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1duratio n of the tests. The two test parameters were ax ia l - to - lateral - load
ratio and shear—span -to-beam -depth ratio. Electrical measurements of beam
be havio r included steel strain on the longitudinal rebar , concrete strain ,
vertical deflections along the length of the beam , end rotations, and lateral
and axial  loads. In addit ion , a phot oe la st ic coat ing sheet was bonded to one
side of the beams and overlaid with a sheet of Polaroid ~il rn. The experimental
results from the beam tests were compar ed wi th data calculated with an
analyt ical  behavioral model develop ed as part of this effort. The general
beam behav ior calculated from the analytical mod el agreed well with the
measured resu lts , especial ly in the region up to maximum load.
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SECTION I

INTRODU CT ION

BACKGROUND

Althoug h a tremendous amount of research has been directed toward an under-

stand i ng of the behavior of reinforced concrete structures , there are some

area s in which knowledge is far from co plete or is inadequate for some ap-

plications. For example , the behavior of a reH~~rced concrete beam loaded

to collapse under the iri ~ luence of combined fle,j ol, secir , and axial loads

is not completel y understood.

Earl i endeavors in the anal ys is  of reinforced concrete behavior were based on
the theory of elasticity and the applicability ct Hooke ’ s Law. This approach
all ~

-i-
~ eler ~entary strength of Ila t el- ials procedures :/n~ an extension of elastic

theory to be used for the analysis and desi gn of reinforced concrete struc -
tures . Earl y investigator G recognized that concrete is not an elastic mate-

rial; nowever , the simplicity of the strai ght-line :. .ethod wos appealing from

a compu tationa l viewpoint. As better unde r st anding of ~he (Ictuil behavior of

reinforced concrete structures devel oped , revisions and additions wer co de

to accepted design procedures. This evoluti on has led to the widespread use

of the ultimate strength design method or • -~~~~~~~~~~~~~ - ; . 
,,

•~~~~~~; ,
: used in the 1971

American Concrete Institute (ACI) Building Code.

Duri ng the past 25 years , extensive research has been conducted on individual

aspec t.s of reinforced concrete behavior (e.g., f l e - i r o , axial , shea r , torsion ,
and bond). A lso , many inve r t iri t io ns concerning the interaction between van —
ous forces acting on reinforced concrete members (mo r e n t _ u  near , shear-torsion ,
and moment-axial) rove been conducted . However , for a general loading condi-

tion , concrete member behavior depends on the interaction of all these behav-

iora l aspects , and there exists no general theory or genera l behavioral model

tha t accounts for the combined effects of all these behavi ora l aspects .

5
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The state-of-the-art of reinforced concrete design is at a point where a great

deal of confidence exists in the presently accepted strength design procedures

when well- defined gravity loads are considered . However , there exist situa-

tions in which knowing just the strength of a member is not enough. To accur -
ately predict the complete behavior of a multistory building to blast or earth-
quake loads or even the ultimate strength of a complex shell structure to stat-

ic loads , the complete response of reinforced concrete members or elements to

col lapse must be known.

In recent years the complete behavior of reinforced concrete structures and

structural systems has been investigated from two directions: scale models

and full -s ized prototype structures have been tested to provide experimenta l
evidence of behavior , and analyt ica l  invest igat ions have been conducted to

establish methods for reasonable prediction of the response of complex struc-
tures to various types of loads.

During the past decade , there has been considerable success in analyzing the
response of complex structures by the finite-element method , i n  w h i c h  a con-
tinuum structure is modeled by an assemblage of discrete elements connected by

selected p o i n t s  c a l l e d  IL ,c, . The accuracy of the results depends on , among

other things , the abi l i ty to accurately define the behavior of each element.
I f  an .y analyt ical method is to predict the complete behavior or res ponse of
a complex structure , the complete behavior of reinforced concrete under a gen-
era l loading condit ion must be understood .

O B J E C T I V E

In an attempt to add to the basic understanding of the behavior of reinforced
concrete members loaded to collapse , this investigation was undertaken. The

specific objective of this research was to investigate the static behavior of

reinforced concrete beams su bjecte d to com b ine d f lexural , ax ial , and s hear
forces by developing a general model for beam behavior and comparing the re-
sults to those obtained from an experimenta l program. Of particular interest

was member behavior during the large deflections which occur after maximum

load.

6

-- .— — —
~~~~~~~~~~~~~~~~~~~~ --.-— 

—
~~~~~~~~

.. 
- TI~ _~~~~~ . . - - -c..o r~~L. .~~~~.



- .—J ,_..,.— —.-— .———- .- - —- — -

SCOPL

The invest igat ion included both an experiment a l and an analyt ical  phase. The

e.~perimenta 1 phase of the invest igat ion consisted of stat ic  test ing, to col —
lapse , 17 hinge —supported reinforced concrete beams . All  beams had the same
span length , cross-sect ional  geometry and propert ies , and nomina l ma terial

properties. The beams were loaded lateral ly throug h a symmetrical two—point
loading system and axially t~irough the plastic centroid , as defined by the

1963 ACI Building Code. Load was applied through a single hydraulic systec

des igned  ~o provide a constant ratio between axial and lateral loads for the

duration of the test. The two test parameters were axial-to-lateral-load
ratio and shear -span-to-bea m -depth ratio. Three shear-span-to—beam-depth

ratios (3, 4, and 5) were considered . For each shear-span-to-beam -depth
ratio, three axial-to-lateral —load ratios (3, 2, and 0) were used .

The experimenta l results provided data to describe the strength characteris-
tics of the beams , including crack development , failure modes , strength in-
terrelationship s , and hinge performance. Also load-deformation behavior , in-
cluding load -deflection characteristics , yield and collapse dc flections , and

load-strain behavior at various sections was determined .

In the analytical phase , a reinforced concrete behavioral model , which inclu-

ded beam response beyond the niaxir iiu ni load -car rying capacity , was formulated .
The adequacy of the model was determined by comparing the model predictions
with the experimenta l test data .

7
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SECTION II
HI STORICAL RL’~lEW

Most of the uncertainties in predicting the flexural behavior of reinforced

concrete members in the range of their Icaxim um capacity result from the in-

elastic nature of the two materials involved . Accurate prediction of the

flexura l response depends on the ability to mathematically describe the in-

elastic characteristics of both the reinforcing steel and the concrete.

The reinforcing steel most co immm only used has a distinct yield point and a

flat plastic region; therefore, its behavior can be adequately expressed by
a trapezoidal stress-strain curve. The stress-strain relationship for con-

crete , however , is more difficult to determine and also more difficult to ex-

press rri athematica lly. Discussions of the stress—strain relationship of con-

crete and the stress distribution in the compression zone of flexural members

have appeared in the literature since the late l800s. Early design proce-

dures for reinforced concrete were based on agreement between calculated and

experimentall y determined capacities (the same method the presentl y accept ed

ultimate strength design method is based on). Therefore , studies of stress

distribution in the compression zone of reinforced concrete c emob ero have pa r-

alleled the development of ultimate strength desi gn theories. i nvI stig a ti o rm

of inelastic concrete stress distribution has been approached froc P,s - direc-

tions. One approach has been to detern m ine the concrete -,tress di u tribution

by ana l ysis of the observed behavior and the ulti m ate stren qth from tests of

reinforced concrete beams and columns ; the other has been to deter in the
stress distribution by direc t measure ment of strain on plain concrete spec i-

cens

One of the f i rs t  rationa l mi methods for designing reinforced concrete cei’ibers

was reported by Koenen ( ref .  1) in 1886 . It concerned the analysis of simple

reinforced concrete s labs subjected to bending . He assumed that there was a

straight-line distribution of concrete stress in the compression zone , the

neutral axis was at middepth of the section , and the concrete carried no ten-

sion. Koenen ’s work was followed P , the development of many core fle - ,ural

ana lysis theories on reinforced concrete. Hognestad (ref. 2) presented the

8
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highli ghts of ceveral of these theories published pri or to 1 ~l 5l . Fi (more

1 presents the basic asrumo ptions used in the theories discus sed in this

sect i on -

A immong the earl y theories publ ished on flexure (following Koenen ’ s) were
other ; r u  qh ~ —i i mr m~ thocC by Neu m ann (ref. 3) in 1890, Coiqnet and

Tedesco ( r I b .  4 )  in 1 cY~1 , Johnson (ref. 5) in 1895, and Ostenfel d (ref.

6) in 1 902. (See fi j ure 1.) In the Neumann and Ostenfeld 1lethods , the
co m m cre t e was rmc ’ itte d to carry somime tension. The Coignet /Tedesco

theory m-ia s the f i rs t  to include the modular ratio , n. A lso  about the
sammme tim ime , v. Thullie (ref. 7) in 1897 and Ritter (ref. 8) in 1899

published the first theories on the ultimate strenqth of reinforced

concrete which considered the ine last ic  or nonlinear s t ress-s t ra in
relat ionshi p for concrete in the co c F I’essi o n b lc c ~ Ri tter was the
fi rst to introduce the parabolic stress distribution. However , most of

the investi gators of this period agreed that the Coignet/Tedesco str aight-

line method was accurate enough for design purposes and its sim n p l ici t.~
was appealing from a corci utational viewpoint. Hence , their theory

became the ‘c ~~ :
-
~~ I theory at the turn of the century  and led to rapid

developments in the use of reinforced concrete as a construction m aterial.

After the turn of the centur y and the qenera l acceptance of the strai qht .-

l ine method of desi gn , only a few investigators continued to research

ult i rm ate s~ r/ ncth and inelast ic st ress d ist r ibut ion.  As s umpt ion s that
were ne ne ral ly  common to al l  of the proposed new theories included the
validity ot Bernoulli ’ s hypothesis regarding strain proportional to the

distance from the neutral axis, no bond sli p between the concrete and

reinforcing steel , and the concrete carried no tension. The reinforci rm i

steel was assumed to have a trapezoidal stress—strain relat i onship.

~orm ally, two nodes of failure were considered :

(1) Tension Failure--after the reinforcing steel y ields , the

concrete crushes in compression as a resu lt. of the upward

I u l o V i m r P n ’ of the neutral axis.

(2) Com rmpre s sion railur r -— t he concrete crushes in corp ression

prior to yielding of the tensile reinforcement.

I)
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Figure 1. Flexural Analysis Theories (1 of 2 )
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The few invest igators that continued w i t h  the research on ul t imate
strength included Talbot (refs. 9 and 10),  Em’iperqer (ref . 11) ,  S u e n s o n

(ref. 12), Mensch (ref. 13), Kempton Dyson (ref. 14), and Lyse , Slater , and

Zipprodt (refs. 15 and 16). Emuperger and Suenson ’ s proposed theories were

based on a rectangular stress-block (fig. 1) hut considered tension failures

only. Hence , no Lol m ipatibility equation was needed. Force equilib r iu im i

required that

f a b  = A f ( 1 )c s s

where
= flexural strength of concrete in compression

a = depth of stress—block

b = width of cross section

A = area of tensile rernforceme nt
= stress in tensile reinfo rce imme nt

Mom iment equi l ibriunm implied that 
-

M A 5f5~d - (2)

where

Ni = moment capacity of section

d = distance frormm col lpressive face of section to centroid

of reinforcing steel

By combining eqs. (1) and (2) and substituting the reinforcemmment ratio. p ,

where A
P =

the moment capacity can be expressed in the form t h a t hecam mme well known in

later years; i.e.,

hd 2 
= p f5 (1 - 0 (3 )

S Li f ’ r IO l , r l  let f~ equal f’ (cube s trenqth) and I-l u a l t hr y i e l d  s t renqt  h o~
the re inforc ing ct r ’ I~l.

12
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s proposed t iearv (ref. 13) in 1 1 14 was bored on Ri tter ‘ s parabolic

stre ss di stri H t i un and in c luded both tension and compr essi )n failures .
Lol )m cession re i n to rI el eli t could a 1 so be inc 1 uded j the des i ‘40 met hod. No

assumption was made regarding ultima te strain in the concrete nor was compat-
ibil i ty used. For tension failures , the cormmputations were very sim i l a r  to
Suenson s; for coim ipression failures , he assumed that the neutral axis was lo-
cated at the centroid of the tension reinforcement. Th is resulted in the
fol lowing mmmom i ment capacity :

= — - -- f l

bd 2.4 c

where f~ is the compressive strenr)th of a test c’.’linder or orism o . Mens ch
considered this limiting condition too extreme , however , and suggested
fo r  ~~

- 
~~~ ; . - . i -  ~~~~

‘
~~~- - - - -‘ , -c , ’ a factor of 1/ 2 .6 .  Mensch also pointed out

that the standard th enm’ y did not agree w i th  test resul ts at hirh loads.

Kemimpton Dyson (ref . 14) in 1922 proposed a theory based on an elliptical

stress distribution. His results were not si qnifi cant ly different from im

~1en sch ’ s. For compression failures he tound that

1 -

2
-
.

-
21

t c

During the first two decades of this century , the standard theory became

so widely used that its approximate nature was often forgotten . The

allowable concrete compressive stress, was normally taken as O.325f ~ ,

where f~ was the strength of a 6-hy-12-in cylinder. Fromo this it was normally

concluded that the safety factor against compression t a m lure was about three.

During this period , however , Slater and Zipprodt (ref . 15) and Slater and

Lyse (ref. 16) p o i n t e d  out that the actual safety factor was much lar ;er than

the ratio 
~~~~ 

this reemphasized the actual inelastic behavior of concrete.

Prior to 1920, bending stre’;ces were iqnored in the desiqn of reinforced con-

c r a t E ’  c o l u m n s .  I t  was assumed that these stresses were provided far in the

safe t y  fac to r . These s t resses were not considered mainly because su i tab le
str u ctural analysis method ’, for continuous structures were not available.

13
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This lack was eliminated by the development of the Slope Deflection Method
(ref. 17) and later by the Moment Distribution Method (ref. 18).

“ Another significant development took place in the early 1920s when M cMil l an

(ref. 19) published a study on column test data that showed tha t , because  of

creep, reinforced concrete columns under a load may develop steel stresses

m uch hig her than those predicted by the straight —line method. McMi ll an ’s
study led to an extensive ACI column investi gation in the l930s by Lyse,
Slater , and Richart , which was reported by Richart and Brown (ref. 20).

Their work resulted in the development of equations for the ultimate strength

of axially loaded columns.

Another m ilestone in the advancement of reinforced concrete occurred in 1931;
Emuperger (ref. 21) published a critical stu dy of the nodular ratio and allow-

able stresses.

Prompted in the United States by the ACI column investi gati on and in Europe

by Emmmperger ’ s paper , a renewed interest in the ultimate strength behavior of

reinforced concrete began in the early l930s. in 1932, Stoss i (ref . 22)

published a paper in which he discussed the ultimate str er ;-th of beam s with

tension reinforcement only. Considered in his stu Jy were cnr’:lrrssion arid

tension failures and the effect of strain rma rdeninq in tio r r ’e i nf e r c e~ ’
Brittle ~

‘ailures (failures due to rupture f the tension steel ii ’in ed iate ly

after the formation of tension cracks in the conL rete) were also discussed

in terms of small percent ages of re i n f r r c i n m  ste el; Stü ssi ‘ s retried ‘of

analys is  of the ul t iw a te  r - , o” ent c a pon  f ’. was ve r ’,’ ( ‘ rm ’’ .il an’) several
theories developed la ter  we r e ac tua l l y  r e f i n e m ent  and l m i 4 I r o , a’ * nt r
his work.  S t u - m s i ’ s t t o~l E’y w a s  ba rd  on or a r b i t r a r y  t ’  r of L ’ e  C I I ’ sio r
st r l” ,s_ b l ’ ,ck ut  h , m racter ized l v  ~r ,e s t re ’ . s - t ’ l o ck  r ’ - - i s t m n ?  k~ and ~- , t h

compressive strength in f lexure , f , and a-i  J1t~; , E t e  c t i  a i r , ( f i n .  1 ) .
The con ’ .tants k and k re l ate t o  the l Ik l ’4 ~i1 t o m  .101  loca t ion  I- , in ter=~ 1

compr e’- ’- i v e  force in the con c ’ -c ’t ’ . The con ipr’ rI S i  : c ’  forc ’ 5 * ‘ er ’~ c’ bct

He assumed f~ was equal to f~. Stu’ .u i dat ’ ’’- ‘intO ~m m s  s t r e s s — b i n  k r- ons ~ oH

from concentr ic compression test. ’ . on ir sms . HA ’  Jt ‘er)llined i 
- - 0 ,70 to O .~~.’.

= 0.39 to 0.41 , and c = 0.0020 1 0.0025 . T l o ’ ,e p~r . 1  E ” - ,~~~~ . “ - ‘ sma l l - c

lIt
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than thos e reported by later invest i gators because he did not recognize that
larger strains could be developed in bending .

Fro m the assumpt ions in fi gure 1 , equilibrium of forces requires that

A f = k 1bcf ’s s  c

where c is the distance fromn the compressive face of the memimber to the
neutral ax is .

Moment equilibrium yields

Fl = k1 bcf~(d - k2c)

For tension failures with f5 equal to fy (the yield strength of the rein-
forcement), the ultimate mom ent capacity of a section was expressed as

/ k:
- I - - = p f 1 - 

k fbd c

° t dss i  sun mested that k 1k 1 = 0.55 was accurate enOulmh for o rac t i ca l  purposes .
For co mpression f ailures , using the strai ’ )ht - line strain dist ri b u tion , h~ de-
veloped the following com pa tibility equ at ion:

= 
~~~ 

