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Velocity-Space Methods for Reactor Plas rn as

INTRODUC TR)~
The Fok k er - P la nck  E quat ion  is one of a n u m b e r  of specialized tools t h a t  can

g i se  ~ou a hand l e  on t h e  dy n a m i c s  of ’ reactor plasnias. Like any tool , it I S more useful  in
some eases t h a n  in o the r s  I h e  emph a s i s  here is on prov id ing  the  potent ia l  user w i t h  the
o r I e n t a t I o n  h~’ needs to d e t e r m i n e  t he  u se fu lne s s  of these methods  for h i m .

This  paper p r e s e n t s  a br ief  r e s i ew  of the  a n a l y t i c  and numer ica l  development  of
the  }~~k k e r - I i a n c k  equat i on , and an In t roduc t i on  to recent work , much of which  is
p re sc n t l ~ u n p u b l i s h e d .  SI u n i t s  are used t h r o u g h o u t  The presentat ion is reasonably self-
con ta Ined .  h u t  no a t t e m p t  Is made to present  the  detai ls  of der iva t ions  or appl icat ions .
Re fe r ences  are pr i i ’ . ded for  th o se w h o  wish to e x a m i n e  these details .  The succeeding see-
t lo n s  are u rgan i i ed  by d i sc ip l i ne ,  so t h a t  t h e  reader w i t h  pa r t i cu la r  interests  may qu i ck ly
f ind  t h a t  par t  u t  t he  ma te r i a l  w h i c h  in te re st s  h im most.  The section on physics  also pro-
6 ide s m o t i ’ . a t i o n  lot  t he  present  development  of these methods , and the reactor section m dl-
~ , t t C s  t he  need s fo r  f u t u r e  deve lopment .

Uhe ph ’. sIcs section emphasizes  the  d i f ference  between the  gaseous and plasma state.
It  e sp l a in s  w h~ v e loc it ~ -space methods are necessary f or  plasma reactors. It depicts  several
p r j c t i L , t l  ph~ siL , aI p r ob lem s . and e x p l a i n s  how they  are represented in the  E okker -P l an ck
I q u at i o n .

The m a t h e m a t i c s  section shows how the  Fokker-P lanck Equation Is der ived , and
w h a t  a s sumpt ions  are made. It  presents the  general  form of t he  equat ion , and described the
i n l t i . I l and  houn dar ~ ‘.dt lics needed. Soni c a n a l y t i c  methods for so lv ing  tt are presented.

[he n u m e r i c s  section describes several ways  to reduce the  computa t iona l  conip l ex i t ~ of
t h e  general  I okker - l ’ l an ck  Equa t i on . N u m e r i c a l  s t ab i l i t y  is discussed. I) irect and t r a n s f o r m
methods  of so lu t ion  are presented.  The speed gains  ava i l ab l e  on vector computers  are
lust  r a ted .

The a p p l I c a t i o n ’ .  sCCtIO fl presents  method s for adap t ing  the  Fokker -P lan ck Equat ion  to
e s p e r i n i e n t s .  Mi r ro r  and p inch  s~ stcn1s are described. Tokamak systems are discussed.
an d the  d i f f i c u l t i e s  peculiar t o toroid al sys tem s  are explored.

I he re a ctor section describes the  di fleren c es between the  present-day e n v i r o n m e n t  and
f u t u r e  r e , i i t i i r  s~ s tems I t  l ires ents some of the  problems associated w i t h  hea t ing  by energetic
rea ction product~, It  sugge sts some area s for f u t u r e  development .

PH SR ‘S

lo rea~ t ot s~ st e rns , t h e  nuc lea r  reaction rate depends on an integral

N f % - 

~‘ I.r f~ %’ -- V’~ I 1~, 
( V)  /~ ( V )  d 3 Id 3 L ,

who se  n l i i n  c o f l l r i h U t l ( ) f l s  are f rom opposite ends of the  d i s t r ibu t ion  func t ions  I ,. - 1,,
td t h e  re . IL I If l g  5f~C~’i C5 u .h. T h i s  is because the  the rma l  velocities of a and b, and thus  the
m a I n  h u l k  u I  t h e i r  d i s t r i b u t i o n s , are normal ly  at energies far below the  peak of the  nuclear
re ,I~ t~u cn ros s-section t h e  d i s t r i b u t i o n  f u n c t i o n s  ç and t~, are rapidly c h a n g i n g  at these
energ ies . .ind the  I n t e g r i l  N is v e r y  sens i t ive  to such v a r I a t i ons .  Thus  it is necessary to calcu-
l ate I~ and / ~, q uIte a~ i u ra l e l~
Manuacript .u limitt pd Marc-h 24 , 1977 I



[his s i t u a t i o n  is qu i t e  d i f f e r e n t  from t h a t  of ~. u u n v e n t i o n a l  f l u id  m e c h a n i c s
There o n l y  t he  first  f ew  m o m e n t s  of t he  d i s t r i b u t i o n  f u n c t i o n  (m ass , m o m e n t u m , energy )
are needed , and t he ~ ma~ he ca lcu la t ed  d i re c t l ~ I he c r i t i c a l  hypo thes i s  from w h i c h  f lu id
e q u a t i o n s  are der ived  u s an assUn i p t i o f l  abou t  the  shape of t h e  d i s t r i b u t i o n  func t i on , usual-
l~ t h a t  i t  is n ea r ly  N l a x w e l l i a n .  T h u s , in t u r n , depends on the  presence of some col li-
s i u u n a l  t ir ocess t h a t  d r i v e s  t he  d i s t r i b u t i o n  func t i on  t o w ar d  t h i s  s ta te .  In c o n v e n t t o n a l  f lu ids .
t h i s  assumpt ion  is qu i te  rea sonable.

In t he  l ) h ys ics  of hot pl asma s . t h i s  a s sumpt i on  us n a u i  r easonable .  Collision s become
r e l a t i v e l ~ i n f r e q u e n t .  In  fact , a ma te r i a l  is considered t ( u c h a n g e  f ’rom its  gaseous s ta te  t o  I t s
p lasma state  w h e n  its  plasma f requenc y  exceeds i t s  col l is ion f requency,  namel ) .

