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A BSTRACT

Based on a newly developed asymptotic Green ’s function for a magnetic

dipole on a conducting surface fi ] , this paper presents a simp le , closed—

form formula for the mutual admittance between two slots on a cylinder or a

plane. When compared with the exact solution obtained by numerical

integrations , this formula gives accurate results when the slots are

r cla t t v r lv sma1l and their separation large .

_ _ _
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1. IN TRODUCT I ON

Tiu s  p a p e r  c o n ta i n s  two results for the mutu al admittanc e Y
1 ., 

b e t w e en

tw o  s l o t s  on t h e  s u r f a c e  of a l a rge  c o n d u c t i n g  cy l i n d e r  ( i n c l u d i n g  the

c o n d u c t  i n g  p l a ne  as a s p e c i a l  case) . The f i r s t  and the  main r e s u l t  i s

t h a t  an 1b ’ u r c ’x i m a t e . c l o S r C l f o r m  s o l ut  i n  of V 12 is de r ived . This  s o l u t i o n

r u / v  be c o n s i d e re d  as .1 simp l I f i ~~d v e r s i o n  of the  a s y m p t o t i c  s o l u t i o n  of V 12

r ep o rt e d  in [ i i , au t h 0  tv ,  s u r f a c e  i n t e g r a l s  over  the  a p e r t u r e s  of the

s l o t s  a r c  no l on g e r  n ee d e d  in t h e  p r e s e n t  a p p r o x i m a t e  s o l u ti o n .  Our

s ec o nd  r e s u l t  c ’Ilce r Ils t h e  d e r i v a t i o n  of  an e x a c t  s o l u t i o n  of V i ’  which is

g i v e n  i n  t e r m s  of  an Iv e r s e  F o u r i e r  t r a n s f i ’ r v  and an i n f i n i t e  s u m m a t i o n  of

c y l  i n d r i c i l  n o d e s .  Tb is s o lu t i o n  i s  based on the  or  i g i na l  exp re s s ion  f o r

V
1 

d e s c r i b e d  by S t e w i r t . , Go lden , and P r i d i n o r e — B r o w n  [ 2 1 ,  [ 3 1,  and is more

~. t i i t i h l , . - f o r  t i n i e r  i i i  c a l c u l a t i o n  or  some ca se s .

Iii i s  v ‘rk is u n d e r  t i i ~ en f o r  t h~ f ~‘l I i’\s l op rca  so n s .  The de t e r m i n al  ion

‘f V
1 , ( r  i t s  dua l ; ‘ r C I b l r m  f o r  2 , , b e t w een  two d i p o l e s )  i s  n o t  o n l \ ’  1

c 1,155 i c . i l  p r ob  1cm i n  r i o t r t ’c l g n c t  I cs t h a t  has  a t t n i c  ted  w ide  a t t e n t  ion

1 1 — 1 0] ,  h u t  3 I s o  an i i t t  o g ra  I p / r I  I f l  t h e  desi gn of mode rn  c o n f o r m a l

or  r h i  — 1 1 3  . I n  t 1, 11 t or  . lp p  I i  . , i L  i o n , V
1 

m u  t br r e p e a t e d  lv

i L  I / l I t  ccl f o r  a i i r ~~c nu mb er  of t i m . u .  Tl it i s , a s i m p le  c l o s e d — I  orm

s o l u t  ion  sh o u l d  g r~ l i v  r e d u ce  t i l e  c o m p u t a t i o n  e f f o r t  and . I IlIt Ib, - I n i i l c - ,

pr  ide  a ‘o t t .  r p l t v ~~I c ; i l i u I . u i g ht  f o r  t h e  de s i gn p r o b l em  as I b I e  ‘ c / u sc ’

and ‘ c f f t i  t ’’ t i n  i t t  r e a d i l y  i d t n t i f  led in a closed—form solut ion .

H I , - r  gan  I , t l t  i on  i t I  s p . / ; i c r  I s  as f o l l o w s .  I n  Sc I. ion 2 , we f i r s t

1_ h r  I i t t  
~~‘ 

md I 11011 ~ 
i t o  t It f i no I f o r m  of  i t s  a pp rex m u l e  s , ’ l t i t  ion

D i s u s s i l I l l s  in ~i n i l - . n I - C u  r i - - i l l s  a r t  p r e s i n t r d  it )  Se c t  i o n  3 In  t h e

L.~ ~~~~~ ~~~~c . : ~TT7-— ~~.__ur — ~~
__

~~~
.___.._

~~~~ ~~



Lis t t v  s e c t  I t l i l s  ( -
~ md 5), t u e  d e r i v u i t  i ons  of b o t h  t I~ - I b ’ p r o x i m a t e  uin d

t h e  t x / c t  m t ’ d i l  s ul ut  i o n s  of V
1 

a re  g i v e n .  Fork  f u n c t  j , i 1) 5 used in t h e

ext  . lr e  dcscr i b c r i  i l) t l i c  A t ’p t c n d  ix .
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2 . APJ ’ROX I M A F i - ~ FORMULA FOR M U T U A L  ADM I l l  A~ CL

R e f e r r i n g  to F i g u r e  1, consider two slots on the  su r l a c e  of an

i n ’. i n it e lv  long c o n d u ct in g  cy l i n d e r  w i t h  r a d i u s  R .  I h i e  o r ien t a t i o n  u t

t h e  s l o t s  nov be e i t h e r  c i r c u m f e r e n t i a l  (Fi g u r e  lb  w h e r e  a - . b , n = 1, 2 ) ,
n n

or axial (Figure- ic where a b ) .  T h e  p r o b l e m  is  to d e t e r m i n e  t h e
n n

mutual admittance between these two slots when kR is large .

