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approx imate analytical solutions exist under C e r t a i n  c o n d i t i o n s .  I t  is shown
that quantitative prediction of the vibrational population distribution can be
determined from knowledge of just a few key parameters in many cases of
practical interest. ~Fhe e’ perimental measurement of small signal gains in highi
expanded CO—N2 mixtures confirmed the anticipated large gains achievable at ver~
low temperat ures. However , unexpected rotational nonequilibrium was observed
which can limit the powe r available from P branch laser lines. A summary of
effo rts to provide a simp lified method of computing vibrationa l excitation rates
in a discharge is presented. A modified E/N parameter was established which is
shown to correlate results der.ermined in a variety of gas mixtures. An
experimental stud y of a double discharge excitation scheme in a supersonic
C0—N2 flow disclosed that the secondary pin discharge is not capable of
prov iding a stable discharge with independentl y controlled E/N under the
conditions tested. Considerable effort was made to measure the characteristics
of the plasma obta~~ ed and to characterize the arcing phenoma observed. An
outgrowth of the experimental stud y was an a na l ysis of the double discharge
ionization scheme with part icular emphas is on those characteristics which lead
to arcing such as that observed. A small CO waveguide laser was constructed and
tested. Althoug h lasing was observed , performance was far below that
estimated in a theoretical stud y (discussed in an earlier annual report). An
anal ysis of the electrodes after several hours of operation and other operating
conditions indicated that iron impurities in the CO probabl y was the major
cau se of poor performance. Small signa l gain measuremen ts showed unantici pated
nonuniformities in the lasing medium.

UNCLASSIFIED

~ rri i ~~ , rv c~ s,ccl  r ‘C ~ 1~ n..i n c  ,~..Is p ar, r rw) , ,,, tIer . I . —



—.~ I

- .-

~~~~ 

,
~~~~~~~~~~~~~~ e

~~—‘~
‘ 

FINAL PROGRESS REPORT .

— -—~~~~~~~~~~~~~~ ON 

ANHARMONIC OSCILLAT OR LASERS

~/~~~ JUL~~T977

~~~ ::~ 
ei~ 

! f
E. ’t S’~~ .”it 0

0

r I

~

’

~

y ’

~ 

~~~~
/ -‘/

J . A. /Smith ~
.

S. H. / Lam .
G. K.. Bienkowsk i i I ~

.

R . B., Miles

- 

‘

— (
, 

~~~~J 1
- i~~~~ f, !,~

/ / ~j / •
~~~~ ~~,‘ —

—

/
/ ,

I 7 ~~ f / (
Department of Aerospace and Mechani cal Sciences ‘ -  . -

Princeton Univers i ty
Pr i nce ton , New Jersey 08540

Pre pared for the Air  Force Qffice of Sci ent i f i c Researc h un der
Con tract~ F44520-73-C-0059 I

- . — — —- . ‘- —.
-\ f t -

____ ______________________ ~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~



I .  INTRODUCT ION

This is the final report on work for AFOSR contract AF 44620-73-C -0059

ent itled “Anharmonic Oscillator Lasers ’t . Emphasis of the work performed under

this contract has been placed on fundamenta l theoretical and experimental

studies of vari ous phenomena associated with diatomic molecular gas flows in

wh ich anharmonicity plays an important role in producing or maintaining an

invers ion which is suitable for lasing . Most of the work concerned carbon

monox ide gas dynamic or electrically excited flows because these systems were

capable of being studied in our laboratories , had cons i dera b le poten ti al

pract i cal i mportance , an d di sp l ayed man y character i st i cs common to other

diatomic gas lasers . In several cases the results may be generalized ~o

other systems .

While this is a final report , emphas i s i s place d on resul ts obta i ned

during the past year. In many cases the reader will be referred to earl ier

a nnual  re por ts , published literature , and theses for additional discus sion and

details. The report is organized into a theoretical section (II) and an

experimental section (III); however , eac h of the three broad areas stu di ed

involved bothe experimental and theoretical portions.

These three areas are :

1 . Calculation and Measurement of Vibrational Population Distri-

but ions Under Quasi-Steady Conditions

Study of the master kinetic equations (Section ~I-B ) demonstrated

that approximate analytical solutions exist under certain conditions.

It is shown that quantitative prediction of the vibrational population

distribution can be determined from knowledge of just a few key oara-

meters in many cases of practical interest. The experimental measure- 

~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ ..- —- ..——- ~~~ ,. .~~~ , ~~~~~~~~~~~~~~~~~~~~~~~~~
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ment of small signal gains (Section 111-B) in highly expanded CO—N 2
mixtures confirmed the anticipated large gains achievable at very low

temperatures . However , unexpected rotational nonequi librium was

observed which can l imi t the power available from P branch laser

lines .

2. Electron Excitation and a Double Discharge Excitation Scheme

Various aspects of this important problem area were studied. Sec-

tion II.A presents a summary of efforts to provide a simplified method

of computing vibrational excitation rates in a discharge. A modified

E/N parameter was established which is shown to correlate results

determined m a  variety of gas mixtures. An experimental study of

a double discharge excitation scheme in a supersonic CO-N 2 fl ow

(Section III.A) disclosed that the secondary pin discharge is not

capable of providing a stable discharge with independently controlled

E/N under the conditions tested. Considerable effort was made to

measure the characteristics of the plasma obtained and to character-

ize the arcing phenomena observed. An outgrowth of the experimental

study was an analysis of the double discharge ionizat ion scheme

with particular emphasis on those characteristics which lead to arcing

such as that observed. The preliminary results of this study are

presented in Section II.C.

3. CO Waveguide Laser and Time Dependent Electron Pumping

A Small CO waveguide laser was constructed and tested (Section

III.C). Although lasing was observed , performance was far below

that estimated in a theoretical study (discussed in an earlier

annual report). An analysis of the electrodes after severa l hours
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of operation and other operating conditions indicated that iron im-

purities in the CO probably was the major cause of poor performance.

Small signal gain measurements showed unantici pated nonunifor m ities

in the lasing medium .
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II. THEORETICAL STUDIES

II .A . Vibrational Pumping by Electron —Molecule Collisions

Knowledge of the electron distribution function is critical to the

determination of vibrational pumping rates in any electrically pumped laser.

When the vibrational distribution is computed in the standard way , by inte-

grating the time dependent master equations , the distribution function enters

directly into the rates as follows :

= Ni ne f5i~~~~ e~~~~~

Here N
~ 

is the number density of the ~th vibrational state of the molecule

ne the electron number density , S1~ (c) the cross section of the i to j

transition by electron impact at energy , c and 
~~~ 

is the electron dis-

tribution func~ or the quasi-steady calculation , the determination of

the specif~r ~epends on the total quantum pumping rate into the

vibrational ~ a~es. This net pumping rate is similarly related to the

electron energy distribution function when the pumping mechanism is by

electron impact. The external pumping rate renresenting the net input of

quanta into vibration is:

ext 
= 

~e 
f 6i~ 

S~~(c)(i~i) fe~~~
t
~~

o l .3

where 
~e 

= neN and i .~ = Nj/N and N is the tota l number density . Since

the electron energy distribut i on generally varies rapidly in the energy

range of interest , the approximation of the distribution function by a

Bol tzmann one at some electron temperature is inaccurate. 1 ’2 ’3

— 
~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ 

-

18



—------ --- - - -  -- .—,---- —“--

5

The most commonly used procedure in laser applications is to com-

pute numerically the electron distri bution function for each mixture and

E/N of interest. Generally only collisions with molecules in the ground

vibrational state are considered in t~e electron distribution function cal-

culation even when superelastic collisions are included in the vibration

kinetics. 4’5 The objective of this research effort , started three years

ago , has been to a) ascertain the effect of superelastic collisions on the

electron distribution function and thus the rates and b) to expicre al-

ternatives to the conventional strictly numerical computations.

The initial formulation inc luding the supere lastic collisions ,

some approximate solutions , and initial numerical results were presented in

the Annual Report l974_l975.6 The stress at that time was on the inclusion

of supere lastic collisions. The main conclusion is that below about 1500°K

effective low-vibrational — level vibrational temperature , superelastic col-

lisions play virtually no role in determining the distribution function .

At higher effective vibrationa l tempera tures the distribution function

slope is changed in the vibrationally active region and the hig n energy

“tail ” is raised as reported previ ously. As expected ,the fraction of

power going into vibration at a fixed E/N decreases with increasing vibra-

tional temperature. Be~.. use even in hi ghly pumped situations the zero to

one vibrational temperature is seldom very high , the exclusion of super-

elastic effects on the distribution function are therefore generally not

very important.

Subsequent effort was devoted to the develoqment of a scaling

law that would eliminate the necessity of l engthy numerical computations

for each specific mixture and E/N. A modified E/N parameter arising

__________________ — . .--- . .- ,,—.~~ —-. - .,— .  - , .  —.~ .—-,-—--—. -. 
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6

naturally f rom the anal ys i s was fo un d to scale the resul t s  of He , CO ,

N2 m ixtures ove r a wide ra y ~ of mixture ratios as l ong as electronic ex-

citation was not very important. Some initial results were presented at

the 28th Gaseous Electronic Conference in Rolla , M i ssour i , in October 1975.

A more complete report was published in the Proceedings of the Princeton

Un iversity Conference on Partially Ionized Uranium Plasmas (NASA , Sept.

1976). A preprint of the latter publication wa~ attached as appendix A

to the Annual  R . jort l975-76.~
The ma in conclusions of that work follow. A modified E/N scaling

parameter wh ich can be interpreted as the ratio of energy gained from the

electr ic field between typical inelastic collisions to a characteristic

energy exchanged in such an inelastic collision arises naturally and ex-

plicitly from the analysis. The correlation is , however , essentially a

local one in energy space , i.e., it is the local logarithmic slope of the

distribution function tha t scales wi th the modified E/N parameter based on

the dom inant inelastic process in that energy range. For the cases where

v ibrational excitation is dominant the distribution function and its rele-

van t moments were shown to correlate to within about 10% for a wi de range

of mixtures of CU, N2 an d He . 7 For sufficiently high E/N , electron ic ex-

citation contributes significantly to energy exchange , and it is clear that

the distribution function at higher energies does not correlate well with

respect to a parameter based solely on vibrational collis ion processes.

Local correlat ion on a parameter based on electronic cross-sections is

poss i ble , but clearly the value of the correlation decreases as the number

of correlation parametersincreases. However , vibrational excitation rates

~~I ~~~~~~~~~~~~~ 
- . 

-,--- . -.- ---,--- ..- -

20



r ‘

~~~~~~~

-

7

(the important results for laser appli cations) are still very well

correlated by

~ 
v’c~~~ (v~~~ S~~)max

where 
~ 

is the vibrational energy spacing, ~ the half width in energy

soace of the prcduct of total vibration al cross section

‘r..
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II.B. Vibrational Kinetics of CO Laser Systems

Given the relevant kinetic rates the complete master kinetic

equation for the CO vibrational population distribution can be written

down and solved on a digital computer. Such a computer code was written

at P r ince ton  by J. Boulnois ,8 applicable to electric -discharge excited CO

laser systems . In addition to making performance calculations for the

CO wave-guide laser , th i s code was used to genera te “exact” quasi-

equilibrium solutions for comparison to other approximate solutions ob-

ta i ned us i ng ana ly tical  techni ques .9

The rationale for pursuing analytical solutions for quasi-

equi libr ium CO v ib rat i onal popula ti on di str i buti ons are as follows . Even

though exact solutions can readily be generated by a computer code , suc h

numerical solutions inherently require explicit specifications of the rele-

vant k inetic rates . At the present time , rel i ab le VV and VT ki net i c ra tes

are ava i la b le onl y at low quantum numbers ,1° and the required qualitative

features of the exact solutions are known to be insensitive to the assumed

rates . In general , the f i rs t few levels follow app rox ima tel y a Trea nor

distribution , the very high levels tend toward a Boltzmann distribution ,

and i n the i ntermed iate levels a rela ti vel y flat Plateau di str ib uti on pre-

va ils. It is of interest to understand the physical mechanisms underlying

these observed qualitative behaviors and to relate quantiative ly the popu-

lat i on di str ib uti ons to the k i neti c rates .

Using a differential approximation first introduced by Brau ,12

the master kinetic equation can be simplified and solved analyt ically, ex-

pressing the quasi-equilibrium CO population distribution n
~ 

explicitly in



9

terms of the kinetic rates . This work 9 was presented in the 5th Con ference

of Chemical and Molecular Lasers (St. Louis , Mo., Apr il , 1 977) and has been

accepted for publication . The manuscript is included in this report as

Appendix B. The major results of this work are :

(i) The approxima te analyt ical solutions are simple and are sur-

prisingly accurate when compared to “exact ” numer i cal s o l u t i o n s  obta i ne d

by the computer code .

(ii ) At given T, the locus of the boundary between the Treanor

and the Plateau region is independent of the kinetic rates assumed , but

is only a funct ion of T, a(anharmonicity ) and 
~v ib 

haracter1st ic vibra-

tional temperature of CO). An explicit formula for this locus N~ (T ,
~
,
~~ i b

is obtained.

(iii) At given T, the locus of the Plateau-Boltzmann knee is found

to depend on a certain ratio of VT to VV rates. An explicit formula

N~* (VT,VV rates) is obtained .

(iv ) An explicit analytical formula for the Plateau distribution

i s deri ved wh i ch conta i ns , in addition to N~* described above , an inte-

gra tion constant which represents the nominal magnitude of the Plateau.

(v) An ex plicit analytical formula is obtained relating k~ w ith

~total’ 
the rate of total vibrational quanta input by external (electric

discharge , etc.) excitation. Thus , once 
~total 

i s known , the Pla teau dis-

tribution can be simply calculated . Conversely, given the Plateau distribut ion

(e.d., experimenta lly(, the value of 
~total 

can be deduced .

(vi) The rate of vibrational quanta deactivation by VT collisions,

DVT is obtained explicitly, identif ying separately the contributions

from l ocal low level VT coll isions and hi gh level VT coll i si ons . I t i s

- . - -

~
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shown that under weakly pumped conditions , the loca l low level VT coll i-

sions are capable of deactivating the input quanta , and the resul tin g CO

population distribution will not exhibit a Plateau. Under strongly pumped

conditions , the “excess ” input quanta which can not adequately be locally

deactivat~n1 are transported to high levels by nearly resonant VV collisions

to be deactivated by VT collisions there . Under roost CO laser operating

con di t i ons , the local low level contr ib ution is small , giving rise to the

interesting result that 0VT is in dependent of VT rates bu t is dependen t

onl y on the nearly resonant VV rates.

(Vii) The ana iyt ical solu ti on shows that the detai ls of the VV

adiabaticity factor in the VV rates is not important so long as the off-

resonan t rates are small. Only the second moment of the VV adiabaticity

factor enters in the approximate solution (via N~*).

