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ABSTRACT

The inviscid and viscous effects associated with a jet-flapped airfoil in

the transonic regime are investigated . The particular formulation developed

employs integra l methods for the description of the viscous portions of the

flow (utilizing the turbulent kinetic energy equation) and a relaxation method

for the inviscid portions. The viscous-invisc id coupling procedures along the

wing and the jet acknowledge the i mportance and magnitude of the viscous ef-

fects on pressure distribution and directly i ncorporate the displacement ef-

fect on the wing and the effects of the jet mixing into the boundary conditions

for the computation of the entire flow . Some numerical results are presented

S to v a l i d a te the solu t ion techn i ques tha t have been selec ted and to assess the

importance of mass and momentum entra i nment into the jet on jet flap effective-

ness. 

~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~ .
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SECTION I
INTRODUCT ION

The use of jet flaps to enhance maneuve rability in transonic fl i ght has been

unde r scrutiny in recent years. Wind tunnel experiments on jet-flapped air-

f o i l s  1,2,3,L+, 5 have indicated that significan t l ift augmen tation and improve-

ment of the drag polar at large lift can be obta i ned in the transonic reg i me ; S

at the same time , retardation of bounda ry layer separation and of buffet onset

can be ach ieved. A body of theoretica l work is also available wh i ch provides

a mathematica l and numerical framework for the solution of the transonic inv iscid

flow field around jet-flapped airfoils. I ves and tlelnick 6 have numerically

sol ved the full transonic potential equation while allowing the jet flap to

maintain a constant , finite , thickness. Ma l muth and Murphy have given a

linearized solution for two-dimensional 7 and three-dimens ional 8 jet-flapped wings

with infinitely thin jets . However, none of these analytica l models has ex-

plored the viscous e ffec ts of the jet on airfofl performance , since jet mixing
has been excluded and the jet momentum assumed constant along the jet. As 5

ori g i n a l l y  ind i cated by S t rat fo rd ,9 the effect of entra i nment is to cause the

jet to act like a sink with respect to the inviscid field , with consequen t loss

of recoverable jet thrust. More recently, Vosh ih ara and Zonars 1° have reviewed ,

although qua litatively, the effects of jet viscos i ty on jet flap performance in

the .transonic .Sreg i-me-. - .SThSey.-haveS-pointed oat , on .the . basis. of experimental evi-

dence , several i mportant phenomena: the ejector action of the jet in increasing 
S

trailing edge suction (and thus decreasing thrust recovery), the effective

reduction of the jet exit angle because of jet mix ing ,and the i mportance of jet

and wake viscous— inv iscid interaction in providing a realistic picture of the

transonic flow field for large jet deflection angles.

For these reasons , an effort to assess the effects of viscous-inviscid inter-

action on jet effectiveness was initated by the authors in Reference (11). An

i nv i sc i
~ 

ana l y s i s , as well as an attendan t computer program similar to that of

Ives and Melnick , was develo ped. I n add iti on , integral techniques for the

separate analyses of the viscous reg i ons along the airfoil and the jet were

develo ped an d the coup l i ng p roced u res ou t l i ned. The choice of an i nteg ral
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method , rather than a finite diffe rence technique , was promp ted by previous

work 12 wh i ch showed that boundary layers over supercrit ical wings and wakes

can be well treated by integral methods , once imp l emented by a solut ion of the

turbulent kinetic energy equation . Also , the separation of the flow into

invisc id and viscous regions greatly reduces the numerical/computational effort

as compa red to time-dependent solutions of the “turbulent ” Navier-Stokes

equations , wh i ch may be foreseeably attempted in the future .

In the present report , the integral solution of the viscous flow along the jet

and the viscous-inv iscid coupling along the jet have been reconsidered. Furthe r

numerica l experimentation has in fact revealed that the integral solution of the

viscous flow along the jet developed in Reference (11) was unstable when the

jet was highly curved. This has necessitated the reformulation of the momentum

integral equations in terms of velocity profiles exp ressed by polynomials of

second degree (instead of third degree , as it was originally proposed in Refer-

ence (ii)). In addition , a more consistent viscous- inviscid coupling procedure

along the jet has been elaborated .

The present report completes the formulation of the problem of viscous-inviscid

in teraction along jet-flapped airfoils , initiated in Reference (11). The

salient features of the method are reviewed here . They consist of an inviscid

relaxation procedure that resembles that of I ves and Me lnick , integra l methods

for the description of the viscous (turbulent)portions of the flow along the

airfoil and along the curved jet , and an appropriate coupling procedure for the

treatment of the viscous- invisc id interaction along the wing and along the jet.

