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(I) INTRODUCTION

Transonic  channel flows have applications in most modern hig h

performance  j et  engines .  Beca use the blades in a ro tor  ro ta te  past

f ixed vanes , and beca use of var ious d i s tu rbances  caused b y combust ion

ins tabi l i t ies , flow asym met r ies , e t c . ,  these flow s are inherent ly  un-

stea d y . Since the flow is tran s onic , small changes in p r e s s u r e  down-

s t r e a m of a s hoc k wave , can cause large variat ions in the posit ion of

the shock wave and thus large variat ions in fo rces  on the blades.

Previous work  on unstead y two dimensional channel flows wi th

shock waves~~~’ 
( 2 ) indicates that a g rea t  many ph ysical  problems of

in te res t  fall in the so called slowly vary ing t ime re g ime. If ‘
~~ h is

the chara -t er ist ic  t ime associated with an impressed  p r e s s u r e  oscil-

lation , say, (overbars denote dimensional quan t i t i es )  and L and a are

the channel throat  half width and cr i t ical  sound speed respec t ive l y ,

then this region is charac ter ized  by the relation

~ / ( J~ ) > > l ;ch -*a

That is , the period associated with the impressed oscillation is large

compared to the t ime taken by an acoustic wave to c ros s  the channel .

As pointed out in refe rence I , for  typ ic al condit ions in a je t  eng ine ,

WRichey,  G. K. and Adamson J r . ,  T . C . ,  °Anal ysis of Uns t eady
Transonic Channel Flow with Shock Wave s , AIAA Journal , 14 , 1976 ,
pp. 1054-1061.

~
2
~Messite r , A. F. and Adamson J r . ,  T. C . ,  UA sympto t ic  So lu t ions

for  Nonsteady Transonic  Channel Flows , u Symposium Tran s sonic urn
E d s . ,  Oswat i tsch , K. and Rue s , D. , Sp r i n g er  Vi ..r lag ,  1976 , pp. 41-48.

______________________________  
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th is “slowly vary ing ” time regime encompasses a range of f requencies

(1 T~~ cy c l e s / s e c )  of 100 < f < 1000. This  f r e q u e n c y  range

is ev iden tl y of cons iderab le  in te res t .

Wit hin the general  condit ion T h / ( L /a ) >> 1 the re  are  two

spec ific cases  of ph ysical  i n t e r e s t  in flows with shoc k waves .  They

have to do wit h the comparison of the c h a r a c t e r i s t i c  t ime associa ted

with  the impressed  p r e s s u re osci l la t ions , 
~~ch ’ with  the c h a r a c t e r i s ti c

ti me for  a si gnal to t ravel  f rom the point where the osci l la t ion is intro-

duced dow n s t r e a m  of the shoc k wave to the shock  wave itself , say

T . Thus , ifsh

T
I )  -

~~~~~
-

~~ = 0(1) p r e s su re  signals f r o m  downs t r eam
sh

reac h the shoc k wave in a t ime com-

parable with the time c h a r a c t e r i z i n g

the p ressure  var ia t ion  e. g . ,  the

per iod of the p r e s s u r e  osci l la t ions  I .

Oscil lations in velocity,  p r e s s u r e ,

e t c . ,  in the channel flow d o w n s t r e a m

of a shoc k wave lag behind the im-

pressed p r e s s u r e  osc i l l a t ions .

T
b( 2 )  ~~ — >~ I p r e s s u r e  s ignals  f r o m  d o w n s tr c am

sh
reach the shoc k wave “i n s t a n t a n c o u s  -

ly ” compared  to the t i t t i n  -h a r a c t c r -

iz ing the p r e s s u r e  v a r i a t i o n .  Oscil-

la t ions  in veloci t y. p r e s s u r e , etc .

2
II 
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in the channel flow downstream of a

shock wave are in phase with the

pressure oscillations.

The remaining orde r , T h /T h << 1,, appears to be a more complica-

ted and probably less important version ci case (1), and is not con-

sidered here .  Case ( 1)  is considered in reference (1)  for a symme-

tric channel. In reference (2), solutions are presented for case (1)

wri t ten  in terms of unstead y boundary conditions rathe r than initial

conditions ; in addition , the concepts inherent  in case (2 )  are dis-

cussed  briefl y and the different ial  equation descr ib ing the instantane-

ous shock wave position in a channel with parabolic walls is derived

for a part icular case in which the impressed dis turbances  have a

s inusoidal time dependence. In both references , solutions are given

in ter ms of asymptot ic  expansions ; thus , the type of solution f i r s t

postu lated by Szaniawski~
3
~ for  ste ad y t ransonic  flows are derived

in a systematic  manne r and extended to cove r unstead y f lows.  —

In this report , solutions for case ( 1)  are reviewed and numeri-

cal solutions for  a typ ical case are given. Next , detailed solutions

for case (2) are  presented , again with flume rical results  for  a typical

case. Finall y, a general solution , (case (3)) ,  which holds for  e i the r

case , is presented , with an e r r o r  est imate which allows one to make

~
3
~Szaniawski, A. ,  ‘l’ransonic Approximat ions  to the Flow Throug h

a Nozzle, “ Archiwurn Mechaniki Stosowanej ,  17 , 1965 , pp. 79-85 .

3 
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sirn pl if ica t ion s in t he  numer ica l  ca lcu la t ions  on a s y s t e m a t i c  bas i s ,

i . e . ,  on the basis of a d e si r e d  a c c u r a c y .  A detailed d e s c r i ption of

the var ious  possible shock  wave motions for  periodic impressed  pres-

su re  osci llations is also presented .  All r e su l t s  a re  given for  symme-

tr ic  channels .

Finall y, a d i s c u s s i o n  of the use of s t eady  flow p red ic t ions  of

shock induced separat ion to predic t  separat ion in unstead y flows is

g iven.

(II) UNSTEADY TRANSONIC CHANNEL FLOWS

WITH SHOCK WAVES

The problem conside red is that of a two dimensional  channe l

wit h an a r b i t r a r y  wall shape , in which there is a t r anson ic  flow wi th

a shoc k wave . A ske tch  of the channel flow i l lus t ra t ing  the no ta t ion

used , is shown in f igure  1. The flow ups t ream of the wave is s t e a d y

pressure  oscillations are impressed upon the flow downstream of the

shoc k , at x X , say ,  caus ing the shock wave position to oscillate .

The gas is assumed to follow the perfect  gas law and to have constant

specific heats.  Th e f low upst ream of th e sh ock wave is i s e n t r opi c ,

and because the flow is t r an s onic , the shock is weak enoug h tha t  a

velocity potential may be used to the orde r des i red .  The c o o r d i n a t e s ,

x an d y , are ma de dimensionless  wi th  respect  to L , t he t ime , 1’, wit h

respect to L/~. ,  an d velocities wi th  respect  to a ; hence , t he di-

— *

mensionless velocity potential is r e f e r r e d  to the produc t La . The

p r e s s u r e , P. densi t y, p .  and t e m p e r a t u r e , T , a r e  made dimension-

less with  respect  to t he i r  c r i t ical  value s , and the en tha lpy  is r e f e r r e d

4
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The wall shape s cons idered  a re  w r i t t e n  as follows , fo r  symme-

t r ic  c hannels :

y + (1 + f ( x ) )  ( 1 )
w-

w here f (x )  is the a r b i t r a ry  wall shape funct ion , suc h that  f ( 0 )  = f ’ ( O )

0. Thus , x is meas ured f rom the channel throa t .  The radius  of

cu rva tu re  of the channel , at the throat , is 0(c 2 ) f rom eq n. ( 1 ) ,  and

as will be seen late r , u - i  = O(€).  Hence , for t ransonic  f low , € ~< 1.

Unstead y flows may be charac te r i zed  by p resc r ib ing  the rela-

tive orde r of the charac te r i s t i c  time associated with the impressed

dis turbances , T , and the charac ter i s t ic  time associated wi th  thech
— *acoustic wave s traveling through the channel , L/ a  . As ment ioned

previously, the so called slowly varying t ime regime is c o n si d e r e d

here , where T
b >> L/~ . Therefore , a paramet e r , T , is intro-

duced and the time is s t re tched , as fo llows :

T ~ T / ( L/ a ) T = T t (Za , b )ch

so that -r >> 1 and t = 0(1) .  The relat ionship between T and c depends

on which of the cases mentioned previously is cons ide red .  Again ,

T h is the order  of the time it takes a si gnal to t ravel  ups t r eam f r o m

the origin of the flow d i s tu rbance  to the shock wave , a d i s t ance  of

orde r L, sa y. A di s tu rbance  pulse t ravels  ups t r eam at sonic veloc -

i ty relat ive to the flow and thus  at art absolute d imens ionless  ve loc i ty ,

u~~ 1-u = Oj € ) .  Hence , T b O( L/a u~~) = O(L/ a  ~~~~, ari d

T IT = O(r/ ). The re fo re , it is seen tha t case ( 1 )  ment ioned

_ _ _ _ _ _
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previousl y and cons idered  in r e f e r e n c e  ( 1 )  is that for  wh ich  T = O(c 1 )

and case  ( 2 )  is that  for  which T >~ c~~~, and ~~re we choose T Ofr~
2
)

In s u m m a r y ,  t hen , we consider the following two cases.

Case ( 1 )  (k
1 c)~~ (3a

Case ( 2 )  r 2 
(k

2 c2 ) 1 3b)

where  k 1 and k 2 are a rb i t r a r y  cons tan ts  of order  un i ty .

In the following, solutions are presented in the fo rm of asymptot ic

expans ion s , un if orml y valid to o rder c~ . Although the method is valid

for  more  general  impressed  dis turbances , at tent ion he re is focused on

osc il latory second order  p r e s s u r e  f luc tuat ions  impressed  on the flow

d o w n s t rea m  of t he shock  wave . Up s t ream of the shock wave , t he flow

is stead y.

Solutions for  Case ( 1), T
i 

= (k
1

The solutions for  Case (1) ,  der ived in reference  ( 1 ) ,  may be w rit-

ten as fo llows:

u I + u 1 + u
2 

+ . . .  4a)

v C v
2~~~

... 4b)

P = 1 - c
~u 1 

- u
2yu

2 
f . . - (4c)

p = 1 - cu 1 
- 

2
( + ( ~~~~— )  u~~) + .. (4 d)

T = 1 - ((~~- l ) U 1 - c ( y - 1 ) ( u 2 + ~~ — )  + . . .  14e)

w h e r e  y C 1~/ C is the ra t io  of speci f ic  heats , and wh e r e

I ’ + I 2 1 ( x )  C H a )
I _ f ( y f l )  W 

_ _ _____ _  __ _ __ _ _ _ _  — — —a- - — — -t 
p_ — m
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2
u2 

r f ”  + h + 5h

V
2 

f’y + 
~ *

1/2 ~
= ~~O 