= ~~~~~~~~~

a here

E = modulus of e las t i c i t y  of steel
= ste a l  s t ra in

One ot St d r si ’ s conclusions was that the safety factor with t he s tanda rd

t hi or y was 2.3 to 1 .1 .

c h re / e r  (ref - 23 ) in 1~ ; reporte d on a S tU ss i  - t.,’) e thl’or’,’ for m ’ihi ch he es-
t ib i I shed ~~~A ’  S

t ress—s tra l n E’e lationsh i p for concrete in com’n lr e ssi im n Ira’

(04) ’ t n  .ts. The s t.re’, —s t rain curve was hy4’I’rho l ical ly shape ,oi th 0. :c H .
His v a lu e  t a r  - was ind emi i ’ ndv m i t at  oflcr’I’te strenq th and His re .m.lt inq c . —

• s i nns  b r  r r lomcer: l  m a p a c i t y  wea n - , al gebraic a lly, quite inv ived.
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The .i l th- rrte moment capac i t ’ 4 of r ’ectm n I 4ul ar bea m is ra i l i ng  in tensi r m was dis-
c u s )  by Ka.. i rm czy (ref. 2 4)  i mm 1933. His f heury was based on a rectan m u l ar

s t r e ~ s — b lock .  It was aSSumed that t = f and f ’  = f ;  therefore , the cc —
S y c c

,~ su lt i  nq expression of eq. (3)  was used fo r  the rol ’ me r m t capac i ty  of th” beam ’s .
A ma or’ port ion of  Kazi nc:v ‘ s h a r k cons i s t e d  ot the a n a l y s i s  of te st re ii S

of two-span cont inuous beam mm s-—one of the first papl rr d e a l i r m m w i t h  a p las t i c
t heo m ’y for re in forced concrete be ams .

In l ’ 3d4 , Gebauer ( ref .  25 )  repor t  e l  on a theory for rectan~ i lar bea ‘s fa i l  I I I

in tension.  His theory was a lso  based omi a rectangular stress -block ; howe’,o r ,

he included sommme tensi le s t rength of the concre te .  (e bauer  ass umed that the
tens ion was the resul t  of s hr inkage of the concrete around the re in ’orce ment .

A lso  in l93 , Baui iann ( ref .  2 6)  r e ro r ted on a s t o 1 1 o~ the buck l ing it  re in —
f’orced concret e column ’ - subjected to concentr ic or eccen t r i c  loads .  In his
study a re la t i onsh ip  betw ~’en m iom mi ent and rotat i  on for re in forced concrete ‘ iCc-

t E r m -  w a s  rellui r ’rl . Baum :iann found that a a l - a t lo l a s a t i s  Hctori ly approximated
the s t r e s s — s t  r u i n  curve t ar concrete . h oover , he d iscover - e l thr our :h t es t s  of
eccentr ical l y loaded prisms that the u l t immmate s t ra in  in f lexure , 

~~~~~
, wa s la r g e r

than the corresponding strain at the max j r m ium concrete st ress , c0
, for a

concentric compression test. For a concrete strenoth of 3500 psi , he deter-
m im i ned = 0.0018 and u 

= 0.0025 to 0.0033. Iau r ann , therefore , iced the
st rcr ’ . -b loc . shown in fi ’ :ne 1 .

Bi ttner pubi i shed ta r papers (refs - 27 and 2$) in 1935 and 1936 on the in-
elastic behavior of reinforced concre mc . For’ tension failu res he assu ’ I’d a
ret tan C )u la r s I ness—bloc )  ari d thus the “ oC ’eri t capac l t . gi c l i  by c m .  ( 3 )  r’e—
su l ted. For com mm pr - es s  ion fa i l  ; i r ’es he used a St i’ ssi  — t’/fl(’ .mr io ly s i  s wi tn a

s t r e s s — b loc)  s imr r i l a r  to h au m’ ,a m u m i ’ s. However , Bittner used a const .u -t. va lue
of 

~~~~ 

= 0.0015 , rega rdless of concrete s t r i n ; t h .  For h is ana lys i s  he u ed
= 0.003 , 0.005 , and 0 . 00 7 but did not irm a) e a rm c o o  endat I on as to w h i ch

value should be used in c les io n .

Betwe en 10 ~5 arm ) 1937 ,  Brandtzaeg (nets - 2~
) through 32) r ’ em or ted on s t m i 1 1  ‘c

(F I t re4 resentell the f i r s t  comp let o ana l y s i s  of the u l t i m a t e  s ne ro ’ ) cap ac—
i t 1  0 r~’i tan I m 1 ar , rei of once ) con cr e t e  sec t i ons .  The e st u i  i es inc luded t -

l i
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ect of comm m pr ’ e s s ion rel nforcement and bending in com n bi nat ion w i t h  ax ia l
load. For tension fa i lures Brandtzaeg used a rec tangular stress -bloc ) ;
for com irpressi on fail ures , he used a stress-bloc ), similar to Bau d ri n 5. 11cm-

e’.er , it was immmproved by the development of a re la t ionshi p between ( ho ul ti -
imm ate s t ra in , c , and t he co m mmpressive strength of t f e  concrete.  1lso , a S

a- sLhm m l ed equal to 0.2bf ~ . Brandtzae g also introduced a ‘ L ; . ’ J . o - , ’ “ .‘ -  ‘ ( -

~ ~~~ 
into h i s  e~ç ’ rec s ions fo r - ul t ir m iate oomoeri t. He yen f led his theory by

conmpar m n q t u e  resu l ts  to the resul ts t rom tests of 20 bea m~ms , 13 eccen t r i ca l l y
loaded col a ; ns , and sever-al au \iliary specim ens.

Emmmperger , who in 1931 had c-m itten the paper ’ critical of the modular ratio and
the a l l o w a b l e  s t ress approach to the design of r e i n f o r c i co ncrr - te ;‘e” h ers
(ref.  2 1) ,  publ ished a report (ref . 33 ) in 1936 based on his review of 5
y ears of d i scuss i on  on u l t i m a t e  s t reng th  de s ign arid co n cluded that sa t is -
fac tory  resu l t s  f o r  the u l t i imca  t e s t ren i th I f  rel nforc ’d increte beams c o u l d
be obta ined , m i t h  the a s s u m u i t i o n s  shown in fi gure 1.

In 1936 , Sal iqer (r’ef . :~ ) presented a th o rou g h stud o~ rec t i n ’ m u la r ‘Oa r ’s in
whic h he cons i d t - . t  t e ’ ’ ion , com ii prr ’csion , b r i t tle , and balanced nmodes of fail-

ure. (Balanced r ai lure is sim ultaneous crushin ; of the conc rete and yielding

of the tensile reinfor ’cem iient.) Sal i ie r used the sa me basic approach as StL ’ ’s i
( re f . 22), but he assum imed that k = 1/2k 1 ; tn i s is equivalent to replacin ;

the curved s t ress -b lock  w i t h  a rectangular one. He a l so  assum ed f~ = f~~;
th is resu l ts  in eq. (3) becommring the expre ssion for the ul t i ma t E mor ’en t ca-
p a c i t y  o~ a bearim f a i l i ng  in tension.  The value of’ k 1 was then deter mined b ’t

observ ing the pos i t ion  of the neutral ax is  at  fa i lu re ;  he found va lues fro’-

0.90 to 0 . 93 .

~h itney , one of the bet ter -known researchers in re inforced concrete in the
Uni t ed St ate s , published papers on his ultimate strength theories from 1 937

to 1 )4~ (refs.  35 through 38). A rectangular str ess-block was used in the
i r i m i y ’ i s  ef tension failures with the as su nt mpt ion t h a t  f~ = 0.85f ~ . The
Hl low in q  express ion was then developed for the u l t imate  ‘lollent c a p a c i t y :

bd ’ 
= 

~~~~ 
- 2 ~
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Whitney made no assum mmptions regarding ultimate strains , strain distribution ,

or bond s l ip.  For compression fai lures he assu nimed from test results a li mi t-

ing value of a/d = 0.537. This led to the following expression for ultim imate

m imo mn en t:
M 1

=

Whitney also developed expressions for the ultimate strength of rectangular

and round sections subjected to axial load and bending moment and failing in

either tension or co m mmpression.

In 1941 , Cox (ref. 39) reported on tests of 110 rectangular beams. Usin g a

rectangular stress-block , he developed expressions for tension and comupres-

sion failures with and without comimpression reinforcement. He assumed f~ =

this results in eq. (3) for tension failures. For compression failures ,

a value for the cr i t ica l  reinforcement , ncr ’ was experimental ly developed .

~cr 
= 0.47

This results in
M l

bd ’ 2.76 c

The 1 /2. 76 factor is between the 1/ 2.6 that ~iensch (ref. 13) used and the

1/3 that Whitney found.

Jensen (refs. 40 and 41) in 1943 published a very complete report on rec-

tangular beams with tension reinforcement only. His analysis was of the

StUssi type , but he considered a trapezoidal stress-block. He developed

the following equation for the ultimate moment capacity of a beam :

Fl I 1 pf 5\
b ~~~~ 

- N f ~~)

where N was a function of concrete strength. For tension failures , N = 2 was
assumed ; this is the same as eq. (3). For compression failures , a conipati-

bil ity equation was used.

18

_ _ _  . ~~~~~~~~~~~~ ,  -~~~~~~~ ~~~~~~~~~~~ ~~~~, ~~~~~~~~~~~~ 
-

~~~~~~~~~



In 1951 , Ho 4nles tad (ref. 2) publ ished resu l ts  of an ex tens ive  invest iga t ion
c it  t H e  a lt  i ’ ’ i  to s tr l n it H behavi or ot re inforced concrete ;mi em mb e r’s s ubjected to
c Oi l) i ned hendi rig  ar id .1 \ i i 1 l oads .  He tes ted 120 speci ‘ m er u s , whi ch included
m -~- ’ t h  sq u i r e  t med a n t  cv i i n ir ica l  spira l c o l u m n s .  In the in vesti gation lie de-
veloped arm i r m ’ las t i c  f l e \ u r t m  theory  of the StU s s i  type. Hognestad used the

co ncrete st re ss—strain relationship ‘dea n in figure 1 . He also com pared his

r’e ’ ; , i l ts to me t hen ries oh dhi tne~ arid Jense n . Hounestad ’ s na)ler included a

cormmpi 1 a~ i ’ n of L rc ’v ious t heo r ies and his Henry see mm med to include the best
eature c oh a l l  ‘~~ t he lm ; .

1 m m t ne r~ rl~’ lHoO s . a con s o l i d a t i o n  of in f o r m iat ion concerning ul t i mr mate
s t r ’ ’ n - m  th des ign w ar  I ii ti -

) ted . Existing theories we r e n- tended to i n c l c d c
com cbi ned bc’ndi n; and .o- , ia l load as ‘ -,- e l l  as pres rc’ssed concrete nm enmbers.

Ult i ”ate str ep tn lesi o n m ethods were a l s o  introduced int r  the bu i ld ing codes
of c ev ’r. l c n urm t n e c , In October ’ 1955 an ASCE—AC I Joint  Ho’ - i  t tee on

-
- , - ; t , published its final report ~ref .  42), whic H cul r ; i r ; tn: nmo r-e

than 10 years of committee work. This re port led to changes in the ACI Build-
ing Code , 3113-56 (ref. 43), and thus per m itted , for the first t i m e  in the
Unite r ) States , the use of ulti m ate strength design m ethods for reinforced

con crete f lexura l  merm rbers.

~~ter the nub l i ca t i on  of the ASCE-ACI Joint Com ’ mm l is tee  n e m o r t  and the inc lus ion
of u l t i i ’ a t e  stre rmm t .rm provision s in the 1956 AC t Bui lding Code , Hognestad (ret .
tO.) publ ished the resul ts  of a review of current li tera ture  rc’i ardin q th e in-

elastic stress distri b ution in flexure of reinforced concrete mm ienmbers. These

results were com pared with the rec ormmm ;mendati ons of the Joint ASCE-AC I Committee ,

and from the comparison it was concluded that the commi ttee ’ s desi gn coeffi-

cients were well substantiated by test results and that a sim ’mp l ified rectangu-

lar stress distribution gave satisfactory accuracy for co mi m imm on, practical de-

si gn cases.

In 1961 , Mattock , Kriz , and Hognestad (ref. 45) presented the deve lop rrment of

an ult im imate strength desi gn theory based on an equivalent rectangular stress

distribution in the concrete com ’mpression zone. The proposed theory was in

genera l accord with the appendix to the 1956 ACI Building Code , but it had a

19
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‘much broader  app l i cat ion.  The mi method was applied to a wide var iety of rein-
forced concrete bea mm m s and colum nm ns under various combinations of axial load

and flexure. These results were compared to results of experimental investi-

gations and the agreement was excellen t. Since a wide range of variables

was considered in this investigation , it was concluded that the theory pre-

dicted u l tim m m a te strength with sufficient accuracy for al l types of structural
sections encountered in structural design , including odd-shaped sections.

This work was the basis for the ulti m ate strength provisi ons for flexure and

axial load in the 1963 ACI Building Code (ref. 46).

With the general acceptance of ultimm m ate strength methods for the design of

reinforced concrete structures and the acceptance of inelastic behavior of

reinforced concrete , increased interes t and attention were directed toward

limit design of reinforced concrete structures . Even at the present time ,

in standard design procedures , an inelastic stress distribution is consid-

ered in designing cross sections to resist mimoments and loads dete rnmined

from an elastic analysis.