First let us d e f i n e  m u t u a l  a d m i t t a n c e .  T h r o u g h o u t  t ins  work  we

a lways  a ssume t h at

( i )  the  s lo ts  a re  t h i n , and ( 2 . l a )

(ii) th e ir  l e n g t h  is r o u g hly  a h i a l f — w a v t t l e n g t l i . ( 2 • I D )

Then  t h e  a p e r t u r e  f i e l d  in each  s l o t  can be a d e q u a t e l y a p p r o x i m a t e d  b y a

si n p le  c o s in e  d i s t ri h I t i o n , w h i c h  is th e so—called “one—mode ’ a p p r o x i m a t i o n .

For examp le , i f  slot 1 is c i r c um f e r e n t i a l  ( F i g u r e  lb ) ,  i t s  a p e r t u r e  f i e l d

u n d e r  t h e  “o n e — m o d e ” ap p r o x i m a t i o n  is g iven  b y

= V~~~1 , Ii  = 1
1

h~ ( 2 . 2 . i )

h e r e
/ 

.

~ cos ~ , h = x e ( 2 .  2b )
1 P. 

~b
’l ~l 

1 1

Y = . (2.2c)

I a r e  r c sp e i : t i v ely  the  i l I ) U , .u l  ( v o l t age , c u r r e n t )  of slon 1. Thiti

1 n a T  a i i r . i I ‘ l o i n- 
~ 12 

j~~ l b / d i n e d  D v

~ l2  
= 

~ 2l = V 1 
( 2 . 31

x r i c  re 
~ 

is t h e I n cluc eu  c u r  r e n t  iii s l o t  2 .. / 0 1 1  s lt ,t 1 i t .  tt :-u , I t ed Ic,

vo i t i- ’ and slot 2 is  s h o r t — c i r c u i t e d .  ‘tn I l l / n i l  l i v ,  e. . ’ i t s s l o l i  or V 
-

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . -- .
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~12 = 2 1V 2 ~J A, , 
1:2 

- ds~ (2.4)

w ile no
ap e r t ur e of s l ot  P

I = m a g n / t i  c t o ld  when s l o t  I is excited w i t h  vo l tage  V 1, and

slot 2 is covered b y a pe r f e c t  c o n d u c t o r

C . = electric field when slot 2 is e x c i t ed with voltage V~~, and

slot 1 Is covered by a pert ect conductor.

Because Il 1 = 1 ,111 . and E = V a , ,  it is a simp le matter to verif y that

(2.3) and (2. .b~) are catu iva lent [isi.

Lien . I s  iii a1t ~~r n a t i: c d e f i ni t i o n  of m u t u a l  a d m i t t a n c e .  Instead

ot ( 2 . 2 )  , a m n d - t l  vol  l Og e  V 1 
I n - l t D  a bar) may ho d e f i n e d  t hr ou gh t h e

a~n n c s s i on  f o r  t i i e  n o e r tu r e  f i & 1d of s l o t  1 as f o l l o w s :

-~ ‘ l -  -. -
= 5 - - 005  v (_ .5 a )

h 1 a
1

or r - q u i . a l en t l y

( a  U) dz . (2.5h)
1

Th en a di I I er e n t  r i t  ua l a d m i t  l O u . , ~~ I ‘ 
is d e l  m e --u by ( 2 . 4 )  I i  t e r  r cp lac ing

~~~~~ 
“ 2~ 

Dv (V
1 

, \‘ , ) . I ’ can ~
. -  , - , u r i I V  5 1 1 1 = 1 /  ~~b i / t

- 1 / 2l
b ~I - V (1 a )

P b
1
b~ 12 — .

iv r€nur k , ; ire in order: (1) in t h e  mii i l i t -c case Ihuit b
1 

an d U - 0 ,

~~~~~~ I ‘ 1 5 / ’ n i~~ l
I , u / 2 ~ wherea s  

~ ~~
., I p p n o u l ! c 5 ,u co n s t a n t

i n  p~~t i - b ~~t~ i n I  h
1 

i m b  h 2 . (ii) I-or the sp e c - l u l l o t i s,  a
1 

= a , = )/2 u i ’ J

_____________________________-- - ~~~~~~~~ = • -  —-— —-- --~~~~~~ . —~~—-.~- - - -  —~~ 1 _
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R -
~ = , it is Y~~ , not V 1,, that is identical to tile mutual impedance ‘l~

het ’i~~ , n  two corresponding dipoles calculated by the  c l a s s i ca l  C a r t e r ’s

m e t i I t ’d  [5] , [8]  , [9] . ( i i i )  Uhiti n t h e  s lots a rc  e x c i te d  by w t l V k  guides