~~~ 

n~~1 

~~~~ 
exp~~~n~~~ /[(y+i)C I

h/2
}

cos(n ir y~ (Sd)

* -1/2
X (x-x )€ (Se )

h - ( f ”  + (Z V- 3) u ~ ] + + ~~~ G ( t -t 9
) ( S f )

t~ t
1 
(x) = j

X 

( 2k / ( + 1) (~~)) d ~ H g ?

Finally, t he shock wave location is

x = x + c x ( t )  + . . . i b )
S 0 si

where x0 is the s tead y st ate locat ion , and x is fo und f r om  the  equa-

t ion ,

4k dxs 1”
1 

~~L = h + h + _P.~ - 7a)
(v i ’)  dt ‘~d ~ u ~

t = T/T ~ (Tb)

The y dependence of x occurs first in a term of order ~
3/2

. ~~ In

eqn . (Sa), C is an arbitrary constant set by the value of the velocity

at the throat; i.e. , if the f l o w  is supersonic or qibs onic the re ,

C > 0, while if the flow is one which accelera tes  f rom subsonic to
w

supersonic flow, C
w 

= 0. Also, in eqns. (5), f ’  - = df/dx , etc . , and f’
0

is the derivative of I evaluated at x , C is the value of u at x
0 u 1 0

7

______ a~~~~ - ~~~~~~~~~~~~~~~~~~~~~ ~~~
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cv a l i i a t .. d  u p s t r e a m  of the sh o c k  (uppe r si gn in eqn.  ( 5 a H ,  C 2 is an

a r b i t r a r y  c o n s t a n t  of i n teg  r a t i o n  set  b y boundary conditions , and G(t ?

is the o sc i l l a t i on  in p r e s s u r e  i m p r e s s e d  dov~n s t r e a m  of the shock  wave

at x X , s ay .  Hence , u p st r e a m  of the  shock  wave , the e q u a t i o n  f o r  h

would  be found  f ro m  eq n .  ( S f )  b y se tt ing G = 0. In e q n s .  i S f )  and (S g~ .

- ~(x) is t h e  lag t i m e , r e p r e s e n t i n g  the t ime  t aken  by a s igna l  to

t r a v e l  u p s t r e a m  f r om  -\ - X , to an y posi t ion x. The su }~sc r i p t s  u and d

in eqn . ~7 a)  i n d i c a t e  f u n c t i o n s  eva lua ted  i m m e d i at e l y u p st r e a m  and down-

s t r e a m  of the  s h o c k  wave , r e s p e c t i v e ly ;  t hus , fo r  e x a m ple , C = U
iu

and f r o m  the shock  j u m p  condi t ions

u — c  ( 8 )
Id  u -

The function c (x , y ) in eqn s.(S) is the additional velocit y poten~

tial needed to make hit solutions uniformly valid to order r~ . That is ,

the solution s with ~ 0 are ~he outer solution s, which do not satisfy

the shoc k wave iu m p  conditions to second order , Hence , an inner re-

gion enclosing t he  shock wave must be considered. In this inne r region,

which has an exten t  of orde r  C SO that the inner x-direction coordi-

nat e, x , is written as in eqn. (Se), it is found that the oute r solution s

do hold u p s t r e a m  of the ~,hock wave , but that  a new solution is neces-

s a r y  downst ream of the shock  wave .  This  new inner  so lu t ion  s a t i s f i e s

the shock j u m p  c o n d i t i o n s  at  x 
• 0 and ma tc he s w i t h  the d o w n s t r e a m

oute r so lution as x -. m . The  i n n er  and outer solutions are t h i n j o i n e d

to f o r m  a composi te  solution u n i f o r m l y valid to o rde r  
2 

Thus , up-

s t r e a m  of t he shock wave - 0 in eqns. (5b) and ( S c ) ,  w h i l e 
~~~~~~

,

and t ar e  found f rom cqn .  (Sd ) d o w n s t r e a m  of the shock .

8
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Numer ica l  solutions are c a r r i e d  out fo r  given func t iona l  f o r m s

for  the wall shape , f ( x ) , and im pres sed  p r t . s s i r ’ -  d i s t r i b u t i o n , G t ) . and

for given values of ~, , -r , and the s te a dy  ~~~~~ p r e ss u r e at x X .

Again , x r X is the point  at  w h i ch  a g i v e n  p r e ssu r e  is im p r e s s e d  up on

the flow ; set t ing a given stead y s ta te  p r e s s i r . -  t h er e  set s  x ,~. t he s tead y

state  shock i e -’ca tion . and p r e s c r i b i n g  G ’t )  t h e r e  al lows calculat ion of the

corresponding nons ta t iona ry  shock wave location . It  should  be no ted

that variations of p r e s s u r e  of o rder  r~ at x N , a r e  suf f i c i e n t  to c a u se

varia tions in shock location and thus p r e s su re  va r i a t i ons  of o r d e r  r in

the reg ion in which the shock wave travels . This point is i l l u s t r a t e d  in

fi gure  2 , where  a typical p r e s s u r e  d i s t r i bu t i on  for  an acce l e r a t i ng  flow

has been sketc hed.

Example calc ulations are shown in fi gures  3 and 4 for  the follow-

ing conditions:

f ( x )  = i8x ~~/ 1  ~ -~~ 1

- 2 7 1x - 2 1
4
/ I  3 4 8 ( x - 2 ) 3 / 1 3  ~ 3 1 < x  < 2

= :3 x > Z

G ( t )  = :3 sin ( 2 ) )  t > 0

— 0  t < 0

c = 0 . 1  - 1 . 4  C
2d 

- 

~~~
C

u~
’
~

T - 2 0  C = 0  X = 3  C - 0
w

The flow is taken to be an accelerat ing flow w h i c h  goes t h r o u g h  sonic

veloci ty at the t h r o a t .  Hence C 0 and C , 0. For C 0 , s a t i s -

fac t ion of the shoc k j u m p  cond i t ions  demands  t h a f  C
2d 

2

C~~/ 3 ;

—-- — -- -•- - -~~~~~~ - -~~~~~~~~~~~~~~~~~~~~ - - ~~~~. - . 5- - —~~~~~~~~
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giving a numerical value for C2d . t hen , is equ iva l en t  to s e t t i n g  the

p r e s s u r e  at  x = N and sets x0 , the shock locat ion.  That  is , if

3
3/ 2

~~~ [-_~j~~ix&] = - 4 . 8 3 2 3  ( 1 0 )

then, using the equations given for f(x) in equations (9), one can show

tha t x0 = 1.  5. Finally, for the given values for and c, it is seen

fro m eqn. (3a) that  k 1 
= 2 . With these pa rame te r s  known , eqns .  ( 4 )  -

(7 may  he used to calcula te  ve loc i ty ,  p r e s s u r e , t e m p e r a t u r e , and

densi t y d i s t r i but ions , and shock wave loca t ion  and ve loci ty ,  wh ere

dx dxs 2
U = -~- jZ— = k

1 
-

~~~

-

~

—-— . . . ( 1 1 )

It should be noted tha t the wall shape sh own in eqn.  ((fl U was chosen so

that f x), f ’ ( x ) , and f~~(x)  are cont inuous  t h r o u g h o u t  the channel .

Isotachs and pressure distributions at the centerline and at the

wall, at given times , are shown in figures Ia - if for  the case  where

t he flow is stead y unt il , at time t = 0, the pressure  oscil lat ion indicated

in eqn. ( 9 )  is s ta r ted  at x = X . It is seen that as the disturbance propa-

ga tes ups t ream , the velocit y profi les  d o w n s t r e a m  of the shock change ,

and at time t = 0. 39456 the disturbance reaches the shock and the shock

position begins to chang i. The f a r t h e s t  f o r w a r d  posi t ion of the  shock

wave occurs at t = 1 . 9 6 5 3 6 , f igu re  3f.

Center l ine  p r e s su r e  d i s t r i b u t ions co r r e spond ing  to t h r e e  dif-

f e r e n t  s h o c k  loca t ions  and thus  to several  d i f f e r e n t  t imes  a rc  shown

in fi g u r e  4 . The shock  is located at i t s  f a r t h e s t  d o w n s t re a m  loca t ion ,

x x 0 - I . 5, until t = 0.  19456 ; t hu s  onl y the p r e s s u r e  d i s t r i b u t i o n

It )

- ---5-
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dow n s t r e a m  of x 1. 5 varies with time as i l l u s tr a t e d  by the two dis-

t r i b u t i o n s  at t 0 and t 0. 39456. As the shock beg ins to move up-

stream , the fluid veloc it y relative to the wave , u - u , i nc reases
U S

beca use the increase  in - u ,  the shoc k wave ve loc i t y in the d i r ec t i on

of t he throa t , is g rea te r than the decrease  in u ,  t he s tead y s t a t e

veloc it y upstream of the shock wave , caused  by the decrease  in the

cro ss-sectional area of the channel. Hence the pressure jump across

the shock inc reases , as indicated by the distribution marked t = 1 .  17996,

where x 1. 38. At the farthest upstream shock location , indi ca ted

by the distribution m a r k e t  t = 1 . 96536 , the shock velocity is ze ro .

Finally, as the shock moves downst ream and again reaches

x 1.38, at t = 2. 75075 , the fluid velocit y rela tive to the shock wave

is less than the stea dy s tate ve loci ty at that point . Hence , the pres-

s u r e jump across the shock and indeed the p r e s s u r e  at any point down-

s t ream of the wave , is less than the pressure at the corresponding

point for  the t 1. 17997 distribution when the wave was advanc ing .

In f i g u r e  4 , ii s hould be noted tha t  the fac t  tha t  s eve ra l  of the p r e s s u r e

dis tributions have common points at x = 3 , is f o r t u i t o u s .

In f i gu re  5 , the shock wave position and veloci ty  are shown as

func tions of t ime , for  th i s  s ample case.

Solutions for  Case ( 2 ) ,  -r
2 

(k 2 
~2 ) 1

The fundanier ita l  ideas unde r l y ing t he method  of s o l u t i o n  fo r  t h i s

case wet -c d i scussed  br ief l y in r e f e r e n c e  (2 ) .  He re , d et a i l e d  s o l u t i o ns

are  give n for  the same genera l  prob lem cons ide red  f o r  t h e  case  ( I

I I

— 5 - - -- - — —-5 5-—— - - - - -- - - —5 5 - 5 -- -  - -  55-. 5 - - - -.
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c a l c u l a t ions. That  is , un stea d y flow w i t h  shock waves , in a two dimeñ~~~~~~~~~

sional  channe l , is r onside  re d. The u n s t e a d i n e s s  a r i s e s  as the r e s u l t

of o s c i l l a t i o n s  i m pr e s s e d  on the flow at some  poin t downstream of the

sh o c k ;  u p s t r e a m  of the  s h o c k , the  flow is s t e a d y .  1 he i mpr e s s e d  Os -

c i l l a t i o n s  aga in  have an ampl i tude  of orde r ~~~~~ , i . e .  t hey  oc or in the

second  order pressure. Now , howeve r , the period of the oscillation

is large compa red to the time taken for a signal to travel ups t r e a m

- i~ s 1 - - k wave .

I~ecau se T
2 

>~ T
1
, and the partial d~~rivative with respect t o

t i m e  is ordered by T (i.e. . a/ a T -f-- ~)/ a t ) ,  it is cle ar that insofar

as t i l e  genera l  form of t he o u t e r  solutions for u, v, P. etc . , are c o n —

cc m c d , t h e  solutions for case (2) should be derivable f r o m  t h o se  fo r

c a s e  I ) , by simplifi cation. Thus , eqn s - ( I , ( 5a) ,  and eq n s .  (5 b) and

(~ c i  w i t h  ( 
- 

- 0, hold for this case also. The  questions which remain ,

then . a re  t ho s e  conce rning the calc ulations in the inner region , fo r  ~ 
-

t h e  t :a lc  l l l a t i t ) n s  f o r  h ,  and the ca lcu l a t io n .  ~or  the shoe k wave position.

En c ;ise  ( 1) ,  bee au se  unstead y oscillations in pressure (and thus i i)

a r~- i mp r e ssed  onl y in second order , the first order solution down s t r e a m

of t h e  s hoc k  h a s  t o  he (h e  st e a d y su b s o n i c  s o l u t i o n  a s s o c i a t e d  w i t h  s o n i c

1 2 .  -
flow ;it 11w throat , i. e., u — \j — ———— t~~ ) ( ( 2  0) , s I n c e  i t  W o U l d

1 i ( Y ~~
) w

h~~~d f o r  t he  i- . I se  w her e  no s h o c k  i - - ~i~;t s , as i n d i c a t e d  in

2 . R et w e e n  t h e  t h r o a t  and t h e  s ho ck , on t i c  o t h e r  hand , ii
i

( 1  — i i  . As a i- ’- s u l t  of t h e se  c o n s i d e r a t io n s . (h e  shoc k
Id  I u

v lorily m u s t  he of n r d e  r ~~~~~~. ‘t ha t i s , t h e  s h o c k  w a v e  j e l l ip  c on d i t i o n

- t t t i v c  to t he w a v e  ic , t o  f i r s t  o r d e r ,

- 55 — - - - -. - ~~~~~~~~~~~~ —- -  -. - —  —
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ii — u = — (u — u ) ( 1 2 )
ld  i s l u is

w her~~~~~~T~ T 1rsTnT eT sho~ k --ve loci ty .  Since u = -u  , it is
I s  I d  Li

seen t hat  u 1 0 , i.e. the shock velocity is of second o r d e r .  Since

T
1 

0(c ), (hen , the s h o c k  velocit y, u , is

d X dX d
= k~ c = k 1 c 

~
-j - (x 0 

f . . . I 13

so t h a t  x ri n~st  be c o n s t a n t , and x = x ( t ) .  in the  p r e s e n t  c a s e ,
0 s I  s i

f o r  the reasons  me n tio n ed abov e , the shock wave velocit y is , again ,

2 -2
of or d e r  ~ . However , O(c ), so

dX dX
s 2 s—.

~~j :  = k 1 c —
~j  ( 1 4 )

and we see tha t now x var ies  with  t in zero
th 

order . That is , the

var ia t ion in shock posit ion may be of o rder  u n i t y ;  the shock can move

completely throug h the channel , as opposed to case ( H  where  the s h o c k

motion is a pe r tu rba t ion  about a stead y state locat ion , x 0. Here , f o r

conve nience , we aga in wr i t e  the s tead y s ta te  shock wave lo . a t ion  as

and w rite for the general  shock location ,

x = x + f ~~~ + ... = x +~~.x + ( x  + • • •  1 5 )
S so si 0 so si

Again , the y dependence of the shoc k shape is of hig h er  o rder  t han  tha t

re ta ined in eqn. ( 15) .

Because the oute r solu t ions  do not  s a t i s f y the  shock j u m p  condi-

tions to second o r d e r , i t  is n e c e s s a r y  to c o ns i d e r  an i n ne r  r eg ion  en-

closing the shock  wave , j u s t  as in case (1 ) .  Howeve r , t h e  s i t u a t i o n

in t his case is complicated by the fac t  that  the s h o c k  wave move s  over

d i s t ances  of o r d e r  un i ty .  That  is , in case  1) ,  b e c a u s e  (he shoc k m o t i o n

‘3  
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15 a pe r t u r i ) a t l o n  , t h ~~u t  ~ i t h  t h e  o r d er  of t h e  d i s t a nc e  moved smal l

0111 t ) a  me d  I he t h it  km - s s of t h e  i n n e r  m e g  j o n , i t  is pOS s ib le to con —

S i ( I e L  a s t a t i o n a r y  i n n e r  m c I ~I on , in s i d e  v~ I t i c l i  t h e r e  is a h ig h e r  o r d e r

5 1 : 1 k w a y  m o t i o n .  I I ’ -  i c , on t h e  o t he r h a n d , one I l o i s t  con s i der  an

m i l e :  r i - ~~i) n  01 1 c o O r ( h i i i at e  s y s t e m  w h i c h  t i : v& s a t  t h e  s ho ck  wave

v e l o c i t y ;  in v i e~\ ot  t }it e xp a f l S i of l  for  x • -q m 1~~ i , it  is s u f f i c i e n t  to

c o l l s i ( I e r  a ~- u ( i r ( 1 i t l a t e  s y s t e l l i  i m i o v i n g  a t  I i i , - v~ - l o c i t y  ~ d~ /di .
so so

If ~ i i a n t i t i e s  r e l a t i v e  I i )  t i e -  mov i n g  i- o r d i n a t e  s y s t e m  ar c  d e —

(1 It d hV a a r e t , t h e r m ,

\ 55 y 1 1 t - t 1(~ i , b. c , d l
S I )

-. 
~

- - -

q q — i x ii i i  — ‘. v I l~~c . 1 ,
S O  S I )

h - h - x
1 ( 5 1 )

i s  t h e  v e c t o r  v e l o c i t y  and h 1 
t ie ’ ~ I . i ~~f l , i t i u f l  e n t h a l pv in t h e  m o v —

0 ( 1  1oi - c i i n a t e  s y s t en i ;  h~ 
h (~~ /2 . and q a c t h e  s t a g n a t i o n  e n t h a i p ’

, t t n i \~ - I u i t v  in (he  a b so l ut e  s y s t e m s  r e s p e c t i v e l y ,  and  h is t h e  s t a t i c

- m i t h a l py -

Si n ce  t h e  m o v i n g  sy s t e I I l  is a l i n e a r l y ,I d c  rating s v s t C I l i , t h e

c o n s e r v a t i o n  e q u a t i o n s  may- by d e r i v e ( i  f r o n t  t I s t ’  v a l i d  in iii i n t - m t n i l

~ ~
- s t  i r e  h\ ’ - is j u g  the  s i m u p le I r a n s  fo m i  at ions

1 . it 1) 1) ()
- - \  — -  —— l l s , b , c )

it I 5 () ) 
~ 

d x  t~~ ~~Y ) v

- i 11115 , t h e  r l i : i - - t S  , i i i o i i i e n t i i i i i , t m n c i  e n e r g y  c l o s e  r v a t i on  , ‘c 1u , i t w l i s  h t - c o m l l (

~
-
~
-
~s ~~~~

• 
~ ~ t ) 1 8 - i  I

I ,  

- —-.5--- - — 
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+ (~
‘ . V )~ - V P  - ~ x ( 18b)

OT P Y  SO

A

A . .  1 3P
—

