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SECTION I
INTRODUCTION

Al BACKGROUND

Although a tremendous amount of research has been directed toward an under-
standing of the behavior of reinforced concrete structures, there are some
areas in which knowledge is far from complete or is inadequate for some ap-
plications. For example, the behavior of a reinforced concrete beam loaded
to collapse under the influence of combined flexural, shear, and axial loads
is not completely understood.

Early endeavors in the analysis of reinforced concrete behavior were based on
the theory of elasticity and the applicability of Hooke's Law. This approach
allows elementary strength of materials procedures and an extension of elastic
theory to be used for the analysis and design of reinforced concrete struc-
tures. Early investigators recognized that concrete is not an elastic mate-
rial; however, the simplicity of the straight-line method was appealing from
a computational viewpoint. As better understanding of the actual behavior of
reinforced concrete structures developed, revisions and additions were made
to accepted design procedures. This evolution has led to the widespread use
of the ultimate strength design method or strensth method used in the 1971
American Concrete Institute (ACI) Building Code.

During the past 25 years, extensive research has been conducted on individual

aspects of reinforced concrete behavior (e.g., flexure, axial, shear, torsion,
and bond). Also, many investigations concerning the interaction between vari-
ous forces acting on reinforced concrete members (moment-shear, shear-torsion,
and moment-axial) have been conducted. However, for a general loading condi-

tion, concrete member behavior depends on the interaction of all these behav-

joral aspects, and there exists no general theory or general behavioral model

that accounts for the combined effects of all these behavioral aspects.




The state-of-the-art of reinforced concrete design is at a point where a great
deal of confidence exists in the presently accepted strength design procedures
when well-defined gravity loads are considered. However, there exist situa-
tions in which knowing just the strength of a member is not enough. To accur-
ately predict the complete behavior of a multistory building to blast or earth-
quake loads or even the ultimate strength of a complex shell structure to stat-
ic loads, the complete response of reinforced concrete members or eiements to
collapse must be known.

In recent years the complete behavior of reinforced concrete structures and
structural systems has been investigated from two directions: scale models
and full-sized prototype structures have been tested to provide experimental
evidence of behavior, and analytical investigations have been conducted to
establish methods for reasonable prediction of the response of complex struc-
tures to various types of loads.

During the past decade, there has been considerable success in analyzing the
response of complex structures by the finite-element method, in which a con-
tinuum structure is modeled by an assemblage of discrete elements connected by
selected points called nodes. The accuracy of the results depends on, among
other things, the ability to accurately define the behavior of each element.
If any analytical method is to predict the complete behavior or response of

a complex structure, the complete behavior of reinforced concrete under a gen-
eral loading condition must be understood.

OBJECTIVE

In an attempt to add to the basic understanding of the behavior of reinforced
concrete members loaded to collapse, this investigation was undertaken. The
specific objective of this research was to investigate the static behavior of
reinforced concrete beams subjected to combined flexural, axial, and shear
forces by developing a general model for beam behavior and comparing the re-
sults to those obtained from an experimental program. Of particular interest
was member behavior during the large deflections which occur after maximum
load.

6
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SCOPE

The investigation included both an experimental and an analytical phase. The
experimental phase of the investigation consisted of static testing, to col-
lapse, 17 hinge-supported reinforced concrete beams. All beams had the same
span length, cross-sectional geometry and properties, and nominal material
properties. The beams were loaded laterally through a symmetrical two-point
loading system and axially through the plastic centroid, as defined by the
1963 ACI Building Code. Load was applied through a single hydraulic system
designed to provide a constant ratio between axial and lateral loads for the
duration of the test. The two test parameters were axial-to-lateral-load
ratio and shear-span-to-beam-depth ratio. Three shear-span-to-beam-depth
ratios (3, 4, and 5) were considered. For each shear-span-to-beam-depth
ratio, three axial-to-lateral-load ratios (3, 2, and 0) were used.

The experimental results provided data to describe the strength characteris-
tics of the beams, including crack development, failure modes, strength in-
terrelationships, and hinge performance. Also load-deformation behavior, in-
cluding load-deflection characteristics, yield and collapse deflections, and
load-strain behavior at various sections was determined.

In the analytical phase, a reinforced concrete behavioral model, which inclu-
ded beam response beyond the maximum load-carrying capacity, was formulated.
The adequacy of the model was determined by comparing the model predictions
with the experimental test data.
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SECTION 11
HISTORICAL REVIEW

Most of the uncertainties in predicting the flexural behavior of reinforced
concrete members in the range of their maximum capacity result from the in-
elastic nature of the two materials involved. Accurate prediction of the
flexural response depends on the ability to mathematically describe the in-
elastic characteristics of both the reinforcing steel and the concrete.

The reinforcing steel most commonly used has a distinct yield point and a
flat plastic region; therefore, its behavior can be adequately expressed by

a trapezoidal stress-strain curve. The stress-strain relationship for con-
crete, however, is more difficult to determine and also more difficult to ex-
press mathematically. Discussions of the stress-strain relationship of con-
crete and the stress distribution in the compression zone of flexural members
have appeared in the literature since the late 1800s. Early design proce-
dures for reinforced concrete were based on agreement between calculated and
experimentally determined capacities (the same method the presently accepted
ultimate strength design method is based on). Therefore, studies of stress
distribution in the compression zone of reinforced concrete members have par-
alleled the development of ultimate strength design theories. Investigation
of inelastic concrete stress distribution has been approached from two direc-
tions. One approach has been to determine the concrete stress distribution
by analysis of the observed behavior and the ultimate strength from tests of
reinforced concrete beams and columns; the other has been to determine the
stress distribution by direct measurement of strain on plain concrete speci-
mens.

One of the first rational methods for designing reinforced concrete members
was reported by Koenen (ref. 1) in 1886. It concerned the analysis of simple
reinforced concrete slabs subjected to bending. He assumed that there was a
straight-line distribution of concrete stress in the compression zone, the
neutral axis was at middepth of the section, and the concrete carried no ten-
sion. Koenen's work was foilowed by the development of many more flexural
analysis theories on reinforced concrete. Hognestad (ref. 2) presented the




highlights of several of these theories published prior to 1951. Fiqure
1 presents the basic assumptions used in the theories discussed in this
section.

Among the early theories published on flexure (following Koenen's) were
other straight-line methods by Neumann (ref. 3) in 1890, Coignet and
Tedesco (ref. 4) in 1894, Johnson (ref. 5) in 1895, and Ostenfeld (ref.

6) in 1902. (See figure 1.) In the Neumann and Ostenfeld Methods, the
concrete was permitted to carry some tension. The Coignet/Tedesco

theory was the first to include the modular ratio, n. Also about the

same time, v. Thullie (ref. 7) in 1897 and Ritter (ref. 8) in 1899
published the first theories on the ultimate strength of reinforced
concrete which considered the inelastic or nonlinear stress-strain
relationship for concrete in the compression block. Ritter was the

first to introduce the parabolic stress distribution. However, most of
the investigators of this period agreed that the Coignet/Tedesco straight-
line method was accurate enough for design purposes and its simplicity
was appealing from a computational viewpoint. Hence, their theory

became the standard theory at the turn of the century and led to rapid
developments in the use of reinforced concrete as a construction material.

After the turn of the century and the general acceptance of the straight-
Tine method of design, only a few investigators continued to research
ultimate strength and inelastic stress distribution. Assumptions that
were generally common to all of the proposed new theories included the
validity of Bernoulli's hypothesis regarding strain proportional to the
distance from the neutral axis, no bond slip between the concrete and
reinforcing steel, and the concrete carried no tension. The reinforcing
steel was assumed to have a trapezoidal stress-strain relationship.
Normally, two modes of failure were considered:

(1) Tension Failure--after the reinforcing steel yields, the
concrete crushes in compression as a result of the upward
movement of the neutral axis.

(2) Compression Failure--the concrete crushes in compression
prior to yielding of the tensile reinforcement.
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The few investigators that continued with the research on ultimate
strength included Talbot (refs. 9 and 10), Emperger (ref. 11), Suenson
(ref. 12), Mensch (ref. 13), Kempton Dyson (ref. 14), and Lyse, Slater, and
Zipprodt (refs. 15 and 16). Emperger and Suenson's proposed theories were
based on a rectangular stress-block (fig. 1) but considered tension failures
only. Hence, no compatibility equation was needed. Force equilibrium
required that
fgab = AsfS
where
fé = flexural strength of concrete in compression
a = depth of stress-block
b = width of cross section
A_ = area of tensile reinforcement
f_ = stress in tensile reinforcement

Moment equilibrium implied that

i
M Asfs\d 2) (2) ;
where

M = inoment capacity of section

d = distance from compressive face of section to centroid

of reinforcing steel

By combining eqs. (1) and (2) and substituting the reinforcement ratio, p, +
where A

.
P = %d

the moment capacity can be expressed in the form that became well known in
later years; i.e.,

Suenson let fg equal féu (cube strenqth) and fs equal the yield strength of
the reinforcing steel.

12
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Mensch's proposed theory (ref. 13) in 1914 was based on Ritter's parabolic

stress distribution and included both tension and compression failures.

Compression reinforcement could also be included in the design method. No

-

assumption was made regarding ultimate strain in the concrete nor was compat-
ibility used. For tension failures, the computations were very similar to
Suenson's; for compression failures, he assumed that the neutral axis was lo-
cated at the centroid of the tension reinforcement. This resulted in the
following moment capacity:

. S
bd? 24 €
where fé is the compressive strength of a test cylinder or prism. Mensch
considered this Timiting condition too extreme, however, and suggested
for balanced reinforcement a factor of 1/2.6. Mensch also pointed out

that the standard theory did not agree with test results at high loads.

Kempton Dyson (ref. 14) in 1922 proposed a theory based on an elliptical
stress distribution. His results were not significantly different from
Mensch's. For compression failures he found that

| B e

bd 2.2 ©

During the first two decades of this century, the standard theory became
so widely used that its approximate nature was often forgotten. The
allowable concrete compressive stress, fc’ was normally taken as 0.325fé,
where fé was the strength of a 6-by-12-in cylinder. From this it was normally
concluded that the safety factor against compression failure was about three.
During this period, however, Slater and Zipprodt (ref. 15) and Slater and

Lyse (ref. 16) pointed out that the actual safety factor was much larger than
i the ratio fé/fc; this reemphasized the actual inelastic behavior of concrete.

Prior to 1920, bending stresses were ignored in the design of reinforced con-
crete columns. It was assumed that these stresses were provided for in the
safety factor. These stresses were not considered mainly because suitable
structural analysis methods for continuous structures were not available.
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This lack was eliminated by the development of the Slope Deflection Method
(ref. 17) and later by the Moment Distribution Method (ref. 18).

Another significant development took place in the early 1920s when McMillan
(ref. 19) published a study on column test data that showed that, because of
creep, reinforced concrete columns under a load may develop steel stresses
much higher than those predicted by the straight-line method. McMillan's
study led to an extensive ACI column investigation in the 1930s by Lyse,
Slater, and Richart, which was reported by Richart and Brown (ref. 20).

Their work resulted in the development of equations for the ultimate strength
of axially loaded columns.

Another milestone in the advancement of reinforced concrete occurred in 1931;
Emperger (ref. 21) published a critical study of the modular ratio and allow-
able stresses.