(tr~ir~sn i stuion lines), one o f t e n  uses V 1., (Y 12 ) .  From be r t  on , we will

concent rat ’. on Y 1, , instead of Y~

For t h e  two s lo t s  in F i g u r e  1, the fi n a l  f o r m  U I  all a p p ro x i m a t e

so lot ion o h  V 1., i s  is follows (for exp +j~~t tine cOnvent l o ll ) :

C i r c l l m f e r e n t i u i i s lo t s

~l2 
— 

2 (a1
b
1
a2h 2)

1
~~ S(b1 

s in  9) S(h > s i n  D )  C (a
1 

cos a )  C ( a 2 cos 9)  g

(2.J ui )

Axial slots

V 1 ,  - ~~~ (a
1

b
1

a , h 2 )
l
~~~ S ( a

1 
cos 9)  S( a 7 cos 0)  C(b

1 
sin 9) C(b , s in  ~ ) 

~
( 2 .  7b )

The various f~ ctons i n  (2.7) are e x p l a i n e d  belo w . S and C are simple

trigonom etric functions

- sin (kx/2) cos (kx/2) -
S C )  = ——--- --  , e. ( x )  = — — -——-- — - .-~~ .(k x / 2 )  1 — ( k x/ ~~~~

c ( s i m p li  I led) - m n ’s unctions g and g ar e  g i v e n  by

C(s) ~
- (

~~
) t ; t n  e ~ i t / I S  Pa 1 

~ ~~
- u (~~) cos a

— Its I

l~~~
’
~~~’~ ) (’  r.R c e ;  9 )

_ / I  
sin 9 ( 2 . 9 a )

— I ‘ I I ‘ I
= C(s) v(9) c I ~ S 9 — ~~

- - ens P ’ I + a—— ~~~~ S i l l  (, ( 2 . 9 h )
ks -

= 
~~~ 

~0 P u - .  ( 2 .10 )

- H 0 1 5  i/PR
#
)
h h l  

~ (2 .11 )

_______________ __________________________________________ -— — - ~~~~~~~~~~~~~~~~~~~~
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= /z
1~~~

+ ( ~~ i
0
)
2 

(2 .12)

= tan~~ (z
0

/R~ 0) . (2 . 13)

The Fock functions u and v are explained in the Appendix. In the limiting

case  kR P. = (slots on a planar surface), (2.9) is lurther simplified to

become

— 2 ) ~g = ( ( S I ‘sin + f— (2 — 3 sim~ 0)
- 

kR - -~~~ . (2 . 14)

= C (s)  ~cos~ 9 + ~~~
--  (2  — 3 cos

2 
S)~

lit- f o r m u la  in (2.-+) is an approximate s o l u t i o n , va l i d  under the condition

kR t o  1 and ks >> 1 . (2 .15 )

i D e  t i u n er  i c a l  /cci r ;u cv of t h e  f o r m u l a  is dj s c l / ss e c b 1011 l , a fld i t s

d - t  l o t i o n  i i i  b-~e c ti on  4 .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  - 

_____________
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3. NUI ’l l - IR I CAl }-IFSLLTS A N I )  Dl SCU SS lON

For t h e  two slots in Figure 1 , the final form of ibh- i I f l I r c l x  i n t i t e

s Il l / it itrn of 
~ 12 ~~ g ivt n ~ll (2.7). Generally spea king , its i - cl/ m a cv is

goo d c n l v  i f

(i) t h e  size of the s l o t s  is small in terms ~ f w a v e l e n g t h ,
a n d / o r

(i i) the sep aration ot til t slots i s  large in terms of wave-

length.

[n this section , We w i l l  c i v , -  some numerical c\II:I ;il ~~s to i l l u s t r a te  f l i t .

quan t it a t i ve :/ccur uic v c f  (2. 7).

( A )  C i r c u i m t ~~r~~n t i n 1  S l o t  — (Figures 2 and 3 ) .  TI l t size of Ct/ I - h I s l o t

i s  l b . ‘ 1 . 2 1 , t u n d  t i l t  c y l i n d e r  r o th  in s  is l~~. ‘

~~~~~
‘ 

i s  p r t s e t i t e d  i n  ( d h l .

n o r m a l i zed  p h a s e)  (~ ‘m itt - it  . u- l It re I I I  = 20 l c . g
10 

( V
1 ,  

i n  m i le)  and norm ali zed

‘h ui se is e q l u u u l  L i  A r g ( ’ /
1 , exp  k s ) .  ibm1 . soil/I ions of V 1 . ,  ar e g iv en :  t i l e

‘. i eS /c l modal sI l l / I  ion  c u I l c l l i / l t d  t roll ( L 2 ) ,  (~~. . 3) ill/ i ( c . 9 ) ;  t h e  UI

ls vmt ’  I Ot  i t  Sc ’ 1 / I t  i on  r 1~ c ’ rt eu in  I 1 1;  t inc l  1 h e  i p p n  5 i O - l t  0 Sc )  I lit ion  iii t P  . 7 )

Ct 1)01, t h a t  i i i  t h e  three -.l ) iIlt ic t IIS o r . -  /1)  i / f l  e x c e l  1 , 1 ) 1 a c r t t m , n t

