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I. INTRODUCTION

In the last few years , a concerted effort has been made to analyze

submerged structures under explosive loadings , by utilizing the Doubly

Asymp totic Approximation (DAA), Ref. [l],~~to account for the structure— flui I

interaction . The current imp lementation of the DAA~by Weidlinger Associates ,

R e f .  [ 2 ]  to 15 1, èmploys a modal analysis for the structure and a set of

orthogona l functions (surface expansion functions) for the fluid , the latter

being used to improve the conditioning of the governing response equations.

The DAA yields exact results for high and low frequencies and produces a

smooth transition between these limits. Since a more accurate fit at

intermediate frequencies may prove to be important in some problems of

interest , the DAA r~iay prove to be inadequate  in some ~ases . Thus , wor k was

done on developing improvements to the DAA . One such approach , the Inertial—

Damping Collocation Approximation (IDCA), wis developed by

Weidlinger Assoc iates several years ago and was reported on in Ref. 12 1.  The

IDCA gives exact results for low, hig h, and selected intermediate

frequencies , and as such represents a potential improvement over the DAA .

Although the IDCA was described in Ref . [21, problems arising from the

fitting procedures used to match exact steady—state results were not

discussed in detail. With some current interest in the development of

improved uncoupling techniques , this note has been prepared to document the

current status of the IDCA and to demonstrate the new improved fitting

procedures developed for the application of this method .
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I I .  DESCRIPTION OF THE IN ER TI AL—D AM ~ IN C COLLOCATION _APPROXIMATION

For a submerged structure subjected to an underwater exp losion , i t  i~

possible to approximate the s t r u c t u r e — f l u i d  i n t e r a c t i o n  b y ex pr essi n g t h e

surface piessures in terms of the norma l surface v e l o c i t i e s  (R e f s .  [ 1 ]  and

[2]). Such a procedure  e s sen t i a l ly uncoup les the  f l u i d  f rom the s t r u c t u r e

by subjecting the structure in—vacuo to free—field effects plus a s t r u c t u r e —

fluid interaction loading . The DAA , for example , is an uncoup l ing  t e c h n i q u e

which yields correct results for low and high frequencies . In this section ,

a new uncoupling scheme , the IDCA , will be described briefl y. This mcthod

allows matching exact solutions for low , high , and selected intermediate

frequencies.

Let a time—harmonic normal displacement be applied to a fluid surface H
(cavity) having the shape of a structure to be submerged and loaded by an

underwater exp losion :

ifltw(s , t )  = W ( s) e (1)

where s denotes position on the surface , t represents time , and i

The radiated fluid pressure may then he written in the form

— =
p(s, t) = [p(s) + i p(s)] c (2)

in which the inertial (real) component , ~~~, is in phase witI. the

disp lacement , and tile damping (imaginary) component , ~~, is in phase with the

velocity.

For arbitrary excitation of a submerged structure , the radiated

pressure (the difference between the total and incident pressures on the

surface of the structure) may also be represented by a component in phase

with the disp lacement of the surface of the structure and a component in

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~
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phase with the normal velocity of the surface . The generalized force

associated w i t h  the r a d i a t e d  pressure  may then  be expressed as

(3)

where 91 and 
~2 

have the characters o~ an inertia force and a damping force ,

respec t ive ly ,  u n d e r l i n i n g  denotes a m a t r i x , and the  caps i n d i c a t e  a

fo rmula t ion  of the f l u i d  response based on s u r f a c e  expansion f u n c t i on s  r a t  her

than  s t r u c t u r a l  modes.

When based on s u r f a c e  expansion f u n c t i o n s , the  IDCA may be w r i t t e n  is

q - f U 1 
dt - a ( q  - U

1
) = ~

l f f  
Q1 dtdt + ~ 

+ 
~

~~~~~ I~~~~~ J 9 2
d t -

~~~~~ 92 (5)

in which q is the array of generalized coordinates for the fluid ,

U 1 is the array of expansion c o e f f i c i e n t s  fo r  the inc iden t

( f r e e — f i e l d )  v e l o c i t y ,  ~ is the v i r t u a l  mass m a t r i x , ~ i s t h e  d i a g o n a l

r a d i a t i o n  damping  m a t r i x , and a dot ind ica tes  d i f f e r e n t i a t i o n  w i t h  r e spec t  to

t ime . The e lements  of m a t r i c e s  B , C , D are e v a l u a t e d  b y m a t c h i n g  exac t

s t e a dy - s ta t e  s o l u t i o n s  at selected f r e q u e n c i e s .

