAUTOLOGY INLIST, CHOX, REDUN
’
H
]
i PAREN, UPTAB2,
% MAIN PROGRAM
;;;;;;;;; o ;7
= L MAIN PROGRAM
NTERF, UNION l INLIST, MAIN PROGRAM
e e e et L et TN




5. Test Problems and analysis of results

The program "MINI" was used to find realizations of

several test single and multiple output switching problems.

Results are recorded 1in Table 2. For test problems,
detailed function specifications and the corresponding
solutions found are listed 1in Appendix B. A detailed

listing of the program output for test problem 1, the
7~-segment decoder, is included in Appendix C for reference

as a sample output of the program "MINI".

5.1 Results of test problems

As indicated in Table 2, optimal realizations were
found for some of the test problems and the program halted.
However, the other test problems were stopped from executing
further because either the solutions obtained were good
enongh (the number of gates in the best solutions obtained
thus far was close to the corresponding lower bound), or
heuristically, it seemed that the program would require a
large execution time to improve the best solution found for
a problem at the point it was stopped. However, it must be
noted that if all these test problems that were stopped are
allowed to run to completion, optimal solutions would be

found.
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5.2 Analysis of results

It is obvious that the efficiency of the algorithm is
highly problem dependent. The total execution time reaquired
to solve a switching problem depends on the number of 1inout
variables 1n the problem, the number of output functions,
and most important, the structure of the prime implicants of

the problem.

As the number of input wvariables and the number of
output functions in a problem increase, the oroblem space

becomes larger and therefore the execution time required t

Q

solve the problem is generally increased. However , due to
the nature of the branch-and-bound method, the most
1mportant factor governing the amount of execution time
required to solve a problem is the structure of the orime
implicants in the set of output functions in the problem.
If the prime implicants are densely gathered, that is,
l-cells typically are members of many prime implicants, then
a large number of ()-variables in the intermediate solution
may remain at the end of Phase 1 of the algorithm and there
are many seemingly good alternative ways of removina them.
In order to find an optimum realization, the algorithm must
then do many forward branching and backtracking steps which
consuime much execution time. This fact can bhe observed from
results of test problems 3, 4, and 5. Therefore, if the

test nroblem has a large number of ()-variables at the end

of Phase 1 of the algorithm, the execution time that the




++

program takes to solve the problem tends to be large.

However, if there is a big difference in size between
two problems, the program may take less time to solve the
"smaller" problem even if the number of ()-variables at the
end of Phase 1 for the "smaller" problem is larger than that

of the "larger" problem. For example, consider the results
of the test problems 8 and 10 vs those of test problems 1

and 2.

Also note that although test problem 7 1is 38 much
"smaller" problem than test problem 2, yvet the time needed
to solve test problem 2 is much shorter than that needed to
solve test problem 7. This 1s because the orime implicants
of problem 2 are scattered and there is very little sharing

of terms between output functions. Therefore the last step

of Phase 1 is able to cut the number of ()-variables 1in

LISTA from 81 down to 5. So very little branchina and
backtracking needs to be done to solve the oroblem. On the
other hand, the prime implicants of test problem 7 1is

densely gathered. There is a lot of sharing of Il-cells
between the output functions. This results in a lot of
branching and backtracking in Phase 2. Therefore when the
program "MINI" was used to solve test oroblem 7, it ran for
20 minutes and still did not halt and had to be stooped.
This 1illustrates that the structure of the orime implicants
of a problem is a dominatinag factor on the performance of

the algorithm.




Another important fact is that 1f the initial input
specification of a test problem is very good, i.e. near
optimum, and the prime implicants of the problem are densely
gathered, as in the case of test problem 5, the program may
run for an extremely long time and still not be able to find
any better solution than the original input. This 1is
because the input may already be an optimum realization.
Yet, the oprogram would still have to try branching on all
those intermediate solutions with a fewer number of gates
than the initial expression while searching for an optimum
solution, or verify that the input is an optimum solution.
This procedure results in a large amount of execution time
especially when the number of ()-variables at the end of
Phase 1 for the problem is large. This property 1is

illustrated by the results of test problem 5.

Finally, the entry under the heading : "Depoth of Tree

of Solution" may require further exvlanation. The entry in
this column for each test problem indicates that if starting
from the intermediate solution LISTA, obtained from Phase 1,
all branchings (either deleting parentheses from
()-variables or deleting ()-variables) have been selected
correctly, the solution can be reached from the initial

LISTA in exactly the recorded number of branchings.
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Criterion for stopping the program :

Let the number of AND gates avaliable per PLA be

Let the lower bound found at the end of Phase 1 of the

algorithm be LBOUND.

Let the number of gaces in a feasible solution found by
the algorithm be N.
. W
o [LEQUND} = N then STOP PROGRAM
LB L
else CONTINUE.
6.2 Possible improvements of the algorithm
154 is unfortunate that there have not been nany
programs written for minimizing multi-outout functions.
'nerefore not enough data can be obtalned to neasure the
relative performance of the program "“MINI". However,

improvement 1in execution time can definitely be obtained 1if

the program 1s coded in assembly lanquage and run on some

Llarge computer.

Further improvement of the algorithm may be made 1if
some better heuristics can be found to be added in the SCMPT

Oor better and auicker me thods to solve the “"coverina"

problem are found.




In h present V¢ Lon, Droqgr
| 3 5 ¥ 3 X y . nt rmoda to oyl ny \ r
exX1Coqgr 1< 1 y 1 1NEermedlats 5( 10 10T 1 1
} ¢ r oot X ¢ neh \
the fi t {)=vari I i brang ng 1 I
Ie DeCt co { 1 ¢ S U vat 1! =k 1 l
1ables wil tend to be higher for var rtablz« !
] -~ Y P 1 $ ] A ) i t v
lexicographically nea ‘ end. \1s0 [ the I
ome good heuristic for ) =V 1« ‘
added.
Also 1 e opt i olution found, l-cell (
1tou funct nay covered re than one t
By A v S res il 1114 } T 7 ¢
rm. A 1a | over probhlen could b olved O
1N 1 et O N ¢ ea functi ]
reagunaancy.
1 o] Y j 1 4 + h¢
1 LY ; v 1 1
)L 1 1 11 11« t t 11 Cif & %
Wit I 1 1 { [ = 10 AVer 5 OAdlT 1cat 101 ~ar
ic t (oY jO1 1 v D 1sed to s01ve roblems:
“DON'T CARI " in i n + kK T i Yyadift 1cat on W 114
"NON'! ATt 3 1 ol OXCer that "DON'T CARF"™ mit
nd 3 71 e
L 1 1N« would 1€