( I i ) l ’ e r c t n t u i gc - .n  ron vs. Slot Posit ion — ( 1 - i g l u r e s  - •  md 5 ) .  In t h i e s t

I m g I / r u , t I l e  c c ’ I ’r d i n . l t ~~~u ‘f 0 / O i l  p i ’ l r l t c i c t  erm ine t i l e  c r n t  e r — t o — c e n t e r

(1 1 st I l l , - , in t I n t i  S d i  r , c t  i oils h i t  ~:~~, i i  t \ s i ’ s l o t s .  T i l t  51 1 IS of n u m b ’ -r s  in

t i le p / r u - n r i l r s. s a m  t i l t  pr n - t n t  . i g c  I m n c ’ r  i n  I t i l g I  i t  l i d ’  an d  l h i ~ / h s O I l I t e

~~r n r  I I I  pil l . - 01 ‘l i ,  l u  / - I l c l u i , / t P . t l  by  t i / I  uipp rox im a t . - o l n i l l I , r e s p e c t i v e ly .

F., r Ii , c I r c  ‘ 1 =  ft -n . a I Li I s l o t  ( F  I ~ II m . - 1 , t h e  lie i I I l O V  i S or - n i r m l  1 lv v - n v

t i . -  u s i a  I s l c ’ t  t; ( F )  g I / fl 5), t i l t  , I b ’ i ’ n o x i n l u l t  . f o r m l l l a  g i v e s  er r o l  ic

‘s I t s ( c ,  h i t i l  . , - - 2 !  per . i t  .. r r . ’r  in m agn it Ild , ) /,Il t bI  the i s , - ,sie t~ i r e

von: r h - - i t  I I  CI I I , ,  .1 i n  h .  ~— . I i r t ’ c t  I on . T i l e  m , -a s e i l  Io n t i l l s  l n l c c l i n I c v

in. t I i  I I  t Ile a r I . , . - I 1 . 1 . 1  due  t o  ii n . I c n ’ t Ic d i  ‘‘Ic varies y , - l \  i— .ip i dlv i s

1 I I / I l  I I - Ill / I / - . i t  I I t .  t~~~
t .e I . i l  I t ’ l l  ~ ll / tl t iS I on . ,  by

--. -—~~~~~~~= 
—

~~~~~~~ — ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . —-- — -- — -  - iu~ -.. —~~~~
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( C) A c c u r a c y  vs .  ç~~~i nd t- r Rad 11/s ( F i g u r e  6)  . The a l e / / r n - v  of  t i l e

i p p r o x i m o t  e f or mu  Ia  is not s t -us  i t  ive  to  the ’  rad 105 Of t he c v i  in d e r

( D )  P l a n a r  S l o t s  ( l a b l t s  I and 2 ) .  ‘lhe mu tu a l  .i dmitt .ii i ,e V
1 , b e t w e en

s, i d en t  l O t / I  s lot s  c i  d i m e n s io n  (a = 0. 69~ , h 0. 3 / ) on /11 i n f i n it e

c , ’ I l d l i c t  lu g  plane is calcul ated I / S  ~/ funct i on  of  z
0 

/1111 ~~~~ (t I.. .t - n t e r — t r ’—

I r O t O r  dj s t t i i i , r hetwetn two  s l o t s  in  z and v d i r e c t i o n s , s,e Fi git r .- Ib).

‘1 1 )  i s  g i v e n  in  ( d B . p isi st- in d t g r r r s ) .  In  b o t i l  b—plan e and H—p l a n e  c ou p i  lo g s .

t h e  / p I ) r l ’ x i m I t I . f o r m u la  is Il - c l i r / t e  when t i l t ’  st p t / r i t  i on  i s  i t  1, / u t  tWOl 5...—

l r I l l t L I l 5  ( 2 . e ” ) .  I t  should he a l so  r e m a r k e d  t h a t  t i l e  )rt s en t s l c g  ( ( 3 . / H  -

0 . 3 )  an~ r . L /1  i v r l v  l a r g r . I D e  h c u r /~ -v 01 t b .  uipp r~~s m m I 1 .  f . ’r t- i l l i t u  i s  I e t t ’ . - r

w i l en  t h u e  5 I c ’  i s  O t t  SilO lie r

— _~~
.—
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4. DERIVATION OF APPROXIMATE FORMULA

We w i l l  now give the de r ivat ion  of the formula  in ( 2 . 7 a ) [ t h a t  of

( 2 . 7 b ) is \ e r v  s i m i l a r ] .  Consider a c i r c u m f e r e n t i a l  i n f i n i t e s i m a l  di p o l e

loca ted  at 0 ’ on the su r f ace  of a cyl inder  (F igure  7)  which is described by

t h e  m a g n e t i c  c u r r e n t  d e n s i ty

K = ~ (r - R) ó ( ~~) ~~ z)  . (~~.l)

‘t t  /11 observation point I) on the cy linder , the 6—component of the ii field ,

denoted by g ,  is determined in Eq. (2.16b) of [1], which reads in the

p r e s e n t  f l o t a t i o n,

C -) 1
U(t) ~~v ( E ~) sin~ + ~~~~~

- cos 2 aj

+ !~ -~ u ( t ~) 1cos~ a (i  - 
~~~~

