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Refract ive Index Changes in
Optical Fibers Subject to Diametrol Stress

I - I\ I 1101)1 I TI0\

When an op t i c a l  f iber  is subjected to a u n i f o r m * stress  app lied along i t . -~ dliani-

e t er , r e f r ac t i ve  index changes wil l  be induced owing to ph otoe l a st i c i t y .  Th i s

phenomenon , rI f le  ( If  s eve ra l  wh ich  can a l t e r  the t r an smi s s ion  throug h opt ica l  f ibers ,

oSa ~ he invo lved in the  observed changes < of the t r a n s m i t t e d  mode pa t t e rns  in exper-
i n i o - f l t -, conducted at Sol id  State Sciences Divis i on (ET SS) . t A s s u m i n g  tha t  a u n i f o r m
s t r o -  - is app lied to a pe r fec t  f ibe r , one may also induce changes in the  geometri-

cal  c r 1 1 - i s  s ect i o n .  Tn the  n o n u n i f o r m  case, which may be closer to r e a l i t y  in prac-

t i c o - , one m ay  induce microbending and inhomogeneously stressed regions , both of

w h i c h  are capable of a l te r ing  op tical  t r ansmiss ion. The present work is l im i t e d

to  an e x ar i i in a t i o n  of the changes in r e f r ac t i ve  index and , hence , the waveguiding
ch a r a c t e r i , t i l - s of a f iber , induced by the photoe l :ost ic  e f fec t .

_______
(Rece ived  for publ ica t ion  19 A p r i l  1977)
*The t er m  u n i f o r m  i.s used in the sense of how the  e x t e r n a l  force is app lied and the

geometr ica l  shape of the  f ibe r .
tThe a u t h o r s  t h a n k  E)r . H. Payne for  d i s cu s s i ol n s  of h i s  exper imenta l  results.
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2. ~Tl1F:~~ I\mEF:I) 1:11 ~\ i F.~ I\ I{FH1 ~CFI\ F I\IIL\

Whenever an optical  medium is s t ressed , i ts r e f r a c t i v e  index becomes a l te red ,
a phenomenon which  is termed the photoelas t ic  e f f ec t .  If we represent the refrac-

t ive index by n , the s t ress  by e, and the l’ockels p iez oopt ic  cons tants  by q, then
the change in reciprocal of the r e f r ac t ive  index squared is given as : 1

I —
~

- ~~~~ ~~~ ~~ (k , j  • 1 1;) , ( 1)

where the s tandard (Voigt)  compac t - subsc r ipt no ta t ion  is used , and n 0 i.s the
refract ive  index of the unper turbed medium .

Let us set up a coordinate system such tha t  the z - a x i s  is pa ra l l e l  to the  cy lin-
drical  guide axis , the y-axis parallel  to the d i rec t ion  along which  opposing ex te rna l
d i a m e t r a l  forces are app lied , and the origin x y - 0 is located at the  cen ter  ( I f  the

guide . The forces (F) extend for a specif ied length (L)  along the z - ax i s  (see Fi g-
ure la) .  Wi th  this setup, any a rb i t r a ry  point (x , y) in the  f iber  experiences tens i le
or compressive stresses parallel to the x-  and y-axes (represented h~ and 02,
respectively, and shown in Fi gure Ib)  and shear s t resses  o~. (a which  tend to
cause rotation about the z-axis . However , th is  l a t t e r  stre.s~ v a n i s h e s  on the x-
and y-axes . Under these c i rcumstances, the tota l  f rac t iona l  change in r e f r ac t ive
index due to the stress at the point (x , y) is given by:

s ~ n s S(
~

) = (
~ ) - (~

) = 
~~~~~~~ ~q 11 - q 12 )(c 1 

- 02
) 

~ 
(2)

for an opticall y isotropic material .  We ini t ial l y assume that the force F is app lied
at the fiber ’s surface by knife edges running parallel to the z-axis  for a length L .

The general expressions for the quanti t ies (a i
)
x 

~
, and 

~°2~x y at any a r b i t r a r y

point (x , y) are derived by Frocht.  2 Along the x-axi s  they are given by :

2 212
D - 4 x  i

,~ (a r) 0 H 2 2 1 ( 3)
— , D + 4 x j

1. Nye , J. F. (1957) Physical Properties of Crys ta ls,  Oxford Press , London ,
p. 224. —

2 . F’rocht , M. (1948) Photoelast ici ty,  Vol. 2 , Wiley, New York , pp. 125- 129 .