The integra l solution of the jet flap presented here suffers from some limita-

tions , since it requires a modelling of the viscous jet flap wh i ch may not always

be consis tent with phys i cal reality . In fact , the present representation of the

ve l oc i ty field at the wing trailing edge or equivalently at the jet exit , con-

siders only the jet velocity pro file and disregards the detailed velocity pro-

f i l e s  of the bounda r y l ayers  on bo th s ides  of the w i n g  wh i ch merge wi th the

St i S  -2-

~ 

—-- —~~~~~—---- 5
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jet flow (however , in the actua l computations performed here , the initial jet

profile is modified so as to satisf y, on the average , the mass and momentum

flux of the jet-bounda ry l ayer combination). This representation is realistic

when the boundary l ayer on the wing is thin and attácned , or when it has very

small separated regions at the wing trailing edge , but it becomes invalid in

the case of jets with large initial deflection angles wh i ch may induce boundary

l ayer separation and large recirculation regions at the wing trailing edge.1°

Notwithstanding these limitations it appears , however , that the integ ral repre-
S 

sentation may be usefully and simp l y invoked for a quantitative dete rmination

of viscous effects on jet-flap performance in many configurations of practica l

inte rest.

The report is organized as follows . In Section II the integral analysis of the

viscous region along a curved jet is presented. Section II I  out lines the

inviscid analysis and the coupling procedure of the viscous and inviscid solu-

tions along the wing and along the jet. Some numerica l results , indicating

the effects of jet-mixing and entrainment on the pressure distribution ove r a

two—dimens ional airfoil , as well as some conclusions with respect to the quanti-

tative effect of jet momentum and deflection angle , are presented in Section IV .
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SECTION I I

INTEGRAL METHOD FOR VISCOUS JET SOLUT I ON

The authors have developed in Reference (ii) an integral solution of the vis-

cous flow along a curved jet. An integra l solution of the boundary layer flow

- - 
ove r an a i r f o i l , under subcrit ica l and supercritica l conditions , had been

S previously developed in Reference (12). Both solutions utilize an integral so-

lution of the turbulent kinetic energy equation 13 and simple coordinate trans-

formation s to account for compressibility effects. The formulation of the in-

tegra l solution of the viscous reg i on along a curved jet is now reconsidered .

With reference to Figure (1), ajet is issued from the trailing edge of an air-

foil with a deflection angle i.  The flow around the wing is assumed to be in-

viscid (thus the boundary layer over the wing is neglected) and only the mixing

of the jet with the inviscid flow field is considered. A line s, not neces-

sarily the centerline of the mixing region , is selected as a “base” streamline

of the flow. Its position , to be determined by the viscous- inv iscid coupling
S d i scussed bel ow , can be proved 1

~ to be accurate to order 5 of boundary layer

theory. Along this streamline v = 0, but , still within the accuracy of bound-

a ry l aye r  theory,  the veloc i ty profile u(n) may have a slope different from

zero. Thus , a shea r different from zero is allowed along the s-streamline.

The mixing boundaries of the curved jet , defined by the boundary lines n=6
1

and n=t5
2 , 

are asymmetric with respect to the “base” streamline and the invis-

c i d  veloc it i es u
1 

and u
2 

a lo ng 65 1 and 6~ are , in genera l , different from each
S 

other. The problem solution requires a representation of vel ocity and shea r

profiles which accounts for these asymmetries.

I n Reference (11), the velocity profiles were represented by the third degree

pol ynomi al 5

2 3
U = u

0 
+ a

1 
n + a

2 
n + a

3 
n

wi th the coef f i c i ent s a
1 

and a
2 

defined by satisfy i ng the boundary conditions

u = u 1 a t n = and U = u
2 at ~ 

= 62 (note that the edge 
deriva tives are left

unspecified) . The flow development was then defined in terms of the dependent

S variable u
0
(s), 61 (5), 62

(s) and a
3
(s). These were obtained by integrating the

~ 

1 S~~~~~ 5~~ 
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S streamwise momentum equation four times , tha t is from the “base” streamline

n = 0 to ‘S1/2 and to and f rom n = 0 to 6
2
/2 and to 6

2
. In a similar fashion ,

S in order to obtain the shear distribution across the boundary layer (needed in

the integration of the momentum equation), shea r profiles were prescribed by the

fourth order polynomial

5 

2 3 4
¶ = b

0 + b 1
n + b

2
n + b  n + b 4 n

with the coefficients b1, b
2 

and b
0 

obtained by satisfying the conditions ¶ = 0

at n = 6~ and n = 62 and by sa t i s f ying the s-momentum equation along the base

streamline. The coefficients b
3 

and b
4 
were then obtained by integrating twice

the turbulent kinetic energy equation of Bradshaw , Ferris and Atwell 15 be

• tween n = 0 and 6 i and between n 0 and 6 2 5.