Prompted in the United States by the ACI column investigation and in Europe
by Emperger's paper, a renewed interest in the ultimate strength behavior of
reinforced concrete began in the early 1930s. In 1932, Stissi (ref. 22)
published a paper in which he discussed the ultimate strength of beams with
tension reinforcement only. Considered in his study were compression and
tension failures and the effect of strain hardening in the reinforcement.
Brittle failures (failures due to rupture of the tension steel immediately
after the formation of tension cracks in the concrete) were also discussed
in terms of small percentages of reinforcing steel; Stiussi's method of
analysis of the ultimate moment capacity was very general and several
theories developed later were actually refinements and improvements on

his work. Stiissi's theory was based on an arbitrary form of the compression

stress-block but characterized by the stress-block constants k, and k., the

compressive strength in flexure, fé, and an ultimate strain, . (fig. 1).

The constants k; and k, relate to the magnitude and location of the internal
compressive force in the concrete. The compressive force is therefore k;bcf’.
He assumed f; was equal to fé. Stiussi determined his stress-block constants
from concentric compression tests on prisms. He determined k, = 0.70 to 0.77

k, = 0.39 to 0.41, and & 0.0020 to 0.0025. These parameters were smaller
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than those reported by later investigators because he did not recognize that
larger strains could be developed in bending.

From the assumptions in figure 1, equilibrium of forces requires that
AsfS = klbcfC

where ¢ is the distance from the compressive face of the member to the
neutral axis.

Moment equilibrium yields
M= kbefé(d - kac)

For tension failures with fs equal to fy (the yield strength of the rein-
forcement), the ultimate moment capacity of a section was expressed as

M k* ix
ey B PEE] = ke, PoEl
bd- Y Ky fc
Stissi suggested that k./k; = 0.55 was accurate enough for practical purposes.

For compression failures, using the straight-line strain distribution, he de-
veloped the following compatibility equation:

where

E
S

modulus of elasticity of steel

¢ steel strain
One of Stiissi's conclusions was that the safety factor with the standard
theory was 2.3 to 4.1.

Schreyer (ref. 23) in 1933 reported on a Stiissi-type theory for which he es-
tablished the stress-strain relationship for concrete in compression from
cube tests. The stress-strain curve was hyperbolically shaped with " 0.0063.

His value for , was independent of concrete strength and his resulting ex-

pressions for moment capacity were, algebraically, quite involved.
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The ultimate moment capacity of rectangular beams failing in tension was dis- h
cussed by Kazinczy (ref. 24) in 1933. His theory was based on a rectangular
stress-block. It was assumed that fs = fy and fz = fé; therefore, the re-
sulting expression of eq. (3) was used for the moment capacity of the beans.
A major portion of Kazinczy's work consisted of the analysis of test results
of two-span continuous beams--one of the first papers dealing with a plastic
theory for reinforced concrete beams.

In 1934, Gebauer (ref. 25) reported on a theory for rectangular beams failing
in tension. His theory was also based on a rectanqular stress-block; however,
he included some tensile strength of the concrete. Gebauer assumed that the

tension was the result of shrinkage of the concrete around the reinforcement.

Also in 1934, Baumann (ref. 26) reported on a study of the buckling of rein-
forced concrete columns subjected to concentric or eccentric loads. In his
study a relationship between moment and rotation for reinforced concrete mem-
bers was required. Baumann found that a parabola satisfactorily approximated
the stress-strain curve for concrete. However, he discovered through tests of

eccentrically loaded prisms that the ultimate strain in flexure, ¢ was larger

Llu,
than the corresponding strain at the maximum concrete stress, €g° for a
concentric compression test. For a concrete strength of 3500 psi, he deter-
mined o 0.0018 and SR 0.0025 to 0.0033. Baumann, therefore, used the

stress-block shown in figure 1.

Bittner published two papers (refs. 27 and 28) in 1935 and 1936 on the in-
elastic behavior of reinforced concrete. For tension failures he assumed a
rectangular stress-block and thus the moment capacity given by eq. (3) re- *
sulted. For compression failures he used a Stlissi-type analysis with a
stress-block similar to Baumann's. However, Bittner used a constant value
of €y = 0.0015, regardless of concrete strength. For his analysis he used
o = 0.003, 0.005, and 0.007 but did not make a recommendation as to which
value should be used in design.

Between 1935 and 1937, Brandtzaeg (refs. 29 through 32) reported on studies
that represented the first complete analysis of the ultimate strength capac-
ity of rectangular, reinforced concrete sections. These studies included the

16
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effect of compression reinforcement and bending in combination with axial
lToad. For tension failures Brandtzaeg used a rectanqular stress-block;

for compression failures, he used a stress-block similar to Baumann's. How-
ever, it was improved by the development of a relationship between the ulti-
mate strain, €4° and the compressive strength of the concrete. Also, fg was
(n =
/¢ ) into his expressions for ultimate moment. He verified his theory by

U o
comparing the results to the results from tests of 20 beams, 13 eccentrically

assumed equal to O.85fé. Brandtzaeg also introduced a 7/

loaded columns, and several auxiliary specimens.

Emperger, who in 1931 had written the paper critical of the modular ratio and
the allowable stress approach to the design of reinforced concrete members
(ref. 21), published a report (ref. 33) in 1936 based on his review of 5
years of discussion on ultimate strength design and concluded that satis-
factory results for the ultimate strength of reinforced concrete beams could
be obtained with the assumptions shown in figure 1.

In 1936, Saliger (ref. 34) presented a thorough study of rectangular beams in
which he considered tension, compression, brittle, and balanced modes of fail-
ure. (Balanced failure is simultaneous crushing of the concrete and yielding
of the tensile reinforcement.) Saliger used the same basic approach as Stissi
(ref. 22), but he assumed that k, = 1/2k,; this is equivalent to replacing

the curved stress-block with a rectangular one. He also assumed f; = fé;

this results in eq. (3) becoming the expression for the ultimate moment ca-
pacity of a beam failing in tension. The value of k; was then determined by
observing the position of the neutral axis at failure; he found values from
0.90 to 0.94.

Whitney, one of the better-known researchers in reinforced concrete in the

United States, published papers on his ultimate strength theories from 1937
to 1948 (refs. 35 through 38). A rectangular stress-block was used in the

analysis of tension failures with the assumption that fé = 0.85fé. The

following expression was then developed for the ultimate moment capacity:

,.”._ = pf } - A:IA p _-~f)i._.
bd? y 2 0.85fc




Whitney made no assumptions regarding ultimate strains, strain distribution,
or bond slip. For compression failures he assumed from test results a limit-
ing value of a/d = 0.537. This led to the following expression for ultimate

moment :
M

bd*

e
8 3fc

Whitney also developed expressions for the ultimate strength of rectangular
and round sections subjected to axial load and bending moment and failing in

either tension or compression.

In 1941, Cox (ref. 39) reported on tests of 110 rectangular beams. Using a
rectangular stress-block, he developed expressions for tension and compres-
sion failures with and without compression reinforcement. He assumed fg =
fé; this results in eq. (3) for tension failures. For compression failures,
a value for the critical reinforcement, Peps Was experimentally developed.

fl
C
P = 0.47 ?—’—
cr y
This results in
M 1
SLOERE S ]
bd? 20 (5

The 1/2.76 factor is between the 1/2.6 that Mensch (ref. 13) used and the
1/3 that Whitney found.

Jensen (refs. 40 and 41) in 1943 published a very complete report on rec-
tanqular beams with tension reinforcement only. His analysis was of the
Stiissi type, but he considered a trapezoidal stress-block. He developed
the following equation for the ultimate moment capacity of a beam:

pf
-M" = pfs ] S % ?.'i
bd- C

where N was a function of concrete strength. For tension failures, N = 2 was

assumed; this is the same as eq. (3). For compression failures, a compati-

bility equation was used.
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In 1951, Hognestad (ref. 2) published results of an extensive investigation
of the ultimate strength behavior of reinforced concrete members cubjected to
combined bending and axial loads. He tested 120 specimens, which included
both square tied and cylindrical spiral columns. In the investigation he de-
veloped an inelastic flexure theory of the Stiissi type. Hognestad used the
concrete stress-strain relationship shown in fiqure 1. He also compared his
results to the theories of Whitney and Jensen. Hognestad's paper included a
compilation of previous theories and his theory seemed to include the best
features of all of them.

In the early 1950s, a consolidation of information concerning ultimate
strength design was initiated. Existing theories were extended to include
combined bending and axial load as well as prestressed concrete members.
Ultimate strength design methods were also introduced into the building codes
of several countries. In October 1955 an ASCE-ACI Joint Committee on

rery published its final report (ref. 42), which culminated more
than 10 years of committee work. This report led to changes in the ACI Build-
ing Code, 318-56 (ref. 43), and thus permitted, for the first time in the
United States, the use of ultimate strength design methods for reinforced
concrete flexural members.

After the publication of the ASCE-ACI Joint Committee report and the inclusion
of ultimate strength provisions in the 1956 ACI Building Code, Hognestad (ref.
44) published the results of a review of current literature regarding the in-
elastic stress distribution in flexure of reinforced concrete members. These
results were compared with the recommendations of the Joint ASCE-ACI Committee,
and from the comparison it was concluded that the committee's design coeffi-
cients were well substantiated by test results and that a simplified rectanqu-
lar stress distribution gave satisfactory accuracy for common, practical de-
sign cases.

In 1961, Mattock, Kriz, and Hognestad (ref. 45) presented the development of
an ultimate strength design theory based on an equivalent rectangular stress

distribution in the concrete compression zone. The proposed theory was in
general accord with the appendix to the 1956 ACI Building Code, but it had a




much broader application. The method was applied to a wide variety of rein-
forced concrete beams and columns under various combinations of axial load
and flexure. These results were compared to results of experimental investi-
gations and the agreement was excellent. Since a wide range of variables

was considered in this investigation, it was concluded that the theory pre-
dicted ultimate strength with sufficient accuracy for all types of structural
sections encountered in structural design, including odd-shaped sections.
This work was the basis for the ultimate strength provisions for flexure and
axial load in the 1963 ACI Building Code (ref. 46).

With the general acceptance of ultimate strength methods for the design of
reinforced concrete structures and the acceptance of inelastic behavior of
reinforced concrete, increased interest and attention were directed toward
limit design of reinforced concrete structures. Even at the present time,
in standard design procedures, an inelastic stress distribution is consid-
ered in designing cross sections to resist moments and loads determined

from an elastic analysis.

In November 1964, an International Symposium on Fleaxura’ Mechanice oF foin-

onerete (ref. 47) was held to present recent work directed speci-
f1ca11y toward the goal of a more basic understanding of the flexural behav-
jor of reinforced concrete and the elimination of the basic contradiction in
design philosophy, e.g., ultimate strength design from an elastic analysis.
Most of the papers presented were concerned with some aspect of 1imit design
(e g., Mattock's paper (ref. 48), Rotational Capacity of Hinging Regions in
Reinforced Conerete Beams, and Roy and Sozen's paper (ref. 49), Ductility

'.) Most of the papers were concerned with the behavior of reinforced
concrete beams and slabs in the plastic region up to maximum load. However,
Barnard presented one of the first reports (ref. 50) on beam behavior beyond
maximum load to collapse. Based on the concept of concrete as a cirain-

[tening material, Barnard showed that a beam could continue to rotate when

the bending moment was falling off, but it would not collapse unless an en-
ergy balance in the beam ceased to be satisfied.

