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I. INTRODUCTION

This paper is w r i t t e n  w it h  a t w o — f o l d  purpose .  F i r s t , w i t h  the
passage of t ime , a p p l i c a t i o n s  ( f i l t e r s , n o n r ec i p r o c a l  d e v i c e s , m o d u lat o r s ,
switches , e t c . )  involving layered s t r u c t u r e s  con ta in ing  both b i r e f r in g o n t .
and g y r o t r o p i c  m a t e r i a l s  appear  l i ke ly  to become more common (Ref. 1—7).
Indeed , the Faraday rotation isolator with polarizer , 45—d egree Faraday
rotating section , 45—degree polarizer is such a system and is in wide-
spread use——at least in its microwave analog of rectangular waveguide ,
cylindr ical wavegu ide con taining ferrite, and 45—degree rectangular
waveguide .

Here we would like to present a method of dealing with a system con-
sisting of an arbitrary number of mixed hirefringent and gvrotrop ic layers
including all multi ple reflections. The conditions are :

1. Coherent electromagnetic plane waves at norma l incidence.
2. Propagation to be along the direction of - i princ i~u .uI axis in each

of the birefringent layers, and along the Faraday axis (i.e., in
the direc tion of the app lied magnetic field) in the gvrotropic
layers.

3. The gyrotropic layers have no intrinsic anisotropv (birefringen e)
of t he i r  own .

4. The p e r m e a b i l i t y  is assumed i so t rop ic .

To our knowledge , no simple rigorous treatment of such a system l I S

appeared (although the “Sci ent i fic l,lterature Explosion ’ of recent ‘,‘u - I r s
should be kept  in m i n d ) ;  l o w ( ve r , References 8—25 ap ear ‘y c r a l lv
p e r t in e n t . *

The second reason for this paper lies In  what  seems t ci. ’e been a
source of confusion among at least some scientists——inclu ding the author.
Most of us have been exposed to the idea that conservation of energy
requires that matrices representing dielectric constant , conductivit y ,
and permeability be symmetric——i.e., c .. = ~~~~~~.. (For example , see

Ref. 26). Furthermore , we are shown , the ~cauerfng m atr i’~ is s~mimctri—
cal——assuming the matrix elements are p root r lv norma l lzu’d o he imped-
an ce l evels on both sides of the obstacle (Ref. 27) .

* References 23—25 are av a ilabl e from the author on request.

( PT~ECEDIIG PAc~Ej~BIAM~..NOT FIU~t~D
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Fi gure 1 shows the  r e f l e c t i o n  and t r a nsm i s s i o n  of electroma~ uet i c
waves f rom a general  obstacle.  However , if we w r i t e  as a b l a c k — h ( I x
ap p r o a c h  to Figure  1:

s
11 

s
12

s
21 s

22 
L
E (1)

and app ly It to a microwave isolator as a two—port device , the scatter-
ing matrix (for a perfect isolator) appears to be

Fo o]
[ e~~ 0] (2)

I t  is somewhat d i f f i c u l t  to cal l  t h is  m a t r i x  sv m m e t r i c r u l . *

~ 1 R~

FIGURE 1. Reflec tion and Transmission
of Electromagnetic Waves From a General
Obstacle.

I t  is pa r t  of t h e  purpose of th i~ report , t hen , t o  sl~uw eha t ha ppu~ns
t o  the  symmetry of t he scattering m at  rices when w r i t  t en i n  - c d i  n u t
sy s t e m s proper  fo r  i he norm a I modes of pr o pag a t  l~~ii in  t he 1 . 1 i c t I  I sr
m a t e r i a ls  i nvolved .

*
The notation super R , L ,E , Sub 1 ,2 is used rather tb -in the mere

conventional E , Sub 1 ,2, and E’, Sub 1,2, representing incident ,uri d
reflected (prime) waves on the left (1) sIde or right (2) stdv o f a
barrier. Here p refers to right propagating and L to I t i t  p r o p a g ;u t i n g .

4
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I I .  DERIVATIONS

PART A: THE BIREFRINCENT PLATE

Consider Figure 2. Plane waves propagating in the ±Z directions are
normally inc ident on a semi—infinite slab of birefringent material whose
pr incipal axes lie along the x, ~

‘, z axes characterized by the diel 1-~ tr i r
constants Ei~~ , C i,, C 2, . The dielectric constant matri x is thus: (!~~l -

E
x 

0 0

0 c
~ 

0

O 0

C X
x

— L— 
jB
0
Z

— 11  1 I ‘~~~~ f j 2
E
11 E

~~~
e I I I

I I z
I 1 I’ CI I
/4~d*

/
a

~ il  
R
E ~ + 

R~ ~ —
~ s l ab  E~~ 

R
E X + L

2~ ~
‘

ERI = + i— +- d-+ .— = ~~~~~~ + 
L~~~~~ç

b

FIGURE 2. (a) Plane Waves at Normal Incidence on a Birefringent Slab
Such That the Direction of Propagation Is Along a Princ ipal Axis ; (b)
Schematic Representation With Input Waves Broken Up Into Incident and
Reflected Components.
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Waves polarized along the x and Y axes propagate in the slab wit h
different velocities and attenuation , but unchanged in form . Thiesc ire
the norma l modes in propagation along a princ i pal axis in hire~ ring e um t
m.-iterial as may be verified (Ref. 23) by reference to Maxwell’n equ ati cii~~.

In scattering matrix notation , this situation can he represented by :

s
11 s

12 
s

13 
s14 

R~,

s21 s
22 

s
23 

s24 
L
E

L
E s

31 
s

32 
s

33 
s

34 
R
E

RE S41 S42 S43 S~~ 
L
E
2
~ ( 4 )

Examination shows: S
13 

= S
14 

= S
23 

= 

~24 
= 

~3l 
= = ~4] = S42 

= (1
and :

I —2y d
xrx~

l _ e
S11 

= S
22 

=

2 XI — r- e
x

/ —2 y d
r~~l — e  ~~

S = S  = — ~~33 44 —2y d
l — r 2 e I?

y

-y d
-, x

(1 — r’) ex
12 21 —2y d

2 X
l - r  ex

-y d
(1 — r2 ) e

S S = (5
34 43 —2y d

l — r 2 e ~

1 1 6
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wher e

n — l
r

X ,lJ fl + 1
x ,~1

n
x ,~j

tay = 3 —  bEx ,Ll C x ,y

Equation (4) thus becomes :

LE ~ .~~ o o R
Elx 11 12 Ix

R LE S S 0 0 E
2x 12 11. 2x

LE 0 0 S S
Iy 33 34 ly

RE 0 o S
34 

s
33 

L
E

Other  a r rangements  of the scattering elements are possib le dI n Ild uc.’
on the  ar rangement  of the  elec t r ic  f i e ld  components in the l ine ‘ c  t I P S ,
bu t this one appears appropriate in that it is symmetrical ~nd ~~h - I r l ~~
shows the separate nature of the normal modes.

In dealing with a series of slabs , scattering matrices are
in t ha t  they cannot  be m u lt i plied toge the r  by the  r u l e s  of i~tand rd m u i r i x

mult iplication to obtain an overall scattering matrix——although a
def inition (Ref. 28) of matrix multiplication is possible.

For our purposes we rewrite Equation (4) as:

R
E t~~ t 12 t 13 t~~

L Lt 2 1 t 22 t 23 t 24 E~

R
E 

= 

~31 ~32 
t
33 

R~

2 _~4l ~42 ~43 t 44 
( 7 ~

7
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where :

S14S31 -s1 1S34
2 1 

=

S
34t 22 S 1 2 S 34 —S 14S~~

S14 S33 — S13S34
t23 S12S34-S14

S~~

-S14t 24 
= 

s
12

S
34

-s 14S
32

S12 S31
-S

11S32t 41 
= 

_
Sl4

S
32
-S

l~~~~

S 32t42 
= 

S 14S 32
-S

12S 34

S 12 S 33 —S 13S 32
t43 

= 
S14S32 -S12 S34

____ 
-S

12t 44 
=

t ll 
= S

21 + ~ 22~~2l 
+

= 522 t 22 +

t13 
= S23 

+ S
22

t
23 

+ S24 t 43

= 5
22~ 24 

+ 
~24~ 44

t31 
= S41 + S42t21 + S44t41

t32 
= + s44 t

42

t33 
= S43 

+ S42t23 + S44t41

t34 
= S

42 t 24 + S44 t 44 
(8)

8
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(
~oing from the transmission (T) m a t r i x  to the  (s) m a t r i x :

— 

t24t4_L~
_ t 2l t 44

fl 
- 

~22~ 44

~ l2  
- 

t 22 t 4 4  4 t 42

- 

t
24

t43_ 
- 

~23~ 44
S
13 

- 
- t 24 t42

_____ 

-t
24

~)4 
-

t
22

t
41 

— t2 1t42
S31 

= 

~24 ~42 ~22 ~4 4

2
~ 32 

- 

t24t42 L~~ t~ 4

- 

t22
t
43 - 

L 23 t 42
S
33 

- 
- e22~ 44

-t 22
S34 

— 

~2~~ 42

S71 
= H i  t 1 2 ~~ 11 

+

= t 1 : ) ~~~1 )  
4

~2 I 
= ~ 1 1 

+ ~l2~~i 3 
+

~I2
’
~14 

+ ~ l4~~34

S41 
= t31 + t32S11 + t 34 S 31

~32~~l2 + t34~~~)

543 
= t33 

+ L
32513 

+ ~34S33

S44 
= t32

S 14 + t.~4 S 11 
(9 ) 9
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For th e  p a r t  ic u l a r  case of t h e  b i r e l  r i n gen t  p l a t e  ( [ P u t t  i o n  [) , Equa—
t ion  8 r e d u c e s  t o :

— 2 ’
= 

~ 11’ 12 - ~ 
s i O l I

-2~ d
x1 — r e

= = 

- r ) 1 ~~~~

t
23 

= t
24 = 1:4 1 

= 1:
42 

= 0

—2r
1:
43 

= S
33

/S 34 
= 

~~~ 
sinh i d

— 2 1
1 — r e 1/

t = u s  = _______

44 34 - — -

2( 1 — r ) e -y

— y d
X ) X

S — .~~ e — r  012 ll 
_ _ _ _  

x
11 S -, 1 — i.’2

x

t
12 

= s~ 1
/s

1~ 
= 1:

21

= 1:14 Hi = 1:32 
= 0

- y d  y d
S c e —

1: — 
‘1/ 4 33 -‘

33 S 14 1 — r

— Is = — t ( 1 1 ) )
34 33 34 43

R ew r i t  ing [q u i t  ion 7 I or t h i s  cast

1~ R
F:., t t 0 0 E11. 12 lx

L 

= 

_ f
I2 ~~~ (1 1)

R 
0 0 t 33 1:34 

R~

L 0 0 -t
34 t44 

1
~E 1 ( I I )

l()
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PART B: T}~E FARADAY PLAT E

Consider the ease of Faraday rotation. The normal node s for Prop.Ic;i -
tion along the Faraday axis are of t h e  form ( R e f . 18 , I , , 2!,, 2~~):

+_
( z

E
+ 

= (
~ + j~) e +

±1 z
E = C (

~ 
— j ~j )  e — 

(12)

The modes ~ + j
~’ 

and ~ — are comple t e ly  decoupled ( R e t’ . 2 4 , 2~ i )

and p r es er v e  t h e i r  f o r m  regardl ess . 11 t he d i r e c t  10fl o f  p r o ; ’ : I - . ’ I t  i o n — — m I n i s
s av in g  a ny  w o r r y  ‘‘ e r  t h e  e o n ~ cp t  of  l e f t  — and  r I g h t — h a n h e d  e j r  u l
polari zu t ion and ‘‘Who may  be 1 oak l ug  in  w h a t  d i r e c t i o n

In s c a t t e r i n g  m a t r i x  not a t i on  f o r  Figure 3:

L P

R L

1
~E 1 

= (S
f
) RE

RE LE (13)

The c o e f f i c i e n t s  for  the  S m a t r i x  are ( R e f .  24 , ~5 ) :

S
13 

= S
14 

= S
23 

= 

~ 24 
= ~3l 

= 

~ 32 
= ~4l 

= 

~ 42 
=

( —2’ç
d)r~~\l — e

S11 
= 

~22 
= 

-2y d
2 +l - r
+ 

e

— 2 y d
r~~ l — e

S33 
= S44 

= 
— 2 y d

1 — r 2 e 
—

11
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x

1 Rg ( ~~1.j~~~~~ R
E (,..je) R

E ( ~~~~~
.
) +

+

L
E ( ~~~j~~) 

,
+ 

L~~~~ (~~_~~~) z

Y

F r C I T R E  3. Plane Waves at Normal Incidence on a Faraday Plate Seic~i
Tha t  the  D i r e c t i o n  of Propagation Is Along the Faraday Axis.