- —
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1- igure 1 . ( ‘ I , I ,r d i n a t e  System f I r  the F ib er ’ , SI s , , w i r i g the  A pp l ied
Exte rna l  I ’ I r c e .- (1’ ) and the R e s u l t i n g  In te rna l  S t i e s  ~~~ I i ) a t  an
A r b i t r a r y  I’I I i n t

F 4 D ~0 = ~~ 
4 x 2 )~ 

- 1

sch ere  D is the f ibe r d i a m e t e r , the  range of x i.s 0 ~ 
I D/2L and, the quantit y

IT is def ined as :

~J (.
~

) 
~ 

. (5 )

A l o n g  the  y — ax i s  (0 y 1 1) 2~ ) , these  two stresse.s become:

I ’., ) II  ( t i )
1 0 v

= -LID ÷ 
~~~~

-

~~~~~

--

~

-- - 

~
] 

. (7)

The n e g a t i v e  si gns in the 0 ’s ind ica te  tha t  t hey  are cI n s p r ’ e s s i v e  • -, t r’ - s . . The

a p p r o x i m a t e  behavior of E qs . ( 3) , (4) , ( t ; )  and (7)  is shown in Fi gu re 2 . These

curves are , of < ‘ ( I Ot ’ S C , symmetrical about tine or igin . (Ifi each plot the positive

v o - r t i c a l  axes pe r t a in  to O I L  whereas  the  negat ive  ver t i ca l  axes refe r t I  02~ 
Note

• t h a t  the 
~°2~o ~ 

o t r e V e  in F igure  2b becomes i n f i n i t e  at  the end point s  (y  t I )  2).

This  o o e r u r s  because the fo , r -v is being app lied over an infinitesimall y small surface

area.

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ .
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Figure  2 . Stresses  in Fiber.  0 1 and 02 vs distance along the
hor i zon ta l  (x)  axis and v e r t i c al  (y) axis measured from the fiber ° .s
center

When the foregoing information is substituted into Eq. (2), we ~ af te r  inter-

ch ang ing q 12 w i th q 11 :

- 2 2
~, n n

= ~~ 
- q 11)(o1 

- 02
) x o = P (q 12 

- q11)

{4 11D 2 (D 2 
- 4 x 2 ) / ( D2 4 x~)~~} , (8)

and

(
~~

)
~•~ ~~~~q 12 - - °2>O v  ~~ (q12 - q 11)(4 11D

2
/(D

2 -4 y
2)}

(9)

At the center of the cyl inder  (x = y 0) . both of the preceding equat ions reduce to:

~ n2

- q 11
)(o

1 
- 0

2
)0 0  

=-_ ~,
a(q 12 

- q 11 ) ~4ffl

-n  ( > . o_ . F 10)- 

~ 
q12 -q 11 t rD L

8



p
I~q ua t io n  (8) sh ,w.~ t h a t  (~~ri ~~~ has i t s  m a x i m u m  v a l u e  at x = I I , I l i r o i r i i ~~I o e

so i t t  ‘. r i  i o l r n l l s t  the  ~i i m e  m a n n e r  as Eq. (3) I s ee  a l s o  F i g u re  2 1 1 ) , t h e n v ; I n i l I o ’ ,

a t  x = :1) 2 . ( Sn t he  ‘Ha l hand , I : I i .  (9)  behaves q u i t e  s i m i l a i - l v  to  15 5 .  ( 7)  o r
(‘ I C ( l i l i i  v i n c l u d i n g  t t u ’  s i n g u l a r i ty  a t  t ine  end po i n t s .