-




APPENDICES

Appendix




00 (texigy 227 £) 3VIuw ezese
1170 »19 prese
CQ texidn 14n0 T edis 171 eees?
t 14008 ~NI930 13 e?
L ees
(10040 IMANT LI LT AN NakL (uos 23N (1 804 £ 47€) 4l 20¢
00 1 TILNA 1 4348 dule f 804 2
010 0an174ne 1R I13 41NN H1o36 ec
00 XldN TIANA 1 4318 171 B0 »IND1LN0BENE L80Ss nif36 @
118HT4 *4%d HI¥3 NI $Tv23il7 40 8 3mi S414n700 A8 1 ANFewD] 22
1inl8 307u3C0n4d gl
2l
EAN
2v
t1er™r 3673 173800 2
NIHL ( o3a % (3 204 F18 ) ONv ( w2u & [V 824 fiv ?
GG (Ceanoa) OnY (gn 830 F 2
127 3~00 deere
13500 83923 € e2tee
1(g'y onlnis 37¥r)EY LG Jee gaere
{ ses NOILINNA ALNGLND INO NYML F¥CwW NI 038N 81 we3l LONCCYe LNdN] NY N3Wm 378VvL 3WL SHI4YCe™ 03 e2+5e
2oi58
geste
1ong 2058
(1err 3873 2esfe
36774720V 4 N3IWd (CV ¥04 F)6 B3N (1 ¥0s D1V 3 ereEe
- 00 (1 £3Y ) O~y (29v74) - ge2ie
A lagmie™ 0 (37w P paife
If 8392457 ~1936 guaie
jevs YyNo3 MV A3AL 41 ¥JIWJ OL JEVanTY s8e (nJ4wl) eieel
A)3=vdnD 3NNC3I20Cke €022
geree
ees?e
e2s522
taxnnal’pe? ‘emid B3931N g2
fig1x3'2cy 'O9v%a NrdNC0E gog22
({eset AVuzyY 2323 81 Qezéa
EPR LI L B § 2 eliee
{ 871 LNIWWOD { TUNNCO'403'wvMIne 3N Inve2 p303anD ecer
| sesmvne nyellng 40 L2¥iS iNim Qenle
O ¢ - peete
) =2 2212
AINISRY TvE3ilT = . pasie
vii= gesie
ST - 2P i
236N §IC8WAS IWl 40 0 inN3ww3d 22gle
t wedl 4 . 22210
AIN3SANAIE SNILIVEVMI AN ININOTIICH 3Wl *ON0TEE wudl 4 . g2112
$300 NOTLINNS WIIWM IN3S3dddn SH3ILIVEVM 4 inN3anel2 eeele
te AveeY onleit eeele
I gwu3L 13N00ud 33 - adn e2c2e
SACILINNE 40 839«0N ® 4N 2.2
$3TEYIAYA 40 miwn"N B AN [NFww03 gisze
Ixjan'sev'an'An B3%23uN eosve
 glvx3il) $0 eene?
¥2GNNN ONIGYIEIIC NI S1 %3CH0 InL Avwi W3NS e2rer
GuN3al AINCON AINILASIO 40 4617 v 33100u¢ 04 1@3CVYHe ANFum03 eezae

1

Niwe NI2360 eeiee




icna
{LveranT tinno2) eist?
114.8N027ANNCD N1939 NIMA(83A0 LON) 41
InNoINN
(geiing
fin)Ine awds_~1230
00 Len 1An0 1 €3iS 27w w04
125v.4"
(wn3407 11004817
Inintd
u=3i8
(x2wd
RAERT MR P oo
13° 1t
11y
1oiS1In1a ~1730
es Q343403 81 *1%¢ 341 41 NIWE3L30 Of eocsess POF PE 5]
(481781 JefC3208d

113048

(zgvien NCICCEM Ouvyuels

[+3s5%d 3&7C320e0 cvreald
{1a=3 3870330 ne ChV=ald
D & 703304 Cev*sld
f4n3iN1 3en033Lag Cevredd

3

3
teu3ind 380
3e

33Lnd Cuv~aly4
14907040V 3

08¢ Uevmel4

tsnanlg’ovams Nien)
~nsna_«.~n~.”u-u.>m Avegy onlels
nu.zoua.aoodn;<_..«n<a.u N6y sv37C0
[ 12628 1IN034VS avESY 83T

EPL B
.o:;non;.1z.ﬁ;.~z.;..wn..n PELEPOS |
regeting AVasy Onl=iS
LEHw EHYA ' GnrN AnN0I3 £393iN
*ﬁo_A“aw»a.nc__aumu>n.ﬂaa_ﬂuwa>a aveay =3%3unl

1 8 4617 N1 §34v9 40 @ = IND03

i8I Wiln SND L238e3und Alani®niN 40 = Nlew

$3wi3904 NOINN 04 ger3, 20 0 ~OINTN

eNgIAZISEIIN] IN3S3Nadn UVRd $1% alewisnin 40 o NPan

*1%4 3HL ANC ONTHCLIVA EdldY ¢NOTL3ISaTANT 40 AvVE
gNDIL23CH3IUNT PO ELE L CIRLLE B L3N0Cke 30 AYABY S W
1617 ine~l sC 4 wat ® ive

sesg3INGTRYA Pie] nulwl-¢1-- e

Im3aGd ~Y3ILE

.».uc‘,m...n..g.u,~..n‘uz.xw.rs-,w,m.~.\.._.,n PPN | e2gud
{teg2t1igisl .ﬁama_ﬂ".u.a..nw~_a,xu.zu.humN.ﬂ_ﬁx‘ ICETLAARN | ge24d
-y:1uu.-.rzwnu.NJ».:.xu";ﬁ:.:"m:.;:.. CELEFLM g21ee

LIn1inouEng LuCS. ON3 3
LT ] ¢

1Cn3 e
trer™r pegse
fona FPEEL

(L1er) A1TwNKN 4YRY (P41 w0 g2g9e
(110 Lenl Ve (F)Llan] wI%36 R225e

NIWL ((1er1alnnN 237 (r1il1%wns) 4l 1239 gaise




(Fe 404 Ter1huL0v40a¥(tor 904 Iwnile~wrile

NaWl (2. o 1T 04 Fiws3i0) 41
00 7 ILUINN T 4348 teun"r way
(#3487 3.¢

Ir m3i%ain:
eNJevde w1534
“ees OFZIBIMININYG 38 NYD FTGYINYA WOIWM INIwE3L30 0L Secese |
INIuYg 367033004