-3’ (1
+(1 — r~,) e

~ l 2  
= ~ 2l 

=

2 +
1 — r+ 

e

-y d
(1 — r )  e

S 34 
= S

43 
= ---~~ -—~——-~-- ( 14 )

— e

where

ri — I
=

I f 
= 1 c

12
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For u n i t y  p & ’ r m e I h i  li ty, ‘
~ ‘‘ ant i a d i e l i t r i c  c o n s t a n t  1~~~r i x  at ti

I arm

Eu I 0
xx  xq

( e ) = I-f 0
~ I ~~ X X

L° (I )
z z

Then

YQ 
- ‘1 4

r~

= W~ lJE (L ; Jc ,~~) ( l ’ I )

Equa t ion  13 becomes

S 11 S 12 0 0 R
E

R
E 

- 
~~12 ~~ll  

0 0

L
E 

- 

0 0 S33 S 34 
RE

R
5 0 0 S34 S3.3 

L
5 

( 1 7 )

Equa t  ion 13 c a n  be r e w r i t t e n  in the t r a n s m i s s i o n  m a t r i x  f o r m a t

R P

L

R~ 
= (T

f
) 

R~

L
1 

L
E 

( 18)

Since Equation 13 and ~ as well as 18 and 7 art in tin ’ samt form
wi th ~ substituted for x ,y ,  the coefficients t . are given hv Equation 8
and S .. by EquatIon 9.

T n going f rom a b ir e f r ingen t p late where t h e  norma l modes are orthog-
ona l l inearly polarized w ives to u Varadav p1 - i t  e w h e r e  t h e  normal modes
are + c i r c u l a r l y  p o l a r i z e d , some sor t  t u f  t r u n s !  arma t ion  i needed -

1 ‘3
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Consider  a genera l  e l l i p t i c a l l y  p o l a r i z e d  wave :

(1 9)
X (3

/ _
)‘ z 4- y

where E 3nd E a re  in g e n e r a l  c omplex , (E e X 
, E ex \xo (30

We wish to transform to:

E = E~~(~ + j~~’) + E ( ~ 
— j ~) = (E~ + E )~ + j(E~ 

— ~~~ (20)

(Again E4 = E
0,

e -
Setting:

P E + E
x + -

E = j(E
+ 

— 5) (21)

Y i e l d s :

E
+ 

= f(E — J E )

E = -
~(E + J E ) ( 2 2 )

— 2 x  y

Or in matrix form :

P
I J 2 1  II  I
H L1 

~]L~J (23)

The inverse of t h i s  t r a n s f o r m a t i o n  is r ead i ly  shown t o  b e :

P ~1[~ -iJ ( 2 4 )

T h i n  b r i n g s  up a p o i n t  i lent  ioned in  the  i n t . r o d t i c t  ion . [ t i s i d t ’r
s t a t e m e n t  of Ohm ’s l a w  f o r  a material e x h i b i t i n g  F O r , I d I V  r o i l t i a n  o r
Ha ll ~f fee t due to  in a n t i  sVIIl flI ( ’ t n e a l  conduc t  iv i ty  m a t  r i x :

Eu Ec~x xx xtj x

1 —o ~~ C (~~1,
,)

L~ J L~~ X X J LV J

I’.
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C l e a r l y :

1 
~ 

o E
~ 

i — J 0 0~~~~ I I F
4

=

~~~
1 

~ ~~~ 
E 1 j  —o j — j 1 (~~~)

Taking t imes the  f i r s t  th ree  m a t r i c e s  in the  r i g h t — h i n d  ~ i l u  of the
las t  eq u a t i o n  r e s u l t s  i n :

o 0 0 + jO  0+ xx xy

0 a 0 a - j o  ( 2 7 )
— XX X (3

w h i c h  is s y m m e t r i c a l , v e r i f y i n g  t ha t  t h e  c o n d u c t i v i t y  ‘~~t r i -  i s  symmet-
ri c-al in t h e  proper  (~) coordinate system .

In terms of Figure 4, a birefrin gent plate followed b~ . i  Fan ad : iv
Rotator , the following sequenc e can neW be built:

R
F; P2x lx

L L
P E
2x lx

R ( 1 )  R
I I- B P

2 - ,’ ii,’I~ F

L ~~~~~~~ 1y

whi ne (T
B

) is  g i ven  by  Equt a t ion 1( 1  i d  11 . Howeve r .

I (1 —i 0 
~~~~~~ , 

R~

0 I 0 — 
~ 

F 
~

= 
2 1 1) 

~ 2 
= (T

1
.) 

~ ~Y 
- ,

- 0 0 
~ 

‘
‘-

~~ - ,‘  

t i )

wher e T
f 

Is the transformation matrix from x ,q to coord imiaten .

15
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P R R F?I - / -. 1’ 1’ - d -~ F- FI x  1 2x ‘24 - 2 - I:-

F I 1
~2x H+ ‘ 3+ ~ lx

~~~~ 
x~~~~ 

~~~,

h i  n e t  u n g e nt  F a r i e l ; , ’ .
p l a t e ’  p l i t e

FICIfRE 4. A Birefrin gent Medium Fol loweci by a 3-i id ,v
M e d i u m , I n c i d e n t  and R e f l e c te d  I ’ l a n e  W av e s .

I t  t h e n  f o l  l ows t h a t

R
5 

R

L LL 1

P5 = (T
1

) ( ‘r f ) 
~~~~ ~F 1

F5 L
F; ( 1 (I )

Sin e

R
5 i o i 0 R

E

0 1 0 i L
E

R
E 

= 

~ o - 0 ~s 
= (T

f
)~~

0 j  () - 
~ 

L~ L
1~ (~1 I )

16
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it fol laws that

F? , 7 R1, 1

L~
x l x

p = ( T  ) ‘ (T ) (T ) (T ) Pp f I f B 
~3(3 l y

LF. I
Ic,- 1(3

I t  has been  assumed that the plate ’s we re a dj a c e n t  w i t  h e i , t  i n t en vi- ’ i m o
d i e l e c t r i c . The presenc e of an  air or d l i l t ,  t n t - space r ‘~; ‘ c  I t t  ‘ i t  “ ‘sc

any p a r t i c u l a r  d i f f i c u l t y  s i n c e  an i s o t r o p i c  d i e l e c t r i c  an h cansi d e r cd
as e i th e r  a d e g e n e r a te  Fa raday  p l a t e  wh e r e  1 4 ‘ _ c r  h i r e  I r I ~ge n t  med ium
w h en y ,~, 

= y ,~. 
l’hLl s, for  t h i s  cise t h e  s - i t  t e r  I n s ’  m a t r i x  r i ’ , s I ron

Equ - i t  ion 17 or 6 to .1 case’ wh e re s1 = S a n d  2 s~ . l t ~~ - t r - i n s n i  i S S 1 ’ I l

m a t r i x  f o r  a d i e l e c t r i c  space r  is  l u c i d  I ron  E q u a t i o n  I I  ~~i I  ‘1 1 34 = ‘

t~44 = r 12 , and t 11 = t 33. T h i s  m a t r i x  i t  t h e~ cc iris e r t c d  b e twe en ([,

and (TB) in Equation 
3)~ *

I f , i n s t ead  of a d ielec ’  t n c  l ay ’  r , her,’ i s  sp ar e  between t i e  two

plates , the reflect ion coe ffici e nt and P gim t o  z e r ’  and
-‘y’ d

~ 12 = S34 = 
0 

- This is because , i n  c’t h- t , i i i  of i c r  r~~f l e c ’ t i o n  and

t r a n s m i s s i o n  c o e f f i c i e n t s  have been norm a l i z e d t e m t r e t space. The I r m n ~~—
mi s s ion  m a t r i x  is t h e n  ( f r o m  E q u a t i o n  10 and 1 1 )  t 1 = t = 0,

y0d 
-

t44 = L 22 = E t fl = t33 — -

* Since t h e  isot  ropic  d i e le ct  r li is a l i m i t  i i i , C a s e -  f ’  either a
F a r ad ay  or b i r e fn i n g e n t  med ium , i t  cou ld  eq cia  ( l v  well Ic e - in serted betw e en
(Tf) and (T f) in Equa t ion  32. T h i s  is r e a d i l y  v e r i f i e d  by obse r v i n g :

L 11 t 12 0 0 t
11 

t
12 

0 0 I
I I  

1
12 

