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COMPUTER GRAPHICS: TWO. AND THREE-DIMENSIONAL CLIPPING

L INTRODIXTION

Clipping Is a procedure - used to determine the proper line segment(s) of a given line, such that the
resulti ng segment(s) contain nq points exterior to a plane that serves to define a boundary. Qipping Is
employed to limit the amount of work a display device must perform by drawing only the visible parts of a
line. This Is done by using a dipping algorithm to compute only the line segments interior (or exterior) to a
defined region that has been selected for display. The ren.dtlng list of lines represents a substantially smaller
amount of work for the display hardware to process in a given period of time.

A good dipping algorithm quickly rejects lines that lie outside the viewing area, and since speed Is
always desirable, algorithms that lend themselves to parallel (or pipeline Implementation), in - either
hardware or firmware, are sought.

Let us Initially limit our discussion to two-dimensional dipping. A- later section of this paper will
explore three.dimen.Ional clipping.

IL TWO-DIMENSIONAL CLIPPING

Typically, display regions have been chosen as being rectangular (Figure 1). The actual num ber of
sides Is not of importance to the development of a dipping algorithm, although it does affect performance
when finally implemented. Viewing windows are always chosen however, as convex sets In a Ilibert Space.

WT

WL S

FIg ure 1. Rectangular display region.

The standard properties of Hu bert spaces, as well ar the set concepts referred to In this paper, are
found in most texts on linear analysis.

Making use of these properties, the following is clear: A straight line, intersecting the interior of a’
convex set, can Intersect the boundary of the set In, at most, two places. In the event the convex set Is
dosed and bounded, the straight line will Intersect It in exactly two places.

At thIs point, we Introduce the idea of “Inward” normal,. That is, we say nit an inward normal for
any boundary point Xof S if~ for any other point YIn S,

a • (Y-X)> 0. where “•“ denotes the Inner product operafton~
With this reprLsentation, we have defined , natural geometry ovpr the set S~
For the set S only four unique Inward normals exist. All others are mathematically equivalent to

these four.
Our particular clipping problem, that of determining the points of intersection between a particular

line segment and the set S can then be partially resolved by examining the parameterized bthavlor of tim
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line segment with the four Inward normals to S. In particular, Iffis a boundary point ofS for which nit an
Inward vector and P~f) Is a parameterizatlon of the line segment In question, then, for particular values of
T,

~~~
• [P(’r)-.fI>o

Implies P(T) is “pointed” toward the interior of S with respect to at least one of the four normals,

n ’ [P (T) — f J~~0
implies P(T) Is “pointed” parallel to the plane containing f and perpendicular ton (that Is, parallel to this
particular boundary of S) and

n [P(’fl-fl<O
Implies P(1) Is ‘pointed” away from the set S.

So far we have mentioned only that any line piercing S does so at exactly two points. It is also dear
that these two points of Intersection do not lie on the same target planes to the boundary of S (a plane not
completely containing a l1~e may be Intersected by It at most once). These facts give rise to our first
Important result:

If f Is a point In a particular plane bounding S for which n is an Inward normal, then the scaler
equation

n .(F (T)— fl O
has, at most, one solution.
Thus, there are exactly two posalbilties; first , P(?) is parallel-to some plane lying along the boundary

of S. Second P(1) pierces that plane for some value of ?. Now, suppose -we want to talk about drawing
only a line segment:

P(’T) = Po + (P1 — P0)? ‘F e[O,lJ
his the restriction of T to [O,fl that makes : P(1)allne segment-

With regardto the set S, either:
1. The line segznent is whollY contalfledin S,Or
2. The llne segment is partly contained ln S, Or
3. Thellne segment is no part of S at ad.
Before Introducing the primary result, we need the following definitions:

Define Sb as the set of ill planes bounding S, that Is, Intersecting only the boundary of S.

For each bdb, define n(b) as the set of positive normals drawn from b with respect to S.

The Pthnary Re~ilt
The set of ail T auch that:

1. ?e(O,l)
2. n (P(T) — fl>O
Where for every beSb,ne n(b), sal fis an arbitrary vector in b, completely determines the line segment

c itelmiwit in &
Careful examination of the flowchart (FIgure 2) reveals the widedylng geometry Involved in this

tscbnl que. The Implemsatat lon lends Itasif to swift line segment rejection.
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Figure 2. Prlmaiy dimbing ~ goifthm flowth mt.
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The previous result is gmat for theory, but the practice Is somewhat more complex.
1. How many planes are involved In the convex object? If the result were large, our procedure would

be tedious.
2. Are there any ways to “set up” the pro llem to facilitate the selution?
3. Are there any timesaving ways to accept or reject segments?
It should be dear that there Is no one fastest way to exam~ne any vector segment under all

circumstances. For example (Figure 3), examIne that rectangle again :

( 
AUTOMATIC AL~~~MAflC

ACCEFtANC~ REJ ECTION

Figure 3. ProbabIlistic two-dimensional clipping

- ~ue an ellipse and circuruscnl,e an ellipse and test 17(’T) for either Immediate acceptance
or reje~ uu~ . in ~ie event the test falls, the area we must further test is considerably smaller. This kind of
test procedure is one type of conditional test, where we maximize the probability of an accurate selection.
Now, we consider the general formulation of the orientation vector technique.
Let

P(T)= P0 + (P1 — PoITTe (O,lI
P(T) can be made a line by allowing Te(—ce,co). 

—

f1 = [WI,] = f2 n 1 = [wR W
L] =

= [wit] = n2 = 
[wT WB] 

= —n4

Now we see (FIgure 4) that :

(3 $4

WL . .~~~
nI a3

fs , f3

F igure 4. Rectangu lar display region conventions.
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The five conditions become
I P Cfl —f1 ] • n 1>O i l , 2, 3, 4

orP o n +T[P 1 — P o~~.n j >O la l , 2, 3, 4

or T(P, —PoJ - nj > (f~j — Po)•nj I = 1, 2, 3, 4

and Te(O, 1)
letting

p, —P0 — D (Dis called the Directonx of the vector F(T))
and Wj Po—fj (W11s the ith plane “weight” vector), i = 1,2, 3, 4

Then we can write:
TDnj +W1n 1 >O 1 1 , 2, 3,4

Now we have our algorithm:
For a K4Ided convex object S with inside normals:

fl h i fl2 , ..., flk
Points on each plane:

~~~~~~ ~ ‘tk
Let P(T) be the parameterization of the line running from Po to P 1
Define:

W~~ P0 — f1, D = P 1 —P 0
Then the K +1  conditions for any portion of the line seginent belngin S are:

T h nj +W 1•n1>O i = 1 ,2 ,.. ., K
Te[O, 11

Let the set of such that each ith case above is satisfied:
T1 {TI TD .n j +W1 nj >O}

Then for eadi T1, Tj e ( .oo,eo)

Let T~~~Tj
1= 1

Then T {T ~~P(T)eS}
FInally, 1’ =Tfl [O, fl

UsIng the Tektronix 4051 GraphIc Cc*nput ing System, an Implementation of this algorithm was
programmed (Figure 5). The program and sample results follows (Figure 6):

In this program:
1~x =Xl P1~~~X2

Po~~~Yl Pl~~~Y2
Figures? and 8 show examples of segments drawn and rejected, respectively.

We can introduce efficiency Into the computation by first evaluating directly for the values of?.

7
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100 11411 490 F(3 ,l)=W2
110 PAGE 500 F(3 ,2)=W4
120 WINDOW 0,22,0,22 510 F(4,I)=F(3 ,l)
130 VLEWPORT 65,130,0,65 520 F(4,2)=F(3;2)
14’~ DIM F(4,2),N(4,2) 530 REM Algorithm
150 REM Define window 540 D1=X2-X 1
160 W1=7 550 D2=Y2—Yl
170 W2=18 560 L 0
180 W3=l0 570 U=1
190 W4 17 580 FOR I 1T O - 4
200 REM Draw axis 590 WI XI—F( I,1)
210 MOVE 0,0 600 W2=Yl—F(I ,2)
220 DRAW 22,0 610 D=DI N(I,I )+D24N(I,2)
230 MOVE 0,0 620 W=W 1 N(I, I)+W2 N(I,2)
240 DRAW 0,22 630 IF D=0 THEN 690
250 REM Draw Window boundary 640 T=—W/D
260 MOVEW I ,W3 650 IF D>O THEN 71O
270 DRAW W2,W3 660 IF T<0 THEN 860
280 DRAW W2 ,W4 670 U=T MIN U
290 DRAW W l ,W4 680 GO TO 73O
300 DRAW W 1 ,W3 690 IF W<0 THEN 680
310 REM Enter line definition 700 GO TO 730
320 PRINT @32,21 ,0,90 710 IF ‘1>1 THEN 860
330 PRlNrEnter xl ,yl , x2,y2 :” ; 720 L=T MAX L
340 INPUT X1,Y1,X2,Y2 730 NEXT I
350 REM Normals defined 740 REM Segment drawn
360 N(I ,1)=W2—W 1 . 750 IF L=>U THEN 860
370 N(l ,2)=0 760 X4=X1+(X2—Xl)’I
-380 N(3,1)=—N(1 ,1) 770 Y4=Y1+(Y2—Y1) 1
390 N(3,2)—.N(1,2) 780 X5=X1-r (X2—X1) U
400 N(2,1)=0 790 YS*Y14(Y2_Yl)*U
410 N(2,2) W41-W3 80Q MOVE X4,Y4
420 N(4,1) —N(2,1) 810 DRAW X5,Y5
430 N(4,2) —N(2,2) 820’ PRINT @32,21:0 ,30
440 REM Wind Ow boundary 830 PRINT “SEGMENT DRAWN”
450 F(1,1)=Wl 840 END
460 F(l,2) W3 850 REM Segment rejected
47fl F(2,l)—F(1,l) 860 PRINT @32,21:0,30
480 F(2,2)—F( 1 ,2) 870 PRINT “SEGMENT REJECTED”