(v i i i ) The function N~* i s sensi tive to the magnitude and quantum

num ber dependence of the VT adiabaticity factor.

Since the quasi-equilibrium CO population distribution can be ex-

plicitly related to the VV and VT kinetic rates via the analytical theory ,

it becomes possible to infer information on these rates particularly at

high quantum numbers from experimentally measured population distri butions.

In collaboration with A. Lightman and E. R. Fisher 13 of Wayne Sta te Un i ver-

sity and H. Rabitz of Princeton , we have successfull y in ferred some

quantitative information on CO—He VT rates near i 25 at l5O°K. A draft

of this work is included with this report as Appendix C.

Before discussing this work , it is useful to review briefly a

common estimation procedure for CO-He VT rates at high quantum numbers .
’11

6 

- —.., .- ~~~~ . ,,



Motivated by the well known SSH theory ,14 we can wr i te

kVT(i+) = kVT(O+) ~
VTAVT(T) (11B.l)

where kVT (i+) is the i+l -
~ i VT rate , ~~T is proportional to the square

of the transition matrix element , and A’~
T(T) is the VT adiabaticity factor.

The values of k
’
~
T(O+) can be obtained from the relatively abundant experi-

mental data (z VT . 1 , A0
VT= 1) .

Following the earlier wcrk of Keck and Carr ier ,T5 Rich et ai~~

suggested the following forms for Z~
IT 

and A’~
’T:

~VT = (IIB.2)

VT y.
A. (T) F (  (IIB.3a)1 KC~~o’

where 2
3 1FKC (y) 

= —
~~

- (1— —
~~~ e ) e (IIB .3b )

is a curve-fit formula recommended by Keck an d Carri er as a conven i en t repre-

sentation of A~
’T
(T) computed using a simple exponential repulsive interaction

potential via the SSH theory . The parameter is given by

y~(T) (1-2 
~~ vib 

9VT1a1 (IIB.3c)

where O’~
’T(0K~~) is a constant proport ional to the reduced mass and the square

of the interac tion length L of the VT collision . In this rate estimation

procedure , is the only adjustable parameter. For CO-He , R i ch et a l~~

su ggested .~VT rr O .ll4°K ~~, correspon ding to L 0.2 A. For large y
~

- - - -. .

~
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(low temperatures), A~
T(T) sim plifies and becomes approx imately

A~
IT exp(

~~
) (Rich et. al) (118.4)

where

= 

~~~ 
8vib ~~

VT/8T (IIB.5)

At low temperatures (T < 300°K), the high quantum number rates estimated

by th i s procedure increase wi th i rather steeply .

Recently, Verter an d Rabitz~
6 performed extensive numerical cal-

cui.
~
tions for CO-He VT rates using three-dimensional quantum mechanical

close-cou pling methods . Their computed 1 -
~ 0 rates at low temperatures agree

within an acceptable factor with avai lable experimental data , but t h e i r

high quantum number , low temperatu re rates disagree substantially with

those estima ted by the Rich procedure. As reported previously,17 we have

correlated the Verter-Rabitz rates by Eq. (IIB.l), obtaining an equivalent

ad i abatici ty factor A~
T(y 1,T) by curve-fitting . At high temperatures , it

is found that Eqs. (IIB.3) correlated the computed rates adequately if

eVT is chosen to be 0.271 0(1 , correspondin g to L 0.3 A whic h i s in

good agreement to the i nteracti on len gth near the strongl y repuls i ve part

of the i n teract i or~ potential used in the calculations . At low temperatures ,

a distinctly different correlation results and is given below :

A~
T(T) a1exp~ [O.525 (l+~~~~) £ - ~~b1 ~ (IIB.6a)

(T < 300 °K only)



where
2

a. = (II.B.6b)1 ,28O~~ 150
‘1 + k —ri exp 1

~
-
~
•T
~ 
(Y~~Y0)]

In Eq. (IIB.6a), the exponential factor exp(_o
~ vjb /T)i was i n-

cluded because of detailed balance considerations. The theoretical rates

coul d have been correlated without this factor (thus yielding a different

set of curve-fitting coefficients), but we have chosen to i n c l u d e  i t

because it formally should be present in the SSH theory. This simple cor-

relation allows us to succinctly identify the distinctive features of the

Ve rter-R abitz rates . These are ( 1) the presence of the exponential factor

exp (_c
~
SVlb /T)i in Eq. (IIB.6a) which renders A~~

T a much mo re gradual i

dependence at high quantum numbers * and (2) the presence of the coeffi-

cient a~ which renders A~
’ a rather raoid i dependence at low quantum

numbers . Of particular interest is the unexpected low quantum number

behavior of a
~ 

which has so far not been sat is factor i l y interpreted theo-

retically. In the absence of experimenta l data , the above aua~ i ta t ive

features remain to be substant iated and the substa nt ia l  cu an t i t a t ive  d is -

agreement with the Rich estimated rates rema i rs to be rescived.

From a collect ion of experimenta lly measured CO popu lat i3n ~ist ’-’-

butions obtained by Lightrnan and Fisher 13 in a CO— He electr ic di sch a r~e

laser system , we have inferred CO-He VT rates for i = 25 at l5O~K. To

our knowledge , these are the f i rst  experimental VT r a t e s  at sich ~ic~’

quan tum numbers .

Our results as given in Appendix B indicate that (1) The in-

*Note that ~ (~~T 0.114) and 0•525~~(~~~
T 0 . 2 7 1 )  a r~ re~~ cnab l, close

numer ically. 

.~~~~~ ..



14

ferred rates for i 25 and 150 °K is larger than the theoretical Verter-

Rabitz rates by a factor of about 7-8 , and ( 2) the high quantum number i

dependence of the inferred A~
1T is gradual and is consistent with the

theoretical Verter -Rabitz predictions. Since the CO-He l-~ 0 VT rates are

well-documented , the observed large values of the high quantum number rates

(with gradua l i dependence) suggests that at low quantum numbers A~
T (or a~ )

must increase rapidly. Hence , even though the high quantum number , T = 150 °K

Verter-Rabitz rates substantially underestimates the inferred rates q~-

titative ly, the two dist inctive qualitative features of the Verter-Rabitz

rates are consistent with the inferred rates. Because of the small amount

of data ava i lable , the accuracy of our inferred rates is rather limited.

But the data reducti on technique used is interesting and appears to be

part i cu l a r l y useful  a t hi gh quantum numbers . Additional experimental data

are clearly needed to colla borate and refine the presen t results .

~l. 

- 
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II.(C) Further Studies on Double—D ischarge

At the present time , no self-consistent and complete theoreti cal model

exists for the doub le-discharge configuration .

The govern ing  equa t ions  for a weakly  ion ized , continuum plasma flow

are the followin g

E = e(ni
_n
e) (IIc .l)

where S is the net volume ionization rate and and are number current

densities given by

= n,~u - U~7n 1 +

= n~~ - 1
~e

’
~ e 

- ne~
.ie E ( I IC.2)

and u is the velocity of the neutral flow. D
~ 

and De are diffusion coeffic-

ients and and 
~e 

are mob il ity coeffic ients . Defi n i ng j and ~ by

:1 E -

+ ~.t ) (IJC .3 )

the firs t two equations in (IIC.l) can be rewritten as

V~ 1= 0

3 = (1 + ~)5 (IIC .4)

an d Eqs. (IIC.2) become

I = (ne~
n j )u - Di7(ne~

n j )

- (De
_ D

i )7n e 
- 

~‘~e~e 
+ n.u. )E (IIC.5 )
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= (.~n~+n~)u - (Di +.
~
De)Vn i

(n j _n e)~ i E + I
~
DeV (ni

_n
e) (II C.6)

If the local Debye length of the plasma is small , the quasi-neutral approxi-

mation n 1 ~ 
ne = n can be invoked . An analysis of the quasi-neutral theory

was reported in the last Annual Report .7

The quasi-neutra l approximation yields a convection-diffusion model

for the plasma density n:

u t’n 0a 7
2n + S — nV u (IIC.7)

where 0a = 
i~~~ e~~~~

’
~
T1) is the so-called ambi-po lar diffusion coefficient.

The irrotational electric field satisfies

+ (D~-D 1 )v
2n = 0 (I1C.8)

where a = (it i +i.ie)n is the electrical conductivit y (divided by e). The

coupling between Eqs. (IIC.7) and (IIC.8) occurs through 5, the net volume

ionization rate , which is a sensitive function of the local value of E/N

where N is the number density of the neutrals.

The quasi—neutral formulation accounts for convective effects and is

capable of describing upstream effects (such as the upstream pin discharge)

on the developments downstream. However , under the operational conditions

of interest , the quasi-neutral approximation is only valid in some limited

local regions where the plasma density is high; it is clearly not applicable

in the sheath regions adjacent to the electrodes and in the region beyond

the outer edge of the ambi-po lar diffusion layer. Because of its non-uniform

validity , the boundary conditions appropriate for the model are not yet clear.

4’
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We shall confine our attention to the cathode sheath and the sheath-

diffusion l ayer interface . Physically, we expect the normal components of

1 and ,~~ to be continuous at the interface (which shall be identified by the

subscript ~= ) .  The quasi-neutra l model yie lds :

= 
[~

(D e~Di ) ~~ 
+ a~~] ~ (IIC.9)

(3~
) = - [(Di +PDe) 

~~~~]co

where / is the unit vector normal to the cathode (and therefore the thin inter-

face) and E = -VV .

In the cathode sheath , the normal component of E (denoted simpl y by E)

is expected to dominate. Near the cathode and away from the edge of the

sheath , both convective and diffusive effects may be neglected. Denoting j . y

by j, Eq. (IIC.5) in the sheath becomes

j 
~ 

-(n~~ + n 1ujE . (IIC.ll)

Denoting ~ 
. ~ by 3, Eq. (IIC.6) in the sheath becomes , using the Poisson ’ s

equation in Eqs . (IIC.l):

3 
‘

~~ 
(n i

_n
e)~

.i
~
E = °~~ E ~~~~

. . (IIC .l2)

Note that as quasi-neutrality is approached near the sheath edge , Eq. (IIC .12)

becomes untenable while Eq. (IIC.l l) can still be justified .

Eqs. (IIC.4) in the sheath can be written as follows

j = constant (IIC.l3)

(l+ u)S . (II C. l .’.)

----.



Eqs. (IIC.l2), (IIC.13), and (IIC.l4) govern the structure of the sheath .

We shall represent the net volume ionization rate by

S = ~t3~

where 4crn ’1 ) is the first Townsend coefficient. We shall represent a by the

following empirical formula

:t = N~(N/E) (IIC .l5a)

where ~(N/E) is to be dete ioined by correlating the available experimental

data 18 22 for N2 which has been collected and is presented in Fig. 1. It is

seen that for low N/E the data can adequately be represented by

~(N /E) = a exp (-b 

~
) (IIC .15b)

where a = 3 ;< io
’16 cm 2 and b 8.3 x lO

_ l 5 
volts-cm 2. For high values of

ti/E (N/E ,~ 0.7 x 10 15 ), the data has very wide scatter.

We can rewrite Eqs. (IIC .12) and (IIC.l4) in the following non-dimension-

alized form:

E B J (IIC.l6)
dq

= (l+J )~ 
(IIC .l7)

where

E = -E/bN , J = j/j

n = aNy , ~ = ~(E)  (IIC .l8)

and B is the non-dimensional normal current density

B = 
e~ (IIC. 19

ab 2 co u~ 
N 3
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which is independent of ‘- . Dividing Eqs. (IIC.l6) by (IIC.l7) and integrat-

ing once, we obtain

rE
j ~~(~ )d~ = B J - .e.n (l+J )~. (IIC.2O)

1E

where E~ is an integration constant to be determined.

The above mobility-dominated theory cannot be matched directly with the

convective-diffusive quasi-neutral theory because the two models have no

region of overlapped validity. However , it appears physically reasonable to

require that the sheath solution should become quasi-neutral asymptotically

as ~ 
-
~ =. This ad hoc boundary condition imposes E~ = 0 and J(r 1=~o) 0. At

the surface of the cathode , we shall assume that the electron (secondary)

emission current is related to the incoming ion current by the second Townsend

coefficient y:

=

or

= ‘
~cathode 

:1:-i--- (IIC .2l)

at q = 0. Although y can be as small as O(1O~~) for molecularly clean con-

ductor surfaces , for comon engineering surfaces ~ = O (l 0~~) is more typical .

Eqs. (IIC.16) and (IIC .17) have been integrated numerically using

~cathode 
= 0.1 and ~(E )  as given by Eq. (IIC.l5) for various values of B.

Figs . 2, 3, and 4 show the distributions of E , the normalized electron and

ion densities , and the normalized voltage.

As mentioned previously, these solutions are not valid near the edge of

the sheath away from the cathode because , first of all , the data for ~(E) is

not reliable at low values of E , and secondly the effects of convection 

- -~~~~~~~ --~~~-
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(particularly of ions) and perhaps of diffusion are not negligible. However ,

Fig. 3 shows that the sheath solutions approach quasi—neutrality rather

rapidl y, and the nearly neutra l normalized plasma density varies with ri very

slowly. Fig. 4 shows that in the nearly neutra l region the normalized vol-

tage also varies slowly. Fig. 5 shows the “sheath voltage drop ” between the

cathode and a point at the “edge ” of the sheath with 3 = l0~~ as a function

of B. It is seen that this sheath voltage drop varies non-monotonically with

B.

The sheath analysis presented here is intended as one of the building

blocks toward a self-consistent and complete plasma theory for the double -

discharge configuration. The sheath -diffusion layer matching procedure used

is an ad hoc one and further refinements are necessary . The region beyond

the upper edge of the diffusion l ayer where quasi -neutrality also fails has

not yet been treated. The modeling of the net volume ionization rate is

rather simple—minded and recombination and other kinetic processes have been

ignored. Much further work remains to be done in this area.

j
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III. EXPERIMENTAL STUDIES

III.A. Double Discharge , Experiments and Modelling

(1) Introduction

The Princeto n electric discharge channel is a double discharge

scheme for the production of stable , distributed plasmas in a supersonic

(M “~ 4) stream of diatomic nitrogen and nitrogen-carbon monoxide nixtures.

This research is motivated by a desire to produce elect cically pumped ,

near infrared , carbon monoxide lasing action from stable , large volume

plasmas in which electron number density and average energy are independent-

ly and externally manipulated. The envisioned devices would operate con-

tinuously and be of high output power. Our research efforts are aimed at

gaining a physical understanding of the double discharge stabilization tech-

n ique introduced by Blom and Hanson ,23 while attempting to determine if

present devices can be scaled up in size and power loading.

Following a brief description of the apparatus (2), summaries will

be made of work done , results obtained and hypotheses entertained in each

of five topics: fluid mechanics studies (3), general electrical character-

istics (4), analysis of arcing instability (5), preliminary model of the

plasma stream (6) and experimental determination of plasma properties (7).

This report will concentrate on developments since the completion of the

Annual Progress Report of l975-76 .~

(2) Apparatus: Dimensions , Design and Description

The schematic of the discharge channel (Figure 6) plus the follow-

ing tables and comments should adequately describe the discharge channel.
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TABLE III A .l

Posit ion Reference Length Height Width X-ar~a
(From Throat) cm cm cm~

Throat 0 2.54 .635 1.61

Discharge Volume
Leading Edge 21.90 2.55 6.40 16.31

Trailing Edge 72.71 2.93 6.40 18.76

TABLE III A.2

Nominal Mach Number 3.93

Area Ratio 10.08

Type Contoured , 2D

Length , Throat to 19.69 cm
Parallel Section

TABLE III A .3
ELECTRODES

Item Geometry Materi als

Discharge Plates (50 .80 cm) long , span full width , Copper
rounded l eading & trailing edges
(latter exposed )

Pins .0635 cm dia. Flush with cathode Tungsten
surface 7 rows cf 5 across the
width

Pi n Insula tors Flush with cathode surface Boron N it rid e
(.2381 cm dia.) 

- - -~~~~~~~~~~ - -. —--~~~~— ..- .- ~~~,---- — -~~~~~~~~ -—-~~~~~~-- - - --— -—.—
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The fi rst row of pins is located 1.27 cm from the l eading edge

of the discharge plates with four successive rows at 2.54 cm spacings. Row

five and six are spaced at 7.62 cm intervals. The center pin of each row

i s on the tunnel  centerl ine , the rest at 1.27 cm intervals on either side .

(3) Flu id Mechanics

It is useful to rev iew ourestimates of general flow properties

compu ted wi th one d imens i onal isentro pi c gasdynamic theory. Assuming choked

flow , one can derive the following expressions for mass flow in the dis-

• charge channel :

TABLE III A .4

MASS FLOW

T0 ri~ (gm/sec) rii (lbm/sec)

T0, K 44.205 P01’vT~~ .09740

300°K 2.552 P0 5.627 x lO~~ P0

where : 1) P0 in psia , stagnation pressure .

2) (multiply above by 1 4 .696 for P0 in ATMS .)

3) T~ is stagnation temperature in degrees Kelvin

_ _  _ _ _ _ _ _ _ _  

_
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For N = 3.93 the number density and pressure can be calculated

from the following formulas:

TABLE III A .5
TEST SECTION DENSITY

T N#/cm3 Cavity Pressure Equi valen t Pressure
at cav ity at density N and

(P0 in ATMS) temperature temperature T = 300°K

T0,
°K 2.155 x 1020 p0/10 P = 22.474

P =  5.497 P0

300 7.185 x io l7 p0 
P = 22.474 P0

where P i n TORR

P0 i n ATM .

Pitot surveys were made and reported in the Annual Report of 1975-

76.~ These data indicated that while there is a region of reasonably uniform

flow a very complicated flow field exists in the discharge channel which

cannot be fully analyzed without additional sophisticated flow measurement

techni ques . The value of the results did not warrant such an extensive

and expensive investigation .

The boundary l ayers probed have been thick , ranging from .6 to

1 cm along the tunnel si dewalls. Boundary layers along the electrodes are

not of uniform thickness and appear to bulge near the center line of the

~.1
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tunnel . Pitot profiles exhibit noticeable peaks and valleys which make

any simple identification of boundary layer edges difficult. It is also

probable that oblique wave patterns exist in both planes along the flow

axis . Our nozzle contour could be inaccurately machined creating an ex-

pansi on fan ; or the break from the contoured section to parallel walls

mi ght be too sharp , creating shock waves. In the plane perpendicular

to the nozzle expansion we might have a shock pattern induced by rapid

electrode bounda ry layer growth or leakage across the throat-top and bottom

wall seals; these effects are discussed by Sirnons 24 an d Director. 25

As the discharge channel is a long duct of small cross-sectional

area , v iscous effects will be important even at supersonic velocities . The

~-oti o of electrode length to hydraulic diameter is about 13. An estimate

of the level and variation of flow variables can be obtained on the basis

of a one-dimensional frictional flow analysis. Using the estimated Mach

number at The 1,ading edge of the electrode of MLE 
= 3.32, the computed flow

prooerti es at the trai l i ng edge are presented i n Tabl e III A .6 below .

TABLE III A.6 .

VISCOUS EFFECTS

Leading Edge (L.E.) Trailing Edge T.E.~

N 3.83 2.77