~~~ (18c )
aT t SO \iIIl dT

Also , the following dimensionless proper ty  relations hold for  a per f ec t

gas wit h constant  specific hea t s :

h = ( l 9 a t
v-i

1

p = T
’
~
’ ’  e~~~~

’ (l9 b

P = p T ( 19c)

where  s is the specif ic  en t ropy  made d imension less  w i t h  respec t  to R ,

t he gas cons t an t .  If we now wr i t e  the velocity as

(20)

Then, using eqns. (18c ) and ( 19), one can show that the en e r g y  e q u a t i o n

can be wr i t t en  as

V (h  + \ +  = _
_E ~~~~~~ -~~~~~

‘
. —-

~~ 21)
‘I so yp~~~T aT

A . .
where  u x  q i x V x x  . Now , the  Reynolds  numbe r is

50 SO SO

t aken  to be large  enoug h t h a t  v iscous ef fec t s  a r c  neg l ig ib l e , and t h e

flow is t r a n s o n ic  so that  shock waves are weak ( i . e .  , ~~s = 0( i ) ) .  If

one wri te s the equat ion  ex p r e s s i n g  the change  in v o r t i c i t y  a long a

s t r e a m line in the  moving coord ina te  s y s t em , one can t h u s  s how t h a t

- Ofr 712
)~ Moreove  m~, si nce T 

2 
-
. 0(c 2 ) i t  is e a sy  to show t h a t  t h e

t e r m s  on the r i g h t  hand side of eqn. ( 2 1 )  a re  neg l i g i b l e ;  t h a t  is t o  t he

L 
_ __ _ _ _  

_ _ _ _ _ _ _ _  ~~~~~~~~.- ._
-
--5 —---- -- -.- - —- - --- ---~~~~~~~- —-- -



o r d e r  de s i r ed , eqn. (21)  becomes ,

A A
h - f ~~a F x x = F ( T )  ( 2 2 )

I T so

TI- is  is the f o r m  of the Bernoul l i  equa t ion  to be used in the mov ing

c o o r d i n a t e  s y s t e m .  The c o r r e sp o n d i n g  e q u a t i o n  in the  i n e r t i a l  f r a me

- (4)
is

+ 

~T = F ( T )  ~fl)

l’he r e l a t i o n s h ip b e t w e e n  F ( T )  and F ( T )  is easi l y found b y w r i t i n g

equa t ion  (2 2 )  in t e r m s  of ab so lu t e  q u a n t i t i e s , us ing  e q u a t i o n s  ( 1 6 ) , (1 7 1 ,
Pt

and the relation between ~ and ~~~, i. e.

A
1:1:, 

~~~~~ x (24 t
so

and by replacing h t 
+ 

~ r by F(T)  accord ing  to eqn. ( 2 3 ) .  The result is ,

.2
‘I A

F(T ) -+- —
i-— = F ( T )  ( 2 5 )

. 2  2 4  2 4
Actual ly, s ince  = k c (d x / d t )  = O(c ) ,  F ( T )  - F(T ) to the o r d e rso 2 so

1 1~d e s i r e d .  ‘i he values of F ( T )  and F ( T )  u p s t r e a m  of the shock wave can

be found easil y by no t ing  t ha t  t he r e  th~ flow is s tead y, so - 0 , and

F = c o n s t a n t  evaluated  in the  u n d i s t u r b e d  flow. Thus

. 2
A A 

‘ + 11F ( T )  = F ( T I - — )\ ~ ‘ ( 2 6 )
u u 2

The values  of F and F downst  r e a m  of the  wave  may  be d d e  r r l l ined  b y

not ing tha t  the s t agna t ion  en tha l py re l a t i ve  to tile shoc k wave , wr i t t e n

4 
~Gude r i cy ,  K. G. , The  Theory  of T ran sonic  Flow, He m -~~anion  i ’ r i ’s s ,

A d d i s o n - W e s l e y ,  1962 , p. 7 .

16
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ei the r  in inner or ou te r  var iab les , is conserved across the wave , i.e .

h
td 

= where the subscri pts u and d refer to positions immediately

u p s t r e a m  and immediately d o w n s t r e a m  of the wave , r e s p e c t i v e ly.

Then , us ing  eqns .  ( 16 ) ,  one can show that, therefore ,

. 2  . 2
x x

so . so -,h - u x  +—  zr h - u x  2
td d so 2 tu u so 2

and if , again , we let  ‘ = u (x ) and note tha t  f r o m  the f i r s t  o r d e r
u lu  so

solutio n s , across  the shoc k , U ld = - u
1

, then eqn. (2 7 )  becomes ,

h Zr - 2 c ~~ C f . . .  (2 8)
td Z ( y - l )  so u

(v + l )
w h e r e  h Zr and u I + c u  + . . . have been used. Now , since

tu 
~~

( v — 1 )  1

the uns teady  te rms  in the outer , i n e r t i a l  f r a m e , solut ions are  of sec  -

ond or d e r , and T
2 

= 0V
2

) , it  is seen that downstream of the wave ,

Hence , to o r d e r  ( (since ~ k d x /dt), one findsT so 2 so

f r o m  eqns .  ( 2 3 )  and (25)  that

.2
X

F (T)  -= F (T)  - v U 
- 2€ ,~ C + . . .  (2~~)

d d 2 2 ( y - l )  so u

H’~nce , the Bernoulli equations in the moving coordinate system , eqn.

(22), and in the s t a t i o n a r y  coord ina t e  s y s t e m , eqn. (2 
~~~

), a re  known ,

1)0th upstream and downstream of the shoc k wave , by v i r t ue of ~1qns .

(26) and (29). It should he noted tha t  the sanie r e s u l t s  are found if

detai led inne r reg ion calcu lat ions a re  c a r r i e d  o u t .

An i n ner  r egion , enc los ing  the shock wave , m u st  be c o n s i d e r e d

because , as mentioned previously, the outer solutions do not satisf y

t he  shoc k j u m p  c o n d i t i o n s  in second o r d er .  In t h i s  t h i n  i n ner  r ei~ion ,

- _ _ _
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then , the solutions m u s t  ( i )  ma tch  wi th  the oute r so lu t ions  t e r m  by

te m i  as the o u t e r  reg ion is approached in an a p pr o p r i a t e  l imi t , ( i i )

s a t i s f y the  wall  b o u n d a r y  cond i t ions , and ( i i i )  s a t i s f y the shock  j u m p

cond i t ion  at the shock  wave . The anal ys is  d i f f er s  f r o m  tha t  followed

in r e f e r e n c e  ( 1 )  onl y in a few minor  instances , so a ve ry  b r i e f  r e v i e w

is given h er e , with emphas i s  on the those  d i f f e r e n c e s .

The gas dynamic equation in the moving coordinate system may

be derived from eqns. (18), (19), and (20 ), with q Zr 0 and ~~~~ .S -r 0

(to the orde r desired he re). However, it is simple r to transform the

equat ion  w r i t t e n  in t e r m s  of absolute q u a n t i t i e s , 
(4 )  

u s ing  eqn s. (17) and

24). The result is ,

2 A2 ,\ 2 ,~2 A
(a - 

~~A ) ~~ A t’l + (a - ‘~‘A ) ~~ A A  - ~~ ~~~ -

x x x  y y y  x y x y  TT

I ,  -\ 
( 3 0 )

~~~~~~~~~~~~~~~~~~~~~~ ~~~A~~~~~~~
X x + ~~i x r U

x x T  y y T so~~~ so so so

Jus t as in case ( 1) ~~~ , it can be shown that the inner reg ion i s of

o r d e r  in thickness. Hence , inner  va r i ab le s  a re  w r i t t e n  as follows :

* — 1 / 2  -x - (x-x )c y n y T - ‘1 = -i-
2

t = ( - 1 Ia , b , c )

and an inner  ve loci ty  po ten t i al  may  be def ined as

* * — 1/2 / 
~ • “ * — 1 /2

~ (x ,y ,T ) - ~(x , y , T)  - x  ( 1- i ) + c  x

( 3 ’ )
* )tI * I~. 

-

-4- 4 (x , y  , t

w h e r e  tk is t he  p e r t u r b a t i o n  potent ia l .  From eqns .  ( 3 1 )  and 3 2 ) ,  i t

is seen that

u r- - 1~ = u = 1 I - ( H a )
x * * so

x x

~/ ~~~ , 
1/2 ~~ 

, = 
/ / (~ ( H b (

Y Y ’

18

- t

~

T

~ 

~~~~~~~~~~~
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The matching conditions for u and v , i. e. the so lu t ions  to

which they should match as x
’ + ~~~~ , are  found b y transforming the

o u t e r  so lu t ions  fo r  u and v (eqns.  ~4), (5a), (Sb), and (Sc ) with 
~ 

= 0)

into velocities in the moving coordinate system , u and ~ f eqn~~ . ( I f  f I

and (16 g)), then expanding these solutions about x and writing the

r e su l t ing  e x p r e s s i o n s  in i n n e r  v ar i a b l e s .  If 
~ 

is s u b t r a c te d  f r o m

eqn .  (31a)  in rc fe  r e n c e  ( 1) ,  then eqns .  (31)  in tha t  r e f e  r ence  a r e  pre  -

cisely the desired relation s. Now in case (1), because x
0 

Zr c o n s t a n t

th . - -
was the zero order shock wave pos it ion , no f u r t h e r  match ing was

r e q u ir e d .  Here , because  x = x ( t ) ,  t he re  is a f u n c t i o n  of t ime in
so so

the potential which mus t be found , in orde r to e v a l u a t e  
~

. p r o p e r l y

in the inner reg ion coun te rpar t  of eqn. (22) ,  t he Bernoul l i  equat ion.