-
~~~~t 11 —F 12

(r1) L
12 ~22 0 0 = t

12 
t22 ° ~ 

(T i,) = t
3 ,  

t )~~ it
1,  

- 1t
~~~~~ 1

0 0 t~~ t
~~ 

0 0 t 11 t 12 
t l l  t l2  it 11 ~~~

0 0 — t 12 t 22 0 0 t 12 t 22 
_ t

1.
2 

t
) •)  -jt 1 , i t 

2

4 
17
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As more p lates sir added , the m u l  t ip i i - ; i t  i c c  e c f  a s t  r i r i ~ c i t  ‘-

‘l i t  r i c es  becomes (In i ck  l v  out  of hat- i c ’ ; h o w e v e r  • ‘ 1 . - r n  , - , m l c ’ c c  t i  r - h i n d  i i
such m a t r i x  m u l t  i p l  j t  it  I a nn  e m  I I  v - , c o t s - ’ H  -

I’ART C: ROTATION OF COOEI ) I N - \ T E S  i- ’OR I ; I R FI ’R  I N Ci -~~T P L A I 1 S

In the  i n t r o d u c t  1cm i t  w i s spec it t ed  oniy th at prOp.i;~ i ’ 1011 In ’ - ‘  I - ’ .
p r i n c i pa l  a x i s  ccl i t i r e ! n ing emi t p l . i t . - . I t  i i -  l i k e l y ,  Ii i,- - r . I b m !  i i

s y s t em of In t e r e st  t h a t  v a r i o u s  s i s i t i s  w i l l  have t h e i r  o t I c - r  t i  - x e - s

ro tat ed  w i t h  respect  to  e tc-h oth e r — — i s  i n  Fi g u r e  5 .

z x xIt

FIGURE 5. Birefringent. Plate Followed h~’ a Firadav P l a t e  l-’o l l owee l  b y
Another  Birefringent Plate W i t h  It s P r i n c i p al  ‘c e - c- R o t a t e d  a t  an
Angl e ~ to the Orig inal x ,y Axe’s.

If the permittivity matrix for the third plate is  w r i t te n  i n  t e r ms

of the princi pal x ,y axes of the first plate there will result the f o r m :

0

I C  0
(3(3

0 0 t ( 3 3 1
L zz

18
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The s o l u t i o n s  to  t h e  wave e4 u a r i o n  w i l l  nc-i longer be i n  t e r m s  ot
m d  E~ is norma l me ciles ; rather the normal modes w i l l  he c- in n t ’ - r — r o t a t  j og

e l l i p t i c a l l y  p o l a n i ;’i ’d w iv e s  ( R e f .  19 , 2 1 ) .

It is quite possible to write a transformation matrix (and its inverse)
from x ,y coordinat es I c ’  c o u n t e r— r o t a t i n g  e l l i p t ic a l  c o o r d i n a t e s, s i m i l a r  to
the’ procedure followed for a Faraday plate. It seems conceptuall y simp ler ,
however , t o  transfonm the x ,y e’oordinates to the x’ ,/ coordinates so that
the scattering and transmission matrices (Equation 6 and 11) may he used
directly with x and y replaced by x” and V .

The transformation from ry to is

ens ~ s in  ~ x

— s i n  ~ con 
~~

- (3 (34)

with an i n ver s e

x cos ~ —sin -~~ I -

y s i n  ~ (‘Os ~ V
Thus , we’ h a v e

1?~~~~~~ 
- - P

cos -~ 0 sin s~ 0 E F:
x x X

0 cos q~ o sin ~ L
5

P = R = (‘r ) RF. s i i i  ~t’ (I COS -~ ) C) C
I/ ci ‘1

L 
/ 0 —s i n  ‘ 1) c’ns : 

1
L

- - -~~~~~~~

and
- _

R 
-

Con ~ 0 — 5 1 0  ~ 0 5 i

0 con -: ,
~~ T ~

P R
E s ln t~ 0 cos~~ 0 E i

0 s i n  ~ o cos ~ (35)

19
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l ’ i g c i r e .’ ~ i s  an ex t e n s i o n  ot I ” i g e i r e  4 w i t h  O l l e -  p l a te -  ;,i t d ecI , so t h a t
the’ ove r a l l t r ansm iss ion e m  he w r i t  t en  f rom ~ (I lI : l t h u m  12 as

P R
I-: • C

Ix

F F
F; ‘ P4x lx

= 

~~B2~ 
(T

B ) (T 1
) ’ (T

f
) (T

f
) /~l~4c, I i ]

F LF: F:4y 1(3

and

P R 
-

F: P4x I x

L LF: F:

:::: 
= (T~ )~~ (T

B2
) (TB

) (T f )~~ (T
i

) (T f ) (T
B1

)

- 
ly ( 3 6 )

Possibl y a word of caution is in order here. Sup?ose there are
three birefringent slabs in a system with axes, xy, x y ,  and x” y” ,
notated at angles 0, ~~~, and 0 to the x cj  axes. A proper set of matrices
for this system is then

rcos e 0 -sin e 0

I 0 cos e 0 —sin 8

— J sin e 0 cos e 0 CT 3 )

L 0 sin 8 0

rcos(e_ ,) 0 sin(8—4 ) 0 1 1’~°~ ~ 0 s in  ~ 0 1
0 cos(8—$ ) Q s in(8 —4 ) I I 0 cos ~ 0 sin 

~I_hi
~

0.) 0 cos ($-4) 0 I(T 92 ) I_ sin ~ 0 cos • 0 I ( T RI )
L 0 —~~j n( 8—$ ) 0 c os (O— ~~J [ 0 —sin  • 0 cos (37)

20
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I i i  o rde r t o  c - r i d  up i n  t h e  o rigin a l xej ic r] i n - c t ,  - -i ~t e ’r t i r e  t rscris —
I e c r n r a t  ion ( T ~ ( -  - — I ) ) i s i n t  r o d ei e - e’d s l i m  at  t h at  ‘ ‘ m t i t  i S  t i c  t s s m i  r v
t i c  t r o o s t  ‘nm f r o m  th e  x ’ q’ t i c  x y n ot  I r a n  X ( 3  t o  x ~ -

PART ‘) : A P A R ! !  CI ’I ,AR EXAM i’I E~~~rI1E F A R A D A Y  R OTA ’!’ ION I SOL A T1 )R

C o n s i d e r  t h e  i s e s l a t e r  in  F i g u r e  6 . F l i e -  I c i c - i c  p r i n c i p le’ is , 0! C o u r s e - ,
lie F m r c d ; , \  p l a t e  r ‘t a t m - c  the ’ X — p o l  sir  i z e d  wav e  ~5 degrees  s i c  t h a t  i t

p c i  s se-s unit t t e n u m  t ed  t h r i c u g i m  t h e  se c ond pci  ar I Zen. A ( r e f l e c t  ed ) wave
t r a v e l i n g  f r o m  t h e  n i g ht  is  r o t a t e d  45 deg ree s f u r t b e - r  m d  ends  U~~ 1
p1) 1 s ir  I zed s i t  t h e  f i r s t  p o l a r i z e r  and t I tu s  c a n n o t  he t rarismi t t ed on to  t i e  -

l e f t — b e n d  s i d e -  of t h e  sv s t e ’m . A l i t t l e  t h o u g h t  shows , assu m i n g  a lo s s—
less F a r a d ay  e l e m e n t , t h a t  at  l e a s t  one p o l a r i z e r  mus t  . e h s c ’ r b  a l o n g  i t  s
n o n — p o l a r  I n  or t~

’ ) a x i s ;  o t h e r w i s e , the  wave w o u l d  he re f l e c t e d  f rom
p o l a r i z e r I , r o t a t e d  cc f u r t  he r  45 degree s to  he p o l a r i z e d  . e l e c n g  the
ax i s , r e f l e -  t ed , r o t at e d  45 degrees  to he pc I . e r  i - a d a l oi p ’, the x a x i s ,
and passed by t he  f i r s t  p o l a r  I z er  bac k t o  the ’ ger le n s e t o r  s i d e .

x x

‘—
‘—
.
-
~“ I

XI

~~~~~~~~~~llllL~~~~~~~ S~
/

45’ Faraday rotation 45’ polarizer

FI GU RE 6. F ar a d ay  R o t a t i o n  l s o l a t e r .

In mi crowave  I sol a tor s , the  p i c l i t r i z e r s  i r e ’  f r e q u e n t  l v  r e ’ct s i n g u l a r
TL 10 wavegirides which propagate u n i v  

~~ 
( ‘ r  

~~~~~~
‘ 

I with I.
~ 

( o r  i-.~~~) b~ lc’w

c u t o f f .  A strip c c l  ab so rbe r i s  p 1;i i - e ’d  e i t h e r a l o n g  the  q d i r e c t i o n  on
( t i e  i n p u t  s ide  mi nd  b r  t he  y d i  r e - c t  ion on t i r e  c c i i  t put side ed the F;iradctv
ci  e ll e n I t c c  avoid m it I t  I p i e  r e f l e c t  I c n n  and l o ss  of 1501 i t t  i o n .

2 1
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F i g e i r e  6 i s  -i  s pec i a l  case of F i g u r e  5 and t h e  g e n e ra l  t r ; i n s m i .ss ion
is given by E q u a t i o n  3h . As an example’ to i l l u s t r a t e  a point we we c ii l d
lik e tc c assume pert ec t  p o l a r iz e r s  and Faraday e l e m e n t .  I t  t u r n s  c o l t

t ii~~t t h i s  i s  c o n c e p t ua l  l y amb iguou s eve n t h oug h i t  w ar t  id s i i n p l  it v t l ie
mar he’”~ci t i c ’s

Let  t h e’ sca tterin g matrix for the polarizer he’ g iv en b y :

F’ 0 0 RE,

= 
F 

~~l 0 
~ 2x

i i ]  0 0 6
3 ~2 

R
~
,

0 0 6
2 6

3 
L~

wic e r e

~~~ 
( t h e  X — r e f l e c ti o n  c o e f f ic i e n t )  ‘c~( 1.

F~ (the x—tran sminsion coefficient) is a fraction v e ry  n e a r ly  eq u a l
to  1 .

~~~~~~~ 
(the ~—ref l.ection e’ec effjcjent) ‘z~Z 1.

2~ 
(the’ (3—transmissie)n coefficient) <~ 1.

‘I’hese (‘onditions mean practically all x—polarized signa l is t rans-
m i t t e d  and the ’ y — p o l a r i z e d  s i gna l  m o s t l y absorbed . As the -  S ’ s a p p r o m i c ’ h
zer  c t h e  c-cod i t  ions fo r  a p e r f e c t  - p o l a r i z e r  are approached .

The’ s c a t t e r i n g  m a t r i x  is c on v e r t e d  to the  t r a n s m i s s i o n  m a t r i x  by use
of I- ’ I c i o t  ion 10:

(F 2 
— 6~~)/ ~ 6 1/F 0 0

1/F ’  0 0

(T~~1) = 0 o (6~ — 6
~
)/6

2 6
3
/6

2

0 0 6 3
/ (

~
’ 2 1/ 6 2 (39)

E q u a t I o n  39 shows why it is difficult to work with the scattering
mat r i x  f o r  a p e r f ec t  p o l a r i z e r , s i n c e  t 33~ t 3 4 ,  t’

~e 3  become i nd e t e r mi n a nt ,

22
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whi i Ic t ,~~ gc c e-o to i n C  m i t  v . I t  need nor surprise us that some coeffic i e n ts
m i re g~~ c - . e t  e’r t h a n  c e r n -  i n  m a g n i t u d e  Si fl e c (referring to Equat ion 7) the re—

R Pl~it i e i nship. tar example , between F:2 0 t o  is not o u t p u t  to  i n p u t , m i s

‘c ’ I l c c ’\~~} i ,  i t  imp  I ted , h u t  rmi t h e  r i n p u t  to cci t t  pu t

‘l’ r i r r c  i n s -  now to  E q u a t i o n  18 and (T F.) , i t  is  not  p o s s i bl e  t o  p rodu c e ’  an
i d - - i l  n o n — a b s o r b i n g  F a r a d a y  p l a t e .  ‘rh i s  r e q u i r e s  y~ = i + J B ÷ j B~ . I t
i s  t u r t h i e n m o r e  r e q u i r e d  tha t r~ = 0. T h i s  in t u r n  i n d i c a t e ’ s  r+ = r and

t he’r e ’fc re B+ = B , w h i c h  in t u r n  means  ze ro r o t a t i o n  per u n i t  l e n g t h .

~ty  l e t t i n g  m~~ = s ( 1  ~ 6) t h e r e  r e s u l t s

I
_
-~~~~~ (1 e 6)

r + = 
~~~~~~~~~~~~ ( - ~ I ) )

I +~~~ ~~
- (I  6)

ChioosIng r = j i and m a k i n g  -~ an h  i t  n ; c r i l y  stoo l I ( b y ,  I or  e’xamp l e , ne ’ —
el i t e  t u g  t h e  app i ied DC m a g n et i c  f i e l d )  we ar r i v e  at -

( . 1 )

Time’ rotation is g i v e n  b~

= [Phase  — Phase  ( . 2 )

F ar  small r 4 t h i s  i s  eSse m i t  i a l l y

( - . 3 1

S I n c  a

~~ - - - (it r -

11 = — ~‘ t l i  C~~ i S  ( 1  + — -)
4 C C

ther m

‘y,cd(I = —— ( 41 )
2c

where  d is t h e  thickness of the Faraday plate. Thus , by ma k i n g d me rbi—
ran  I y large we c ccl in p r i n c i p le o b t a i n  45 degree’ r o t a t  ion w h i l e  h a v i n g

r~ • 0 for small 6. Since = 0 , t h e  e l l ip t i e ’ it y  o the  t r a n s m i t te d
W OV e ’  also pr o ’s to zero .