J (
_~~~2 ~ l 

— ~~~~~~~~~~~~~~~ 
“~ I I )

277 ~~ ,flI 4~r c~ to ’ ( A I o i l  ~ -

or

I n _ ‘_‘L~
_ -

~ 5 -~ 10 - ‘~A~ itt ’ .
4c~ A~

where  ,n , q, ti and 7’ are the  mass e harge . n u m h e r  de ns i t ~ and t e m p e r a t u r e , r e sp e c t u s  el y ,
of the  mater ia l . A iS B o l t , r n a n n ’s c o n s t a n t ,  and In \ 5 i d i m e n s i o n l e s s  va r iab le  of order
10 Isee Eq. ( 1 1 ) 1 .  One c a n n o t  assume t h a t  t he  shape of t he  d i s t r i b u t i o n  f u n c t i o n  is
k n o w n  in a plasm a . F o r t u n a t e l y ,  one can a ssume t h a t  i t s  e v o l u t i o n  us slow . si nce the  ciu l-
l i s ion s  are i n f r e q u e n t .  W h e n  a charged par t ic le  f i nds  i t se l f  in a plasma , t he  o ther  charged par-
t ic les  a round  it sh ie ld ”  it f r o m  electrostat ic  en c ( i u n t e r s .  \ n  immed ia t e  consequence of t h i s  us
t ha t  col l is iona l  changes  in a par t ic le  t ra j e cto ry take  place in m a n y  smal l  s teps , ra ther  t h a i i  a
f e w  la rge ones.

These fac t s  suggest t h a t  the  e v o l u t i o n  of t he  d i s t r i bu t i on  us a diffusion process. The
general  form of t h i s  diffusion equat ion is

,iu ,~~~~- + q 1, - I ~~( F + V x B )  
~~~~~~~~~~~~~~~~~~~~~~~ 

--- L 1 /~~. (2

where  E and B are the  e lec t r ic  and magnet ic  fields present in t he  plasma , and K and 1. are
t h e  ditl i a sion and dra g te rms .  Several specific propert ies  of ’ t h i s  diffusion process d i s t ingu i sh  it
l’ron i more c o n v e n t i o n a l  cases , l ike  hea t  flow .

For example . K and L depend on all  t h e  species present in the  plasma , and may he
)I n i so t r opic ,  j V . ( i  ins tances  of t h i s  an iso t r opy are i l l u s t r a t e d  schemat ica l ly  in Figure  1 ,
w h e r e  two hot species of d i ss imi la r  mass are injected i n t o  a colder background.  For a
f i g h t  species l e g .  e lec t rons ) , co l l i d ing  w i t h  a colder . h e a v y  species l e g  hydrogen ) , the  dom-
i n a n t  process is p i t c h - a n g l e  sca t t e r ing .  ( o n v e r s e l ~ w h e n  a hea v ~ species (e.g. u r a n i u m )
cools due to  col l is ion s  w i t h  a l i g h t e r  species . t h e  d o m i n a n t  pr uu ce ss  is loss of ener g ~ Fig-
ure  I s hows  how these two  ases resul t  in d i f f e r en t  t i m e  e v o l u t i o n s  for  I.

i w o  examples  oF a n o t h e r  p hys i c a l  phenomenon  are depicted in Figure 2. Here
v el o cu t ~ -space is divided in to  3 regions , labeled I . ( and I . Region F contait i s escaping
part icles (as in a mir ror  mach ine  or p i n c h ) , C con ta ins  contined part icles , and T conta ins
t rapped par t ic les  ( u s  in a i o k am a k )  Boundar ie s  such as these are present in the  v el oci ty
space of ’ m a n y  systems of in teres t  in reactor s tudies.  Such boundar ies  are also usual ly  in
d i f fe ren t  locations in I . 11 space for  each species

1
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F i n a l l y ,  obser ve  t h a t  E quat ion  2 is in conservat ive  fo rm.  Energy  losses , such as radia-
t i on . appear as ‘ c o n v e c t i o n  terms ( in  Ij ) ,  since they  conserve the  n u m b e r  of particles.  On
the  o ther  hand . par t ic les  may be added or removed by nuc lear  reactions , or inject ion or loss
processes. Such features are t reated by inc lud ing  source and s ink terms in the equation .

In  b r ie f , t h i s  us t h e  physics  t he  F okker - P l an ck  Equa t i o n  can he used to s tudy It
concen t ra te s  on the  ve l oc u t ~ -space d y n a m i c s  of t h e  var ious  species in a plasma.  it f o l lows

* 
t h e  e v ( u l u t i o n  of t he  d i s t r i b u t i o n  l’u n c t i o n  of each species It  can represent  t he  loss cones
of mi r ro r  m a c h i n e s  and t h e  t ra pped par t ic les  iii t o k a m a k s .  In jec t ion , losses , and nuc l ea r
reac t ions  can he inc luded .  h o w  these t h i n g s  are done is described in the  t’o l l owing  sect ions

M A1’HEM ATICS

The evo lu t ion  of ’ t h e  d i s t r i b u t i o n  l’unct ion  unde r  the  in f luence  of coll isions us a
\ la rko v  pr ocess Thai  us . it is a random process in w h i c h  each step depends onl y  on t h e
resul t  of t he  immed ia t e ly  preceding step. Thus  ,‘ is a random variable of the  coordinates
)\ ,t )  w h i c h  sa t is f ies  the  evolut ion  equat ion

i v ,~ = f  / ( V  — A% , t — .~ i )  p ( V  — ~~~~ A V )  d3 
~ V ( 3)

w h e r e  p is a p robab i l i ty  d i s t r i bu t i on  sa t i s fy ing

f  p (% ‘ , ,~ A V )  d 3 .~V = I 14 )

for  all  ( V ,t ) .

To niake use of Equat ion 3. we expand  it in a Taylor  series ,

/ =11’s —~~ t - ~~~p — A V - ~~~ +~~~ A% ’ AV:  , d
~~~~ J d

3 .~V I S )

w h e r e  w e  h a v e  t a k e n  ,~~ , and .~ F s u f f i c i e n t l y  small  t h a t  we can neglect h igher  order te rms in
t h e  e spans ion .