The resulting system of integra l momentum equations was analyzed extensively for
asymmetric jet flows but was found to be unstable for cases of large deflection

angles and large differences between u
1
(s) and u

2
(s). The instabilities were

traced to the representation of the velocity profiles by polynomials of the

third degree , wh i ch cou ld  p roduce negative ve l ocities and uncontrolled velocity

amplifications. A representation of ve l ocity and shea r profiles by l ower degree

polyno m ials has then been investi gated. Resort has been made to parabolic velo-

city profiles and third degree po l ynomials for the shear. An approach which

utilizes the integ ration of the momentum equation in the three steps from 0 to

from 0 to 6
2
/2 and from 6

~ 
to6

2 
was then established and coup led to an

integra l solution of the turbulent kinetic energy equation from 6
i 
to 62. This

S S system was found to be stable even for the case of severe asymmetries between

the veloc i t ies u 1 (s) and u2
(s). I t was aiso found to be as accurate as the

prev i ous system based on polynomials of third degree for the velocity, i n those
cases where the latter system gave stable solutions.

The details of the formulation are as follows . A restricted Dorodnitsyn-Howarth

compressibility transformat ion (where onl y the n coordinate is stretched) is

first i nvoked , see Appendix A , to yield the transformed momentum equation (bar-

red quanti ties identify the transformed variables) 

~~~~~S-~~~~- S S~~~~~~~~~~~~
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~ ~~~~~~~+ 
;~~~~~= -  j_

~~~~~ +~~~ ~~~. (1)
as 3n P 3s P an

The veloc i ty p rof i les are desc r ib ed b y a  second deg ree polyno m i a l

(2)

and the shear profile by a third degree polynomial

~~~~b0
+ b 51n + b

2~
2
+ b

3
Fi3 (3)

The coef f i c ie nts a
1 

and a
2 

i n Equation (2) are defined by satisfy ing the bound-

ary condi t ion s u = U
1 

at ~i = 6~ and U = u
2 

at ri = The coefficients b 1 , b
2

and b
0 
of Equation (3) are obtained by satisfying the conditions T = 0 at

n = and ~ = 6
2 

and by sa t i s f ying the s-momentum equation along the base

stream ) m e .  -

S 
i A Crocco integra l , see Appendix A , for the definition of the density varia-

tion across the viscous layer is then assumed to be locally valid. In addi-

tion , a linear variation of the pressure across the jet can be proved , see

Appendix B , to be adequate even in the case of highly curved jets. The inte-

gration of the momentum equation , Equation (1), between 0 and 6
i
/2, 0 and

6
2/2 and between 

~ 
and 6

2 
can then be c a r r i ed ou t , see Appendix B , to y i e ld

the sys tem of equ a t ions

:5 A 11 A 12 A
13 

d~0/ds 
- 

C
1

A2 1 A22 A
23 

d6
1 /ds = C

2 
(4)

A
31 

A
32 

A33 d5
2

/ds C
3

in the v a r i a b l e s  t5i , 6 and ~ . The coefficients A. . are functions of
— — o 1 2 s ,j
u
0
, 6

i~ 
62 , 

~ 
and u2 ,  The coefficents C~ are function s also of the values of

the shear at ri = 0, 6
~
/2 and 6

2/2 , and thus of the coefficient b
3 
of Equation

(3).  The coefficient b
3 

is obtained by integrating the turbulent kinetic

“5 _ _ _
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ener gy,  TKE , equation across the jet.

It was shown in Reference (12) that the compressible TKE equation of Bradshaw
S and Ferr i s16 can be transformed by the Dorodnitsyn-Howarth transformation into

the incompressible form given in Reference (15) and that such an equation , de-

rived ori g i n a l l y  for boundary  laye r f l o ws, can be also app lied to wakes. The

S applicability of this equation to stra i ght and curved jet is now assumed. Thus ,

integ ration between 6i 
and 6

2 
of the equation

S 

— 
— 1/2 - - 3/2

~ 4~ 
1 ) + ~ 

( ¶
) t ~~U ÷ (

max
) 4-(G~~-~ ~~ (t/ 6)  

=~~~~ (5)
as 2a.p an 2a.p p an p an P L

y i e l d s , as shown in Appendix B , an equa ti on for b
3 

of the for m

B
1 

~~~~~~~~~~~~ G
7 

(6)

Equations (4) and (6) provide the closure of the system of equations and un-

knowns. Application of the transformation in an inverse manner provides ,
5 

f i na l l y, the desired flow quantities in the physical plane .