23
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h” e m r  an  i s c l m e t e c n

-~ = (~~~+ 
- 

~~_ ) = (46)

r ) r c c ~s t h e  Sc it  t c - r i n g  ma t  r k X  l i l t  in idea l  F a r a d a y  p l a t e  is

-

0 e ’ 0 0

(1 1) 0
(s e ) = —~~~~~~~~

0 0 () C

- jq~o 0 a 0 ( - ‘+ 7 )

cu d  t h e  t r a n s mi s s i o n  m a t r i x

—

ict ~~~ 0 0 0

O e’~~~~~ (3 0
= — i _ c

0 0 e’  
— 

0

j -~~

0 0 0 a (4 8 )

F’ r- c nc  I - I c c c i  t i o n  46 , this n i _ I  v he rc’wr i t t cii

-~ e ’~~~ 0 0 1)

0 ~ 0 1)
(~~~~

f
) 

- 
- ‘

0 0 e 0

o 0 0 a 7 ij 1 (“9)

whe ’rc ’ ~c 
—
.

t i l  l z l u c g  t h i s  Ins i t  n i x  c - a r i s e s  oem p a r t i c ’ u l s i r  c h i f f l e ’i i l t v  i n  our  i s c c l , i t o r

i r i c e  1 y s in .

- -~ ______ - 
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I” ’n t h e  e S — d e ’ g r u - t ’ po l a r i z e r the ’ c - c c e u r c h i u a t e  r I  a t  i on  ma t  n i x  (T
B
) i s

1 0 I 0

(T ) = ~ 0 1 (1 I
Il e 2  

~~ 0 1 0

0 —l 0 1 ( 5 0 )

mine! t h e ’  h i n e f r i n g en t  p l at e  m a t n i x  (1
82

) is i d e n t i c a l  
~
‘
~

‘
Bl~ 

t~~s u i ~~I~~g
ic ]e,’n t I c .c 1 p al  a n iz er s

it is simple ’ it tedious te ’ n e i l t i p l y  out E q u a t i o n  36 a s s u m i n g
Eqc r , rt ion 5)) t i  y i e l d

P R
F:lx

L L
F : ’  F:lx

P =~~ ( ‘ )  R
E u  I F:

l~j

1

~E
4

, ( 5 1)

w h e r e

2t 111 = ( t
f [ 1 t~~ 1 ~~ 2t F l 2 t l l t 11 - t f , t~~2

) e~~~~
4

2 2 _ J ’ l / )
+ ( t

1 3_ l t
I l  

- 
~tf34

t1J t 12 
- L

f44
t

i2
) ~

-

2 ~~/42t 1 1 ,  ( t ~~1 1
t 1 2 t 11 + t [ , t ,2 t 1 )  + t

f 12
t 11 t c )  

- r

+ (r 133 t
11t12 + tf~34 t 11

l 22 + t~~~~t~~2
L~~, 

— t
1 1,

t~~~~,
) e~~ 

~~

2f 11 = (t 1.1,3 t 11 t
33 

— t
f3f

t
lIH4 

— t
f34

t12 t33 
- t

, ) 4
t

12
t

3,)
)

+ (t f 11 t 1] ~~ 3 
— t f l 2 ~~l 1H4 

— t
f1 2~ I I I 

- 

f22 t
I’2
t~34 ) 

~ ~‘/  ~

i l l / c2 t 114 = ( t ~~34 t 11t 4, + t
f33

t 11~~34 
+ t f 4 4 t 12

f
44 

- t f34 t 12 t 34
) e

+ (t ~~12 t 
h i ~~44 + t

f11
t 11 t~j4 + f

f22
t 12 t 44 - t

~~~~12 t i2 t 34 )
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2
12 !  

= ( r ~~~~t 
1 2  

- t
f 1 1

t
1 1

t
12 

- t
f 12 11

t
22 

- 

~:2, ’ c ’ c ) )

+ ~~ 14 12  
- 

~‘
t I 1 1  I 

- 
~ t — 4 11  22 

- -‘ 
c , 4  12 t i c

) , 
-

2 t  
1 2 2  

= 
~

‘ : e~ c 
- 21 

f l  2~ I 2.’ 
- t

1 1 1  
r~~ 2 ) a

~ i t ~ ‘
~ 2 2  

- ‘~~ t I4~ i 2~ 22  
— 

~ 3 I~ 12 ~ ~~ 
i”f

-‘ — r
3 1

1 1 , t
13 

— t
1 1

t
2 2

t~~~
3 

— r t , t
1

) e

I 1 2~ 3!~ 
— f

f 1  1
t

1 ) L
3 3 

— f
~ l 2H:~ 3) 

— 

~~~ 
)~~ 72~ )4 1 c

~ 
= ~~~ ~~~L1~ / — t

13,
t ) 

t 34 
— t

f 1 ~~~t ] c
t~~~4 

- I 
~~~ if ~

+ 
~
‘

t 2 2 ~~,~f44 
- t

f 12
t

22 t 34 
- t 

~ 12 t 
12 )4 

- t
f f l

t 12 )4 )

2 1
1 ) ,  = ~~~ I- ) l 2 ~ 1 1  

- 

fl~3 t] 1 t~33 + t
144

t
1 2

t
3)  
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)
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)

j cc  / 62 t  142 = (~~f).3 t 12 t34 + t
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t
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- t
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= ( t — — —
1 ) 3 i I 2 ~ 34 f l  1 33 34 f12 3 3 44 122  34 44

)

+ ( t  t 2 
— — 

~ ~ 
—

i
_
c i ’ c f 33 i3 34 144 34 4 ~~~~~ 33 t~~~) e

= ( 1:~ c t /4 4  
-- :t

~~17 t 
3~~~4 4  - t

111
t 34 ) 

j l l/ 4

4 ( t
1 ~~~~~ — 2 f

f34
t

3
~~~t~~~~ — t

f33
t34 ) 

—jll/4 ( 5 2 ) *

i~hen I- c~t imi t ion 49 is plugged into this rather horrendous set of
c l i l c i t  i c ’n S , t h i n g s  simplif y c’on siche r .chlv tec

— 2 — j
~- 

— j n /4
- t~~ e’

— 
—j ( ~) —j T l / 4

~I 12 
- ~il~~l2  ~

i~ J~~/4= -t~~~ t~~4 e

~
- =~~ ~1 14 12 44 c e

— j - ~ — J T / 4t 121 = t
11

t 12 e

~ 2 
~~~~ ~~~~~~~~~~~

1 2 2  12 
P

— —~~ ~123  22 34 ~

— j~t 124 — t~~9 t 44 e e

=131 12 ’3 4  €

— j
~ 

j n /4t
I~32 

— t~~~t 34 e e

= ~~~~ 
- j ~~~- j l l / 4

* Equation 52 can be directly checked by using the equation :

U l i j  = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

whore  repeated  m d  ic ’e ’s i n d i c m e t e  a sum.
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4

- 
-

~~~~~ 
-,) ‘ / 4

t134 
— t 33t34 C’ C’

- j~~ jiT/4
141 — 1:12 1: ) !  P

~ =~~~~ ~142 22 44 P e

— t ~ 
_

~~~~~ 
—jiif4

141 33 34 e

1:1/ 4  = t~~4 
e~~~~~e~~~~~

4 ( 5 3 )

l ” h i l c’ c i i  16 c ’ornp on ants  of the m a t r i x  a re  p r e s e n t , E q u a t i o n  53 i s  a
l arge’ imprc )vement over Equation 52.  S u b s t i t u t i n g  E q u a t i o n  ~39 i n t o
E q r i c i  t i o n  51 resrl its i n

2 —~~: —j i r / 4
t I l l  F u, C

- 1~ i~ /4t n2 i e

— ‘ S ‘S -

— 
1 3 -:- j -r t / 4

1:
1 1 3  

- 

~2~
’ ~ ‘

6 1 j , -t 114 = e C ’

~ -] :  -jiiJ4
t
~~~~1 ~ ~~~~ 

e e

1:177  ~~ 0

- ~~~ j -
~- jn/41:123 

- 

~~~~

— 
I j q j n / 4

1:
12 4  

- 

2~

6 ‘S
— 

1 ‘ 1 j
~ 

j ir / 4
I l l  

— C

- 
3 j~ jir/4

l 3 2  
- 

‘S 2
1 

e e
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3 -j ~ -J l l/4
= C P

2

t 134 = 6
3(

~ -

— 1 ,yt ~~~j i i/4
141 

— 
6 21 

e e

— 
—

~~ j ~~j l lj~142 
— 

6
2~ 

c e

1: f 4 3  = ::~~~ 

i)e~~~ e
Jin/4

— ~~~ 
—

~~~~ 
—j ~~/4

~~~ 
e e (54)

where some of the smaller terms have been dropped . Some of th &’ terms in
E q u a t i o n  54 are ’ l a r g e r  than one in absolu te  va lue , and some are  indeter—
m i n a n t  depending on the relative values of 61, 62, and 6 3. Again , as in
h- :qtiation 39 it should be borne in mind that inputs (waves traveling toward
the isolator) and outputs (waves traveling away from the isolator) appear
on both sides of Equation 36.