(30K, O%3
124767 Ix) Tug
1083
193
f0twe #04d TolW) LANNODIBLSINY
«Eu¥iteln 804 1) (ANNCOIGLIGINTLUANNODIGLSIY 2873
(1= 504 Tolw) (ANNCIIELETTY
#2.901TW HO4 1) LANNDDIBLEITTLUINNGS) G461
N3KL (83402 LON) 41
IngInn
Pam3 82
3NeTaw3l
((1WeY HCs Toimil4NeruRut(toin ¥Os iTeT a7y w1936
NIWL [evs ¢ o
C 4

t 1] 1478) 41 w~N1933
0¢ 119

I ¢3.§ VegnT Ik 20y
la2.005) tua™ LY} Iig

00 T Wane 1 03548 271w 82y

tale T (¥) Iund

1(»)1™e24%g

STl ) NTE 5 &b PR

1lw 8373,

wX¥lmls w1%3g
[ssves n3xvL 30 QIN0HE 4 X 80 X 41 3NIWw3130 O svsesss
13052 3

LaiSI0nE w3
]
long
tier™r
1Cx3
LLTar 101NN a¥nE [[) Q190N
{LleriaisIY dv g (r1gis10
NIML (LTef)LiI%nN 237 (P11 ND
LRF 1]
00 t=infod usn T gdig 177 e04
faw3
[ATRTTIE & DTN ) PO & FLUNCE T
(ala ® 1 504 1 4NE) MO (e2a & (1 234 n.-.rw sl
00 % T1iNn 1 ¢34F Tesn'I w04
NEIETS S Sl |
(2™ (widlTw n ~1936
00 InN03 TIinn § gdut 17x 8%
LRV}
[2evial
fwedla™ [innu3d e, 81
thjerd
LN ST Tl B I FY 3 & Ao Y
Teiw?

i
'
'
!
'
!

MRS ey

1
t

- oo

R

o -

e I R R I TR

e




53

1x%y74 wv37008

(er'1r'r w3oaing

eBHIINIe N1T30

® @ L1817 ONY *L1%¢ 40 NOTLII0MAUNT 3kl Onlg eoe injuns3
1883inl 3e7C320ed

_-nau»uns oN3
INCgn NOINDN
LT |
1 On3
foN3
1ew3lT INNIN) WILNT
ITONMgNTNNAN NI938 N3WL XOYI4 41
LY |
1on3
111722
13¢7v47X9vY4 N1938 3673
(219 504 14211dn3iY
11 404 210 (1) 1Ha9(1e2] w04 }ldw3i™dndl w3Ml
e (1 409 2llewil) &0
» (1 804 21)dn3l) 4O
o [1 804 211aw3l) 41 2813
Mali%03 N3M)

(It 604 21)egw3l ® !} 8Cs 21)(1)1ua) 50
(y=w & (1 804 211 (1)Tua) 41 w193@
0C 7 IiNN 1 434S Te4nT21 w04 22e12
13neL7x0v4  NI%3E elfte
Ninilale ® (1 204 110 (1)%me) ONY e2212
(alu & (1 404 11)e«31) 41 22112
00 4% 1UNN 1 @348 171D aC4 20212
1Xan3i7dn3l _N1I93Q@ 27822
00 id% 1ann T @348 171 k04 2822
1T¥Nngy 2122
tem3i vemdy 22002
{2S9g Sv370D plg2?
(21°11°1 m3%3in eer?
wamidinle wiT38 plge?
foes ONOTLIINAYG 3ML ONY “U°d ¥ 40 SNOTLOISWIUNT 3M4 Qn14 *00e  n3aun) 22202
Tgu3inl 3e77320m4d geie?
Q222
Rieel
22481

.-:uanm- o83 o261t
Ix3.% waiit grest

I 83 e3ssy

tireT 804 1el)wiigy et

11 w04 FlaNG¥ITel 804 11W3i0 W48 NIWML ¥JrD3 42 e2gst
Inginn geast

faa3ind getet

tew3i a"4 eoist

(Ur=Y w04 1of1anILVaCa(1of £04 1lenii anild eoswt

N3l latle o 11 w09 flewdilal 2873 eowel

(1= w04 1o0law3iVula¥ (1ol M0y ilamid enid Qeunt
vini(e@q o (1 408 Plendyi) 41 Qose

plset

MIni (efe 238 (1 804 [Indis) Ownv eleit
gigNl

1ir=Y s0g 1of)wudige l,01 e2z2w?

N3IML (el eelet




LennINA, On3
lea " 2wl uw3yn
Q0 NOINNN IUNN 1 9348 172. 804 14003
13N54"8an0d 3873
on3

tA909%01nvy
fons
FUY H04 XP) (2WIWIUNIR (W) w3 AN (2RI mILn
fiiwi2ela™ar w
00 2uidN VLinN 1 4348 17
00 NOINAN TIUNA | ¢aus 2w 204 NIo3g
N3y 238 2eiaN) 41
1an3
fCN3
TnT (2uien) 2pie
(1628108 200en N1936
NIM1Cala OIN (1 504 TWIX¢w3L ONY 4@, 23N !1 04 Tmixew3y) ¢1 ~193g
B0 0 TIAnNN 1 g3i8 Je4nT 1w w0
—F

10~3

114001 ci 0°

R ELF PSS T LEN
P38v4Tu3A00 NIZ36  NAWL(B & NOINNW) 4t
(X2’ tm 839347
1¢32C7 T3av
«hOINTa N193€
lows ¥3MLI90L NOINN 3@ OL SWE3L 19N00N4 40 USIT ¥V On1g ese [43uaD3
INGINT JE7C330a¢

leBBIINT. ON3
(NI NOINAN
I o~3
I onz

w3

Ldwdd™ INTGNI NIUINT
ETenIONTNIEN NI938 N3l X9V74
f On3

1ong
t1s9 20
(387947 x2v 74 N1938 3§73
(20°7 ¥04 127) dw3i?
(T 80« 201 CPIQLSTNNC3a2r ¥O4 11 aw3i awdi NINL
(e=y & [V 803 2riew3l) 41 3873
3NNIANDD NIWA(ugy ® (1 w04 203 10)GagIT) MO
(e2s ® (1 80g 202(0)04819) w0
(s=y ® (1 804 273 (r)gistY) O
(LT 804 2rlewds o !0 pUs 201 (rieislY) 41 w1938
09 7 M1UNN 1 9316 tednT2r w04
(30eLTx9Y74 NIe3g
NIML (a2a B3N 1Y 804 IFILF)GLELIT) Ony (ela o (1 404 TF)ew3d) 42
00 4~ YIUINN 3 @348 1717 w04
(Xgm3iTaw3L w1939
00 INNCY T1unn T 246 17r w04
1278 16x%
lewii T nawdy