Since / and the  di t l èrent i a l  operators are independen t  of V , the  in tegrals  can he carried
(1(1 1 . u e l d u n g

= -- - 
rI , 

~~~~~ 

~~~~~~~~~~~~~~~ : / P  Ui)
~iV 2 ~i%’ ijV

w h e r e  I .q  ) 4 )  has been used , and P and Q remain to he de te rmined .

In an e l egan t  hu t  tedious ca lcu la t ion , the  properties of Coulomb collisio ns are used to

— ~. obtai n P and ~~ 
1 It  is impor t an t  to note t h a t  t h i s  calculat ion assumes both a m i n i m u m  and a

m a x i m u m  range l ’or the  (‘oul omb in te rac t ion , to obta in  the  f requent ly  used “Coulomb loga-
r r i t h m ” In ~ -

Before  w r i t i n g  down general  expre s sions f o r  P and Q, it is useful  to recall tha t  the  s~ s-
tenm we  ire concerned w i t h  are mul t ispec ie s  plasmas . It is t h u s  appropriate to rewri te  I q
Ui ) in a f o r m  wh ich  inc ludes  t he  collisions of each species w i t h  all others , i n c l u d i n g  s e l f -
col l is i ons It  can be w r i i i e n

I ~ 
2 ~~ 

2g~ ~~ k,h

g 
__

Il ~~~~~~~~~~~~~~~~~~~~~ ~iV 
/ i

—
~

—
~;

-
~~~ .

t where
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,~‘,, 
( V )  = f i, ( V ’)  I V -- V c13 V’ , (8)

in f
h,,~ ( V I  = —-

~~
--  — f  I~ 

(V ’ )  / V — V’ I ~,3 V ’ , (9)

q,~ q1~ In \ ,~,I ,,, 
= — ------,--——f-- ( 1 0 )

4 rt’ u ,; ‘ti,;
and

iii -

~~~ 
—
~~ 22 — I,, ,~ l 2 r . — . ~

. — -  l~ 
- 10 A T,, ( I I )

I he  “R o s e n h l u t h  po ten t i a l s ” g and /t are i n t eg ra l s  ove r  t he  d i s t r i bu t i on  f u n c t i o n s  w h i c h
in p r i n c i p l e  (see n e x t  sec t ion )  need to he calcula ted once for each species , t h e n  summed  in

, u r u o u s  w a~ to d e t e r m i n e  the  effects of coll is ions.

The basic Fo k k e r -P l a nck  equat ion (7 )  is parabol ic .  Thus  Dir ich l e t  or N e u m a n n  condi-
t io ns on a c l u u s e d  boundary , plu s  i n i t i a l  condi t ions  w i t h i n  the  boundary ,  cons t i t u t e  a we l l -
pose . This us w h a t  us n o r m a l l ~ solved in cases of physical  in te res t .

r ,ul opera tors  in e and Ii cause suf f ic ien t  d i f f i cu l t y  in deal ing wi th  these
c ,~~ a , u l ’.t i c  so lut ions  of the  system ( 7 -10 )  have  been at tempted o n l y  for spec ia l

e such case assumes each species is N ’l axwe l l i a n .  w i t h  boundary  condi t ions  I = 0
a t I = ‘ -‘ more rea l is t ic  model u s obt ained h~ expanding t he  d i s t r ibu t ion  func t ion  and
i n t e g r a l s  in Legendr e p o l y n o m i a l s  lE q s .  ( I  8 -20 ) J  and r e t a i n i n g  o n l y  the  n = 0 and n =
te rms ,  This  model has y ielded i m p o r t a n t  advances  in the  t ranspor t  properties of p lasmas. 4
In l ess  special cases , n u m e r i c a l  ass i s tance  is usua l ly  required.

\ L ~lI:RI(’S

I here ‘ire two  h as u c u i l l ~. d if h ~re n t  n u m e r i c a l  a l g o r i t h m s  needed to solve the  f” okker-
P l . i ne k  h ’ q u a t i u i n .  One is t he  r e l a t i v e l y  c o n v e n t i o n a l  solut ion of ’ the  dif fusion equat ion ( E q .
( ‘7 i (  [he o ther  us t h e  ca lcu la t ion  of the  collision integrals  (Eqs. (8 ,9)1. A cursory examina -
t ion of I qs ( 7 - 9 )  in f i n i t e - d i f f e r e n c e  fo rm suggests t h a t  most of the  work is involved in
c . u l c i i l a t i n g  t h e  i n t e g r a l s .  1.ei us see how tha t  work can be reduced. ”

I ir st , i t  is not nec essar~ to ca lcu la te  both in tegra l s , since they  are related by

— ________— 

fli
~~~

+ tn~ 
( 1 2 )

— Thus ,  once i, is ca lculated . h can he obta ined  by dif l ’e renc ing  it .  A l t e r n a t i v e l y ,  if ’ I; us calcu lat-
ed i,’ is t h e  solut ion of a Poisson equat ion . In fact , if a method for solving a Poisson equation
is r e a d i l y  a v a i l a b l e ,  it can also he used to obtain /, , s ince  the  Laplacian of Eq. (9) can he
w r i t t e n

il ii + 1??j,

/‘ 
= — 4~~

’ ( 13)
iV ~V “

Befo re  choo sing between c o m p u t i n g  t he  in tegra ls  and solving the  Poisson equations , it is
nece ssar ~ to select the  coordinate s~ sten1 to he used in velocity space,

I he required coordinate system creates much of the  t rouble .  The spherical  sym-
n iet i ’.  of the  Coulomb in te rac t ion , and of the  most common solut ions ( M a x w e l l i a n ) , s trongly

- __--



suggests the  use of spherical  coordin ates .  Most of t he  problems of physical  in ter es t  h a v e
axia l  s y m m e t r y ,  w i th  the  magne t i c  and electr ic  fields ( if a n y )  in the  axia l  d i rec t ion .  N ote
t h a t  most of the  complex i ty  of’ w h a t  f’ollows is due to th is  choice of spherical coor dinates .

Let us represent  our v e l o c u t ’, space ri a spher ical  coordinate system (r ,H 4 )  wi th
met r ic  d1 2 dr 2 + r 2 dhi 2 + r 2 sin 2 o ~~~ 

2 
- We shal l  assume tha t  = 0. Then ind iv i -

dual  e lements  of / ( r ,i i )  represent  toroi d s in veloci ty space , and the  integrals  (8 ,9) can be cv
pressed in t e rms  of complete e l l i p t i c  i n t eg ra l s

i t )  = f  ii K ( is’) /~ ( I ’ , H ’)  0 ) 2 sin H ’ dF’ 
~~~~~