5 

. 

S

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S S .~~~~~~S - -s - - . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -
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SECT I ON I I I
COUPLING PROCEDURE FOR COMPLETE SOLUTION

A viscous—invisc id coupling procedure which accounts for strong interaction

along the wing and the jet is now developed . The boundary layer solution

along the wing is the one developed in Reference (12). The v isco us sol ut io n

along the jet was presented in the preceding section s The de ta i l s  of
the initial conditions at the wing trailing edge , where the boundary layer

S flow merges with the jet flow , are disregarded . The occurance of separation

and of rec i rcu la ti on regi ons a t the t r a i l i n g ed ge are excl uded; howeve r , ini-

tial jet profiles are chosen such that the mass and momentum flux of the jet-

boundary laye r combination is conserved . The viscous analyses are coupled

with a relaxation solution of the external invisc id flow . The inviscid solu-

tion used here resembles that of Ives and Me lnick 6 and is briefly rev i ewed in

order to introduce, in a sequential manner , the description of the coupling.

A schematic representation of the inviscid airfoil/jet flap comb i nation with

rel ated nomencla tu re is  shown i n Fi gure (2). Solutions for the flow field in

the inviscid limi t  are sought by numerica l integration of the full i sentrop ic ,
S compressible flow equations written in terms of the perturbation potential

•, scaled by the frees tream ve loc it y and chord , and arranged in the canon i ca l

form
5

; (i - q
2/a2) ~~~

5 
+ = 0 (7)

where s and n ar e othogonal st ream l i ne coord i na tes , a is  the local sound
speed and q is the total velocity.

For the inviscid prob l em the boundary conditions along the airfoil and along

the je t are , respectively, (it will be seen bel ow that the coupling procedure

w i l l  ma n i f es t i tse l f  on ly  i n a change in boundary conditions)

~ 
~x~~t,u 

= f
~~~~

(x) (8)

~~~~~~: -9-
S 

~~~~~~~~~~~~~~~~~~~~~~ -S ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S - S ~~~~- - 5 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ S
SS
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FIGURE 2. SCHEMATIC REPRESENTAT I ON OF THE NV ISC1D JET—FLAPPED AIRFOIL
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S 
and

[ + 1(1 + 
~~~~ 

= y (x). (
~

)y J

Also , the pressure diffe rence across the jet is required to satisfy the

cen tr i f u g a l  force ba l ance

S Ac = - c/R (10)

where c. is the jet momentum per unit width (divided by the free stream S

dynamic pressure 1/2 p 11 times the airfoil chord c) and R is the dimension-

less (scal ed to c) radius of curvature of the jet. Finally, boundary condi— 
S

tions are imposed at infinity. For M,,, < 1 ,when the p roblem is  i nher ent ly  S

e l l i pt ic , the standard l i near ized vor tex sol uti on i s im posed on the fa r  f i e l d
poten t i a l , viz.

(r + r .)  y
- 

a 
~ tan ’ (il)

2ir x

where r is the circulation about the airfoil and is the circulation a-

S bou t the je t shee t .

To numerica l ly solve the system (7) - (ii), a trar,sformation from physica l

5 
space in to a unit square is performed . The mapping functions are

= tanh (a 1x) (12)

= tanh {a2 (y - g ( x ) ] }
S 

where

~L.E. for x < X L E

5 
f
~
(c) for X L E  < X < ‘

~T.E.’ 
y > f (x)

S g(x) =

- 

f 9.(x) for X L E  < X < ‘
~ 

< f 9.
(x)

yj (x) for x > XT. E. 
S

5 5 5 5 5 ~S . S 5 •• 5 . S S~~ S .S S S 5 5 . S S S S S 5 S 5 S 5 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —- -- ---- 55 ~~~~~~~~~~~~~~~~~~~ -- -5 -
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A schematic representation of the computational plane is shown in Figure (3).