A e’ l ear e ’r p i c t u r e  a r i s e s  if E q u a t i o n  9 is used to t r a n s f o r m  E q u a t i o n  54
h a c k  i n t o  th i ~ scattering matrix , or

S11

S12 0

Si,) c~ , 0

“ 14 ‘
~
‘ 

_6
2 1” ~~~~~~~~~~

~,2 
~~~~~~~~~~~~
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S ~~~‘S22 1

‘‘2 3 
0

S ),  ~cc 0
‘- 4

0

- e 
—j 4 m  —jil /4

S
31~~ - ~~~~ e

s 33
5 3 / 1)

S4 1 0

0

s43~~~~0

( 5 5)

where’ terms i c C  order greater than 6
1 

have been dropped . Written out in
ma t r i N  n o t a t i o n  th i s is

0 o -ó
2

p e - ’ ’
~~~

’
~ 

R
E

R 

~~~~~~~~~~~~~ 6
1 

0 0

= 

0 ó [ ~e 1~~e i~~
/ 4  0 R~

LRE 4IJ , 0 0 0 6
3 

LE ,  ( 56)

Th is  scattering matrix Is not symmetrical even though each of the
components making up the ise,lator has a synunetrical scattering matrix.
This Is evident ly because the polarizers are not lossless—— specifica lly
they have a very heavy absorption along t h e  ~ axis , this being true even
i f  F— ’ 1 , 6 1,  6 2 ,  6 3— p  0.

An examination of Equation 55, FI gure 6, and Equation 38 allows the
matrix elt’mt’nts to  he deduced directly , as f ol l ows:
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The input x polarized wave from the left is refl ec ted directl y
as 6 i .  The next  h i g h e r  o r d e r  x term f r o m  t h i s  e’omp one nt  i s
t r a n s m i t t e d , (F) , r o t a ted , r e f l e c t e d  ( 5 1F) r o t a t e d t o  t h e ~
p lane , r e f l e c t e d  (6 1 6 2 F - ) , e t c . ,  so S11

S12 : The reflected x polariz ed wave on t h e  left is related t o  t h e
l e f t  t r a v e l i n g  x1 polari zed input wave from t h e  right by going
t h r o u g h t h e  r i g h t  p o l a r  i ze ’r  (F ) , b e i n g  r o t a t e d  to  t h e  ~ di r&’c—
t i o n , b e i n g  r e f l e c t e d  ( - S .3 F )  being rotated to the y’ d ir e c’tic cn ,
r e f l e c t e d  (6~~~) ,  e t c . ,  ~° ~ l2  0.

S1 3 : The r e f l ec t e d  x p o l a r i z e d  wave ’ on t h e  l e f t  is r e l a t e ’d  to t h e
r i g h t  t r a ve l ing  y p o l a r i z e d  i n p u t  by t r a n s m i s s ion  (

~~2 ) ,  r o t a —
t ion to  t h e  ij direct iccn , n e - f l  c-i ’ t i o n  (~ 2 ’S 3) , so S1 3 0.

The r e f l e c t e d  x p o l a r i z e d  w a v e -  on the le ft is related to  the
tj p o l a r i z e d  i n p u t  w a v e -  f r c c r c i  t lie r i g ht  by t raflSnr i 55 ic)n (‘S 2)
r e ) t m e t  ion  to  th e ’  (m i n u s )  x d i r e c t  i on  and t r a n s m i s s i o n  (_ C

2 1 )

t ir i e s  t I re ’  p ) i m i s e ’  r e t .- i r d , i t  i on  cit t h e  F a r a d ay  p l a t e ,

Thre’refe,re , S1 4 —~~2 1 e ‘ e -

“21 The rig ht t r i v e - l i n g  x’ polarized component is related to t ire
right t r ave-I i irg x pc c l.c r i ,‘ c ’d component  b y t r a n s m i s s i o n  F ,

ne c t , i  t i on ar id  r e t  mr rd a t ion  c - ‘‘  e 
j l /4  

, and  t rmcii sm i ss i on F .

Thus , S21 = F~ e- ~

S22 : Tire’ ri~ hrt (RT) x’ po lani ze’d component is related t c ’ t he  left
(LT ) x c ’ o m p on en t  by  r e - i  le’ ct ion , S i , al 1 other t a r r s  he’ i r i g c e f

hi gher ord er. S - , 2 6~~.

S23 : The RT x’ pola ri ze -cl c e u n r ) o n e n t  is related to the RT ~ polarized
component by t nme n sm i s sier n through the first polarizer ‘S ,

rotation tei the ‘/ dir e ction , reflection , 6362, rotation ti c

the x d i r e - c ion , re’t ’ le c - t ir ’n c5
1

6-
3

cY ) ,  rotation t o  t he ’ ~ l i i i  C’ c —

t i on , and transmission I”6 l 5362 ~~-‘ 0.

s ,, : The RI x’ p o l a r i z e d  component  is related to th€ 1,1 r/ c-om p o r r em r t
by transmission 52, rr tation to the x direction , r e f l e c t i o n
61-5 2, rotation to the’ x’ direction and transmission F’$-1c 5 2 0.

~ 3l Tire LI y component is related to the RI x component by trans-
mission , I - 

, ro tat I on t o  the x’ d i nec t ion , ref  I C c  t i  cmli ,S F .
r o t a t i o n  tie the q d i re c t i o n , i r r e l  t r a n s m i s s i e ”r i  c ’

2 1
F’ 0.

S32 : Ti re ’ LT t/ p e e ]  ci r I z,ecl wave i -; r e l a t e d  t cm the’ I T  x ’ i i  I ci  r i ‘ e e l  w i  V e ’
by t r ;insm i n s  I nfl , I - ’ , n e c  tat ion t c c t lie y c i 1  re t - t i a rm i t  i me ’s t i r e  -

p ha se  r e t  ; e r  ch i t  Ion e’~ ~~~~~~~~ F’ a ~~~~~~~~~~~ / 
, ouc h  I r . t t r smi sn i a rm

~ ‘32 F6 ~ .
~~ 

1 t ~~ ~~

13!
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The (LT)  y p o l a r i z e d  wave is related to thee RT y wave by
reflection 5- 3, all hlghe’r errder terms being negli gible.

= 6 3.

534 : I’hre l,T y c o m pon ent  is related to the LT y’ component by trans-
mission ‘S~~, rotation to the x direction , refl e ction ‘S l ’ 7 ,  etc.

= 0.

5
4 

The RT y’ component  is r e l a t ed  to the  RT x component by t r a n s—
m i s s i o n  F’, n c m t a t i o n  to t i re  x’ d i r e c t i o n , r e f l e c t i o n  ‘~iF ’, r o t a —
1: u r n  to  t i r e  cj ci i n e c t  ion , ref  I c c  t i o n  5 3 5 1F’ , r o tat  i (in to t i r e  t/
direction , ;urìcl t r a r i s m i s s  ion ( i gn o n  j u g  the-’ phase  r e ’t a r d a t  i o n s )
or 626~3~

- 1 F 0.

S42 : The RT rj ’ c o m p o n e n t  is related to the LT x’ e:ompone’nt by trans-
m ission F , rotation to tire y d i r e c t i o n , r e f l e c t  ion 6-3 k’ , rota-
t ion to the y’ d i re c t i o n , and t r a n s m i s s i o n  S 263

p 0. ”

.“ • . The RT ~
‘ component  is r e l a t e d  to the RI q componen t  b y t r a n s —43 

‘mi ssion 62, rotation to the cj plane , and transmission 62 0.

S,4 : Th e’ RT y’ component is related to the LT y’ componen t  by re-
f l e c t i o n  63.

The poin t  of the exer ci se , however , is not so much to show a compli—
c’ated derivation for what e’an be arrived at with a little physical reason-
ing , but merel y to d e m o n s t r a te ’  t h a t  the approach outlined in this report
converges to the proper answer.

* These scattering cem effi c ients can he summed to Infinity since
there is no ref lection at the Faraday plate , so that

S42 = ‘S 2
cS
3
F ~,-J2~ 1,-jn/2 + c5

2
6~~ó ,~F e ’4

~~e~~~ + 6
2

6~~6~~r ~~~~~~~~~~~~ +

= 6 6 F e~~
2
~ e

”
~~~

”2 V (-S 5 . ) 4N ,—J2N 4~~~iNn/2
2 3  N 0 1 3

6 6 F 
—j24 — j l T / 2

2 3  e C

— 

I — ó~ 6~ 
—j2~~ —j mt /2
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For perf ect po la r izers , F = 1, 6~ = 6
2 = 6

3 
= 0 , and E q u a t i o n  56

become s just
— 

0 0 0 0 R~
lx

R
E ~~~~~~~~~~ 0 0 04x 4x

L
E 

= 
0 0 0 0 R

El i j  1y

R LE u  0 0 0 0 F , ’ ( 5 7 )
— 

4~,
, 

—

Equation 57 can be compared ti m Equation 2 , and t h e  r e l a t i o n s h i p  i s
obvious. Since ’ the matrix is 4 x 4 rather than 2 X 2, howeve r , perhaps
i t  is c l ea r e r  t h a t  the  s c a t t e r i n g  m a t r ix  does not  represen t  a t r u l y
lossless  sy s t e m  and t h e r e f o r e  is not n e c e s s a r i ly s v m m e t r i c ; i I  ( R e f . 2 7 ) .
A “t )me a s i—Is c el:etemr ,” I o nrr r e ’d b~- a p o l a r i z ~-r  f e e l  ] c c w e ’ c l  by a q u a r t  c r w c i v c
p l c i t ~ i s  d i s c u ~~sc ’d icr Appendix A.

i ll .  CONCLUSION

We have ’ o u t l i ne d  a method  f o r  d e t e r m i n i n g  the o v e r a l l  t r an s m i s s i o n
and r e f l e c t ion c c i t t f ic i e n t s  at normal ir n - i d e n c e , f o r  an “ N ” l ayer ed
s y s t em , wh ere ’ t e c h  Liver consists of either a Faraday plat c or b i r e ’ f r i n —
ge n t p I : r t  t -  with the’ F ar , i d a ~’ or a p r i n c i p a l  a x i s , respect j v~- l ~~, l y i n g
,e 1 nc, th e’ d I r oe - t i  vu of propaga t i on .

Another exampl e ’ of  t h e  a p p l i c a t i o n  of this method is worked out in
Appendix B. C i e r i s l i h e - r e d  is the r o t a ry  vane phase shifter , w i d e l y  used
in microwave and m i l l i m e t e r  wave c i r c ui t r y .

Tire ’  c a se ’  w h e r e  a l a y e r  shows bo th  h i r e f r in g e n c e  and F a r a d a y  r o t a t i o n
i s  no t  I n c lu d e d  i n  this analysis , althoug h it appears to be a straight—
forward extension. Ire this ca se ’  t i r e  norma l modes of the p l a t e  w o u l d  he
• e l 1 ip t  ic ’a I ly  po l  i r  ized  ( R e - f . 19 . 2 1) and sec t h e  t r a n s f c r m , r t  ion  would

he’ I rc cc I I n o , ,  r t o  - c - 1 i i  p t  I -  c i ]  I a r m  n o t  her  t I r an  ~ c I r e ’u I a r  .

The more gen€’r.il case where the individual p lates show Faraday  r o t a-
tion and birefringence while propagation is not necessarily along either
a principa l or Faraday axis can probably also be treated by an extension
of the me thods given here , althoug h the details have not been carried o u t .
In this case ’ Equat Ion 15 would contain all nine terms with 

~
The solution consists of + elliptically polarized waves for the RF H
fields norma l to the direc ’tion of propagation . The exact form of
A , ‘ç. and in t h e  solution

— 
_Y

+
z - Y z

H — H
1 

e’ (~ + A,~~) + 
~2 

e 
— 
(~ 

+ A~ y)  (58)
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is d e t e r m i n e d  by ~~~~ p
~~~, ~~~~~ 

~~~~ 
wher e ’  0U are the  e l e m e n t s  of (c) ’,

is shown by Penz ( R e f .  1 9 ).

