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LISI’ OF ILL [JS ’FRA1 ’IONS

I: i gure t’age

1. Schematic of K-method of integration ; h is the step si :e, . . 7
.~~. Schematic of a parabolic fit to the values of F at the

current and thFec previous t imes for one of the dependent
variables. is found by continuing this l)aralol~

t t I)

the time X 

“ . ‘the driving func t ion , Q(t) (solid line) and the response
of two primary charged particle densities (dashed l ines)
are shown as a function of t ime , t .  Abscissa is linear

wi th  dimensions ~ o n — p a i  rs cm3 s ’ for Q( t ) MId Clil t o r
both e ( t )  and NO (t) . Curves have been vert ica l lv  dis-
placed for ease in reading 13

-I . Histograms that character ize the st i ffness ot ’ chemi cal
SPCC i es found in a dayt inc dci on i zat ion model of t h ’
atmosphere at an a lt i tude of 30 km.  (See text for
deta i ls)  

5 . Modeled response of the negat I ye ion dens it i es to  the
driving function q(e )  

6 . Modeled response of the neutral dens it ies to the same
d r i v i n g  function of Fi g. 5 
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I NTROI)UCT I ON

In the late 196() ‘ s t he aeronomy branch at the BRI . needed the 5(1 In—
ioiis to sets  o f s t i f f  ordinary di f fe ren t i a l  eqU:lt 10115 (01 ) 1 

~
.
) t ( . 0

des’ .’ r ib~ t he posit i ye and negat i ye ion chemi st ‘>‘ in t ho t ’~ i I’t h’ ~ I ) — 1’(’f 1)1 1

(,
‘
~
‘ nO—8 5 km) . Adequate mathematical techn iques t ’or handl ing st i t’f 1) 1 1

w ere unknown to us at t hat time. Kr eg el  , a P1~Y~ 
1 ci  ~ t , approached t h i s

prot) lent empirical 1 y and developed a st i ff ODE i ntef rat (Ii’ . ‘I’h is report
sket c hes the K-method of integration and provides a few exampl es of the
uses of this integrator. Our aim is two—fo ld :  to i l It t l e  ~I iii :t th ’ .’i ::i t I ci ,t t i’~

so that this method may be placed on a firmer mat hemat i ca l tound;I  t ion
and to info rm potential users so that they may appl~’ t his a l~’ i’ri t hni to
their particular prob l em .

TWO BASIC PROBLEMS

Before we discuss the sketch and the examp les let us hr iel ’l V l’(’~ i,’is

wo prol) lems that are basic to any numerical so I ut on to (IDES , st t I or
no t . These problems are t runcation error and stab i l i t  ~ . \cco t’ ,l III ’ I I)

l)ahl qu 1st and BWrc k , I runea t ion errors~ are commit ted when 1

1 imiting process is broken off before one has come o I II~ ’ I m i  I t i :

value .’’ I runcat ion errors result froiti mathemat ica 1 .Il)1) l’o\ i Iiidt i O n S .  or
examp le they arise when a finite series approx imati’s in infinit e ‘~ ‘.‘i’ ies
or when a linear funet ion approximates a non — Ii nea i’ on’.’

Stab i lit>’ , or its better known 01)1)05 i te , insta t) II it . i S Issoc l .~ t e~I
w i th t lie idea of feedback . “ As the name I nip lies , p ar t of a p i’o i , i ~: Or
code has a 1oop in which the numbers produced at the Output of one ccc Ic
are used as the input for the next c y c l e .  The errors iss oc i. ed t’ i th these
numbers may then be amp lified in such a way as to dest roy the sot ut ion .

‘l’he purpose in recal l  ing these nemeses is t o  ~i,ist i t \ ’  t 1 ’  e f f o r t
t hat has gone into the K—method a Igori t hin to reduce t run’.’;it ion e r r o r  and
t o maximize stab I lit~’ consistent w i th  a reasonable ‘.‘ \‘ .‘c I i i  ion t (tile

‘N u m e r i c a l  Methods, by G. Ihihl quist and A . lIj tlrck , I r i t e ; . by \ .

Anderson , 1974 , Prent  ice—Hall , Inc. . Eng lewood I l l  t ’ t”~. . \.1 , p. 22

~~ee for example Nunie r I ca l  Methods (‘or Sc i etit I ~t s and nt , Iii ’ .’ ’.’ i’ ’ , F’
R. W . h amming  , 2nd Edit ion , 19 ’’3 , Mc0rai~ HI1l, Inc. p. ~~~.