2D

eeest

eCest

14490704NVL, ON3  RRESE
tang eyusg

1on3 22esg
12dw327TLY9P3N 2255¢

1083 g2esSg

(lW= HOJ TowW) Xaw3LY : 22gs¢

(1 %04 192.634901ex 804 1) Xdw3LiTxdw3y pazsg

Pt1)28id™w N1ID3E e215g

00 2uidN TIiNN 1 4348 171 204 N1239 3873 22¢5§

an3 22t g

{oN3 [ T4221

10N3 o2

124007 04 09 224ag

11 22srg

P lgiBYIo2uldy ¥04 1edlEv1 018310, 1.913ugdiQvY ¥O4 113U8317TI48T4 NIOD3E 2eneg
NIHL (ePe o [V 804 alS¥VII4S3L) 4] e2fog

(lediSe17alsvY g22sg

10giSVim2uidN ¥04 10giSVI)2UC3UT.=,2(1edliSVY 804 132LC3472483U
138774714 N3IML (1 ® 4iSYY) 1 NID38 CO T4 37Ivm 3673
ON3
124009 0L 09
e
{1416V 1e2uLdN 804 T0di8YI) 246310, 1.201=418¥7 504 1124831724834 ~1036
N3ML Cela O3N IT ¥0J @l8YT131834) 41 ~1S3@
N34l e3A2) 41

10N3
124007 oL 09
T e |
11diS¥=2MLdN 404 1ediSyT) U631
s@a¥l12gi8Y7 804 3324834734634
f1edisr17disyT NI230
NIWd (28lah 03N 44€VY) sl 4873
24007 G4 09 N3Wi (NOINAN 237 1 ) s1 R
11e2™} X

(387v4Tm3ACO ~1938 3873 eef2g
Cn3 el2eg
1€4009 D4 09 N3WL (28ie¢n 237 I7) 41 p212¢
ttetr™if el2eg
13081 83402 N1%30 gleig
Namd (1Y w04 TFICIDW3dN e (T m0s 37)3483.) @0 RIS
(afs o {1 w04 I7) wjin) wo 22l
(v2a ® (3 4G4 1 w3475 EG 2281
(a%a & (1 @¢24 1 Iwddrd 1 1€4009 22¢1¢
1171 124007 22018
{faCUN 26007 Naey 1939 e2(!g
! a.5vY ge2ig
i e21t1g¢
e=a¥3u83:7 28 2201
00 2uddn T1inn L d348 2TIT & Plsek
t3rms® 226t
la@a~3i8 228
1149 n93"z g2sg
1234834 %ainss 2okt
AR T SPS L RN FLE PEN 22 0¢
4907040V, N1%30 2Nk
fass | V31907 40 wNG ¥ IAYN GwkIL AONCONe 40 AO1T v 41 301230 **% 4n3-~03 geeei
1490754NYL e C33C=a  RRIOE




ANVONNOZY FWY AVWL 821v9 3wd 1Y 343730 ees iN3nw0]
INN238 F8NC3308¢

{e@vidNe QN3

I ond
ton3
fon3
tong
1oNa
flEX=Y ¥04 Tef¥) [ANNDI)GLEITY
eia?lTeEX 804 1) (ANAQIELEITT LINNCIIBLGIN
IrelednTox NID3Q N3IWL 2X4d £
1ond
t1e17N
(397v372%4 NI938 Nawhlu=e B3N (1 404 631 (ol 1Kd) ONY
(11 04 S¥) (o) img D3N (1 BO4 S¥)T4ne) 4l
00 7 TIANN T d3iS lesdn SV HO4
taneLvexy ~1938
MaHL (ute o (1 nOg 21 (0 P
00 4oN IUNA T e3lS LLE

138774 274 ~1236 3873

]

flEye" 804 tegx) (INNOOIELSINY

oCy 804 1) [ANND3IGLSITY (ANNC2IEAST

L(2x=T 504 1e2x%)dniil
ela¥(1a2% HO4 11awdidw3d 3973
[2y=7 HOg le2x)dnil¥y
W2u(12% ¥04 1)an3iTdw3l NIWL (S¥ B3N 2¥) 41
00 4% TIANA 1 @348 172 »04

1478 ém

I 031834 39 C4 ST AVKi
INO FHL 1433X3 ENCIUINNA 1N@INC a3xi0 3w 11y Oeal

-

s gNIAND IS0 WEBL WL NI s @EY 3mdmi al e80 UINTWn03
fung
(1e772y
(FLCTSARY)
N3silawu & (1 w34 2»lis
30 1 MANA T e3uE

344 (nla 23N (1 804

0C 4~ O

t(2%=7 %04 16251 14NERL1,2(1e2) &
nanl (a€u o 11 20

(2%=" w04 12y t4NuY, 2,01 =2x &
NiMl (alu @

0a 3 1UNN

fess SEINTNIICN 40 378vL 3mi 3,9067 000 (N3am])
12e¥.ed" 3=7L3.C0ud

Tevgae

P -pig
o~ =

L ke
@ <

NI
«

T
rs M B €) €
D W r

rE N
R e e E e e e e R W R R W R R

4

GRS DR R R D



NIML 29v74 41
1(01) 1dNI"4NG) Fu7aw0I HID3E
00 Xidn 14NN 1 4318 17 8O4
14187 Lidn) Ire
Iteidn"1an w1%3Q
NIKL (bbb, rin 478) 41
flet,151,947 8" 2nym31 N0
((INIV InvmD) unenIT 4N wis3Q
Cg (19v34 10w8) 37Ium
E(21,951,8010 Lenl’2hwmd) 4N
I(RY,96,9,1308Y §we3dl L3INOLAd 4len

EED T T 25D
(RAPFETI ARSI R TP
¥

t(gv
—A.uu.m.xumo.apztuu.m.«

f(afn1, 20

I sowumna NIO3Q 1367Wg KOS RUINIRILYLE wVel

lannCina. Cn3
1083

.