The solution of Equation (7) is performed in ~~~ us i ng the ro ta ted d i fference S
techn i que of Jameson17. Tridia gonal equations of the form

~~~~~~ 
+ b4 1~~ + ~~~~~~ 

= d (13)

are der iv ed , where a, b , c and d are f unc ti ons of the coordinates  and the

previous iteration va l ues.

The j et boundary condi t ion , Equation (10), is incor pora ted i nto the d i f f e r e nce
- scheme follow i ng the approach of Ives and Melnick. Across the jet S

= +5 + r ( s)  (14)

S 

where the subscripts T and B denote the top and bottom of the jet sheet , re-

spec t ivel y, and r denotes the c i r c u la ti on a t a g i ven streamwise station along

the jet. Since

dr

S and

S ds = Rd O

I Equation (14) can be combined with Equation (10) and integrated to yield

!:-1 I 
S 

~~ r q ~~~5 1
r~ = rTE + c~ 

J [c - 
c ] dO (15)

o ~B ~TI TE

S Accordingly, the finite difference approximation to Equation (7) just below

and just above the jet becomes

I

’

-12- 
5 5 5 5 _ _ _
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a
5 ~i ,j-1 

+ b
B + i j  + c

B i j +1 
= dB

(16)-

a
1 +i~

j_ 1
T 

+ b
T I i  

+ c
1 •i ,j+1 

= d
T

where +. 
~~~~~ 

and+ . .
~~ 

are f i ct i t ious po int s out side the f low f i e ld , and
‘‘-i B ‘ ‘~~ T

where •. . and 4. are the va l ues of the potential just bel ow and just a-
‘ ‘JB ‘~ JTbove the je t , respec t ive l y.

The requirement that the velocity norma l to the jet sheet is continuous across

the sheet yields an additional relation which , once comb i ned wi th Equa t io ns
(15) and (16), eliminates the ficti tious potentials 

~. .
÷~ 

and •. .
~~ 

. Th us ,
‘ ‘-~ B ‘ ‘~~ Tthe difference formulation

a
T 

(1 + ~~
.) + i , j 1  + (b

1 + 
b
B aT) 

~~~ 
+ (a~ +cT

) +j , j+1 
=

(17)

a d  a 1 2I B + dT — b.,. r. + a,. — Afl (1 — ~ ) s in 2 O (+.,. -
cB i J . a

2 U

valid alo ng the jet flap is achieved . The jet shape is obtained by tracing

the streamline coming off the airfo il trailing edge and is updated during

each interaction .

The coupling of the viscous results to the inviscid analysis is accomp lished

by a modifica tion of the boundary condition s along the airfoil (Equation 8) and

S 
the jet (Equations 10 and 17). For the flow over the wing, a strong interac-

tion coupling is utilized . The integ ra l of the continuity equation in the vis-

cous reg i on y i e l d s

S 

= - (6 - 6~) 
d ‘‘

~e
”e~ (18)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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S In  add i t io n , as shown in Reference (ii), one can express the displac ement

d i s t r i b ut ion i n the form 
S

* d Ln (p u )
d6 

+ 
e e

~~ “1 dx 
S

S 
(where 8o and are functions of the boundary layer quantities C

f~ 
IT , c5

’

S for attached flow and P and 6 for separated flows, see References 11 and 12).

Comb i ning Equations (18) and (19) yields

v d £n(p u )
+ 8  

e e
u 1 2 dx
e

where 82 = — (5 — 6W’
). Thus , the inviscid flow boundary condition

f (x)

on the surface of the airfoil with profile y = f(x) is replaced by

= f (x) + + 8
3 +xx t (20)

where 8
3 82 

(1 + M
2
), along the line y = f(x) + 6*(x) , or by the condi-

tion

S - 8
v 1  V 

= ~ + 
V- i

Yy 3 +xx

where the superscript v denotes the current iteration step . The coupling of

inviscid and v i scous flows is provided by the coefficients 8
~ 

and 82 and by

the distribution 6’~(x) (through the position i ng of the boundary condit ion)

S wh i ch are functions of the boundary layer p roperties (but not of their grad-
S ients). This method of coupling is similar in philosphy to tha t of 1a118 in

tha t the viscous effect on displacement (through the variable y
e

) is  d i r ect l y
i ncorporated into the solution for the inviscid field. It is also noted tha t

S in  the “full” solution of the Navier-Stokes equations , D i ewar t19 utilizes the

L 
_ _ _ _ _ _ _ _ _ _ _  _ _
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flow veloc i ty V
e 

at the edge of the “v i s cous” layer directly to determine

the outer flow properties.

S With regard to the viscous -inviscid interaction along the jet , the two effects

of momentum and mass entra i nment must be recognized and incorporated directly

into the coupling procedure . The first modifies the definition of c.~. The

second is the sink effect and implies a discontinuity of normal velocity a-

cross the viscous jet. To determ i ne the effect of entra i nment on the jet

momentum cons ider the equation for pressure across the jet

2= - Pu /R

and integrate it (in inner viscous variables) to y i eld

-~ 

= - 24k. ds’

But , from the outer (inviscid) solution

p = p , + n -i- ---

S S ap
S ~~~00

= 
~2 