I I ’  sv o ’v e r  - i f  1” is appl ied by means  of f l a t  ) l i l t  e -~ i a t l ~~- i  t h a n  kni fe—edge s , so
t } o , 1 t  t h e  I r’ce is  distributed lIve r  more  of the f iber ’ ’ surfac e , l io n t l i o ’  p i n t - ,

i l a x i t i m u i n  s i r ’~~- m ove a s h o r t  d i s t i n r o ’  aw a y  f r o m  t i n ’  I ’d g e s , ( ‘ lo ser’  t I  t h e f ibe r ’.,

\ \ -  i t e s i g i n a t e  the p o s i t i l , n s  of t l ~~- se p o i n t s  by tv~~1. Si i c o -  t l i < ’  h o r r e — 1 1 1 ’ r —

u n i t  lo - ruP  I e m p l o y e d  in our case i s  I I I  the 5 1  i S o ’  o rder  of i i i : o g n i t u d e  a s  in the exam—
i l , ’  f r o n t e d  by 1” r ocht ,

t 
we should expec t  similar qual it ative results , n a i r i o ’ l y , t h a t

t e  m a x i m u m  -2 res ses a I l I n g  the y— aXi 5 nioVe to a Ii 5 o t i , , n  approxioint (’lv I )  1)

(SO ~I\  f r o m  the edge and that the quantity (O
i — 09)0 ~

, he iI~~ pi’I x i n S I t  ( ‘lv ‘ o n  t i ou ’

g r e a ter  t h a n  that  at the  cente r, that is ,

(a - o )  l0 (a - a )  . (11)1 2 O , v 1 20,0

As a I In , eq t l en c e

S S
10 5) 2

C) , y~ 1 
-

A t the edges (v = ±D ‘2), the magn i tude  I f  — ‘ 2~0, I) 2 
and I ~ n r i ) ~~ I) 2 

t h e n  fa l l
0. a p j l r - I . xi n at e ly  three times the corresponding values at t he  center of the fiber.

Tine term (c
i 

- a,, ) 
~ 

is plotted in Figure 3a as a function III x . It is given In

‘ i s o .  . i l i n r l t r t v  inside the curly fo r - a c e s  on ‘the right —hand side 1, 1  Eq. (8). A.s stated

I I r o ’ \ ’ I I I U ,I y , i t  I I ( d r I V e - ,  s . , 1( ew hat  like the (0
1
) 0 curve of Figure 2a .  In l”i gu re 3b,

I i ’  .v. o ver , we have  plot ted t w I  I versions ( I f  the quantity (c
i 

— 11
2

)
0 - F l u  • s l l l i d

cu r v e  o c t 5 1  ins to  the  case in  w h i c h  the forces ar’e applied In knife—edi~o- ,. It is
g(Iv ( -r ’ned  by the t e r m  ins ide  the cu r - I v  braces (in the r i g h t — h a n d  s ide of i.q. (0)

‘1 I i .  i i ; i  ,I ie d  curve p e r t a i n s  t i ,  the case in wh i c h  the  forces a re  app l ied  l iv  f l a t  111:1 0 ’ -,.

In accordance w i t h  I i l l  l i t , the p ro f i l e s  for  1 1 1 1 1 ,  cases have t h e  s a nl e  m a g n i t u d e ,
n a m e ly , 4 11, at  the c e n t e r -  and behave i d e n t i c a l l y uut to a di - s tance  I I f  I b ( I t i t  l)/ 10

— 
1 1 1 1 0 5  t he -d i o e s . ‘I h e r e u p o n , the dashed rur ’ve peaks a t  S I v a l u e  10 t i m e ,  t h a t  at
the o - r i f o - r  1= 40 II ) at a point  l J ,  50 from the edges and then  f a l l s  III 12 I I  at t he
o ’ i l g o - ~~.

3. s o ’  R e l  . 2~ pp. 2 7 — 2 9 .
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i”i~ ure 3, Stress Differences in Fiber . (o~ - a2 )
vs d i s t an ce alo,ng x— and v — a x e s . ~J h e  •~oI id
c u r v e —  pertain to applic ation of fo rce s  via knife—
ed g e ;  the dashed cur-ye in  (b) via flat plates.

s w  p a r t i c u l a r i z e  o u r  t r e a t m e n t  t o  t he  case  of a fiber having an ou te r

d i a m e t e r  (D) of 5 i i i  l and a core  d i am e t e r  of 3 mi ls .  ] I’~~’r th i .s  fiber- w e  get

II  - 127 1” I .  ( l b / i n 2 ) f r o m  Eq. ( T I ) . ] The fibe r  is a ssu m e d  to have a s tepped index

prof i l e  in the uns tr -essed  s t a t e , the  d i f f e r e n c e  in ind ices  between core and c ladd ing

being 1 percent .  l ) es igna t ing  th i s  u n s t r e s s e d  r e f r a c t i v e  index change by (~~ n fl) 1
,

we p lot t h i s  ve rsus d ista nce along a ny  a r b i t rary dia meter in Figure 4a.