.
‘ 

+ ~~~_ sin 2 1

+ j (/2 k R/ c o s2

• [v ’(
~~ ) s i n

2 
- /  + (t a n ~ . t  + 

~
-
~

) u ’( ~,) cos

(-4 .2)

where ( t , ) are  th e  c y l i n d r i c a l  coord ina tes  of Q w i t h  respec t  to the or ig in

at Q ’ on a developed cy l inder , and

= (k cos 4 9 /2 R ~ )~~’~ t . (.
~.3)

The I l l r m l u l a  i n  (..2) i s mainl y hosed Oti a c l a s s i c u l  work , ‘I  F o r k  [ 1 7 ] ,

con tains a modi i i c t u t i o n  t h a t  i n t roduces  a I I t il d  r i / c , n c i . I i c / on t in - surf ac.

,:‘i r ,ture in the hinormuul direction 01 t lt , s//ri at ,- m / v  (SI t - ,5 I L i i  6 t 1

L 

[ I I ) .  Th i s  c ’ n i n u l . u  i s  a sy m p t o t ic a l l y v mu l Id for kR “. i a c /  .3~ I n -  1.-o c I  to

- l i .  ‘i l ~~t o  t i l l  Ic Id  a t  .in~’ p o i n t  on Iii , ’ c y l i n d r  I c / I  s t i l l  , I t, - .

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  —4
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‘hiking USC 0 1 the Green ’s function in (4.2), we next calculate the surface

field H due to slot 1 on a cylinder (Figure 8). The aperture distri-

b u t i o n  of s lot  1 is /IC ’  c r ibed  in (2 .2~t )  , which n a y  be rep laced by an

equivalent magnetic current density (p. 108 of 118])

= ~ ~ ( r  - R) 
/a 1b 1 

V
1 
cos (~ y/a1

) . ( 4 . 4 )

Then , H it an observation point Q is obtained by superposition , namely,

H (Ii ) = ~~ Ii cos y g (t, m )  dy d x . ( 4 .5 )
- ~A 1 1

[h e  e x p r es s i o n  o r  calculat l u g  t h e  m u t u a l  u i d n  i t t  on c e  1 , lo t _ wet -t i  l i l t  tw i )

s l o t s  i n I m g I / r e  ~ is g i v e n  in ( 2 . 4 ) .  N o t e  t h a t  K , is described much as

( 2 .  2 t l  and in ( - ~ .5)  . Then (2.4) b ecome s

- í ~.H d y dx 
- 

d y 2 dx , cl’s — v 1 cos v , g ( t ,a)
c~i

1
b

1
i 2 h 

~ l 
C 1 1. ‘2 ~~~, (4.6)

The distance t in ( 4 . 6 )  is given by

t = { (s  ens H + y ,  - v~~~ 4 (s s in  + a , — z ) ] u / 2  
• (-. .7)

I :  i s  l ;u r 5e I - t l t t i v e  to the i e u / g t h l  of c i t t l t r  s l o t , L ila’.- be a p p r o x i t i . i t e d  by

(4 .

t - ç
- ( y , - v  z , — z
S i l + c I I S  a — + s i n  ~ 

— - — — - ( ‘ . 51) 1
s_ -I S S

i n . ‘ .‘a l n u t  i ng  l i t -  t l t i c n i t , I d , . of g i n  (, .s), s. i i i . -  t u e  a p p i I l x i t n a t l o n  i i i

(a . - / 1 , w i l l ~ r e C , s  i n  -v a  I ‘ t I  in g  i t s  p r o g r e s s  iv ,- b tl I/ . 1  t . m n , We U st  ( . . S b ) .

_____________________________________________ - . — .-
~~~~==~—= —______________ --—__—--_-- . . — ——-



1 ]

Then t h e  integral s  in (4 .6 )  can be exp l i ci t l y c a r r i ed  o u t .  A f t e r  a

Iu r t l i e r  a p p r o x i m a t i o n  b y d ropp ing  the  terms of o rder  (ks) 3 (kt )~~~ in

(4.2), we obtain t h e desired solution of V12 in (2.7a).

_ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _
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5. EXACT MODAL SOLUTION

T u e  a d m i t t a n c e  Y 12 d e f i n e d  in ( 2 . 3 )  may be c a l c u l a t e d  exac t l y b y

using cylindrical modes , as has been done by Stewart , Golden and

Pridmore—hirown [2], [3]. Extensive numer ica l  r e su l t s  of Y 11 ca l cu la t ed

f r o m  the  SGP solut ion are reported in [13], [14]. As wi l l  be exp lained

below , the SC? solution is not suitable for numerical calculations when

the slot separation z~ (Figure la) is large . In this section , we will

derive an alt_ ernativ e modal solution of Y1., which does not have this

-ii If icu l ty

c o t  us first consider the circumferential slots shown in Figure lb.

i- o r t h e case that a 1 = a 2 = a and b 1 
= h 2 = b (identical slots), the

t- Iu t- . ,i[ C I C I O 1 I t . l n c.t e  ‘i , -) is given in Eq. (8) of [3 ]  which  reads in the

p resen t  n o t a t i o n ,

— ( m :
11

+ k z
0

)