A comprehensive annotated bibliography (ref. 51) which covers limit design
investigations between 1917 and 1968 was prepared by Cohn.
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The most recent investigation into the behavior of reinforced concrete beams
in the range beyond maximum moment capacity was reported by Igbal and Hatcher
(ref. 52) in 1975. The behavior of reinforced concrete beams in the post-
crushing range (where moment is decreasing while deformations continue to
increase) was studied. A theoretical model of the failure mechanism in the
post-crushing region was presented. The results were compared with the ex-
perimental results of tests on six beams without compression or transverse

reinforcement.
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SECTION IIT
EXPERIMENTAL PROGRAM

The experimental phase of this investigation consisted of statically testing
to collapse 17 rectangular, reinforced concrete beams. The duration of the
beam tests varied from 2 to 12 minutes. All beams had the same span length,
cross section, and hinged end supports. The two test parameters considered
were the axial-to-lateral-load ratio and the shear-span-to-beam-depth ratio.
For a two-point symmetrical lateral load, the shear span is the distance from
the support to the load point. Figure 2 shows the general loading scheme for
the beams. The axial-to-lateral-load ratio, P/F, remained constant for the
duration of each test. The shear-span parameter is expressed as the as/d
ratio; ag is the shear span and d is the distance from the compression face
of the concrete to the centroid of the tensile reinforcement (effective
depth). The parameters considered in this investigation were as/d ratios of
5, 4, and 3 and P/F ratios of 3, 2, and 0. Each beam test was identified by
a three-number designation (e.g., 5-3-1). The first number refers to the
nominal as/d ratio, the second refers to the nominal P/F ratio, and the third
to the beam number of that particular configuration. Table 1 presents the
test designations for each configuration.

TEST APPARATUS

The loading device used in this investigation was a test frame used by Crist
(ref. 53) in a reinforced concrete deep beam studys but it was modified to
accommodate the axial load application. Figure 3 shows the modified test
frame which consisted of an upper portion that provided reaction for the lat-
eral load and a lower portion that provided the axial load and support sys-
tem. The two portions were tied together by five vertical structural T-

sections.

Lateral load was applied by a 100,000-1b-capacity hydraulic ram with a 13-

in stroke. Axial load was applied by two 200,000-1b-capacity double acting
rams with 26-in strokes mounted in a horizontal position. A single hydraulic
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Figure 2. General Loading Configuration

Table 1. Test Designations

Shear-Span-to- Axial-to-Lateral-Load Ratio
Beam-Depth Ratio 3

2 0

5-3-1* | 5-2-1 5-0-1
5 5-3-2 5-2-2 | 5-0-2

5-3-3 L

4-3-1 4-2-1 | 4-0-1

A
4-3-2 4-2-2 1
3-3-1 3-2-1 | 3-0-1

3 3-3-2 3-2-2

3-3-3

*
Not reported.
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system was used to activate the rams to insure a constant P/F ratio through-
out each test. The hydraulic system had a capacity of 9,500 psi and could
be operated from a portable remote control with an adjustable load rate.

The total lateral load was divided into a two-point load by a steel distri-
bution beam which imparted force to the beams through 2-1/2-in-diameter rol-
lers and 4-by-9-by-3/4-in steel bearing piates. One end of the distribution
beam was free to translate and rotate while the other end was only free to
rotate. The bearing plates were seated to the beams with a thin layer of
high-strength gypsum compound. The length of the shear span was established
by the position of the lateral loads.

Axial load was applied to the beams by using the two horizontal rams in ten-
sion; this resulted in compression on the beam because of the pivoting of the
vertical reaction arms (fig. 4). The ratio of axial to lateral load was de-
fined by the pull-point position of the rams on the reaction arms. To adjust j
the axial-to-lateral-load ratio, the connection point of the tension rams to
the pivot arm was changed. For zero axial load, the horizontal rams were me-
chanically and hydraulically disconnected from the system. The hinged condi-
tion at the ends of the beams was insured by transmitting the axial load
through self-aligning, roller-bearing pillow blocks and 4-in-diameter steel
shafts. The axial force was applied through the rlas¢i: centro’d of the beam
cross section. The plastic centroid of a section, as defined by the 1963 ACI
Building Code (ref. 46), is the centroid of resistance to load computed under
the assumption that the concrete is uniformly stressed to fé and the rein-
forcing steel is uniformly stressed to f .

To insure that the forces measured in the horizontal rams during the tests
could be accurately converted to axial forces in the test beams, a series of
calibration tests was conducted prior to actual beam testing. The calibra-
tion tests consisted of loading a dummy beam axially while measuring both

the forces in the hydraulic rams with force links and the axial load in the
beam with a load cell. Under the assumption that all joints in the mechani-
cal linkage between the horizontal rams and the dummy beam were frictionless,
the calculated axial load in the beam was compared to the load indicated by
the load cell. The agreement between calculated and measured forces in the

il i
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dummy beam was within 10 percent; however, the corrections derived from the
calibration tests were used to determine axial loads in the beams during the
actual tests.

-

BEAM SPECIMENS
Geometry

The beam span was 12 ft, 6-1/4 in measured from center to center of the
| pivotal shafts at the beam ends. This length included the steel end reaction
? devices shown in figures 4 and 5. Cross-sectional properties and geometry
were the same for all specimens. The beams were 15 in in overall depth and
9 in wide with a depth from the compressive face of the concrete to the cen-
troid of the tensile steel of 12-1/2 in. Tensile reinforcement consisted of
three No. 6 (3/4-in-diameter) bars. Although it was intended that the speci-
mens be essentially singly reinforced, two No. 2 (1/4-in-diameter) bars
were placed in the top of the beams. These were included to assist in beam

fabrication and to facilitate making strain measurements in the compression
zone of the beams. No. 2 stirrups were placed at 6-in intervals along the
length of the beams (fig. 5).

To facilitate axial load application, the concrete portion of the beams was ;
terminated at end bearing plates to which the end reaction devices were

bolted. The longitudinal reinforcement was welded to the end bearing plates

to assure adequate anchorage for the bars and to assure development of the

full flexural and shear capacities of the beams. Additicnal reinforcement

was also welded to the end plates to provide a mechanism for shear transfer

between the concrete and the end supports. Figure 5 shows the details of

the end bearing plates.

Reinforcing Steel
The principal Tongitudinal reinforcing, which consisted of three No. 6

bars, had a yield strength of 62,000 psi and conformed to ASTM Specification
A615-60. A1l the steel was produced from the same heat to insure consistency

2
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among the beam specimens. Tensile tests were performed on samples from
several lengths of the rebar to insure control and to determine the mechan-
ical properties of the steel. A typical stress-strain curve is shown in
figure 6a.

The stirrups and compression reinforcement were intermediate-grade steel
conforming to ASTM Specification A15 with a yield strength of 52,000 psi.
Although not covered by Specification A305, beams with the No. 2 bars had
deformations similar to those with the No. 6 bars. A typical stress-strain
curve is shown in figure 6b.

Concrete

The concrete used in the beams had a nominal compressive strength of 5,000
psi and was produced with Type III Portland cement and a maximum-size
aggregate of 3/8 in. The coarse aggregate was mostly well-rounded natural
material of uniform gradation (100 percent by weight passing the 3/8-in
sieve with less than 12 percent by weight passing the No. 4 sieve) with
less than 10 percent by weight crushed material. The fine aggregate was

a washed material conforming to ASTM Specification C-33 for concrete fine
aggregate and had less than 2 percent by weight passing the No. 200 sieve.
The fineness modulus of the sand varied from 2.6 to 3.1.

The concrete was Tixed at the Eric H. Wang Civil Engineering Research Facility
(CERF) in a 16-ft nontilting, rotating drum, electric-powered concrete mixer.
Three to six control cylinders for each beam were cast in 6-in-diameter, 12-
in-high, waxed cardboard molds. The beams were cast in their normal position
in steel forms. Each beam and its control cylinders were cast from a single
batch of concrete. The beam concrete was compacted with a 1-in-diameter, 12-
in-long, electric vibrator probe which operated at about 10,000 rpm. The con-
trol cylinders were compacted by vertical vibration at a frequency of 10 Hz
for about 1-1/2 minutes on a vibrating table designed and fabricated at CERF.

The beams and control cylinders were cured under polyethylene plastic sheets

for at least 48 hours before the forms were removed and the cylinder molds
stripped. The beams and cylinders were then left to cure together under the
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polyethylene sheets until about 2 weeks prior to the beam test, at which
time curing continued at ambient conditions.

¥ The control cylinders were tested to failure the day of the beam test. Ten-
sile splitting tests and stress-strain curves were made for a limited number
of the control cylinders. Figure 7 shows a typical stress-strain curve for
the concrete. The portion of the curve beyond maximum stress could not be
measured because of the characteristics of the testing machine used. Table 2
presents the concrete strengths for the various beams.

INSTRUMENTATION

Instrumentation for all beams, with a few exceptions, was similar. Measure-
ments were made at nodal locations that corresponded to nodes used in the be-
havioral model development. Fiqure 8 shows the location of the reference
nodes. Measurement locations were symmetrical about the beam centerline.

Measurements made included vertical deflections along the beam, vertical and
horizontal deflections at the support shafts, relative horizontal displace-
ments along the beam, steel and concrete strain at various locations, rota-
tions at the beam ends, and lateral and horizontal loads.

Displacement

Vertical deflection measurements were made at seven locations along the beam
(1, 2, 4, and 6 in figure 8). At the beam centerline, station 6, the meas-
urement was made from the ground to the bottom surface of the beam. At the
other six locations, the measurements were made from the ground to aluminum
brackets bonded to the beam side at middepth. Support movement during the
tests was monitored by vertical and horizontal displacement measurements on
both sides of the support shafts at each end of the beams. Linear potenti-
ometers with gage lengths from 1 to 6 in, depending on the location of the

measurement, were used for these measurements.
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Horizontal displacement measurements were also made at six locations along
the beams. These measurements were made as relative displacements between
stations 1 and 2, 2 and 4, and 4 and 6. The measurements were made with di-
rect current differential transformer (DCDT) displacement transducers with
full-scale ranges of + 0.05 in.

Strain

Steel strain in the longitudinal tensile reinforcement was measured at sta-
tions 2 through 6. The measurements were made on the middie reinforcing
bar. Strain measurements on the two compression steel bars were also taken
at stations 2 through 6, except under the load points, in which case no meas-
urement was made. At station 6 (the beam centerline) a strain gage was
mounted on each bar. At the remaining stations, the measurements were taken
on alternate sides of the beams. Strain measurements were also taken in the
first two stirrups outside the load points in all but the first four beams
tested, in which the gages were inadvertantly left out. Measurements of the
steel strain were made with 350-ohm, epoxy-backed, foil strain gages which
had a 1/2-in gage length and a gage factor of 2.125.

The steel strain gages were mounted with epoxy cement on a widened and
smoothed portion of a longitudinal rib of the bars. Lead wires were then
attached and the gage was waterproofed with a plastic sealant. The lead
wires exited the beams through holes in the side forms.

A1l concrete strain measurements were made on the beam surface. Three con-
crete strain measurements were taken at the beam centerline--one at the
middle of the top surface, one 1 in from the top on the side of the beam,
and one 2-1/2 in from the top on the side. In addition, in the 5-series
e as/d = 5), the two side measurements were also made at station 4;

in the 4-series, the two side measurements were also made at stations 5

and 3; and in the 3-series the side measurements were also made at stations
5 and 2.