~~~~~ 
1 1.72

1
• L/C L , - 1 1 .1 1

T/T .- 1 1.55L .c .
P

o oL .E .

~

. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ •~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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Th is estimate of M(T.E.) is not inconsistent with one that can

be deduced from pitot and wall static pressure data in conjunction with this

estima te of P0(T.E.). We predict about an 11% increase in density and an

equivalent drop in velocity from abou t 6.7 x lO~ cm/sec to 6 x lO~ cm/sec.

(4) General El ectrical Characteristics

A genera l circuit diagram of the double discharge is provided in Fig-

bre 7 . The desired operating feature in the double discharge design is

the ability to independently set plate voltage and current at a given P0

(or cav ity density), t ha t th i s has been accom p l i s h e d can be seen i n F i gure

8 . It should be noted that the total variability of (E/N) (electric field

to total number density ) for this device is quite small , ranging wi thin

—16 -16 22 x 10 v-cnr to 4 x 10 v-cm

The major parameters a ffec ti ng dou ble d i s cha r ge operat i on are

P0, 10 (total pin current), cathode current density and arcing rate . The

most noticeable effectson discharge operation are exhibited by changes in

the parame ters p
0 (stagnation pressure which is linearly proport ional to

cavity pressure , densi ty and mass flow ) and 10. At any given P0 there i s

a minimum 10 necessary in order to have arc free operation (or specified

arc ing frequency ) with a desired level of main current , I.

As I
~ 

i ncreases , the amoun t of ma i n curren t tha t can be del i vere d

wi thout arcing increases; this effect is duplicated if P0 decreases an d 10

is mainta i ned.

The onset of arcing is gradual , and arcing frequency i ncreases for

decreasing, “insuff icient” I
~ 

or increasing “excess i ve ” P0. An arc formed 

-•_ -
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between the electrode plates must be swept out of the discharge voljrne

before another can form . Arcs can be visua llj detected in as p in~ ish

peachy flames. Frequent arcing manifests itself on main voltage versus

ma in current plots as a regi on of negative slope.

A measurement of arcing rate versus average anode current was made

at one P0 and fixed pin geometry (Figure 9). The gradual arcing thresholds

are clearl y visible as is the effect of pin current. A sample error bar is

shown on our values of average current in the linear portions of the graph.

Th is error diminishes rapidly in the regions of low arcing rate . Further

discussion of arcing is given in the following sections .

(5) Arcing

As men tioned in the previous section , the major instability of t~e

double discharge is the formation of arcs. Experiments were done in which

it was shown that solitary arcs are formed and are swept out of the dis-

charge volume at the flow speed before a recurrence . Photomul tip l ier tubes

were used to monitor arcs as they passed one location in the tunne~ i n an

experiment described in the Annual Progress Report of l975-76.~

In an effort to check and refine the results of the photo-tube

data another experiment was performed. One photo -multiplier observed two

posistions in the discharge channel separated by a known distance. An

osc illogram of the photo—tube signal would show two peaks representing an

arc passing each of the monitored positions. This direct measurement cf

• arc veloc ity yields a va l ue of 5.4 x lo~ cm/sec .

A schematic of an oscil logram is given in Figure 10. The peak s

i n the osci llogram are of different magn i tu de because each was transm itt ed

by a different leg of an unca librated optical system . The RC delay c~ 

—---_ - • • -- ~~~_--• - ----_ _ - _ _
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the photo-tube circuitry was measure d and minimized sufficiently that our

ultimate detectability of “arc thickness ” was .013 ~s or 7 x ~~~ cm

mov i ng at the flow speed of 5.4 x l0~ cm/sec. The half-width of these

signals is about 60 ~s, indicating a maximum arc thickness of 3.2 cm . The

same data could however be explained by a much thinner sheet inclined with

respect to the opti cal axis .

(6) Plasma Model, A Synopsis

1 . Govern i ng Equa ti ons

The Debye length likely to be encountered in the double dis-

charge is of the order of l0~~ cm. , hence a cont i nuum theory of ambip olar

diffusion , convection and production of the plasma in the bulk of the test

section should be appropriate . Assuming singly charged ions , negli gible

attachment , steady state , quasi-neutrality and small ionization fraction ,

governing equations for the plasma flow can be derived as in Ref. 26.

The applicat ion of this formalism to modelling of the double-dis-

charge conf ig urati on was described i n the las t annual report7 an d some

simplified solutions were presented. For convenience some results from that

report for the infinite space and semi-infinite space solutions due to a

single source term are shown in Figure ll a and ll b respectively. We expect

that the semi-infinite space solution is the more relevant to our configuration

and is indicative of the primary spatial variation of number density .

The anal ytic expression of Equation IV (F.l7) in Reference 7 can

be used as a guide in anticipating plasma density distribution data . If we

cons i der the case of

Ix - x0 
>> ~y - y0~

~
z _ z ol
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where (x-x0) is the streamwise distance and (y—y0) and (z-z 0) are the

transverse distances from the source, we can find an approximate expression

for the variations of the number density n with z and y with a given cross

section :

n exp [- 2jx-x 0T~~~~ 
- ~ 
(
~y~y~~

2 
+ (z~z0)2)]

where k = u/Da~
the flow velocity u divided by the ambipolar diffusion

coefficient D ,and -
~~ 

= aID where a is the ionization rate.

From this expression we would anticipate data at a given cross

section when plotted semi-logarithmicall y versus the coordinate (y-y0)
2

+ (z - z0)
2 to be linear with negative slope , and when p lot ted versu s

y or z to be parabolic.

An estimate of the ambipolar diffusion coefficient can be made
2

from the slope of the lines just described. If ~~
— >> ~ as a pp ears to

be true at least in certain locations in the discharge volume slopes of

ln(n) versus

(y—y0)
2 + (z-z~)

2 shoul d be p ro port i onal to

1 k _ u
- 

x-xj ~4 
— - 

41X_ X o iD a

Wi th u known , Da can be estimated from the data .

If all data at a gi ven cross secti on cannot be correla ted by a

single straight line , then the model may still be val id but require a dis-

tributed source instead of the single concentrated one. As the model equa-

ti on i s l i near , one can experiment wit h source distributions in order to
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anal ytically duplicate experimental results . Electron and ion distributions

between the electrodes at x = x0 are no t known because of low olasma density

and resulting non quasi-neutrality . There is , therefore , a cer ta i n amoun t

of freedom i n the i niti al cond iti ons whi ch can accoun t for some di screpancy

between the model and the data . If the resulting values of Da are , however ,

reasona ble and the model predi cts di str ib uti ons at several cross secti on

loca tions it is most likely tha t the major assumptions are correct.

A test can be made to determine if volume i on i zati on does or does

not play a role in the bulk of our discharge volume . It is well known that

the dependence of ion i zation rate (a) on the electric field E is extremely

rapid , being much stronger than that of °a’ hence k2/4 is almost independent

of E compared to the rapid variation of -ii.

One can measure dens i ty d i str ib ut i ons at one cross sec ti on of t he

tunnel , fi rst wi th sustainer plates acti ve to enhance ~ and then with

sustainer plates off , at one value of pin current. Plots of ln(n) versus

2 2 
1
k2

(y-y0
) + (z~-z0) will have slopes proporti onal to -

‘

~~~~~~

—- - -si, if this drop-

off in density is much slower in the active sustainer case than in the

passive sustainer case and the level of density is higher at a given location ,

then volume ionization will have been shown to be a significant effect in

producing the plasma cloud.

(7) Plasma Probing

The most desirable measurements that could be made in a double-

discharge plasma would be spatially resolved electron number density and

potential measurements . This requires the design , cons truction and

successfu l employment of Langmuir probes.

L _ •~~~~~~~~~ • • . . ~--~~~~~~-
- - - -

~~~~~~~~~
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The probing scheme developed during the past year is shown in

Figure 12. As our e’ectrons have an energy of abou t 1 ev an elec tri c

probe in the plasma should saturate when biased by a few vclts from floating

potential. A measurement of this saturation current can be related to

plasm a density . Our technique is to send a five volt 200 Hz sine wave

through a d.c. blocking capacitor to the probe. Circuit components are

sized so that the probe to plasma voltage drop is practically the entire

five volts . The curren t at 200 Hz is monitored on the low vol tage side

of the capacitor by measuring the differential rms voltage across a

precision resistor with a lock—in amplifier . The frequency of 200 Hz

.‘ias chosen because the plasma is relatively quiet there . This was checked

with a spectrum analyzer. In the range of 100-300 Hz we see only white

no ise at about 1.6 volts ; our lock-in ampli fier has no trouble monitoring

our 200 Hz signal. These readings of saturat ion current can be plotted

versus position to produce a relative plasma density map. Figure 13 is

a plo t of suc h si gnals versus —
~~

- ( .5 = t unne l  cen terl i ne)  a t a g iv en
ztotal

y locations from the cathode surface. Figure 14 is a cross plot frcn

Figure 13 which shows contours of constant signal level at a given cross

section. The data spans two orders of magnitude in density .

An estimate of 0 from the data is 24.2 cm2/sec . Usin g the cact

that electrons are much hotter than ions in this type of plasma and ‘r’c~rr

data on ionic mcbility coefficients 27 we can esti ma te Da • Using ne for-

mu I a :

Da e

• ~~• ---~~~~ -~~~~~~~ • _ - -
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wi th 1 volt ,
e

E 500 v/cm ,

p @ 73 °K ‘~~ 12.2 torr ,

~equi valent @ 300 °K “~ 50 torr ,

we fi nd Da 26 to 50 cm2/sec in nitrogen depending on whether atomic or

molecular i ons are i nvolve d. Though our data i s l im it ed we see th at the

model has some val idity . A reasonab le Da also appears to describe the

amount of spanwise spreading observed near the cathode .

It appears that some source distribution instead of just a delta

funct ion at x = x0 (i.e. upstream ), is more likely to be consistent with

the present data.

In order to arrive at an absol u te number density estimate from

our measuremen ts of sa turat i on curren ts we p rocee d as fo l lows :

I = enuA
-19e = 1.602 20 coul .

n = number density

u = flow veloc ity

A = cross section of a stream tube whose boundina

streamlines traverse the probe bow shock and

graze the edge of the probe sheath.