‘ ( 14)

and
in +

~~~ ( I . ~~
) = —-

~~

--——- -- -- -- 5 E ( W) 
b 

I f ” , H ’) ( F’ )  2 sin H ’ d~~’ dH ’. ( 15

where

( ‘ =4  t 2 
+ ( f ’ ) 2 — 2  f J ~’ (cos H cos H ’ — sin H sin H ’ ) t ’ 2 , ( 16 )

W = 16 I. V’ sin H sin H ’/  U ( 1 7 )

I f / i s  represented on an N~ x Ps~, grid , then  the  kernel  of these integrals , e.g.

K
~ 

0 . ti~ f ’ , H ’) = U K ( W )  I ” sin H ’,

us an .V~ ‘ \,~ table of values for each pair of species , requir ing an N~. x N,~ dot product (‘or
each point  and pair  of species.

There is an a l t e rna t ive  wh ich  appears to reduce the  work involved in c o m p u t i n g  these
in t eg r a l s . 2 ’ 7 I t  is based on methods w h i c h  have been developed for the  Poisson equat ion .  Sup-
pose we expand  t h e  d i s t r i b u t i o n  I’unc t ion  in Legendre po lynomia ls ,

t~ (I ” , H )  = ~~ , /~, 
( I n )  P,, (cos H )  ( 1 8 )

Then  the  radial and a i i m u t h a l  in tegra ls  are separable , and the  a , imu th a l  in tegra ls  have a
direct  q u a d r a t u r e , g iv ing

~ 
(~~~i~ = _±L~~ J ( f  f~~ ) I 2

[.. L.j~~~~~ ~l — :4 ~~~~~~ ( 1 9 )

‘. / O n )  U’ ’) ” 
~~~~~

“

— . I 
~

2 n * l  ~~~ 

( I ’ I ’ ) 2 ( ~~~_j  ~~~~~~ 
( L u )  ( F ’ ) 2 e/L ”  (2 0)

where

I , mm ( F. I ’’ )  ( 2 1)

* 

I , = max ( F , I ” )  (22 )

In t h i s  way,  the calculat ion of g and I; has been reduced from complete N 1 x 
~~ 

in tegra ls

‘ 
to one . V~ integral  I’or each a , imu tha l  mode , and the  kernels  of the  integrals  are (frac-
t i o n a l )  polynomials , rather  than  el l ipt ic  funct ions .  Inc iden ta l ly ,  the  n~~ equations for g
and I; are the  one-dimensional  (rad ia l )  in tegra ls  for the  Fokker-P lanck E quation .
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I ’he 1.egendre expans ion  is a gre , ui  i m p r o v e m e n t  if only  a few a i i m u t h a l  modes are
needed to descrihe the  d i s t r i b u t i o n  of i n t e r e s t  I l u v s e v e r , i l  localized d i s t r i b u t i o n s  occur , f o r
ex ample  w h e n  in t ense  beam u n ( e c t o r s  are p re s e u l t , a n u m b e r  of modes N .\ may he re-
qui red . Then  t h e  vs i r k  can he compar ab le  to di rect  i n t e g r a t i o n  ( e l l i p t i c  i n t eg ra l s  arc easy
to c , i l c u l a t e )

I h e re  us f l u )  conse n sus  on t h i s  choice . Some vs ( u r k e r s  s u l v  e I .qs .  ( 1 4 - 1 7 )  w h i l e  o thers
solve  I qs ( 1 0 - 2 2 1  T h e  choice is to su u l i c  e x t e n t  d e p e n d e n t  on t h e  phys ica l  p rob lem be ing
,u d u l r c s s e u l  \ t  t h e  present  t i m e , t he  d i rec t  so lu t ion  appears  t u  h a v e  an advantage  for c omputa -
i u u u r i , l  r e , u s u u n s  I i  us a v er~ h i g h l y ordered operat ion on a lot of data , and as such i t s  comput a -
i j i t n , i l  cost u s r educed up to t w  u u orders of m a g n i t u d e  on a vector compute r .  (See T a b l e  I . )  In
.un ~ use ,  c a l c u l a i  u n g  these i n t e g r a l s  is o n l y  ha l f  u ) f t h e  p rob lem.

The u t h e r  par t  of t he  I u u k k e i - P l a n c k  quad ra tu re  is s u i l v i n g  the  d i f fus ion  equat ion (Eq.
( 7 t 1 .  In  sp he r ica l c u u u u r d u r u a t e s , e x p a n s i o n  of t he  opera t ions  in Eq. (7 ) is t ed ious , hu t
s i r a u g h t t u u r w a r d  I t  l ’q .  ( 7 )  I s  t r a n s f o r m e d  i n t o  t he  Legendre rep resen ta t ion  of /, t he
d i t k r e n l u , u l  operators  in 0 .i re repl a ced b y coup l ing  t e rms  between the  var ious  modes.

S i n c e  both / and t h e  i n t e g r a l s  ,c and I, have  a z i m u t h a l  dependences , the  s p e c t r u m  of
t h e  u u p e r a i o r  on the  rig h t - h a nd side of I’ q ( 7) is not closed~ t h a t  is . if I conta ins  modes o n ’,
up  to \, Equat ion  ( 7 )  can y ie ld  modes in ~t / ’~.i t  w i t h  ii ~‘ N. Some c o m p u t a t i o n a l
method  mus t  t h e n  he prescribed to t r u n c a t e  t he  spec t rum of the  operators. That  us , t h e
p,i rt ( i f  i w h i c h  is “ lost ” to h i g h e r  muudes  must  be r e tu rned  to t he  lower modes , in a vs ,u \
w h ich  c i u n s e r v e s  mass , etc. uu s f a r  as possible. ‘t h u s  is a n o t h e r  proh lem w i t h  the  Legendre
r e p r e s e n t a t i o n .  Because of t he se  d i t l icu l t ies , t he  f o l l o w i n g  remarks  w i l l  be restr ic ted to
the  d i f l e rence  f o r m u l a t i o n  of Eq. ( 7 ) .

