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For the finite element sur face configuration of Fig. 2 , the situ-

ation is drastically changed . Now a constraint is imposed on the

Fourier harmonics of the surface disp lacement to insure that the re-

sultant surface is always consistent with the rigid finite elements of

which it  is composed. The dispersion relation for the free surface

given by Eq. (1) is clearly not acceptable in this case.

We assume that the fluid slab is incompressible and inviscid and

the region z < .-d is an extremely low density fluid so that hydrostatic

pressure effects there are neglig ible. Consistent  with the assumption

of zero viscosity , we take the slab fluid motion to be irrotational.

III. Analysis

Since the flow field is irrotational , 7 x = 0, the velocity

field is derivable from a potential

= 7tt(x ,z,t) (2)

Fluid incompressibility (~ = constant) requires that

(3)

or 7~~~~~~O (1~.)

Therefore, the velocity potential satisfies Laplace ’s equation within

the slab. Equation (LI.) must be supplemented by the associated boundary

conditions in order to solve for w. At z = 0, rigid wall , the vertical

component of velocity must vanish

( 5)

At the lower surface , z = -d , we must proceed with care. The kinematic

LI.
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If = 
‘‘( .- : .  t )  —d is the form of t h e

displaced lower surface ,

- ~~( :‘:,t~~ = ( ‘~)

the  r ta ter ial  ~ierivati’~’e aefi r .eu th

I • -

~~ 
“ I- C ”

— cl ::

3eo- :aI .:ri~r ter:..c in ‘,t we have from ( b )

- - a t  : - I  (~~~
)

The ,3-’C - c : a P .  .1~ i.3::.1aI’~ 2..1:::t-~ a t’.. cc 3ceclf le .1  at the surface is the

Ic: . 1h-? fi: I te SUrfaC’ .1 e ...e: eats . 3e ta rate  the .Ilac fr c : ..

a c-:ac:aa t rl’~~- :,3U:’c r t~~-~r :c lr .  If an individua l sur face  element has

I -~~~ tUi: -~~~at~ :-:. 1.1.1.’ eaca Cj . tot C

~~
.1-, ç

(a  - cu: -

I-.

, It: CUt a~.f 1~~3.3 C f ~eaera Itp’, ~-ie aap’ tai~e the reservoir pressure ,

p0 
= C. This pressure merely establishes a reference level for the

entire pressure field,

IL c~~ er:- iae the pre .I.IwC’ f:  : .  the t’e ..:it.p fieIP. we app _p-
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,,, = C (:~C 2

1:1.., • :aa~I~. n va lI d  -: eC -y.1h-2r: In the  c h a c .  Li c ar t i r c laC ’ .

it at the f l u i d  side of the finite elements z “ (x,t)-d and neglecting

second order terms, consistent with a linearized treatment , we obtain

(c - . :)  ~
- - -~~x,t) = 0

(~~~~~~)

applied at

- a, :-re C~ave the f—:llLt- : ia l  equations to be solved for

t he  c laP I- a - 
~~. The .tiff-c:ea~ iai. c-~uat i:a fLy the ‘ceLcuity

Pc Eq.  (u )

(~~~~~~)

the ~cu:. .:ar:i c- ::diticac

(14)

~~~_~~ 1(x , t) -,

:~ ) ±-: a ~c at z = d (15b)

The .. lutI- . :. ~ p..~. 
(jC ) w: io~: .~ai i : f i - : s  : . :a. :a.1y .‘ ::uitic-: . ( l~~) a:

.1
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— — Ic  • :1- tea a.:

~(x ,z,t) =~~~~~A (t) sin (k x) ~ B (t) cos (k x)~ cosh(k z) (:1)

. 1 - . ~~~.3L  .:e: , :t ~~e c .L:..eat , .3 :3::cir ic p e r i . ei c iaitiai c:a:ec

= “(:: , C- ’ f a C r I L i 2L (tc-:i e t he  fIait~ urface elea:eat Le:a ti: ) as

Four ier : c p L ’3cea:aai..1: .1... t .I.c ~u:i:iaiica:i~ :. i.~
- . - . . -. I- fl~~

t:: (117 )

e t i -y .  t~~e :‘uil  tia:e :ie e::J.e::: c u rf a c e  :er :urPat icc.  :au c~~~C’cc.a1:.

a ~:rI 1U ’iC’~ - a -c vav c -a  :1.’

~ ‘ ( ~ 

~~~~~~~~ 

sI:: (_~~.C)

Fr.r.. E . :.; . (lj a~ ~~~~~~~~ aul  (it ) we ide::tify

Pt ~~~~~ -~~~~~~- B = O  (19)

~~~~ ~a~~~

1 ci:: (ij ) ,III (. :) ~~~~~~ 
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.1 is determined from Eq. (ID a ’> us

~~~~ ~
•
~f 

(:1)

: ua t I~~..c ~, .h aa ( _ )  therefore represent a solution to Eq. (l~~)

P~~ ,..c uC - , - :La , :1 t I : a ~~ P - : c ~ (1.1) and (F a ’> .  We must

:: ,i1; ca ’i.:f;: t : , c .] .3.Ic cIcua a::: c- :T :_ t _ - .::. 
~~~~ (Fb ) .

Ia: thc- integrand of Eq.  (l~ b )  we have

(
~ 

.1’) - 

a= 

~t~--)~ I

~r~ wt i: rate dispersion relation

-~ = 

~~~~ h(4.)  (II )

If eac:h~;-

mortic evolved with a growth rate given by Eq. (2~~), a square wave

initial pro file would not remain a square wave.