We say that the quasineutral plasma is swept downstream at the f~ow velocity

flow vel ocity an d that all part i cles i n the stream tube are carr i ed i n to an

electric sheath where they are retri eved by the probe . Our Drohlem is in

estimating A. Most relevant theories of plasma probing surveyedseem to

~

.- - • - -

~ 
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give estimates of probe sheath thickness within a factor of 2 or 3 of each

other and with a slcw dependence on n . For our experiment we expect the

ratio of sheath thickness to probe diameter to be smaller than or nearly

equal to 1 . Therefore as a first estimate we say that A is approximately

equal to the frontal area of the probe wire and is a constant value where-

ever we make our measurements . In actuality A increases as n decreases

reduc i ng spa ti al resolu ti on i n regions  of l ower p lasma dens i ty and s ig na l

level .

Between the value of noise level and the maximum signal our in-

strument can assimilate (the range in Figure 13) we estimate an ability

to detect densities from 1010 to 7 x lo ll cm 3.

As a fi nal note we shoul d say th at we have measure d a floa ti ng

potential rise of about 230 volts within 0.1 cm of the cathode surface.

(8) Summary

Brief rev i ews were made of the results of earlier flow and ter-

mi n al  elec tr i cal charac ter i sti c measurements , as well as of the arc

propagation and plasma flow models.

Data was presented on the dependence of arcing rate on discharge

parameters and the arc propagation model was checked wi th a direct measure-

men t of arc speed and width. Cathode fall voltages have been measured at

some loca tions and found to be about 200 to 230 volts.

A successfu l p lasma prob i ng techn iq ue was develo ped and re~ative

plasma density profiles and contours have been mapped out at the m iddle

window port with one pin and the sustainer plates active. Comparison of

data with theory indicates a need to improve our modelling of the source
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term s but does not negate as yet the foundations of the theory . More data

is neeced to further test the soundness of our theoretical mode l and to

el ucid ate the role of volume i on i zat i on i n the di schar ge volume .

- • -_ •---
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111 .3. CO-Gain Measurements

Small signal gain measurements , made in a low temperature CO—N 2

mixture expanded through a hypersonic nozzle , were reported i n the las t

annua l  re por t.7 Static temperatures were varied over a narrow range (30,

35 , 41 OK ) by altering nozzle throat diameter. Stagnation conditions ,

2000 psia and 2000 °K, and gas mixtures , CO :N2 = 15:85 , were ma i n ta i ne d

fixed throughout.

Attentio’~ here is focused on the M = 18.5 data (Ttrans = 30.3°K ,

= 1 .2 x 1016 cm 3). Specifically, thi s di scuss i on concerns the

detection of rotational noneq uilibrium deduced from the vibrational Dopu-

la tions computed from measured small signal gains. Details of the three

pass optical system Tployed to measure gain may be found in Refs. 7 and 28.

The measure d ga i ns are presen ted graph i cally i n Ref. 7 and are tabula ted in

Ref. 28. V ib ra ti onal popula ticns corres pond i ng to the values of ga i n

measu red for Ttrans = 30.3 are shown in Figure 15. These populations were

derived from the small signal gain equation for a Doppler broadened line

us i ng the equa ti on29

A R 2 J (J+1)e 2’
= 

~ ~~o ~~~~~ ~rot 
(e

(II I .B. l .

where A 10 = spontaneous transition probability = 30.3 sec~

~lO 
= 2143.2 cm~

K = 1.38 x l0~~
6 er gs/°K

m = 4.648 x 10-23 grams .

IL _ _ _ _ _ _ _ _ _ _ _
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From Reference 29

0

Rv ~ l~ 
I l-2x 12 (12 V-x )(l- 2x V+x 3

R~0 
= V 

L l 2 x :Vj ~ 
( l -3x e ) (l - xeV) 

e ( I I I .B.2)

where X
e 

= anharmon i city factor - .006 1 26 ,

and

~rot = 

J=l 
(23÷1 ) exp (- J(J+l )~ ) (III.B .3)

where ~3 characteristic rotational temperature 2.78 °K. The symbol T

is used to denote the rotational temperature as defined from the relative

population of rotational states 3-1 and 3, in the most general case.

The vi brati onal popula ti ons show n i n Fi gure 1 5 corres pon d to solu-

tions of Eq. III .B.l using T = Ttran s = 30 °K and pairs of gain values fcr

two P branch trans i tions on the same v ib rati onal band. The parti cular pai r

of P branch gains used to computE n~, are denoted on the figure . The open

symbols denote values of n
~ 

computed from gai ns on the V ban d , whereas the

closed symbol s were computed from gains on the V+1 band. Three features

are to be noted in Figure 15.

1. There is a surprising amount of scatter in the populations ,

indicating that the popula tions predicted are greatly in-

fluence d by the part i cular pair of ga i n values used in the

computation . This is disturbing since according to the theory

and associated assumptions these points should lie on top of

one ano ther.

2. A genera l tendency exists that the populations ccmputed from

~

_ - • _ _ •~~~~- _ • - •  ~~
- _ -



l ower rotat i onal states are l ower than those computed from

higher rotationa l transi t ions.

3. The V=6 populations computed from ‘1=7 band data are approxi-

mately a factor of four larger than those derived from V=6

data.

It was postulated in Reference 7 that the major source of the scatter

arose from the possibility of rotational nonequilibrium . Initially, va lues  of

I greater than Tt ran s were employed in Equation I1I .B.l , with the result that

the scatter reduced somewhat as T i ncrease d un ti l T exceeded 35 °K

(Ttrans = 30 O K ) ,  at wh ich point the scatter increased as T was raised further.

Th is was not only unsatisfactory as far as collapsing values of n~1 to a 5er ies

of single points , but it is inconsistent , we bel i eve , to assume that if non-

equil ib ri um ex i sts between rc tat i onal an d translational modes , the rotational

populati ons can be described by a simple Boltzmann distribution. (For 3 > 6

• the rotat ional spacing 230 exceeds the translational temperature at this low

• temperature .) The scatter i n Fi gure 1 5 i s greater than car be attrib uted

to errors in gain measurement particularly for the V=7 and 8 bands. Gains were

deri ved from an average of three separate measurements , which for all but the

smalles t ga i ns var i ed by less than ± 1 0%.

j There is experimental evidence of another sort that indicates rota-

F 
tional nonequilibrium exists under conditions similar to those studied here .

In the 1960 ’ s severa l attempts to determ ine gas temp c rature using the e lectrcn

beam fluorescence technique indicated the possibility of rotaticn al non-

equi librium . 30 34 In these studies rotational temperature was determi ned

from measured rotational fine structure of the emission from the (0-0) band

F 

______ _______ ______ 
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of the fi rst negative system. They all determined that the rotational

temperature deduced from rotational line intensities was higher than the

calculate d or inferred translational temperature (inferred from auxilliary

measurements of pitot pressure and stagnati on conditions). Fur thermore ,

the extent of apparent nonequil ibrium between the rotational and trans-

lat ional modes (1) increased as static temperature decreased and (2) increased

with increasing rotational quantum number , i.e., fai rl y close agreemen t be-

tween rotational and translational temperature existed down to 20-30 °K if

onl y the fi rst four rotational line intensities were used , but a higher tem-

perature resulte d from the firs t eight l i ne i n tens iti es , and an even higher

one i f additi onal rotati onal l i nes were incor porated . Thus , it appeared that

rotational temperature increased with increasing rotational quantum number.

The primary emphasis prevailin g ~ that time was that this anomaly

was the result of either (1) inadequacies of the Muntz model 35 in describing

the spectra derived from electronic excitation -deexcitation processes 30 ’31 ’32

or (2) the presence of secondary electrons which preferentially excited the

hi gher 3 states ,33 ’34 or both. While evidence was presented that both causes

had validity , the resul ts were no t en ti rel y conclus i ve tha t some rota ti ona l

nonequi ’ibrium did not exist , except for Ashkenas 3~ whose tests were performed

i n an essen ti a l l y stati c gas . Ma rrone 34 did suggest the possibility that the

apparent rotational nonequilibrium mi ght be real for his free jet flow .

• Ashkenas was limited to liquid nitrogen temperatu res so the degree of non-
T

equilibrium observed was smaller (T
rot l. l ) than that derived in studies
trans

4. performed in free jt~ts or nozzle expansions where translational temperatures

down to 4°K3° were inferred ( T 1.5). it is possible then that some
trans

fraction of the apparent discrepancy between the rotational and translational

temperatures arose from the electron beam excitation-deexci ta tion model and



39

the res t, particularly at the lower temperatures , was real.

Vibra tional populations were computed from the measured gains

using a var iety of rotational temperature models which had the general

characteristic that T increased gradually as 3 increased. The variation of

T that appeared to produce the least scatter is given in table III .B .1.

The conven tion used here is that 3 corresponds to the rotational quantum

num ber of the final state , e.g. 1(3=5) is the assumed temperature corres-

ponding to the relative populations of rotational states 3 = 4 and 3 = 5.

It was necessary to assume temperatures 1(1) - 1(4) in order to compute

the rotational partition function (Equation III.B .3). The contributions

to 
~rot 

from states 3 > 11 are less than .02%, and gains were measured only

for 5 < 3 < 10 , so no model for hi gher level temperatures is warranted .

TABLE I 1I.B. 1

3 1-4 5 6 7 8 9

T(3)°K 30.3 30.7 31.8 33.3 34.7 36.1 37 •7

The results us ing this model are shown in Figure 16. The scatter has

been reduced to the extent that all points fall within + 1O~ of the centroid

of values computed for a particular n~1 with only two exceptions. The data

fall so close to one another that the symbol designation of Figure 15 becomes

mean ingless in Figure 16. The two exceptions are that values of n5 ccmputed

from V= 7 band data fall a factor of two (versus a factor of four in Figure

15) below those computed from V = 6 band data . An d two of the values of

n8 computed from V 
= 9 band data fall distinctl y below those derived from

V = 8 band resul ts. The values of n
~ 

computed f ran  V = 6 and 9 band data

may be less reliable than those from V = 7 and 8 bands since the gains are 

~~~~-- -~~~~~~~~~-~~~_- - - -  “ - -
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smaller and thus more su bject to statistical error. That is , so lu ti on of

Equation III .B.l for a pair of gain values corresponds to seeking a small

difference between two large numbers to determine n
~ 

an d nV_ l . Therefore

small var iations in measured gains can produce large changes in the computed

populations. (Likewise small variations in assumed rotational temperature

can produce large variations in computed populations.) The scatter in

the measured gains 28 for the smallest gains is sufficient to account for the

apparent disagreement in values of n6 and n8 noted above .

The high degree of correlation between pooulations computed using

a variety of rotational levels , we bel ieve , just i f ies the assumption of

rotational nonequilibrium. There is no independent method to determine if

the va l ues of I in Table IlI.B.1 are the correct ones from the present data.

They do increase gradually from Ttran s~ wh ich one woul d ex pect , and they

are consistent with electron beam derived results for similar gas tempera-

tures30 ’33 in pure nitrogen flows . Thus we conclude that when the rotational

spacing become s of the order of or greater than the translational temperature

in supersonic flows , rotational nonequilibrium will be observed even when

traditional collision frequency and rotational equilibrium concepts indicates

that i t i s unlikely . In the present case , for example , each CO molecule

suffers approximately 10 collisions/cm trans iting the test section which is

more than 20 cm l ona . Several measurements in shock structure studies indi-

cate that two tc ten collisions are required for rotational equilibrium.

However , this resul t i~ probably misleading in the present case since in a

shoc k wave the translational temperature exceeds the rotational temperature

in contrast to the rapid expansion ~.ase. Moreover , on the high temperature

side of the shock ,detailc ’-l rneasuremcn ts nave not been performed at hi gh 

-— --- -•- • -- —•- -_- •~~~~~ -- • -•-~~~ --~~~~~~-



rotational levels where the rotational spacing 2J~ might be greater than

the translational temperature to see whether they are indeed equil ibrat in g

as qu i ckly . Further ev idence of the di fference between shock wave an d

expansion flow rotational equilibrium has been recently described for hydro-

gen .36 The results of the analysis in Reference 36 are consistent aual 4-

tatively with the phenomena suggested here .

It is interesting to note that the rotaticnal nonequ i libr ium ob-

serve d in  hi ghl y ex pan ded fl ows p resen ts a ser i ous l i m it a ti on on the

achievable small signal gain or output power that can be derived. That is ,

while we certainly observed gains that were large compared to those anti-

cipated at higher temperatures (less expansion from identical plenum con-

ditions), they are not as l a r ge as those poss ib l e if rota ti onal eq u i l i-

brium wi th the t rans la t io na l mode were maintained .

_ _ _ _ _ _ _ _ _  _ _ _ _  
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I 1I.C. Wavegu ide Laser

1. Desi~ n an d Operation

A transverse discharge waveguide laser sketched in Figure 17 was

cons tructed using a liquid nitrogen cooled copper block as one electrode ,

a p o l i shed  a l u m i num coate d glass  p la te as t he other elec trode an d edge

polished glass slides as spacers . The waveguide channel was 2 mm x 2mm

square and 10 cm long . Operation was achieved at a nominal gas tempera-

ture of 100 °K wi th  gas mixtures of He:CO in the range of 4:1 to 10:1 at

total f low rates of about 4 l iters/mm . Uostream and downstream pressures

of 55 Torr and 25 Torr , respectively, were ma intained. This corresponds

to a gas exchange rate of about 1.5 changes! sec. The gas discharge was

ach ieved using 500 volt pulses which had a half width of 60 ..sec.

The laser output was measured to peak at about 5 - 10 mW with

a oulse width of 50 -120 ~sec. The electrical efficiency of this system

based on an assume d peak current value cf 0.6 amps is approximately

.00l~ . t was not possible to optimize the output parameters with res-

~ect to gas mixture or discharge conditions because of the deterioration

of the stri p electrode.

2. Gas Impurities

During the course of the gain measurement it was observed that a

visible layer of material was deposited on all of the waveguide walls

if the discharge was operated for a half hour or more . For a discharge

period of about 30 minutes the deposits appeared as a thin -film , yellow

• and red in color. ~s the discharge times became longer the deposited

film became thicker , more uniform and brown in color. One of these
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deposits is pictures in Figure 18. The deposits did not appear in a

pure helium discharge but only when carbon monoxi de was present. They

also did not appear unless the discharge was switched on; i.e. no

deposits were left from the flowing gas alone . The character of deposits

was also not affected by the discharge polarity.

These observations suggested that there was some impurity present

in the carbon monoxide . Since the same bott le of CO nad been used through-

out the research period it was conjectured tnat the ~“etai wa l ls inside of

the gas bottle coul d have been ‘flaking ’ and oroges sive ly adding a netal

(most l i kel y iron) impurity to the gas. (It should be noted that a dry

ice/methanol cold trap was introduced in the gas flow line to facilitate

the removal of the irrpurity . By visual observation the character of the

discolorations was unaffected by this step.)

The possible existence of an impurity was investigated by examin-

ing two anode olates via x-ray spectrum measurements in a scanning e~ec-

tron microscope (SEM). The first plate (:1) was used in a discharge ~cr

a tota l of about 12 hours . The initial bottle (A) of CO was used to

supply this discharge. Thick deposits , brown/black in color were present

on the plate when it was removed . The second plate (=2) was used for

about 2 hours with a new bottle (B) of CO of nominal purity 99.99%. No

colore d deposits were present , hc~ever a thin whitish film and bright

spots along the waveguide path were observable. For an operating time

of two hours with the initial bottle of CO, colored films were clearly

present. By this observation , then , the purity of bottle B was much

improved over that of bottle A.

I. •~~~~~~~• .~~~~~~~~~~~~~~~~~~~~~ ~~~~~~ •~~~~~~~~~ ••
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The SEM data are shown in Fi gures 19 through 24. Referring to

F i gure 1 8 there were three regi ons th at were examine d: the ano de p l a te

off of the deposited stripe , the background of the stripe and some bright

spots which appea r along the stripe . For both plates the region off the

stripe showed aluminum only (Figures 19 and 22). In the case of plate =1

the stripe background is clearly composed of iron (Figure 20) while the

br ight spots are predominantly copper with a substantial amount of i ron

also present (Fig ure 21) . Both regi ons also shown the presence of alum i num ,

as expected . The data for pla te ~l show that the sig nal from i ron i s

about as strong as that for alumin um on the stripe region. (The scanning

electrons penetrate several hundred A) .  For plate ~2 the strip background

contains a slight amount of iron , approximately .2~ of t he amoun t of

aluminum (Figure 23). The bright spots on plate ~2 do not contain any

copper , but do contain an increased fraction of iron , about 60 (F igure

24).

From these data we infer the following :

a) Iron is present as an impurity in both bottles of carbon

monox ide perhaps in the form FE(C0)5.
37 The amount of the impurity present

in the gas probably increases with time because of ‘flaking ’ of the wails

of the gas bottle. Bottle A was in use for one and one-half years , the

impurity became noticeable after about 6 to 8 months. In addition , the

nom inal purity of bottle A was 99.00%. Thus , t he reduce d frac ti on of

ircn in bottle B versus bottle A is most likely a consequence of its higher

purity and ‘newness ’ .

b) The presence or absence of copper in the bright spots probably
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reflects the length of time the discharge was ooerating and the severity

of a rc ing  i n the di sc harge . Ca tho de spu tter in g i s a common Dhenomenon

in gas discharges wherein the impact of ions on the cathode surface causes

some cathode material to be removed. The hig h cur ren t dens iti es assoc i ated

with arcing enhance the sputtering effect. (Sputtering at the anode is

no t likely because electrons are much less massive than the positive ions).

Since in this work the copper block serves as cathode , sputtering is the

l ik el y source of co pp er on p late ~l .

The absence of copper on plate ~2 reflects the di f feren t con-

ditions of plates 41 and ~2. Plate dl was used on three or four con-

sectuve occasions for a cumulative discharge time of about 12 hours . During

the las t occas i on , arc i ng was espec i all y acute as a result of the thi ck

deposits on the anode and cathode. In compari son , plate ~2 was used for two

hours in a very homogeneous discharge. Arcing was present but greatly

reduced.

3. Gain Measurements

In itial measurements of the gain of severa l vibrational-rotational

transitions for a gas temperature of 215 °K exhibited uniformly small

values with a peak of .064%/cm + .005 on the 8 P(l0) line. The measured

gains were generally a factor of 10 or 20 less than what was expected.

These magn itudes did not vary more than a factor of two (i.e., .032%

to .C64%) by optimizing gas mixture or electric discharge properties.

It was , however , possible to verify some of the expected qualita-

tive features of the small-signal gain. In Figure 25 the gain is plotted

vs . vibrational l evel for three sets of measurements . The maqnitudes

_ 
~~~~~~~~~~~~~ -~~•-
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are normalized with the peak value set equal to one in each case. Two