880 END

FIgure 5. Sample computer program.

8 
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Y

X1x1

n(4,I) 18,17

i~ 1,I) -

~ \ n(3,I)

N
7,10 i~2,I)

X2,Y2

FIgure 6. Sample display preblem.

Enter xl ,yl , x2,y2 7,10,20, 16

SEGMENT DRAWN

EXAMPLE #1

Figure 7. Sample Interior (segment drawn)
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Enter xl ,y l, x2,y2 : 5, 18 ,15 ,17.1

SEGMENT REJECTED

EXAMPLE #2

Figure 8. Sample exterior (segment rejected).

We can introduce efficiency into the computation by first evaluating directly for the values of T.

= 
Po~ 

WL =w 2 w3 = 
Po~ 

_ W J( =W ,
P0 — W B 

Poy
_
~__ W T

= [wR W
L] = —n 3 

n2 = 
[w.~. 

_ W
B] 

=

F~ = 

[
~L = F

2 ] 
F3 = 

[R ]  
=F4

P — P
D = ‘x °x

P —Pl y O y
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(I) T(Pi~ ~~~0~~
) ~~R_WL) > (W L~~ 0x) (WR_WL)

(2) T(P I~ _ Poy)(W~I W& > (WB_Poy)(W~_Wg)
(3) T (P 1 x ~~~O X) (WL_WR) > (~~~~~~~0 

~~ 
(WL_WR)

(4) T (P1 y — P0~) (WR_WT)> (~~r~ oy) (W B — WT)
(5) Te [0,1J
Assuming that P(T) is not parallel tn any side of the rectangle, then we can solve for the values of Tso that each equation (1 through 4) is satisfied identically.

WI — P(1) =

P — Plx Ox

(2) = 
WB _ P oy
P — Ply oy
WR(3) =

P — Plx oy
W . r — P(4) = I

P1 — P 1y y

ilL ThREE4MMENSIONAL CLIPPING

Since the algorithm was not restricted to two dimensions, the basic result applies in the
three-dimensional case. We will examine a particu1a~ case. The set of points chosen for perspective purposes
Is centered with the axis center at the eye point , looking along the Z axis. The set of points is given by the
set product

{wL, wR} X ~~~~~~~ X IW H, WY}
The region In space R, now being viewed as our convex set, is given by the produ ct
(W~,WR] ‘C [WBflh’Tl X [‘1w WyJ
In the 2-1) case, there were four equations In P and one additional constraint. In this 3-I) case, thereare six equations in P and that same constraint.
There are six bound ing planes, four of which contain the poin t [0,0,01. The other two are the hitherand yon planes, which are handled as special cases (Figure 9). Symmetry conditions imply the followIng:
W L = _WR WB = _WT

_ _ _ _ _ _ _  ~~~~~~~
_
~~~~_~~~~_ . _ _ _



.. ,-- _. - - - ~~.r,._,
~~~~~~~ 

-,---- - ~~~~~~~~~~~~~~~~~~~~~~~~~ - -
~~~~-—,-,-—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- - -

ii

~~: / IWR

X/
~~~~~~~~~

Vl ’L WR, WT, WH] -

V2 = [—W a, +WT, WHI
V3 =. L_W R, —WT, WHI
V4 = [+W~ , -WT, WHI Yi~ure 9. Three-dimensional viewmg window.