+ 

~~~2 
+

where S

= - p
1t~~/R 

S

(!E) = -  ~
2, 

S

S an 2 
P2 2  R

Thus , the effec t of m i x i n g  on the p ressure d i f f e r e n c e  across the je t can be 
S

expressed by the rela tionship

S 
S 

-16-
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S 9— 2 2 61 2 2
1 ( (pu — p

2
u
2
) r (pu — p 1 u ,)

Ac = - —  
~ I d n +  I ‘ dn

R 
~ j  p U ~ /2 J p U 2/2

2

S which replaces Equation (10). Note that for pu
2 

>> p
1
u~ , p2

u~ , this expres-

sion reduces in the invisc i d li m i t  to ~c =-c .IR. Then , i f an “effective ”
- P J

momentum coefficient c. is defined , v i z .
J

2 2 ~1 2 2
~ 

(pu — p u ) (pu — p u )
= 1 2 

2 2 dn ÷ 2 
1 1 dn ,

p U / 2  J p U / 2

Equation (15) can be rep laced by

0 V - I

= rT E  + 

~~~~~~~~~ 

‘~~~~ 
dO (21)

0
1.E. ~B ~T

to account for momentum entrainment.

The sink effect is accounted for by impos i ng along the jet baseline the
S norma l velocity discontinuity

V 
- ~~~ (22)

wher e v6 and v6 are obtained by integ rating the continuity equation from

the b.isc streamli n e. Thus

/
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S v — 
d 6

2
* 

- *) 
d ~.n(p2

u
2)

— ds 
- 62 

62 ds~ (23)

d 6~~ d~~n(p u )

U
6 

= 
ds 

— (o
~ 

— 6
~~
) ds

where

= 1 (1- PU
) dn

J
0

6
2

6 * = f (i - ~~~~ ) dn
2 j  p2u2

0

The finite difference form of the transonic equation , Equation (i7) , along the

jet baseline then becomes

S a
T 

(1 + ~~
) + i ,j l 

+ (b
1 + 

d
B
:T) 

~~~~~ 

+ (aT 
+ c

T
) +

~ ,J+1 
=

a d  
2

C
B 

+ d
T 

- b
1 

i’. + a
1 

— 
~r, (1 - 

~ 
) s in2 0 (+

~- - +~
) 

(24)

- 2a cosO — Av
-T a2

S 

where I’. and Lw are g i ven by Equation s (21) and (22), respectively, in terns of

values established at a preceding viscous iteration step.

The replacement of Equations (8) and (17) with Equatio ns (20) and (24) con-

stitutes the entire change in the inviscid program to account for strong

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-- ---5 5 ~~S S  ~~~~~~~~~~~ 
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viscous interact ion . The effects of visco sity are contained in the coef-

ficient and 8
3 

of Equation (20) and the coefficients and X~~of Equa

tions (21) and (22). The values of these coefficients are obtained from the

viscous analysis along the airfoil and along the jet , deve l oped in Reference

(12) and in the present report.

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -“--- -—5-
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SECT I ON I V
RESULTS AND C O N C L U S I O N S

In Reference (11), preliminary results were reported to ascertain the importance

of viscous effects in the analysis of jet—flapped airfoils in the transon ic re—

g ime . For the airfoil without a jet flap the viscous interaction model along

the airfoil was validated by the results shown in Figure (4) relative to a 6~

S 
circular-arc airfoil at M = 0.908. The numerical result agree quite favor-

ably with the experiment of Reference (20). The influence of jet mixing on the

pressure distribution over the wing can be of equal importance , as man i fested

by the result of Figure (5) which presents the pressure distribution over an

airfoil at zero angle of attack without and with a straight jet flap. Additional

results have now been obtained by use of the analysis developed in the previous

sections.

The influence of mass and momentum entrained by the jet on the pressure distri-

bution over an airfoil was studied by examining the flow about a 12?� thick

circular-arc airfoil (which is similar to a NACA 0012 except at the nose) at

zero angle of attack with a jet flap having an initial deflection angle of 30
0
,

S a jet-momentum coefficient c. = 0.1 and a mass flow rate p .u .tS ./p U c = 0.04,
S J i j i  = =

at a free stream Mach number of 0.7. Figure (6) presents the pressure distri-

bution over the airfoil for the case of an inv iscid , infinitely thin jet flap

and of a viscous jet flap. For the viscous jet , the pressure distribution along

the upper and l ower jet boundaries are given in Figure (7). Also shown in the

S 
figure are the corresponding components of the norma l ve l oc i ty as computed by

V Equation (23) of the viscous analysis. Note that for this case (a moderate c.

and a moderate deflection angle) , the sink effect near the trailing edge

changes the initial deflection ai~~le by about 6~ (since tan 30
0 

= 0.577 and

~~~max 
~~ 0.034). Note also tha t this effects damps qu ickly to extremely small

va l ues in a distance of about 20% of the chord .