measurements usin g CO gas with an i ron impurity (bottle A ) both shown

peak gains in the range V = 8 to V = 10 and a clear reduction at V = 11

and V = 12. The higher purity CO (bottle B) exhibited a similar dis-

tr ibu t i on of ga i n , but wi th the peak value clearly shifted to V= ll . It

shoul d be recalled that prev i ous reports of gai n vs . vi brati ona l level

gave V = 7, 8 and V = 8, 9 as the optimum values of V .

The distribution of gain vs. 3-levels is not so clearly defined.

~~ Measurements were ma de on the 8th vibrat i onal level for 3 = 8, 9, 10 , 12.

Onl y these J—leve ls were used because l ower 3—levels have transition

frequencies which are near those of the upper 3-levels of the V = 7

the the line selection mechanism of the probe laser did not allow clear

resolut ion between these transitions. The da ta are shown as total per-

cen tage gai n vs . J , in Figure 26. To within experimental error there is

no apparent gain variation over 3 = 8, 9, 10 and there i s an a pp aren t

decrease at 3 12.

Increasing the 02 flow rate from zero to about 20% of the CO

flow rate was found to enhance the measured gai n by app rox ima tel y a factor

of two . This is shown in Figure 27, where total gain (%) is plotted

against Q0 (l iters/ mm ). Because other researchers have found laser
2

operation to be sensitive to the 02 frac tion~ it was expected that there

woul d be an optimum value of Q0 with gain decreasing on either side of
2

the optimum. This is shown in the figure by a curve extrapolated to

zero gain as increases . However, the data points at Q0 / C CO 
= 1.4

2 2
and 2.7 indicate that the expected decrease of the gain as increases 2
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does not occur. Thus, the i ncrease of gain wit h small values of
2

agrees with observed enhancement of CO laser oerfo rmance by addition of

02. But t?ie fact that the gain does not decrease for large values of

Q~ i s contra ry to expectations and not well un derstood.
“2

The gas im purity discussed in the previous section did not Sig-

nificantl y affect the gain. The peak total gain using bottle B was .90%

whereas us ing bottle A the peak was .58%. As shown in Figure 25 the

gain peak sh i fted to V = 11 , from the reg i on V = 8 to V = 10 by sub-

stituting the ‘clean ’ CO.

The small—signa l ga in profile of the waveguide discharge was

found to be spatially non-uniform . The variations occurred only along

the line between the anode and cathode (vertical direction ) and not in

the horizontal di rections . The sequence of osci llo graph s sho~,n in

Figure 28 follows the movement of the beam center across the wavegu ide

from anode to cathode. As the beam i s moved i n the di recti on of the

cathode the gain i ncreases wh i le absorpti on tends to zero ; when the beam

moves toward the anode the reverse is true. This was observed to be the

case on severa l transitions and with the discharge polarity reversed.

Plo ts of measured gain and absorption versus separation between

beam center and wavegui de center are shown in Figures 29 and 30. The

measuremen ts of Figure 29 were made for an average pressure of 44 Torr ,

those of Figure 30 for 82 Torr. The lOP (10) line was used for both

measurements . To draw conclus i ons from th i s data it i s fir st necessary

to recall that the probe beam exhibits a Gaussian intensity distribution

as shown in Figure 31. Thus , when the beam i s al i gned for maxi mum

transmission , the peak intens ity passes through the wavegu ide center
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wh i le at the walls the i ntens i ty has dropped by some fracti on .

Consideration of Figures 29 and 30 shows that the region of high

ga in and zero absorption appears when the beam center is just past the

cathode edge of the waveguide whereas the high absorption and low gain

region peaks near the anode wall (1.0 mm from center) and tends to zero

on either side of this point. This indicates: 1) that the region of

absorption extends over a larger portion of the discharge than does the

gain region; ii ) that the gain reg ion is located very near the cathode .

This conclusion is drawn because the gaussian intensity distribution

drops from one waveguide edge to the other when the beam center is posi-

tioned ou tside of the waveguide. Consequently, the intensity near the

cathode wall is sufficient to exhibit the gain region but decreases

away from the cathode so that the absorption signal is very small. Fur-

thermore , the gain goes to zero if the beam center is located in the

waveguide at position Z =— .75 mm . Then the si gnal intensity is smaller

near the cathcde than in the absorption region.

Two further points should be noted. First of all , increasing the

pressure appears to reduce the extent of the gain region. Secondl y,

there is a region of absorpticn and gain which is observed after the beam

center passes the anode edge of the waveguide . This may be the result

of grazing reflections on the anode .

The reason for the non-uniform ity of the gain is not certain. One

possible cause is the input electrical pulse length. The gain measurements

were performed us i ng pulse lengths on the order of 1 ~sec. Computations

by Boulnois 8 show that under ccnstant pumping, steady-state vibrational

populations are achieved after about 40 iisec . Furthermore , it should



49

be recalled that laser oscillation was achieved using 100 ~sec wide pulses.

It is possible that the short pulses (1 i~sec) do not deposit enough energy

into the medium for inversicn to be obtained . The presence of gain in

the ca tho de f a l l  reg i on may resul t from the com parat i vel y h igh elec tron

energ ies found there . That is , there may be a spatial distribution of

ava i la ble elec tri cal energy such that ga i n i s obtai ned i n the more ener-

getic cathode fall region but not in the less energetic positive column .

On the other hand this hypothesis does not account for two facts.

Firs t of all , in the gain region the absorption is zero . The expected

mechan ism of population invers i on involves an initially non-inverted

(absorbing) distribution created by electron energy transfer to CO ,

followed by V-V pumping to ach i eve the inverted population . Secondly,

transverse dischar ge CO lasers have been reported wh i ch operate us i ng

voltage pulse widths on the order of 0.5
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I. INTRODUCTION

In the present paper we shall report some quantitative information on CO-He

VT rates at hi gh vibrational quantum numbers (i ~~

‘ 25) inferred from a collection

of quas i -equilibrium CO vibrational population measurements recently obtained by

Li ghtman and Fi sher 1 at 150°K .

High quantum number rates are difficul t to measure experimentally. Know-

ledge of such rates are important in kinetic calculations of CO laser systems .

In the absence of reliable data , they are usuall y extrapolated from the relatively

ab”ndant low quantum number rates2’3’4’5’6’7’8’9’’° usin g theoretically motivated

scaling laws .~~ ’12 ’13 rt is known that the location of the so-called Plateau-

Bol tzmann knee is strongly affected by the high quantum number rates assumed. ’4’15

In the present paper , we shall take advantage of this sensitivity to infer some

quantitative information on these rates from experimentally measured quasi-equi-

l ibrium CO population distributions. As shall be shown later , this indirect

method can yield a certain ratio of VT to VV rates at high quantum numbers . How-

ever , because of the limited amount of experimental data available , we are able

to infer information onl y near i 25 at T = 150 °K. Never theless , the metho d of

data reduction is interesting , and the results ob ta i ned, although limited , appear

to be the only really high quantum number (i > 20) experimental CO-He VT data

avai la b le a t th is time .

16Recentl y, Brechignac us ing a double resonance technique made measurements

of CO—CO VV rates at high quantum numbers . One of his major conclusions was that

the near-resonant VV rates extrapolated to high quantum numbers by the Sharma-

- - - - 55-- - - - _ _
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Bra u12 model appeared to be too high. For CO-He VT rates , the 9 i i ~ 13 data

by Hancoc k and Smith 3 appears to be the only moderately high quantum number

data availa ble in the literature at this time . A common VT rate extrapolation

scheme sugges ted by Rich et al. 11 utilized the well-known SSH17 theory. Recently,

Ver ter and Rabi tz~
8 presented detailed theoretical (non-linear) calculations of

CO-He rates, and their results at high quantum number and low temperatures

(T < 300°K) disagreed substantially from the Rich extrapolation . In particular ,

the low temperature Verter-Rabitz VT rates increase with i much more rapidly at

low quantum num bers and much more gradually at high quantum numbers than that

predicted by the Rich extrapolation . The present work provides some limited

ev idence of the qualitative features of the Verter-Rabitz rates.

II. THE EXPERIMENTA L DATA

The Lig htman and Fisher data 1 of CO vibrational population distributions

mreasured in a CO-He electric discharge is reproduced in Figs. 1 . The temper-

ature of the system is l45-155°K. For details of the experimental procedures

the readers are referred to the ori ginal paper.

The 7— torr and 4-torr He data are presented separately in Figs. là and lb .

respective ly , it is seen tha t the “Pla teau ” begins at approximate ly i JO ,

and the “Plateau-Bol tzmann knee ” occurs near or beyond i =
~ 30, the upper limit

of the data . The 7—torr data includes various combinations of CO pressures (.5 ,

10 , l.5- torr) and discharge power inputs .

Lightman and Fisher 1 also performed detailed computations of the CO popula-

tion distributions using a computer code . The CO-CO VV rates assumed were based

on the Sharma-Bra u scaling, and various CO-He VT rates were used. They found

that neither the extrapolation formula suggested by Rich et al. nor the theore-

tical rates by Ver ter and Rabitz could generate acceptable agreements with the
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measured data ; the former produced a Plateau-Boltzmann knee at too low va l ues of

i while the latter at too high val ues of i. When the Verter-Rabitz rates were

augmen ted empirically by a multiplicative factor (i+l )0’65, excellen t agreemen ts

with the experimenta l data were obtained. (See Fi g. lb ) Note that this augmen-

tation factor is approx imately 8 when i ~ 25.

III . REPRESENTATION OF KINETIC RATES

Let k’~’T (i+) denote the single-quantum -jump VT rate of i + 1 -
~ i coll isions

S 
between a CO molecule an d a He atom. Let k’~’(i- ~,j+) denote the single-quantum-

jump VV rate of i -
~~ i + 1 , j + 1 -‘- .j collisions between two CO molecules. Based 

S

on perturbation theories such as SSH,17 the scal ing laws can be ex p resse d in the

follow i ng forms 19

kVT (i+) = wvT (T)~~
vT A~

T(T) (3.1)

k~~(i+ ,j+) = w~~(T )~~~ ~~ A~~(T) (3.2)

where theoreticall y ~VT ~~ are proportional to the square of the appropriate

transition matrix elements and A~
T and A~~ are calle d the adiabaticity factors .

Since for VT collisions the short range strongly repulsive part of the

interaction potential dominates while for nearly-resonant VV collisions the

long range dipole- dipole interaction dominates , ~VT is expected to be different

from i~~. We shall assume

VT l + i  VV l + i
— VT . ‘ — vv. ‘

1 + ciC 1 1 + cLC 1

where CVT and ~~ are empir ical constants and -~t 
= 5.98 x lO~~ is the anhar-

monic ity of CO. Usually, ~~T is approximated ~ by taking CVI 
= -l while 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -- - -- _ _



is obtained from the dipole-dipole transition matrix elements computed by

20 - VVYoun g and Eachus. It can be snown that so computed may adequately be

represented by taking ~~ = 1 .5.