In Novem ber 1964 , an International Sym npo sium~i on 
n, , ,, 

~~~

• 
,

‘ 
c’

/ ,~~~ - -  (ref. 47) was held to present recent work directed speci-

fica lly toward the goal of a mmiore basic understanding of the flexural behav-

ior of reinforced concrete and the eli m ination of the basic contradiction in

desi gn philosophy , e.g., ultimate strength desi gn f r o m  an elastic analysis.

Most of the papers presented were concerned with some asoect of limit design

(e.g., t~attock’ s paper (ref. 48), a ‘ ‘ ‘ a c: • , . ’ , . ,

. :-- -~~~, and Roy and Sozen ’ s paper (ref. 49 ), c ‘ 

~
‘ ;- a

• n ’ : ”:.) Most of the papers were concerned with the behavior of reinforced

concrete bea nms and slabs in the plastic region up to r o a x i m u m l ;  load.  However ,
ba rnard presented one of the first reports (ref . 50) on beam ; behavior beyond

‘ a x  i m c u mm m load to col lapse. Based on the concept of concrete as a - 
~~‘ 

-

‘ —

• ‘.
• 

‘ mate r ial , Barnard showed that a bea m could continue to rotate when

the bending moment was falling off , but it would not collapse unless an en-

er-qy balance in the beam im ceased to be satisf ied.

A com ”J r -r hen sive annotated bibliography (ref. 51) which covers li m ’ ii t design

i n ves t i ga t i ons  b e t w e e n  1917 and 1 96 was prepared by Cohn.

20
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The most recent investigation into the behavior of reinfor ced concrete beam ims

i n  the range beyond m m i axim ; i um ; m ri onmment capacity was reported by Iqba l and Hatcher

(ref. 52) in 1975. The behavior of reinforced concrete beams in the post-

crushing range (where m omm ment is decreasing while deformation s continue to
increase) was studied. A theoretical mlmodel of the fai lure mechanism in the
post-crushing region was presented. The results were compared with the ex-
perim imental results of tests on six beammms without comm mpression or transverse
rel oforcem mient.
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Ly P E :~~P ‘HAL Pb .; b-t”t

The exper ir ;enta l phase of this i rmv ’rti qOt ion co nm si sted of s ta t i ca l l y  fec ti no

to co l l apse  17 rect a n g ul ar , re info rm ;ed concrete b e a n s .  The durat ion o t  the

t e j i m ;  tests va r-i ed fr om mm 2 to 12 m oinutes. All bea ml ms had the same span 1 ergth ,

cross section , arid hi n :med end su o m i o r t s .  The two test pare ; eters, consi dered
were the ax ial-to-laler il -load r a tio and the shear-span-to-beam-depth ratio.

Far ’ a tw o-point s ym ; mmm etr i c~ l l a te ra l  load , the  shear span is the d is tance fro m
the ’s ,i~~or t to the load poi nt. Fi g u r e  2 ‘, tmow s the ge nera l  1 oadi pci sc h ’ c’ for
th e beams . The ax ia l - t o - l a te ra l - l oad  rat io , P/ F , r -ema ined cons te nt fo r  the
duration of each tes t .  H e ~he a r-sp rm n pa ram e te r ’ is expre ssed as the
ati o ; a 5 

is the shear sp an and d is the distance from the compression face

of the concrete  to t he cen tr o id of the tensile m’ei n f o r c e ’ e n  t (of f ective

depth ). The pa ram m ;e t er co r mo id e ed in this i m mve s t i c i a t i on  more a 5 /d ra t ios  o~
5, .1 , and 3 amid Pj r  rat ios  of 3, 2, and 0. Each hearm; t es t  was ident i f ied  by
a tn ree- rmu ;m ber desig ;a Lion (e.g. , 5-3-1 ). The f ir st nul’ ;h mr refers to the

n mo m ; i nal a5/d ratio , the second reh:’r’ to t he  f l omimif l 9 1 P/F ratio , and the t’ni rd
to the boa;’ r u l e r  of tha t part ic ul ar confi q u r , tion. Table 1 ‘ “rent~ the

test  des i i mna t i ’ ’ ms for each ~:nb ,m ’ j r a ti o n.

TEST AP PARA TUS

The loading dev ice used i nc  th is  invest i g t r ion m r s  a test  t ’ - a ’ ~e used h’ r C r is t

( ref .  53) in a a p i - on 1 corr ”e t r  leep hen ’’ s~ udv~ hr it a ’ - m o di f ied to

a ccIr I rl u il d a te the a x i a l  load a p p l i c a t i o n .  Fig ~re 3 S ’ ( O~5 ’ tI’o ’ ’, :u d ic led tcst

tram e ,‘.‘ . ic h c u r s i S - ; ot -~nm u: - ; o p o r t i o n  tH at ; ‘rovid’d r’c~ ct ion for the lat

eral load 1m m - i a 1 1 ,4 cc  po r t i on  ‘h at provide I ‘h )  e x i i i  load and su; p~ rt 5y5 -

tom ’ . The 0,-J po rtions were ied toqi ’ther by ‘1 ye yr af  i cal s rj c (  “ 1  T—

sec t i n , - 
-

Lateral  in,, ) ,iis ap pli ed h, a 100 ,000—lb—capacit y hydraulic ‘ann w ’~ ’ a 13—

in st.rp~ o . C’dal load was ap ll ied y c-JO 200,000— ib—c epaci t’.’ double act i n m i

re s ‘,-ii t h ? 6 - i n  s t r o k e ’ - mOan i ’m a hori c i ’ t ,, l posi t i o n , ~ sin g l e hy i r i u lic  
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Lateral Load (F)
Ax ia l  Load (P)

Shear Span (as) , a 5

-[ - - ---- —— . - , - - -

4 P
4 . -- - - —~~~~~~ —--—-- _ _ _ _ _

Length (L)  
—

Vert ical
eacti on

F igure 2. Genera l Loading Conf igurat ion

Tab le 1. Test Designat ions

A:’. ia l - to - Lat e ra l -Loa d Rat ioShear-Sp an-to- - ._____ ___________

Bea ;m i- bepth R a t io 3 
—— 

2 0

5_ 3_ l *  5— 2- 1 5-0- 1
5 5-3-2 5-2-2 5-0-2

5-3-3

4 4 -3-1  4-2-1 4-0-1
4 -d - 2 4 -2 -2

3-3 -1 3-2-1 3-0-1
3 3-3 -2 3-2-2

‘3— 
) _ 3

~
(-)t reported.
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syste n mm was used to ac t i va te  the ra m mms to insure a constant P/F m’at io through-
o u t  each test. The hydraulic syste mn m had a capacit y of 9,500 psi and  could
be operated frommm a portable m ’em m mote control w i th  an ad justable load rate .

The total latera l load was divided into a two-point load b, a steel distri-
bution beanm which i mnmparted force to the beams through 2— 1/2 — in-dia m eter ’ ro l-

lers and 4-by-9—by-3/4-in steel bearing plates. One end of the dis tribution

bea mm m was free to translate and rotate while the other end was only free to
rotate. The bearing plates were seated to the heam’is with a thin layer of
high—strength gypsu n mm conmi pound. The length of the shear span was establish ed

by the position of the lateral loads.

Axial load was app lied to the bea mn ms by using the two horizonta l rams in ten-

sion; this resulted in comnnpression on the beam because of the pivoting of the

vertical reaction a rnmns (fig. 4). The ratio of axial to lateral load was de-

fined by the pull -point position of the rams on the reaction arnms. To adjust

the axial—to—lateral — load ratio , the connection point of the tension rams to

the pivot a rmm was changed . For zero axial load , the horizonta l r’ai’ s were mime-

chanically and hydraulically disconnected from the system. The hinged condi-

tion at the ends of the heamnis was insured by transm im itt ing the axial  load
through self-ali gning, roller-bearing pillow blocks and 4— in-diameter steel

shafts. The axial force was applied through the ‘ : . m ‘ - . of the bea mnm

cross section. The plastic centroid of a section , as defined by the 1963 ACI
Building Code (ref. 46), is the centroid of resistance to load commi puted under

the assumption that the concrete is uniformly stressed to f~ and the rein-

forcing steel is unifor mmm l y stressed to fy •

To insure that the forces measured in the horizontal rannm s during the tests

could be accurately converted to axial forces in the test beams , a series of

calibration tests was conducted prior to actual bea mmm testin g . The calibra-

t ion tests consisted of loading a dum m mmy beam axially while ‘censuring both

the forces in the hydraulic ranns with force links and the axial load in the

beamn m with a load cell. Under the assumption that all joints in the mechani-

cal linkage between the horizontal ramus and the dum m m m ’ ;y bea m mm were f r i c t i on less .
the calculated a x ial load in the beam was comn mpared to the load indicated by

t Hc’ load cell. The agre enmment between calculated and m ’reasured forces in the

25
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d c ; ’ c y beam was w i th in  10 percent; however , the correct ions der ived from the
calibration tests were used to determnine axial loads in the beams during the

actual tests .

‘ i Ai~ SP ECIt - 1LN’~

teom m etry

ice bea m span was 12 f t . 6-1/ 4 in m’ ieasured from center to center of th e
p i v o t a l  s h i f t s  at the heam rm ends. This length included the steel end reaction

devices shown in figures 4 and 5. Cross-sectional properties and geometry

were the same for all speci nm nens. The bea mn ms were 15 in in overall depth and

9 in wide with a depth fromn i the comm ipressive face of the concrete to the cen-

troid of the tensile steel of 12-1/2 in. Tensile reioforce nnn ent consisted of

three t~o . 6 (3/4-in—diameter) bars. Although it was intended that the spec i-

nmnens be essentiall y singl y reinforced , two No. 2 (1/4-in-diameter) bars

were placed in the top of the bea mm is . These were included to assist in bea mnn

fabrication and to facilitate mni akin g strain mrneasure nmn ents in the col”pr’c’scion

zone of the beams . t~o. 2 stirrups were placed at 6-in intervals along the

length of the bea mmn s (fi g. 5).

To facilitate axial load application , the concrete portion of the beams was

termim inated at end bearing plates to which the end reaction devices were

bolted. The longitudinal reinforcement was welded to the end bearinc i p lates
to assure adequate anchorage for the bars and to assure develop m nn ent of the

full flexural and shear capacities of the beams . Additional rein force nnme nt

was also welded to the end plates to provide a mechanism for shear transfer

between the concrete and the end supports . Figure 5 shows the details of

the end bearing plates.

Reinforc i ng Steel

The principa l longitudinal reinforcing , which consisted of three Nic . 6
bars , had a yield strength of 62,000 psi and conformmied to ASTM Specification

A615-60. All the steel was produced from the sam e heat to insure consistency
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ai mmong the bea m mm speci mm mens. lens i le tes ts  were perfor med on sa mples from mm

~o ’v &c r ’al lengths of the rebar to insure control amid to de~ ,‘r;- i rm e t hr nnnechan-
ical properties of the steel . A typical s t ress -s t ra in  curve is ‘hoc - i n in

fi gm i r ’ r’ 6a.

The s t i r rups  amid comm ipre ss ion rei nfo rce l ien ;t mom’ i ntermmmediate-g r ade s teel
confor m mming to ASTM Specification A l 5 with a yield st’ emi ’m th of 52 ,000 psi.

Although riot covered by Spec i f ica t ion A305 , hea im ;s c’i ith the No. 2 bars had
deform im at ions s i m i lar ’  to those w i th  the No. 6 bars . A t ,p ica l  s t r e s s — s t r ’ a i n
curv e is s hown in figure 6b.

Concrete

The concrete used in the beammms had a rm o ; ’ - inal co-’pressive strength of 5,000
psi and was produced w i th  Type III Portl and cem ient m d  1 mn ma x i nnn u mnn -si ze
aggr - egate of 3/ 8 in. lie coarse ag m roq a te was mn mostly wel 1 — n ’ our md , ’ l natural

‘a te r ial of un i for n mm grad at ion (100 percent by wei g ht pas s ing the  3/ 8-in
sieve w i t h  less than 12 percent by ‘ d e l i m i t pass i n m m the N .  I si eve ) c , i i t r ;

l e ss  th i n 10 percent  by weight  nr ’ushed m a t e r ia l .  The t i n e  aq m r e ma te was

a ‘,‘j ished mater ia l con t i r m m i n g  to AS Ht S p e c i f i c a t i o n  C — 33 ~or c o n c r e t e  f ine
. 0 m m r e g a t e  and had less than 2 percent by we i g h t  passing the N . 200 s i e v e .
The fineness nm n odu lus of t ime sand varied from 2.6  to 3 .1 .

The concrete was mixed at the Eric H. bang C iv i l  Eng ineer ing Rese a rch  F a c i l  i t , ’
(CERF) in a 16 — f t  non t i l t ing . ri tm t i n g  d r u m , e lec t r i c —powered concrete m mn i xe m ’ .
Three to s i~ control cy l inders for - each bear ; were cast  in 6-in-dia m eter , 12-

in-hi gh, waxed cardboard m olds.  The bean’s were cast in the i r  normal posi t ion
in steel fnr m ci c . E a c h  b e a ; m and i t s  o nmtr o l  cy linders were cast tromp a single
h r t nh of concrete . T r m r ’ heanm concrete was conmpac t i i  with a 1-i n-d i ,m” : t t  em’ , 12-
in- long, e lec t r i c  v ibra tor ’  probe which operated mt about 1 , 1913 rp m mm . The corn-
t n i cyl inders were com n mpacted by ver t ica l  v ibrat ion at a frequen c. ’ of 10 lIz
for about 1- 1/2 minutes on a v ibrat ing table desiqned and lubr icated at CERF.

The b e a m ’ , and control cyl inders were cured under polyethy lene p l a s t i c  sheets
for at lo in t 48 hours before the for mi c were removed and the c .1 i rider’ molds
st r ipped . The be m is and cyl inders were then lef t  to cure t ii m e t h e r  under the
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polyethylene sheets until about 2 weeks pr ior to the bea mn m test , at wh i ch
tim e curing cimni t .inued at am mmbient conditi ons.

The contro l ( y l i riders mere tested to fa i l  un -c the day of the beai ’ i  tes t .  Ten-
si le sp l i t t i ng  tes ts  and s t r e s s - s t r a i n  curves were nmade for a l imm n ite d number
of the control cylinders. Fi gure 7 shows a typical s t ress-s t ra in  curve for
th e concre te .  T he port ion of the curve beyond ;“ , m. , i ic u; ’ s t ress  cou ld  not be
mm measured because of the chara cteristics ot the testing machine used. Tabl e 2
presents the conc re te  s t m ’ e ng ths  for the var i ous beam c ms .

INSTRU 1ILTh\TION

I nst.rummment etion for all he am ims , w i t h  a t ew  exceptions , was simil a r , ‘t e , icur e—

ent s were undo at nodal inca ti ons that corresponded to nodes  used in the be—
hav iora l mm m ode l deve l op mm ; e n m t . Figure 8 shows the locat ion of the reference

nodes. Me u surem m ment locations were sym m mmn m etrica l about the beamm n centerline.

~‘1m isurei ; e i t  s ‘m dc i mm c l uded ve r t i ca l  de f lec t ions  along the beammm , ve r t i ca l and
hom’ i z o nt , l defl  ed ions at the support shaf ts , re la t i ve  hon zonta l displace-
:m; e n it’ ; n o n ; I he be rn , s tee l  and concrete strain at various lo: atiom i s , rota-
t ions at the heammi ends , ami d lateral and horizontal loads.

Disp lac  m i m e  n i t

V m r t  ical  d e f l e c t i o n  m mmeasu t ’ e i ’ ; rm t.s were m ade at se venm local  ions along the be m i -
1 , 2 , 4 , ar c ) 6 in f igure 8).  At  the bea m ce n t onl ine , s ta t i on  6 , the i ’eu s~

w ’e~ r n c t c- ins imiade fr ommm t l m e ground to the botto~” surface of time beam ; . At the

o~ her’ s i x l oca t i ons ,  the ‘ic r surement s were ti rade fro m the ground to a l  ur i nu nc m

brackets bonded to the be r m ; s ide at nniddepth. Support ‘movemm ient during the
tes ts  wa s mmmoni tored by ve r t i ca l  and hon zontal disp l nc. r ’ i ’ emi t  meas urer ; e mnt  c on