i f  SOC S I , sU m C  that  the f iber  core is fused s i l ica , then n 1 . o and q 12 — q 11
2 / io —8 in 2 / lb  (see Ref . 4 ) .  If we consider  the case in w h i c h  t h e  force.,  a l -c

app lied f l y  means of f la t  p lates , then we could calculate  the spec i f ic  values of

(~~n r i ) ’~
’ along the x - a x i s  via Eq. (8) and along the  v - a x i , , u- , ing Eqs . ( 10) and ( l 2 t ,

f i l l ing in the res t  of the values  by u t i l i i i m i g  the in fo rma t ion  given p r ev i l  , s i . -, lv .

(See , for e x a r r n p le , the info r ma t ion  conta ined in Figure 311. ) The I o t a  1 r e f r a c t i v e

index change , des ignated by (~~n riç y ’ 
would then lie given f l y  t h e  , u l I l:

(~~n/ nç 
~ 

( A n / n ) ~ 
~ 

(A n/ n ) ~ 
~ 

. ( 1:1 )

4 , Kapron , F. ( 19 5 2 )  B i r e f r i ngence  in d i e l e c t r i c  opt ical  w a v e g o i i d ~-s , 11 :1 :1 - :  ,l . of
Q. Elect. QE-8:224 .

10
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I 00 ) 2 ~~~~~ 

~~ ~~~~
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y (m if s)