This t e rm is found by matching the potential ; i . e .  u s ing  e q n s .  (24 t

2 -
~~a n d( 3 2 ) ,  wi th  ~~‘ = x + + ~ 

~ 2 ~~~ 
., and expanding 1~ about x ,  one

can show tha t  the inner  p e r t u r b a t io n  p o t en t i a l , ~ , m u s t  a p p r o a c h

* * 1/2
4, ( + m , y , t ) = c 4,1

( x )  + . .. (34 )

where 4,1
(x )  has i ts value downstream of the shock for the uppe r sign

in 4, , and its value upstream of the shock for the low’ r sign . Fina ll y,

*

the resul t ing expansion for  4, is ,

* 1/2 1: 3/2 * 2
4, 

~ 
4, 1~

>’so~ 
+ ~~~ 1 

+ ~ 3/2 
+ C 

~~2

w h e r e , s ince x x ( t ) ,  then 4, (x ) is a f u n c t i o n  of time alone ,
so so I so

and ,

~~° 4,l x~~so
1 ’

19
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with 4, (x ) C upstream of the shock and 4, (x ) Zr - C down -
Ix  so u Ix  so U

s t r e a m  of the shock .  It shoul d be noted tha t  in case ( 2 ) ,  C = C ( t )
U U

s inc e x x (t) .
so so

With the expansion for 4, known , the go v e r n i n g  equat ion  in the

inne r region may be d e r i v e d .  Thus , eqn. ( 2 2 ) ,  with

2 ~~2 2 A 2  t 2

h Zr h + ~~ Zr + 
~~ ( 3 6 )

t 2 
~
-l  2

is u sed  fo r  a
2 

in eqn.  (30) ,  and the r e s u l t i n g  equat ion , us ing  eqris . 3b )

( 3 1 ) , ~32 ) ,  and ( 3 5 ) , is w r i t t e n  in te rms of inner  v a r i a b l e s ;  f inal l y,

govern ing  equat i ons for  ea:h 4 , .  may be w r i t t e n .  These  equa t ions

are  p r ec i s e ly the same as those der ived  for  case  ( 1 ) ,  because  even

thoug h u (x ) rr C is not a c o n s t a n t , and in f a c t  is a f u n c t i o n  of t ime
- l u  so u

t h e r e  a re  no t ime d e r i v a t i v e s  involved in the gove rning e q u a t i o n s  to

the o r d e r  d e s i r e d , as a r e s u l t  of the o r d e r  of T Also , the boundary

c o n d i t i o n s  at  the  wall and the shock  j u m p  condi t ions  a re  u n c h a n g e d.

Hence , the i n n e r  reg ion so lu t ions  a re  the same  as those  g iven  in ref-

e r ence  ( 1 ) ;  that  is , one can def ine  an added second o rde r  potent ial

func t ion , ~ , in the same way and ob ta in  fo r  it the same solut ion .

T h e r e f o r e , e q n s .  (4) ,  and ( Sa )  - 5 f )  give a compos i t e  gen e r a l  s o l u t i o n

fo r  u and v , u n i f o r m ly valid to s econd  o r d e r , fo r  case  ( 2 1  as well  as

case  ( 1 ) .  The re  r e m a i n s  onl y the  q u es t i o n  of the prope l- f o r m s  for h

and the s hoc k po si t ion , corresponding to eqns. ( S f )  and 7a) respect-

ively, in case  ( 2 ) .

The e q u a t i o n  fo r  h , w h i c h  o c c u r s  in the  second  o r de r  o u t e r
x

so lut ion for  u , is found by de r iv ing  the  t h i r d  order v e l o c i ty  so l u t i o n s

21)  
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and applying the boundary conditions. The p r o c e d u r e  fol lows exac t l y

those steps given in reference (1) and so will not be repeated here.

The equation found for h is , then , for case (2),

h = - (f ”  F (2~~- 3 )u ~~) + 
A ( t )  ( 3 7 )

where A (t) is a function of integration. This is the same equation found

f o r  h in case (1)
( 1 )  

except that in case ( 1 ) ,  an add i t iona l  t er m , I i ,  ap-

pears  in the equat ion.  Because >~ T
1
, and ab/ a l  ~L ( a h / a t ) , j~ ~~

c l e a r  tha t  in case (2 )  the t e rm  ah / at  appea rs in a hig her  o r d e r  calcula-

t ion r a t h e r  than in the same equat ion as h ; hence  in c a se  ( 2 ) ,  the cal-
x

culation for  h is e a s i e r  than in case (1). The b o u n d a r y  cond i t ion  to be

app l ied , in o r d e r  to eva luate A ( t ) , is that a g iven , un s tead y, p r e s s u r e

is impressed  do w n s t r e a m  of the flow , say at x = X , t h e s e  p r e s s u r e  os-

cil l a t i ons  being in second order , as stated e ar l i e r . Now , s ince  one

can w r i t e  the p r e s s u r e  ~~~~~

Zr 1 - ~ U
1 
- 

2 
~ 

u2 ~ - . .  ( 3 8 )

and since the unstead y p a r t  o f u 2 is h ( x , t ) ,  i t  is c lea r  that  a cond i t i on

on h is equivalent  to a condi t ion  on the second o r d e r  p r e s s u r e;  h e n c e

bo undary  condi t ions  on h are  g iven d o w n s t r e a m  of the wave .

For stead y flow, A(t) is a constant, say c2, so

h - X ( f l I  F (Z y-3)u
2
) + ( 3 o ) )

x 6 1

Thus , eqn. (39) holds up s t r eam where  the flow is -I tead y,  and  w h er e

C -r C , say . Downstream of the shock, where the flow m a y  be
2 2u

-55 -55-~~~~~~~~~~~~~~~ - -~~~~~~~~-~~~~~~~~ -- -5~~~~~ ~~--~~~-~~~-,
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u n s t e a d y ,  it  is c o n v e n ien t  to w r i t e  h as the s u m  of a s t ead y t e r m ,

I , g i v e n  by eq n.  ( 3 ) ) ,  and an un s tead y c o n t r i b u t i o n, h , w h e r e ,
x

the n

A ( t ( - C
2h x , t )  ( - 10)

U
1

If t h e  b o u n d a r y  c o n d i t i o n  is w r i t t e n  as

x ‘ 
- 

u 1
( X )

i hen it  is seen that A lt - C
2 

- G ( t )  and so in g e n e r a l ,

C
h = ( f  1 + 2 y - 3 ) u  ) f —

~~ 1- ~~~~~~~~~ ( 4 2 )
-
~ I u

1 
U

1

\\ h en  th is  so lu t ion  is c o m p ar e d  w i t h  the c o r r e s p o n d i n g  s o l u t i o n  f o r  c a s e

( 1 ) ,  ~ i v t ’n  b y eqn .  ( S f ) ,  it is seen tha t  the onl y d i f f e r e n c e  is the absence

of t h e  t i m i -  lag in G , in eqn.  ( 4 2 ) .  Thi s , of c o u r s e , a r i s e s  as a r e s u l t

ol  the f a c t  t h a t  in the  p r e s e n t  c a s e  T >~ T , so tha t  in the  l i m i t  as
c h sh

C U, t h e r e  is no t ime  1a~~; t h e  i m p r e s s e d  p r e s s u r e  o s c i l l a t io n s  and

the corresponding oscillations in u, P, ii . e t c . ,  a r e  in ph a s e .

The  e q u a t i o n  f o r  the  shock  wave location is found by app l y ing

the m a s s  c o n s e r v a t i o n  p r i n c i ple to  a c o n t r o l  volume c on t .~ in ing  the  s h o c k  
- I

F wave , and hence a t tac hed to the  moving c o o r d i n a t e  s y s t e m .  If t h i s  con-

t r o l  vo lume is c o n s i d e r e d  to have an e x t e n t , in t h e  f low d i r e c  t i o n , of

O r d e r ~ 
1/2  (t h e  c o n t r o l  vo lu m e e x t e n d s  f r o m  a c o n s t a n t  negative v a l u e

ot  x t o  a c o n s t a n t  p e ul iv e  v a l u e  of x ) ,  t h e n  t he  v a r i a t io n  w i t h  t i m e of

t h e  m a ss  w i t h i n  t h e  c o n t r o l  vo lume  is a t  l e a s t  of o r de r  I~~~~~~~~~~ , ~ in c( ’ t h e

i n t e r e st  here is only  in t e r m s  t o  and  i n c l u d in g  O( ) ,  (h i ’ t i me v i r i a t i o n

1 1
‘- ‘55
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t ( ’r m  need no t be con s i d er t .d , and so c o ns e r va t i o n  of I l l a s s  d e m a n d s

t h a t

— 
1% — —

I y i I v

I / 

W 

~ dç  = J ‘

~ 
) ~~d ( ~ 1 3 1

LU J 0 
—

U ‘1

w h e r e , f r o m  eqns .  ( 4 ) ,  ( 5),  ( 1 6 ) ,  ( 1 9 ) , ( 2 2 ) ,  (2~~), ( 3 2 1 , and ( 3 t

p Zr 1 - ~~~~~ ((~~~~~
_! ) u 2 

+ k ~ ~~~~
_ €1As~+ k ~~ 

- ~~~~~~~~~~~~~~~~ u
3

~~~ 2 I 2 so ,  i - I  2 u so I
F V

. 1 1 )

+ t V + 1 ) u
i~

f 0 ~~~ + h + ç
:

, - k 2~~~~~ + ) \ - 1 ) u
1

k
2~ ) I

U p s t r e a m  of the wave , u 1 
Zr C and 

~ * 
= 0 , whi le  d o w n s t r e a m  of t h e

x
~ aye , u

1 
- - 

~~ 
and 

~~~ is calc u la t ed  u s i ng  eqn . (Sd ) and e v a l u a t e d  a t

some x 
- 

Zr c o n s t a n t .  In both loca t ions , f °  = f I x  ) + . . . 1” ,s o so -

Finally As = s - s Zr 0 ups t-ream of the wave and is equal  to the ~ s

across a weak shock~
5
~ downstream of the wave , i. e.

(s
d

_ s )  = € ~~ (y ~~I )C 3 
+ . . .  (4 5)

Since we are interested only in terms up to O(~~ ), and - I f

i t is seen from eqns. (43) and (44) that in the i n t e g r a l  in eqn.  ( -1 ) ,

th ( .  l imi t  
~~ 

may he replaced by 1. Now , if eqn. ( -4 -I ) is s ub s t i t u t e d

in to  eqn . (-I 3 ) ,  u s i n g  the above ment ioned  s u b s t i t u t i o n s  u p s t r e a m  and

d o w n s t r e a m  of t he  wave , then f r o m  the f i r s t  n o n z t ’  ro Ic ri-n 1)~~ ) ) , i t

is found t h a t  Si n ce  I 
~ r ::d Y Zr

0

~~~L iep ma n n , H. W . and R o s h ko , A.  . I ’l ’m en ts  of Gasd y n a m i c  s
John W i l ey  and Sons , i~~57 , ~ ; h O.

~ -
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4k  dx f o
2 

____ h + h + —
~~

-
~~~
- - C

2 (46)(y + l )  dt  X
d x .3 0

Thus , t h e  f o r m  is exac t l y t h a t  fou nd for  case ( 1 ) ,  eqn. ( 7a) .  Howeve r ,

in eqn .  (46) ,  C and fH , fo r  e x a mp le , are f u n c t i o n s  of t ime r a t h e r

than being c o n s t a n t s  as in eqn .  ( 7 a ) ;  as wi ll be seen , t his leads to d i i - .

f e r e n c e s  in shock wave v e l o c i ty  be tween  the two cases .