both sides of the support shaf t s  ,mt each end of the beams . Linea r’ potent i -
ni’ mn ters cii t I n gage 1 engths f ro mm n 1 t i  6 1 n depending on the lOt . , m t ion of the

m nm ea c ure mm merm t, were iced for these ni ie ,mcur ’om ’ien ts.
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Horizontal d isp lacem men i t r easu rem m ments were also made at s ix locat ion ’ , along
the beams. T hese m ’ensur emm m entm -, were m mm ade a s re la t i ve  di sp lacei ’ ;ents be tween

stat ions 1 and 2. 2 and A , and 4 and 6. The mni easurem ments were ‘made with di-

r’ruct cur ;’ermt differential transfor r’mer (DCDT) displacemn rent transducers with

r u l l - s c a le  ranges of ‘ 0.05 in.

St ruin

Steel s t r ’ain in the lo r im i tud i na l  tens i le  r ’e i rc ” orcennent was mm ieasured at sta-
t ions 2 through 6. The mci easu , ’em mm ents were “ ade on the nii ddl e rei nforc i r i m

bar. S t r a i n  m measurem mn ents on the two co m press ion steel  bars were a lso taken
aT stations 2 t h r o u g h  6 , excep t  , n m md r ’ r’ the load points , in which case no meas-
ur cm’ e r m t was ‘ ma de . ~t s t a t i o n  6 (the bea m cen te r l i ne )  a s tra in m im age c-.as

oun ted on eac h bar . At the remaining sta t ions , th e ‘measure ments were taken
on a l t e r n a t e  s ides of the bea ni ms. Strain nnmeas urements were also taken in the

f i rs t  tw o s t i r rm n p ’ . out side the load points in al l  but the f i r s t  four beam’s

t e s t e d , in whi nh the gage s were i nadver tan t l y  le f t  out. 1eas u re~”ent s of the

steel strain were ma de w i t h  350-ohm . e i ’ o m~’i-backed , foi l  s t ra in gages wh ich

had a 1/2— in la me l eng t r; and a image factor of 2.125.

Tlme steel str u i nm gage s c-j o re mounted with epoxy cement on a widened and
sm oo t hed por ’ i on  of a long itudinal rib of the bars. Lead wires mere then

a t t , m hed and the ga le was waterproofed w i t h  a p las t i c  sea lan t .  The lead
wires exited the heammi s t h m r o u ; h holes in the side fom -n’m s.

All co ncc r ’ ut e s t ra in m - e,i ’- , ur emmments c-cere made on the beanm sur face.  Three con-

crete strain m easurem ent ’ , c ’ ie r e  taken at the bea mnn center l ine— —one at the
middle of the t o l l  surface , one 1 in fronm the top on the side of the beam ,

and one 2—1 / 2  in f n ’i c m ’ . the t o 1  em the side. In addition , in the 5—ser ies

(i.e., a / d  = 5) ,  t he two side mnmeasure nments were also mmmade at station 4;

in the 4-series , the two side m’e as ure rnments were also made at stations 5

and 3; and in the 3-sen ’ies the side measure nmments were also muade at stations

5 and 2.

Concrete s t ra in mea s m c re ;m ient .s were ;made w i th  300-ohm , paper-backed , wire
s t ra in  gages which had a 1-in gage length and a gage factor of 2.05. The
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sur face on w h i c h  a strain gage was to be mimounted was first ground or sanded
to m ’emmmove forei qrm material and to smnm ooth the surface. The surfa ce was

c leaned , fi l led w i t h  epoxy , and sanded smooth. [poxy was then used to bond
the gage to the surfac e .

Rotat ion

Rotation mmea sun ’emm ents were mmmade at both ends of the bea ;m ,s with gages spe-

cially ta l ir i cat ol at CERF. The rotation gages consisted of a ‘endulu ; mac-

pemided fro mm m the padd le port ion of a DY. type velocity gage . The r o t c t i o n i  o~
t he pendulum r e l a t i v e  to the gage body was mea s ured by t Ime va n ut I l e  i nduc-
tance tm ’amisduc e r of t he ve loc i t y  gage.

Data Acqui s i t i on  and Reduct ion

The e l ec t r i ca l  inst r ’u ‘e n ta t ion  measure ments were con t ima u mc s l ’~ rec orded on
1-in mmnagnet ic  l i pe .  Recordin g was accompl ishe d a t  a t o m e  s peed of 30 in/
see ; thus , each test co uld have a i’mn x i ui’m rec ordin g t i e  of 15 ‘m inu tes .
hhi m c ’ it ’ ver , to reduce the co m~iu tem’ ti r ’m e associated c-u I’ m ‘he Ji g i T i  c i  rig of the
ana log tapes , it c-ua s intended t hat  each tes t  be less than 7 — 1 / 2  nmni nut e s.
Ana log dat t a pes  w e re  d i g i t i zed  and data reduct ion and presentat ion c-u e re
perfon ised at the b- ’i r ’tl and Air For-ce Base c o m p u t i n g  ~~~~~~ i 1 i t ies.

I ’ b cu t j r ’ la s t i c  Coat ing

In addi t ion to the electrical m measuren mments. photoelastic coating was used

Ii nm the sides of the heammis to det erm nmi ne the comnmp l ete comic r e t . r st r i  in di st r 1 -
‘ut i inn in co m ’ pr e ’~siOn in the constant ; ‘ c O m m e nmt  region. Si rice only the com;n—

press iun s t ra in  pattern was of interest , the coatin g was applied to the
top h a l f  of th m ’ bo ,i rmis on l y .

The s t m - t i n  pat tern cu -is observed hi tapi nit a Polaro id sheet over the coa t i  r i m

and t h e r m photographing the resul t ing fringe pa t t e rn s  that occurred during
load ing of the speci m ens. Slow-speed (Six fr-ame s per second),  color motion
pictures were taken of the coated area during the tests . Theoretically,

based on the characteristics (and th u ~rmes s of the coatim iq , the num nmber and
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order of the fn i i ; n e s  ca n t ie re l ated to t he  s t ra i n  in thin coa t i n l m , To re l a te
t i m ’ s tr ’ m in m i a t t . ’ m ” i to a load , o n r d i t i ’ r m , a d i g i t a l  vol ti’ ,e te r ’ , c ’ m m i ch d isp layed
I he ou tput r ’om m m the in sera 1 load f or ’ce H 0 1  , ‘ins 1 oc~ I m l  on t l m ~~ te s t t r u m m e
and  phon ic ;“aphed c~m t h  the s t r a i n p a tter ns ,
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SECT Ic m t , J r .’

DEVELO I C ’IE tT OF /b ,”~LyT ICAL C II , ;c L

A behav iom-a l m m t ode l for s t a t i c  response predi c t ion of hi nime-ended m-ei r i f e rced
concrete bea mnis m rm dr ’ n ’ co nm nbined a>m i al amid la ter -a l  loads - a s  fo r immula ted .  The
beamim m ’ espommse m a c  ana lyzed by d iv id i  r u m  the bea rcn along i 55 lcrm mth into a no r ;—

he r- of seg men ts conmnected at poi nts called 1’ ’ and as uu;’ ;i mu t h me cur ’v a t  urn

var ied l i n ea r l y  LI, ’ t w t u - n  these r’m odes. The l a t e ra l  loads Cie m ’n’ apo l ied  as po in i t
loads at f i r e nodes arid t r  a x i a l  loads were d c i  ied l o n m i  t dina l 1 /  at  n m O I ’ nm e

nocd es (h inge p a m i t o ) .  ‘c i; t e ~ ’ S  ot  ‘, v i m i m m e t i ’ ic u l  gec’;’etry amid loads about  me
ce n r t e r iin i ‘ ‘wo rm ’ cons id e re d , A c onstan t  a - .ia l - t o - l a t e r a l - l o a d  rat io  “ a s  ‘ a i m ; -

tai ned th roughout the ca l  cu la ted he l m ’  response.  A n m a x im m c um - c o n mc r e te  s ‘ ai n

wa s trot spec i  t i e d  in I he imi o m li’ ] ; c . ‘ , -s e ’ ,lu-m- t 1 . ,  the cal lapse point  w as not dr ’m—
termmm inied. Howev e r ’ , In, ’ r e c t u m 0 .-i ,a s Cc , r d  ‘ m l c ’ ;o nmd ,i,,~ ’ si m n i t ’  l e an t  load-
ca rr ’ i i nmq c a pac i t . i .  A C[) C ~:( m - d i g ’  t a l  co m’ im mu t . r ’ n  m r S  m ns e im S’s so lve  ‘or the
beam’ ; be i ; m v ~ om’ ( i CC’ ., Lii ,’ t l e c c  i’m- I~~ , c o ’ m c r e t m ’  dii i r,’bur s l r a i r c s , and c u r ;a t  ri’s
at  t,b me rcn d~ poimits a s a function t - r n ’ ” l i e d  load i n c m ’ ‘ n’m ’ the ~ s lom .ed ‘‘-n ilel

Resul m ’ , of the I’ h uv i nm ’nl m c model c a l c u l a t i o n , m l o t t - t ‘ -~i~ ” toe e - m  ‘ - ‘ m e n t a l
r-es ul t . . a r e  p ’ ’c ented in append ix A.  A m n ; d i C C  B tnt ’ s I ‘ s the cur t ” u t . i ’ r  pro-

gra ri m used ’ for t Im e a n m a l ’ ,’ t i c a l c a l c u l a t i o n s .  -

.b’T [RI AL BEH ’ -.
-’ lO Ft

The behav io ra l  mnnodel m used predicted t he  response c -n i l  beyo nd I’ m -ca~ i r m m n-

res is tance cf t hu br a; ’ . was necessar y , theric t One , t~ d C ’ 
~lt: c a m  r e t . , ’

s I m m ’s-St ra~ r ; r u n t  io ns hip ,, s~’c l in t his ‘model 1 eCC nl om ’ r n ’ n ’ p rm ’ - . e u t  ~~‘ ‘

ple t i ’ s t r e s s - s t r , i j n  behav io r  .mnIj let  i n s t  that to ; ‘n x i r ”u o stress

s~. in dcmn ; l n n i i v e r ’ ,a l tes t  j o g  n n n a i h i n m ’  is n - ed t o  t ’ s ~ co rn r e t e  c - ,’ 1 i n i ~ en’ - , I ’m’

sl ier ‘ f r i ’  niirrm ;,ill crush ~‘i11 ’ n toe ‘ , i x i i ; um ’c s t re s s  i s  r t m n C h r ’ t .  Th iS ‘ i’f l ,t~

i c ,-mls I I  d i n t  i c u l t i e s  in o l ; t 1 a i n i n c ’ ;  da ’ ‘ n  the s t r e ’ .s_ s t r , m in r ’e l a t i O r . - ~hi p

of con r ‘ - f ”  tm e ’i~i n i d th e p a i n t  Qt n m i , i I i m m m u l ’ , stre ss. ‘ i m m u re d (‘ ‘ - 50~ a ” )  o n , ’

re’ , m ’ ,u ru i lm ’ r s c m  t a d  by ba rn ard have I mu ted o ncr ‘ c cu ini lers using special 1. -

ci ,’. , f r ’mn n t en ) very 5~ i~~f co n’ , t n n r - s ’, r ’ , m i n - m n t e  ‘ t ’ s t i n ’ m  r i m m i n i m ’ s . T hn’’ m ’ Ic m m i n m ’ c
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permmmitted concrete speci mi mens to be tested to very large compressive strains ,
‘well beyond those occurring at m m m aximumnm stress. Fi gure 9 shows the complete
stress-strain curve for concrete obtained with the special testing m achines .
Based on the descending portion of the curve wh ere stress decreases wi th in-
creasing strain , Barnard describes concrete as a , - ‘ ,‘ :~~ m— . - “,O,~~’ mnm aterial
(unlike rr mi l d steel which is a ‘~~~~~‘ ‘ ‘ ,,; . m ‘p , , mmnateria l ). This strain -

sof tening character is t ic  of concrete has a s igni f i cant  ef fect  on the behav-

ior of the bearmm after maxin ni u ic m resistance has been attained.

Figu re 10 shows  the caner-etc stress -strain curve used for this model for’m’u-
la t ion,  This curve  was assun m ned to represent the com~nplete s t ress -s t ra in  be-
havior ’  of the concrete in the beam r c . The in i t ia l  portion of t he  cu m ’ve is de-
f i n e d  by the parabola

f f1,r2 (
C

where
= concre te  s t re ss
= f lexura l strength of concrete in compression
= concrete s t ra in
= strain at m m ; n x i m i n m ’ m concrete stress

This parabol ic for m c-ias f i r s t  used by Hognestad (ref . 2) ari d su as r il : . cent l y

by lm man ’/ ot her invest i ga tors .

The second portion of the mar ve is a descending s trai m t m t l ine connecti on
the top of the parabola at a s t ra in  of ami d a horizontal l ine at a
s t ress  rut ~~~~~

The third port ion of the strum ’ ,c -s t r , m in  c u rve , a 1 II ” i :di rctCl l ine , ‘~ugqes~ s
that concrete can s u ’ t a i n  a stress of 0 .2f ~ to incf in i t , ’,’ . This apm u nui ach
has been used pre ’ i ious ly by Barnard (ref .  54) ,  Y a m l m a s h i ro  and Siess ( ref .

55) , and  Lent  and  P a r k  ( r t ’ t . 56) .

The niax i ; ’ ;um m m m mx l I r r m  t capaci S s’ 01 a beam w i th no ax ia l  load , si  nr q l  v mel nfo mi ‘ci

‘,- , i t iu  steel )
~iv i r ug  a hil inear s t ,r r ’ - ,s - s t r a in  r e l a t i u .u rm ’ ~hip, and the ci u nic rote
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Strain , in/in x lO— ~

[alter Barnard ( re f .  50)]
F i ’ u r m ’  9. T yp ica l  Commmp l ete S t ress -S t ra in  Curve for Concrete

= ~~~~ [
~ 

- ( 
~

Unload ——

0. 2f
~

- - - - — -~~~~-- - - - -~~~~~- -

Strain

F igure 10. Concrete S t ress -S t ra in  Curve ‘ Iced in An ua l ’ ,’ t j c a l  Model
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st r ess —s t ra in  charac ter - is  t ics  shoc-u n in fi ‘ rure 10 occurs at a str ,m in be ri ’ieu ’nu

amid - ( the s t r a i n  at w h i c h  the concrete s t r e s s  bec oi rmes 20 per-cent of
f~ ). TIme n ’ - , , t u. t value of the s t ra in  corresp ondi r ’m ’ m to the nmm ;nc im ’ ; u ; mm m oment ca—
u nc j t y  depends u r n the s lope of the descending s t ra ight  l ine arid occur ’s at
the s t ra in where the ra t io  of the area under the s t r e s s — s t r a i n  curve to ‘he
area o f t i m , ’ ‘e c t i n i t l e  I -  , des ignated 5 , hecomm ies a mm nx in ’ c u r i . “ tm me s t ra in ’  at
which k~ becommmes r a xi m niunmm is designated as 

~ 
Figure 11 fu r t i mi ~ i l l u s t r i n t ’ s

the r e l a t i onsh ip  bet n ’ i eenu the concrete s t r ’ e s s — s t r c i i n  i u n ’ve and k -

th ref ‘rence to f igure 11 and ts r

t he  area , A , under the concrete stress — strain curve is

A t o [~~~~~+ ( -  - ) - ~~~ m cm ( - 0 ) 1
- - nm ’ + nm m - - (

~ 
cm + ~~

The r- a t io  of the a r e a  , n m ler t b ’  c o n i c - e t c  s t r e s s - s ~ t ’a im i cur ve t o  t.lr ,’ a rea

of h u ’  ri’ tang le f~ - is S -

A 1 1 (1
1 , C = 

f~ 
= 1 — 2 ncr + ri 

~ 
— - 

~2 ni 
0 3

ne s t r a i n  at w h i ch  I is l ’ ’ a ’ CC im ’ c u ; ’ c can be deter’ n’ rn ’J t r ans

~lk 1 1 (1 1 \
— 

2 n m 4. on 
~ 

0

By des i ’ mnu a t i n i q  u t ic ’ s t r ( i im m co t’ nm ’’ ,m o i d i n m ’~ t i  r ; a x ii’ ;u~’ m I , , the slope ‘ ‘ ~~ t b ’

de’ ,i ’ n ’u I t i n g  por ’t io n m m t  ‘ h i ’  i u t ’ ’ ,- ’m ’  required to m in t’ k i ’ dn xi n ’ m ur ’ n at is

2or =

u ~

‘4lu ’~ t he m n ma y . i l ’ m uml ’ I- - u m ’ -  ‘~~1 t , cam ,; I m y 01 an under- m c i  nf orced concre ’ n f le - m c m l

mm ne n n m ber ( 4. ’ n s i on  f a i  l u re )  uccurs a t  in a x in ; uu l ’ c  l.~ car l I ’ m ’ i’ ’ la imi ed by cons id en ’i r i m

t he  in te r r u , i l  m, t  sos in l iii’ be au ; . Aft er the tens ion re im u t ’, r - , ’ m t n t  y i e lds
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and the cu r-vature is increasing , the tension force , T 5 , remains con i ’~tant .
Fm c n ’ ce equi 1 ibriu m nm requi n -es that the com mm pression for -ce in ti m ’ r , i n i m  r i t e ,

Cc~ 
be equa l to the tension force , or

C = T
Ilow ’ ‘n

C = bc

where b is the beamm m w i d t h  and c is the d i s t a n c e  ‘ rn ’ t e c om nn reu ’ , io r m f a ce -
u ut the beam s t o t i me nit ’ m t ra l a x n s .  T t m, r ‘ t o r e , n~~; ’ ’  Ini mm ’ a ’~j nm m c u n ’ ~’ ,mture pr ’ ior
to a co ncrete  s t ra in  ~~ ‘ u m cmi  ,r se s ;  t ’ m is meg ii r io , J ’ ; , ” - ase in c.
As t he n u m ’ ,~t ra l a . i s  m n moves upward , the internal  1’ ‘nt a r m  bit . . ’ ” , C and
T a lso inc r ’eases amid t h i s  ‘4 ” , its in inn inlcr t ’ ,’ . i n ; ’  mn m om m . ent.  Fe. ’ ’cni d a” o-

Sno r e t iber s t r ’ ,iin (it and as t rue c u r v a t u r e  in ; r ’ ’ m ’ e s .  Iu
‘t n1 m .e ~ un’ n t ly, c m mmu st i n m c r e n ’ e c  th is  re~ .4 lt s  in ~m ~lr~ r m ’ r s i m ; ’ m  i r m t -  r n ; i l  ‘ e m - e mS

a rm ’ -  and decreas i mt m u “ ru t  -

The tensi le strength of the n m i n u ,  r e S t ”  c-~u’ not i ’ ;n mor ed.  Con c re te  C r i c ~ i n c

spec i f ied  by a l i m m i i t i n g  concre te  tens i l e  s t ra in , 
cr~ 