Concrete strain measurements were made with 300-ohm, paper-backed, wire
strain gages which had a 1-in gage length and a gage factor of 2.05. The
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surface on which a strain gage was to be mounted was first ground or sanded
to remove foreign material and to smooth the surface. The surface was
cleaned, filled with epoxy, and sanded smooth. Epoxy was then used to bond
the gage to the surface.

Rotation

Rotation measurements were made at both ends of the beams with gages spe-
cially fabricated at CERF. The rotation gages consisted of a pendulum sus-
pended from the paddle portion of a DX type velocity gage. The rotation of
the pendulum relative to the gage body was measured by the variable induc-
tance transducer of the velocity gage.

Data Acquisition and Reduction

The electrical instrumentation measurements were continuously recorded on
1-in magnetic tape. Recording was accomplished at a tape speed of 30 in/
sec; thus, each test could have a maximum recording time of 15 minutes.
However, to reduce the computer time associated with the digitizing of the
analog tapes, it was intended that each test be less than 7-1/2 minutes.
Analog data tapes were digitized and data reduction and presentation were
performed at the Kirtland Air Force Base computing facilities.

Photoelastic Coating

In addition to the electrical measurements, photoelastic coating was used
on the sides of the beams to determine the complete concrete strain distri-
bution in compression in the constant moment region. Since only the com-
pression strain pattern was of interest, the coating was applied to the

top half of the beams only.

The strain pattern was observed by taping a Polaroid sheet over the coating
and then photographing the resulting fringe patterns that occurred during
loading of the specimens. Slow-speed (six frames per second), color motion
pictures were taken of the coated area during the tests. Theoretically,

based on the characteristics and thickness of the coating, the number and
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order of the fringes can be related to the strain in the coating. To relate

the strain pattern to a load condition, a digital voltmeter, which displayed

the output from the lateral load force link, was located on the test frame
and photographed with the strain patterns.
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SECTION 1v
DEVELOPMENT OF ANALYTICAL MODEL

A behavioral model for static response prediction of hinge-ended reinforced
concrete beams under combined axial and lateral loads was formulated. The
beam response was analyzed by dividing the beam along its length into a num-
ber of segments connected at points called le and assuming the curvature
varied linearly between these nodes. The lateral loads were applied as point
loads at the nodes and the axial loads were applied longitudinally at the end
nodes (hinge points). Only beams of symmetrical geometry and loads about the
centerline were considered. A constant axial-to-lateral-load ratio was main-
tained throughout the calculated beam response. A maximum concrete strain
was not specified in the model; consequently, the collapse point was not de-
termined. However, the response was described beyond any significant load-
carrying capacity. A CDC 6600 digital computer was used to solve for the
beam behavior (i.e., deflections, concrete and rebar strains, and curvatures

at the node points as a function of applied loading) from the developed model.

Results of the behavioral model calculation, plotted with the experimental
results, are presented in appendix A. Appendix B presents the computer pro-

gram used for the analytical calculations.

MATERIAL BEHAVIOR

The behavioral model used predicted the response well beyond the maximum
resistance of the beam. It was necessary, therefore, that the concrete
stress-strain relationship used in this model development represent the com-
plete stress-strain behavior and not just that to maximum stress. When a
standard universal testing machine is used to test concrete cylinders, the
specimens normally crush when the maximum stress is reached. This behavior
leads to difficulties in obtaining data on the stress-strain relationship

of concrete beyond the point of maximum stress. Barnard (ref. 50) and other
researchers cited by Barnard have tested concrete cylinders using specially

constructed very stiff constant-strain-rate testing machines. These machines




permitted concrete specimens to be tested to very large compressive strains,
well beyond those occurring at maximum stress. Figure 9 shows the complete
stress-strain curve for concrete obtained with the special testing machines.
Based on the descending portion of the curve where stress decreases with in-
creasing strain, Barnard describes concrete as a crrain-coftening material
(unlike mild steel which is a e¢trafn-hardenin; material). This strain-
softening characteristic of concrete has a significant effect on the behav-
ior of the beam after maximum resistance has been attained.

Figure 10 shows the concrete stress-strain curve used for this model formu-

lation. This curve was assumed to represent the complete stress-strain be-
havior of the concrete in the beam. The initial portion of the curve is de-

f = FUEE <7>
o \o

fined by the parabola

where
fc = concrete stress
fé = flexural strength of concrete in compression
= concrete strain
By strain at maximum concrete stress

This parabolic form was first used by Hognestad (ref. 2) and subsequently
by many other investigators.

The second portion of the curve is a descending straight line connecting
the top of the parabola at a strain of €q and a horizontal line at a
stress of O.ng.

The third portion of the stress-strain curve, a horizontal line, suggests
that concrete can sustain a stress of O.ng to infinity. This approach
has been used previously by Barnard (ref. 54), Yamashiro and Siess (ref.
55), and Kent and Park (ref. 56).

The maximum moment capacity of a beam with no axial load, singly reinforced

with steel having a bilinear stress-strain relationship, and the concrete
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stress-strain characteristics shown in fiqure 10 occurs at a strain between
~o and ©,, (the strain at which the concrete stress becomes 20 percent of
fg). The exact value of the strain corresponding to the maximum moment ca-
pacity depends on the slope of the descending straight line and occurs at
the strain where the ratio of the area under the stress-strain curve to the
area of the rectangle fg-, designated k,, becomes a maximum. The strain at
which k, becomes maximum is designated as €y Figure 11 further illustrates
the relationship between the concrete stress-strain curve and k,.

With reference to fiqure 11 and for

the area, A, under the concrete stress-strain curve is

A:fg[g‘,;+(.- ‘)-]Zm( = )jl

/
fc[ 5 ]2 me? + meeg - Klz g ]3 >]

i
J

The ratio of the area under the concrete stress-strain curve to the area
of the rectangle fé is ki.

A [ e ) e _ 1
ki = i 1 - 5 M+ Mmoo - - <2 me t 3 _>
c
The strain at which k; is maximum can be determined from
dk
dI:-]21n+‘<])m . )20

By designating ¥ the strain corresponding to maximum k,, tne slope of the

descending portion of the curve required to make k, maximum at " is
’n = 2 | S 0 -
3 ¥ 4 -
u

Why the maximum moment capacity of an under-reinforced concrete flexural
member (tension failure) occurs at maximum k, can be explained by considering

the internal forces in the beam. After the tension reinforcement yields

40




kl

b

Maximum K

Area Under Stress-Strain Curve

>

SErass

C

Concrete

!
|
|
|
|

(8] u

Concrete Strain

Figure 11. Concrete Stress-Strain and k

41




ﬁ—m”", ” -

and the curvature is increasing, the tension force, TS, remains constant.
Force equilibrium requires that the compression force in the concrete,
Cc, be equal to the tension force, or

However,

CC - klfg bc
where b is the beam width and ¢ is the distance from the compression face

of the beam to the neutral axis. Therefore, with increasing curvature prior
to a concrete strain of = k‘ increases; this requires a decrease in c.

As the neutral axis moves upwérd, the internal moment arm between CC and

TS also increases and this results in an increasing moment. Beyond an ex-
treme fiber strain of 8 and as the curvature increases, k decreases,
Consequently, c must increase; this results in a decreasing internal moment

arm and decreasing moment.

The tensile strength of the concrete was not ignored. Concrete cracking was
specified by a 1imiting concrete tensile strain, - The modulus of elas-
ticity of concrete in tension was assumed as suggested in the ACI Building
Code (ref. 46); i.e.,
o 1, | P

Econc 33u ‘V fc n psi
where w is the unit weight of concrete (145 1b/ft*). Unloading of the con-
crete was assumed to occur at a slope parallel to the initial slope of the
compression portion of the curve.
Zfé
Eunload ~ £

REINFORCING STEEL

Figure 12 illustrates the stress-strain relationship assumed for the tension
reinforcing steel. The curve is bilinear (nd includes a second-degree curve
representation of strain hardening. The equation of the curve beyond strain
hardening for « - €ch is

- Tsh) - BSh(F = L'Sh):‘ (4)




gL Second-Degree Curve
[eq. (4)]
" Tension Steel
i > =
f - ot ey
y S euies
(%]
7 4
b= Compression Steel
< ‘No Strain Hardening)
| g |
y “sh “su
Strain
Figure 12. Typical Stress-Strain Curve for Reinforcing Steel
= steel strain
S strain at start of strain hardening
Ash = jnitial slope of strain hardening curve
BSh = constant determined to match actual steel stress-strain behavior

In compression, the reinforcement was assumed to behave as in tension except
with no strain hardening. Unloading of the steel was assumed to occur at

the initial slope of the curve, Eg.

MODEL FORMULATION

A common method for solving the response of a statically loaded beam is to

increment the applied load and calculate the resulting strains, stresses, ro-
tations, and deflections. This method, however, presents numerical instabil-
ity problems when the material involvaed has a strain-softening characteristic
and the response is calculated into the decreasing-load region. Consequently,
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the method used to calculate the responses in this investigation consisted
of incrementing the strain at the top of the beam at the centerline and
then computing the associated loads, rotations, deflections, and the strains
and resulting stresses at the centerline and at the remaining node points.
The solution was repeated until the strain at the top of the beam reached
some large value (e.q., 0.05).

BEAM BEHAVIOR

Figure 13 illustrates the model used for the overall response calculations.
The axial load, P, and the total lateral load, F, on half the beam are re-
lated by the factor K; i.e.,

K= P/F

For no axial load (i.e., K = 0), a very small K was used in the calcula-
tions (e.g., 0.005) because subsequent calculations involved division by K.

5 i
) ‘ ! e = ’ p
(l (: (1 | (1- ol & (N—] (N
—"L‘_‘T —Lr. = ~Lf,,_ g

Figure 13. Beam Model for Overall Response
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Distribution of the lateral load was specified by the factors Ai’ i =1; N
such that

fi B AiF = AiP/K, 0 - Aii_l.O
The shear force in any segment and the bending moment at any node were ex-
pressed in terms of the axial load, P, by

V. = Y.B, =1, N
i i
and
m. = M.P, i=1, N
i i
where
Mo shear force in segment i
m, = bending moment at node i due to lateral load only
and
V, = 1.0/K
V. =V - Ai-I/K’ i=2, N

Node deflections and rotations can be calculated if curvatures, 95, are
known at each node and the distribution of the curvature between nodes

is assumed to be linear. The curvatures, by, were determined from force
equilibrium at the nodes. It was also assumed, then, for the calculation
of the deflections, that the beam rotations were concentrated at the nodes
and segments between the nodes remained straight. The angle change or

change in rotation at a node i was computed as follows:

. B [(2"1' ' "'M) 4 +(2"1 ' ’1‘+1>("”}6

The slope of the segment at the hinged end was computed as follows:

45

I




with

BEAM SECTION EQUILIBRIUM

Figure 14 illustrates the stresses and associated forces acting on a beam
section resulting from a known strain distribution. The assumptions asso-
ciated with section equilibrium are as follows:
(1) Strain is proportional to the distance from the
neutral axis.
(2) Concrete and steel stress-strain relationships
are as described previously.
(3) Shear behavior does not affect the flexural
behavior of the beams.