It shou ld  be noted at  this  point  tha t  the  g e n e r a l  f o r m  of the solu-

tion is the same for  the two cases . ‘The d i f f e r e n c e s , w h i c h  a rc  funda-

m e n t a l, a re  in t he de ta i l s  of the solution , i . e . ,  in case ( I )  a t ime  lag.

t 1
, is involved and in case (2 )  i t  is not , and in case  ( I  I fu n c t i o n s  evalu-

a ted  at the s h o c k  a re  c o n s t a n t , while in case (2 )  they  a r e  f u n c t i o n s  of

t ime .

Before showing example n u m e r i c a l  ca lcu la t ions  for  case 12), i t

i s  of i n t e r e s t  to w r i t e  equa t ion  (46)  in a m o r e  c o n v e n i e n t  f o r m  and corn -

pare it with its counte rpart f r o m  case ( 1 ) .  The problem c o n s i d e  red

is , ag ain , t hat  of a flow which  acce l e ra t e s  t h r o u g h  sonic v e l o c i t y  at a

th roa t . T h e r e  is a shock  wave in the flow , which  is s t ead y unt i l , at

t ime  Zr 0, second o r d e r  p r e s s u r e  o s c i l l a t i o n s  a re  impres sed  upon the

flow downstream of the shock wave. If eqn. (42) is used to calculate

h and h , then , S ince  C. Zr 0 , eqn.  (46)  becomes ,x x
d u

(yl ) 
- 

~~~~~ 

+~~~~~~~ C~ + G ( t ) J ( 4 7 )

Eq u a t i o n s  (51) and ( 7 a )  may  be used to d e r i v e  the corresponding equa-

- 
-
~ (ion for case (I). Th us ,

24
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4k  dx -1
____ 

s i  
— 

~_~~__ Ic ~
- 

~~~~~~ C 3 
+ G ( t - t  ) I (48)

( y +l) dt 2
d 

UO

w h e r e  z t1
( x )  (see eqn. (5g ) ) ,  and where  Cuo = C ( x ). At s t e a d y

s ta te , when C = 0 and ~~~~ 0 Zr 
si  

both eqns. (47) and (48 )

give ,

C. -~~--~~C
3
(x ) -~~-~~C

3 (49)
2 3 u o  3 uo

so tha t finally, one can wr i te , for eqns.  ( 4 7 )  and (48) ,  w h e r e , aga i n ,

C u (x ) ,
U I so

2 ~o ~~~~~~~~~~~ G(t ) )  (50a)

(~~i i )  

dx
1 

= - ~~~~~
— G ( t - t ~~~ ( S O b )

The differences between the two shock motions are apparent , when

w r i t t e n  in this  f o r m .  A more detailed discussion of the s h o c k  m o t i o n

for case (2), cqn. (47) or eqn. (SOa), is given later.

N u m e r i c a l  so lu t ions  for  a typ ical case  (2 )  flow a re  shown  in fi g-

ures Ia (t~ O, s tead y s t a t e) ,  6a to 6c , and 7 . The wall shape , f u n c t i o n a l

form of G(t),and in fact all parameters except for T a r e  t h e  same as

those  used in the  n u m e r i c a l  cxamp le ,s  shown for  ca se  I l ) , f i g u re s  3 t o

5 (E qns .  9) .  Thus , in Case  ( 2 ) ,  r 2 100 while in c a se  ( 1 ) ,

T 
I 

Zr 20 . The m o s t  s i g n i f i c a n t  d i f f e r e n c e  n o ted  b e t w een  t h e  I w o

is th e ove ra l l  s h o c k  wave m o t i o n .

25
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U n i f i e d  Solu t ions  — Case ( 3 )

The  d i f f e r e n c e s  b et w e e n  t h e  two cases  c o n s i d e r e d  a m e Ve my  c l ea r

f r o m  an a sy m p to t i c  v i e wp o i n t .  Howeve r , if one w i s h e s  to  m a k e  flow

field c o m p u t a t i o n s  fo r  a g iven s e t  of ph y s i cal  c o n s t a n t s , t he  cho ice  of

w h i c h  set  of so lu ti ons  to use  is not  so c l e a r .  Thus , if c 0. 1 and

T Zr 40 , t h e n  shou ld  one use case  1)  so lu t ions  w i t h  a k
1 

- 
- 25 or  case

( 2 )  so l u t i o n s  wi t h  k 2 
- 2 . 5? A r e l a t i ve l y s i m ple a n s w e r  to  t h i s  q u e r ~ -

t ion c o n s i s t s  of us ing the r e s u l t s  of the p r e v i o u s  anal y s is  t o  w r i t e  a

u n i f ie d  s o l u t i o n  fo r  n u m e r i c a l  c o mp ut a t i o n s  -

From t h e  p r e c e d i ng  anal ys i s , it is c l e a r  t h a t  th e  g e n e r a l  fo r m  of

the  s o l u t i o n  fo r  case  ( 1 )  is t he  s a me  as tha t  for  case  ( 2 ) .  In w h a t  fol-

low s , th e  a i m is to w r i t e  a so lu t ion  wh i c h  r e d u c e s  pr op e r l y to e i t he r

c ase . We f i r s t  r e w r i t e  the  t ime  l ag ,  eqn. (~ g), as follows :

x

t ± ~ d~ ( 5 1 )
Q T C  J (Y~

) u i
(
~~

)

Then as T - - (k
1ci~~, eqn .  ( 51 )  r e d u c e s  to eqn .  (5 g) ,  and as

T T 2 
( k

2
) 

l
, ~ O U ) ,  and becomes negl ig ibl y sma l l .  The uni-

lied s o l u t i o n  t h u s  is w r i t t e n  w i t h  G c t  — t ~ ) in h , w i t h  t~ giv en hi,- eqn .

( 5 1 ) .

‘i he onl y r em a i n i n g  d i f f i ’  r en c e  is t h a t  in the  e q u a t ion s  fo t. I he

s hoc k wave  v e l o c i t y ,  i . - . , eqn s  . ( 4 7 )  and  ( - 18 ) .  Fo r  t h e  u n i f i e d  solu -

(ion , we wri le

x x ( t )
5 ( )  S
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r 
2 (y - 4 - l )  

~~~-~~~~~ - - -~~~ i- 

~~~~~ 
+- 

~~~~~ G ( t _ t
( 1  

52b

x
o 2 d~ (52 c )

lo T C (
~~~~

1)  u i
(
~~

(
x

and fo r  the speciLc problem cons ide r ed  he re , where oscillations are

impres sed  on a flow with a s tead y s t a t e  s h o c k  l oca t i on ,

C 2d 
Zr - 2~ C

3
0 / 3  and so eqn.  (52b )  becomes :

1-

~~c (y +l) ~~~~~~ 

~~ 
- C~~) - G t ~~ t

lo )1 ( 5 3)

Th us , for  T- ~~~~~T 
1 

= (k
1 

)
_ 1~ the solut ion of eqn. ( 5 3 )  or ( 52 h )  is f o r

x / €, i.e., x € x . Then C Zr C + O(€), and eqn.  ( 5 3 )  r e d u c e s  to

eqn.  ( S O b ) .  On the o the r hand , i f T~~~~~ T
2 

k 2
2

, t
1 

Zr 0(e) and eqn .  ( 5 3 )

r e d u c e s  to cqn.  (5Oa I , with x~ Zr 0 ( 1) .  ‘f h e r e f o  re , the  u n i f i e d  so lu tion

sugges  ted he re is g iven  by eqns. (4), (5a) - ( 5 f ) , ( 5 1 ) ,  and 52 ), w i t h

eqn.  ( 5 3 )  r ep lacing eqn.  ( 52 b (  for  the  spec i f i c  problem c o n s i der e d  h e r e .

An indica t ion  of the r e la t ionsh ip be tween  c a l c u l a t i o n s  c a r r i e d  out

u s i n g  case I , case  2) ,  and case ( 3 )  so lut ions , is g iven in fi g u r e s  8

and 9. In fi g u r e  8, case ( 1)  ( e qn s .  (6) and (50b ) ) and  case  ( 3 )  ( e q n s  52 )

c o m p u t a t i o n s  fo r  s h o c k  po si t ion are compared for r - 20 , 0. 0~

i - c . ,  k 1 
1 in ea se  ( 1 ) ) .  In fi g u r e  9, c a se  ( 2 )  a n d  c a s t - ( 3 )  - o r u p u t a —

(ions  fo r  shock  pos i t ion  and s h o c k  v e l o c i t y  ar t ’  c om p a r e d  f o r  r ‘100 .

-

~ 

0 . 0 5  ( i . e . ,  k 2 i in c a s e  ( 2 W  In f i g u r e  1 , t h e  d i t t c r - n  - in  shoc k

ve loc i t i es  is e n t i r e l y due to the  d i f f e  r e n c e  I ) e t W t efl G I l  I a n d  I ( t
1 o

and thus gives an i n d i c a t i o n  of t h e  e f f e c t  of c a r  rying t~, in  ( in c a s , ’ 3 ) ,

27
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i _ c’ . ,  1 “ I - In each  c o m p a r i s o n , cast’  ( 3 )  is con s i de r e d  to 1)0 tht ’
10 -- I

m o r e  a c c u r a t e  i-a lc ula t ion , w h i c h  r e d u c e s  to the case  w i t h  wh ich  i t  is

being c omp a r ed . as ( 0. It should be noted  t ha t  as T i n c r e a s es  in

value to the  p o in t  t h a t  the  d i f f e r e nc e  in u , s a y ,  b e t w e e n  v a lu e s  found  u s i n g

t
1 

in G and not  us ing I~ in G , becomes  of o r d e r  €~~, then t~ should  be

neg l e c t e d ;  i . e .  in the  so lu t ions , t e r m s  of o r d e r  
3 have been neg lec-

ted , so a t e r m  of this o r d e r  should not be c a r r i e d  as a c o rr e c t i o n  to

Go ) .

in s u m m a r y ,  then , it  is poss ib le  to c o n s tr u c t  a u n i f i e d  - o m p u t a —

t ional  s c h e m e  fi- orn w h i c h  n u m e r i c a l  r e su l t s  may  be ’ o b t a i n e d  f o r  a

l a r g e  r a n ge  of C ari d ~ v a l u es .  T h e s e  solutions az-c valid in the so

ca l led  s1o~ .i y va ry ing t i me  t-eg irne , w h i c h  c o v o -  is  a r a n ge  of c h a r a c t e r —

is tic t im e s , f o r  im p r e s s e d  pr e s s ut - c osc i l l a t  I c o n S , of cons  id~ r a b le

tee  hn ical  in te  r e s t .

Large  A~~~~1i tude Shock  \ t a v e_M ot i o n

As i n d i c a t e d  p r e vi o u s l y ,  w h e n T Ole  ~ ) c a se  ( 2 ) ) , Ihe  s h o c k

m o t ion  r e s u l t i n g  f r o m  pr i ’s  s t i r e  o s c i l l a t io n s  i m p ri ’ s sod d ow n s )  r e an i  of

th e  s hock W d \  I’, has  an a m p l i t u d e  of  o r d e r u n i t - c .  As a t- -stt lt , t h e r e -

art - cociditions t i n d - t -  ~ h i - h  t h e  shoc k w i l l  fli ’)vo’ i p s ir ea n i  t h r o o o i ~h t h e

n o z z l e - , d i s a p p e a r  u p s t  m e a n t , and then reappear as t h e ’  d o w n s)  r i - a m

plcn urn pr o ’  ss e l i - i’ (I mops t O )  t hi- point whe me a s hoc k w i  V t ’ i t t  t h o ’  t~ )i ann  ol

is n e - e - s s a r y  t o e  s a t i s f y t h i s  i n s t a n l a n c - n u s  p r e - s s u r e  L ’ t ’ cp u I f l i e f l t . l i i i ’

c on d i t i on s  (‘o r  t h i s  o - c  u r r e - n e ’ t -  and  th e  s ub se q i z e n  t s hoc b , ~ C V I -  n i o t  i c o n

d e p e n d  in a c o m ple x I u l a n m ’r  upon the  a i i ip l i t u i d e  of t h e  t - t  t o g  l o t t c ’ t ~~Ofl ,
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G, the stead y s tate  — o n d i t i o n  about which  the osc i l l a t ions o c c u r , repre-

sen ted  by C2d D the wall shape , f ( x ) ,  and the n u m e r i c a l  value of the

time c o n s t a n t , r ep re sen t ed  by k 1.

The equat ion which  governs  the shock  n io t ion , r ep e a t e d  h e re  fo r

c o n v e n i e n c e, is eqn .  (47 ) ,  or  in the f o r m  su i t ed  to the p rob l em unde r

c o n s i d e r a t i o n, eqn .  (50a) .