The accompanying F 1 2  vectors possess an elcc ’tric field component in

the’ direct ion of pi op~~ga t  ion  so t h a t  t he  P oyn t  l u g  vec to r  F X H l i es  at
some a n g l e  to  the  d i r e c t i o n  of p r o p a g a t i o n  (2).

N o n e t h e l e s s , a l t h o u g h the  necessary foo t  work has not  been ca r r i ed
out , it appears intuitivel y feasible to extend the analysis presented
here  to t h i s  general  case , if such appeared d e s i r a b l e .
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A p i c e - u r d  ix  A

l I ’ ,\S I — I  SOl,A ’I’OR FORMED BY A P O L A R I Z E R  Ffl l ,LOWEI ) BY A cu l’A g ’r ER —w A v E PLATE

ansHc -r Fi gur e A — I .  Tb , , ’ p a l - i n -i c r  st - c i t  u t - r i n g  m a t r i x  i s  g iven by
l . c~ i I a t  i c . n  38 arre l  t h e  t r a nsm i s s io - mat  r~~ by l t q c i ; e t  i . m , t~i . The ratcetion
thI r ,c, u c !le -3’ ‘Ie ’gre ’e s f r a n c  t H ~ -~Y - ‘ e r  c ’ i n a t e ’ - C u ~~~ X Y c o e c r d i u i - i t e  s y s t e m
i s  c i v e n  Pv E q u a t i o n  50 .

S

1, ~ + 
R
1 ~ I R 

~E3
I 4 — 4

+ 

t
2y u, \ ~~~~ - 

L
1

1
j ,.u 

~

11 lV I 1+  1 V 45•

~~~~~~~ 
+
~~~ 

~

~~~~~ 
LI~~~~~~L~~~~~

~‘ pola rt ia r V 
,/ ~ 2

I e / 4  p la t s

FI C I ’ R F  A — h .  l s o l i t c c r  1. m e l  ‘c v  Polari zer F c . l l , c w u - c I

by i Q u a r t  c - n — W a v e ’  1tm l i t

‘ l i i i -  I o r n i  c c l  t I r e  - sc a t  t o  ring mat r lx for the quart t’r— w;rve’ (b  i ne ’t r i n g eu t
p 1 - i r e  i s  g i v en  b y E e h i i ; l t  ion f-u . In optic a l work s u r fa c e ’  refl ec t ion c i c e ’ f —

I i u - i e n t s  a r c -  t r c ’ u h c n e - n l t l v  ig n or e d  i n  d i s c u s s i n g  3/ 4  and 3 / 2  p l a t e ’s. In  a n y
( ‘ c - c - , i - ’ c i n n i n g  . i  h e u s s l c ’ s s  m e d i u m  where ( ( e m  example) = I c m i i  c = I + 1c
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I . ’, c ’ c i k  i c r - , l e e -  ‘ i t  h - i i ,  - . - r and I e c n g c ’ r ar id  A stud I I e r  i n c h  s i u i , i  I I e - r  ‘~‘ c - i n
ma ,~ u ‘ h e  e 1 - t I - u r n  — ‘ i t  h o enniulce r it ’s Sm,, I I C r  cinch -a iua I I .  - r ; i r u -  S i c ,  -~ 

-n p n e  I ‘ ‘ , i e  h
, e r ’ - i u r - c r n l v  u - I s ’-  t o  = S

3 5  
0. i t u r  ci 5 c & - r t e ’ ( t  t / C  P i ’~ t S c , se c t —

t u r i n g  n c i t r l x  is

12 
0 0

= 1 2  
I) () 0

0 ( 1 0 S3,

O 0 s 1, ~ ( A — I )

r a k i n g  t h e ’ A / S  p l , i t e -  as l e c s s l e ’ s s , 1 - i c u z i t  i ocr 5 r e - d i r e  c-s t o

—jB ‘0
0

12 
=

— j l u  , (;
= I’ ( ,- \— 2 )

T!r t ’ d, C O m i t  i e ) t r  of  i ‘/ 4  p l i t e -  n- e ’q lu iru S

t E l ’  — )~ j = C ( A  5)

From E q u a l  io n 1(1 , t1~e’ t r i n s u c i i s ’ , i c u n r  “ I t r i x  is ) u s t

—J R  u i
(1 1) 0

‘0
(I e - -  

0 0
= 

-
~~~~~

0 1) t ’ 
it

ji ) u d
1) 0 0 t- c c

At t I r i s  prr m t  we h ave all that Is re’qu i rent t o  go t r am 
R
F

t o  , R
E. , ~~~ 

, and  , j
~ l h ’ c i r c -  .-\ - l .  l c , t , . n

I .  h y 3x 5i ~ 3x

;lrrV Iii- ,’ until t S i . ’  r e ‘90 5 r i d  m a t  r ix  tru e I t  i p1 I .  - c it i on Ia;u- i t  i out i\—  I c - a r c  hi ’ ~~~~
t o  r i ’w r  i t o  I qu i t  i n n  A — 1 . as

-‘i 0
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- j B e e l
0 1) 0 0

yR 0
0 t ’ 0

(T~~) = -J B e  d
0 I) 4 j e  0

JR 0
0 0 0 ~j e  X 

( A — 5 )

N , cw

R R
E 3 e

L L
E
3

e E
l

= (T 2) (T
B
) (T

1
) 

R
E

(A — 6 )

where (T
B
) is given by Equation 50 and (T

1
) by Equation 39, Carry ing,

out the indicated multi plication

it 
P
2 

i~~ —jB~ d eS 1 —ja . d — e~~ —jB . d -~ —jB u d

E
3
. 

~
,, e — e -— C ~

— e

— ‘c
~ 

— j B . d  i t ’ d  ~~~ c u t . d  ~~~~ ‘d

* ~ 

F 
e 

~
, e e 

~
‘

- F2 
- it ’d  - jB .-? - ~~ - j B . d  / B ’ d

F .  ‘u — 
~
, e ;j  ~~

- e ‘~ 
— i - - e ‘ j e i n

I c ,’ 
~~ e~~~~

’ d 
e 

~~ d jI. 

~ ~ ,:~ ‘ ~. , 
~~ ( A — 7 )
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This can hi’ inverted , using Eqneci t i e i u 9 t o  I i n c h  t h u  s c - i t t  - r i n r ~ ‘ e t r i x , cr

-i t ’ d 
~ ,

-‘
~~~~

‘ - ‘  

- ~ - d  

‘ :
~,

- ‘ 
- ~~- ! 1

e ( - ~~~ 
-+- ~~)e ‘ 

~‘ ‘~~
- I 

- 
‘ ~~) t -  ‘ 

~~~

:~ 
e 

t
5
. 

:-~ 

‘
~~~~

‘

- 3 R d 
,
~~ ~~ 

- -: 
-18 , 

— ! i ~ 

‘ i ’ ’  

I -

In  orde r t , , m e t r e ’ c’leariv c ruuhe ’r’;ta ru i! t I r e ’  d e v i c e , i t  s e - c - m s  i - a s i , - r  t c c

use a pt - r I  cc c t  p o l a r i z e r wh e r e ’ c~ = 
2 

— ‘

~~ 
0 , F = I so t h a t  1 - i q i u c t  i c - i ’

A—8 become’s

~ ,~~

- _ 

R
E 

— 

-J t ’d 
q o o -

. 

~

0 0 0 0 — E 1

- J R  ‘d

~ :~ 
e Hu

,]

‘n i l  i ke  Equ~t t i e n  57 f - u  t h e  ‘ ir - i cl , c’ ,’ r c t a t i e u o  i c-i c ! i t m r , l-.qi u ;u t ic -u n A— 9
is syrn i n e’ t r i e -al  and g i v c - ’ ~ li t t l e  h i n t  of any  j c — s c l : i t  i e u r r — i i k e ’  q u a l i t i e s .
( I ,  w e ’ v e - n , no te’ t i c

R
E_

i
, = e 

X 
~~~ 1~~~ ) 

R~ 
/ 

,
, 

( \ —  I (1)

T h i s , -us  t he’ c u r e t p n e t  c u t  ci 1 / 5  t c h , e t e ’  s i r o u n i c i  bc , i s  ~ i r ~~c i I ; e r I v  p o l a r —

izt’d . A l , , ,

T’E = [ (I . E 
i L~, ,) ~ 

iR
X

P (1
1 -

‘ I A - I i
lx I , j

I i i~)
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I~ LIf  E
3

P is c i r cu l a r l y  po l a r i z ed , so tha t

LE ,  = 
L
E ~~ ~ ~v )  ( A - I l )

then LE = 0 by substitution .lx

If ~
‘
~E3’ 

is genera ted  by r e f l e c t i o n  of ~E ,  e e f f  a ny  i s o t r o p i c  m a t e r i , i l

wi th reflection coefficient 6~, then Equation A —l 2 w i l l  be’ t l , e -  p r o p er  ( a r m

for  LE and isolation will indeed occur .

For perfe ct polarizer and X/4 plate , one doesn ’t have t o  go t h r o u g h
all of the multiplications to see how the device works. The polarizer
insures an x—polarized input. From Equation A—S i t  i s  e v i den t  t h a t  the
output of the A/4 pla te is the circ ul~ n ly  po l a r i z ed s i g n a l

R
E , ~ e

3 X 
d 

± 
R
E , yje

_

~
B
x

C d 
= ~~~~~~~~~~ e

_ JB
X

1 d
(
~~~~ + Jy’ )

3x

U pon r e f l e c t i o n  by any scalar coefficient the si gnal retains i t s  fo rm as

R
E -jBs dlx x “j ~(x ,jr )/1

Transmission in the opposite direction i s  given by the inverse’ of
Equation A—5 or

j B td  ~1
e X 0 0 0

-jB ~d
0 e 0 0

(t )
l 

- 
j B e d

2 0 0 i-j e 0

-jB 0
o o 0 ± j e  ( A — U )

Thus the signal passed throug h the A/4 plate in the opposite direc-
—jB i d  I —jfi ‘d\ R

E -jB ‘d
t io n  is j u s t  

L x 
~

‘ + 1”E
2

,(, ±j e ~ )~
‘=~7~~~i~ e 

X 
(~~C 

+
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From F igu r e ’  5 t h i s  is a signal polariz ed along tire’ y axis w h i c h  i
—j 2 B  e dR x -‘abso rbed , “~~ 

~ ~ l ~

Not e t h a t  If  t h e  p o I a r i ; - ~e r  r e f l e c t e d  i nst e a d  of ;u b s i e r h e d  ( i . e

-3 ., = I i n s t e a d  of z e r e c )  t he  si g n a l  would  ceg ;e i nl go t h i r c u u i g l e  t b r e ’  \ / ~‘~ c I . i t

emerg ing  now is

—JB ‘d —JB d ~ E - j 3 B ‘0R x ~u R - x ~
, 

~ I X  X

~ 3x’ ~ X F,3 ’ j e ij = tin - - e ( x  *

—— t h at  is , c i r c u l a r  l v  p01 ar ized in t h e  d i  re t -  t i on  cm pp os  i t  e -  t o  t h a t  ch
t a I n c - u i  an  the f i r s t  pass t h r o u g h  t i r e  A /4  p I c i t  e - . T I r e ’  s I c l i  i i  ui c o l d  c u g  i i  n

- ~~E -j3 B ed

be r e f l e c t e d  (as ti I~ e X 
~~~~~ ~~~~~~~~~~~~~ 

t r a n s m i t t e d  t h r o u c - l i  t hee
v 2

A/ -s plate as icr E q u a t i o n  A — l 3 , e n d i n g  as

- 
R 

—j 4 B  ‘ 0 - —j4B d

~
u_ lx  x — ‘  - ,  j ) 2 P - x -(x — t~ ) = on I: e’ x

/2 lx

p o l ar i z e d  a long t h e  x a x i s .  Thus i t  is c l e a r  w i t h o u t  ah s o rp t  ion icr t h e
sy s t e m , t h i s  dev ice ’  w i l l  nc -u t f u n c t i o n  as an i s o la t o r , as ~‘c ls u l se m t i r e
case  f o r  t he  Fa ra day  r o t a t i o n  i s o l a t o r .
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A p p e n d i x  B