The force resultants shown in fiqure 14 are discussed below.
Compressive Concrete Force (CC)

CC was determined by integrating the concrete stress-strain

curve presented in figure 10.
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Ce = bkdk‘fc fdo = bkdk k!
0
& where

b = beam width

kd = distance from compressive face of beam to neutral axis
k = factor relating flexural strength of concrete in beam

to concrete cylinder strength
= strain in concrete at extreme fiber of beam
k = concrete stress-strain curve shape factor previously

discussed

Force in Compression Reinforcement (Cg)

A; = area of compression reinforcement

fé = stress in compression reinforcement

However, when ; > gy the compression reinforcement is assumed

to buckle and no longer carry load.

Tensile Force in Concrete (Tc)

€ 2 Teonc Ccrl e

where
XC = depth of tension stress block (determined from <
strain distribution)

Tensile Force in Main Reinforcement (TS)
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p=J
"

area of reinforcing steel

—
]

stress in reinforcing steel

Horizontal force equilibrium requires that

= il § a
p CC + CS e TS

The axial force, P, acts through the plastie centroid of the
beam section which is located a distance XPC from the bottom

of the beam. The plastic centroid of a section is the centroid
of resistance to load computed under the assumption that the
concrete is uniformly stressed to klfé and the reinforcing steel
is uniformly stressed to fy.

Moment equilibrium about the plastic centroid, XPC’ yields an expression
for the moment resistance of the beam.

MR = Cc(moment arm abt PC) + Cs(moment arm abt PC)

‘ Tc(moment arm abt PC) + Ts(moment arm abt PC) by

RESPONSE SOLUTION

The concrete strain at the top of the centerline section was incremented
and the associated forces and displacements were calculated. The follow-
ing steps were employed in determining the response:
(1) A set of displacements (-i, i=0, N) was assumed at the
start of each response cycle. For the first cycle, the
deflections were assumed to be zero (‘itO, i=0, N) and
subsequently the final deflections calculated from the
previous cycle were used as the assumed deflections for
the next cycle.
(2) With ’cN('cN e, at node N) and the load ratio (K = P/F)
known, the strain at the bottom of the section was incre-
mented until
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Mo = My + POy
where
% MRN = moment resistance of the section at node N
Leq. (7)]
My = moment at node N due to applied lateral loads
[eq. (6)]

by = assumed deflection at node N

At this time in the solution, an axial load, P, and the

corresponding moments at each node were known as well as

the curvature at the centerline, N

(3) With the axial load and moments known at the remaining
nodes, the concrete strain and the strain at the bottom
of the beam at each remaining node were incremented

until the resisting and applied forces were equal; i.e.,

MRi =i+ P'.i i=1, N-1

This established a set of curvatures (:i, =1 N=T1)

(4) With the new set of curvatures known, a revised set of
nodal deflections was calculated. The new deflection
at the centerline was compared to the previously assumed

deflection. If the agreement was within a specified
tolerance, the cycle was ended and a new cycle was started
’ with the next increment of €c at node N. If the center-
line deflections did not agree with the specified tolerance,
the old deflections were rep]aced with the new and the cycle
was repeated with the same £e at node N. The tolerance used
f in comparing new and previous deflections was a relative
error of 0.01, or

0.01

O - 0O / §
new old new -

There was no failure (collapse) criterion associated with the model; there-
fore, the response was calculated to some large & (e.q., 0.05). The term-
inal value of ce was selected large enough to obtain the response well
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beyond the maximum beam resistance and far enough to establish significant
behavioral characteristics.

Beyond the maximum moment resistance of a beam, the curvature at the node
of maximum moment (the centerline node) continues to increase with decreas-
ing moment. However, at the remaining nodes the curvature and associated
strains decrease with decreasing moment. As the beam is forced through
further deflection, the curvature at the center becomes more concentrated
as the remaining portions of the beam unload and decrease in curvature.

To adequately model the unloading of portions of the beam, the maximum
strains encountered at each node were stored for comparison with subsequent
strains. Also, based on observed behavior beyond maximum moment, the por-
tion of beam undergoing the extremely large curvature has a finite length
that must be accounted for in the deflection calculations. Therefore, at
the center node, whenever the strain at the compression face was greater
than €y deflections were calculated based on an assumed width of maximum
curvature of d (the beam depth).

ANALYTICAL MODEL PARAMETERS

The geometric parameters used were the same as those for the experimental

beam specimens described in section 3 and are summarized in table 3.

Table 4 presents the compressive concrete strength, fé, and the load ratio,
K = P/F, used in the calculations. The concrete strengths presented are
the average of several (3 to 6) compression tests performed the day of the
beam tests on 6-by-12-in cylinders cast with the beams. The load ratios
were determined from lateral and horizontal fortg measurements made during
the beam tests. ¢

The load factors, Ai’ that relate the individual concentrated nodal forces
to the total lateral load on half of the beam (eq. 5) were as follows:
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Table 3. Geometric Parameters

Parameter | Description Value
A ~Beam Width 9.0 in
d Depth of Tension Reinforcement 2.5 1n
__ | from Compressive Face of Beam |
dit Depth of Compressive Reinforce- b in
ment from Compressive Face of
Beam T .
t Y wIqﬁE]'Beam‘Degth St __15.0 in
AS ( Area of Tensile Reinforcement 132 In
A; : Area of Compressive Reinforce- 0.10 in
ent
m ) e W U e
L Beam Length 150.25 in ‘
N Number of Nodes L 6 .
(i ‘ Length of ith Beam Segment ¢y = 10.625 in
; {; = 16.5 in |
L L Ly 4 5 ¢ = 12.0 9n ’

Table 4. Average Concrete Compressive
Strength and Load Ratio

L R T e T e e
Beam fé, Load Ratio
Designation l pai (K = P/F)
5-0-1 5014 0.005
5-0-2 4980 0.005
5-2-1 4336 1.91 |
5-2-2 4651 1.88 %
5-3-2 4753 3.10 1
5-3-3 5583 3021 ‘
4-0-1 5288 0.005
§-2-1 5205 1.97 ‘
4-2-2 4990 1.88
4-3-1 i 5205 3 18
4-3-2 l 5423 3.15
3-0-1 5142 0.005
3-2-1 4792 1.85
3-2-2 4831 1.87
3-3-1 ' 5252 383
3-3-2 5028 3.08
3-3-3 4344 S 1]




—ERE T
Ll - _
Series 5
A[ l‘y:O
R = 1.0
A Series 4
A1 ;tZO
Ae = 1.0
Series 3
Bs 5% 5850
, As = 1.0

Table 5 presents the parameters associated with the concrete model. The

modulus of elasticity, used only when the tensile strength of the concrete
Building Code.
Toad modulus was arbitrarily selected as the initial tangent to the para-
The

was selected as an average from the cylinder

was considered, was the value suggested in the ACI The un-

bolic portion of the stress-strain curve. Strain at maximum stress, -

tests on the beam concrete.

Table 5. With Concrete Model

T 7Va1ue !

e —— ——|

Parameters Associated

l Description

’ —_— =

( Parametey

!

Modulus of E]ast1c1ty

i

V"[“C""A
E

e eeee

57,400 7}/ f"' psi
s e

Modulus of Elasticity for

| 2f!

{ Urlgad -} Unloading Concrete 8.

| 0 |

%——-'—- — e — |

: €4 Strain at Maximum Stress 0.0022

i Strain at Maximum k \ 0.0035

P ol o i ey o

| o Strain at Concrete Cracking 0.0001

k Ratio of Flexure Strength 1.00 ‘
: of Concrete to Cylinder

it sl Uk PP RO U e e S
|
1 |
| 53 |
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r
% The few tensile splitting tests conducted on the concrete indicated an ap-
proximate tensile strength of 400 psi. This value with a modulus of 4 x 10
. psi leads to the value of the cracking strain, €op? that was used in the
N calculations. The value of = used was selected based on some observed be-
havior and also on a value that seemed to yield better comparisons in some
areas between calculated and experimental beam response.
The tensile reinforcement was assumed to be elastic-plastic and to include
strain hardening. The strain hardening portion of the steel behavior was
described by a second-degree curve [eq. (4)].
The compression reinforcement was also assumed to be elastic-plastic, but
not to include strain hardening. Also, the compression reinforcement was
: assumed to have no strength beyond a strain of €yt Table 6 presents the
reinforcing steel parameters that were determined from tensile tests on
the rebar.
The calculations of the beam behavior were made to a maximum compressive
strain at the top of the beam of 0.05 in/in.
r‘ Table 6. Reinforcing Steel Parameters
| Parameter |  Description | value 7
i Eg Modulus of Elasticity ; 30 x 10° pgiﬁw
—— P PR SN - W SN =
f i Yield Stress for Tensile ’ 62.0 ksi
Y | Reinforcement |
e e s ey o il -
et | Yield Stress for Compressive ; 52.0 ksi
y I Reinforcement
— e —_ — - — f - - —
<h | Strain at Onset of Strain 0.003
i | Hardening (Tensile reinforce-
|  ment only)
‘ =
Ach § Parameters Used to Describe ‘ dud X 0¥ psd
o Strain-Hardening Portion of 50 £
j .)r i cq R . o . ) [ . f ]r] ”r‘]
l h Tensile Reinforcement ]
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SECTION Vv
RESULTS

%

Results from both the experimental investigation and the behavioral model
analysis are presented. Analytical data were obtained for the node points
at which experimental measurements were made. When possible, both results
are presented together so that comparisons may be made and the results dis-
cussed. Appendix A presents all the measured experimental and the calcu-
lated analytical data for each beam.

GENERAL BEHAVIOR

The general response of the beams can be illustrated by their load-centerline
deflection curves. Figure 15 presents an idealized vesponse curve. The be-

havior of the beams was generally stiff for the initial 10 percent of the

Yielding of Tension
; Reinforcement

<—Slope (Beam Stiffness)

Lateral Load

——————[nitial Cracking of Concrete

Centerline Deflection

Figure 15. Typical Load-Centerline Deflection Curve




lvading, followed by a fairly linear portion of reduced stiffness. Upon
yielding of the tensile reinforcement the curve flattened considerably un-
til the maximum load was achieved. The behavior beyond yield was a func-
tion of the magnitude of the axial load. When the axial load was zero, or

s

very small, the flattened portion of the curve was relatively long. With

high axial load the flattened portion was either short or nonexistent.

Upon reaching maximum load, with no axial load, the load decreased at a

gradual rate with increasing deflection. With high axial load, the load
dropped rapidly upon reaching the maximum load. Figure 16 presents the

load-centerline deflection curves for the 17 beams tested.

MODE OF FAILURE AND CRACK PATTERN

The mode of failure of the beams was flexural tension; i.e., the tension

reinforcement began yielding before the concrete crushed. The beams col-

lapsed when the concrete at the top of the beams was crushed. Based on
the ultimate shear strength of the beams predicted by the ACI Building
Code, the beams with short shear spans could have failed in shear. How-
ever, the small percentage of shear reinforcement was very effective in
preventing shear failure. In the analytical calculations, shear behavior
was not considered; therefore, only flexural failures were predicted.
Also, prediction of crack spacing and width was beyond the scope of the

analytical effort; consequently, only observed crack behavior is reported.