4 k . dx

(~~)-1) dt
So i 

~ 
+ ~~~~~~ C~ * G t ) ~~ (47 )

(y ~~i )  dl 
Zr 

~~ 
[
~ 

(C~~ - C~~) - G(t) 1 (50 a)

wh ere , s ince x = x + 0(e), then to the o r d e r  c-ons ide red  hi re , x and
5 so 5

are in te rchangeab le .  The in t e r e s t i ng  poin t i n d i c a t e d  by t h e  exis-

tence  of these  equa t ions  is tha t  in spite of the f a c t  t ha t  si gna l s  f r o m  the

i m p r e s s e d  d i s t u r b a n c e s  r each  the shock  wave “ i n s t a n t a n e o u s ly ,  U t h a t

is t h e r e  is no lag t ime in the p r e s s u r e  or velocit y solutions for exam-

ple , the  s h o c k  wave  does not respond instantaneously, The shock ve-

loci ty  is f in i te , and indeed t h e r e  is a lag be tween  the i m p r e s s e d  dis-

t u r b a n c e , G ( t ) ,  and the r e s u l t i n g  s t r e t c h e d  s h o c k  v e l o c i t y  dx /d t , due

to the othe r t e r n -es in the equa t ion .  Thus , in equa t ion  ( 5 O a ) ,  fo r  exam-

pie , it is seen tha t  the ter m’u i (C
3 

— C
3
) always has a si gn su c h  t h a t

i t s  e f f e c t  is to cause  the shock to move toward the equilibrium or

s tead y s t a t e  p o s i t i o n .  On the othe r h a n d , G ( t )  is a for c ing f u n c t i o n

which changes sign periodic ally. The result is a shock m o t in r i  w h i c h

lags G ( t ) .

2 1
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it is c l e a r  f r o m  c-qn . ( 17)  or ( 50a ) t h a t  s i n g u l a r i t i e s  o c c u r  as t h e

s h o c k  wave  app roaches  the  t h r o a t , and C
u 

0, The b e h a vi o r  of in te-

gral cu r v e s  w h i ch c r o s s  the axis , x 0, on the x - t plan e c an- 
so so

he found f o r  a s i n u s o i d a l  G ( t )  b y w r i t i n g  eqn .  (47)  f o r  .—

~ 

(and t h u s  C )

small  compared  to un i t y and for  t - t ~< 1 , w h e r e  t
o is the  va lue  of t at

w h i c h  the  b r a ck e t  on the  ri g ht hand  s ide  of eqn .  ( 4 7 )  goes to z e r o  a t  the

t h r o a t , x 0 . ‘Thu s , if , for  e x a mp le ,so

G G sin  bi ~ t )0

then

s in  bt — C. /G2d

arid eqn . (47 ) becomes , fo r  x << 1 and t - t << 1,so 0

- (b G cos bt )(_~~2_) ( 5 6 a )

cos h t Zr + J i  - (C /G )
2 

(56b)- -  2d

w h e r e , a g a i n , C u ( ‘~ is t h e  v a l u e  of ii at x , u p s t r e a m  of t h eIi  l i i  so 1 so
shock , and w h e r e  C 3 

<~~ t - t .  In the  ne i g h b o r h o o d  of t he  t h r o a t , a

parabol ic-  wal l  s h ap e  is r e p r e s e n t a t i v e  of a c t u a l  p r a c t i c e  Thus , a

t y p i c a l  wall  s h a p e  and the c o r re sp o n d i n g  s o l u t i o n  to eqn .  (56 )  a me , in

t h e  n e ig h b o r h o o d  of th e  t h r n a

- 2
1 ( x )  a x (5 a )

- G (co s  b t ( ( t - t  (~ (~~7 h )\ a  0 0 0 )

3 ( 1  
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Thus , if i~ OS bt > )J , t h e  po in t  0 , t o 
is a c e n t e r  and the i nt e g r a l  c u r v e s

(ellipses) in the neig hborhood  of this  cente r c r o ss  x Zr 0 w i t h an in-

f ini te  slope . Such c ur v e s  a re  shown in f i g u r e  10. On the othe r hand ,

i f cos bt < [1, (he integral -urves in the neig hborhood of 0, to 
are

h yperbolae , t}’ie po int being a saddle  point , as i l l u s t r a t e d  in fi gur e 10 ,

and the two i n t e g r a l  c u r v e s  pass th roug h the point  0 , wi th s lopes

dx 3 /2  b G  ~~l / 2
Zr + ~ 

(y+l) 0 cos bt I (58)
dt — (  5/2  1/2 12 k

2 
a

An u n d e r s t a n d i n g  of the possible  shock  mo t ions  m a y  hi ’ ~ a i n o - d  by

analyz ing  the in te g ral c u rves  whic h pass th rou gh the sadd le p o i n t s .  The

th ree  possible c o n f i g u r a t i o n s  fo r  t h e s e  c u r v e s  a r e  s k e t ch e d  in f i g u r e  11 .

In t h e s e  sketches , the arrows indicate the direction the solutions m u s t

follow as time increases. In figure 1 la , condit ions ar e  suc h tha i  the

in t eg ra l  c u r v e s  e n t e r i n g  the saddle point  o r i g ina te  f r o m  a p a r t i c u l a r

x x at t= O.  Those leaving the saddle beg in to r i s e , t h e n  r e v e r s e
so 0) -

t h e i r  d i r e c t i o n s  and c r o s s  the t ime  axis wi th  v e r t i c a l  slope at some

point between the cente r and tht -  nex t  saddle point . O t h e r  i n t e g r a l

c u r v e s  a r e  s k e t c h e d  also , in do t t ed  l i nes .  As i n d i c a ted  in the  s k e t c h ,

the paths t r a c e d  by the in t eg ra l  c u r v e s  a r e  r e p e t i t i v e . In f igu r e  1 i c ,

t he  opposite  s i t u a t i o n  e x i s t s ;  the i n t e g r a l  cu rv e s  ~ n tt ’ r i n g  liii ’ sa d d l e

p oin t  b eg in  on t h e  a b s c i s s a, h e t wi - e n  a saddle  ant ~ a c e n t e r , w i t h  an

infinite ’ slope and then  c h a n g e  d i r e c t i o n  and e n t e r  the n ex t  s a d d le  po in t .

ih o s e  c u r v e s l eav ing  the saddle neve r return to t h e  a x i s  x 0 , bu t
5 (0

a symp t o t i c a l l y ap proach a sing le pe r iodic  -u r v e  (fo r a g iven  C ,1
).

31
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Those c u r v e s  which originate with an x g r e a t e r  than any x On t h is
so so

per iod ic  c u r v e  will approac h the pe r iodic c u r v e  a sympto t i ca l ly f rom

a bove . This periodic cu rve  is near l y s y m m e t r i c  about x , t h e s t e a d y

s t a te  value of x .  In the dividing case , shown in f i gur e 1 Ib , t h e

c u r v e s  e n t e r i ng  and leaving the saddle  points are  the same c u rv e ,

The in teg ral cu rve  map obtained in any g iven case depends  upon

the values of the amplitude of G, C , k. , and the value of dC /dx  -2d 2 u so

Al thoug h g e n e r a l  so lu t ions  f r o m  which a g e n e r a l  c r i t e r i o n  fo r  the di-

v id ing  cond i t ion  (fi g u r e  1 l b )  could be der ived  a re  not  avai lable , an

ap p r o x i m a t e  r e s u l t  can be found for  G as given in eqn.  (54 ) and f ( x )

as in eqn .  ( 5 7 a ( .  Thus , wi th  these  s u b s t i t u t i o n s, eqn . ( 4 7 )  becomes ,

dx 
3K , c  —

~~
-
~~~

- s _ C  - F x  - G  s i n b t  ( 5 9 a )so dt 2d so o

N a 3/ 2
K = 

I~~+ 1) ~~~
2 

r Zr ( 5~~b , c )

and the slopes of the i n t e g r a l  c u r v e s  at the saddle point  a re  g iven  by

eqn . (58) .  It is a s s u m e d  tha t  the i n t eg r a l  c u r v e  which  passes  t h r o u g h

the saddle point at bt •- bt and al so t h r oug h the nex t  saddle point  at

ht  bt ~
- 2i r  I c.  ~~~. , see fi g u r e  l i b ) ,  is app rox ima te ly s y nim e t i - ic abou t

bt bt f it. At th is  point , x is t aken  to have its m a x i m u m  value ,0 30

(x ) , and so dx / d t  0 . Hence , f r o m  eqn. (SQa),so 1)1 so

/ 
2C~~1\1/3

(x ) - (6 0 1
S O . ) T I )

32

~~~~~~~--~~~~- - ~~~~~~~~ . -— - - - -.-~~~~-~~~~~~~~~~~~~~~ - ‘.~~~~~~~~~~~~~~~~~~
- —

~~~~~~~~
- -



-- 
—------—-~~~~ 55 - - - 5 5 -55-- 

~~~~~~~~~~~~~~~~ 
- - ---- - - - - - - -‘ - --- ---‘--------- ----- - -—-- ‘ -- -- --55- — - 5 5 - - ---— - - ’ - ---- ------

The i n t e g r a l  c u r v e  in quest ion  is approx imated  b y a pol yn o m i a l .

x C t ( l - t )  + 4C t ( 1 - t )
2 ((la )

so 1 2

t - h ( t - t 0)/ Z i t

which  s a t i s f ie s  the condi t ions  that  x= 0  at bt bt and bt bt - 2 , and
0 0

dx Idt 0 at bt = bt + it. M o r e o v e r , at bt = bt  and at bt bt
so 0 0 0

the c o r r e c t  slopes of the in tegra l  c u r v e s  a re  o b t a i n e d  if bC 1/2 is

given by the rig ht hand side of eqn. ( 58)  wi th  the uppe r s ign.  F ina l ly,

at bt = bt + .‘r ,
0

x (C + C ) / 4 = ( x  ) .

so 1 2 so ni

Sin - e C and (x ) are known in terms of the desired parameters ,
1 - so rn

it is n e c e s s a r y  now to f ind C2, or  what is simpler C2/C 1
, w h e r e

C 4 (x
Zr 

5°~~~~~~~ 1 ( 62 )
Cl 

C
l

The des i r ed  re la t ion is found b y i n t eg ra t i ng  eqn.  ( 5 9 a ) , over  the  p er i~~

bt to bt + 2~’r. The result is , using eqn. (6 1b ) ,

C
2d

-‘ x~ dt = — — (63)
0 so r

If eqn. (6 1a)  is used in evaluat ing eqn.  (63 ) , and C
2

/C 1 is rep laced ,

using eqn . (62 ) ,  the fol lowing cubic equa t ion  and s o l u t i o n  a r t ’ f o u n d

for  (x ) /C 1 B , say ,

( 4 B - 1 ) 3 

~ - f B 3 
+ ( 4 B - l ) 2 

~~. 7 . l ~ 
+ ( ‘ l B - I )  I ~~~~~~~~~~~~~~ 0

(6 4a
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So ‘~ -e 
= 0. 1981 1 (64b )

F’ r n ~ i -qu - t 6 .~ ( , a f t e r  su b s t i t u t i n g  f o r  C , C , and (x ) , one finds
2 1 s o m

‘ h -  e q u a t i o n  r e l a t i ng  G ,  C , k 2 
and a for  the  speci a l  d i v i d i n g  c a se

i l l u s t  r a t e d  in t i g u r e  1 l b .

2 2k~ b2 / 3C
2d \ 

~~~~~~~

(~~
‘ - C p 0 . 4 1 6 5 2  I

c
— —)  ( 6 5 )

2d ( y + I ) a

1 hen f o r  G g r c a t e ’r  than the special value g iven in eqn.  ( 6 5 ) ,  the inte-

g r a l  c u r v e s  shown in f i g u r e  1 la  r e s u l t , while for  G less  than  the  spe~

cia l value , those in f i gu r e  l i e  ar e  found.

E x a m ple c a l c u l a t i o n s  of the  i n t e g r a l  c u r v e s  t h r o u g h the saddle

~) ) i n t s , w i t h  the  s i nuso ida l  fo r c i n g  f u n c t i o n  g iven in eqn.  ( 5 4 ) ,  wi th

parabo l i c  walls  as in eqn.  (57a) ,  and us ing  the a p pr o x i m a t e  f o r m  to

calculate th e spec ia l  value of G ,  eqn. (65), are shown in figure 12 .

The calculations were i-arried out by n u m e r i c a l ly i n t e g r a t i n g  eqn .