~~~~~ modulus of rlas-

t ic i ty of concrete in tension c-nas assu c’-ced as cu ’ mes ted in Stun ’ A l I hn4il d l nq

Code (ref . 46); i.e. , 
-—

= 33 . 
~
‘ 

~ f T n ’  p~~lcu i nc I

where ~ ; is the unit we ig ht of c o n c r e t e  ( l .~5 l i / u t  l ) •  U nloadi ng 01 tO e  con-
crete was assu im ned to occ ur at  a slope parallel to the i n i t i a l  slope of t n ’

compression portion of the curve.

Eunload (a
REINFORCING STEEL

Fi gu re 12 i l l u s t r a tes  the s t r ess—s t ra i n  re la t ionship assunned for’ the tension
reinforcing steel. The curve is bilinea r ~nd includes a second-degree curve

representation of strain hardening. The equation of the curve beyond strain

hardening for - - sh 1S

f5 
= fy + A sh ( 5  - “sh~ 

- Bsh (c 
- ‘ sh~ 

(4)

where f5 is the steel stress and fy is the yield stress.
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Second-Degree Curve --
[eq. (4 ) ]

Ten sion Steel —

~~~~~~~

-

/ Co m mmpression S t m n’ l - - ‘

No S t ra in Ha ed en 1 m m ’ , )

_ _  - -‘ -~~~~~~~~~~~~~~~~~~
_

~sh 
L

su

S t ra inc

Fiqure 12. Ts ’p ical S t r e s s — S t r a i n  C n n  ye or ’ R e i n t o r c i r i ’ m  S t e e l

= steel  st r ’ t in

~~~~~~ 

= stra in a t  sta r t of s t  m u m m mm i rj e n m i ru ’
ri , - i n i t ia l  slope m t  s t r ’ m i n i  hai ’~l m n i n ’ m
Bsh corist , , m n i t  li te r s ’  i r im ’ m l  t ic  “ ;nt i  Ii m t u a l st ’ ’ l  s t r m ’ s s — s t r . u inm be hav iu r r

In cou~m rm” ,sio n , the r’ ’ inI u r ’, ’; ‘ m t  was u”,sur ’ui i 1 u  ‘ ‘ h a c ’  as in t o r m s i o r u  “ - c e c t

th no s t r a i n  ha m ’dvn i n’ - ! ] r r l  oad’i nq of the 5 ‘ ‘ 1  f i r s  ass u ” ‘ f Ii’ occum at
t i e  i ni t ial slope u t  I l u ’  u u r ’v t ’  ,

I m~er.t t I i  / T  Jot..

A c o rm u ms om i immef  imod t i t r  so lv inq the response u t  ,r s ta t  ic ,r l  1 y loaded hear is 5; ’

inc m ’ e ’ ’ u . ’ n m l the r p r r l  ied load and m i c u l a t e  t i n ’ m’ ec ul t i m mq s t r a i n s ,  s t r - es ses  . ro—
f i t  ions , m m d  def le c t . n o n ’, , Th is  ‘ ‘ t ’ th od , howev er’ , pr —ese nts rm u i ’ I er l ml i n m ” .talt i l —
i ty prob 1 ems w ime nm the nra  tor i  ,m 1 I uv ul vc’d has a s t r a i n— snfteni  nq ch , mn ’c te r  151 n c
m d  the res luonse is ca lcu la ted  into the dec reasin g— i oad u ’e’l iorr , (‘ m u ni’ ~e mu ie r m t l y ,
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the ‘method used to ca lc u la te  the res ponses in this investigation consisted
of incre mn mentin q the s t ra in  at the top ot the beam mt the center l ine and
then computing the asso c i a t e d  loads , ro ta t ions , def lect ions , and the strains
arid resu l t ing  stresses at the cen ter l ine  and at the remaining node points.
True s o l u t i o n  was repeated u n t i l  the s t ra in  at the top of the beam reached
somiie large va lue (e.m i . ,  0 .05) .

BE’~’ B [r1AV cOb

Figur e 13 i l l u s t r a t e ’ , the ‘ m o d e l  used f o r ’ ‘he overall r ’e si ’on us e ca lc u la t ions .
T ine a x i a l  l e n d , P . m mm l S r i ’ I ’ ’  a l  la te ra l  load , F , on ha lf the bea mnn arm ’ re—
1 at 3 by the f m  I,, ‘r’ i . e .

= P/ F

For - no ax ia l  li’cm ) ( i . e .  , 0) ,  a v o n ’ ,’ sisa l 1 i , was a ced Inc the ca lcu la-
t ions (e.g., 0.005) bec au se sub sequent calculations involved divi sion by m ..

I
i ~~— 2 N-l

~—4i~J L t2
~~1 4  

N

LI

F i ’ m n r ’e 13. Bea mnm !lodel for Overa l l  Response
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Dis t r ibu t ion  of the lateral load was specified by the factors A. , I = 1 , N ,
such that

f. = A r  = A -P/K , 0 A - 1.0 (5)
-~~ 1 1 1

The shear f orce in any seu ~i ’ ; er mt and the bending m nm o r ’ m ’ nu t  at any node were ~~
-

pressed in te rmmm s of the a x i a l  l u n d , F’ , by

v. — .‘ .P , i=1 , 1.
1 1

and

= ‘- l .P , i=l , N ( m . )

where

‘
~ 

= siren n ’ force in SC , i ’ ’ m ’ n t . i
mn1
~ 

= bendi n m ;  i ’ ; om ’ , en m t at node i due to lateral  load onl y

and
V = 1 .

= V 1~~1 - A~~ 1 /~~ 1=2 , N

= 0.0

1 
= 

1-1 + V 1 
~~
‘ 1 1 , N

Node deflection is and rotations can he calculated if curvatures , are

known at each node and the distribution of the curvature between nodes

is nssum mmed to be line ar . The cum ’vatures , 
~~~

.. were detern rmined from force

equ il ibriu m rn at the nodes. It was also assumed , then , for the calculation

of the def leu .tions , tha t the beam rotations were concentrated at the nodes
and seg m ’;enm ts between the nodes remained straight. The angle change or

change in rotation at a node i was computed as follows:

= 
[(2~ 

+ 

~i 1 ) 
. (2:i + : i+i) f i+i] 16

The slope of the seg ment at the hinged end was com’cp uted as follows :

45
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N
1,1 =

i l

The slope , t m m ” nm , of any sequ cm ent was

i — i
U .  = H - 2

1 j=l ~

The hen;” deflection at arc’ .’ node was co r rnputed as fo 1lo ”~s

A .  = A .  f O r .
1 i—i 1 1

w i t h

= 0
0

BH ’~’t. S ECT I . ”1 L,~5 mI L I B RI

F i u mu r ~’ 13 illustrate’ t ime stresses aol associated for ’’.’ . ac t in g  on a hen;

section m ” ’.ul i rr g m ” o i ’ a i ,nmoc- ~ni s t ra in  di St H hut ion. The assi; ‘ u t  I u n ’,’; asso-

c ii ted ‘,-ii t U sri . I i i  m m equi l ibr ium’ ;  are ,is ‘ 1 lows :

(1)  S t r a i n  is p ropo r t ion a l to t h e  d i s t a n c e  i re’’ “ ce

n ou ,~tr .i l a x i s .
(2) Con m c n ’ ’. e and steel S ’ r m ” SS— s t r ’i in re la t iu i ’ rs h i ps

me as descn I lied p ‘i ‘v ousi v
(3) ~~~~~~~ u ’ h . ~~’i i , i r  - l u ” not aftect the e .m n r ,il

t ’ , ’tiav io n o i tine I’.e,ui”s.

~he ¶
~‘r’,e r’r’~

’, i 1 t m n t , s  i’”.n , in f i  m o n t ’  .tr ” J i s cu’~sed e ’ l ,u ’.” ,

pm ’.’ ~sive Con’ ret ’ F ‘,r’ce (Cc )

C w , m ’ . de te r r 1 j rued by i n  I ‘ ‘  mm a ’ i n ’; t O ’  corn s’ 0~ ’’ ~ t r e s s — s t  no , in
C

c u r v e  p r e s e n t - I  in fig ;n r r 0.
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= bldI,~ 
f

~ f
~

d b k d k  I ,

w t me , ’ ic

b : hen;’’ w i  d th

kd = di  sta n ce fror rr conmrpress l v i .’ la ce of he ,m; ’ ; tm neu te a l  ax is
I - f a c t u r r - n ’ei a t  i n r c  11 m ’ x L mr a l  s t m e n m ; t h  of c u r m c r ’ t  e in b e t ,
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i t ’ r ’ e
A = area of reinfo r ’ci nm ’m steel

= stress inn re inforc ing steel

Hor’i zon t a l force euiu 11 1 bri um r m n-equ i res that

P = C  +~~~~~ - T  - T
5 5 C 5

T i m e ax i ,t l force , P . ,m c ts through the ‘ 
. 

- 
. 01’ the

bea ms secti on which is located a distance X PC ft- mo the  l o t t on -

of the beaumu . The plastic ,‘ eni tr oi d of a sectio n is t he ce n itro i  d
if r es is t a n m c e  t ic  load co mn rpu ml under’ t i um ass un mi l ion that t tm e

concre te  is 401 t o t ’r ; l  v str’essed t 0 t ’ n i l  the r ’ ’..’ i rm ’ uu t ’c i n g  s t e e l

i s  un I for ’sul’ i St  m ’ s  ed t ,~ f

“ I , ,  t n t  e-.pl i l i l ’ r i ; j m ’  about ~he t u l a ’ ,t i c  centro id , “~1 ,5 , 
y ields an e - .;’” sio n

b r ’  t he ‘ c m  t o ’ re s iS t . m n ’ .e  o~ the l’r c ’ nmm ,

= C e ’ ,, ” ‘“ m m ’ n m t ann;i ab ;. PC)  C
5

(m c e n t  an ’; a b S  PC)

~ T ( ’  o’ c nn t ar ’r; ,m L ’ t PC)  + T (“m int at - ru oh ’ PC) H

RESPfl~, SOLUT I’ ’ .

Th e ’ ‘. ‘n, ret , r’ s t ” u in a t  to ’ ‘ c; I the cen t erline seC ti o r ’, was m cm i ” e ’; ’ ’ ,t

and t o ’  a s s o c i a n ’ . t ‘ min i  n’, u ni t d i sp la cem ” e n u ’~ w e r e  calcul a ted. T he toll

ing s l i p -  “ .n m ’ n ’e ei;’p lui ’ im ’ ’l i i  l m ’ I e r ’c’ i mu i n r c  t he  m ’  p o r n o ’ :

(1) A set of disp l m.c’; ” .’n ’ ”. (‘ i. 1=0 , .) was as su m ed c t  the
s t - t n t  of each me’~ponse cyc le.  For the f It ’s S c’,cl u , ‘l ie

let li’ 1 io n ’, u- men ’ ,m ’ , s u ’ e I  5 ’  he zer’o 
~~~~ H 1= ’ ’ , N) and

- .u t ’ . i ” ; m n ’ n i t . l ‘,‘ the final de fles tiom a s calculat i m I f r o m ”  I he

previous cycle were used as the assum n ied def l en tions for
the nex t cycle.

(2) ‘~ith m (’.’~~~’ = at node N) and the load ratio (ic = P ‘ F )

known , the strain at the bo t t ou ’u  of the section was incre—

‘ m- nted unti l
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‘ - V.

M = ~‘ + P

RN N

u”here
= i ’ mo ; m ; ent res is tance of the sect ion  at node 2

[eq . (7 ) ]
m m t. . = ; mc crum ; enmt at node N due to appl ied lateral  loads

[eq . ( 6 ) ]
= assumed deflection at node N

At this ti nrne in the solution , an ax ia l  load , P . and the
correspon ding mn nom ni ents a t  each node were known as c el l  as

the curvature at the centerl ine , N’
(3) i-~ith the axia l load ari d r;momn ents knmo wni at the rennnainin g

nodes . the conct’ ’te strain and the strain at the botto ”

of the bears at each rem a in ing n o d e  we r ’e incc nti ’ r ’ ,enc ted

unti l  the r e s i s t i n m ’ c  amid a pp l ied forces were equal i . e .,

t i , . = m u .  + P- ’ . 1= 1 , 1-1
I~’ 1 1 1

This establ ished a set cii curvatures ( : ‘
~~ . 1=1 , t. -~- 1) .

( 3 )  ‘cii th the new se t  of cur’vatures known , a r’evised set of

nodal deflections was calculated . The new deflection

a~ the centerline was compared to the previously assu rm ied

deflectio n. If the agreen crent was within a specified

to l e n , rnce , the cyc le  ‘ -ins ended amid a new cyc le was s t a t - t e l

w i th  t h e  next i ncr m ’s’ ; e m c t of . at node N. If the center-
line deflections did not agree w i th  the spec i f ied  to lem ’a nce ,
the old def lec t ions were replaced wi th  the new and t he  cycle
was rcpm ’nt e u t with the samnr e at node N . The tole ra nce used

in co mnrpa n ing new , mnm d previous def lect ions was a r e l a t i v e
err’or of 0.01 , or

~new - t
old~~ new 

0.01

Tbc ’rc’ ’,’n,ms no fa i l u re  (col lapse) cr i t e” io n assoc ia ted  wi th the mnm odel ; ther’e-
to re , f l i t ’  m ’ ’ .pnnce w ,rs cal cula ted to so mn me larqe - 

~ 
(c. ci. , 0. 05).  The t e r’um m-

i rm a ]  v , n lmnc ’  of nu n s ‘~e 1ected large enoug h to obtain the respo n se wel l
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beyond the mni ax immmurmm b eamrm resistance and far enough to establish si ‘i n tl ficant

tu e i u , mv iot ’o l  ch a na . t ’ .’n ’ ist ics .

Ii ’ .”vond the mnmax m mrcu ; ’ ; m~;ou’ ,ienc t res is tance of a beam , the  curvature at the node
m t rmm , m \ i  m’ m u~m m m u um ’;e nrt (the cen uterl  I ne node) continues to increase 41 1th decreas-
ing nm omnment. However , at  the r ’e”~

’ui nin q nodes the curvature and assoc ia ted
s tmni ni’s dec n- e ase with decre asing “mo ;enmt , . As the b e a n m  is forced through
further deflection , t h i , ’ curvatum ’e at the center becommi es nmi ore concentrated

as the m ’e ;m ,a I ni rig portions of the hear - unload and -decrease in curvature.