Because the experimental test measurements were continuously recorded on

magnetic tape, the duration of each test could be no longer than 15 min-

utes (maximum time on one roll of tape when recording at 30 in/sec). How-
ever, to conserve magnetic tape and to reduce data-reduction costs., the
test times were held to 2 to 12 minutes. These relatively short test
times precluded the marking of cracks at specific load increments, which

is commonly done in static tests of reinforced concrete components.

Following each test, the cracks were marked and the beams were photoqraphed.
Figure 17 presents the final crack patterns. Visible crack formation was
documented by slow-speed motion pictures taken to record the fringe patterns
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from the photoelastic coating. The motion pictures indicated that crack-
ing first occurred in the middle of the constant-moment region of the
beams and then spread toward the supports. The initial cracks generally
formed at the stirrups. At advanced stages of loading, additional cracks
formed between the initial cracks. Near the maximum load capacity of the
beams, horizontal cracks formed at the level of the tensile reinforcing steel;
this indicated bond failure. In general, the beams with high axial load
were cracked less than those with no axial load. It can also be seen from
fiqure 17 that inclined diagonal tension cracks extended from the tensile
reinforcement level to the vicinity of the load points. Table 7 presents
the percentages of maximum load at which first visible cracking, first

diagonal cracking, and concrete spalling occurred (based on the slow-speed

motion pictures).
Table 7. Concrete Cracking and Spalling Data
5 | Load, Percentage of Maximum
} Beam First
[ Designation o T First Visib]g Concrgte
; Cracking Diagonal Cracking Spalling
_
f ; 5-0-1 14 39 ! 95
? 5-2-2 12 34 100
| 5-3-3 23 38 100
| 4-0-1 12 32 92
[
? 4-2-2 ’ 16 64 100
| |
1 | §-3-1 25 74 100
| 3-0-1 15 52 100
3-2-1 13 59 100
3-3-2 22 81 100

Note: These values were taken from motion pictures
of the tests.
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FLEXURAL BEHAVIOR

The agreement between calculated and measured behavior prior to cracking
of the concrete was good. The agreement from cracking to maximum Toad
resistance of the beams is summarized in table 8. Comparisons are made
for yield and maximum loads and for deflections at yield and maximum
Joads. Load agreement was good. Comparisons ranged from -3 to 9 percent
for yield load and from -7 to 9 percent for maximum loads, with an aver-
age in both cases of 3 percent. The deflection agreement was not as good
as the load agreement (generally the case in reinforced concrete investi-
gations). A1l measured yield deflections were higher than those calcu-
lated; this indicated that the beams were not as stiff as predicted.
Yield deflection ratios varied from 10 to 36 percent, with an average of
24 percent. Deflection agreement at maximum load was much more erratic
than the yield deflection agreement; even though the average was -2

percent, the ratios ranged from -21 to 44 percent.

Deflections at collapse or the actual collapse load could not be compared
since the theoretical calculations did not include a criterion for this
phenomenon. The calculations were arbitrarily continued to a compression
strain at the top of the beam of 0.05 in/in. The actual collapse behavior
of a beam is related to the stiffness of the testing apparatus and the en-
ergy released into the crushing portion of the beam. Therefore, collapse
behavior in this experimental confiqguration would not be applicable to pro-

totype behavior under real loads.

A comparison of the tensile steel strain data for the various beams (ap-
pendix A) shows that the agreement between calculated and measured strain
became worse with distance from the load point. This indicates that bond
failure or slip between the end of the beam and the load point is at least
partially the reason why the actual deflections prior to yield were greater
than the calculated deflections.
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DUCTILITY

A common way to express the ductility of reinforced concrete beams is to
compare deflection of the beam at first yielding of the tensile steel,

to the deflection at maximum load, Table 9 presents both

.”:ML .
calculated and measured ductility ratios (u = AML/:yie]d) and measured
) where !

Acollapse/xyie]d “collapse b5 he
deflection of the beam at collapse. The ductility ratios decreased as

Syield

collapse ductility ratios (' =

the axial load increased. This occurs because the higher axial stress in
the compression zone of the beam causes failure of the concrete prior to a
significant amount of tensile steel yielding and accompanying deflection.

HINGE FORMATION

Normally, hinge formation is associated with beam behavior after yielding
of the tensile reinforcement and before crushing of the concrete. Beams
subjected to a single concentrated load or fixed-end beams display very
pronounced hinge formations at the concentrated load or at the fixed ends.
In these cases the hinge is concentrated at the maximum moment point and
is confined to a finite length of the beam because of the moment gradient.
In this investigation, because of the two-point loading, which results in
a constant-moment region, this type of hinging was not experienced, even
though there was a small moment gradient in some of the beams because of
the P-' effect. There was instead a general yielding of the tensile rein-
forcement along the constant-moment region. However, a secondary hinge
formed in the constant-moment region. This hinge was formed when the con-
crete, at some point, became stressed beyond its maximum load-carrying
capacity and entered the strain-softening region. At this point, the
load-carrying capacity of the beam began to decrease. Thereafter, the
strain at the secondary hinge point continued to increase, while the
strain in the remainder of the beam decreased. The farther the beam de-
flected, the more concentrated the hinge became. Final collapse of the
beams occurred when the secondary hinge region could accommodate no more
rotation and almost completely disintegrated. Usually a diagonal crack
formed across the hinge region simultaneously with the collapse of the
beam.
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EIET

INTERACTION

Interaction between axial load and bending moment was demonstrated by a
comparison of beam behavior as the axial load was increased and also by

an interaction diagram of axial load versus applied moment for both cal-
culated and measured behavior. Figure 18 presents both measured and
calculated centerline deflection versus total lateral load for each series
of beam tests. The increase in maximum load and the decrease in ductility
with increased axial load are evident. Also, the variation in behavior
with a variation in concrete strength is demonstrated. Table 10 presents
a summary of interaction data at maximum load for all beams. These data
are plotted on the theoretical interaction diagram (fig. 19), which was

derived with the analytical model developed in section 4.
ANALYTICAL MODEL
In evaluating the results of this investigation, some areas of possible

error in the calculated beam behavior should be considered. The method

used to calculate the beam behavior involved replacing a continuous

structure with an assemblage of discrete elements connected at nodes.
Thus, the resulting calculated beam response is an approximation of the
actual behavior. The accuracy of this approximation depends on the ele-
ment size and the mathematical representation of the material character-
istics of the beam. Also, in calculating the nodal rotations and deflec-
tions, the distribution of curvature between nodes was assumed to be
linear. Because of the nonlinear moment-curvature relationship, a higher-

order assumption would result in less error.
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SECTION VI
CONCLUSTIONS AND RECOMMENDATIONS

CONCLUSTONS

One of the main objectives of this investigation was to study the static
behavior of reinforced concrete beams under combined flexural, axial, and
shear effects. However, none of the beams failed in shear and, therefore,
no real data on shear interaction or transition of failure modes under the
combined effects were obtained. The investigation did provide good infor-
mation on ductility and behavior of beams in the large deflection reqgion.

In general, the procedures and methods employed in this investigation for
beam specimen fabrication, testing, and experimental data acquisition were
carefully controlled in order to produce the best results possible. Each
size of reinforcement was controled by using bars from the same heat. The

concrete, however, varied in compressive strength between -13 and 12 per-

cent from the nominal 5000 psi. Although load application techniques and
control were kept as constant as possible for all tests, the total time of
each test varied from 2 to 12 minutes (2 minutes is not short enough to

cause dynamic effects and 12 minutes is not long enough to involve creep).

But, a more constant test time would have been more desirable.

Most of the instrumentation and the data-acquisition techniques used pro-
duced satisfactory results. There were some exceptions, however. The

data from the strain gages mounted on stirrups that were expected to be

in the reqgion of diagonal tension shear cracks were very erratic and of
very little value in determining beam response. Another measurement that *
provided very little insight into beam behavior was the horizontal meas-
urement made between stations. The most notable data-acquisition method
that did not provide satisfactory results was the photoelastic coating.
This coating was applied to obtain data on hinge formation in the constant-
moment reqion of the beams., However, the nonhomogeneity of the concrete
caused irregular and erratic fringe patterns and, consequently, no useful

data were obtained. Also, near maximum load, the concrete began to spall,
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causing the coating to debond. The one positive aspect of using the
photoelastic material was the slow-speed motion pictures that provided
good visual documentation of the sequence of events in the response of
the beams.

The general beam behavior calculated from the analytical model agreed
well with the measured results, especially in the region up to maximum
load. The measured beam stiffness (the slope of the load-deflection
curve between first concrete cracking and yielding of the tensile rein-
forcement) was always less than that predicted; this seemed to be the
result of bond slip or failure between the rebar and the concrete. (This
was not considered in the analytical model.) The yield and maximum loads
predicted by the model were within 9 percent of the test results. Deflec-
tion calculations were not as good as load calculations. Calculated yield
deflections were all lower (10 to 36 percent) than those predicted. Com-
parison of calculated and measured deflections at maximum load showed
very erratic differences. The ratio of measured to calculated deflections
ranged from -21 to 44 percent.

The analytical model did not calculate the collapse point of the beams;
it calculated the behavior to an arbitrary compression strain (0.05 in/
in) at the top of the beam. Therefore, no comparison could be made of
collapse behavior; however, beyond maximum load, the general behavior
predicted by the model was good.

RECOMMENDATIONS

Since the objective of this investigation was to study beam behavior to beam
collapse under combined flexural, axial, and shear forces and since the mode
of failure for all test beams was flexural tension, it is recommended that
another group of beams without stirrups be tested under the same general
loading conditions. This would provide information on the transition from

a flexural tension mode of failure to a shear mode.
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[t is further recommended that another group of beams be tested with axial-
to-lateral-load ratios high enough to provide data above the balance point
on the axial load-bending moment interaction diagram. This group should in-
clude beams with and without stirrups in order to provide shear-interaction

data.

Further work with the behavioral model is suggested. There are three ob-
vious areas not considered in the present model: (1) bond behavior be-
tween the reinforcing steel and the concrete, (2) calculations of beam
shear strength, and (3) calculation of the point of collapse of the beam.
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APPENDIX A
CALCULATED AND EXPERIMENTAL DATA
This appendix presents both experimental and ara-
lytical results of the behavior of the 17 beams
tested. Where possible, the corresponding analyt-

ical and experimental data are presented on one
graph for comparison.
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APPENDIX B

PROGRAM BEAM

A Tisting of the computer code
used to calculate the beam be-
havior from the analytical
model is presented.
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REINFORC Eo CORCRETE 3LAY UNDEK
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LATERAL

LUALLU
CAHAB INCEU Aved AXLALS LIALS
EER 12,1973

SITCRUF LLYM e TAPEB=GUULD
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COMMOM FRBLERRSER]T
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COMMON/DLERAXE20) o A IMAX (20) s sk 2iMAX (20)

COMHCN/ZE/ZAKL(20) 9AK2(20)

COMMONSGs AL(2C) 2AP(20) oV {20 sAMI20 ) sDELTA(20) s THETALZU) sBTHLTAL 2V

120 (20)s5A0200s5RC (201 +SRTL20) SLELTB(20)

JPDATED DECE®

TAPLO6E=CALLONMP 9 TAPL 7

FACON(CCON s ANKG )Y =FDT*SWHET (1 e GFCCON/(FDT *AAKEG ) j *AANS
FORMAT(I]5)

FORMAT(851Ce2)

Vet=l

READ IMNFUT DATA

iN = NUMBEKR UF JOUDE POIKRTS

REAN 14N

AL(T) = LENOTIH Ut BEAM SEGHENTS sETWEEN NuDEos

REAN 25 (AL(I)sI=19eN)

REAN MATERIAL PRCPERTIES

READ ZoAK 3ot UsEUSECKoFFF sEAMS o Yol YP
READ 29FYVebSHeASHs0OSH sESHP s ASHP s 5551HP
READ GEOMETRICAL PROPERTIES

REA 29T aPsDeli o PP yNDyPY

KEAD LOAD PARANMETERS

READ 2 (AF(LI)Ys I = 19iN)

DU 606 [=1eN

IFLAP(T)YeGTeDe)GU TU 607

CONT INCE

[AP=]

READ TOTAL EBEAY LENGTHs LOAD KATIUy CURCRETE: STReNGTH
REAN 24TLsAK 9 XXX oFPC

INITIALTZE DATA

DU 1000 I=1+6

JELTBUI)=0e0

SA(1)=0e0

EC(I)=0e0

ff:(l):f).ﬁ

ESP(1)=0.