For low frequencies , Eq. (4) reduces to the Virtua l Mass Approximation

(Ref. [6]), and for high frequencies , Eq. (5) reduces to the P l a n e  Wave

Approximation (Ref . [7]). The matrix a in Eq. (4) is used to ensure the

I f  a submerge d  bod y is sub jec t ed  to  an incident pressure wave with zero
r i s e  t i m e , a t i m e — i n t e g r a t e d  f o r m  of Eqs .  ( 4 )  and (5) should he used ,
as shown in Ref. [2].

- —--V -V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~ 

-~~
. •: .~ 

~~~~~~~~~~~ ~~ -V~ V~- V •  - -..



--V_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

— —  4 ——

correct asymptotic behavior of the inertial part of the IDCA for high

frequencies (Curved Wave Approximation , Ref. [8]). Details of the procedures

used to obtain the elements of a, B , C , D may be found in Ref. [21.
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I I I .  DIFFICULTIES ENCOUNTERED

111 the IDCA , fitting is emp loyed for the relations between norma l

surface displacements and the resulting generalized forces considered as

functions of the frequency. The concept of fitting was developed after a

stud y of simp le cases (infinitely long cy lindrical and spherical shells)

where one disp lacement mode and one fo rce  are f i t t e d  at a t i m e .  In t h i s

situation the fitted curves are necessar i l y smooth , and in  genera l  a c c e p t a b l e .

In the general case , a considerable number of surface expansion coordinates

and the corresponding forces are fitted simultaneousl y, and the success of

this fitting process was a major  ma t t e r  of concern f o r  the  i n v e s t i g a t o rs .

Discussing as a typical example the case N = 1 (one circumferential

wave) for the structure treated in Ref. [3] (ring—stiffened circular

cy lindrical shell closed by flat end p lates) , it was found that the fitting

process properly reproduced the desired values of the fluid resistance at

the frequencies selected for fitting . However , the curves were not as smooth

as hoped. While the oscillations in most cases are minor , there are a number

of cases with violent oscillations in narrow frequency ranges. In the case

under discussion , 18 surface expansion functions and the corresponding 18

generalized forces were used , and the resulting relations plotted. In two

cases the values 1R 
(accession to mass) oscillated so severely that the

values became negative for a narrow frequency range . Figures 1 to 4 show as

*)
In th is note , the term fluid resistance is used to denote the ;lrr - i’.

= 1R 
+ ~ 

~~~~
, in which and have real elements and I =\/T

The a r ray  1R has the character of the specific acoustic inertia , while

f2 y’~ , where i~ represents frequency, has the character of the specit ic

acoustic resistance. The exact frequency dependence of y was obtained
by mod i f y ing an existing sound r a d i a t i o n  code ( R e f .  [ 9 ] ) .

— — —-~~~~~~— --- --- .-— -- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ V
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examples p lo t s  of ‘
~R 

f o r  s u r f a c e  expansion functions 1, 2, 5 and 12 . For

function 1, the r igid body disp lacement , 
~R is in general  wel l  a p p r o x i m a t e d ,

but there are slight oscillations below f = 0.5 kcps. For functions 2 arid

12 , Figs . 2 and 4 show the worst situations encountered ; they give

unrealistic negative values for at certain frequencies. An intermediate

situation for function 5 is shown in Fig. 3. There are strong oscillations ,

but no negative values for The fitting of the values (damping) does

not lead to violent oscillations as was the case in Figs . 2 to 4. The

result for the rigid body motion , function 1, is shown in Fig. 5. However ,

inspection of the results for the remainder of the surface expansion

functions disclosed two cases , functions 12 and 13, shown in Figs . 6 and 7,

where the damping y~ becomes negative for frequencies below f 1.5 kcps .