Equa t i on  ( 7 )  con ta ins  both a c o n v e c t i v e  and a d i f fus ive  part , so several n u m e r i c a l  sta-
h i l u t ’, c r i t e r i a  mus t  he sa t is f ied  by an~ e x p l i c i t  a l go r i t hm f ’or so lv ing  it , In  terms of t h e  Q and  P
of I q ( 6 ) , t he ~ are a p p r o x i m a t e l y

,‘u f ’  F~IIi-
~ m,n -

~~~

--- , —
~~ 

- - (23 )

and

~ f 2 ,uii #
- olin — —----- , — - (2 4 1

Pt t I’,,,,
j u us s l i me i ihscure  and n a s t y  (ine s on the  ofi-diagona l  te rms.  ‘t he usual  case us t h a t  t h e
l ist t e r m , I n i i  1,, , , ,  is t he  most res t r i c t ive , in the  cells near  t h e  origin of the  coordinate
ss s i c u t i  -\s is t~ pic a l in c o m p u t a t i o n a l  f lu id  d y n a m i c s , t he s t a b i l i t y  considera t ions  (‘or an

— .il g i i r i i h i i i  are  d i i n i ina t e d  by a region in w h i c h  very l i t t l e  i n t e r e s t i n g  physics  is going on. In
most ,ises u u t  phys ica l  in te res t , t he  o required f ’or exp l i c i t  s t ab i l i t y  is too small  to be prac-
t , i i  - . in d an iii p l i c i t  a l g o r i t h m  m List he used.

* 
, 

I t  is le , ir  I ru nt these cons idera t ions  t h a t  the  grid should not con ta in  a cell at I = 0,
I he most n a t u r a l  choice of f in i t e -d i f l ’crence cells uses the  origin and the  ax i s  as cell
b o un da r i e s  I h e n  the  . i x i a l  boundar y  cond i t i ons  take  care u ) f themselves :  no f lux  flows
ih r o ug h the se bound arie s

W h e n  the  d i l l e r e n t i a l  operat or :~ in Eq. ( 7 )  are wr i t t en  out in components , a lot of terms
app c ,i r . 2 Redu ct i on  to d i f ference  fo rm requires a lot ( i f algebra , but  us otherwise stra ightfor-
wa rd ‘t he spec u t  i i r e s e n i - d u i ~ compute r s  makes practical  wha t  was p roh ib i t i ve  a few

8
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s e a r s  a g u u  R e p l a c i n g  t he  operator  on the  r i g h t - h a n d  side of II q .  ( 7) by centered d i f ferences
resu l t s  in a 9 -pu n t  sp a t i a l  d i f i erence  operator  ( 5 - p o in t  il second-order  accuracy u s not  re-
t a i ned

~~ /. ( , ,j , I . uuu ) / ( u ‘f I , + ,;u ) = R( i ,~
) ( 2 S t

\ v l v  . inc in g  I in t i m e  t h e n  requ i res  s o l v i n g  a ( N 1 ‘~ u t 
2 sparse m a t r i x  equa t ion . T~ puca l  gr id

r e s o l u t i u ) n  us = 0, \ , = 2 ( i , so in p r i n c i p l e  a I 000x I P0() m a t r i x  i nve r s ion  is n v  u u l v  c u t
In  f a c t , methods  are now a v a i l a b l e  for s o l v i n g  such handed i , a t r i x  equat ions  b~ rap id ly  con-

erg en t i t e r a t i o n s , ~ . or c~ e l ie  reduct ion . ’1

I able I i l l u s t r , u t e s  t h e  ga ins  a v a i l a b l e  w i t h  such methods ,  It  p resents  speeds obta ined on
t h e  \ R I . ( 2 - p i p e )  I ex a s  I n s t r u m e n t s  ‘ A dv a nce .I S c i e n t i f i c  (‘on ipu t e r . ” The t w o  most e x p e n s i v e
e l e m e n t s  of t h e  l ’ ok k e r - I ’ l a n c k  so lu t ion  are t he  in t eg ra l  of Eq . ( 8)  and the  so lu t ion  of t he
n ia t r i s  equa t ion  II’q I 2~ ( I .  l’ah l e I p resents  t h e  sc ,ul ar  t i m e , vec to r  t ime , the  ra t i o  of these
t u n i c s , and ihe  e c i u u r  speed in m i l l i o n s  of f l o a t i n g - p o i n t  operat ions per “cond (M F l O P S  i f o r
the se  t , u s k s  l i t  pu t  t h i s  speed in pe r spec t ive . p e r f o r m i n g  t he  in tegra l s  of Eq. ( 8) (‘or each
ti u u i n  t of .u 2 ( i x  ~( I g rid r equ i re s  2 m i l l i o n  ope ra t io n s . a nd takes  41) n lisecond s , a b o u t  the
t u n i c  i t  l i kes  i i i  vs r i t e  uu ne  vs ord on a disk ( d i sk  ro t a t i on  t i m e )

I n i t i a l  and ( e x t e r i o r )  b o u n d a r y  c u n i d i t i u u n s  are l i sua l l )  f a i r l y  s imple .  I he i n i t i a l  con du-
t u b s  u s u a l l y  r api dl~ d isapp ear b e h i n d  t he  d~ n an l ucs  it t  t h e  d i f l u s u u u n  1 he re  are nu t  wave-
l i k e  s o l u t i o n s  ( ‘or t h e m  u t  e x c i t e  Thc~ are (c’ pucal l ~ ~v f , u x w e j l , a n  d i s l r i h u t u u t n s , poss i b ly
w i t h  some d e l t a — f  u n c t i o n  be ams

R u w n d a r y  cond i t i ons  require  more care. -‘vi  lar ge v e l o c i t i e s , c o l l i s i o n s  become
less f r e q u e n t . s i t  p a r t i c l e s  w h ich  get t he re , can s t a b  there .  In  p a r t i c u l a r ,  it  an e lec t r ic  ti eld is
p rese i l t .  t he re  us a v e l u i c u t ~ ( f o r  each species ) ahoy e w h i c h  a par t ic le  “ r u n s  awa ~ . “ I h i s
means  t h a t  t h e  f i n a l  s ta te  of such a ca lcu la t ion  is one in w h i c h  all  par t ic les  h a v e  run  ,uw a~ -
h ut fo r  p r a c t i c a l  p roblems , t h e  t ime  it t akes  t h i s  to happen  is long compared to e x p e r i m e n -
t .i l t un i c s . Specif ic  va lues  ma~ he prescribed at the  ( e x t e r i o r )  b o u n d a r y , or ii nia~ he t aken
i m p e r m e a b l e  W h a t e v e r  choice us made ,  t he  parameters  u f  t h e  ca l cu l a t i on  can u s u a l l y  he
e h u i s e r t  so t h e  resu l t s  of i n t e r e s t  arc in s e n s i t i v e  to t h e m .

I u n , i l l y  , i t  s h o u l d  he m e n t i o n e d  t h a t  the re  are m a n y  “ co l l i s iona l ”  processes t h a t  are
n u u i  s imple  ( u uu i lo n ih proce sses I- or example , the  p ar t ic les  ma he sc ,u t t e r ed  h~ electros-
t , u : i c  p la sma w a v e s  Such cohe ren t  processes are not  described by t he  (‘ou l omb in tegra l s
I I qs (8 ,9) 1,  h u t  t h e  d i f fus ion and drag r e su l t i ng  fron t t hem can r ead i l~ he inc luded  in t he
I’ u k  ke r -  P la nc k  fo rmal i sm

.%P PI.I ( ’ .~ TlO~~~

S l i g h t  mod i f i c a t i on s  of t h e  I ’ okker - I ’l a nck  E qua t ion  are o(’ten needed to app l~ it to
specif ic  e x p e r i m e n t a l  c o n f i g u r a t i o n s  l’h is section ind ica tes  w h a t  changes  are required i i i  st ii~l~
i~ pical  m i r ro r . ~ii nc h  , to k a m a k .  or la ser .p la sni a  problems These appl ica t ions  are il-
l u s t r a t u v  e of t he  a d a p t a b i l i t y - i t t  v e l u u c i t y - s p a c e methods , and show how deta i l s  of an cx -
t ’c i  ‘ u i e n t  can he represented.

[he d o m i n a n t  fea tu re  ui f a mi r ror  mach ine  is the  presence of loss cones in ve locii~
spa ~e. t ’ t h u s  n ieans t h a t  par t ic le s  in a region such is I ’. of ’ F igure  1 l eave  t he  mach ine  in a
v e r y  short t i m e  Thus  the  boundary  condi t ion / = 0 should he applied on the  surface9



I a h l e  I
Table  I prese i lts  measured p e r f o r m a n c e  data t o r  t h e  m u s t  e x p e n s i v e  computa t iona l  e lements  of
t h e  I u u k k e r - I 1 . i n c k  c a l c u l a t i o n  E q u a t i o n  ( 8 )  us rc’. i d i l v  v e c to r i z ab l e . w h i l e  Eq. ( 25 ) , wh ich  in-

i u l v  es rec u r s i v e  c a l c u l a t i o n s , us not  I he sc . t t , i u  i i i y l  ‘ v e c U ur ” speeds were measured on
2 .p i p e  l e x a s  I n s t r u m e n t s  .\S( , a nd .ir c expres sed in t e rms  of “ m i l l i o n s  of f l o a t i n g - p o i n t  opera—
l i t  i t s  per second.

S(’AI AR \ “ I ( ’I ’ OR VECTOR
Sl ’( ’ . 1 - 1. 01’ S I ( ‘ ‘I LOP RATIO MFLOP/SEC

I N T  l’ ( ,R. .’vTI: 5 7(, 0,020(~ 250 49
Eq. ( 5 )

I N ’ v ’ I - R l  2.0k) 0 , 1 1 2 19 9
I t ) .  (2 ~ )

b e t w e e n  regions (‘ and F.  W h a t  is u n l i k e  o t h e r  f l u id  problems is t h a t  the  boundary  sur-
f a c e ( -I  us  dit l ’e r en t  (‘or each q” ,n .  For e x a m p l e , a “square wel l”  magnet ic  mir ror  wi th  mir-
r u i r  r a t i o  