THE ROTARY VAN I -  PHASI - : S H I F T E R

A r a t h e r  c l ev e r  d e v i c e ’  used as a phase ’ shi  f t e r  at  micr owave ’ and
m i l l i m e t e r  wave’ frequencies consists essernti;i l ly of a ~ /4  p 1 i t  u ’  followed
by ci \/2 plate followed by a A/4 plate. The p r i n c i p a l  axes of t O t -  i / - 5
plates are identical whil e’ the prin ci pal axes of the A/ 2 p l a t e -  - e r
r o t a t e d  w i t h  respect  to the axes of the  X / 4  plate s to  v a ry  t he  d i l l - c e ’

s h i f t .  The i n p ut  si gna l i s  l i n e a r ly  p o l a r i z e d  at 45 degrees  t C c  ‘/ 1.
plate axes. Figure B—I shows the general arrangement.

z S 
II AM J A/2 I

:~ : :‘~:

F I G U R E  B — I .  The R o t a r y  Vane P l e a s e  S h i  ( ( c r .
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hr  u’.e \ ’ e - g e e i c l u  i r u ,  t , e n I ’ r i h c e r  ‘I h - 10 w a v e g u i e h e ’ sei pp l ic’s ( S i c -  e r - -c ’-

e e u l , er z , i t  j e c i l , the re i s  t r , i r l s i t  j o i n  f r o m  r e ’i - t a r r g u l c e r  I F 10 t e ~ ‘ i t -  u l c e r 11: 1 1
where’ t h i n , f i x ed eI j e ’l ee - t r h  vane ’s a t  45 d e g r e e s  t i e  t h e  r e - c - t a u i , - c i l , , r

1 a x i s  ( - ‘ n - r n  t h e  \ / - ‘e p l a t e ’ s .  Between t h e ’  C / - s  se c t i s i s  i s - . r m i e t b n , ’ r

r c c t a t u b h e ’ , ( a h e u n t t b r e ’  p r op aga t ion d i r e c t i o n  or long  a x i s  of t h e ’ w c c v c - g c e ide ’ )
d i e l e c t r i c  vane  ( t w i c e ’  as l o n g  as the  )

~/ 4 vanes )  to  f c ’ r c c c  t he ’ e / 2  p l a t e ’ ,

J us t  how t h e  dcv i c e ’ works is not obvious (at  leas t  t a t tn t ’  i l e t  O u r )  an d
the matrices form a handy  way of a n a l y z i n g  the  p r e h h e ’t ’i .

T ire t r a n s f o r m a t i o n  (T B1) f r o m  the x ,y  to  the x’ 
, i ’ is g i v e -n by

E q u n a t  i d e  50. The t r ansmis s ion  m a t r i x  (T BI ) f o r  a perfe-t 1/4  plate ( r i c e
r e f l e c t  ions) is given by Equation A—4 , in general , or by E q e i a t  ion A—S i t
t he’ center frequency. The transformation (TB2 ) f rom x ’ , i~ cix es t e e

IX ’S ic - c  g iven  b y the  f i r s t  of E q u a t i o n  35 w i t h  c~ replaced by

The t r a n s m i s s i o n  m a t r i x  
~ -B 2 ~ 

f o r  the  A / 2  p l a t e , being just twice as
t h i c k i~ ; t h e  A / 4  p l a t e  is  g i v e n  b y

-J2B ed
C’ 0 0 0

j2B d
0 e 0 0

(T ) = — J 2B ~dB2 0 0 e 0

j2B id

0 0 0 e ~
‘ ( B — I )

To return from the x” ,y” coordinates to the x’ , s’ coordinates ,

is used . The transmission matrix for the s ec - and 1/ 5  p l a t e  i s

i de ’nF i r ’ ;e 1 to  tha t fo r  t he  f i r s t  and i s  g i v e n  by b - q u i t  u r n  A — 4 i g - i  icr is
(T BI ) .  F i n a l l y ,  the  t r a n s f o r m a t i o n  f r o m  t h e ’  ~v , 

- ,-
‘ - e x t ’ s  h ack  t o  t h e  x , tj

axe ’s  i s  g i v e n  by (T B1 ) ’ . Our ma t r i x  t ’qu at  I c ’ t i  i s  t h u s

R R P
F

4 
E

l 
F

1

L
E 1’E

1

~ 
= (T

BI
) 1

Bl
)1TB2 )~~~

(:
B2

TB7)(TRl
) ( T Bl ) 

:E
l r I  

= 
~~~~~

E l (B -f l
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This series of multi p lications can be carried out fairly quickly by
use’ of a c h a i n  rule:

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ( B — 3 )

where repeated indices indicate a summation .

Al though this is a rather long string of matrices , the simple form
of the indiv idual matr li -es enabled the procedure to be carried out
reasonably readily, resul t ing in

/ —j4B ~d —j4 8 ,d ~ —j 2(B e + B s) ,1
2 t  x y a . 2 x

2t~ 11 = cos e~e + e ,‘ + 2 s in  0

I —j (B , + 3B ,)d —j(3B ‘ + B •)d

+ 2 sjn0 cos0\e ‘C — e ‘C

/ —j4B ~d —j 4 B  ~d
2 i  x2t

~~13 
= cos 0~ e — e

( j4B ,d J 4 B e d \  2 
j2(B e + B,)i]

2t
~~22 = cos”l)~ c + e - / + 2 sin 0 e -

/ j (B  , + 3B ,) d  j ( 3 B  c + 13 ~) d
+ 2 sin0 cosece 

X y 
— 

~~ 

x

I j4 13 ,d j4B ~~d2~~ x
2t

t24  
= cos 0 ‘~ — e -

t t3l = t
tl3

0 “~j4B p d -, — ~2 (13 , + 13 , ) c j

2t
~ 33 

= cos 2ü (e X 
— e’ ~ / + 2 sini~~0 

X -,

/ —~ (3n , + 13 ~) d  — I ( 1 3  + 313 ~) d
+ 2 sinG cos Il \ e  X — 

X 1,1

~t24

I j 4 B~~~d j 4 B r d ’\ - ~ 2 ( B e + 1 3 , ) d
2 1  x y a . 2 - x

2t
~~44 COS G~ e + e ,‘ + 2 s i n

/ j ( 3 i~ , + B ,)d j(B c + ~ti3 ‘)d
+ 2 s inE)  c os B \ e  ‘C t] 

—

~tl2 
= 

~t l 4  
= 

~t2l 
= = 

~ t32  
= t

t~34 
= t ( 4 1  f f4 3  = (3 ( 11-4)
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Wlrt ’n E q u a t i o n  A —3 app l i e s , the transmission matrix r e- du n e- s it ’

0 (I II R~~~

1j4B ed
0 e X j 2 ~ 0 1)

o o 
d

e
C j 2~~’ p

!
-4 (1 1 s

j 4 13 c 0  -
1 (3 (3 0 e ~ ~~~~ 

~ L
1
~ I ( 0 e )

-J

cr , in Sc - i t  t i r i n g  m a t r i x  n o t a t i o n

L
1 1  

o e~~
’2’3 

~ 1 ~~~~~~

j  20 1) L,
- -  

— ‘41’ e e l

() * 72 l  
i

l

R
~ 

r
j  

0 e 
j 2 0  

~ ] (b— (c - i

l u t e  i n p u t  to  s ure - t n  ~i d e v i c e  i s  u i s u r , i  I lv  ci Si  m g i e e ’ o m p o nen t  . s u r u ’h as
R
E and t he  out  puit would he ’ 

R
E . l h i ~’ se’ i r e ’  Si’ i c c - t e d  by  p ie I - er  I -

, 
~

- cc;
lx

suit hr as tire i I ~~~ m e u d e C  r e s t ;un gu il ;e r wave’guei de’ for micu - owiv e -—e lir e ’ c e c i L  C u r t
— j 4 B  ~ d

i s  t ’nis  r e t a r d e d  in p l u i s u -  hv ci f i x e d  a m o u n t , e’ ‘C 
~~~~~ t e ~ l e e  ( ‘  e f t -

pond ing on whether the 1/ or x’ ax i s  i s  the ’ slow icr fast - i x  i s )  t h i t ’ i r n g c e —
lar rotation of the A/I plate.

Thi s a pp roach does not add muir h t e e  I l a d i n g  a li t  u s t  hew tir e ’ add~’d
* - - c c 3

phase shift e’ is obta ined . T h i s  i s  p e r h a p s  most e a s i ly  se en  ( cv
br eaking Equation B— 2 into groups , err mu l t i p l y i n g  t h r o u g h anne ’ m a t r i x  at
a t i m e - . Thus ,
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-j fl.d
x x0 C 0

ci ;ft ,e f
x x0 e

I — ) B . d  — j f l , d(T 1)(r 1) — V 0 e 0

JR . d

- 
0 _e 0 e

And invoking Equation A— 3 , (B — B s)d =
‘C y

- 
— 38. ~ ;je d 

~e e 0 e C 0
j B . d  -K .30 C ) *eo e e 0 C

(r
82 ) (T 81 ) ( r

81 ) — ~~ 0 e ’ e~~~
0 0

j 8 . d - j B ’ d
- x -o ‘je e e

These three matrice’s multiplied together produce , as th ee ’v s h o u ld , c i r c a —
l , e r l v  p o l a r i z ed  waves , but  no te  t h a t  the f i r s t  h a l f  of t h e  p hi - c - c e s h i f t

is a l r e a d y p r e s e n t .