:‘ull !a - ’~-:’a~ at : cf -L;r.aai: ::aciiI~ a. c~ (l5b ’>

;.I: :a a:t:-:; tote :-~ C’~~~~:a I .  1’ :i a:. : a : T ’~~~~::-a t 1 . : :  f~ a en:: : cu~-face

• a.— — - - .- ,-—-  - --
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For -~~~ >> 1, we have

Ti~ (B~~~~~~~~) 
- (
~

) A~~~~~ - . g  (2~~)

where A =

n= 1 , , h

and B ~~~~ ‘-‘ l .O5 1~

r i l ,I ,5

This provides a growth rate for ~o(t’> satisfy ing

= 

( )  
(I:: ~(1+ tCV~B)

The growth ra te  scales as (
~

) l ike the Rayle i gh-Tay lor rate  corres-

ponding to the f in i te  element wave length, 2i . The f in i t e  element mass ,

m , is seen t o reduce the growth rate ine r t i a l ly as we would an t i c ipa te .

Assuming the f in i te  elements to be of a material of dens .ty C • and

th ickness  d

m = C • d (2~ )

L -

~
•
~~~~ _ _ _ _ _ _ _  - -~~~~~. 

-

~~~ 
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~~~

-

~~~~ ~~
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or 

— 
_ _ _ _ _ _ _

= 

~ 
+ ( ~~)(a~.) (ci~~~~ 

(2c.)

For an arbitrary surface initialization discretized by finite elements

of size - ,it is anticipated that the maximum growth rate would scale

as (
~
) . To demonstrate this , below we consider a few examples.

For an initial symmetric surface perturbation as indicated in

Fig. — where each wave length (X) corresponds to three pistons we would

anticipate a maximum growth rate w corresponding to ?./3 = 2 which would

scale as

g (~~)) = 3g (29)

When each wave length corresponds to ~ - pistons as indicated in Fig. 5,

we obtain a maximum growth rate of

g (X/2) (30)

as by sYmme try it is not possible to populate disturbances of wave-

length  ....~~~~.

The first non-trivial situation associated with the previous re-

sults is for the case where the wavelength of the initial perturbation

= - J .  This case is illustrated in Fig. 6 where, in addition, it is

shown that the surface displacement at any time may be represented as

the sum of two symmetric square waves of wave lengths 2L and Ef ,

respectively.

10
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That is , the su r face  p e r t u r b a t i on  is

“(x,t) ~1
(t ) ~~~~~~~~ s in

+ ~~ ( t )  sin ~~~ x (~h )
n

l ,3,~
As before , the ve locity potent ia l  in the region 0 � z � -d sa t i s f ies

= 0. (32’>

The boundary conditions are

= C\  U 3a )2

=
~~~ , (33b )t

+ g~~~)dx = c) = —d~ 
(33c)

and 
f 

(~~t +~~C )dx = o )( Z = —d) (53d)

Two dynamic conditions , E q. (33c) and (33d) are now required to specify

the surface pressure balance for the finite elements. We have con-

sidered only the case of massless pistons here (tu = 0). Proceeding as

before the solut ion for the velocity potential which satisfies the

differential equation (32) and boundary conditions (33a) arid (33b ) con-

sistent with the displacement of Eq. (31) is given as

11
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- — - — —- — -~~~~~~~~~~~~~ ----~~~~~~~~~. • -~~- . ~~~~~~~~~~

F-

~~(x , z , t )  = - (
~

-) ~i
(t
~~~~~~~~~

n—I ,

cosh (
~~ s n ~~~~

+ i~ 3
( t )  

~~~~ ~s h
’

(~~~~~
’
~~ 

~

/

App lying the dvnaniic conditions (~5c) and (55d), after some 
algebraic

manipulation we obtain

-

~~~~ 
= (~)(~~~~+~~) (35)

and

— /~ \ A
I — I~,,

-z~’) B \~2c / 
1 - - -

It is seen that there are now two growth rates .i.~ and -u .. u~

for the furidameri t~:l and w~ ‘—‘ for the smaller wavelength square

wave. Each above growth rate is seen to scale in a Rayleigh-Tay lor

sense (Eq. (1)) wi th its wavelength.

IV. Conclusions

From the preceding analyses , it is seen that the use of a plurality

of free-pistons to drive a liquid liner , while eliminating high fre-

quency Rayleigh-Taylor instability at the outer edge of the liner , is

still subject to low-frequency positional-instability. The growth of

variations in piston positions occurs at rates similar to those that
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wc~u l J  be c a l c u la t e d  based on the classical Rav1eigh-~hiv1or analysis

for wavelengths equal to multiples of twice the piston size ; signi-

ficant quantitative differences , however , do exist. The result of such

instability is to provide a nonuniform , asymmetric distribution of fluid

momentum, which can have serious consequences for both the quality of

the inner surface implosion and the mechanical behavior of the rotating

liner implosion system.
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LIQUID METAL
\

A.

PISTONS

- -

B.

Fig. 1 — Captive liner with radial free pistons
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RIGID FINITE ELEMENTS

I I
a / 2 /  3/ 4?

P0
Fig. 2 — Finite element slab model
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12/ f3c

Fig. 3 — Symmetric initial surface disp lacement
for minimum wavelength (X = 2Q)
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A .

Fig. 4 — Symmetric initial surface displacement
for X = 3~

2 49 
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Fig. 5 — Symmetric initial surface displacement
for X = 4~
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Fig. 6 — Symmetric initial surface displacement
and its evolution for ~