I— ,~~~ ._ , , , ,~~~ PR~ C~ DI~G ~~~~ ~W~c.NOT 1I1M~D- . ~~~~ -- -~ — . ~~~~~~~~~~~~~~~~ “— ‘~~~~~~ ‘- ‘- -—— - ‘ . ~~ -
~~~~-~ -~~ ~~~~~~~~~,-



SKETCH OF TIlE K-ME’I’hIOl)

Fi gure 1 schematically shows the main functional si’.’p ’. in t h e  ~ . -

method algorithm . ~ I third-order predictor-corrector method is emp loyed.
As soon as the initial corrector is formed , the diagonal of  the I i , I i ’ :  In
(i.e. i~v . ‘/3v.) is examined to determine those dependent va r iab les  ~hi.it
.ire st if f  and those that are not (not showi~ in Fi g. 1) .  ‘ th is  is done in
order to select the method with the least computational overhead for
updating each of the initial predictor values.

.\t this stage of the al gorithm neither the predictor values nor
corrector values are presumed acceptable and an error v e c t o r  is gelIer-
.it ’ .’d f rom their difference. This vector , in conjunction with the .Jacohian
including, now , the off-diagonal elements , is used to modify the pre-
d ictor va l ues .  The modi f icat ions to the p red ic tet ) va lue s , which inv o lve
a matr ix  inversion, are first attempted iteratively using a Gauss-~ e i d e l
method . During the iteration, checks are made on the est itnat ed ~‘Isu i I it  .1 -

tional overhead burden . Should the iteration method prove too tedious .
the remaining “non-converged” correction elements are solved by d i rect
l i t  t’ i x inversion . The corrector is recomputed and another error v ’ c t  i t ’

1 ~:‘.‘t lc  ni t ed

Truncation error is then checked by comparing the fourth deri’ :ati~’e
ot each dependent variable against a predetermined relative error to ler-
anc e .  If any one of these variables fails this test , t he t runcat ion
er ror is jud ged “poor,” the step size , h , is reduced by a factor of t,o;
and this cycle of the computation is begun anew . This test is esp ecially
useful , as we shall see later , in the case of discontinuous drivi n g
functions.

When a ll the dependent variables have passed the truncation test ,

(i.e. , are “OK” in Fi g. 1) a check is made on the predictor -corrector
,I :reemeat . Should all elements of the predictor-corrector di f t ” .’ rc ’ ice
~ector be less  than a predetermined minimum error (I.e. arc “OK’) , tli ~
cor rec tor  va lues are accepted as the solutions at this t ime step and the
step s i z e  is adjusted for the next cycle. If an>’ element of t h i s  d i f fe r -
ence vec to r  is greater than a predetermined maximum errot ’  toleran ce t i l l ’

agreement is judged “poor ,” the step size is reduced by a factor of t i~
and this cycle begun anew . For the intermediate case , in ;~hic h Ill
e lements of this difference vector are less than the maximum erro r ( i l

and in which at least one is grea ~er than the m m  imum C ero t’ t es t , the
d i f f erence vector is judged “so—so,” When t h i s  is the ea ’~e the pred jet ed

il ites are again modified and the process begun anew unt i i au icccptah Ic

‘D An earl icr version has been reported . Sec “ I)cscri p t ion and ollip i r I
of  the K—Method for Performing Numerical Integr:it ion of ~t if f  )~~~ ( m I t e
Di fferential Equations ,’’ by M . 1). Kre g el  and I .  I.  t ort ie , Ff1 Report
No . 1733 , .July 1974 , Al) #A 003855.

S
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Figure 1. Schematic of K-method of integration; h is the step size.
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solution is obtained , It is important to note that the K-method conserves
both charge, if any , and chemical balance to within the round-off error
of the machine since the corrector formulation itself is conservative .

The methodology outlined in Figure 1 and above shows that a solut i on
over one time step is considered valid if the corrected values map into
the predicted values within a specified error tolerance. Since small
differences in the predicted values are magnified by a factor of the
order of the stiffness, we have attempted to formulate a predictor-
corrector scheme which has minimum error and maximum stability . How
this has been empirically achieved is outlined below .

To be solved are vector equat ions wh ich may be cast in the form of

= F - RY , (1)

where Y is the dependent vector , and a function of the independent variable
X , F the formation vector [ = F(Y,X)J and R the removal vector [ = R(I ,\’ J .
The predictor is chosen to be quadratic in form; i.e.,

Y1
~ = Y0 

+ A(X1 
- X0) + B(X1 

- X
0)

2
, 12~

where (X - X 0) is the local step size and where the subscri pt zero
denotes the current location. A and B are to be determined . To do this
we require two independent equations. One is obtained from equation ()
by “looking backward” from the current location , X0, to the time X 1 .

In this case Y
1
~ is repl aced by Y

1 
which has been evaluated , i.e. ,

= Y
0 + A (X 1 

- X0) + B (X 1 
- X

0)
2 . (3)

Obviously another equation could be written for V 2 but an alternate , more
stable and error-free method has been found. Consider the derivative of
equation (2) at X 1, namely,