{3=)1nN0D
tlterrgistI(rie
00 t=4iNNOD TIINA | g3i§ I

N1%30 N3Imy (23A03) 41
103
1tegn™t

(4344087 11101817
Telen"4 N1938 N3« (83A0)

)1

NAWL (ala 8 (1 O4 F)I¥)TWd) ONY (4Ba S3N (1 &C
00 4~ V1inn

0Q len 1NN

[
08 1 Iunr

-

2 s
-

~
LS

© o A

~ e
~ S

P

*
v
L]

.

v~
T

I A




Lex)addeNiTu=uille
HOd4 ¥lu34408) 0

WECASNYHL NIML ATYIINILICe ST

1reY #0d ter) 1) LdNITutuS(ler 404

—

Ter)lmidsneVula¥ = 04 1I53447¢ =34
0

C4 Vexin3dsravu=
24 wig34408) 82
Ilegm N Eny N3md

L4r@™ X dn) aent
(A5 WS DO

i
(s

1 LANPDD) QLS TI 1" HA 44"
v

FTRIMELA]
L5 T ann

DU

12av.a

In3g4ne~ LINNLD) 581
€17 45003
O b T 17
“ R
LR F S S PR r nCs
(ST PR MR PPLERCE PUY
e [V MO4 M)¥I44018) 41
7 ann 4415 17 n =23
111184801 34478
NG & S

isxaw

N1T3E N3Ng

{1e01dNT1
Tl 1an?
“1leviag”

& =

138%4d 40 SUNImILVLG o

HICA T TR IS PRI &

0C Kaah Tlanf 1
10270 ,953,%
ansiks C3az

dnani

(3n%3719v% 3893
N3

29¥%4 LON

1083

N1936

- &

R B S
(e B

6o

W e e

ARt I R

2
?
2z
2
2
2
¢
v
e

v o

P

"o

RS

3

©

- -

-

oL

e e
-~

e

€2 fs 00 ra

o
o

R P
.




59

f0x Y 30VL8I n2vig™ (x* 14397 i8I ¥0vy

00 (35viSING

(fe 409 Tar) t1'39vig)y
wAu¥lilor sngd 1) (1%39v18)y
{r=3 4 lerdi1'3s
aXu?ll=f 02 1) (1%39Y18])
{ucu & [}

LIreY ¥04 tar)(1'30¢
w=u¥(lel x04 1) (2'39%y

% 2

1(21,96%,9,1812

(wPes (1t ¥04 rI¥34408)

'

1
vit»

‘39v19)x3vis

1¥dvy

“lady

s
"

is

PR R R

Y

o

-

R

om
- n
o

TR

0o

e

.

€ ra e

C o0 W
PN

~
N

-

N e e

<
i

PR N R

w

v

0 v e

v

v v




60

[ sss 37018804 Y SwmalnIWw ANYW SY ¥3A0D 11 437 NiWy
NOTLINNYG UINdUNO 3INO AINO 804 TN436N SI WML CIWNOISNYNL Fui 4] oo INIWNW0]

LENTINNDY
i2gvien
EnnT AnN0

LINDDITEN

10149 504 Vel) INNIQLIBINT,RLT(1o! 404 1) INNIQUEITTINNIBLSTT M3ny
(ala €3N (1 #Dg 1) Unndeigln) 41

I vss WMZL 0IHEOJSNYNL WL B04 §83NIN4ISN 40 3

CU 4% TTUNN 1 @5is 171 w04
EINM) i8IV 54080
YL 3mi Siv0eN sss [NInWD)

10N3
tong
10~3
102%7 404 110 (INNIQLSTINRat, TLTal 404 1) INNIGUSTTTINNI GBI NIHL
(a€u ® (1 404 I)INNIEGLSIY) 4% 3813
(129 404 VoI) INNIQLSTIVNLRuE(To] ¥04 1) 1l RLSITTINNIBLIEEY A3NL
(n2u® 1 ¥O4 I3 (NNIELSIT) 41 NIO2G
X N3kl (83A03 1ON) sl
INDINN
t4a3ine
LU= 404 3er)awalrutle®!l M04 13dn3LiTdu3L NINL
(ufu ®» [} MO4 F1dn3L) QnY (I B3n ) 41 3873
(e &04 terlaniitucat! 04 ¥ 1Tdw3L N3G
(ulu ® [V w04 (i 23a~n r) 41
ce L6 TegnTr K04
FUI=7Y 504 tel)enil 4 $landiTand
1 -
(ufw o (% 11w 80 i
i NI%3E
*471 ¥s4
IHL 40 C3T8viava~(! 3Kl 4O
(ty’'39v1
00 INNDD 1
it
121,180,
{11y 3813
Co «BLF'3OVARINIVAS '20NYND) 4NO Nkl (Sww 53Y P) 43
18er70 N31930
CO @1 1IN | 4348 17> €04 wNI930
00 (Smw 239 F) 371us
f(30v4gIN0iv e Emn

1E2T,961,2
121,981,018

te’r

18] «V¥34473% »3¥.i8e) 2lii”0
I oT8344N0% »IV.6,'2%v0u3) yno
1032vigdsr3"M34478
fL39VACINDILYOT L1300 LsinT2 VY
ISNYNIg 04 09 N3wd (3n0Lv) 41

1on3
t3nu1 T aN03TY 3873

e
o
o

MEMOON YA s
™ e
-~ o
- o
oo 0

o,

e e

forrraw
-
o

)~

oo~

e
.
~
o

»
~
~

o

e n
-
~
©

et ey

Lo
L I I R Y

e e R R

WAOMAUOSRAANDD R0 Q0M SNy D

LR T
At . e




F(n) TngTawdl w1930
NIML (als ® (1 504 1) (x1TMg) ONY (4@a B3N (1 204 11E476) 41
00 48 TI4NP 1 g348 171 404
00 ldN 1isn b 4348 1Ty 804
{ ses ANINIYEL®NIVE ONY ONIMINYEE QMVHECS HI0OG 204 a33u] ese iNIweT3
fess AINYONNUZY X334 ONY §34vD %34 Onlyg ®88 InGnaC)