V 1 ,  = dk - (ni ,k )td (m,k 3 e  ( 5 .la )

w ilt -r i - 
‘

- n . i / i ( k  b / 2 )  ( s i n  ( n ;  + 1/1) s in (rH -

- 
0) 

2 ~~~~~~ ~ / 2 ~~ 
* ( m S  i i / 2 ) j ( 5 .l b )

- -  

~~~~~ 1 k h / 2 )  
_

i ii -
S

= (C/ /2R )

( - ) ) 1

~k IH’  (k  R)  ii,;~ k (k , R )  I

~ 

. -~~ 
, . (5.ln)

~ 
k ~ k R I t k R  1 k t (K R i I

- Ill t ~ 1 ‘1 t

* 
l i l t  flt/Ilf pliea t i ctfl f n - t o r  2 in  the  de finition ~ ~h in  [3 ]  is  a m i s p r i n t
and s h i l l / i d  h . re--i .- ,- :r ,I

- _ _ —i_ . ~~~ n—
~——- - - - 

- 
—
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- c- .- --
- ,

— k , i f  k :- k
z — z

k

~~- j 1~ - k
8 

, i f  k k

iits ri te V 12 in t e r m s  of  i t s  real and imaginary parts:

= C +  B ( 5 . 2 )

11 0 /11 h e  sh ’s t t  that K is  g i V e ) )  by

K
- r- COS i11~

K = ~~~~~~~~~ cos k z 0 1 ( m , k ) R ( m , k )  dk (5 5/ )
0 m 0  Itt

Wil t - r . -
k r mk

R ( t i , k )  = --

~~~~~ 

— L 2 + i~r~~
-
~ N J  ( 5 . 3 b )

= J ( . )  + V~ ( - )  (~~. ~c)

= J~~
_ ( , )  + ~~~~~~

[2 , to = 0
= • ( 5 . i~. )

1 , to ~ 0

- Ot t t t t I l l  t ( I  c o  i / i n s  a : 
- 
‘ - 

- I .  I n t _ .  g n a  1 and can  he eva I l l / I  cci i n  1 st  r - .  1 pI ,  t —

‘ I r s / n - I  n - la i r by s t t l - i t l a r i  l u l l r l t - r i c ; l l  m I t - g r i t  11 )11 t . - . - il n I q l es . l iii’ l)ti i~~ l f l / i :

/ r t  o I - ,  i s  g i c - r i  h~

= 
- 

~~~~
_ - t o t s  K s

1 
. L (rii ,k )  W ( r ’ i , k )  1k ( 5 . 4 i)I I m l )  S

- . .n . r e t I .  ~~~~ - c r i t  io n c at our (:
1 i s  shown in  i- l ,’,irc ~ and

_ _ _ _ _ _ _  

LA
k - - - -~~~ -- - -
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mk \
2 1

I (d ci ’ + - 

~~~~~~~~~~~~~~~~~ 

, i f  K - K

~‘~ :t: , k ) - -

z ( • -•

K ’( K K) 
- 

rnk \2  
~ (~~k R )

- --k rn I Z - 5 1 - -- - ~~~~~~~~ - . -
~~~~

- - - — -
~~~~~

- - , i t K k
K K (~ k R) k K R  : K ’ (~ K R )  -

,

- t ( f l l  I t m l

iDe computation of B as given in (5.4a) can be quite laborious because (1) L i e

i n t o  -ar a t i en  with respect to K is of i t o f  m itt- r a n g e , li/ I d t he t i c  t o n  eQs k z

is  h i gh l y  o s c i l l l / t ’ry f o r  D I r g e  K s 0 , ( i i)  W ( m , k )  h as  r/1 t n i n t e I - r : / i ) I t- s i n c l u l a r i —

l es o t  o p p o s i t e  s I gn on bo th  Sides  o t  k = K ( i i i )  l - ( m  -, ) dec ivs slowly

W i t  h ri - S n o t  t 0 it) 1 ) 1 1 1  k
- z

j c ’ c i n - u m v e n t  t h e  ah o y ,  d i f f i c u l t  I t S  i n  e v i l , i m t  i ng  B , i.. t adopt C l

m e t _ h o t . 1 i n t ro d u c e d  by  D u n c a n  1. 1 91 in t b  study of c-v lindri ’ :-/l antenna pr .’hlems.

i t  115 r~- w r i t t -  ( 5 . 4 a )

- -  c t ~~5 til i - j k
B = In - ’ — 

0 
—~~ i ( m , k ) s i n  K z dk + F ( m , k )e Z 0 dk

- - z z O  z ~~~ z z
- r r= i )  to H 

- 

~
- 1 

I

— ~5 5 )

‘she ro

F ( m , k )  = [R(n ,k) + jU (rn ,k )  ] . - ( n . k ) . (5.6)

i .  m i l / c m n .t r . p C / r I  t i  h i t - f i r s t . 1, - r n  in side t Il t O F I  k , )  c ’i  ( 3 . 5) is

I n .  F l r ,k I sin K z ilk — i[(~ ,k 
~~

. ( r i , k ) s i n  K z ilk . -

a z U z z i )  z • /

In o r d e r  to  co m p u t e  t h e  i m a g i n a r y  part ol  the s,-cwitJ term ot  ( 5 . 5 ) ,  t u e i/1tegr~/ -

l i o n  c o ) i t , , l l r  C 1 15 1 , - t o r t - c i b a t  C , ( l i t / r I - I I )  C /c ording c c  l i l t - theory of