Y1
~ = A + 2 B ( X 1 - X 0) , (4 )

and the predictor in the form of equation (1),

= F1~ - R
1~Y1~ . (5)

Substituting the definition of Y
1~
’ from equation (2) into equa t ion ~)

and equating the right hand sides of equation (4) and equation (5) we
have

A + 2B(X - X
0) = F

1~ 
- R1~ [y 0 + A (X 1 - X

0
) + B(X 1 

- ‘ ) 1  ~~

Provided F P and R1” are known , equation (6) provides the second e qi tat  ion
required t~ determine A and B.

1(1



let us now consider how F
1~ 

and R1’ ire determined . I:igt~re 2
the current and three previous discrete values of the f ’on i i it  ion e leil L t l l t

r i g i ‘~ en dependent variable. A paraho 1 a of the I i)  i’l l

F (X1 = C 1 + C
2(X 

- \ )  + (~~(X - 

~ I ) ~ ‘ 
7)

is passed through these four points. The C , ‘s ( j =1  ,2 ,5) of equatien (7)
are found from a least squares fit where th~ f unc t ion to be m i n i m i z e d
wi th  respect to the C, is

~ W. [F. - F ( X . ) J 4 , - S ~~ i ~~ 0 . (5)

The W . are wei ght ing functions , chosen so that periodic t ’iiictii it ions  in
the I’ . values will not propagate into F 1~~. (The rel it 1VC lsC :~ht s ire

determined by adding a quantity a(- l) ’ to each of the t , ’ui’ l and re il r-

ing that the identical F1~ be found.) R 1
1 

is found in a ~ii n i l a r  t ishion.
P POnce F 1 and R 1 are determined , I and B can he Jet t ’fl’ ned, l i l t !  c l u e—

‘ p
quently, ‘t

~~

The correc tor is g ive n  by

C ~~1
= ‘2~ — 2 

+ A 1Y 1 A0 V0 
+ (X 1 

— X
0) 

(P\’ ’ + BY 0 ’ + (“i’ ) , i F)

where I) and B are preselected to minimize both truncation ei ’I ’ii ’ it id
nois e amp l i f i ca t ion , and to maximize relative stah ilit . \ili i e ’~ fet ’ the
coefficients in equation (9) can be found in Reference 5.

EXAM P IFS

We shall now consider three examples of the ty pes of proF l cnis the
K—method has been cal led upon to handle. l’he are a 11 drawn t’rotii t he
t’i c ld  of aerononly . Figure 3 shows a l inear  p lo t o f a p ceel~ ~e con-
t inuous driving function [Q(t) , solid l incj . ‘b ite d i s coni in t i lt  II’S arc
instantaneous since they were formed by reading from a l )Al ’ •\ block wit ii
(J) and (.1 + 1) subscripts interchanged . (The rev erse of each of the
s lopes in Fi gure 3 gives the desired driving fimnct ion , wit i cit is ‘t t 11
discontinuous in the f irst derivat ive . ) ‘l’he d ish e d 1 inc ’s ‘ire the
response of the electron density and a primary posit i ye ion densi t v
here t lie nitr ic oxide ion , as a funct ion of time . The curves have been
vent iciu i ly disp laced for case in reading. It is seen that the K ‘ e t  hod
enables the dependent variables to fo l low the input di scout inn it ies of
the dr iv ing term . (Departures front a perfect m itch ing of ’ the input
slopes can be explained by chemist rv compet i up with t he dni v l u g t en .

‘I’his example demonstrates the effect of carefu l monitor ing of the t run-
cation error.

11
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The second example , Fi gure 4 , shows histograms of the number of
species that lie in the decade interval , h/Ti, where h is the local step
si:e and where ‘r. is the instantaneous characteristic time constant of
the ith species.’ (The total area under each histogram corresponds t :  ~~

(

species.) The numbers to the far right are the decade model times in
seconds (i.e., computer execution time runs from bottom to top i n  th i s
figure) . The histograms are divided into a stiff segment to the r i~~i it

of the da~hed line , and a non-stiff segment to the left . On the first
plot (10 seconds) only a fe~ species are stiff while at the upper
limit of this integration (10 seconds) the number has significantly
increased , with stiffness factors (h/i1) greater than l0~ .

The last example is shown in Figures S and 6. Figure 5 shows the
log of the input or driving function , q(e), plotted against the log of

-4 -2time . In the interval 10 - 10 seconds those negatively charged

species more strongly coupled to the driving function , (e.g. e, or

O
3 ) follow the discontinuities exhibited by the driving term . These

details tend to be “washed-out” in the species that are weakl y coupl ed
to the driving term (e.g. CO3 or C04 ). Near 102 

seconds the strang le

coupled species again track the discontinuities in q(e). The dynamic

range in the dependent variables is about six orders of magnitude.

Figure (6) shows the broad range response of the neutral species. ‘Ihis

graph shows those spec ies that follow the driving term [e .g. O( 1
Th ) , \(, ‘i ))] ,

those that are independent of the driving term [e.g. N20, CO] and t ) io ’~~

that tend to be chemistry dominated [e.g. H,, HNO-,, N 205].

In summary , we have emp irically derived a third order , v a r i a b l e
step size method for efficiently handling stiff ODES that appears t o
work for discontinuous driving funct ions. We anticipate wit h some
further work that this method will be put on a firmer matheniat i ca l  i’a i n

dat ion .
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