THETA(CI)=NeD

PHI(TI)=0e0

FORMAT([4911E1263)
FORMAT(///35X¥AX1IALLY LOADED obA4 bEHAVICOR®// 71

LUAD FARAYETEROS*//)
PRUPEKTILL*/7)
FRuPERT L ESR/ /)

FORMAT(//35X*SPAN AND
FURMAT (//735X*SECT Ui
FORMAT(/£35X%ATERTAL
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) FURMAT(//36X#BEMAVIUR CHARALTLRISTICS® /7))

2 FURMATI(® SPAIN LENGTH RATIU-AXIAL®/3X%( INCHES) /LATRIKAL®/ L3X®LUAD®
1/7)

3 FURMATIIYEL2 w3 )

4 FORMATIT44]12Xs 2E12e3)
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5 FURMAT(* TOTAL DEPIH tFFECTIVE®TX *y Th CUMPRESOIUN®OX#FSTECL®ox®
L1OMP STEEL SHEAK STL®/95X% (T )*5X*DEFTH (D) ®*5x#* (o) ST P TH=DF P
2ERCENTAGE PERCENTAGE PERIeNTAGL#/ )

7 FORMAT(OXRRIXBAMLUKLIXHEUHX I QX FECR# YN FPCREXRLIL—MUURBARE Y Ry X *F Y #
LIDX#ZYVHRBXHESHREIXKASH*/ /)

8 FURMAT(* NUDEe RLUSISTINGESX#AX1AL CuENTERL Five wulAl lun cuinl
IRETE#*SX*STEEL® IXRAFPLIEL*EX* TUTAL CunCnRETLROXERG R IR R AN R/ OA
SRMUMENT * 7 X ¥ LOADRDX ¥ DEFLECT IUNX LOX®ES TRAIN#OX* STRA LI TX¥LHCAK*XOA® LHE
AARREX o ® L HEAR
A20X*HEIGHT* /81 X*FORCE#*aX*CAPACITY CARPACITY= /)

G FORMAT (1H1)

PRINT 19
PRINT 5
PRINT 6
PRINT 12
34 TL9AK

Ge(LeALCLYsAPEEY s I=1 )

I 39T 9DNeBeDFeD4PP 4PV
RINT
PRINT 17
PRINT 13+AK3sE JobUsECR OFPCsEMO o FY 4 FYP oFYVIESH AL
DRINT 9
PRINT 18
COMPUTE COMSTAMTS

EMCON=55400e¢/SAQRT(FPCH*1000s )

A T
AKB8=DP /[
FOT=54/SQRT(FPC*¥10004 )

CP=FP(Cxpal

M=CP*D

AB=FY/FPC-Ar3

AC=FYP/FPC=AK?3

XPC=( (AKSI*¥AKOE# ¥ o) /2 o+ FPEACK (KKNOU=ARS ) +FXACK (ARD= Lo ) 1/ CAKO AR I+PP#*
AC+P%AR)

ERR = 0De0001

ERl1=e001

ERD = 0enl

SRS=PV*FYV/FPC
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-
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VI1)=1e0/AK
AM(1)=V(1)®ALLL) /D
LU 10 I=2sN
VI =V(I-1)-AP(I-1)7AK
10 AMUT)=AM(TI-1)+V(I)®ALCTI)/D

-
m

C ENITLALEZE DEFLECTIONS
DO 11 I=1sN
FSIEEY = Q«0
ESIETL) = Qe
AK2MAX(I)=0eN
EMAX(1)=0e0
AKXIMAX(1)=0e0
AKInX(I)=0e0
DELTB(L) = 0.0

11 )=0e0
o0
NDel
= 0
le )
r\.no
0001
20 N)oeGELEeEU+enD1) ( « 001
ECTNY+D L
23 «001
= DEB-ECIN)
< CALCULATE AXIAL FORCE AND MOUMENT AT BEAM CEMTEKLINE
21 CALL FORCE(NSECIN) sEB (i) 9PA)
AEM=PAX (AMIN)Y+CELTA(N))

g COMPARE APPLIED MO ENT TO RESISTING MOMENT
IFCABSE (RMINY=BEM) /RM(IN) ) sLE«ERR)Y GO TO 30
IF(Q."(.“).“TOAL.';) Si Q22
EBIN) = EBIN}+DEB
GO T« 21

22 EB(N) = EB(N)-«75%DEB
DEB=DEE/4e
6o TO 21

30 CONT INUI

C NOW HAVE PA AT CENTERLINE -- FIND PARAMETERS AT GTHER NODES
M=N=1
L0 500 I=1eM
J=N=1
AEM=PA* (AM({J)+DELTALJ))

ECZ2=EC (J*l]
[IF(AK eGTelenN)GO TO 490
[F(letWel e ANLUePALleGTePA) EC2 = ECMAX
490 CALL ECANDK(JobEC2ePAJALMIEC(J) 9ECIN))
500 CONTINUE
- COMPUTE DEFLECTIONS FROM NEW PHIS
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KDFLTA = KDELTA+1L
DTHETACL)=ALCLI ) #PHICI )/ (B3e*D)+ALI2) 212 %PHI (1) +PHI(2) )/ {0e*D)
THETA(L)=DTHETA(1)
DO 40 [=2sN
DTHETA(LD)=(ALITI IR (2 2PHI (I ++ I I=1) ) +AL I #2 ) #( 23 FRI{ 1) +PHICI+1))
1)/(6e%#D)
C THETA(1)=THeTA(L)I+DTHETAC(])
* IF(ECIN) o GTeZU)THETALL )=THETAC LI+ (PHI(NY-PHI(N=-1))/440
DELTACL)=THETAUI Y *AL (114D
DO 41 [=2sN
THLTA(I)=THETA(I-1)~-0OTHETA(I=-1)
DELTA(TI)=DELTA(I-1)+THETA(L)*AL(CI) /D

»

COMPARE NEW DELTA TO PREVIOUS:- DELTA

IF(ABS((DELTACN)-DELTAN) /DELTA(N))eLE«ERD) GU TU 600
IF(KDELTAGE «6)) GO TO 502
DO 501 I = 1N
50%F DELTEGL) = DELTACL)
DELTAN = DELTA(N)
GO TO 23
SN2 DO 5n3 ] T ol
PELTA{T)Y = (DELTACIY+DELTBEINIZZ.
503 DELTBIYY = DELTAGL)
DELTAN = DELTA(N)
KDELTA 0
60 TO 27
600 DELTAN=DELTA(N)
DC 611 I=1sN
IF(EC(I)«LEEMAXCIY) GO TO 611
EMAX([)=EC(I)
AKIVMAX(T[)=AK1(])
AK2NAX(TY=AK2( 1)
611 CONTINUE
PA=PA%CP
DO 601 I=1sN
FSI(I) = AMAXYL(FSL (L) #ESET )Y
ESL(LFY = AMAXL(ESI(IYsESCL])
AKINX(I)=AMAX1 (AK10(I) +AK1OX( 1))
RYA(T)=RM([)xCM
ECTI(I)=(EC(I)*(AKG4(I)=0e08)) /AKG(])
ECT2(1)=(ECLTII*(AKG(])—~0e20))/AKL(]})
DELTB(L)=DELTACEL)*D
SA(I)=V(])%*PA
SRC(I)=FSCON(CCON(T)9sAK&L(T))*CP
601 SRT(1)=SRC(I)+SRS*CP
DELETED OUT PRINT STATEMENT DEC 1341973

"

W

= PRINT CALCULATED BEAM RESPONSE

WRITE(F o3I (T oyRMUT) sPASDELTO(I) o THETACT ) s C(I) oSt )vOACT ) soRT(T )
SRC(I)sAKG (1) sAKIOD( I} 9 I=19N)

PRINT 602

602 FIRMATI(LIH /)

-
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PA=PA/CP
IF(PAL=PA) 604s604s605

604 ECMAX = ECIN)
PAL = PA

605 IF(FCIN) «GEe«005) GO TO 603
GO TO 20

€603 CALL PLTS(JKsIAPsAK+FPC)
CALL PLOT(Qe9Des=3)
[F(xXX) 800s8019802
2807 CALL PLOT(QesQes«n)
SHEOR X0
END
SUBROUT I NE ECANDK( T 9FCLaPA2AEMSEC 9 XXX )

-

X
[ SUBRCUTINE ECANDK CALCULATES A CONCRETE STRAIN AND DISTANCE TO
! C THE NEUTRAL AXLIS THAT SATISEIED THE APRPLIED LOARS
C
COMMON/B/ZER1 2ERR
DEC=AMINI (EC1/2¢9¢001)
’ EC=EC1
K=1
1 CALL FK4P(ECPAs] sRMaXXX)
K=K+1
IF{ABS( (AEM=RM) JAEM) o LEsERRIGU TO 10
GT T 10
1
Q
r) ,' ) "l

BEC = DEC /&«
GO o 1

10 RETURN
END

SUBROUTINE FORCE({IsECstBsPA

SUBROUTINE FORCE CALCJULATES CUNCRETE AND REBAR FUKCES GIVEN A
AN DISTRIBUTION

COMMONZAZAK3 s L0 LU sECR oFPCIEMO s Yo F YP s F YV o SHeASHyUSHYEOMIP sAOHP 9

18SHP s P s D PP yEMCUNIAKE s AKE ¢ XPC
COMVON/C/RM(20)9E5(20) sAKG (201 sAK10(20) sPHE (20! s CCONL2U) $FS(20) s
FS1(20)9ES51(20) sBLANKI(20)sAK1CX(29)9ESPP(20)

COMMON/Z/F/AKK1(20) sA¥K2(20)

IF(FC+EL «EQeQe0)GO TO 30

AKG(T)=AK6*EC/(EC+ER)

ECRR=ECR

PHI(1)=EC/AK&4(])

ESP=EC*(AK&4(])-AKB)/AK4(])

fo
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v r -
ES(I)=EC*(1le-AK&(I))Y/AKAG(])
GO TQ 36
30 ESP=EC
ES(1)==EC
AK4(T)=100e
36 CALL CONCRT(ECAKG(I) s AKL AK2s 1)
FSEEY = STEEL(ESCT) oF Y ¢ESHIASHsBSHeEMSHESLI( T oFS1C(E))
AN = FSLL e AFERC
AKTP = STEEL(ESPYFYPIESHP sASHP sBSHP e EMS90e0+0e0) ¥PPZFPC