The VT adiabaticity factor A~
’T is generally ex pected to be an ex ponen-

tiall y increasing function of i. Normalizing A~
’T so tha t A~T = 1 , we can de-

termine ~YI(l5o0K) 
‘

~~

‘ 1.5 x 10-18 cm 3/sec~r n o l ecu l e  from t he ava i la b le ex peri-

mental data .2 Al though the Verter-Ra bitz rates are computed from a fully

non-linear theory , their rates can be correlated 19 by Eq. (3.1). At 150°K ,

the corre la t ion  yiel ds

A~
T(l500K) = a1 exp(O.O9i), (Verter-Rabit z~~), (3.5)

where a 1 (l5O°K) is a rapidly increasing function of i in the fi rst few levels

and tends to a constant va l ue (a
~
(l5O °K) = 4.5) for i .~~ 10. According to the

Rich extrapolation , A~
’T (1 5Q°K) is given by

A~
T(l5O0K) = exp(0.24i), (Rich et al. 11 ) (3.6)

These two rates are seen to disagree strongly with each other at high quantum

numbers .

Since the forward and the reverse rates are related by detailed balance ,

A~~(T) is often rewritten as

A~~(T) = P~~(T) ex p 
~~~~~~~~~~~~~~ 

( 3 .7)

where P~~(T) is a symmetric matrix , E~ is the v ib rat i onal ener gy of the it h

level (E
~ 

= i (l_ cL (i_ l) )k
~Vi b , ‘

~vib 
= 3O84°K), and 

~~ 
= E

~÷1 - E
~ 

= (l_ 2
~

i)k 5
~~.b .

Normaliz i ng P~~(T) so that P~~(T ) 1 , we can determ i ne ~YV (l5O0K) ~ 1.5

cm3/sec-molecule from the available low quantum number data . We shall define

_ _  _ _  - -5
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the secon d moment of P~~(T) by

b 1 (T) = ~~ (i~j)2P~~(T) (3 .3)

Theoretically, P~~ should depend primarily on i-j~ and s hould decrease

rapidly with i— j
~
. Thus , b

~
(T) shoul d be insensitive to i in the p la teau

region and shall be written hereafter simply as b(T). Using the experimental

and theore ti cal data on P~~~(l5O0K) collec ted by Brechignac , we obtain

-~ T 3
~
l’2

b(T) = 6.6 
~~~~~~~~~~ ) 

(3 .9)

IV . THE THEORETICAL PLATEAU DISTRIBUTION

Using a differential approximation first introduced by Brau21 an d la ter

refined by Gordiets et al.~
4 and Lam ,15 the Plateau distribution n~ of CO can

be ex p l i cit l y ex pressed in  terms of the assume d k i ne ti c rates :

VT ~ QVT
n
~ 

~~~ 
~
nr~~ 

- nHe 2~~w~~ j~r(4~
) 

A~
T (4.1)

where r i s a reference quantum number , nHe is the number densi ty of He wh i c h

is assumed to dominate the VT processes , and g = ~~ - 
~
E
~+1 

= 2
~~vib 

= 37°~C

Eq. (4.1) differs slightly from earlier works 14 ’15 by recognizing that ~VT

and may be diff erent as men tioned e a r l i e r .

We shall represent A’~
’T at high quantum numbers by

A~
T (l50°K) = Br exp ~(i-r) (4.2)

where Br and B are constants to be determined. Since ~~T/2~
’~ i s onl y weakl y

dependent on j ,  we shall approximate it by ~VT
1~

VV Eq. (4.1) can now be re-

written as

vv e~~~~~ -1
= S
~~V 

nr~~ 
- nHe C 1-e~~ 

~~.3)

- 55 ~~~~~~~~~~~~~~~~~~~ 5~~~~~~~~~~ 5~~~~~~~~~~~~~ ~~~~~~~ 5- --S - - - 5 5  - 55 -- - —-
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where
VT VTB Iw Zr r

VV VV2bg w 
~r

Eq. (4.3) contains only three kinetic rate related constants , C~~, C , and ~~~.

V. DATA REDUCTION

The data reduction procedure is as follows . From a given measured distri-

bution , the value of is first determi ned to fit the data at i = r, and then

the values of C, C’~
’, and ~ are determined by trial and error to obtain accept-

able agreement over the range 10 �~ i �. 30. Choosing r = 25, it is found that

so long as C is within 15% of 1.2 x 1O~~, acceptable fits can be generated with

CVV ~ -l to +1.5 and 3 ~ 0.001 to 0.11. In other words , within the ranges indi-

cated Eq. (4.3) is not sensitive to the values of ~~ and ~~~, but is sensitive

mainly to the value of C. The CO popul ation distributions calculated by Eq. (4.3)

using C = 1.2 x lO~~, C
’1’
~ = 1.5 , and ~ 0.09 are shown as dotted lines in Figs . 1.

The solid line in Fig. lb is the exact numerical solution obtain by Lightman and

Fisher using the Verter-Rabitz rates augmented by (i+l )°65 as mentioned earlier .

V. RESULTS AND DISCUSSION

From Eqs. (3.1), (4.2), and (4.4) the CO—He VT rates at high quantum num-

bers can be written as
VV VV

VT 2bg w £ VTk (i+) = VT c 9~. exp 5(i—r) . (5.1)
T
~~r 

1

It is seen that for i “- r = 25, the value of k~
/T(i+) is relatively insensitive

to the uncertain values of CVV and S in the indicated range. Using g = 37°K

and the 150°K data for b , ~~ C quoted earlier , we have



r - 
_______________________

kVT(i+;l5O0K)cm 3/sec~mo1 ecule = 6.8 x lO~~~~~~)Z~
T exp ~(i-25) (5.2)

Usi.~g ~~ = 1.5 , we have

k~
’ (i.~;l5O°K) = 1.3 x lO

_ 14 
—~r~ 

exp 8(1-25) (5.3)

which is the 150°K CO-He VT rates inferred from the Lightman and Fisher data .

The Verter-Rabitz and the Rich extrapolation rates can be written in

similar forms:

Verter-Rabitz VT
kVT(i~ ;l5O0K) = 1.9 x iO

~~5(~~T)exP [O
.O9(i~25)] (5.4)

Rich Extrapolation

kVT(i~ ;lSO0K) = 1.8 x io
~4(~~) 

exp [O.24(i~25)] (5.5)

Thus it is seen that near i ‘

~~ 25, the Verter-Rabitz rates are l ower in magni-

tude than the present experimental ly inferred rates by a factor of about 7,

but their slow variation wi th i (8 (Verter-Rabitz) = 0.09) is consistent with

the Lightman and Fisher data . On the other hand , the Rich extrapolation rates

intersect the experimentally inferred rates near i = 25, but deviates sub-

stantially from it for other va l ues of I because of the relatively large va l ue

of 8 = 0.24 used. In the Rich extrapolation , 8 is estimated by the Keck and

carrier 13 curve— fit representation of the VT adiabaticity factor:

8 
~ ~

8vib ~IeVT,8T (5.6)

where 0V ib = 3084°K is the characterist ic vibrational temperature of CO and

~VT is a constant proportional to the interaction length L of the short-range



epulsive potential. The value 8(l5O°K) is obtained~ by using eVT = 0.114

which corresponds to L = O.2A. It is of interest to observe that if a (normal-

ized) detailed-balance factor is empirically inc1uded ,~
9 we would have

= 

~ ~~vib ~
‘9 / 8T - 

vib 
, (5.8)

yielding 3(l50°K) = 0.114 which is consistent with the present results .

Since experimental CO-He l -*O VT rates are well—documented , the small value

of ~ and the relatively large magnitudes of rates at high quantum numbers

inferred from the Fisher-Lightman data suggest that A IT must increase rapidly

in the first few levels (I ~ 10). This observation is qualitatively consistent

with the Verter-Rabitz results as correlated by Eq. (3.5). It was shown 19 that

a1 (T) is essentially unity for T > 300°K, but exhibits a rapid i dependence at

the first few levels for 300°K > T 
~~. 

l0O°K. This interesting and unexpected

behavior of the Verter-Rabitz results has so f ’  not been satisfactorily inter-

preted theoretically. The present inferred rates provide the first experimental

indications in support of this qualitative result.

It is important to note that the value of C inferred from the measured data

is a ratio of VT and VV rates . Implicit in Eq. (5.3) is the assumption that the

high quantum number nearly resonant VV rates are correctly scaled by the Young

and Eachus transition matrix elements (since C~~ = 1.5 was used). Since recent

measurements by Brechignac 16 indicates that such scaling appears to overestimate

the high quantum number VV rates, our inferred rates will be similarly affected .

The data was originally reduced by choosing r = 10 as the reference quan-

t uii number. Although the combinations of C , CVV , and ~ fitting the data appear

dispara te, the inferred CO-He VT rates from each set of parameters intersect
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each other near i ~ 25, indicating that only the local VT rates are important

for the given collection of data . The value of r = 25 was then chosen so that

the curve-fitting became sensitive mainl y to the va l ue of C alone . Since the

present inferred rates are obtained from a limited collection of data , addi-

tional experiments wi th a much wider range of external excitation strength

and He pressures are clearly necessary to collaborate and refine the present

findings .

~~~-~~~~~~~~~~~~~ -.-
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FIGURE CAPTIONS

Fig. la CO vibrati onal population distributions measured by Lightman

and Fisher 1 with 7-torr He. Dotted lines are Plateau distri-

butions computed from Eq. (4.3) using C = 1.2 x lO
g
, cVV = 1.5 ,

and 8 = 0.09.

Fig. lb CO vibrat ional population distributions measured by Lightman

and Fisher 1 wi th 4-torr He. Solid line is exact solution

computed by using tne CO-He VT rates by Verter and Rabitz

augmented by (1+1)0.65. Dotted line is Plateau distributi on

computed from Eq. (4.3) using C 1.2 1u~~, c
VV 

= 1.5 , and

= 0.09.
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APPENDIX C

AN ANALYTICAL THEORY OF VIBRATIONAL

RELAXATION FOR ANHARtIONIC MOLECULES

UNDER STRONGLY—PUMPED CONDITIONS
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A B S T R A C T

An analytical theory of vibrational relaxation is presented showing

explicitly the effects of the strength of the pumping, the anharmonicity of

the energy level spacings , and the VV and VT kinetic rate models. The quasi-

equilibrium population distribution , the loci of the Treanor-Plateau boundary

and the Plateau-Boltzmann knee , the nomina l magnitude of the plateau , the

ground-level vibrational temperature , and the rates of vibrational quanta and

energy dissipations are obtained . A method for deducing quantitative informa-

tion on kinetic rates at high quantum numbers from measured population distri-

butions is suggested.

•11

_ _ _ _ _ _  
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AN ANALYTICAL THEORY OF V IERAT IO RELAA ;•TIoN
FOR ANHARMONIC MOLECULES L~PER STRONGLY-P UMPED CO ITIONS

4.
S. H. Lam

I. INTRODUCT ION

When a diatonn c gas at temperature 7 is subjected to external vibrational

exc itation (such as an electric discharge), its vibrational population distri-

but ion N.j will deviate from the equilibrium Botlzmann distribution given by

N i
B(T) N0 exp (-E 1/kT ) (1.1)

where E1 is the energy of the ~th vibrational level. The non—equilibrium N 1

is gover ned by a system of master kinet ic equations and depends in general on

the strength of the external exc itation , the anharnion icity of the energy levels ,

and the relevant kinetic rates. The vibrational relaxation process is dominated

by the fact that , i n some average sense , VV coll ision rates are much more rapid

than VT coll ision rates. Vibrational quanta externally pumped into the gas can

be red istributed by numerous quanta-conserving VV collisions before being deac-

tivated by the much slowe r VT collisions . We shall be interested in tne quasi-

equili brium distributions of N 1 under strongly pumped conditions.

By assum ing that VT rates are uniformly neglig ible in comparison to VV

rates , Osipov 1 showed that for ha rmonic oscillators would re;~3in Boltzmann

and could be characterized by a single vibrational temperature T
~
:

tDepar tment of Aerospace and ~~chani cal Sciences, Princet o’ Un iv er~ it~ .
Pr inceton , New Jeroey

• ~~~~~~~~~~~ ~~
‘ 

~~~~~~~~~ 
T~TJ1JI IL IJf~~IJ1IiLL 4.~ •~~~
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= NI B (Tv)) harmonic oscillators . (1.2)

The mo re general resu t, val i d for arb it rary energy level spac i ngs , was ob-

ta in ed by Treanor , Rich , and Rehm2:

N 1 ~ N i
TRR (T;y) a N~~(T) exp( i- ) (1.3)

where the constant y replaced Tv as the single parameter . In either case , a

relatively simple relaxation equation could be derived for T
~ 

or y.

These s i mp le and elegant theor i es serve adequately onl y when the stre ngth

of the external excitat ion is weak. Flotivated by its applicati ons to molecular

infrared lasers , the complete master kinetic equations have rec ntly been ex-

tensively studied numerical ly. 3’4’5 ’6 The compu ted N 1 un der stronn~y pumped

condi tions exhibits the following general features. (a) In the lower levels ,

O ~ I < i~ , N 1 indeed can be approximated by N TRR (T..,,) for some ~ > 0. (b) In

the intermediate levels , i < f < I , H .1 i s relat i vely f lat and decreases

slowl y with i. (c) For i = I , N 1 dro ps sha rply and tends towar d ~~
B(T).

These three regions shall be called the Treanor , the Platea u , and the Bolt:mann

regions , respect ively. These qualitative features appear to be relativel y in-

sensit ive to the kinetic rate models used.

The physical interpretations of the above observations are clear. 3

Normally, vibrat ional quanta are pumped into the gas mostly at low levels.

When the pumping is weak and the input quanta can b€ deactivated by local VT

collis ions, the Treanor distribution results. When the pumping is sufficiently

strong , local VT deact ivations become inadequate . The rapid , quanta-conserving

VV coll isions aided by the small anharmonicity of the energy levels then orafar-

ent i al l y transport the excess quanta up the vibrational ladder to be deactivated

_______ 
• • — •.-•-—---- •-——•- — ~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • ~~~~~ ~~~~~• - . 
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by the much faster VT collisions there . The Plateau region which appears only

under strongly pumped conditions serves primarily as a conveyer belt between

the source an d the sink of vibrational quanta .

In the present paper , we present a simple theory of vibrational relaxation

for anharmonic oscillators under strongly pumped conditions . In contrast to

numerical studies where kinetic rates and other input data must be explicitl y

specified , our analy tical results are expressed in terms of the input data ,

showing clearly the effects of kinetic rate models. The analytical techniques

used follow closel y the works of Brau 7 and Gordiets et al .89 The quasi-equi-

li brium distribution N1, the loci of the Treanor-Plateau boundary and the

Plateau-Boltzmann knee N (i) and N (1), the ground-level vibration temperature

the nominal magni tude of the plateau 
~~

, and the rates of vibrational quanta

and energy dissipation 01T and 0vib are obtained . It is shown that only a few

parameters suitably extracted from the large collection of VV and VT rates are

important. A method for quantitative determination of kinetic rate information

at large quantum numbers from experimental N~ measurements is suggested .

II. KINETIC RATE MODELS

We shall assume that E1 can be adequately represented by

E1 
= i [l~~~i~l ] kevib (2.1)

where a is the anharmonicity and 0vib is the characteristic vibrational temper-

ature of the diatomic molecu le in question. We shall use ~ to denote the

forward difference operator . The energy level spacing is thus given by

— E1 
= (l—Zcd)kO V~b

. (2.2)
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• Applying ~ to Eq. (2.2), we have

• ~(~ E~ ) 
= _2akOv ib (2.3)

For CO , a = 5 .98 x iU~~ and 0v ib = 3084°K. We shall see that , inspite of its

smallness , the anharmonicity a plays an important ro1 e in the later develop-

ments .

The major kinetic rates of interest are the so-called VV and VT single-

• quantum -jump ra tes. Let k~~(i1 ,j-~) denote the vibration-v ibration ( . “ ,‘) rate

of a I -
~ 1+1 , j+l j col l ision between two molecules of interest. Let

k~
T (i+l ~ i) denote the vibration-translat ion (VT)  rate of a i+l ~ i col l is ion

between a molecule of interest and a partner atom or molecule ident ifi ed by

the su bscript a. Guided by the well-known SSH theory ,10 ’~~’12 we shall formally

ex p ress kVV and kVT as follows :

a V (T)e .e A~~ exp ~~E~-~E~)/2kT] (2.4)

k~
T(i+l t i) W~

T(T)~ 1 A~
T
a exp [(±~E1 -~E1 )/2kT]. (2.5)

where 2.
~
., A~~, and A~

T
a are dimensionless and are normalized as follows :

P — 1  A V , ~VT —— J , — I , P~ —

in addition , detailed-balance requires = ~~~ The dimension of k VV

and k~T(cm 3/molecule~sec) is carrie d by ~
V V and ~~ re p resen ti ng k~~(l~~, l~ )

VTka (1 0) respectively .

Theoretica lly , •e.~ is proportional to the square of the osc i l la to r  matr ix

element and A~
’
~ and A~

T
a are the adiabat ic i ty  factors . Physica l ly ,  ~~~~~~ g i ves

the quan tum number scaling of the resonant-exchange VV rates:

VV . . VV 2k ( i t , i~~~~) w . ( L . 7 )  

- • 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

_ _ _ •

~~

•••

~

•_____