The results of Figure (6) indicate that the pressure distribution on the top-

aft section of the airfoil is sligh tly altered , while that on the bottom-aft

section is essentially unaffected . The l ower pressure on the aft-top surface

resul ts in a decrease in thrust , as compared with the inviscid case , while the

_ _ _  
_ _ _ _ _ _ _ _ _ _ _ _  _ _  --S --S 5~~~~~~ S -~~~~~
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lift is somewhat enhanced . The ca l culation also indicates that , for this parti-

cu l a r case , the effect of momentum entra i nment by the jet is small and , to f i r s t

ord er , the jet momentum as a function of position (e.g. the ~~(s) coeffic ient

in Equation (2l))is approx i matley equal to the initial jet momentum c .. Th i s
fac t may not be t rue for much sma l l e r  val ues of c ., i .e . for C.  << 0.1 . The
major effect of entra i nment is due to the sink effect (the parameter Lw of

Equation (22’)whose magnitude can be ascertained from Figure (7). The effect of

jet entra i nment is more pronounced on the airfoil uppe r surface than on the l ow-

S er su rface , since the flow around the l ower surface must experience a large pres-

sure increase near the trailing edge because of the initial jet deflection ,

while the upper surface exhibits a relief on adverse gradient due to the jet.

S 
The top surface is also more susceptible to the ejector effect of the jet flap.

In  addi t io n , the sink effect is proportional to the magnitude of c. as ind i cated

by numerical experiments carried with the present analysis. Thus , for a given

initial jet deflection angle the effect of viscosity, throug h mass entra i nmen t ,

increases with increasing jet momentum .

The other parameter whose variation can significantly alter the effect of en-

trainment is the initial jet deflection angle r. As t increases , the inv i scid

effects of rear stagnation on the bottom surface and of pressure relief on the

top surface become more and more pronounced . At the same time , the effect of

S the jet on separation and bubble development is enhanced . Thus , as pointed

out in Reference (10), the identity of the jet can be obliterated by viscous 
S

S mixing . It therefore seems that the effect of viscosity is important for small

(see Fi gure 5) and large (see Reference 10) jet deflection angles. Thus, one S-

can expect the effects of entrainment will be most significant for large c.

and for both small and large -r. Therefore , a p rogra m which  computes the
viscous-i nviscid interaction is necessary to properly ascertain the lift and

thrust increments (or decrements) under a particular set of conditions. The

cou p l i n g p roced u re described i n the prev io us sec t io n for the a i r f o i l and the

S jet , when ut i l i zed  in concert , can adequate ly describe the ef fects of v i scos i t y

and can be readi ly incorpcrated into exist ing codes for an assessment of jet

flap performance for flows without large separation . In addition , as pointed
S S  

out in Reference (10) , a proper assessment of viscous effects for the t reatment

S - - -5 - 
-25- 
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of jet-flapped wing s of finite span would entail the development of a three- 
S

S d i m ens iona l  ana l y s i s , perhaps util izing some of the concepts developed herein.
IS

I
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A P P E N D I X  A
C O M P R E S S I B I L I T Y  TRAN S_FORMATIONS AND CROCCO

RELAT ION FOR V ISCOU S JET ANALYSIS

A restricted Dorodnitsyn-Howarth transformation

n = J p/p dn (A ,l)

= 1~) 
1 1

with barred quantities denoting transformed values , is utilized here to

account for compressibility effects along the jet.

The t ransfo rma t ion i mp l i e s  tha t

and

- vp ~n
S 

v =
~~
-
~~+ uv

Then , if it is further assumed tha t -r = t , the momentum equation along the

S 
jet becomes (to order iS)

~ ~~~~~~~~~~ ~~ =~~! ~~~~~~~~~~~~~~~ -~~-~~ (A ,2)
as 3n P 3 S P an

Since across the je t

2
- 

I. !a = _  ~L ’

applicatio n of the transformation also implies

_ _ _ _ _  

Al 
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I ——2
- 2.!L. (A ,3)

R

and thus

an an

I t then also follows that

as

The density term 1/~ in the momentum equat ion can be expressed directl y in

terms of velocity and pressure profiles and of edge conditions by invoking

the loca l validity of the Crocco integral. One then has

S I I [Au+B
~~~

F5.!- u2 ] 

- 
(A ,1+)

S 

where S

S 
S 

(p /p - p I p ) - SI
A =  

1 1 2 2 
+ L_.. (u + u )

- 
u
1

- u
2 

2y 1 2

S 