If the matrix of Equation B—8 is multiplied by (T B2 ) 
1
(F B2 ) t i u e ’r e

resu~ ts

_ i 3 8x
Cd

;32 9 0 e
l)B

1
d

e~~ C 2t c 
~

338 .d ,
~~~~~ 

~l n . d

(T 82 )~~~(T 82 ) ( T 82 ) ( T
81 ) ( T 81

) - 
~~ 

e 

;je
X

e~~J~~
H 

C 

o

0 ; j J38x
Cd

+j 2 8  0 
331 •d 1 2 ~ ( . a l )

The phase shift is now the complete ~20. The output of this m atri x
(for linear polarization input) is circularly polarized . The’ furi u ’t  i o n
01 the remaining two matrices (the A/4 plate and transformation bat -k  t e e

‘C ,’! coord i nates ) is to change the se circular polariz;i t Ions into linear
p0! cu rl Z ; e t I on.
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E’~ c i . e t  i o n  B—4 can be p u t  i n t e r  s c a t t e r i n g  m a t r i x  n o t a t i on b y rise ’  c f
E q u a t ion  8 , r e s ul t i n g  in

= S
t13 

= S
t31 

= S
t33  

= S
t 2 2  

= 5
t2 4  

= 5t 4 2  
= 

~~t44  
=

S 12 = t
~~44 / ( t  —

S
t 14 

= _ t
~ 24 / ( t

~ 22 t
~ 44 

-

32 
= 5t 14

= t
~~22 / ( t 22 t ,, - t~~24

)

S
f 2 1  

=

S = t
t23 t13

St4 1 = S
f 2 3

S 43 = t
33 

( B-l i) )

An e x a m i n a t i o n  of Figure B— l convinces one that the device is
r e c i p r o c a l — — t h e  r e s ul t s  are i d e n t i c a l  regardless  of d i s ect i o n  or trans-
mission . Thus S - , = S - - . If one uses Equation B—4 and carries aunt a

t i~j  U i
somewhat messy multiplication , it is found that

j4(B c + B c) d2 x y
t

L 2 2
1

f 4 4  
- = e ( B — i l )

S u b s t i t u t i n g  t h i s  r e ’su l t  in Equation B—b results in tire scatu’ring matrix

1,
0 t~~11 0 t

~~13 
,u~

R
1 0 t~~~3 

0

= 

( S t~~13 
1) t

~~33 ( 13 - 12 )

R 
t 1 3  ~ I) L

F
4r 1
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On, ’ of t h e  re m a r k a b l e  t h i n g s  abou t  t h i s  t y p e ’  u I  p h r a s e ’  sir  i n  t e ’r  i s  i t  s
b r oa d  band ab i  1 i t v — — i n  n r i c  re wcrve usage s r e c h i  a p h ra s e  s h i  f t  e ’r  w i  I I m c i i  n —
ta  in is r e l , i t  ive phrase ac c u r a cy  w i t h i n  * 2 d e g re e ’ ; ovu ’r ;en e n t  i r e ’  w a v e —
guide ’  h ;end . At f i r s t  gL e n -ec u ’  t h i s  seems j ec r e l l a r  f u u r  ‘/ 4  and A / 2  pl ate’;
, i r e ’ ;e~~1 narrow band devices. Usin g E q u a t i o n  B — l 2  we ran -n make ’ i cursory
e x a m i na t i o n  of t h i s  b e h av i o r .

In a waveguide  the In p u t  is RE and the output 
R

E (as  a c h o i c e) .

S ince  RE 0 , t~~11 alone de te rmines  the phase s h i f t .  Suppose we c-hoose

an opera ting frequency 0.9 of the cen te r  f r e q u e n c y  where  the ’  q u a r t e r —  and
half—wave pla tes are just that. Thus

( B ’  — B e ) d  = #Ø~9 71/2 (B 13)

The n , from Equation B— 4 (choosing E q u a t ion  A — 3  to  be + 7 1 / 2 ) ,

2
2t 11 e = (1 .80902 — j O . 5 8 7 7 9 )  cos 3 ’ + 2 s in~~” ( O . 9 5 I O 6  — J O . 3 0 9 0 2 )

— 2 sin B cos 0(0. 61042  + j l . 8 7 8 7)  ( B — 1 4 )

“be’ phase set by a phase s h i f t e r  is r e l a t i v e  (i.e., one st,irts wit ii
en iathte- rmi ne ’d total phase shi f t  and i n t r o d u c e ’ s  so m a ny  degree ’ s add  i —
t ional ph a se  s h r i f t , reading from a dial c-al ibrated in degree’;  r e ’t c e t i o n
(~~2) of th e ’  A / 2  p l a t e ) .  Thus , f o r  Ii = 0 , Eq u a t i  B — 1 4  comes eM i t  t e e  he

~~~ ‘ ‘  — ‘18°‘C = 1.902 e’

or
7 4B 1(3 - -X 3 18 1 1)

t~~ 1
e’ e = 0 . 9 5  c- ( B — l  ‘)

W i t h  t h i s  in f o r m a t i o n  we (- an 5 c r c u r i e  e a table 01 2 (c , I t , irs]

4n d + 18° + 4 t ve r sus  ~i . It should he cebserved t h a t  c i t  t he en t e r
x t i l

fr equency, wher e the c o n d i t i o n  ot Equation A— 3 is met , t i n a t t
~~11 j = I ,

and the relative i c h e a s e ’  s h i t t  i s  j u s t  20 .  In this case where I = 0.9  f ,

Equation B — 1 2  shows some 03 
R
E is sip honed off into 

R~ Since’ we’
lx 41j

leave postue [ated just A /i ’. tol [owed by 1/2 followed by A/A p late s, sans
polarizers , this u’rne ’rgv is l u u s t  t a r  the purposes of the present d i s e u i s s i e c n .
In  the  cast ’  u c f  ci cen n lrn ’ru -  Ia  I phase ’ s h i f t  or , the  \ /4 p la te’s ire fol lowed f c y

cc circ u lar waveguide to  r e c t a n g u l a r  t r a n s i t i o n  which  a c t s  as a p o l a r i z e r .
Sinc e ’ the re ctangular wave gur ide i s  be l ow cutoff , F is eli Iner  a h s o r h c t ’e l

er r r e f l e c t e d — — p r o b a b l y  some of both , sen Table B—i should be’ a re , i ’ ,, ’ r e a t ’ l e ?
a p p r ox l m i e t  Ion to t h e  rea l  t h i n g .
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‘ T A B l E l i — I .  P 1-ease S h r i f t  - r o d  Insert ion Loss of Rotat ing Vine’

I’hase S h i f t e r  i t  C e n t e r  F r e q u e n c y  f ~ and 0. 9
\ c - r s u i s  A n g l e  of Ro t  u t  ion . 

-~~~~~~~~ -- -  - - - -~~~~~~~~~-~~~~~~~~- - -

A n g i e  of vane  Ph ,-i se-  s h i f t , ° I  I n s e r t i o n  loss,  cIB E e l  c i t  i ve  p h ase-
ru ’ t c i t  ( e r a , ‘

~~~
° f  ~ 0. 0 1 I f  0. ’) f  e ’r rn r ,

- - _ o _ ~ ---~~- ~~~ --~~--~~--- - - -  --- —- -

(1 0 0 0 o. - - .s ¶ o
2 4 6 . 1 3  0 0 . 3 5  ( 3 . 1 5
3 8 8 .31  0 0 . 3 5  0 . 3 1
O 12 12 . 46 0 0. C S  ( 5 .  .0
8 10 16 . 6 0  0 1’.!.5

10 20 2 0 . 7 4  0 Q , - .5  0. 7 ’ .
12 24 2 4 . 8 7  0 (3 .35 0.87
1- . 28 2 8 .99  0 0 . 1 5  0 .99
16 52 33.10 0 0 .3 5  1.10
1 8 10 37.28 0 0 . 35  1 . 28

20 I -5 ( 1 4 1 . 2 9  0 0 . 3 5  1 . 2 9
22 I 4 -3 4 5 . 3 7  0 0 .35  1.

48 4 9 . 54 0 0 . 2 6
20 ~ 2 5 3 . 49 0 0 . 2 6
28 56 59.53 0 0.26 1 . 5 3

30 60 6 1. 5 6  0 0. 26 c ~~
32 64 6 5 . 5 7  0 0 . 2 6  1 . 5 7
54 68 69.58 (1 0 . 1 8  I 1 .58
36 72 7 3 . 5 7  0 0 . 18 I .57
38 76 7 7 . 5 5  0 ‘1 18 I . 5 5

40 80 8 1 . 5 3  (1 0 .18 1 . 5 1
- ‘*2 84 85 . 39 0 0 .09

88 89. -3 3 0 0 . I . -4 3

46 
- 

‘32 0 3. 10 1) 0 .04 ‘ I .  3 ’ ,
48 , ‘10 

- 
9 7 .  h i  I )  ( i , 09 1. 1 1

[01) 1 0 1 .2 7  o 1 Lou 1 . 2 1
52 I ’  3 I 05 . 71 3) , 1 . I
5-3 108 — 109 .1 . 0 - ( .09 I 1 . 1 .
SI c  11  2 - I I I .  O(u 0 0 . 0(’e

58 1 1 0  - I o .~~’e - ( )  0

60 1 ‘( 1 
- 12( 1 .  ~~ 0 0 (u .’*2

62 ‘ 1~~’. 1 - 3 . 8 - 3  0 0 0.3*1
64 [~~,M 128.17 0 0 ( 1 . 7 7
66 11 2 132.70 0 , 

(1 (1. 70

68 116  110 , 0 3 0 (1 L ( 3 3 , 1

/0 11*0 140. tIc ( 1 0 0. ‘Ic

72 I ’ *6 h t * ’c . 49  0 0 0 .- - -~~~~~ ~~~-- —-~~~~~~ - - -— - - - -~ - - - - - - - -
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From Tab  I t -  B — I  i t  i s  e v i d e n t  t h a t  t he  mclx i m u i n n  phase  e ’r r c u r  in  ci r e c t a  i - v
v , ine ’  p h a s e ’  sh i f t e r  d esi gned f o r  a ‘ ‘ - r ut e r  f r e ’ q r r e ’n cy  of 10 ( il-h z w e u u  I d  be-
abou t  1 . 6 deg rees  when operated a t  9 GH z . F u r t  l i e ’  m d c  r e , 3 3. ~- inc r e - i c-c e - i n n
i n c -c e - r i  i o n  Icc ’;’; sh o u l d  he Ic ’s’ ;  t h a n  0. 5 il lS . This suhst en - rt iotes t h e  e - ~ : r u e ’  r i —
m e n t a l l y known I c i c  t t hat  t b - se ’ d c v  (~ ‘ e ’s a r e  broad hand .

To t h e  ox t ent  t t r o t  t he  qua r ti r —wave’ and h a l  I — w a v e ’  s e ’u  I i c u r l  S ci r~- f l i r t

l ee r f e c t  , — i n  a c t u a l  c l o y  i c - c w o u l d  show sort ie ’ d~~v i - u t  i o n  f r o m  ‘I’able B—i
How ~- v c - r , i f  tIre departur e ’ from pe - rf -c- t ion  is known ( e . g . ,  r e - I  S e c t  i e c r r  c r u e l

i h s o r p t  ion  c o e f f i c i e n t s )  , It  should  be s t ra i g i r t t  u e r w ; e r e l  t e )  p r o g r a m  - e court —
p u t e ’r  t o  p r o d u c e  t h e  e q u i v a l e n t  of Tab le  B—I f o r  SUc h ci “ r e , i  I ” dev I c
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S Nava l Sea Systems Command
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1 h l e - m c u I  u - S  , I r r o  . , Re- se e r ch  Ce n t e r , Wi lrnington , DE ( [rrdustr lal

c ’..c,tern s I (e’p;e rtr cce -rc r , Di re -u-t a r , Systems Gr o u p ,  J .  i-: . Cre’ e r )
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R e s e a r ch M c i t c ’r i ; i l s  I n f o m n i a t i o n  ( e n t e r  (I)
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1 S a n d ia  L a b o r a t o r i e s , A l b u q u e r qu e , NM ( D i v i s i o n  51 ~~~. D r .  M .  I . . K r i o t e k )
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1 Westinghouse Elec t ric Corporation, Research and Developm ent
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