- t n p I .- t-: r 1 oh 1 , - s  . I h  i s  man  i pu Ia t 1,01  I~ is t o

j k .t

I n  F ( m , k I t  UK = I t o  

/ 

F(rn ,k )e  
x I) Uk . 5 . 5 )

L. ——



—
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Make  the change of var iab lt K = jri in ( 5 . 8 )  . Substitution of the res/ul tantz

t’ 0i~l t i t t n  mind ~5 .7 )  i n t o  ( 5 . 5 )  g i v es

K
B = ~ [- K m k ) I i  ) s in k d K

--  C I Z SC 7 0  Z
t t i = i ) to

(5.9)

+ R (m ,j p )  ,.- ( m .j n) e  U n
- 0

Our final exp rt-s si c ’n t - r  5’
3 

is g i v e n  in ( 5 . 2 ) ,  w i t h its real part G in (5.3)

and its iui a m n l r - c- p a r t  B in ( 5 . 9 ) .  Severa l  r e m a r k s  a re  in o rde r :  ( i )  N t

t i n i r  K ‘at  - m i s t ’  B i s  d et e r min e d  br R ( n l , k )  , w h i c h  i s  m u c h  s i m p l e r  t h a n  K i ~~ , k )

d efi n ed i t i  ( 5 .  ib) • (ii) B co n t  a in s  only a f ~/i3 Ic integra 1. (iii) Tilt’

ill ! i / i i t t - m a t  t ’g r t/I in B , i .e .  , the st -eond  i n t e g r a l  in ( 5 . 9 a )  , con t a i n s  an

- -C . - n  U t  i al lv dt - cavin g 1 / e l  or exp [ z 0 
— a ) n ]  i n  i t s  i n t e g r t / l h I . The , - o e r l t e n c

‘f ti lt - e V C / i i / L  i ’t i  of B is t i s t t - r for larger z0 . Th is is in  .- o l i l r l l s t  to l ilt -

n r i g i n a i expression ‘f V
1 , g i v - n  i l l  (5.1). (iv) i l / i- re is nO nonint i cr~,He

— i n g u l a r i t ’ -  Itt ( . ,i or ( 5 . 0 1 .

TI/C - SC/Itt, it~1 - thod i ;n ll es tt ) tilt (Ie riV CII iofl of - I n  i i  t o r n C / t i v e  ix l’ res sil ’n

f f r  t a ’  c b , - n t i c ~i I  ax i a l  s l o t s  ( F i -t r~ I c  w i t h  .i~ = a , = 0 and

h
1 

= b 2 = h) . K~- g i v e  below only the f i n a l r e s u l t :

r k  -- i hi - c t ’s  n i t :  - —~~k z Uk
I) () ‘ ; 1)  a

= — . . — -
,

- -- k R to = il 
- 

III  1 ) - -  ik  R )

- , -- -S
- ( I  t.l r,

1 : ( ~-~, ) i I ) t  
, 

- _ 
/

-
- (3 .l0a )

N -
* k -

to . -

s i n  ( t o :  ) co-c (K 1/2 ) ~~~
: t -  . k )  = - -~~~~~~~~~ --~~~~~~~--- “ - -- -fl • (3 . 101-)

(kh /2r - I “ / 2 ) ~~

- - ~~~~~~~~~~~~~ ~~~~~~~~~ -~~~
-= - - -  

~~~~~~~~~~~~~~~~~~ - •



1’ t

In s u m m a ry ,  t he  C l l r e n l i a t i v e  express ion  of t h e exact modal solutions is g iven

in ( 5 . 2 ) ,  ( 5 . 3 ) ,  and ( 5 . 9 )  f o i  two identical circumfere ntial slots , a n d  in

(5.10) t~~r tI-a) i,I, t~~ i c - a l  axial slots.
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A l -  I ’  i i l l X

I I  d 1 I  I I N : l

I n  t I  - - a p j ’~~- i i d  ix  we t I t  I i n .  I / i d  I ~t~ t I ; c ’ l  t /~ _ i  in I f O F U i , I  I C c ’ 1 I~~ - . 1  t b~~.

( t )  , v ( ) , u (~~) , and  “ I 
( r )  . I ’ l l , C e f u n e t I or_ t a C/ r i -  l - , s n C on  1 v k /i- - C a

l t ’ t - k I U I I c  I i llS.

( i ) I ) , ~~ j i i j t  i - -n : For a et~fl i ) 1QX t C l / i l l  Ci r e l l  I ,

W I (t) = ~~~ -- 
J 

dz c t-I l ) ( l x  - ~~ ( A - h )

w ( t )  = ±. J da e x p  ( t z  — z~~) 
= 

*( )  (1 -,-:.I )2 3 1

v(~.) = ~ ~~~ 
n/Hl/2 

~~ ~ ~~~~~~~~~~~~ e 
- I 

(~
‘
~~
- _ I)

r/(ç) = ~~~ 
3 / 4 ~~~~3 / 2  