These four vectors are the vectors along the intersection of the four bounding planes to the first
perspective plane.

n 1 = Vi X V2 = [0, _2WRWH, 2WRWTI

= V2 X V3 = [2WTWH, 0, 2W~W.~.]

n3 = V3 X V4 10, 2WRWH, 2WRWTI
= V4 X V1 = E—2W TWH, 0, 2W~W.~’]

n5 (Hithe r) [0 , 0, i~
n . (Yon)~~[O , 0, — 1 ]

= f 3 =f 4

[0 1
~~ LWHJ

f~ =~~~
]

D P 1 — P 0

WL = 
~~1 +

W i — +P0 W2 = + P0 W3 — + P0 W4 = + P0

+P +Pox oxwe — +p W6 = +Poy
Wy+Po
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The same rules apply to D nj  and Wj ’ n1 as before.

The primasy formu 1aIsT= Wi~~ 1for eadh i, giving
D ’nj

-: WTPO Z +W HPO Y
— 

~o~~
) WT — (P l y 

— P0 w
) WH

T - 

WfiPox+W RP01
2 — 

— 

~o~~
) ~~11 + (P — 13

°~~ 
WR

WHPO Y +WTPO Z
T3

(P1 — P0 ) W H + — PO ) W T

‘F4 = 
_WRP0Z +WHP0X

(P3 — PO )WR — (I’s —

T5 = 
—P01, +W H

P — Pl z 0~

—w +p
T5 — 

_________

These values o(Z define the intersection points of P(T) with each bounding plane .
It can be seen from thlz anslysls that while the comput ation ofP for the 3-D case may appear to be a

lengthy computation, each value of Tcan be computed in a separate parallel process.
Our discussion so far has been limited to detemrinln g a line segment that Is either rejected or clipped

to fit Inside a convex set S. Our output (TL,TU) can also be used to draw the complement , that Is the line
segment(s) exterior to a given convex set S.

The po.ibIllties are summarized in Figure 10.
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-~~~~~ --- - - -~~~



- 

~~~~~~~~~~~~~~ ~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

-

~~
‘“‘

~~

---- - 

~~~~~~~~~~ ~~

-

~~~

—-

~~

--- - 
— - - - 

- 
•1~~

Hole Hole .
Exterior Clipping In terior Qlppln

Normal exit draw P(TL),P(Tu) 4raw P(Tj)~P(T~)

r Lzo,Tu~~l TL O,TU 1 qmit

T L,~U TL,TU

T L=T U TL=T U
omit

X 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Abnormal exit

Omit rL_0,TU . l

F igure 10. Win&w lrole clipping summa ry.

This introduces the possibility that an Algol, P11 I or Pascal implementa tion of this algorithm might
be implemented to first apply exterior dipp ing to a h ole’ contained within the convex window.

If we define a function which performs P(T) caL ~EG, the flow chart (Figure 2) previously drawn
can be extended as in Figure I l .  The output of SE. - scaled appropriately for a display cfevice using
integer coordi nates.
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Exterior Clip

XI ,YI

Given • Interior Clip

Normal Exi t .
X4,Y4

Yes 
L > U

No

Yes Abnormal Exit
exterior

clip

No Do Yesexterior
CALL SEC clip

(L ,1X2 ,1Y2)
- 

CALL SEG

ECALL SEG
I (0,0,IX1 ,IY 1)
I CALL SEC

L = 0  
Yes L 

(l.0, 1X4 , l Y4)

-m
No

CALL SEG
(0.0,IXI ,IYI)

CALL SFeG
(L,1X2 ,1Y2)

Yes
U - l

No

CALL SEG
(U,1X3,1Y3)

CALL SEC
(l.0,IX4,lY4)

- e n  en-

Rgure 11. Extended dipping ftowthart .
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I
/ /

~1 _w1 
.
/‘ ,

,
/~~~~~._ .. -.

WINDOW WL WR WB W1 WH Wy E Where: WL ‘
~~~ 

H~ WR ~ HR
HOLE H L H R H B H1 HH Hy WB ‘

~~~ 
H~ WT > HT

VIEWPORT VL VR VB V1 WH ~ H~ Wy > Hy

Figure 12. Window-hole dipping perspective.

IV. CONCLUSiON

Implementation of true three dimensional interior and exterior clipping gives a display processor great
flexibility in creating a truly useful representation of complex shapes short of hidden lIne elimination. By
careful placement of the boundary planes , the viewer will be able to section shapes, remove obscuring
surfaces, or lock through one surface to another one in the Inte rior. These techn iques will form part of thenecessary tools visual displays will find necessary to provide, as computer graphics seeks to aid In thevisualization of objects presently being dealt with.
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