~~~~~~~~~~~~i



_ _  

1~~

106

For harmonic oscillators , . can be shown to be simply i + 1 . We shall assume

here simply that is known and tha t is sma ll.

The VV adiabaticity factor A~~ depends in pr inciple on both i and j .

Guided by the theories of Landau and Teller 13 and SSH , we sha ll assume that

A~~ = A VV (~ ;T) (2.8)

where ~ is the so -cal led adiabasy parameter 14 defined by

= ~~~~ 1
~ 3~ ~~~~/T 

(2.9)

and O~~ is a constant which depends on the reduced mass and the interaction

potentia l of the col l is ion.  For CU , 0~~ is O ( lO~~)°K ~~. In addition ,

we shall assume that A
\H(~ ;T ) decreases exponential ly wi th inr reasing ~ to re-

flect the fact that nearly-resonant collisions are much more rapid than non-

resonant co l l is ions.  Note that in general A’~
’
J~ 

lay also depend or I ± J but t h iS

dependence has been neglected.

The VT adiabat ic i ty factor A~
T

a is also expected to depend on an analogous

adiaba sy parame ter. We shall merely require that A
~
’T
a increases exponentially

with i .

III. THE F’tASTE R KINETIC EQUATIONS

We consider a diatonic gas wi th number density 
~m in the presence of an

atomic diluent with number density na . The ma s ter kinet ic equations can

readily be wr i tten in the following form :

• 
N
k 

= F~
V 

+ F~
’T 

+ F~ , i = 0,1 ,2,..., (3.1 1
k=i+l 1
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• where N 1 
is the normalized vibrational population distribution of the molecules

= 1 , (3.2)

and the dissociation level is represented by i = 
~~~. The terms F~

V , F~
T,

F~ represent the net fl uxes of molecules (per molecule per second) going

from ~~~ level at or below level i to 
~~~ 

level at or above i + 1 by VV ,

VT and any other processes , respectively. The VV and VT fl uxes can be

written as follows :

F~
V 

= n~ 
~~~~~ 

[k
vv (i~ ,j~ )N 1N~÷1 

- ~~~~~~~~~~~~~~~ (3.3)

F~
T 

= 

~a 
[k~

T I i+l )N
~ 

- k~
T(i+l i)N

~+l]~ 
(3.4)

where we have assumed , for the sake of simplicity , that F~
!T 

is dominated by

coll isions with the diluent atoms. In genera l , F~
1 shoul d be the sum of all

VT contri butions including sel f-coll isions.

Usin g the VV and VT rate formulas discussed earlier , we can rewr i te

Eqs. (3.3) and (3.4) as follows :

F~
V 

= nm 
~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
( 3 . 5 )

F~’T = na 
~VT f

~
(l-M 1 ), (3.6)

where ~~ is a symmetric matrix

S~~ = S~ a s~ A~~(~ ;T)s~ , (3.7)

and s1 and are given by

s.~ = e~N~ exp (-.~E1/2kT), (3.~~)

f1 
= s 1 A

~
’1
~a exp (_ :.L

~/ 2kT ) . ( 3 . 9)
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The auxiliary dependent variable is defined by

N .~1 N~(T)
M. a _ _ _  

1

1 N~ N~~1
(T)

= exp ÷ ti Ni). (3.10)

Note that = 1 and M~ = exp y correspond to N
~ 

= N~ (T ) and N 1 =

• respectively .

The master kinetic equations can now be written in the following compact

form :

~~ 

S~~ (M~-M 1 ) 
= 

VT(~~~1)f  - (3.11)

where
VT _ fla Wa

= vv ,

= 
1 

~~~~ 

- 

~~ 
Nk~

. (3.13)

k i+l

The term ~ represents mainly external excitation (such as electr ic discharge ,

radiativ€ transi tions , etc.) but may include multi-quanta-jump and other pro-

cesses. The dimensionless combines these external excitations and the un-

steady term and is to be considerd as a forcing term in Eq. (3.11). The conven-

tional master kinetic equations can be recovered from Eq. (3.11) by apply ing

• the forward differer’e opera tor Lx .

Summing Eq . (3.11) over all i , we obtain the so-called ~~ nta co nserva t~on

equa tion

= F~ 
- DVT , (3. i~~)
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where a is the specif ic quanta (average number of quanta per molecule) defined

by

a a ~~ iN~ = Z Nk 
(3.15)

i=O 1=0 k=i+l

and 0VT is the rate of quanta deactivation by VT collisions

0VT - 

~~ 
F~~= naw~

T 

~~ 

(M 1 -1)f1 . (3.16)

The contri bution from quanta-co nserving VV collisio ns vanishes ident ically.

Multiplying Eq. (3.11) by ~~ and then summing over all i , we obtain the

vib rational energy equati on:

e~~~ = 

~~~~~ 

F~~E 1 
- Dvib 

(3.17)

where eV lb is the specific vibrational energy :

eV~b E E1 N~ ~~ ~~ ~~~~ , (3.13)

i=O i=O k=i+1

and Dvjb is the rate of dissipation of vibrational energy by both VV and VT

collisions:

Dvib 
a - EF~~~

E i 
- 

~~~~ 

F~~~E~ - (3.19)

IV. PRELIMINARY DISCUSSION

• We may consider ~~~~ and na~~
T to be representative frequencies of VV and

VT coll isions , respectively. The dimensionless pa ra nete r c’~
T can thus be

interpre ted as the number of VT collisions per VV collision and is in general a

small num ber. We shall define 
~total 

by

~total 
a 

~~~~ 
F~ - (4 .1 )
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which may be loosely interpreted as being the number of quanta externally pun~ped

into a molecule of interest per VV collisio n. Under most practica l situations

of interest , 
~total 

is also a small num ber. We shall confine our attention to

strongly -pumped conditions defined by

VT /
~ 

>> 
~tota i 

>> E ~4.2

In addition , since the bulk of the vibrational population resides in the first

few levels , we shall assume that Q 1 occurs mainly at low levels . Consequently,

~total 
can be approximated by summing over only the first few levels.

if we formally invoke Eq. (4.2) and completely neglected the right-hard side

of Eq. (3.11), we woul d obtain

~~ 
S ( M ~-M~) ~ 0 (4.3)

• j =O

from ~•!hich the Treanor solut ion = constant can i mmediately be recovered by

ins pection. While this simple and elegant solution can be justified for weakly -

pumped (1 >> CVT >> 
~total 

cond i tions , it is known to be incorrect for strongly-

pum ped (l >> 

~tota l 
>> conditions. In fact , Brau 7 has shown that th i s Treanor

solut ion is not unique but is merely a member of a family of solutions for

Eq. (4.3).

The major physi c~al simpl i fica tion underl yi ng the pr esent development i s the

dominance of the rapid nearly-resonant VV collisions over the slower non-resonant

VV collisions . The VV adiabat icity factor A~
’( ;T) is nenerally expected to be

some exponentially decreasing function of ~~ . Consequently, the elemen ts o f the

non-l inear symmetric matrix operator S1~ as defined by Eq. (3.7) are expected to

be largest in the vicinity of the diagonal. Under the assumption that A~~(:;T)

decreases sufficientl y rapidly with ~ (see Eqs. (7.7) later), the matrix operator ’
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S~~ can be converted into a differential operator. The origin al d iscrete sys-

tern of master kinetic equations , Eq. (3.11), thus becomes a single ordinar y

different ial equation which can be studied in details by standard techniques .7

V. THE DIFFERENTIAL APPROXI FIATION

For A~~(c;T) decreasing sufficiently rapidly with ~, the ma in contributions

to F~’V as given by Eq. (3.5) will come from nearly-resonant (j 
~~

‘ I) collisions.

Accordin gly, we formally expand M~ and s~ about i = i as follows

= M
~ 

+ (i_i)i~M~ + ~~
- (j—i )2~

2M1 
+ ... , (5.1)

= s.~ + (j_i)i
~
s
~ 

+ . - . , (5.2)

Substitutin g the above in Eqs. (3.5) and (3.7), we obtain formally:

F~
V n~w”~ ~a1 s~~M~ 

+ b
~~

(s
~~

M1 ) + . . .  ( 5 . 3)

where

a~ (T) a ( j- i )A ~~(~ ;T)

b1 (T) a ~~~~~ j~- ( j_ i ) 2 A ~~~~~~(~~~~;T)
j =O

For values of i sufficiently large such that the l ower limits of the summation

are unimportant ,

1 >> 1(T) a (T/S~~)
½/aOVib , (5 .4)

a
~
(T) and b~(T) become in dependent of i. We obtain

a~ (T ) ~ nA~~(n /i;T) = 0 ,

b(T) a b1
(;) 

~ ~~ 

n 2A~~(n/~ ;T) . (5 .5 )

-- •-- - •~~~~~~~~~~~~~~~ - • • • •~~~~~ • -•~~~~~~~~~- - -~~~~~• •‘-~~~~~~~~~~~~~~~~~~~~~~~~
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Thus the leading approximation to F~
’V can be written as follows :

F~
V 
~ 

bnm~~~~
(s
~~

Ni ), i >> i . (5.6)

Note that non-resonant VV contri butions (li- i l >> 1), even those with partners

from the highly populated l ower l evels , have been neglec ted. We shall re-

examine this ap proximat i on later in Secti on VII .

Under strongly pumped conditions , the num ber of levels wi th significant

populations can be relat ively large. We shall take advan tage of thi s observa ti on

and represent the discrete variables N1, ~~ ~~ E
~
, etc. by continuous functions

N(i),  M( i ) ,  £ ( i) ,  E ( i ) ,  etc. We further assume that

~
2E

1 >> 
~ en N~~ l~~ 1 >> ~~ a - ki > 

~~ (5.7)

so that ~ can be approximated by the different ial operator d/d i. For example ,

as defined by Eq. (3.10) can be represented by

= M(i) ~ exp [
~

- ~ + ~n N)] 
, (5.8)

and ~~ by

(5.9)

Using this differential approximation , Eq. (5.6) can be written as

F~
V’
~ bnmw

\/V 

~ 
~(Ne) 2(~~4. en N - 3) ~ . (5.10 ,

Note that the VV adiabatic ity factor A~~(~ ;T) is represente d only by its

second moment b(T) wh ich can be written alternatively as:

b(T) ~ 13f ~2A
VV (~ ;T)dC . ( 5 . 1 1 )
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The detailed shape of A’~
”1(~ ;T) is seen to be unimportant so long as it decreases

sufficiently rapidly with E .

The term F~
’T can similarly be approximated by a continuous function. For

strongly pumped conditions , the magnitude of M
~ 

is generally very large except

in the Boltzmann region where it is approximately 1.0. We shall denote i to

be the Plateau-Boltzmann boundary defined tentatively by M(i<i **) >> 1 and
• .** ‘u -M(i~ i ) = 1. tq. (3.6) can thus be written as

F~
T 
~ nâw~

T .N~A~
T(i), 0 < i < i~~ ,

(5.12)
- **= 0 .  , 1~~~~~ 1

Using Eqs. (5.10) and (5.12), the originall y discrete master kinetic equations

can be represented by the following differential equation :7

D (~~~~) 2  

~ 
~nN - ~] ~: :~ 

N1~A~
T 

- Q, I(T)<< i< i ** , 
(5.13)

where Q(i) is the continuous representation of Q~.

VI. THE NOMINAL PLATEAU DISTRIBUTION

If the right-hand side of Eq. (5.13) is formally neglected , we obtain

upon in tegration7

b (N~
)2 
[~~~

-~~nU - = - C (6.1)

where C is an in tegration constant. In spite of the approximations invoked ,

we can readily verify that N (i;C 0) is precisely the Treanor solution:

N(i ;C=0) = NT~~(i i  ) a N0 exp 
~ 

- 

~min ) (6.2)
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where the integrat ion constant 1min is the location of the so-calle d Treanor

minimum . It is clear that for C ~ 0 a family of non-Treanor solutions can be

generated . The approximate Plateau distribution NC = constant first pointed

rut by Caledonia and Center 3 is seen to be an approximate solution of Eq. (6.1)

with C > 0.