~~~~
, 

~~~ 

JO 
,

,~ ~ (A - - ’.)

r w ( t )
v 1( . . )  = 0 j 3 / d , 1 / 2  

~~ 
j ( H- — —  

~~~~~~ U t  (A-5)
~

i . - - - g r t t  i . ‘a con 1 , - i n  (~~ -~~~ 
) t ) t 5  I t O / f l  - -  1 / i  0 Ii Ol/ ~~ l i / C  I i I I I

A r 1; a — . 1 )  (~~2 /3) ,iiitl ron 0 t o  — ‘ - . t l olr lt t ir e r i - a l  a x i s .  1i, ’i ’: i ,i~~ of

i i  ‘ I t - n ,  t I n .  t t t \ ’ . - t ; t  I c / l a , ‘
~~~ 

( w )  h o v e  i O  equa l to a- Jw
1
) tle fin ed in [ 1 7 ] .

— - - -- - -- - a  - -  _ _
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( 11) R I - n E d u e  r i e r t e s  c. -1’ resentat f o r t ;  For r ea l  pu s 1 t i ve  ~~,

v(~~) = e~~~~~” - 1/2  y (t~~)~~~e
° (A- 6)

- - 
, . ,  — ] i ~t

u (~~) = e~~~’ ‘ 2 . r r  ~, 3/2  
~ e 

- 

(A -7 )
n = l

v 1(F,) = C . I~~~~2:. ~i / 2  
~ e n 

(A- B )
n= 1

1 
-
~~ J~~t

v ’( ~~) = ~~ 
~~~~~~~~~~~~~~ ~~~~~ 

n = l  
( 1 - j 2~~t ’)(t~~)

1
e 

/1 (A-9 )

- ‘= - — j l t
= ~~~~~~~~~ ~l/ 2  

~ 
(I - 

.] 
-
~~ ~t \ e  ° (A-ID)

where I t  } C i n c h  { t  ‘ } ar e  t , . nos  of w (0 a n d  w ’, ( t  ) , ret~p.-c t ivelv , C / U I
C i  /1 2 - -

C / n . - t l I ’ l / l C l t t / d in 17) C/ id 11.

( i i i )  i’in~~l 1 -i n 21 ( ’ i C t  C I a v - 1 i ? t o t t c cx~~ ins lon : For r ea l  p o s i t  iv e  an ,I  0 ,

v (~~) I - ~/ .‘.~~3 / 2  
+ 

7~ j  7. - - j n / ’ .~~’J/ 2 
- , 1  .1 - io

_ 3
~
6 

+a ~ l) DI
( -\ - l I)

~~ : - /  h / ~ ‘
~ 3 5. - —

- 

~/ : / 1  — ‘ 0
~ ~~- 3 .7 0 l ’ 10~~~ -

~~

(A -12)

v ( ~~) I * - ‘~~~- ~
h 1 /  t

r :
) 2  

- - ~~~ ~~~~~~~~~~~~~~ + ~~~~ io
2
~~ +

0-4 
(- \ -l  3 )

I, - - ~~~~~~ ~~~~~~~~~~~~ .~~h / 2  + -~~~~ ~2 ,-j n/~4
(7/ 2  

- 2 . 9 _ I  l I
.
)

2
~~~~

5 
+

0 ’ ( .  
- I - / 1/ 2  ~ + 

, .~ - j  n/ - .  7/ 2  - 2.  2 2 1  - 10 1 ~
* - 4

(~~- 1h)

( I v )  • i l r ; c . r i l 1  eva 1 ‘ t i a i :  For 
~ 

l i i .  r,- id , e c t - n  1. -a r t p r . - - e t l t  c t  Ion

C t I l e  i l l  I 1 c . t ~ I /c l , - in tI t -  O u r _ I C / i  i / t n  i i i ’ , hi-  t m - - I . (‘or  ~ . -
- 

‘

~~~~

, t i - i a - i l l

l : - ; _ I - t ~~~~ i c  . - t - ~ c . i i t - c b o n  u i t h  t h e  i i , - ~ t f / v t -  t e / t ’  m u y  h~ t i - e l .  I i  1 1 0

a - a I i l - i  I c i t  . - t I  i n  I l2~ t 1 1 / !  t i it  - t I i * ’ I C ~ C F Q c C I t ’c - n I - ;  t t ) , t _ u  I I I ’  1 i t  I) .

- - 
- - ‘ I , - - - 1 l i v  , - :- - sc - - 0 . 7 , i - r - t i l -  U I I I c - t - , i i .  ~ a • T i .  I so

- ~- l t )  - ‘ I  I - - - - , . / 1 , - t n  t i . l i  I l l  - I I  I i . l  O t l , I  ~~, c , ’ I n  ‘~ 
I c O  1 1.

-- - 
~~~~~~~~ --- - . -
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TABLE I

~1 [II Al _ 0 MI~1! -\ACF Ii[1VI :lP~~ iVu SLOTS
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TABLE 2
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A L A N I I  ( H — P L A N E  C O U P L I N G )  

L~~ic t ~~~~~~~~~~~~~~~~~~~~~~~p r o x~~~C / N

I H - 
-81.41 dB -85.04 dB

— 5 3 °  _ 1 0 00
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