~~~ 
11u u u u n  and  m a x  u rn  urn  p o t e n t i a l  f u  has loss cones

s~n 2~~ = —

~~~~

‘

~

-

~ 
~I + ~~~~~~~~~~~~ 

( 2 6 )
Biii un iii t

w h i c h  are di (l ’e r en t  fo r  each par t i c l e  q in.

The methods  used to solve these  h o u n d a r ~ va lue  problems are those of c o n v e n t i o n a l
f l u id  mechan ic s , t h e r e  are j u st  more boundar ies  t h a n  usua l .  The boundar i es  nia~ be t reated
pr op er ) )  , s uu ( v t r i g Eq. ( 7 )  [t h a t  us , Eq. ( 25 ) 1  subject to t hem A quick a n d  d i r t )  a l t e r n a t i v e  is to
s u i l v e  t h e  problem w i t h  h o u n d a r y  cond i t i ons  at I = (or sonic 

~~~ 
) . and t h e n  set / = 0 in

reg ion  F at each t i m e  s tep . For ii d i f f u s i v e  prob leni  , t h i s  vs i l l  not r e su l t  in an i n s t a b i l i t y .
lu s t  a f i r s t -o rder  error in ~~ h u t  if an impl ic i t  method u s in use w h i c h  us f i r s t  order in ô ,

such t e rn i s  are a l r ead y  p re sen t .  1 pic al  con u p u ta t ion , i l r esu l t s  i nc lude  t he  loss—rate of
ions , and the  p o t e n t i a l  ‘1’ neces sao to obta in  charge n e u t r a l i t y .