( 59a) ,  u s i n g  eqn.  (58)  to  f ind  an in i t ia l  condi t ion  nea r x Zr 0. in the

c a l c u lat i o n s , b Z , k
2

Z r 1 , a = ( ~~f 1 ) / Z = 1 .2 , x = 1. 5, C

and C - ~yC~ /~ . In f i gu i - e  12 , the  l e t te r s  a , h , and c , r e f e i- to
uo

th e  c o r re s pon d i ng  c a ses  s h o w n  in fi g ur e  1 I . In e ac h  c a se ,  onl y the

cu r v e s  t h r o u g h O n e  saddle  point  a re  shown ; the r e p e t i t i v e  n a t u r e  of

he- cu r v e s  a t  cal )) s add le ’  p o i n t  is no t  shown , f o r  c la  r i t y .  it should  be

n o t e d  t h a t  the value of t in t i g i e r e  12 , r e f e r r i n g  to t h e  b c  a ti o n  of a

saddle p o i n t , i s d i t t e  re -n t  f u r  e a c h  c a se .  The c e n t e r s , w h i ch  a lso  oc —

c u r  at d i f f e r e n t  va lues  of I f o r  ea c h  c a s e , ar e  n o t e d  in f i g ur e  12 . W i t h

3 )
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t he  p a r a m e t r ic  va le .ies g iven  above , it was found  f r o m  eqn . ( 6 5 )  t h a t

the  specia l  value of C , w h i c h  g ives the  b e h a v i o r  shown in fi g u re  1 I b ,

is

(C ) 4 . 9 6 8 09 8  ( 6 6 )
0 sp

The cu rve  labeled b in f i g u r e  12 indicate s that th is  value is qu i te  accu-

ra te . The i n t e g r a l  c u r v e  leave s x Zr 0~ t - t  = 0 and r e t u r n s  to
so o

x = 0 v e r y  nea rly at t .- t it; the  a pp r o x i m a t i o n s  employed in de-

r iv ing  eqn.  (6~ o) appear  to be j u s t i f i e d .  The c u r ve s  labeled a and c

in f igure 12 were  ca lcula ted  us ing G = 5. 5 > (C ) and G 4 < (C
0 O s p  0 o s p

respec t ive ly. In each of these cases , c u r v e s  e n t e r i n g  and l eav ing  the

saddle point at t - t  Zr 0 are shown, the behavior  in e a c h  c a s e  f o l l o w i ng

that sketched in the c o r r e s p o n d i n g  par t  of fi g u r e  11 . It should be noted

th at the solutions shown in figure 12 are  f o r  v e ry  si m ple (p a i a b ol i c )  wall

sha pes , and that  no simple way of pred ic t ing ( C )  f o r  the  c a se  of

g e n e r a l  wall  shapes ex i st s . Howeve r , these  s i m ple c a l c u l a t i o n s , the

r e su l t s  of wh ich  are  shown in f i g u r e  12 , s e r v e  to i l l u s t r a t e  t h e  v a r i o u s

c a ses  w h i c h  may  o c c u r , as s k e t c h e d  in fi g u r e  I I , and t h u s  a r e  e x t r e m e-

l y u s e f u l  in i n t e r p r e t i n g  r e s u l t s  found for  m o r e  compl i c a t e d  g e o n ’~ n I - s

For suc h geome t r i e s, it is ne cessa ry  to in tegra te num e  r i ca l l y a lon g  an

in t e g r a l  c u r v e  leaving a saddle poin t to see which  case o c c u r s  f o r  t h t ’

given p a r a m e t e r s .  E x a m ples of such calculations are shown late r.

With  the m a t h e m a t i c a l  b e h a v i o r  of the i n t e g i -al c ur v e s  t h r o ug h

saddle points understood , it is possible to in te rpre t  the physical  behavior

of the shock wave in each case, R e f e r r i n g  to f i g u r e  ila , for any ini t ia l

35
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condition whic h does not lie on an in t egra l  cu rve  en te r ing  a saddle

point  (two a r e  i l lustrated by circles in f i g u r e  h a) ,  the shock passes

th roug h the throa t  and d isappears  ups t r eam.  This is seen by following

the integral  curve  in ques t ion as time in c r e a s e s ;  x goes to ze ro , for

any initial condi t ion , between a cen ter  and a saddle po int.  As time

inc r eases , then , a sadd le poi n t occurs  at x = 0 , and an i nt eg ra l

c u r v e  r i ses  f r o m  the saddle point in the d i rec t ion  o f t  i nc reas ing .

This means that the back pressure has decreased to the point  where

a shoc k wave mus t  fo rm in the channel in o r d e r  to s a t i s f y the instan-

taneous p r e s s u r e  requi rements . This is seen by wri t ing the p r e s s u r e

at x Zr x~ us ing eqns .  (38), (5b) ,  and (39 ) ;  since f ° ( X )  Zr 0 ,

= 1 - cy u 1
(X)  + ~2~~~~ 2~~_ 3)  u~ (X)  - z d ]  + . . .  (67)

where u 1
(X) <0 . From eqn. (67), it is seen that the conditions for

th e bac k p r e s s u r e  to be that which g ives the subsonic solution (no shock

w a v e s )  wi th  sonic pr e s s u r e  at the throat  (uppe r dotted curve  in f i g u r e

2 )  is

CZd + G ( t )  = 0 (68)

But this condition , for the case where G( t )  (and hence the p r e s s u r e )  is

decreasing, is precisely the condition for the saddle point, as exempli-

f ied by eqns.  (54) and (55) and the d i scuss ion  fol lowing these  e q u a t i o n s .

The fact  that this back p r e s s u r e  r equ i r emen t  mus t  be sat is fied instan-

taneously by a shock forming at the throat is a result of the fac t tha t

there  is no time lag in the solut ions for  the velocit y, p r e s s u r e , e tc.
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As a resu lt , the n , the prope r behavior  for  the shock , a f t e r  i t  d isap -

pears , is to rea ppear  at the t ime associa ted wi th  the f i r s t  saddle  point

afte r its d i sappearanc e . It then follows the path g iven  b y th e i nt eg r a l

c u r v e  t h r o u g h  the saddle  point and so d isappears  aga in , f o r m s  a g a i n

at the throat  a t  the following saddle , e tc .  T h u s , no m a t t e r what t h e ’

in i t ia l  condi t ion is , the r i - su i t ing  shock  mot ion  is a s s o c i a t e d  w i t h  t h e

integral curves leaving the saddle points , as shown  in f i i ~u r c  1 3a .  I or

the periods of time between the shocks d i sappea r ing  u p s t r e a m  and re-

f o r m i ng a t the th roat , the flow is subsonic  t h r o u g hout the  c h a n n e l .  If

the initial condition should lie on an i n t eg ra l  c u r ve  e n t e r i n g  the  saddle

point , the shoc k moves to the throat  and moves away aga in  on the  inte-

gra l  curve leaving the saddle point. Thereafter , its motion is t he

sa me as that shown in f igu re  Ha.

R e f e r r i n g now to the d iv id ing  case shown in f i g u r e -  1 l b . i t  I S  seen

tha t  t h e r e  a re  seve ral d i f f e r e n t  poss ib i l i t i e s  for  th e  shoc k m o t i o n , do —

pending  on th e in i t i a l condi t ion , ag a in i n d i c at e d  by c i r c l e ’s. If t he  m i -

t ial condi t ion lies outs ide  the in t eg ra l  cu rves  throug h t h e  saddle p oin ts ,

the shock posi t ion me re ly osci l la tes  with t une , neve r g o i ng  t h r o u g h the

th roa t .  If the ini t ia l  condit ion lies beneath  the i nt e g r a l  c u r ve s  t h r o u g h

the saddle points , the shock moves u p s tr e a m , p a s s e s  t h r o u g h t h e  t h r o a

and disappears; then for the Same reasons mentioned in t h e ’  p r e v i o u s

c ase , it  f o r m s  at  the t h r o a t  at the t i me  c o r r e s po n d i n g  In  t h e ’  f i r s t  s a d —

dle point  a f t e r  i t s  d i s a p p e a r a n c e  - It then  fo l lows  t h e  i n t e g r a l  c u r v e s

th roug h the saddle  points , so t h a t  t h e  r e a f t e ’  r , i t  ~~l I S  t i i  l iv e s  to  I he u i  c oa t

and never p a s s e s  u p s t re a m ;  t h i s  m o t io n  is i l l u s t  r a t e d  in f i g u r e  1 th.

37
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If the init ial  condition should lie on an in tegra l  cu rve  th rough  a saddle

poin t , the shock p osit ion is completely d e s c r i b e d  b y i n t e g r a l  c ur v e s

t h r o u g h the saddle points ; the  shoc k neve r moves u p s t r e a m  of the t h r o a t .

Finall y, re f e r r i n g  to f i gu re  l l c , there  a re  again  s i -v i - r a l  po ss i b le

initial conditions. If the initial condition lies above the i n t e gr a l  c u r v e

e n t e r i n g  the saddle point , the shock motion approaches a periodic

fo rm , neve r reach ing  the th roa t .  If it lies on an in tegra l  cu rve  below

the c u r v e  e n t e r i n g  the saddle point , it moves ups t r eam th rough  the

throat  and disappears , fo rms  at the throat  at the time cor responding

to the f i r s t  saddle point afte r its disappearance , and then moves away

f r o m the throat  and approaches a periodic motion , never  approaching

the throat  again.  This motion is shown in f i gure  13c . Fina lly, if t he

initial condit ion should lie on the in tegra l  c ur v e  enter ing the saddle ,

the shock  wave moves to the th roa t , moves away immediately on the

in t eg ra l  c u r v e  leaving the sadd le poin t , and ap proaches the same

periodic motion mentioned above .

The n u m e r i c a l  examples shown so f a r  ( e .g .  , fi g u r e  12) have

been fo r  s imple wall ge o m e t r i es for  which i t  is possible to d e r i v e  an

approximate relationshi p between the pa rame ter s  for  the special

d i v i d i n g  r :ase  shown in f i g ur e  11 . (E qn. 65). .S’or gene ra l g e on i e t r i e s ,

it is n e c e s s a r y  to i nt e g r a t e  equa t ion  (47 )  n u mer i c all y along the  inte-

g ra l  c u r v es  l eav ing  the s i n g u l a r i t y ,  u s ing  equa t ion  56a)  to  f ind  s t a r t i n g

values near x Zr 
~ , to f ind which case holds . E x a m p les of s u c h  cal-

so

(-ulations , for the s a m e  wall shapes used in example calculations for

asos ( I )  and  ( 2 )  a r e  shown in f i g u re s  (1 -ii  and (1 5 ) .  1’ m g u r ’  ( I  - I t  s l i ev~ s
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calcula t ions  made for  C 2d 
0 , tha t  is, for  the  case w h e r e  the s tead y

s ta te  solution is that  fo r  wh ich  the flow goes t h r o u g h sonic  veloci ty

at the th roa t  but  is subson ic  t h e re a f t e r , w i t h  no shock  waves .  C lea r ly,

the unstead y motion is that  i l lus t ra ted  in f i g u r e  1 Ia .  In f i g u r e  ( 15 t ,

two examples are shown in which the only p a r am e t e r  va r i ed  is the

s tead y s ta te  shock posi t ion, x 0
. R e f e r r i n g  to the i n t e g r a l  c u r v e s

th roug h the f i r s t  saddle points , it is seen tha t  f o r  x = 1. 5 , the

s i t u a t i o n  is tha t  i l l u s t r a t e d  in fi g u r e  1 Ic , wh i l e  fo r  x 0 . 75 , i t  is
0

that i l lus t ra ted  in f igure  h a .  Also shown in fi g u r e ’  15 a re  the  s o l u ti o n

cu rves  f rom the ini t ial  c o n d i t i o n  to the poin t  w her e  th e ’ shoc k passes

through the throat . With these two cu rves  and those  leaving t h e -  f i r s t

saddle point, one can find then the resulting shoc k wave m o t i o n s  cor-

responding  to f i g u r e s  l3a (x 0 
Zr 0 . 75) and ( l 3 c )  (x = 1 . 5 ) .

In s u m m a r y ,  t he above examples i l l u s t r a t e  the r e m a r k a b l y

var ied shock motions gove rned by the deceptivel y simple first order

nonlinear equation (47). Only an outline of the possible shock motion

histories has been p re s e n t e d  h e r e .  In view of poss ib le  app l i c a t i o n s  to

inlet buzz and flutter and s u rg e  problems in tui’bomachinery, it appears

t ha t  m o re  w o r k  is i-ailed for  in th i s  p rob lem.