It would be legitimate to reason that local oscillations in the curves

for 
~R 

and should not cause unrealistic final results , because the

response is inherently a composite of effects o r i g i n a t i n g  f rom all

frequencies . However, the occurrence of regions of negative damp ing or

negative accession to mass makes Uie results of the analysis tainted ,

although only 4 of the total of 18 relations are thus affected. Thought was

therefore given to variations of the scheme which avoided the described

undesirable situations.
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IV . IMPROVED FITTIN G PROCED URE

If the IDCA in terms of surface expansion functions , as described in

Ref. [2], is applied to an infinitel y long cy lindrical shell (or to a

spherical one) of uniform thickness , the difficulties described in

Section III could not occur , because only one surface expansion coordin ate

and one generalized force couple. This simp le situation is caused by the

fact that the matrices 1R 
and are diagonal. This suggests that one could

avoid these difficulties If one could select surface expansion functions

such that the matrices 1R and are diagonal at all frequencies. This

ideal solution is not available for a general , comp lex structure .

However , one can start by selecting surface expansion functions iL. (s)

which make the matrices 1R 
and diagonal .f or f~ = 0 and fl ~

respectively ,  where f~ denotes frequency. This is always possible , and can

be done as described in the Appendix. (Note that the previousl y proposed

functions t~.(s) already lead to a diagonal matrix for Q -
~ 

‘
~~~

.) At

intermediate frequencies , such as those selected for fitting , the matrices

1R 
and y

~ 
would not be diagonal. However , since and are diagona l for

= 0 and Q ~~~, respectively ,  one may expect  that the matrices at

intermediate frequencies are sufficiently close to diagonal to permit

ignoring , as an approximation , the off—diagonal terms . Such an approach

leads to an IDCA—solutjon without problems caused by negative accession to

mass or negative damping.

In order to evaluate this idea , a unique , but of course truncated set

of surface expansion functions was obtained , such that the matrices ‘
~R 

and

were diagona l for fl = 0 and ~2 
-
~ ~~~, respectively . This was again done

for the case atudied in Section III. Using these new surface expansion

functions , tile matric es 
~R 

and 
~~~~ 

were computed at several intermediate

______  • . j i!~~~~ i.~~ . • =~ • 
I

V
Y
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frequencies to verif y the order of magnitude of the off—diagonal term s to be

ignored.

In the earlier scheme using the complete matrix of the fluid resistance ,

including the off—diagonal terms , certain fitting frequencies were selected .

Obviously, the importance of the off—diagonal terms to be dropped in the

newly proposed scheme should be considered at the l evel of the fitting

frequencies appropriate for the new scheme . The frequency dependence of the

fluid resistance in either scheme depends on the typ ical distance between the

nodal lines of the imposed disp lacements , i.e., the surface expansion

functions . This may be seen , typically, for the scheme for which fitting

results are shown in Figs. 1 to 7. The values V

Y
R 

(accession to mass) were

fitted for one frequency above and one frequency below the peak of a curve .

The peak shifts to higher frequencies as the mode number increases , because

the nodal distances decrease with mode number. The peak is located at quite

a low frequency (f 0.3 kcps) for f unction 1, higher frequency (f 1 kcps)

for function 5, and much higher frequency for function 12. A shift of

fitting frequencies through the same range is to be expected for the

proposed new surface expansion functions . The range f = 0.5 to 2.5 kcps

was therefore studied carefull y.

The method shown in the Appendix was applied to determine the fluid

resistance 
~~~ 

and y~ ) based on transformed surface expansion functions t~.(s).

Little difference in the importance of the off—diagona l terms in

(accession to mass) was observed over the above range of frequencies. As

typ ical, Table I shows the matrix for f = 1 kcps . Inspection of the Table

indicates that the off—diagonal terms are nearl y a l w a y s l e ss , often very

much less , than 1/10 of the diagonal ones. The ignor ing of such sma l l

terms seems reasonable. 