\ punch  e x p e r i m e n t  u s cha ra c tc r i i e d  by a rapid ch ang e  of ’ t he  magne t i c  fi eld B in
— 

t i m e .  t h e  appropr ia te  I i i k k e r - I ’ l a n c k  E qua t i on  is ob ta ined  h r ep lac ing  the  l e f t - h a n d  side
uu l I t~ ( 7 )  h ’~ t h e  l e f t - h a n d  side of I q .  ( 2 ) .  The change w i t h  t ime  of B produces a convect ion
uut  / in t h e  p e r p e n d i c u l a r  d i r ec t  ion ( R e c a l l  t h a t  B is a l igned  a long  t he  axi s of our coordinate
s~ s t e m . )  A f lu id  e l emen t  c u t i t  s e c t s  a t  ,i r a te

-‘ = 
I ~j ’ -

~~~~~ 
(2 7)

u/~ 2 B di
‘I he fa c to r  (i f 1/2 is present b ecause the re  are Iwo compon ents  of I in t he  perpendicular
direct ion , The p h y s i c a l  process involved  is cons tancy  of the  mag ne t i c  momen t .  In typical
p inch  e x p e r i n t e n t s . t h i s  compression he at s  the  ions , T h e  F okke r - P l anc k  Equ at ion  is used to
obt a in  t he  r e s u l t i n g  shape (i f I . This  de t e rm ine ’ s t h e  hot ion l i f e t imes  and th e i r  rate of isotrop-
iza t i on  i .e - t he  r a t e  , it vs I t i ch  t he  ions acquire  paral le l  v e l o c i t y  and are lost I’rom the  p inch .
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Tok ama ks h a v e  f o u r  f e a t u r e s  w h i c h  are i m p o r t a n t  to a veloci ty-space model. [ ‘ irs ’
an electric field is present , paral le l  to the  magnet ic  fie ld , the  plasma carries a net  c u r r e n t .
Second, the re  are m a g n e t i c  m i r rors  w i t h i n  each magnet ic  surface , and they  can trap some
par t ic les  Third .  there is s ign i f i can t  var ia t ion of plasm a condi t ions  w i t h  spatial  ‘osi .
t i ( I 1 i  vel o cit~ -space mode l l ing  of a t o k a mak  us viable because i n d i v i d u a l  magnet ic  surfaces are
I a i r l ~ we l l  isolated from each o ther , and condi t ions  on each magnet ic  surface are fa i r ly  uni-
fo rm.  F o u r t h . t h e r e  is a r e l a t i v e l  h igh  level  of i m p u r i t i e s  in most tokamaks  ‘v ar ious work-
ers h a v e  e x a m i n e d  one or n iore of t h e s e  f e a t u r e s .  T h e )  h a v e  not  yet  all been treated together .

[he  electr ic field resu l t s  in d is tor t ion of the  d i s t r ibu t ion  (‘unc t ion , a nd rapid
c o n v e c t i o n  a long  the  a x i s  [h i s  can produce d i f f icu l t ies  (‘or the a lgor i thm w h i c h  solv e s I -q.
( 2 5 ) , p a r t i c u ) a r l  a round the  o r ig in ,  Phys ica l  p roblems of in te res t  are the distort ion of ’ / an d
the  r e s u l t a n t  r e s i s t i v i t y ,  t h e  rat io of t h e  cu r ren t  it carr ies  to E. The calcula t ion of t h e
r e s i s t i v i t y  has been explored t h o r o u g h l y  w h e n  no toroida l  effects are r re sent .  Present work
t h u s  i n v o l v e s  i nc lus ion  of sonte of t he  o ther  effects as well .

Trapped par t ic le  effects can be included by t rea t ing  separately the  trapped and ut i~
t rapped p art icles.  (Reg ions  1’ and C’ respect ive l~, of Fi gure  I )  The par t ic les  in (‘ satis-

a conven t i ona l  F okker -P lanck  Equat ion , wh i l e  those in I’ sat i sf ’~ Ic okke r ~Pla n c k  equ’s-
t im) w i t h  no electric field , s ince they  are not free to accelerate in t h a t  tteld . and the  er ,’: rg
ga in in one bounce is n e g l ig ib le  compared to t h e i r  average en ergy .  This can be most siu ”nl ~
modeled by mak ing I: a tun c~ion ol $- , which u.s the lokan,ak value iii (

~ and zero in T. Cal-
cu la t i ons  w i t h  t h i s  model yield t he  toroi dal corrections to the  res is t iv i t~ , t 2

Fhe m a g n e t i c  su r fa ce s  are real ly  not i nd ependen t , since ton orbits  (e g. . banana  or-
b i t s )  e x t e nd u i v e r  dif l ’e rent  s u r f a c e s .  ( ‘onve c t ion  and luu s s m echan i sms  also couple surfaces.
Solut ions  u l a coupled radial  t ranspor t  equat ion plus  a I ’okker -P l anck  equation on sev eral  sur-
f a c e s  h a v e  been a t t e m p t e d . H h o w e v e r  a large number  (if appr ox im at ions  are required. This
us s t i l l  .u v e r y  d i f f i c u l t  proble m

I i n a l l ~ , i m p u r i t i e s  i n t roduce  t w u u  i m p o r t a n t  effects .  First , the )  greatl y ncrease
pi t c h . .ing le s c a t t e r i n g  u t  t r apped pa r t ic l es , beams , etc . Second . if the)  have h igh  atomic
n u m b e r s , t h ey  rad ia te ,  r e s u l t i n g  in an e lec t ron  energy loss T h e  first effect is i m p o r t a n t
w h e n  s t u d y i n g  beam in t ec t ion  The second us impor tan t  in ove ra l l  energy balance

As a last appl i ca t ion ,  t he  l- ’ okke r -P l anc k  t ’quat ion has several in t e res t ing  areas of
t he  l i se r-pt , is rn . u  i n t e r a c t i o n  to i n v e s t i g a t e .  In t he  absorption region . vs here the  laser elec-
t ric f i e ld  us l i rge s t . t he  electron d i s t r i b u t i o n  func t ion  is swept hack and for th  in veloctt ~ sp ate

— 1’ n’ni t he  poin t  of v iew of the  ion s , t h e  electron dis t r ibu l i on  funct ion acquire s an cll i pt i -
cat d is t or t ion T’he F u u k k e r - P l a n c k  E qua t ion can he used to qu an t i t a I i v e l ~’ calculat e the