To adegua te l ‘.‘ ; iodel t i c , ’ unloading of por t ions of the beans , the m’iaxi u m , uu ’ u

stm ’aina s em ic oun ite red at each node were stored for ’ com urparison with subsequent
st ra ir is.  A l s o .  based on observed bm’havior beyond m nm a xic cmuu ’ ; u ’cou’u ent , the por-
ti ona of bean cm under ’goi rig the ex tr e i’e ly l a m g e  maCva  ture has a f ina l te length
that ‘us  t be accounted  for in the d e f l e c t i o n  c a l c u l a t i o n s .  Therefore ,  at
the center node , whe n ever the strain at the comnnpress ion face was greater

than , def lec t ions  w c r ’e ca lcu la ted based on an assu m nmed w id th  of imm aximu n nm
curva ture of d (the hen;,’ depth).

~~~~ I CAL t-l u ’;hY L 2’1bAfll T E R S

The ‘ leo , ’e t r  Ic par~n ete rs used were the sam e as those for the expe r imcmental
bear spe d ’- rum s descr ibed in section 3 and are su m ’ i ’ n r i  zed in table 3.

Table 3 present’ t im , ’ compressi ’~’i . ’ con cu ’et ,c’ st reng th , f~ , arid the load ratio ,

K = P / F , used in the ca l cu l r t i ons .  The concrete strengths o resented are

the average of severa l (3 to 6) compression I.e’s ts pem’fom ’ mm ed the day of the
boa;’; tests on 6-by - i  2—in  cyl i rider -s cast  w i th the beams . The load rat ios
were deter nuni ner i f ronnn lateral arid hor’izont al fom’,e mm neasurernrents mmade during

t i me be a m , tests .

The load factors , A 1, that relate the individual concentrated nodal forces

to the tot al l a te ra l  load on half of the bearmm (eq . 5) were as follows :

51
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Table 3. Ce on t ’ t r ’ mc  Par ’a mnneters

P am ’ a mm met , m c r ’ Descri pti on “nlue

___  

Beam Si idth 
- -  

9 .0 I n  
- -

d Depth of Tension Rei n r f o r c er ’ men t 12 .5  in
-- - - 

t r ~ m; Compressive Fac t ’ 0; flea;;; 
- -- -- - - -~~~~~~~

d Depth of Co i u u mr ,’s s i ve  Re intc , rc ’ i. .’ - 1 .5  in
mm u ent  fr om ni Cor r rpress ive Face of

- 
To tal Ben;’ - 1 r ’p th 

- , - 
15 . 0 i n J

A Area of T i ’r~ i le Pci u ;~ onr ;e;’ ;ent 1 .32  in’
- -— ‘ -- -“ - —- -  --— - —- —--

A~ Ar ’m ’~ of Co mm mp t -es s i ve  Re i n fom - c e— 0.10 n
- emi t

L 
- 

Pen;;; Leng th  
- 

150 .25  i n c

2c ‘er of lodes C’

H 
Lom ug th of i Boa- Seg m m nent  = 10. 25 in

t = 1 6 , C i m  

— 

t . 5  = l 2 . O im
j

Table 4. Avet -i;p” 5: mo ret “n’’ .; r” ’s si v ’
Sc men ; ‘sh and Load Pa ~m o

Pew” 
‘ 

f ’  , Load 5-n t io 
- -

7es i  nation - ( i-b P/r) 
— , 

0)1 
- - . _ .

~~~~~
_ ——1

5-0- 1 5014 0.005
5-0-2 i980 0.005
5-2 -1 3336 1.91
5-2-2 - n ., f l i  1 .88
5-3—2 1753 3.10
5-3-3 5583 3.21

5288 0.005
4 - 2 — 1  5205 1. 17 I
1- 2-2 lq’Th 1.88
H3-l 5205 3. 12

5423 3 .15
3-0-1 5142 0.005
3—2 -1 +7 h2 ‘ 1 .85
3-2-2 1831 1 .87
.3-3-1 5252 3.03
3-3-2 5028 3.02
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hr’r ios 5
A 1  4 , ,  = 0

A , = 1.0

~enies -i
A 1 ~, . “ 0

A , , = 1.0

tmu ’m ’ i e s  3

.3 , = 1.0

Table 5 prt” ,-. m ’ n m t s  the pn ram - n et .rr ’~ a s s o c i a~ ’ .l “.“ i ’i; S’; ‘ . n ; u , r ’ ’ t e ‘ m d c l .  The
; ‘ iid u luns  0: e l a s t  i c i t ’ ,’ , used o n ly  ‘ h e n ;  the t e r m  - i l ,  s t r ’ m u ’ v ’ , o n “ ‘n c, r m C r i - t ’
n’,’ ,i” , c n n m s i u l , rc ’d , - ins t ime ‘1 a lue s u i , m u ’ s t i ’ ,I in c tm i ’ A C I B ; n i l d i n ’ , ’ ; c - . I,’ , T ”
l u n d “o d unlus via ’ . a m ’ bi tm ,c n il’i s e l e c t e d  ms t i c ’ m i ,  la l  t,lm; “ ‘n u t to to rat - a-
ho l i c  por t ion ;  i t  t i m ’ S t r e ’ , S - S D r , n i n  u “ me. ~~~ ‘ ‘ s ’ t i n  ,mt u m .a , i ’  ~‘ s ’ r ’ S s ,
m ’ s  ‘~e lot , ied as in , m v e r , r ; c e  - r i m  ‘ ‘ re -,‘ l i tem t e s t ’ ;  on t t ; ~~ bear c o n c r e t e .

Tab le  5. P . mr ’ i rume tm ’ r ” , , A s s o c l a m u l ‘,‘,‘ i t h  C ; u n r c r , ’ t r  - , 
- el

Ham’umm.e em ‘~,“ ,cri pt  ion : a l
- - , C . ‘ =- =:=_=‘ ‘ - - - , -

~
- —

t’l ’ d ; n l ; n ’ , “S El a s t i c it y 57 ,3011 “tm j f ’  ~~~ 
~- - - - ‘ — - - - - ~~~~~~ ‘—

F Mu do las  of [ l as ’ c i t  c’ or CS,4n ;l c u rl  - cUnload or; 5 o n ; c m ’ i’ It” -

---‘ ‘ — — - ‘ ~~‘ ‘ — -  ~~0

St ra in  a r 
~‘ . i - i’ , n r’m S t r ” .s 0 .00 22

0 -

S’ n ’a in a t  - t m - I ”  1 0.0035
- - ‘ -‘a- - .

5- t i n  a t t u r r c m ’e t t ’  C r ’a c i n r ’ m  0 .0001
( m

I Rat i o  ot F le , - u m ’e Stre ngth , 1.00
of . ,n ;c rt ’ t .e ~~~‘ ml inder
‘ .1 me nu ; ti c
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The few tensile splitting tests conducted on the concrete indicated an ap-
proxi mmrate tensile s t r e n g t h  of 400 ps i .  This va lue w i th  a m odulus of 4 .‘- 10~’

psi leads to the value of the cracking strain , £ r~ 
that was used in the

calculations. The value nuf  c used was selected based on son mme observed be—
U

havior arid a l so  on a va lue tha t see m nmed to yield better co ;’;;rar ’isons in sonic

areas between calculated and experi mm rental beamnm response.

The tensile m ’einforce m nient was assumn med to he elastic-plastic and to include

str ain hardening. The s t ra in  hardening port ion of the steel  be run vior  was
descr ibed by a second-degree c u m v e  [eq . ( 4 ) ] .

The corrupression r-einfom’ce mm uent was also assu mm ied to be elastic—plastic , bat

not to include s t ra in  hardening. A lso ,  the com’ ; pm ’ess i on r’eir ;force nnmer ;t was

assun nued to have no st rength beyond a s t ra in of i:u . T a b le 6 ‘ resent ’ s  the
reinforci sin steel pam ,-i ; ;; eters that wet-c deten ’n ;ui ned t m o m ’ - , tensi le tests on
t he t ’ehnr .

Ttm me ca l cu la t i ons  of the bea m mm behavior ‘ v i m ’  nnmade to a ;;; a x1 ; m ; u ; ’ ,  cc ; m p r e s s i v e

~ tm i’ m at S 00 top of the hear’ of 0.05 in / i n .

Tab le  6. Rei nfor ’c i ‘mg Steel P;t ma ;;e ters

Pa “a ’ e r i m  Descri  p f ion 1,i b e  I
- 

F Modu lus of t i c it ,  30 O usi

f Y ie ld  ot t ’ ,’ss for T ” n rs l l e C’ .0  is iy 
, Re i nfo r c i ’ m ” ” n c t  

- — ‘~ - “ - ‘ ‘-
~~~ n - -

f ’ Y ie l ’ l  5 - t r ’ i ” ss  to r  (‘n; r ’ m ’ os s i v e  52.0  Rd -

- 

t/e i n t ’ t ’n ,” ’ r m c t  
- - - - -

S tm i mm i t  i ri m S m m  S ~ 1 in ‘m , no~sh , . ‘
t i  ho c r rig , ens c ,e ron n t

‘ e r r S  n mu l y )

A ‘ a n o n - i t  er’s Un t il 1. 0 ‘ ‘ ‘ s c r i be  2 . 7 ‘ 10 ‘si
5 1  

S tr u m m r -ll , m r ’ I t ” n i ’ m q Port ion of , 
?0 .f’ , H PSi

“n’; 1 H ‘. 1-i mii i ’ “c ,m’ r en c
- ‘ .1

.1

— ‘ “
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S ECTI O N ‘~m

RESULTS

Res u l ts  fr -or ;; both the exper’i mmr enta l i nves t iga t ion  and the behav iora l  mniodel
,m maal ’ ,s i~ are resent ed. A n a l y t i c a l  data n’ier’e oh ta i  r o d  for the node p0m m , ’;
at  4~,- i m i ci; t ’ x per i nn ren 1 nil m ’ ;e asureu rr em i t s w ere ncrade. dhen poss ib le , both mi” ’s u 1 ts

In” ’  p resented together so that conrnpari sons ; c a ’ ~ tie ‘ m md , ’  arid the res’ il t ‘-
~ di s—

cuss ed .  A n ’ penc d m A presents a ll t ie  nm reasum ’ed o ’ s ; ’ m c n i ; m ’~’ m u t a l and the cab cu-
l a c e d  an a l y t i ca l  data  for each ben;

H.NL5-A L Pd m m A ’~ I UP

S’  u; erc i ’ r ’ . r l  resp onse of t ” . . ’ bea : s c a n ;  be Il b u t  ‘ ute r I  by I s t i r ’ l o a d - c e n t e r l i n e
de Clect i on i  cur t m ’ s .  Fi m t  15 pu ’ um um t ’s an iu . lea Ii :e’:l “‘ - ; o m u s c ’  c a rve .  The be-
hav i i nr’ i i t  t n u ~ t ut u’ s was ‘o ’ nu , ’ t ’ , u l l u ’ s l i t S  t o n ’  the i n i t ia l  10 percent of the

—— Y ic ldi  n i  ;ut T i ’ n c ~. iu umu
ito in f im n i  ,“en I

/~ 
Slope  (f l e r m ’ . S t i  t S r ” -, s ~~~~~~~~~~~~

Ini t ial  5- n i ,H ng of L ; ’u ; c . mi ’t , ’

Cen t.i ‘m l n ne 1’ I i  mc Ii on

‘a m ’  i .  r y;i i c r l  L;’ . ’; d - C i ’ n m c t ’ t ’l i nn t ’  ‘ ‘ 1  lec t i ,  n i

- .. ~~~~~~~~~~~~~~~~~ .L
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lo ,d im i r ; .  t’ ,r l l ,u ’ ’ut ’ ,I by a fairl y l inea r ‘o r ’ t i o n  ot ’ redu u . i” i s t i t  t n i , .S S .  Upon

yie l diru ; 01  the t e nm ’ -.fle r e i r m ’ ,unct ’ ; . i ’ r c t  the ‘ u r v m ’  f l , r t t  ‘ ru e d , o r ;  . ide r . ’ rb l’ ,’ 4 n-

t il the ‘ m ; a.\ m u ;- : load w,r ’s ac i u iev t ’ul . The ber m , i v  m o m  beyond y ie ld u,r a f u n m c —

t i orm of  the ; ‘ m , m : ; m ; i tude  o c the ax ia l  load. ,‘~ire nm t f m t ’  ,‘i~ i n l  load w a s  ~t’ ro , or

v e ry  ‘ s m m ; a l ]  , the f i a t t e r m , ’d p u n t  ion of t he  C r im wa ’s  r e la t i ve l y t o r i ’ ; .  ,‘~i t h
n i gh a~ ia1 load the f l a t  tene t P o r t i o n  nI,I’; ei ther s h o r t  or n m , m r o - ’ i s r , - m c t .

Upon n- cach ing  sun ’s m ; i ’ ’ ; load , wi tJu rmo a x ial load, t h e load dec reas e ul  a t  a

m i r ’ ,i du,il n ’a te  w i t h  inc u , r t ’, ms i ng  de f lec t ion .  1iti; hi gh ax ial load . too load

dropped m’ap id ly  upon re , nu rci  r u m  t r i m ; m n ’ ..innr ;i ’ load . Figure 16 presents  t h e

1 oad—ceu i  I cr1 inc nl~ f l cc l i  on a r,- ’ ,u’ , for hi” 17 beannns tested .

1.5-cdt OF FAILURE 45- Il cR35 - . PATT LP5 -

T i mo irmode of f a i l u re  of the beam s’s i-uas f le m ’ .ur’ a l  t u ’ m m ’ ; i e n m ;  i .e. , t h e  S, ’ m m s io m u
r eir ;t ’.,n~e~ r ’nu t be q,m ru yieldin g before t h e  cor n me ’ e c m m m n ’ c , ’ d .  T t i ’ bea r’s col-
lapsed when t. he c o n ; u r i t e  a t  t i e  to p  m ’ t  ~,iii’ hear’ s was ‘ r ’u ’s tm no d . d ,n ’ -ed

the ul t imi rate sr ci ’ m r s S n i ’ nm - ; t f i  01 me hen’- ‘s ; m c l i  ct e l  by ‘h e  A C J m ,. l t d

Code , the  tuou ;”~ w i th ‘ s h u n t  -sho,’ m r  sp an s could fca~ ta i led I nc ‘ ‘a ” . “ ‘ ‘~~
-

ever , thi-’ sina i 1 ;‘eu - c enc t . m n’ of mu ir m et rm t Q r c om ”o n t ‘‘ u  v t ’ r  0’ ‘ i ’. r i m e  I ’ m

i ’ r r t j n ’ ;  she a r  f a i l u n — o ,  f r i  r i u ,~ ,, n mm l;’ t,i cal  c a i c u l a t  ion’; . . H ~~r br ’ r ’ ,i~’ u u r ’

‘v,’ a ’~ nrcm t co nsiu lt , ’no,II therefore , on ] ’ ,’ fle ”.ur ’al Sai l .ini ”. ‘v. ‘ m,’ : ’ n t ’ ,lic ’e l .
A lso , ‘ ‘i”’ t i c t i on  01 cm ’ u~ spac in g  and ‘ ‘i l l ’  1i unns be ’ i ; mnm ‘ ‘ u ’ s .ui n ’ ‘ ‘ ‘ ‘u ,

a n a l it i c al e f lo r t  ; c o n s e g , n e m u t l v , only obse r-ie,t ‘ . r c 1  ti - l ; . m ’ ,’ no r  is m” t :o ’’ u ’ l .

Beca u- ,e t Oe r’ x;t ’r im ’ ; en m t,r l t e n t . m ’ ;o,Is ’, n m e m ’ me n i ’ were c oot i n ca ; ; . 1 , ’ ri . ., c r ’ .Ii”d p

r - a ’ ; n m i ” t Ic t a pt .” , t he  d u r a t i o n  01 each t e n t  co u ld I’m rio lo n ; .; i ’ r tha n ; 15 11 1-
a m , ” . (ma ~ i’ i; I im rn e on one roll of r a;p ;‘. o’n r ’c’c o rd inu ’ m a t  30 in ‘ sec ) . H- u’.—

v i m , tic ,‘ u ’m r ; ’.e m’ i i ’  ; ‘ u d ’ i m ; t ’ t i c t a t e  a n t  t o  m ’ ’~1a, . i’ d a t a — r e d u c t i o n  coY . .

tes t  t i - o s  u-n t ’ r ’e he ld to 2 to 12 u ’ c i n u t t ’ ’ ,, T 1 ;,’ne e t a ’ ~v i” l y ’ . ’ m ; ; ’ I i ’ ’ . 1.

t. irnmes pr ’€ ’c l;i;li’ I the m ’ ’ a r k in g  r I  , rac Es a t  spec i f i c  load in’ ,rP!”t ’ r m t  ,

is c p ; m : ; am r ’u l ’ ,’ d m u m m t ’  in s t a t ic to ’ ; t - of r e i n f o r ced  u ; ; n n c r t ’ t e  cou ’ mp onen t ’ . -

Fo l low ing  ‘ m u  I’ t i n t , r he c i ’  l’ ’s we r i ’  r ; ;a I ’ d  and I’ m , ’  bea u’ s li nt ’ t ih , ’ ’ ‘ . ‘‘ ‘ . t p t n t ’ l
F i ’ m ; .ir” 17 pt -o ’ e r ; ’ ’; l ii ’ I Ha l cr~mc E pa tti ’r’ m m . . V i s i b l e  d r i L l ,  frmr ’ ; ’ m , ’r ’ j u n  v , i S

docm j m nr eni t. ”I by slo ,’i - ’ , : t’t ’ , t ‘ro t i o n  p ic tum ’es t, ,ii i n c  t.o moi , u r ’ .I ‘ ‘ i t ’  m i’ ; ; ; ‘ . u t  t , ’ mmi ’ ,
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t romnm ti m , ’ ; m ’ t ;;, ’l ,m ’ s t ic coat ing . The m ot ion  pictures indicated that crack—
nu n t 1 r’. t. OCu urn ’ed in the m uui ddl e of the cons tant— mni o mm ment region of the

h,.’ar ,S and t i m e n spr ’e~m t toward the supports. The initi al cracks generally

‘‘o r ’; “ ‘ 1  a t  1 m m , ’ c m l  r’r’ups . A t  advanced stages of loading, additional cracks
n~~m- me~I l i , ’ t ’ ,’ * ’ t ’ n m  t ’ m m m i  t i n ]  , ‘acEs. Near the u ’m cr xim ’ mu ; ’n load capac i ty  of the
hint - ru ’s , ‘ mn mr ’ i :nr rt , i I  ‘,t cL’s t , ’ u ’ ; ’ -i ’d mt the level of the tensile reinforcing steel;
‘‘mi ’ s m i n ut ed ho rn .t n , r i lur o. 1 m m ‘;ener’al , the hear’ ’ , w ith hi gh axial load

r ,m c ‘ ‘1 Ii ” ,’~ S harm S tm ’ se m m th no axi il load.  I t  can a l so  be seen from
1 ;  mm ~’ I ‘ that in ; I j m m i ’d I n . , ‘ ;orm al tens ion ; cr’ack s extended I “ m m ’ ’ ;  t h e  t en si l e

‘ n ’ i ‘ ru t Iev ~~l 1 ’’ 5’ ;, ’  v i c i n u i t ,’ of the load points. Table 7 presents

c ’’’ . ;
~~

‘ ‘ . ;ut ‘ m ,lrj a’ load at  “ o u c h  I i t - nt v is ib le  crac t ing, f i r s t
ti ,i no r ; r 1 nrc i n i l  , and , inc r - t ’t e spal 11 ny occurred (based on the s low— speed

t ’ f l  p c t  .,m , ”s

T a b l e  7 .  St un t r ’o t r ;  Cr ,m c~ ing ami d Spa l l  ing Data

Load , Perce m nt n ’m e of Max i”;u ;’u

Pes i m m mm t ion  F i rs t  V i s i b l e  Concrete