~~~~~~VVV ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~V. V~~~~~~~~~~~~~~~~~ ~ Le:~~ VVV V V V~~~~~~~~~~~~~~~~ V •V ~~~~~~~~~~~~~~~~ V
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The check on the importance of th e off—d ia~ onal terms for t he matrix V
y
1

(damping) is slightly more complex because of c~ e nature of these curves .

They have tile character of Fig. 8. Ti’e values are practically crc from f = 0

to some va l ue close to the fitting point , 12. As a result , the prevailing of

the diagonal terms is of importance only near the fitting frequency for the

respective function . At frequencies below the fitting point , the diagona l and

the off—diagonal terms are several orders of magnitude smaller than near the

fitting point. The situation away from fitting points is thus of no

consequence. This is illustrated in Tables II to IV . For the first five

transformed functions t1~ the fitting points are below or up to f = 1 kcps , and

Table II shows tile matL ix y
1 

for the lowest values k, j < 5. The diagonal

terms prevail , not so strong ly as fo r 
~R

’ but still with factors close to 10.

V 
On the other hand , for the same frequency the diagonal terms do not prevail

for  higher functions , as may be seen f rom Tabl e III  for  k , j = 12 to 18.

However , the values y
1 
are here of the order 10

2 
and l0~~~, i.e., extremely

small compared to the d iagonal terms in Tabl e II , which are of the order

10+1
. For values k, j  > 12 the fitting frequencies are in the f = 3 to 4 kcps

range , and Table IV shows the appropriate portion of the matrix lt is

seen that the diagonal terms in this range prevail strongly , with factors

larger than 10.

It is thus concluded that the proposal to disregard off—diagonal terms

appears to be a promising approximation .

It is noted that an entirely different fitting scheme , involving the use
of convolution integrals was suggested at a technical meeting at ~NA in
July 1974 by Dr . T. Geers. The scheme was based on surface expansion
functions which lead to diagonalized matrices and y~ at fl = 0 and

12 -* -~ .respe ctive1y. This scheme also ignored off—diagonal terms at
intermediate frequencies. The degree of approximation obtainable by any
suc h scheme, shown here in Tables I to IV , has however not been
demonstrated previously.
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APPENDIX

Determination of S u r f a c e  E x p a n s i o n  F u n c t i o n s  which  Diagonalize the Damping

Matrix tor High Frequencies and the inertia Matrix for Low Frequencies.

In Re f . [21 , elements of inertia and damping matrices , when surfac

expansion functions are used , are def ined , respectivel y, as

~kj 
= J ~~~~.(s)  dA (A-I)

and

1kj [ ~~~ ~~~~~ 
dA (A-2)

In Eqs. (A—i) and (A—2), the are the surface expansion functions . The

~~~

. and j5. are def ined by equations analogous to Eqs. (96) and (97) of Ref. [21.

In Eq. (95) of Ref. [21 , the normal components of the shell modes , ~~~~~ , ate

rep laced by the ~~~~, and the generalized coordinates,q ., of Eq. (123) of

Ref. [2] rep lace the q . of Eq. (39) of Ref. [21.

The inertial and damping components of the generalized forces

corresponding to the coordinates q ., defined by Eq. (126) of Ref. [2], are

given by expressions analogous to Eqs. (110) and (98) of Ref. [2]:

~1k 
= 

~ ~
‘
kj 

q
~ 

(A-3)

~2k 
= 

~ 

(A - 4 )

The elements of the inertia and damping matrices appearing in Eqs. (A—i )
and (A—2) are related to the elements of the fluid resistance matrix ct
Se t io n  lI-I by the ex~iressions

— 2 =
1kj 

- 

~~ ~~R~ kj 
and = - 

~J ~~I~ kj

whe re ~2 . denotes the frequency of the prescribed time—harmonic normal

displacement. Details may he found in Ref . [2]. 
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If the normalizing coefficients ~t . of Eq .  (124) of Ref . [2] are chosen

equa l to the shell surface area , the orthogonality condition becomes

f 