Because A~
T(i) increases rapidl y with i , the right-hand side of Eq. (5.13)

is not uniformly negligible , and the integration constant C is in fact not a

constant. Before attackin g Eq. (5.13) directly, we shall first introduce the

nominal plateau distribution N(i) defined as follows:

-b~5 
~~~~ - (~~~~ )2  = ~VT g~ VT

(6.3)

where is a cons tant to be determined later. ~ntegr~ting , we nbtai n
8’9

= - 
~N~~ (i) (6.4)

where

N**(i) a 2b6Z JA di (6.5)

and is seen to be solely a function of the VV and VT rate models. For F~>> ~VT

~(i) is approxima tely ?~/z until the exponentially increasing A~
T(i) intervenes ,

bending it sharply downward . The knee of the bend occurs approximatel y at the
** **intersection of N (i) and N (1). The location i where N (i) vanishes is re-

lated implicitly to 
~ 

by

**
ffo ~~ A~

Tdi . (6 .6)

For i ~
, ~~~ ~(i) is ident ica lly zero .
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We shall presently show that (i) is an approximation to N (i) in the

Plateau region . Subtracting Eq. (6.3) from Eq. (5.13) we obtain

b ~~ (N e) 2 
~ ~ 1N cS] ~ 

= bcS a~ 
(~~~~) 2 . Q + 6VTg, (6.7)

i < < i < i

where

g(i) a (N~ - T~~)A~
T 

- (6.8)

Integrating Eq. (6.7)  from 0 to ~~ and noting that the net VV contribution

must vanis h identically, we obtain

b6~0 
= 

~total 
- cVTfl gdi (6.9)

which is simply the quanta conservation equation (3.14) expressed in an alter-

native form. Integrating Eq. (6.7) from i to i~~
k
, we obtain

b (Ne)
2 [
~ 

~;LN-6] = - b6(~C)
2
, i << I < ~~ , 

• 
(6.10)

where

(
~~~~

)
2 

= (~~Z)
2 

- (Q~eVTg)di . (6.11)

Eq. (6.10) is simply Eq. (6.1) with a variable C = brS (NC)2 .

We shall choose N (i) by the requirement tha t the integrals of ~VT9(~) in

Eqs. (6.9) and (6.11) be uniforml y small. Under strongly-pumped conditions ,

Eq. (6.9) yields N0 
‘

~~ total~~~~ 
and Eq. (6.11) yields N (i) in terms of ~

‘(i)

and Q(i). Since g(i) contains A~
T(i) which generally increases e~.pone ntiail y

wi th i, we conclude further that N(i) must approach ~i(i) rapidly as i increases.

Only in the vi cinity of ~~ where the local values are bot h small can ~(i~ be~in

to deviate from N(i) and to approach a local equilibrium Bol t:rnann there . In
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other words , ~( i)  is the leading ap proximation to N (i) in the Plateau reqion ,

** **N (i) is the locus of the Plate a u —Bo ltz man n knee of the solut ions , and I

is the location of the Plateau -Boltz mann boundary.

Using Eq. (4.1) for 
~total 

in Eq. (6.9) and comparing with Eq. (3.14), we

obtain

DVT 
= nmw b

~~ 
+ nae~Tf ~~~~~~gdi . (6.12)

The first term represents the rate of upward transport of quanta by nearly -

resonant VV collisions and is seen to be independent of VT rates even though

these quanta are eventually deactivated at high levels by VT collisions. The

second term is a small correction representing the rate of local low-le vel VT

deactivations and can be computed after N (i) has been found.

V II. THE T R E AN O P-P LA T E A U  TRA~1SITIO~I
*In the vicinity of the Treanor -P lateau boundary I , the solut ion is expected

to approach NTRR (i;i mjr ) on one side and to approach f~(i;~0) on the other. The

value of ~~
k or 

~min 
can be related to N0 by a local trans ition analysis as

follows.
*

We shall tentatively assume that i >> i so that Eq. (6.13) remains valid

in this transition region. Since the dominant external excitation is assumed to

occur mainly in the first few levels , the Q(i) contribution in Eq. (6.11) can be

neglected , yielding ~i( i ) ~ N (i) for i ~ 1*. For i < i~~~, accurat e representation

of N(i) is not required provided that (~/N)
2 

become s locall y n:nall . Thus , ir the

transition region , N(i) may be approximated by a const ant , a ~(i *). The equa-

tion governing the Treanor—Plat eau transition is then 7

2

= 1 _ ( !~±-) - (7.1)

L
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The magnithde of ~ is assumed to be small in comparison to the ground level

population N0:

(~~1N0)
2 

<< 1 - (7.2)

Even though both N~ and the differential approx imation underlying Eq. (7.1)

cannot ~e formally justified for 0 < I ~ I , it is nevertheless clear that the

transition solution will automaticall y approach NT~~(i;i min ) as i ~ 0 so long

• as Eq . (7.2) is satisfied. Consequently, we shall use Eq. (7.1) in the extended

region 0 < i ~ i~ to describe the Treanor-Plateau trans ition. The values of ~
and 1mi n are yet unknown but will be determined presently.

Eq. (7.1) can be integrated once to yield

~~~~
- LnN = 

~~~~~~~~~~~~ 

~~~~~~~~~~~~~
_ (

~~~
± )+ li

V

where N(i >> i~~~~) 
= N~ has been imposed. Integrat ing again , we obtain an implicit

representation of the Treanor-Plateau transition solution:

N

I
- 

~~~~

~~ 
j N~~ 

r -ii. - (7.4)

J N f 2x-e ~÷ l J 2
£.~t —  L J

Note that N/~i~ is a universal function of i~ i~~and ~T~/ N0 and is independent of

kinetic rate models.

As mentioned previousl y, this transition solution auto m atically approaches

NT~~(i) as i - 0 provided (~i~/N 0
)4 << 1 . The value of 

~~in 
ap~’e~ring ~n Eq. (6. )

can now be determined by matching the derivative of ~~ cr,d ü:~~~
’ at i = 0, yieli-

I ng

••u ( N 0 \ ½
1m in 

= 2~~n 
— - 1)16 . (7.5)



118

Since ~~~ is the location of the Treanor m ini~ u;u of the part icular

which osculates N (i) at i = 0, we may convenien tly identify it to be The

Treanor-Plateau boundary i~~. Hence , the locus of the Tre anor-P la teau boundary

N*(i) can be obtained by invert ing Eq. (7 5) and setting 
~rnin = i

i’
. ~:e obtain

N*(i) ~ 0.61 N0 exp (~
d12 /2) . (7.6)

For given value of N~, the intersect ion of N* ( i )  and iT(i;N 0) imr ~ediate ly y ie lds

the values of 
~~
(
~0
) an d

The above analysis may be refined by using a more accurate repres’~nt ati:n

of N(i). In addition , i n the v i cinity of ~~ a separa te P1ate au—B oltz~anr trans-

i t ion analysis is required . Since these refinements are not of ~a j o r  nract i ca i

interest , they w i l l  n o t  be p resen ted  here .

The assumption i >> i~ invo ked earlier can now be e,~orine d . Using Eq. (7.5)

for 1*, we obtai n lower bound for the value o~

0vv 
1 

• (7.7a)

~
0vib (

~ ~ 
-

Furthermore , in the derivat ion of Eq. (5 .6 )  which eventually led to the di ’~ er-

ential ap proximation , contr ib ut i ons to F~V by non-resonant VV collisions , in-

clu ding those with partners from the highly populated l ower levels , h a v e  beta ’

neglected. A rough estimate yields the fol lowing cond i t i co  on

A VV (
~ 

= i/ i ;T) << b~N
*
k~i I ~ i~~, (7.~~~)

which mus t be satisfied in addition to Eq. (7.7a). If Eqs. (7.7) are not

sat is f ied , the Treanor-P lateau transition will depend on d c- t ui i cd ir f~rms tion

on A~~(r,;T) and must be studied using the original discrete fcrm of the u~ister

kinetic equations. For CO, Eqs. (7.7) are com fortably sat is fi ed by ro o t ‘
~~ . rat~
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models assumed in theoretical calculat ions.

V I II. SUM~1ARY OF RESULTS

By taking advanta ge of the dominance of the nearly-resonant VV collisions ,

we have derived using the differential approxima tion
7 
the loci of the Treanor-

* ** *Plateau boundary N (I) and the Plateau-Boltzmann knee N (i). N (i) is shown

to be independent of k inetic rate information provided tha t Eqs. (7.7) is satis-

fied. N**(i), on the ot her hand , is found to depen d on both VV and VT rates.8’9

At any g i v e n  tempera ture , these loci can readily be computed and plotted as illu s-

trated in Fi g. 1. The family of nominal plateau distribution iT( i;ii~) can also

be plotted and its intersection with N ( i) yields immediately the values of

i* ( N )  and N~(iT0 ). In the f irst few leve ls , N (i) is osculated by a Treanor dis-

tri~ ution ~
TRR (i~ imin ) w i t h  1m i n  i* (T~0 ). As i increase , N (~~ crosses

v ia the Treanor—Pl at eau transition solution to approach N (i;N~) in the Platcau

region , bending sharply downwa rd as it crosses N (i) and tending toward a loca l

Bol tzmann distribution near i ( ~0). The strongl y-pu~-ped con dit ior is satisfied

whenever the solution passes substantially above the intersection of N ~i) ar~d

**N (I) so that a distinct Plateau region exists . Fig. 1 also shows a coo p a’i son

of the presen t results with exact numerical solutions of the origina l d i s c r e t e

equations for a CO-He 1:9 mixture at 100°K using a computer code developed by

Boulnois .1° The agreement is surprisingly good in view of the approximations

invoke d. Note that these discrete solutions ~ere cort;put ed using 39 levels which

• appeared to be i n a d e q u a t e  for the two more strongly -pumped cases.

The equ ivalent ground level vibrational temperature T defined by fitting
V
0

the first few levels by N 
~~ 

) can readily be computed:
0

Tevib 
-

T
~ 

- 

Liz ~
-

~~
- - I 

(8.1)
L



120

Other gross quanti ties of interes t, such as c~(N0,T) and eV Ih (z1 O ,T,, can also

be computed . The va lue of N0 or its time evo lution is governed by the quanta

conservation equation (3.14) with DVT given by Eq. (6.12):

**

~~ ~(N0,T) = 

~~~ 

F~~ - nmuY” [b~ T0 + 0~ITf gdi]. (8.2)

The small correction term cVT
g representing low-level local deactivations may

be included wi th no di f f iculty . Once N0 (t) has been found , the vibrational

state of the molecule of interest is completely determined . Hence under quasi -

equi l ibrium conditions can be considered simply as a state variable which

together with T completely specif ies N . ( N  ,T) ,  oiJT ,T) ,  and I (fl ,T). The
1 0 0 V

0 
0

rate of diss ipation of vibrational energy Dvib~ 
however , is not a state function

and mus t be computed from Eq. (3.17) instead of Eq. (3.19):

0vib = Z F7 ~E1 
- 

~~~ 
eVIb (I

~O
,I) . (8.3)

IX . DISCUSSION

Th e k i n e t i c  rates have been expressed in Section Il in terms of .Y~’ , 
VT

~~ A~
’
~(q;T) , and A~

T
a(T)• The same is used for both VV and VT rates because

of its theoretical significance. For anharmonic oscillators , 
~i is often repre-

sented by

= 
l-C~czi (9.1)

where C1 is a posit ive constant of order unity. The VV ad i a bat ic i t y  f a c t o r

A (~ ;T) is often assumed to be the sum of two ex ponent ials repres Loting contri-

butions from long—range and short-range forces. As pointed out by Brau ,7 so ionq

as Eqs. (7.7) are satisf ied the detailed shape of AV~
’(~ ;T) is unimportant. Cnly
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• b(T), its second moment, appears in the theory . On the other hand , the present

theory shows that accurate information 17 on A~
T
a (T)~ particularly at high levels ,

is required. Since A~
T
a(T) is expected to depend on i exponentially, we may

assume (see Eq. (2.9)

A
~
T
a(T) 

= exp (1aOVib~~I )~ 
(9.2)

where may be temperature dependent. Consequently, all the kinetic rate infor-

mation can be represented by only five parameters , ~~
T(T) , w’1’~(T ) C1, b(T), and

S VT (T)

Using Eqs. (9.1) and (9.2), ~(i) can be rewritten as

l-C c~i j  \

Fr(i) = _____ - C0 ~~ exp (~
C2 ) (9.3)

j=O /

where

T 1W
C0(T) a a , C2(T) = o

~
evi b%_-r_ . (9.4)

nm~
u 4ba&V~b

:t is seen that all kinetic rate as well as energy level spacing info rmation

are represented here by only three parameters , C0, C1, and C2. The simplicity

cf E.q. (9.3) suggests the possibility of deducing the values of C0(T), C1, and

c2(T) from a family of experimentally measured N~ distributions. At the present

time , experimental rate information at high levels is rather limited; most re-

ported data 18’19 ’2° are concerned primarily at the l ower levels. The va l ues of

C0(T), C1, and C2(T) deduced as suggested will be welcome complements to con-

ventiona l measurements.

Brau7 was firs t to use the differential approximation , deriving Eq. (5.13)

and obtaining a family of approximate solutions N (i;C) from Eq. (6.1), including

the Treanor-Plateau transition solutions. The cumulative effects of VT
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deactivations was neglected and the relat ionship between C and the strength of

external excitation 
~tota i was not gi ven . Gordiets et al .8~

9 first recognized

the importance of VT (and radiative) deactivations in the Plateau region , and

obtained approximate Plateau distributions from Eq. (5.13) by replacing d2btN/di~
with -2~, an empirical factor suggested by curve-fitting of direct numerical

solutions. In the present work , this empirical adjustment which is difficult to

justify mathematically is avoided by the artifice of introducing TT (i) by defini-

tion. In their effort to relate N0 (or C) with ~total’ 
Gordiets et al. evaluated

from Eq. (3.16) by omitting N (i) from ff (i) in the Plateau region . By noting

that 
.** .**

Z~
VT A VT ( i\  > O~~A~~(~) ~ [

~ ~~
A~~(i)]

it is relatively straightforward to show that DVI (see Eq. (10) of Ref. 8) is

• approximately twice the correct result given here . An added advantage of the

present procedure is the simplicity of the expressiorz,Eq. 6.12), obtained for

0VT showing clearly the contributions of high -level and low-level deactivation

contributions. Together with the explicit identification of N*(i) and N (i)

as the appropriate loci , the present theory yields a complete and quantitative

picture of vibrational relaxation problems under strongly pumped conditions.
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FIGURE CAPTION

Fig. 1 Comparison with numerical solutions. The sol id dots are

numerical so lutions for a 1:9 CO-He mixture at iOO °K

with various pum pings at the ground level . The VV rates

are taken from R ich 5 and the VT rates are recen t theoretical

data by ‘/erter and Rabitz)6 Thir ty-nine levels are used

w h i c h  appea r  insufficient for the two more strongly -pumped

cases. The anal ytical solutions are shown as solid lines.
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