~~~ C r a c l  1~ii! 
Di a u~on al c r a c k i n g  

- 

~~~~ Spal 1 m u m

5-0-1 14 39 95

5 - 2 - 2  1 2  34 100

5-3-3 23 38 100

4-0-1 12 32 92

lb 64 100

4 -3- 1 25 74 100

3-0 -1 15 52 100

3-2-1 13 59 100

3-3-2 22 81 100 
~~~~~~~~ --- - - -  _ _ _ _

t O r t ~ ’: Thp’- , m ’ values w e re  taken fro nnn m o t i o n  p ic tures
of the tests.
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FLE\UR AL BEm I ” i’v’ IOR

ne u’ ir’eement between r . ,u lcu lated and ‘ce nsured b ’lr ’uvi or prior t , u c ruct i
-
~~ of the c,,u m i cr ’et , ” u-in s good . The  ~i r e s e n t  f rom’ ’ c r . ic~ In c a to ;;in 

~i u - l o a d

r’es iSt nncE ’ 01 the bea r s is su ’ ’ mm ; ’ ,a n ized in t . i b le  8. i n u - p m n j s o r u ’~~ar ’ ’ rud e

for v id U a n d  cia \ i nm nu mm r loads and t a r ’ Pd t i e c  ti ons  a t  y id U r d  mm ; a i m nhm m ’
loads. L .m n , .l agr -ee ;’ :mnt w ,m s good. Co r ;nc u r i  sari s m nm ed f t -ai i m —3 ‘ ; ° pond ’ ’ ’
for ‘.‘ ieid loan ! and fro mni —7 tic 9 percent to t ’  “ a L l  ‘ m m ’ ’  b a - Is , ,-.i ’ ’ m  i ’ m  a , ’ ’ ’ ’ —

age  in t ’ otmu cases of 3 perc en t . , The d e f l e c t i o n  a r r ’eem ’ tint ‘in s rio t ms go;ml

as the load , m n n e e ’ m e r c t  ( ;no ru e r . i l li the cas e in re info ” ’ i ’ !  c o n c r e t e  in’.’es n -

.t a t j, un ;s ) . “~ll “measu red y ie l d de ’lec ti cns ‘,m” r ’e ‘ m i q hor t h a n  t h o s e  c a l ,

la ted : ‘ “ is i n d i c a t e d  t ha t, tnt”  ben i ’ s ’,,’ ’r’e riot as s t i f f  as ; ‘ , ‘ .‘ i i c t e ,,I.

id ‘I det i  cc t ion ‘a ti as var ’ i ed t nou n 10 t;n 36 ‘er Len ; . . w l t ’  In n c r  no 0’

5-4 perc ent .  def l e c t i o n  a ; nr ’e~”;”, e m I  a ’ ‘ a ’ L i ” m um m ’ ;  loa d .‘mc r s ‘ ‘ u~ fi ‘ r e n a ’ H

tha n Ire y ie ld  d e f i e c  Pd ’ s; agree ’  c’nt; ov e r ’; t’;’ . m gh ‘ r;e av erage - v s  -2
percei l, ‘ t c u ’ r a t i o s  ma rc e l  m d i  -21 t,, A .  pen ’c ””t .

d e f l e c t i o n ’ s  a t  o o l i a c s e  ‘or ’ the a c t  4 a l  c o t a k ’ s e  t o - md . Hid not i c  co c m ;p a m , d

s ince the theom ’ e t. icu l c n lc i l a t i o m u c  - l id nio 5- imo n i m cc’ a c n i t ’ ; ’ l u ’ r m  ~. ‘“ ‘“iS

;lmie r ; r ’ r’non. Th e ‘ a l ’ y m m l a ’ ions “ ‘re a P i  t r . r m i i y  n ; , n  
~~~~~~~ ; to a c -mm ,‘ r e s s i o -

s t r a i n  a t  the to p o ’  the ‘e a r ’ . a’ 7 .05  m u m / i n ,  t n ’  .1d ’ ,
~ u l  c o l i n ’ u ’- ,e he m’ ,’ ; .

o~ a beamc n is re la ted  to Hon sti’ ‘ ‘ ‘ - -s 01 toe ti-st H u t  aa~i n r O  is a r m - I  t rw” er r—

e rg ’i  relea se ’.! m t . ’ t ’ on’ c c ~, h i n ;  t ’ Q m ’ S l ( ’ r ;  o the c o n ; ; , The”~- ’ ume , c o l l a p s e
bu;nav rot -  i n ‘h i  s e per ’ o in , cost i C - m t - n t  m c mi ,-,‘ : ; ,, I I  ni t  - he ‘ r ~ ’;’ I ~ab l “a-

5’ i t ’ipe b e ’ ; a v i m ’ cr ’ ride r ’ rea l lu a d s ,

A cormnparison ‘ ‘ the ‘ i n c  d c  s t e e t  s tm , ’t i ”  .Ini ,, f cc  ‘he ‘. i n i s bea m s up-

pe n ’Ii ’ A )  sh’’’,-~’. ‘ha t ‘n ’ ag r’ ’ ’ ’ ’ ’  ‘ ‘ ‘ bet ,v i ’ i ’ ’ ;  ~aic l a , ,’ , a d  m e n  ‘o’ed Yr ’,m j rm

bec anmne 1-lorHe v i t O  dn s t ,m nc e fr i ’ the Hail poin t . ‘ “is i’;dica ’i’s t h a ’. her ;cl

f ;ril ire or s l ip  hetwe ’s t i me end ‘ ‘~~ S ’ m~ hen” a r id  ‘ rim load po L- t is ,‘r t  l O I S ’

pa r t i a l ly the ron son ,‘~“ m .‘ 
- i n ’. t u 1 1 I 1 ron ’ n ‘ n m ’ ;  m m ’  ion - -

~
- 1 ’  id -. rc a rea t o m

t.bi n the ca l  c m l  a tm ’ ,l Ic m 1cc ’ ions.

60 

. ~~~~~ ‘ . ‘ ~
-‘~ —‘-

7 — ~~~~~~ 
, .

~~~~~~ ~~
- -

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



— -- .-r’ 

H.
- + . ‘

I - ;

61



— — ----—-- - --- --- “ -  — -~~ 
‘—. -‘—-- ---- ‘-‘--- ---—- -- .‘— ~--. ,—l- -~~~---- ---~~~~~~~ —- -- . 

-‘

t A C T IL I T Y

A co mn mm nmon way to express the duc t i l i t y  of reinforced concrete beanus is to

compare deflection of the beamni at first yielding of the tensile steel ,
‘
y ield’ to the deflection at mm maxi m nmunn m load , “ML • Table 9 presents both

calculated amid m easured ductility ratios (ci 1.1L 1”yie ld ) and mieasu red

collapse ductility ratios (p  = ‘ ‘ coll ap se ”’vield ~ 
where collapse is the

def lect ion of the beanm at co l lapse.  The duc t i l i t y  rat ios decr ’eased as
the axial load increased . This occurs because the higher axial stress in

the connmpression zone of the !cea :’u c a uses  fa i lu re  of the concrete prior to a
si gnif icant  arnrount of tens i le  steel  y ie ld ing and a cco r ; panying de f lec t ion .

H I N G E  FORMA T I ON

‘n ’ a l l - ,’ , hing e fa t -ca t ion  is associated w i t h  bean behavior  a l t e r  v i e l d i m m ; ;

- ‘f t h e  ten sile n’einfo r or’ rot and before crushing o f the con ’;in r’ete. Beam ’ms

~c’jec t~’1 to a single conce nt . r ’n ted load cr ’ f i xed —end ‘e,c n mn s di s p l , m .-~~ e n’y
“OnOu mi n ,‘i hi n;i -’ f o r ’c ’ ;atj o r ;s a t  the concentrated load on’ at ~i’e Pd - n - mt i n t O ,

In ‘n ,0 La H ’’s t he  i ; m n g e is ;onL en tn ’nte. l a t  the ‘ m m d x i  ‘ m u d ” r’. o m ’ e m ; l point and
is ‘ ‘ ‘ ‘ ‘c i i o a ’  i n it ~’ le’i t ic  ‘~t 10°’ ‘ e l ’  because  of the ‘ ;.; c a t  ‘ n r ’ udi em ; ’ .
In ‘ i u j ~~ i n v e s t i g a t i o n , “O C ,I ,m S O  0’ ~“ t w o — p o i n t  l oad i ’ s ; .  w h n c r m  resu l t s  in

a ‘ ‘ u ’ t — ’ ’ - ’ r ’e ’ : i ‘ , ‘ ‘ c m ’ s  ‘ i of o m n g i m i ’ ;  -,-: ,ns not e,-s w’r ’ie nced , ,‘ i i ’ r ,

‘C ,, ’ rt ’ ,-un ‘ a  snoa l 1 ‘no i” t g r a i l ent in car n of the boa’ ‘s i”L ,i ., -on of

t ’ cr- ’ 0— ‘ ‘ ‘ ‘ ‘ ‘. . T m ne ne .~
, s i rs ’ oarl a genera l ‘,i eldinm a d l  t h e  ten s i l e  r e i n —

‘‘i t along ~‘:d cons ’ nt- ’ u i e n S  region. ‘ ‘ - , ,~~‘ v o n , a secondar y f m i mc~w’
- ‘i - -ed ! n ‘hi cons r nt — ‘ ‘ m t e n i n-c’; ion. h is hinge was fo nm’ ;o d m e n  t in , can-
t- n” ’- • i t  point , beca m e s t mn .’ssed b e ’ o nd i ts ”.a\ imn l u ;m c l oad -ca m rv i num;
c,’ln j ,m I - ,cn.I en ’e”ei the strain _ .;o ftenin ,; reg io n. A t this poi n t , the
b r  i - ca r ” ’ , I ’ m : capaci ‘ 

- ci ‘h i ’ tne,r” began to decrease. There at ’ ter . the
Y a r n  a t  ‘fu ’ r ’ c o nda r v h ince 1)o int  ,‘ .c r it inued to increas e , “t u lle lice
5 ’ r a in j n ’; ‘5 ’ t-er’nr I t Ier of t ’me beam decreased . T i m e 1nrther the hea ;m ’ de—
I 1 ec ‘0 , hi’ c ur  e ; ;, “ “0 ‘a I t ’ d  the hi o n e  beca mnie . Fina l cal 1 a pse ~f the
be a nnms occ urred when the  s i ;  ( n m  lary hinge - os ion could accornn iodate no ;;morr

rot a tion and aln ros n . cor r np l e t m ’l y di sinte qrated. Usually a tti ~~’io’i,i l cr a ck

fcu m ’ m oi l a c r o s s  t b ’  hinge reg ion si ii t .aneomi ’ 11 1 wi t h the collapse of the

beanin ,
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I N T E R A C T  10’ .