IF(FSPaGEcEQYAK TR=AK TP ¥EXP { (EVU=E
IF{EBeLEaQ«0) GU TQ 10
EFE (FB«LTeECR) GU T 1]
AK9=ECR*AL4 (1)1 /EC
AKIN(I)=(AKE-AKL () -AKQ) ¥[
IFCAK IO L) «QGE«AKRLIOX(TI)N)YGO TO 20
AK9D =AK9-(AK10X([)-AK1Q(I)}/D
FCRR=ECKR*AK99/AKSY
AK9=AKS9
IF(AKOeLEeDeN)AKYI=DeD
GO TO 20

10 AK9=0e0
AKINn(I)=0e0
GO T 20

11 AK9=AK6-AK4 (1)
AK1n(I)=0e0

20 E=ECRR
IF(EBe«LE«ECR) E=EB
CCOMIT) =AKI*AK3*¥AK 4 ( ] )
TCON=E*EMCON®*AKI /2o
PA=CCON{TY+AKTP-AK 7-TCON
RMUT ) =CCON(T 1 *(AKE-XPL-AK2*AR&G () ) +AKTP#* (AK6E-XPC-ARB ) +AKT* (XPC-AK6
14+1e)+TCON®(XPC-AKAE+AKG () +2e%AKI/ 3 )
AKK1(I)=AK1
AKK2 (I} =AK2
ESPP(I)=ESP
RETURN
END
SUBROUTINE FK4P(ECsPAs T sRMIsXXX)

Samies e
) /e000O1 )

SUBROUTINE FK4P CALCULATES THE DISTANCE TO THE NEUTRAL AXIS FOR
A GIVEN CONCRETE STRAIN TO SATISFY APPLIED LUADLS

OO

COMMON/B/ERR» ICL

COMMON/C/RM(20) sES(20) sAKG(20) sAK10(20) sPHI (201 9 CCON(2U) 9FS(ZQ) s

FS1(20)9sES1(20)2EBB(20)

CALL FORCF(]IsECs-ECOMAX)

IF(PA«GE«PMAX) GO TU 2

ICOUNT = -1

DEB = <001

EB = EBB(I+1)

1 CALL FORCE(ISECHEBIPAL)
IF(ABS((PA=PA1) /PA)eLE«FERR!) GO TO 10
[F(PAsLTePAl) GO TO 9
ICOUNT = 1
EB = FB-DEB
IF(FC+EBeGTeNe0) GO TO 1

—

el

=




¥

(G0 U0 i N

Y OY DO

9

EE

12

10

1]
)i
la

DEB=DEB/24

EB =DEB~EC

6O TO 1
[FCICOUNT)11911912
E8 = EB + DEB

(10 10 l

EB = EB + 0«T5%DEB

NDEB=NDFB
GO TO 1
RMI = 0
RETURN
RMI = RM(1)

EBB(1)=EB

RETURN

END

FUNCTION STEEL(ESsFYSsESHIASHIBOHIEMSsESOWFS0)

/G

o0

FUNCTION STEEL CALCULATES A STEEL STRESS GIVEN A STEEL STRAIN

FY=FY/EMS

ESA=ARS(ES)

IF(FSOeEQeNeN) GO TO 2
[F(ES«GE«ESTQ) GO FO 2
STEEL = FSO-(ESO-ES)*EMS
RETURN

IELESACLE«EYY GO 10 1b
IF(ESAeLESESHIGU TO 11
STELA=FY+ASH* (ESA-ESH) -BSHX (LOA-ESI1) *%2
G T A2

STEEL=ES*EMS

RETHIRN

STELA=FY

IF(ESeLTene0) GO TO 13
STEEL = STELA

RET!HRN

STEEL==STEILA

RETURN

END

FUNCTION FVALUE(ESEOsEUs )

FUNCTION VALUE CALCULATES A VALUE OF CONCRETE SYRESS GIVEN A
CONCRETE STRAIN

FM(EO)EU) =2 e ¥EOQ/ (3 ¥ (EUX*¥2-EO* %2 ) )
F20=(Ne3+E0%FM(EOsEU) ) /FM(EOSEU)
IFH'.GY.ERO)(M TO 3

I1F (FeG T+ EQNGD TO 2
FVALUE=2*E/EO-(E/EQ) *%2

GO TO 10 4
FVALUE=1e0-(E-EQ)®*FM(EQYEU)

GO TO 10

FVALUE=0e2

RETURN

END

SUBROUTINE CONCRT(AsAK4sAK19AK2,1)
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SUBRCUTINE CONCRT CALCULATLES CUNCRETE STRESS BLOUCK PAKAFETEKRS
GIVEN A CONCRETE STRAIN ANU DISTANCE TO THE NtUTRAL AXIS

COMMON/A/Z/AK3 o LO oL UsbECRaFPC LML oF Y oF YP o FYV oL St1sALItsBOHILONMP gA LM s
IBRSHP o P 9D sPP o EMTCUNIAKH 9 AK 8 9 XPC
COMMON/D/ZEMAX (20! s AKIMAX (20 ) sAK2MAX (20 )
FMIEQoIEU) =2 e #EQ/ (3o ¥ (EUR*2-EDRED) )
FAL(E)=(3e*EQH*ER®D_E*%3) / (Fe*LO%%2)
FEBI1(E)=(Be*E¥EQ—3 #EX%2 ) f (12 EQ=4 e *E )
FA2(E)=t —QeS5*FM(EOQsEU) RE*%2

FEB2(FE)=(3e*¥E -2 e FM(FCsEU)HERED )/ (be-Fe*¥FM(EUSEU) ®E)
FA3(E)=0e2%E

FER3(F)=0e5%E

FARFA2(E)=FAI(EDQ)+FA2{E-EQ)
FEBT2(E)=(FAT(EQ!*FEB]L (£EV)+FAZ2(E-EV) *(EOU+FEBZ (L-tUi ) )/FAREAZ2 (L)
FARFA3(E)=FAI(EQ)+FA2(E20-EQ)+FA3(E-E20)
FEBT3(EI=(FAT(EQI%FER] (EQ)+FAZ (E20-EU) ¥ (EV+FEB2(E20=Ev) }+FA3Z(E~=E20
11 #(E20+FEB3(E-E20) ) ) /FAREA3LE)

EUNLOD=2.0/L0C

E20=(0e8+EO*FM(EOYEU) ) /FMIEOCsLU)

RFACT = 1«0

E = A

!r(‘.GT.I:,\"AX(I)) GG TO 1

FCMAX=FVALUE(EMAX(T) +EOsEUsI)
FC=FCMAX=LEMAX(1)-E)*EUNLOD

IF(FCeLE«Oen)GO TO 22

RFACT = FC/FCMAX

E = EMAXI(I)

IF(AK4eGTeAKE) GO TO 20

AKl = RFACT¥AKIMAX(I)

AK2=AK2MAX (1)

RETURN

AKl=0<«0

A¥2=0e33

RETURM

[F(AKE/AKGaLTele0)GO TO 20

IF(EeGTeE20) GO TO 2

[IF(FeGTeEC)GO TO 2

AKL=FRICEY LE

AK2=1e0-FEBI1(E)/E

RETURN

AK1=FAREA2(E) /E

AKZ=1+0-FEBT2(E ) /t

RETURNMN

AK1=FAREA3(E) /¢t

AK2=1¢0=-FEBT3(E ) /E

RET1IRN

ALPHA=1.N-AK6/AK4G

EP=F#ALI HA 1
IF(FeGTeE20)GO TO 5

IF(FeGTeEO) GO TU 4

AK1=(FAL(E)=-FAL(EP)) /L
AK2=1¢0~(FALIE}I*FEBI(E)-FAL(EP)*FEBL (EP) ) /7L (FALILE}I-FAL(EP) )®RE)
GO TO 100

IF(EP.GTSEO) GO TO 6

AK1=(FAREA2(E)-FA1(EP))/E
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APAR2=FAREAZ(EP)*FEET2(EP)

AK2=1e0-(APAAZ-AFAR2) /APAKR2

GO TC 100
S5 I FEFR«GT«E20 360 FO 77
[FLEP«GT«EQ)GO TC 8

AK1=(FAREAZ(E)-FAL (F
APAR3=( (FAREAZ(E) -

Py E
FALLER))®E)

AK2=1eD-(FARZAZ(E) #FLBT3(E)=Fl (LF
GO TO 100
5 (FAREA3(E)-FARCA2(EP)) /L
2 = A3IE)—-FARELEZ2ILE) ) *L)

(FARE/

REASCE I RFESTICE)
PARB2=FARLAZ2(C~ )% EBTZ{EF)
LK2=1e¢0-(APAAB2-APABBE2 )/APAR
T9 l¢o
AKLI=(FAREAS(E)-FAREAZLER) /L
APARI=( (FAREA3(E)Y-FAREAZI(LP) ) *E)
APAAC?=FAREA3(E)*FEST3(E)
APARC2=FAREA3(EP)*FERT3(LF)
AK2=1enN=(APAAC2-APARC2)/APAR]
G0 TN 100

7 PRINT 2%

G

7

25 FURMAT(///10X*EP EXCEEDS E20%)
STOP
100 AKl = AK1*RFACT
RETURN
ENP
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ABBREVIATIONS, ACRONYMS, AND SYMBOLS

area
factors relating to lateral load distribution in beams
area of tensile reinforcement

area of compression reinforcement

constants relating to steel stress-strain curve
compressive concrete force

compressive reinforcement force

modulus of elasticity of concrete

modulus of elasticity of steel

unloading modulus of elasticity of concrete

lateral load

axial-to-lateral-load ratio (P/F)

length of beam

moment capacity of section

moment coefficient at node i

resisting moment

resisting moment at node i

factor used in expression for moment capacity of beams;
number of nodes

axial load

tensile force in concrete

tensile force in reinforcement

shear coefficient in segment i

depth of concrete tension stress-block

distance from bottom of beam to plastic centroid

depth of rectangular concrete stress-block

shear span

shear-span-to-beam-depth ratio

width of cross section

distance from compressive face of member to neutral axis

distance from compressive face of member to centroid of
reinforcing steel

compressive stress in concrete
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AGBREVIATIONS, ACRONYMS, AND SYMBOLS (Cont'd)

compressive strength of concrete test cylinder
flexural strength of concrete in compression
cube strength

forces at node i

stress in tensile reinforcement

stress in compression reinforcement

ultimate steel stress

yield strength of reinforcement

ratio of distance from compression face to neutral axis
to effective depth (d)

stress-block constants

factor relating strength of concrete in beam to concrete
cylinder strength

slope of descending portion of concrete stress-strain
curve used for analytical model

bending moment at node i

modular ratio

reinforcement ratio

critical reinforcement

beam depth

shear force in segment i

deflection of node i

strain

strain at bottom of beam

concrete strain

concrete strain at node i

concrete strain at cracking; limiting concrete tensile strain
concrete strain at maximum concrete stress

strain in tension reinforcement

strain in compression reinforcement

strain at commencement of strain hardening in steel
steel strain at maximum stress

ultimate concrete strain; strain at maximum k,
concrete strain at stress of 20 percent of maximum
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ABBREVIATIONS, ACRONYMS, AND SYMBOLS {(Concl'd)

n plasticity ratio (v /¢ )

rotation of node i

-

M ductility ratio
¥ collapse ductility ratio i
(1 curvature at node i
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