(III) SEPARATION IN UNSTEADY FLOW FIELDS

The basic idea behind this  proposed work was to attempt to C i s c ’

w o r k  done on s tead y shoc k wave b o u n d a r y  laye r interactions ‘i t  i nc i pi-

c-n i separation in a s c e r t a i n i ng  u n de r  w h a t  c o n d i t i o n s  su e  11 c a 1cu l a t ~ nn s

could be used in uns toad y flows - That is , by orderin g the pa rti al t i m e

3 1 1
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derivative terms relative to the important terms retained in the 
govern-

ing equat ions  in the i n t e r ac tion reg ion , i t  was  f e l t  that  one could derive

the condi t ions  unde r  which  these  p ar t i a l  t ime d e ri v a t i v e  t e r m s  may  be

neg lec t ed .  In that  event , the  solutions found for the stead y flow could

b(’ used for  the  u n s t e a d y flow case ’s  at each  i n s ta n t  of t ime ; t h a t  is ,

the boundary conditions a rc  then time dependent, so the unstead y flow

solut ion is given by a series of stead y flow solutions , each with diffe r-

ent exte rnal condit ions  - A f t e r  f ind ing  these  c o n di t i o n s , t h ey  we r e  t o

be tested modestly, by as cer taining if the parameter range in which

time de rivatives are important contained the case  i l l u st r a t e d  expe ri-

m entally by Meier~
6
~. That  is , s i n c e  Meier ’s experiments with

shock wave induced separation in a nozzle flow showed that the. 
separa-

lion point motion lagged the shock  wave motion , it was bel ieved  t h a t

t h e  terms involving partial time derivatives would be impo i tant , It

has been found , howeve r , tha t  except  m r  e x t r e m e ly small  c h a r a ct e r -

is tics times associated with the unstead y flow external to tile b o un d a ry

la yer , these t ime der ivat ives  are  not  impor t ant .  This  can be illus-

t r a t ed by co n s i d e r i n g  the fol lowing two d imens ion le s s  t er m s  f r o m  the

e - q u a t i o n  of mo t ion

au  3u
f u ——

~~r 3x

whe r i ’  u ~~~~~~ is a t er m  found  e ver y w he  i-c in the  m u ’  i - a c t i o n  reg ion e ’x i ~~ pI

in the reg ion  ne al- es t the ’ wall. It is of in le  ~‘ e ’st  he r e ’ t o  e un c  en t  r a t e ’  on

~
6
~ Meier , G. E. A. , “Shock Induced Flow O s ci l l a t io n s , I I  A G A R I ) — C P -

168 , Flow Separa t ion , l ’~75 , pp. 2 ’) - 1  1.o 2 9 - 9 .

4 1)  
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a p a r t i c u l a r  r - g ion , say the-  velocity defect layer in the turbulent boun-

da r y  laye r . In t h is reg ion , i t (-an 1)1’ shown that 3u/~~x 
Zr O(c 

I /~~)

where  is the o r de r  of the f i r s t  t ime dependent  t e -  rm in the v e l o c i t y

e valuated in front of the shock wave, (I. e , ~ = I * c C  ) t )  + . . . ) .
U

Hence , if T Zr T 1 , then for the condition ami / ~T ‘~~ - u au / a x ,

~ 

55)

r ~~~~( 
- t ) 9 t

C lea r l y,  this  condi t ion  is met  fo r  all but  v e r y  sma l l  va lues  ~~~~

Moreove r , in c -v a l u a t i n g  the T value’ assuciate-d with Nle ’ier ’s

i - x p e ’r i l i l e n t s , s ince  L 2 5 in r i i , a ‘ 
~~0 I l l/ 5e ’c , ‘

~ ch r i i s e c .

and ( 0. 17 , ii is se-en t h a t  r 57 - O (k 2
2 ) . A p p a r e ’n t i y ,  t h e -n  t h e ’

r ang e ’  of r va lues  c o v e r e d  by his experiments l i e ’s  in th t ’  s lo w l y  ~‘a r v i n g

time 1-egime and , indeed , falls  in to  the reg ime r e f e r r e d  to a-~ c a se  ~

in this report. Eviden tly, then, the time derivative s are not important

in this case; the st ead y solutions should be valid . ‘I he v a r i at i o n  w i t h

t i me ’  of the distance between the shock wave and the separation point

vid e-nt l y depends  on the ’ fact that the shoe-k motion is large - and h e n c e -

the variation in shoc k wave - s t i - e n g t h  is l a r g e  enoug h to e-ause t h i s  van-

ation. In any  e v e n t , it doe-s not appear t h a t  t h e  c a u s e  is due ’ 1( 1 m I ll s le ’ad y

&~ f f e ’ -  Is w i t h in  the inte rae tion region , as o r i g i n a l l y s u s pe c t e d ,  i b i s  w o r k

wi l l  he ’ pu r sue(I  to  t h e  po in t  of i n d i c a t i n g  w h e t h e  r t h e  rather strong

t u n e ’  de l ) t ’f l ( I ( ’f l c ( ’  of t he  d i s t a n ce  b e t w e e n  th e  s h o c k  w a v e  and t h e ’ s e ’ p a r a —

t ion  p oint  c - a n  h~’ predicted us ing known steady so lu t ions  for  the

~
7
~Adamson , J r .  T . C . and Messi ter , A . F. ,  “Normal  Shock Wave-Turbu len t

[3oundary Layer Interactiont in Transonic Flow Near Separation”,
Transonic Flow Problems in Turbomachinery (Eds. Adamson , Jr. , T. C . ,
and Platzer , M . F . )  Project SQUID Repor t  MICI-I-16-PU , 1976 , pp. 392-414.

I I
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shock boundary layer interact ion and the cas e (2) shock wave motion

described in section II of this report.

The authors wish to acknowledge the many fruitful discussions

held with Professor Messiter during the course of this work. His

help was instrumental in understanding the various shock motions

described in the section on Large Amplitude Shock Motions and in

part icula r in deriving the approximate analytical condition f or the

dividin g case , eqn . (65) .
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F i g u r e  I 3 . S k e t c h e s  of sh o c k  w a v e  m ot i on  w h e n  t h e  a m p l i t u d e  e e l  t h e
j i - t i p  r es  sed pi- e s s u r e  usci  h a  I IOfl i .s Ia r g e  e ne ug }l t e e  d r i v e  t h~’
S hoe ’ 1< w a v e  ups  t rca in e e f  the t h r o a t , f or  eac Ii c c  f th~ I ii ree-
e a se s  shei ~v n  in fi g u r e  I I c -a ses l abele d  a , h e , an d  c refe r

t e  t h e  I ’ I e r r e s p e ) I i ( h i f l ( Z  c ase s  in  fi g u r e  1 1 . In e ’a ch  a s e , 
~~~

r e f e r s  to the initial c o n d i t i en f o r  the  shock  p e e s i t i e e n . (S e e ’

e q u a t i e e n  I S . )
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Those curves which originate with an x greate r than any x on this
so so

periodic curve wi ll approach the periodic curve asymptotically from above.

This periodic curve is nearly symmetric about x , the steady state value

of x . In the dividing case , shown in figu re 1 ib , the curves entering and

leaving the saddle points are the same curve .

The integral curve map obtained in any given case depends upon

Cad , 1(2. G(t), and the wall shape , f(x) . A lthough general solutions from

which a general criterion for the dividing condition (figure l lb)  could be

der ived are not available , an approximate result can be found for C as

given in equation (54) and f(x)  as in equation (57a) . Then, equa tion (47 )

becomes
dx 3K x — 

SO 
= - c - rx - G sin bt (59a)so dt Zd so o

_ _ _ _ _ _ _ _  
zy I~a \3 ”2

K = 

( y e 1 ) 312 r’ -i-- 
~~
—j-) (59b,c)

and the slopes of the integral curves at the saddle points are given by

equation (58), with to and C related as in equation (55). Now , if It is

assumed that the integral curve which passes throug h the saddle point at

bt = bt and also through the next saddle point at ht bt + Zir (e . g.,  see

figure l ib)  is approximately symmet ric about bt = bt + it , then the maxi-

mum value of x is , f rom equation (59a),

( x )  = (_ Z CZd /r’ ) ”3 (60)

Next , if equation (59a) is integrated first  ove r one period (e.g. , bt = bt0
to bt = bt + 2w) and then over a half period , then since x = 0 at bt and

0 80 0
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bt + Zir and x = (x ) at bt = bt + it , one finds the following relations :SO so m  0

I
0 _ c

Zd f r f x dt  , ~~= b ( t - t ) / Z i t  (61a ,b)
0

Kx 2 C
Tn 0

= - 2 — cosbt (6lc)2 b 0

where , in equation (6 1c), advantage has been taken of the fact tha t the

integral of x 3 
over half a period is half the integral ove r a full period

because of the symmetry  of x • Substituting for cosbt  using equation

(55), one finds from equation (6 1c) the following relation for C , for the

special case (fi gure l ib ) :

(G 2 
- C d

) ”2 = b K ( x )
2

/4  (62 )

where K is given in equation (59b) . Althoug h this equa tion is useful in setting

a first approximation for  G , a more accurate  result may be found by taking

into account the fact that the integral curve in question is not in fact symmet-

ric , but is slightl y asymmetric. In this calculation , it is necessary to

employ an approximate fo rm for  x (t); a cubic equation of the followin g

form suffices:

x = C1 t ( l  - 

~
) + C2~~(l - ~2) (63)

Now , at x = (x ) , where dx /dt = 0, ~ is defined as t , where

= 

m 

(64)

Also, it is assumed that 6 is numerically small enoug h tha t terms involving

62 may be ignored . Then , f rom equation (59a ) evaluated at x = ( x ) ,

equation (6 1a) with equation (63) used In the eva luation of the integral ,

-
~~~~~~~~ 
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equation (59a) integrated ove r one half period (~ = 0 to = 1/2) with

equation (63) used in integrating the x 3 term , (x 5 ) evaluated using

equation (63) and equation (64), one can derive the following relations

for 
~“so~m ’ 6, and finally, C :

(x
5 ) = (_ 35 CZd/16r)

”3 
, 6 = 3C 2d / 8 w b K(x )2 (65a ,b)

2
b K (x

(G
2 

- C d
) ”2 SO Tn - 6n  (0.207 r ( x ) 3 

- Cad ) (65c)

where , again , K and r a re defined in equa tions (59b , c).

Example calculations of the integral curves through the saddle

points, with the sinusoidal forc ing function given in equation (54) and with

parabolic walls as in equation (57a), are shown in figure 12; the f irst

approximation to the special value of C for case (b), calculated using

equation (65c), must he modified using tr ial and erro r. The calculations

I; 

were carried out by numer ically integrat ing equation (59a) , using equation

(58) to find an initial condition near x = 0. In the calculations, b = 2 ,

k = 1, a = (y + 1)/2 = 1. 2 , x = 1.5, C
u 

= (2 f ( x ) / ( V  + 1) ) 1/2 , and

c = - zy c 3 /3 , where  x is the steady state value of x . In figure2d uo o so

12, the letters a , b and c refe r to the corresponding cases shown in

figure 11. in each case , only the curves through one saddle point are

shown; the repetitive nature of the curves at each saddle point is not shown ,

for clarity, it should he noted that the value of t
o 

in figure 12 , refe r ring

to the location of a saddle point , is different for  each case. The centers,

34
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which also occur at different values of t for each case, are noted in figure

12. With the pa ramete r values given above , it was found that for the

special case shown in fi gure lI b  the special value for C was , from equa-

tion (62), (C ) = 4.33 and f rom equation (65c) , (C ) 4.77 . Theo s p  08 1~
value which gives accurate results (figure 12) is

(G ) = 4.968 (66)
0 S~~

Thus , equation (65c) is helpful in giving a relatively accurate (4% e r ro r )

first guess for ( C ) ;  in anothe r case , with all other  parameters  the same ,

but with x = 0.75 , it was found that equation (65c)  gave an estimate with

an error  of 6%. The curves labeled a and c in f igu re  12 were calculated

using C = 5.5 > (C ) and C = 4 <(C ) , repsectively. In each of these
0 o s p  0 O S p

cases , curves entering and leaving the saddle point at t - to = 0 are shown,

the behavior in each case following tha t sketched in the corresponding par t

of figure I I .

The solutions shown in fi gure 12 a re  for  very  simple (pa rabolic )

wall shapes . There appears to be no simp le way of predicting ( C )  for

more complicated wall shapes; in general , it is necessary  to integrate

numerically along an integral  curve leaving a saddle point to see which

case occurs for  the given parameters. Examples a r e  shown later .

With the mathematical behavior of the in tegra l  curves through saddle

points understood , it is possible to interpret the physical behavior of

the shock wave in each case. Referr ing to f igure h a , for any initial

35