l n c t e n ’acti o nu bt ’t t ’ i ,.’ t ” tc  a x i a l load amid be nr d in q ; mo m ’ c on mt  w a s  dt .c ; ’ .onst rated 0,’ a
counp~ir ’ m  ‘c orn at l ” r ’ .~m ’  ! n o n c a ’ ,’ ior as t he a m ’ ia i load ;- ;ns incne , .1 s ’ L! and a lso b,y

m n  “ ‘ ; t t ’n ’n, t i o n m  .‘ ! ‘ i u j r -n ; ’;  0 1  a x i a l  load vem ’su s app l i ed  r c nm m e m . t  for both ca l—

ul ate , !  and ‘ c e n s u r e d  b e h a v i o r , Fiqu r ’e 18 nr ’mn , i’ nut s hot ! ;  ;m m en sur r ’ d  and
c a l c ; m l a n , . i  , L ’ m m t P r ] i n i t ’  1 , 1 1 c m  H i ;  versus t o ta l  H em - al load ion ouch se n ie ’ 1

r i ‘,‘, I m te sts. S b ,’  i r ; ,  tease in r ; ax im u i uu ’ r  load , in ; , l S m’ d ’ t r- ease i n d~ ot il i t

cm I t o  i ncm-e ,i ’;ed a x i a l  1 a i d  a re e v i d e n t ,  Al  so .  the v a t - i a  n 
~~~ in ;  l’nho ’,’ ion

i t S  a -,‘ , r r m a t i r m n m  i r c  concret’ s t m , ’ u c ; t h  is dmt ; ” unm ~ tn a ted .  T a b l e  10 pr o - son ’

a s ,‘
~~ n j  at i n t m ’ r , t c  ion ; da t a at  na x i m”u o  bo ~ d ‘ c r  a l l  [o ’ ,.m uml S . T t c ” s ”  d , I ’ , m

,‘ime p l a t t e ’ ! on ‘he ‘ he : ; rc t i ca l  i n t e r a c t i o n  d i a ’ c m ’a ,  ( f ig,  19 ) .  ,‘, i; ich ‘ m s

l t ’ t - ived  ‘ ‘mi t r c t u e  a n a l y t i c a l  n’o d’ .t l  dr’’~’e1 oped ‘in sec t i on ;

In e v a ]  m a l i  r u ;  i ’ U ’ u ’,’ - ’.u l  t . s of I tm d l  s i nv ’ s  Ii ‘ nu t , ion , -no ‘ a ’  nrea ~ Ct ’ poss ib le
error’ i n t he  c a l c u l a t e d  “t ’ nmr m ‘ t ’ ha , ’ io m ’  ‘s hoa ld  he c o r m s u d e r ’od , ~~‘ ‘ ‘ im n e ’ h ’ ,l

a t ” d i o c u l t - d a l i”  ‘ - ;c beam s hc ’u i v ! on n’,’ o j v i ” I  ri ;  ] a d i m c d  a corn ’ m r ; u ; ” us
S t t - .m t  t~ t-~ cmi Ii’ an , , s ’ se ’ mc bl n ’ ;o  ( i t  d isen i ’t i -’ e l ” e nu ts  connec ’ ed at nodo ’s .
Thus , ‘he reoni l - i ’ ’ ;  ‘ 

,.r l c u m l a t u ’ d  h’’u ’ re’; po r m ” e  is arm a ; ’ m ” nu x i ’ ; a t i on  0 ’ ~~“t
’-

ct ml beh ,rv i or , T n ’  mc ’  r ac y  of t ’ m i S  ,-i p p t ’ Ox i ’  ‘at i o n  ‘ lm ’ ; en ids on the “ 1 , - -

~‘ m ; t  s i z e  , I l d ’ i  t he n”a O ; c , n t i c a l  r ’c : r~”
, ” m r 5 a t i o n  ot’ ’h i’  ‘ m a t e r i a l  c im an ’acte r-

i s t i ct i  at  t i m , ’ be a u , Also. n c a lc u l a t  i u m q  ‘ i c  nodal r ‘ t ., t i o m i s  ar i d t io t  b c -
t ions.  ‘he d i s t n l c n u t  ion o n c , m m - . a t  a re  C’ . ’ ’. i’ m i ’ i ”  ‘a les m r s  a s s ’  “1 1”

11 noun , R e c a m ’ 1 o r, f l i re m iam i 1 i nc e . r n  r u m ’;; ” curt - c-a n- . - , n ’e ‘c l,i t ion ’ - t c I;’ . a ‘ci g i n ‘m-

order as ”  c ’ ’ ’ I nc ,vc ’,al 0 r e - i t  i r i l ess  ,“rr on ,

L - 
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Figu ”n 18. Calculated and Measured Load-Centerline Deflection Curves
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SECT I.,IN ,I

ScrN m LUSIUN ’ -; A ND 8L .0U’D ‘ DAT IU’ .

C ;r]t LO S I’

i re  of time train objec tiv e s of t h i s  inves t  igat lon w as to stud ,’ t i c ’  y ,’ 1 n i c

hcrc , n ’, lo t ’ ot r t ’ ; nto r - cr’ tj ; m n ’ n o  ret .’ beannm s m m n md t .’n co m nr bined f l o ’~ar a l  , a. - i r l
she a r e f t , ’ , ts. I, ’m’m ”,’er , ni am ut ’ 01 i ’ u i ’  bea ncm s fail ed in she a r  and . t 1 ; ,n ‘ ore ’ ,

no rea l data or ; ;ine ,ir’ i n i t e t ’ , m c t  ion m r  t r ’a ’ : s i t i o r ,  of r a i l i m r ,  ‘mo les uni O n ~‘ mi ’
,v’ t” iniotl ‘u f e c t s  “i-r e o b t a i r t e d . True i u m - 4’ e s t i ; n t  ion d i !  ; ‘ r ’u’, ide goc” I ii ’ ’

; - m a t i ; ’ n m  on ; ! ;4 i t i l i t  - , i r ;’ ! behavior ’ r I  be a rc ms i n  l i me lane i’ n l e c ’ i on  r e g i o n .

I n n c i ’ n m e r , i l , tt ce “ 0 ’  ‘ J ; c J O ’ ’ , nd m nm o i ;o , l’ , en’ ;;clo ,’os ! in t h i s  i m ;, ’~ ’ c - . t i g n l io o ‘ m m

hear ;; spe c I ;  ‘ u ,  t a h m - j c , m t  ion , ie ’ ; t i nm , n , ~ui- l ~ ‘ - :  ‘ ‘ n i ”o r t~ ,’t 1  J ,r f , m , ‘ca .;; i si ’i ,; r i , ’d , ’ r ’ i ’

car e t  m i l l ’, t,, om ; n . r ’ , ’l Icc ’! In ;  ‘ i - l e n  to n ’ u ” r ’ bc c” I S ’ ’  ‘ ‘st t - t ”~r a l t 5  poss ib le .  Each

s i Z e  0’ r ’~’ i n ; t ’ rC mi ’ ;e nt wds  c ;m ntro li-’d by uS ing L’a”c ‘ i t o t ”  c a r e hea’ .

con c I’t’i ’ ’  , Scam ’, ’ ’ , , ‘,- , r ’ u c ’ ’d in co m n mp ’ ’ i ’ ’ s i v e  s ’ ’ ’ ’ n - ; t r t  he t’,’ ;eo ’ nc — 1 3  and 12 ‘eu ’ —

cent  ,‘ .
, - 5i” n ; i , ; ’ , i u t ,tl 5U~~~O ~‘t~~i . lId ” m .m ’, h load app l ica t i on  t ,ec f l n c ) ques and

c o n t r o l  c- mor e ~~‘;it as -: .ic’ , t , t n m ’ , ma possible ICr ’ al l  t,osl S, the tota l  t u n e  ~ t

macil 1 , 5 1  ‘,an i i’ l S nommi 2 I n, 12 r’;inut .os (2  nmn inu L cs is r iot s’m ; ;ct en ’ouqh I m

i’ , t , ’ nc m ; r ; l c  ‘1 f , ’ c t n ’  a n’! 12 r m n i n u t i ”c is mum ’ 1 - tm; : enough to m vii ,c crr” i’p).

u t - ’  cor ns t ; r ; t  I t ’d  - ccc m ’ o mu ld have ‘“n nor ’ d r ’s in  ble .

in ; ‘“ m m ‘nt , ’i t i u i n u  ,m nd f t c , ’  d a t a - a c q u i s i t i o n  1i ’ m id n i ;  los us ’ ” t  ‘n

, ! i d C ’ ’ n i  s , r m  i s t a c l ’ ’ r ’ ,’ r’’’~m i l ‘S . ‘ i c o n , ’  “ ‘re .0” ,” t ’ ’ LPP ’ i ons ,  u om t ’ c i ’ n . S’:t’

d a t a  ‘n ’ m r ; m t ’ n i ’  s I t - m i n t  ‘ ; . nq e s mnm ’ ; t m m c t e d  on ‘;t.ii’r ips t t ,,i t ,
~‘ i’ re e - ; - ited I’ ’

n n  I n , ’ ’  u ’e ’ ;n ” n at d i a n a ]  t ens i on s ime am ’ C t - ,~~~A S mt . ri y en ’ , e r r a t i c  ari d a ’
‘icr ,’ b i n  t i e  v a l ’ o ’  inn ! ‘ t e r ’ m ” i n ing  t en;’ ; c ’up ons~’ , A r c u . ’ i t t ’ r ” c , is:m ne ; ’on t t Iu , i I

‘ r ” u v i ’ ! i ’ u . l ‘,‘ cr ’,’ l i ’ t ] o  i nms i  ; i t  in’ boa ;” lte i ;a , ’ ior wa ’ -~ the  h~ nj ‘ ; n c ’ u l  “i-as-
um’ t ’ c r m ’ ni t m i t e  he ’ ’, ’ ’- Y . u t  io r rs .  T i t i ’ ruost  m u , u ta t i le . ! , m ’ , t — a c , i - m i s i t i a m i  “i’

‘ c u d ’ d i d  n m i ; t  u n o V i d i ’  s a t  i s t . m c t ,on ,’ r ’” . ; m l’ s was ‘ne pho to e l a s t i c  coa t i ’ ; ’ : .
T h n s  cod i j r c g A-miS i l  m l  t o  ob ta i n  ‘ l a I r  on m i n i ’;’ ’  ‘ trm ’ n’ m ,rt ion in ‘1 ~o constant-

‘ . ‘ - ‘ n t ci ”; ; , n n i  o f ~ i t ’ he ,rr ’ ;’c . l tu wi ’ v u ’t - , ii ,,’ non ’iO ”o ’n on r e i S - 01 t h e i ” m ” ~ t ’ot . r ’

on m ’ ,~ ,l I ‘ r i ’ ’  u l , r r  a o l  ( ‘ n ra ’ ic ~m ’ nd ’ ” - i ’’ e r n m ’ , , i n m ’ l  , c ’ n ; s oqu e m n t l y  . rum

O r ’ n “ d l i ’  o t ’ ’ . m i n m i ’ ,l , A lso , ni’ ,m n a -  h u m ” l o a d , r I ~, con t - ’ ’te ‘ m c i i  It s m a l l ,

t ’t ’ 1

-
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caus i nu ’ the coating to debond . The one positive aspect of ic i ng  t 1me

photoe last ic  m n m a teni 4r l w,r s the slow—s peed m otion pictures that pro iided

good visual docurm ientation of the sequence of events i n the response of
the be ami ms.

The general bea m nn behavior calcula ted f ’orn the analytical ; ;m i cd t ’ l agreed

‘,‘,~r l l with the mn reasut -ed results , especially in the region up to u’ ; n x in ’ c um ”

load. The ‘cen sured bea nm n s t i f f n m t ” ,s (the slope of the l oad -de f lec t i on
curve between first concrete cra c ki r c ; and yie l di ru , of the tens ile rein—

for -cement) was a lways  less than tha t predicted ; this seemmned to he t ine
res u lt of bond slip or failure between the rebar and the cor ’mc r e t ’ . (Th is
A/ a s not considered in toe ana l’ ,’tica l m odel.) T t u e  I’ ield and ‘mu a xi ’ mm a m ; loads
pr e’licted by th u m odel were within 9 percent of the test resm ml ts .  Deflec-
ti on ca lcu la t ions  were riot as good as load c a l c u l a t i o n s .  Ca lcu la ted  y ie ld

def lec ’4 ons we r’e all lower ( 10 to 36 percent ) th a ni those pm ’ed icted . Corn-
parison of calculated and mnmeasured def lect ions it nsa .~ i ;’ cur u load s hu .nwe , .1

ve ry  erratic differences. The ratio of mnmeasured t.o ca l cu la ted  d o f l ec t i ons
ranged fr o uc r -21 to -~4 percent.

The ana ly t i c a l  model d i d  no t. ca l cu l a te  the co l l apse  point ‘~f t h e  beam m ms n

it ca lcu la ted the behavior to an ar h itm -n m y compression st r ’n ir u (0.05 i m ;

in) at the top of the beam nu . T mer t .~f ’ n n ’e , no c o m p a r ison co u ld  be undo of
collapse heha vion; however , beyond nmnaxi st uu :u load , the general behavior

predicted by the nnode l was good.

OF C’.cMM [I[)ATICDS
I

Since the objective of this investigation was to study heu: rm behavi or to hen”

collapse under combined f 1e~ ur ,tl , axial, and shear’ forces a ol sjn n e the code

of failure for all test beams was fl exur nl tension , it is noco ;:s”e m m di’ .! ‘ha t
an other group of beac on without stirrups ho tested under tire sane “ me n ’ e na l
loading conditions. This would ‘ -o’u ’iide inf o r ’c t , mti o n on ‘he t r’ .irm s ition ft -o u r

a flexura l tension m ode of failure to a shear nimode.

70
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I t  is fur t  bier reco m n m m m re mi ded that  ar c u i then or ’oup of hearrms be tested w i  th i~ i al -
t o — l a ’ er’ al — b a a  m ui t ios hi gh e nough to ; m r ’~~’,’ ide da Ia , it ’ , m v t ’ f hi:’ ba b ruc e point
om i the a , \ i , m l b oa d — b e m ’md int r’ mom ; u e rm t  i n i t u ’r ’ac t io r u  diag rdm t . T h i s  gn c t u t should in —
d ude !‘ear’;s wit h and mm t~m uu t  s t irrups in ,; r ’ , len ’ to ; - n r av ide  ‘,Stau n- inter a m :t ion
data .

Further ~-morL w i t h the behav ior a l  ; m d cl is su’ ;’ci ” -,ted. TSc’ r n ’ arm three ob-
v ious ar ’ o ,m s n i t  cm m nsj der e d in t m r c ’  pr ’esi ’ r t  “ mmt del : (1) ho,;’! “m’iu ~~. 1 m m he-

t ,’ ’en m t h i ’  r e in fo rc ing  steel  ar m ,! t i m , ’ co’; “ c t ’ , (2 )  c a l c u l a t i o r m s -~~ h i ’ um
shear st ,’ t” u , ; t h , and (3)  c a l c , m l a t i o n  nut t 1 m t ’  ‘ui ni t at ’ c o l l a ; ’ u t ;  ‘c i’ the H-u
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APPENDIX B

PROGRAM BEAM

A listing of the computer code
used to cal culate the beam be-
havior from the analyti cal
model is presented .
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ABBREVIATI ONS , ACRONYMS , AND SYMBOL S

A area

A. factors re lati rlq to lateral load distrib ution in beams
A area of tensile reinforcem ent

area of compression reinforcement

A sh~
Bsh constants relating to steel stress -strain curve

C~ compressive concrete force

C5 col//pressive reinforcement force

~ CO S1 C 
Ill OduluS of elasticity of concrete

modulus of elasticity of steel

Eunload unloading 1/lodulus of elasticity of concrete

F lateral load

K axial -to-lateral-load ratio (P/F)

L length of beam

NI moment capacity of section

M . moment coefficient at node i

MR resisting moment

11 Ri resisting moment at node i

factor used in expression for IDol/lent capacity of beams ;
number of nodes

V 

P axial load

T tensile force in concrete

T: tensile force in reinforcement

shear coefficient in segment i

X~ depth of concrete tension stress-block

X~~ distance from bottom of beam to plastic centroid

a depth of rectangular concrete stress-block

a5 shea r span

a5/d shear-span-to-beam-depth ratio

b width of cross section

c di s tance from compr ess i ve face of member to neutral ax i s
d distance from compressive face of member to centroid of

reinforcing steel

f comprec.s ive stress in concrete
C
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A EB R EV IATIONS , ACRONYI’IS , AND SYMBOLS (Cont’d ) 
-
‘

I ’ compressivl ’ strength of concrete test cylinder

flexu l’al strength of concrete in compression

cube strength

forces at node i

stress in tensile reinforcement

stress in compression reinforcement

f ult il/l ate steel stress

f yield strength of reinforcement

k ratio of distance frolil compression face to neutral axis
to effective depth (d)

k 4, k stress-block constants

k 3 factor relati no strenqth of concrete in boo / I to concrete
cylinder strength

In slope of descending portion of concrete stress-strain
curve used for analytical model

m 1 bending moment at node i

n nodular ratio

p reinforce lnent r~i tio

~cr 
critical reinforce lnent

t beam depth

shear force in pelp ’Fel/t i

deflection of node i

4, - strain

“b strain at bot ,t .o r ’ , of beam

concrete strain

- concrete strain at node i

concrete strain at cracking; limitin g concrete tensile str om

concrete st.rain at IIlaxiInull/ concrete stress

F’ s 
strain in tension reinforcement

strain in compression reinforcement

sh strain at commencement of strain harden ing in steel

steel strain at maximum stresssu

u ultimate concrete stra in l strain at max imum k 1

concrete strain at strocs of 20 percent of PlaXi lnuIn
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ABBREVIATION S, ACRONYMS , AND SYMBOLS (Concl ‘d)

‘I plasticity ratio ( 
u’ o

’
~rotation of node i

-~ 1
ductility ratio

collapse ductility ratio

curvature at node i
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