~~~~~~~~ dA = A 
~~~

. .  (A-5)

The choice of an orthogonal set of surface expansion functions is not

unique . Given one set i4Vjs), new functions can be constructed as

i n f i n i t e  s e r i e s  o f  these:

= 
~ ~~~~~~~ ~~. ( s )  (A-6)

Because the problem is linear , it follows from their definitions that the

pressures ~ .(s) and ~~.(s) corresponding to the new set of surface expansion

functions ~~~~~ are related to the ~ .(s) and ~ .(s) obtained using V1i .(s)  by

relations similar to Eq. (A—6),

~~~

. (s)  = ~ ~~~~ ~ .(s) (A-7)

= ~ ~~~~~ ~ .(s) (A-8)

Using Eqs. (A—5) and (A—6) , it follows that

j ~~~ 
dA = A ~ rm

”
~ ~~~~~ 

(A-9)

Thus , if the tL’ . are also to be an orthogonal set in the sense of Eq. (A—5),

r 
(1) 

r = ó .. (A-b )
- m m ij

m

As was shown in Section .1 of Ref. [2], the use of any set of orthogonal

surface expansion functions leads to a diagonal damping matrix in the limit

of infinite frequency, I.e.,

_ _



_ _ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

— —  19 — —

lim_ 1kj 
= - = - peA 6

kj 
(A-li)

It is now desired to choose that (unique) orthogonal set of [from among

all those obtainable from Eq. (A—6) with coefficients satisf ying Eq. (A—b )]

which diagonalizes the inertia matrix at zero frequency, i.e., which

results in

V .1 = b~~~ ~ . (A-l2)
kj~~~~~ 0 

kj

If  Eqs.  (A—6) and ( A — 7 )  are  s u b s t i t u t e d  into equations analogous to

Eq. (A—i), with 1kj 
on the left—hand side instead of Vkj~ 

there results

1kj 
= Y r~~~~~~ ~~~~~~~ 

~nm 
(A-13)

V Diagonalization at zero frequency is ensured by substituting Eq. (A—l3)

into Eq. (A—12):

r 
(k) 

r ~ 
j = b~~~ ~ (A-i .)

n m n m —  V] k
m n  l~~~~0

Thus , the set (and only that set) of surface expansion functions which is

obtained from Eq. (A—6) with expansion coefficients satisfying both Eqs.

(A—b ) and (A—14) will he orthogonal in the sense of Eq. (A—5) and

produce diagonal damp ing and inertia matrices at infinite and zero

frequencies , respectivel y, as expressed by Eq s. (A—li) and (A—12).

It should be noted that the elements of the inertia matrix , are

related to those of the virtu al mass matrix , ‘
Y k V ~~~ 

by

~im 
— 

• /~~
‘ = Vkj k 1

This may be Seen by comparing the I t  m i t  i on s  t Eqs. (75) and (~o~)
of Ref. [2] with surface expansion functions used Instead ot shell
modes.

V 
~~~ _V V _ _ _ -V~~~~~~~~~V- - ~~ V ~~~~~~~~~~~~~~~~~~~~~~~~~ 

VV ~~~V~~~~~~~~~ V ~~~~~~-V__~ - V V~~~



— .— -~
._ ,___ - V _~~~~~~~~~

__
~- VV ~~~~VV V V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

—- 20 --

In partial matrix form , E q S .  (A—6), (A—b ) and (A—14) may be written as

= ~~V ( q )  ( A -1 5)

~(~) ~~~ = 
~~~. . (A-16)

— — 1]

~(i) 
~ ] = b

(
~~ 

~ 
(A-i7)

Equations (A— 16) and (A—17) constitute a standard eigenvalue problem in

which the elements of the (diagonal) inertia matrix at zero frequency, ~~~~~

are the eigenvalues and the columns of expansion coe fficients are the

corresponding eigenvectors. The soluti on of Eq. (A—17) wh i ch satisfies

Eq. (A—16) is readily seen to be

(~] 
- b~~~ I) = 0 (A-18)

c~= o
in which I is a unit diagonal matrix. After rite series of Eq. (A—6) is

truncated by considering a finite number of expansion functions , the
elgerivalue problem of Eq. (A— l8) may be solved by any standard method .