h e a t i n g  ra te  due t u b  t h i s  process

Both in t he  tok an i ak  and laser pla sma e n v i r o n n i e n t s . beams are I’ornied in ofle region
and t r a nspo r t ed  t n ( in t ec ted  i n t o )  ano ther ,  ‘The F okker -P lan ck  Equat ion can calculate the  in-
I e r . i c i i u ) n  be tween these beams and the  background t h rough  wh ich  they are propagat ing.
The beams are simply sources in the  equat ion.



1 hese ap p l i c a t i o n s  i n d i c a t e  both  t he  v e r s , i u u l i t y  of t he  I - o k k e r - P l a n c k  equat ion , and the
a m o u n t  .! e ffort w h i c h  us r equi red  to so l ve  such proh l eni s.  The c o m p u t a t i o n a l  cost of these

• s u t t y u t u t u n s  is r . ip id l  dec iea s ing ,  and more ex a n t p l e s  of such app l ic a t ions  are appear ing.  Wi l l
) u t u r s  he ~hc n e x t ’

RFA ( ’TOR S

I ’ ma y  appear  t r u t m  t h e  pr ey u t us  section t h a t  n ucle ar  reac t ions  h a v e  been neglected
i n t h i s  v e l u u c u t ~ -sp , ice vs u r k  T h a t  is not  so . The a p p l i c a t i o n s  section showed how velocit y -

m e t h o d s  ,ice ad a p tab le  to t h e  p h y s i c a l  cha rac t e r i s t i c s  of v a r i o u s  dev ices .  In  most of
th e e x p c r u n l c n t s  described a h u u v e , r e ,icto r s tudies  h a v e  been carried out  w i t h  t he  r e su l t ing
iii  ‘dcl [t i e n i .u e l e , u r  r e , u ’ .’l;on c a l c u l a t i o n  is u sua l ly  the  most con v e n t i o n a l  P a r t  of such ca lcu—

ii u r t i  I t  uses t h e  ~i l cu l a t ed  d i s t r i b u t i o n  fu n c t t o n s  to com pute  react ion rates from
t h e  . ‘ r r t r r u . u tc  c t u s s - s e e t i o n s .

Once t h c  h e a t i n g  , ind loss processes of the  e x p e r i m e n t  are modeled , it is easy to inject
I e , , c  i u u i u ~ spc ’c es , , iu i c l  e , u l c u l a t e  t h e i r  ci) namic s .  One part of t h a t  d y n a m i c s  us the  nu-

c l e a r  r e a c i io n s  t h e )  unde rgo  The react ion  in t eg ra l  d e t e r m i n e s  t w o  t h i n g s~ the  rate tf pro-
d IR I ru ‘I n u c l e a r  ct lerg ’  , and t h e  react ion c o n s t i t u e n t  sources and s i n k s  in ve loc i ty  space.

\ i  t h u s  p o i n t , ou m.i~ tak e  ou~ choice and pa your  m o n e y .  There is no argu-
mer i t , u h u u u t  t h e  n e u t r o n  t h e )  g i v e  t h e i r  energy  to t h e  e x t e r n a l  e n v i r o n m e n t .  The fat e of
the  reac t ion  produc t s is son te t h i ng  else l’he i n e x p e n s i v e  chu ) le e is to depo sit the  ener ~ v’ of
t h c ’ h .u r ge d  u e a c t u o n  t i r r i d u c t s  vs here  I t w i l l  p robably  go fi r s t ~ n a m e l y , i n t o  t he  e lect rons .

The expen  ~ v e  et i t t e c’ u s to fo l low t h e  ve loci t y - space  behav ior  of these p rod uc t s . I t
is e x p e n s i v e  f u r  t w o  r c , u s t n s  I u r s t .  t h e  v e loc i t i e s  w i t h  w h i c h  t he  reaction products are horn
us v e r y  l a rge  C u tmp .i re d  it  t h e  o r i g i n a l  plasma v e l oc i t i e s  Thus  th e  required v e l oc i t )
~~t t i j i t i j i c  , 1’aee he cu mi e s  l a rger , and  f iner  g r idd in g  is r eq u i red ,  Second. co l i is ion in-
t e g r a t ’~ ,i rc ’ r e q u i r e d  f o r  each pair  oh spec ies , sit much  more vs ( tmk is needed for each addition-
at I c R  t u u u f l  p r o d u c t  w h i c h  us t r e a t e d

u s  t h e  e x p e n s i v e  c h u i u L e  t h a t  w i l l  be needed in t he  coming  years.  In practi ce , all
t h e  p r u  p t  ‘sect p l a s t l ia  re ,R i t  m s h a v e  loss regions , and it is i m p o r t a n t  to know how much en-
c i g t  is  r e t u r n e d  to t he  re a c tu i r  pl asma b efor e produc ts are e i t h e r  lost , or slow down.  This w i l l
a l so  i l l u i w  a q u a n t i t a t i v e  assessment  id nuc l ea r  react ions in w h i c h  t he  pa r t i c ipan t s
i h e u i u s e t v e s  pa n ic pa te  S u c h  , i l c u l a t t u u n s  are now on the  d r a w i n g - h o a r d s , w a i t i n g  t he i r  t u r n ,

This  iv p r esen i k  .u w ide-open area of research , and even  a (‘acto r of ’ t w o  im provement
in u e l d  f i r  some e x p e r i m e n t a l  design wo u ld  be i m p o r t a n t  n e w s  Designs such as the
t w o - c o m p o n e n t  toru s ’ ire p r e sen th s  on the  edge of scientif i c bre ake v ’en . and looking for

.i n v  , i v a i l a h l e  he lp

‘[hi s  su r v e  has ind ica ted  w h a t  k i n d s  of probl em s can he addressed b y ve locit ’ -space
methods , and how t h c~ are modeled The basic conclusion u s t ha t  all  of t he  major plas-
ni ,u r c , i c t ( u r  des igns  are . i n i en a h l e  to such t r e a t m e n t ,  and  each has had some impor tant  as-
pe L t  a na l ) / e d  in i b i s  w . i ~ I t  is , u t s i  cle ar t h a t  much  r emain s  to be done The cost of ’
se ln ,c i t ~ -space co m p u t a i i u i n s  has been large in t he  p ast , hu t  is now coming dow n.  Scientists
w h o  h i v e  an . icqu ai nt , ince w i t h  d i s i r i b u t i o n - f u n c t i o n  methods  shou l d f i nd  .u f r i e n d  in t he
I o k k e r - P l a n c k  I qu at t o n
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