1083
(11935vA8) ¥V (1161817
00 4nNCD II4NN 3 4318 171 004
N3
10N3
11e nnga"e
iye7r
fInnIeisINTE N8
(1 NN
itr=9 504 14r) (2739YLS)¥OVLI8Y
eletiTof 304 VI C1'39VLE2NOVAST (T 3OVLACINOVLS 3873
{FeY 404 3401 (1'39VA8IXIVLEY
«Pu¥(lof 804 I CI/30VLASINIVAST(1739YLS) %IViE NIML
(aXe ® [T NO4 CILI'ISVASINIVLIS) 41 NIS3E NIML
Cuhs ® (3 804 PILI30VviSINIVLS) MO
{eXe ® (1} #04 £)LI°30v4S)¥IVLS) 41
00 7 IANN T €316 1edNTP ED4 NI93E
00 ANNC 148N 3 <348 171 ¥04
(039V18IX0J4Y97INNT
(on3
11=397,8730v.8
1IN
fENYNTS
& LEY O o] 38 N3N (1 230 39viS) sl
1€21,961,%.08N084N D39 (39Y IONINAYEL=¥3YEL) RiSIND
1(214961,9,ONNCAAN 039 (39VISINGD JYNLleN3v8.'2NYHY) AMC NI93R
0a 539 (39VLSINOILYS) 3T1Iwm
fong
fENYNT a9

4
f

i
(3nELTO00DENY NIDZE N3INL (ONAOEEN ® ONNACET) M0 (@ £3Y 39vis) 4
(21,9630 RuONINOY L ox2YE,) BISLT
F(21,980, 020N H3vaLmondVRa‘2NT=2) 4
(1=357.87397,6 N1930 3893
I wes ONI¥IVEL=XOVE **® [NImwD)

OO

X

(u34dNET INNIBLELT NINL

Ix

LN ¥04 Te¥I¥34iNGY =eSlToy ¥04 1IM344N87 424

(a€e ® {1 404 ¥I¥344N8) 20 (42« ® 404 nlx3
00 7 LiNN 1 ¢3S
1[NNI 6AS
~
(1egunNTEnnN N3NL (a@e D3N 11 ¥04
00 4~ LUNN

eeedtL
einly
eewty
e2iLte
ey
P28ty
eesty
2oty
eeeidl
ety
22¢8L
ateey
eeved
et
¢y

e

P e L
N
~~ o~

NN SN RN Y

w@ o>
L s R

i
i
9
s
S
K

o P
AR
ro oo
© 00

€3 e 03"y

"3~
"

-
o

“
o o

N
v
e
[4
<
2
e
e
2
<
22
22
22
22
02
T
22
22
e
5
2
2
2
?
2

s~

a

-
"

<399

L LR
'
«
o




DL

{21,887,
Fl2r,981,9u43

FL2T,988, 9,18

00 LNP

((21,968,%u881 NOILNTS
1o961,2::81 NOZLNTO
TeI4408T0 IPON Q1

44N8%. IMON 81 ONAC

Niw

(P I AR RO R ST AR-A 10k
24N LN T g318 Y
Tvdx Tvwlldl 3™ia’

(LS FE- MR,
1LANND21 6LS

LAvomanT lun

[1eLN

WYY e

w

x

-

—

t

U ma

<

19vi¥l ©

1367747 34
1anus wd
o

v
o nis
g 1%t
o) bd
vY3)
o) ®i
enY=3)
sr37e3

-0

184811 (113
B2 VIinNn 2
Linnoa™ e

Lu2v8 N3w)

1938 N3md

s

lalnlne CN3
((2nym3) 38092

1ON3
c9
sl §
PAL]
o83

El
€
aC4
>~.
ing
ant
4ng
F Ladl

1336
P
G3s N1%38 3873

(93A03

SNY) 4] IgNYmlg

«ONININYEE, ON3

i0v) 41
In2INn
fea3ing

L I O

N

2
2

-~

~

LTI R
LR
.
L S

0NN







21Uy L 1 . /
y Y A
0200 4

Y y

k

\ \
Va4

X [
L2l L4l 7}

1 10 , . - xS B
Do Al H ORTEI MS AR s
¥ K ¢ VOw1IVviye
YYO Uk A Coulyl \

e} A A ;o

B9 Al \ (U L
A A (A 1 L]

Jgievy LYl -

Y11 o8 Y7 3 x
1Ly ¥ il {

o X A 2D Y
3 i X AR IR R A4 v

11 A7 1 100
136¢ 110681 9¢
1 AR > 1 : »

X L0« Vil VYV V-
X0 (% y )

U4 LY ol i «

¥ - | U S O | (48 ¥ )

1 13110060

viiy li \ 3
Ul L ¥k L i

) X k \ \ =

YA e Y
AR’ v 1 V&

)1 * OVE Y
VLZ1Y X gl L=vu—

¥Jx ‘ 1 . B
> y
. t
" T AT A ro.
| & LN i .
- 1
X / ¥ X -

< y (3 v 3
\ \ vig) B
{ /¥ -

1
L ¥ I = &
¥ 3 s
X ¥ / L 3

1710 . '

1L

Y ) 1R

2k / \

A o X A

) >4 U b




Pa4e

80560
2600
aa704@
DaBE06
Q390

010e0
81100
21200
\’113'”‘.
21440
21500
8l6@9
'x‘l 71080
81309
w19@a
A2000

2700

AT
N2380

2908
a3¢00
P3200
B3340
33400
@3500
03600
83790
03800
A39aa
4000
D414
P4200
P43
N4400
A45a¢
Ado0
w4700
A48ad
049008
a5008
B5106
5200
D530
5400

EXAMPLE

THE SORTE
Qelopapol
() 7 1(‘1\\1
2raeRa1R-

ppoevagle-

PUOARBO1~
ALRGOAL1 0~

E i 3
APEA01I0A-

200001001

REOeR100-
poRRa1ae-
fAeAC1O0-
poenang]
x"n‘vl‘h 100-
A0l RA-

&“‘”ll‘b

0F001200
gRreal

\5 ¢ ('

Chimps e
Auenléan—

- 11@1¢
4

=10
]
1

65

FAST SHIFTER
13 input variables
8 cutput variables

n pRODUCT
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680083 ITHE OPTIMA REALIZATION IS:

g819@ 190CN1a IA3R180000
8200 QoargN16-1011220100660
Y8308 QCadeel1n-1 000010020
o348 QEA00R10-102126200100
G8590 QuadeRe1-11 10008¢92
8000 3K 13-=-808 2 1
08 o 777 '|; » 1ARA0
PB88GAG ) ) - ] Q3G
B8S0¢ / 9 ) A0 0
\“,4 .' “ A X } " ] |‘ - ‘\ ;" l‘(‘
polpea A iyt ¥ WWel1eaea
I‘ )-‘ ‘.V Y‘ 1 ‘.ll‘ir‘\‘ Al ) |

B9 3¢ bugeongl -1 )

B9400 APACI1A6 NP1

n9500 P0AGA1IAG-80100

N9600 Aouelane-11201

29748 GEea1n-120110174000¢0
J98U ¢ AAAN1IAGA-1210 100020
A9 ap A030106 0 - lAGA100GRA
10009 aenngl L6A00rn10€C20
18100 QERPL1AIA-PCR10C2001 0