~~~~~ 
u1 

- p1/p 1 u
2
) 1

B - — u u .
u 1 - u

2 
1 2
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S A P P E N D I X  B
INTEGRAL METHOD FOR CURVED JET

S 

Integration of the transformed momentum equation , Equation (A,2), between 0

and 61 /2, 0 and 62/2 and between and 6
2 

y ields (for convenience , ai l trans-

formed quantities are now indic ated by unbarred symbo l whereas p ind i cates

the compressible density)

.5 ./2

f f u
2 

dn = d udn =

6./2 
(B ,1)

- f .!_ ~2 dn + ( I / p)
6 

- (rIp )
0J p S

0

where i = 1 ,2, and

6 6 6

- u
1 ~~~ udn + u

2 f

2 

udn

r1 (B ,2) S

- I  ~~
- 

~~~~~j  ~ 
as

6 2

S 

The density p has been defined above by Equation (A,1+), the velocity profiles

ar e expressed by the po l ynomial

u = u0 + a 1n + a2n2 
(8,3)

where u
0 

i s  the ve loc it y a lon g the “base” streamline and where the coefficients 
S

a1 and a2 are obtained by satisfying the boundary conditions u=u 1 at n 6
1 

and

u=u
2 

at n~ 52 
to y i e l d  

S S5S5 ~~~~ 5 ___ SSS S 

S
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S a
1 

= [(u
1 

- u
0
) 6~ 

- (u
2 

- u
0
) 6~ ] / D

a
2 

= [(u
2 

- u
0
) 6~ 

- (u - u
3
) 6

2
]/D

0 = 61 ~2 
— 

~2

The pressure distribution across the layer can be obtained by integrating

the norma l momentum equation (A,3) to yield a fifth-order po l ynomial for p.

S This was originally proposed in Reference (ii). It was felt , however , that

since ap/Dn cannot change sign across the layer , it may be possible to l ower

the order of the polynomial. Extensive investigation has ind i cated that a

linear solution is adequate. ~ pressure distribution of the form

S 

P = 
- 6~) ~~~2 

- P1 ~~ 
+ 

~~l 
- n~ (B ,1+)

has been , henceforth , utilized here.

Th us , by inserting Equations (A,1+), (B,3) and (B,4) into Equations (B,l) and

(B,2) and perform i ng the integrations and differentiations one obtains the

system of equations

du
0 

d6
1 

d6
2a — + a  — + a  C

11 ds l2 ds l3 ds 1

du d6
a2 1 ds + a22 + a

23 
= C

2 
(B ,5)

du d.S do
2a

31 ~~~ + a
32 

+ a33 = C
3

which  d e f i n es the f low v ari a b l es u0,61 
and 6

2
.

To obtain the shear distribution and , thus , the values 161/2 , 162/2 and

app e a r i n g in Equations (B,l) and (B,2) it is assumed that (unbarred quanti-

ties shall ind i cate transformed values) .

L 
• S ~~~~~SSS ~~~~~~S S SS • S 5~~~~~ SS 5 S S~~~~~~~~ S S S



I ‘

S S

S 

TR 237

t/p = b0 ÷ b
1
n + b

2
n2 + b

3
n3 (B ,6)

- The coefficient b 1 
is obtained by satisfy ing the s-momentum equation along

the n = 0 line; hence

b1 
(~L) = u~ 

0 
+ ~~~

The coefficients b and b
2 

are obtained by satisf y ing the boundary conditions

S T 0 at y O~~, 62

S Hence,

= 
~~ 

{-(b 1 6~ + b
3 

6~) o~ + (b1 
62 + b

3 
6~) o~

}

b~ = ~ — {— (b
1 6~ 

+ b
3 

.5~) + (b1 O i 
+ b

3 
o~ )}

where

D — 2 -
2 

— 62 1

S 
The coefficient b

3 
is then obtained byintegrating the TKE equation (Equation 8,5)

across the viscous jet layer , viz.,

~~~~~~~~~~~~~~~~~~~~~~~~j1 *d n

(B ,7)

dn = 0

B3
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with the parameters a~ and L g iven in Reference (15) . By inserting Equa-

tions (B ,3) and (B,6) into Equation (8,7), on then obtains the ordinar y dif-

ferential equation for b
3 
of the form

db

1 ds 1

S 

Th us , Equations (B,5) and (8,7) prov i de the soug ht closure of equations and

unknowns for the soluti on of 6
~~
(s), 15

2
(5), u

0
(s) and b

3
(s) in the transformed

plane.
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