- 2 ”  I~~ 0 5 2 5

0 2 4 t i  ( C l

(
~~~_

T 
[i~ 

F/ L  = 2 0 0  lb / in

0 :2 =1 5 lb/in

F i g u r e  4 . l o ’ i r - a c f i v e  index ( ‘ f l ange  vs D i s t a n ce: (a)  u n s t r e s s e d
i ’ : I I ’ ;  I f s )  ,t  i’~ ’ —~~ alone; i r i d  ( i ’ )  t o t a l  ( ‘ f f 0 1 1

in I sI lo- 1 we li st the (~~n /n)S and (~~n )T for- the above silica fiber at 3 b ra-
t i l i -~ i o i o o ’ 1 ’ ~ the i o r d e r -  and the  t w o  , v i s s o i e t n i i ’ a l  p o i n t s  (0, ±y~~ ) , fi r’ v a r iou s
V i I h U’ , of f- / f. , ] \ . I o -  t h a t  (~~ r r ‘ n)~ is a l w a y s  0.01 at Une c e n t e r ’  and / e ro  S I t  the
points (0,

In I- I pSI s o ’ - -l bs and 1’ we  ut il i vo ’ s I a n ’  ( I f  the i n f o r ma t ion  contained in Table 1.
In ‘ho ’ -~ - two i ig r i r ’o ’ ,, i - c  p h I  the index chuoni ges due to s tress a lone and tine total
e f f ect , re 5 1 0 - i - t  i v o ’ l v , al ong the  v — a x i s  for I” • I - = 100 and 200 lb in . Son ic  of the
i m p or t a n t  f e s o t r i r o ’ -, I f  the curves in Fi gure 4c a r e  brought out much niore vividl y— 
in 1-’igure 5. Here , we have plotted the total index change as a functic,n o f  F / L  for
3 r m - i i~ i~,n.s in t h e  f iber , namel y, (0 , 0) and (0 , tV M ) • N o t e  how the to ta l  index
change at t h e  -o u t e r  b a r e l y  increases  in magn i tude  w i t h  change of app lie d I / I , .

-: On t h e  , t h o r hand the to t a l  index change I t  th e  poin t  ( If m a x i mu m  1;t n e ss  turns
< out  t o  h o ’  a v e ry  s e n s i t i v e  f u n c t io n  of I” / L .  A t  F/L  = 50 lb/ in , its magn i tude  is
, b o  g u t  l v  g r ’ o - ; o t o - r  t h a n  ha l f  I h i n t  I t  the f i b e r ’s ( ‘enter ; at 100 l b/ i n , it  is a p p r o x i m at e ly

t Is ’ sa m e; w h i l e  at  200 I I , ’ i n .  , it becomes a l n i o , s t  t w i c e  that at the center- .
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Figure  5 . Total  H e f r a c t i v e  Index Change vs Force App lied
( F / i ’ )  at the Fiber (‘enter (0 , 0) and at the Point  of Maximum
St r e s s  (0~ tYM

)
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I t  •,h u id  t oe  -o- , ro ’ s s l ’ o ’ n o ’ d  ( I s a ’ t he  o - e s u l t ~ , I i  p i aved  in I - igur ’e  4 1 , 4c ri nd 5

ho ld o nly a long  the  v - a x i s . A s  c r111 t o ’  seen so i t h  t b -  h e l p  1f 1-q .  (~~) t io nol I ’ i g u r ’ o -  l a ]

b o o ’  (An n)~ p ro f i l e  a long  t h e  X — S l x i s  s h o w,  so r r l a x i m r r u r i i  o t  (11, 0) s o n s ) drops 1 1 f f  ( I ,

/ c i ’ o ’ a t  t h e  p e r r 5 l h s o - r ’ v  (x = H) 2 ) .  I I o , w o - v e r ’ , 0 - v on ( t s r - s  m a x i n lu n s  i s  - S t i l l  I , f l 0 ’  , , r ’ r l o - r

t o  ‘ o s g n s t u d e  lI S’ c r ’  t h a n  t i n e  o r i g i n a l  v s i b o i o ’  o i f  ( A m  0) 1 ( 5 , 01 . ( .m 1~~ - q o i o - n t l \ , t i n -

e s ’ m ’I l ’u t i .r i t o  An n alo ng t h e  x — ; l x i , s  due t o l  t h c  ~~~ es I ,  un I r s s r I I . n ’ t o n t  r in d  i t ,  1 1 , 0 1 1

I f i - ) . - \  p r o f i l e  w o u l d  .1) 11 he g iven  so -  —d ’ o . ’,o-n sr  1’’igure 4a .  I o r ’  d i a r n o - t  I I I )  l i n e s at

s r l . i ! r ’ a r ’v a n g l o ’  ~ i t h  r - o ’ pect  t I  the \ —  and s - a x i s , t h e  ( An a) ’ t , r I . f i l o ’ , ‘, o o . n ~ l ’I I i -

s o . m < ’ o o h o ’ r ’ i ’  b e t w een  t h s o , , o ’  s h o w n  mi I- rgure~ 4a S O I S  I .

Vo hen the npp lied l i n e a r  forces a mo ’ such as t o  c a u - s o ’  l a r ge  i n d e x  o f 1 5 o ~~~~~i ’  -= , SI

s h o w n  in 1”igu r -s- 4c , fo r  o ’ x : o m o p l e , t h en one r~~o s - , t  t a ke i n t o  o - o n . i d e r a t i on t h e  p o o - s i —

bi l i t ~ ( I f  c<oup ling at least 511100’ of the o optic al signal fro m ‘h o ’ I’0 r~0’ t o o b o e  high index

r e g i o o n  n e a r  the pen p o e rv , ‘l’he net  o - f f e c t  o f  S lo I , a ’  odd b o o -  I S o -  eonve r sion  of 1111 1do ’ ,
in the core to the stressed r e g b n coup l i n g o o f  en er gy  l o u t  <o f  the gu ide , and deteri—