193
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11180
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113480
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AC0lP00R-131221008000
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10C00RR0--0001000C3000
WRAABAB1--000000000R01
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Apoeelne--eeenapaglae
WARB1A0R--00000001090
1777100011 1--100020020
U2B1A6GAR--00000010000
BA1A300Q--30000100000
120000001 -~--10P00000
TOTAL OF 68 gates
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¥3980
g4000
W4100
142da
V4300
N4400
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DIGIT BCD TO BINARY DECODER
INPUT VARIABLES
7 OUTPUT FUNCTIONS

SORTED PRODUCT TERMS ARE:
p0PE1100111000-
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20000101000001~-
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THE UPPER ROUND IS:

w
(o8

THE JPPER BOUND IS NOW : 460
AN IMPROVED SOLUTION IS:
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PUT VARIARLES

I'PUT FUNCTIONS
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o D20GCE010-00611000620009

d' 0l RoaNBR160-1111009020020)
25 704a @aau110611111-10200006
25800 1000060000-1111¢100¢0290
05928 100000000-11100010000202
26000 1200000006-110100010Q06¢
66100 100020000 -1100000010066
D200 1806000000-1021100002120
6300 120000060-1219%000800291 @
6400 100000000-1001C¢0000001
86580 PRoPD120P-11110000001¢
066002 Vopuplegs-111006000001
P6700 QPo0eal16--110000102000
2eB80Q CoPNon1If--1011000102000
36900 APRA0R1A-—-10160090106072
D7008a PePNoN1A--120100000100
371880 Ce00v0A1--111001000000
27200 VoaRpeE1e-—000100020001
a7300 NpRAR1VP~--11011€000200
27480@ 20000100--1106210920020
6750609 00001 00--101190160602
07600 BOARB1A8--1010000100006
87700 A00QG1G0--10012090010080
07800 PO0ANBR1--11G1001000060
B79@00 pa0RA10N--000120000010
#8000 A06n01aN--001000020001
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n9s5g0@ AeA10600--001100000010
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09800 AA100000~--121210000¢00
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1149 AN100RA0--000100010000
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10300
10908
11006
111¢9

1200
11308
1140¢@
11500
11620
117006
11800
119¢@
12000
12190
12200
12300
12400
12500
12600
12700
12808
12900
13608
13180
13200
13308
134¢0

4700
14400
14990
15000
15100
| ‘)Jﬂm
15360
15400
15500
15600
15700
15808
159¢0
160006
16100

]
146060
1
.

21000900 --000120106000
21200020--001000010000
P1¢002C0--02110000120¢
BlO0PARL--01000CA0G0100Q
A18¢0000--0101000002210
2l0000ve--011000000Q201
1900900111 -1-10600200
AN0RARD1--11111000000¢
10600000--00010100020A
13220000--001060120200
18000000--001100016000
1000Q06A--3100CA0R21200
100006080--210102003100
1000¢000--2110600000210
16020000--0111¢00260A0041
0600001 0--1110100000080
2000060103--112121200000
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160000 00---00010000007
00000001 -—-00000QAAA0]
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ZReon1a0--—-02200000190
V001000 ---000C0001200
PORLONRA-—--0002001200¢
A0100000---0000010006A0
106002761 1----10000€0Aa
I'HE UPPER BOUND IS: 127

THE UPPER BOUND IS NOW:
AN TMPROVED SOLUTION IS:
OUROCR10EC1IE6A1IA10000ARR
d8102000-110100002601 4
200100200-216110000000
go0100000-0110721000200
BoA1AG200-611100104000
APRGRLACC-211100031007
dAE0NR100-001101000Q06G¢
A00ABA100-C1A21200818C00
WoeRweo10e-011000001960
ARARGR1INN-2111000001907
AOARRNALO-0R1100100AAG
AOAABAALA-012100021000¢
ARBABVP1IO-0110000001060
AARARRN1I2-A11120000010
AR10AG22N-111100210000
WR1aReuAC-111A0A00G]1R0R
NA1AGAAN0-110100200140
AN1A00AAAY-101100000001
AA1AARARE-21121007000RA
A1l a-a11101000000
VAARAAG1I0-08P11900006C0C
enaR1veee-111100000100
PRA0R1LONEE-11100000001 @

124




——————rreeeeeee

9

1620¢ V0PB100006-110100000001

163008 B00010000-2121010060000

16409 600010000-011000120000

16500 0000100008 -0111080100aA0

16600 200000010-0010010200A0
| 16780 010600036-111100100000
‘ 16800 010000006-~111000¢10000
, 16900 010000006~112100001000
\ 17000 010000000~101100A006010

17140 0103000 008-101000000001

17200 0100600800-011110000000

17360 7777771011111-10000000
l 1740¢ A000031008-111100600000)
I 175060 400001000-1111000G40010
[ 17600 2000010006-1110000000801
i 17700 300001000-081110000060
t 1780¢ C00001000-012100100000
{ 17900 A60001000-011000010000
| 180404@ 0A01300600-1111000061080¢
18108 P0E10P000-111000000100
18208 100000000-111101002008
18308 126000000-1110001000008
18400 1003@0300-110100010000
18500 100P0CRE0A-181100000100
18600 106000000-10100022A010
18700 100000000-100100000001
18800 10000000--011100000001
18408 PePBR100--110110000000
19020 (0PEo0R1--101100001000
19108 0PPVP103--1011001008000
19200 20r00100--101000010200
1930¢ PPO00100--180100001000
19490 PPPPBOD1--101000000100
19500 g0GAN100~--000100600010
19600 ROR0N1AR--001000000001
19706 $ROABABL--1P01020RRALR
19800 0PVR1Y06--1211013¢0000
19900 d0001000--121000100000
20000 PORGLEED--100100010000
20100 00PAAPA1--1110010006000
20200 00RP0A103p--000100000100
28300 P0A01002--001100000001
20400 A0R010AG--001000000010
20500 777710001111--10000000
20600 G0010008--121110000000
20700 POGl1000A~-101001000000




20800
20900
21000
21100
21200
2130¢
21400
21500
21600
21798@
21800
21940
22000
22100
22200
22300
224090
22509
226090
22700
22800
22900
23000
23100
23200
23308
23408
23509
23608@
23700
238a¢@
239080
24000
24109
24200
243¢0
24409
24500
24600
24700
24800
24900
250080
25100
25200
25300
254¢0
25500
256082
25700
25800
259¢0
26000
2610¢