o r a t i o n  of the ori ginal signal. T h i s  p1 . 1 0 ’ . -, I f l  optical coup l i n g  would  Ic analcigc us

t o  q u a n t u m  mechanica l  t u n n e l i n g  t ’ o - t a o ’ e n t a b  po tential wells •separats d by a b a r r i e r .
As a convenience for the ,-eader , v.e h av e  inc luded  two  appendices . In

Append ix  A we l i s t  the m a t e r i a l  p a r a m e t e r s  for fused  s i l i ca  which  would be appro-

pr ia te  for 1 rn otoe last ic  anal yses. In A p p e n d i x  B we have ca lcu la ted  the s t r a ins  at

the  points (0 , 0) , (0 , tv
M

) , (0 ± D J 2 )  and ( t D  ‘2 , 0) fcor the  p a r t i c u l ar  f iber t r ea ted

in th i s  paper.  -

3, ( :fl\ (U ~I b ) \—

We have s h o wn  tha t  a f iber subjected to easi l y ach ievab le  values of applied

s t r e s s  w i l l  a s sume a r e f r a c t i v e  index d i s t r i b u t i o n  in w h i c h  port ions of the outer

region (usua l l y the c ladding)  p ( I s s e s s  an equal or greater  r e f r a c t i v e  index than

that of the act ive waveguiding region (core>. Hence, the stressed region is capable

( of  suppor t ing  new modes and the reb y a l t e r i n g  the d i s t r ib u t i o n  c,f the sold ones; that

i s~ it  is  capable of ac t ing  as a mode mixer  o r  conver ter . The in te rna l  s t r e s se s

generated by the app lied force  are  typ ical l y an order  of magn i tude  or more sma l l e r

than  those  corresponding to the i n t r i n s i c  s t r eng th  of fused  s i l i ca .  A l t h o u g h  a

detai led ca l cu la t ion  of the mode conversion induced by t ransmission through the
,t r e ,s  ,ed region would he prohibi t ivel y d i f f i cu l t , it never theless  appeal -s  sa fe  tn

• conclude that  t he  mechan i sm described here can lead to percept ib le  changes in

fiber t r a n s m is s i o n .

1’
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A ppendix A

Fused Sil ica Parameters Pertinent to Photoe lasticit y

The fo l lowing  quan t i t i e s  are taken from the A lP  Handbook 1 and converted into

English uni ts :

E Young ’s Modulus = 1. 06 / 1O 7 l b/ in 2

u = Poisson rat io = 0. 17

= Lame ’s Constant = .453 1O
’
~ lb~ in

2

= Lame ’s Constant = . 234 / 1O 7 lb/ in 2

The values of Pockels elastooptic coefficients  are taken from Pinnow 2

p 11 = . 121

p 12 
= . 270

The f o l lowing  values of  elas t ic com plia nces (s
fl

) , s t i f f ness constants (c 13
) and

Pockels p iezoop tic coefficients (q~~) are compu ted from the above quantities:

--—- p

1. Gray, D. E. , Ed. ( 1972)  A lP  Handbook, 3rd ed . , McGraw-Hil l, New York ,
p 1-104 .

2. Pi nnow , D.A.  ( 1972) Electro-optic materials , in Laser Handboo k, Vot, 1,
F. Arecchi and E. S(- hulz -Dubois , Ed. , North Holland PubI. Co, ,
Am sterdam , p. 999.
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- — -  -

‘11 ‘ ‘ ‘ °

= - . 16 - l0~~ in 2 ‘lb

S 44 2 . 2 1

c 11 = 1.14

c 12 = . 23 lb ‘ in 2

. 4 5

q 11 . 2 7  
- bO ’8  in

2 / l b
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A ppend ix B

Calculation of Strains

St r a i n s  (~ .)  so no ’  o - e l a t e d  t o  s t r e s s e s  (o.) in a material medium via the e las t ic

‘ - p H o n I es in the f o l l o w i n g  m a n n er :

s . ~~~. 
( i  = 1 . . . t ; )  -r~ 3 -

A g s o i n i , t h e  cI n i s l i a c t  suhs rri pt nota t ion ha s been em ployed. However, al ong the

x- and y - s i x o ’ s , on ly  o
~ 

and 02 
exis t .  Hence , the x -  and y -  compon ents of s t ra in

al o ng ohe.,’ axes in an isot ropic m a t e r i a l  can be wr i t ten  as:

~l ‘11 °l ‘12 <
~2

d “ 12 01
1 

- “ ii °2

I r i g  t h e  , a r r o ’  fu s e d  s i l i c a  f iber as mentioned in the tex t  in which n = 1. 5

I~ . 11( 1 • in , 
~l l  r ind 

~ l2  are  0. PS and -0 . 16 ( . - l0~~ in 2 / lb ) , r esp ect ivel y, wi t h

I- I ,  100 Ih ’ in , ae  ca lcu la ted  the fo l lowing:

A t x  ~ 0: 1 . 8
- 10

— 3 . 8
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-

p

= o, ~ = ty~~1
. = 9.2

At x = O,y  = ±D/2 :  
~ l = 2 .7

~‘ 10

At x = ±D/2, y = 0: 
~l = 

~ 2 
= 0 because = 0

-o
LI
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