26200

80

0001000A0--1001008120000
00000010 --111810000000
00010006--0001000010¢0
0AN10000--2010000200100
A0010000--00110000001¢
P0000010--110101000800
00100000--1010210020009
n0100000--1001010000200
000000@21--11010P010000¢
10100002--02004100010002
P0100000--0012000A031000
00100000--2011€¢0A0C100
gAA0001e--101100010200
¢0100000--010100002001
77100000111-1-10000000
01900000--100119000620
000PAR1A--1010000010P0A0
A10Pe0Ra--00al100l100aan
010000C0--001000018200
01000000--0201100201700
H0000R10--1001¢000010a¢
01000000--010100000010
21002000--01100020A20A1
0000001-~-11111000000¢
10000000-~00P131000000
16v00A200P--001200100200
18000000--001100010€00
0ienee10--0001000020091
10009000--01010009010¢
100009000--011062000210
A0R0AR010---00000GAA010
pN20R100--1100010000020
0P000100---00000009010@
A0201060--110010063000
PPON1000R-——-002CRRR1ADA
A0010000~--000020010000
10010000~--010000000201
dA100000~--000€0100000
0100000~-012000200010
21008000~---000010060A2¢C0
010000@0--010000000100
10000000---00010000000
10000000--010000001000
A0P0R0el--110000021000¢0
AN0R00Rl---0000C000A00A1
Pa00R010--110000100000
1000000¢11----10002000
0APRA17A00--10021000000
00A0100600--10210000R00
nOP100RRA--120002000001
d0ldeadae~--100A0002Q14
Al100eRAaR~--10000000100
1069€0000--107200001000
P0A02QAC1IA--1ANAAA]AARAN

feerenlre~--100ecloeeee




Y3
vildod

_’w
20280
20328
00409
205420
30600
o728
Q2809
pe9pe
41030
211482
01208
91309
3140

03200
233080
3409
d358¢
V3600
2370¢
038080
p39ae
E4000
14100
D4200
04300
24440
|vl‘ ‘«; 1,‘] “‘
l.l 4 ‘r \' ‘:';
4700
Na8ue
A49 00
15300
AS1Q¢

[ )

A5500
25600
h‘ /‘.‘|‘

EXAMPLE ]

THE SORTED

1111111110
procloende
poa12000A1
Pd61100219
2810262011
2010102109
2011066101
2211100110
Al1onoav1ll
10040401320
1904110000
0128112001
2101021001
1901081010
168111001@
9101110211
P119£9%1011

120021198
112110168

v
(¢

101
1

P1161101921
211106081101
1411661119
19011110110
g111114111
11002401111
A

1102111000

11901011201
1161111219
1118011611
1119011112@
111111141
THE UPPER E

'HE UPPER B
AN IMPROVED
n7100-1911
120004111 -
PA1AA@-211
wRalpe--21
woa1L710-1-
g1a76-1-a1
7100711--0
PA01IA---19
PRVRAl-0--@
10020 -1~--0
706071 ---0
AA126--1-0
A10AA-111
17080011-0-
a700110--1
R i
]

nel1a7191--

17000110--

81
SPECIAL COUNTER
5 INPUT VARIABLES
5 OUTPUT FUNCTIONS

PRODUCT TERMS ARE:

OUND 1S NOW: 18
SOLUTION IS:




galna
PR200
AL 300
Q400
Q0500
Q06N
wa708
ﬂﬁ&\’l’
2090@
21008
w1109
01209
1300
81400
d15aa
B1lo0@

I
01708

x an
v ol ‘il -
n
21950

82

EXAMPLE 8 : F(W,X,Y,2)
4 INPUT VAR

I
1 OUTPUT FUNCTION

(;Ntxl-{lzl

THE SORTEDR PRODUCT TERMS ARE:

111190
180¢1
12010
1g@11
12180
190181

110

BOUND IS: 14
\L., REALIZATION 1IS:

+ WXYZ)




83

AR10@ EXAMPLE 9 : SPECIAL DECODER
pazen 8 INPUT VARIABLES
de30¢ 1 OUTPUT FUNCTION
046e

20509

0600 THE SORTED PRCDUCT TERMS ARE:
w700 110612101
De8Ro 102001000
22900 100301001
21000 100016060
1120 100010001
B120¢ 106210010
013080 10@210@11
11400 1000101¢@0
1 166819101

l:“?lk)(‘ an
180106101
161006110
190190111
122121060
) 19¢101001
w2200 100110600
’L 1
1
1
1

0230¢ 90110001
D240¢ 131000000
B250¢ A10030d1

1
h26049 101200010
1200911
1

L¢
1280 ¢ 121000100
B29@0 131400101
B3000 1012061 1¢
Q3160 131000111
03200 191212110
33006 121210111
B340 121211260
135G0 1019011001
3600 1211020006
D370 10110@76G1
p380¢ 12110€010
33940 101106011
40009 191110010
4106 191112611
4200 121110100
243060 171110101
ha4u0 191110110
nasen 12111€@111
hao@@ 121111006
Na70¢( 121111001
w4800 110221000
14900 11900010601
15600 110012000
ns5160 114010001
As200 'lt"l*'»']ﬂ
15300 112319211
A5400 110316192@
05560 THE UPPER BOUND Is5: 48




a560¢@
85700
5809
259¢a
60080
36100
#6208
06300
Ao400
06500
26600
g67e2
A6800
26900
17000
37100

THE UPPER BOUND IS NOW:

AN IMPROVED SOLUTION IS:

1911101--
101-1148-
1001001 --
1011-2081-
1-00021020-
101-1211-
101-8080--
1-8210-0-
108-2100-
1¢10800——~
190-1229-
1-00100--~

11




o108
0B200
R340
024209
00509
A0600
pO760
Qv8on
00900
10080
01180
?1200
31300
wl400
1500
1600
81708
01800
319090
12800
02100
Q2290
62380

32400

s

N2500
02000
2700
. ~a

¥lYk C
03008
L] Y 2 A
V341900
0320¢

EXAMPLE 180

THE SORTED
111211
100000
100001
100010
106811
1601060
1901821
1100
1780
a1l
1ol
190111
Q0

8]

> PECIAL

— N

OUTPUT

PRODUCT TE

FUNCTION

INPUT VARIABLES

FUNCTION

RMS ARE:

11
IRl
1138 198 18 19 08
11119
THE UBPPER BOUND IS: 16
REALIZATION IS:

FUN
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