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1.0 SUMMARY

This research and development effort has obtained the following

results:

Software suitable for the construction of finite element gravity

disturbance fields has been developed .

Software suitable for calculation of the gravity disturbance model

• within finite element fields has been developed.

Example finite element gravity disturbance fields have been

• developed and tested.

_ _ _  

_ _ _  
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2.0 PREFACE

This report constitutes the final report of Phase II of Contract

No. DAAG-53-76-C-0067 performed by the University of Virginia for the U. S.

Army Engineer Topographic Laboratories, Fort Belvoir, Virginia, under the

sponsorship of the Defense Mapping Agency . The Phase II effort is con-

cerned with representing local fine structure gravity by locally valid

(finite element) gravity functions. The Phase I effort, documented in

• Reference (1), deals with replacing globally valid gravity representations

(such as spherical harmonic series) by an equivalent family of locally

valid gravity functions. The Phase I effort yielded a macro gravity model

suitable for high speed satellite orbit integration. The Phase II effort

(documented herein) yielded fine structure gravity representations for

efficient disturbance acceleration calculation (to use, for example ,

in inertial guidance equations).

The authors appreciate the technical inputs of Mr. L. A. Gaxnbino

(technical monitor), Dr. R. W. Ballew, Mr. H. W. Howard , and Mr. B. L. Decker.
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3.0 INTRODUCTION

The finite element concept may be considered as an extension to
three dimensions of one dimensional piecewise approximation techniques.

Some quantity that is functionally related in a “complicated” fashion to

position over a “large” interval may be replaced for much “smaller”
intervals of position with much “less complicated ’ approximating functions.

Thus the complicated function, which will normally be “more expensive” to

evaluate, will have been replaced by a set of locally valid functions

which will normally be “less expensive” to evaluate.

The idea may easily be extended to three dimensions. A quantity

which is functionally related to position over some large region may be

replaced by a set of approximations which are valid only in small volumes

of the large region, but which are easier (faster computationally) to

evaluate. The finite element concept may be applied to any of a variety
• of modeling problems; this investigation centered specifically on fine

structure gravity modeling.

Previously, earth-fixed spherical coordinate based finite element

fields have been successfully used to replace globally valid spherical

harmonic representations of the geopotential and its derivatives. But

because the model used to simulate gravity disturbance data (Model 310)

consists of a set of point masses placed in relation to the Geodetic

Reference Surface of 1967, geodetic coordinates (H, A , ~ - see Figure 1)

were used in the finite element modeling process.

Finite element fields may be defined with geodetic coordinates as

shown in Figure 2. The region to be modeled is defined by a set of

maximum bounds (H , A , 4 ) and a set of minimum bounds ( H .  , A .max max max miri mm

• . ). The region is then divided into a set of smaller volumes, ormm
finite element cells, where each cell has dimensions H , A ,cell cell cell
Thus the 300 km X 100 X 100 region above the reference ellipsoid,

altitude 0 - 300 kin,

longitude 7O°E - 80°E, and

latitude 25°S - 35°S,

could be modeled by one hundred (100) cells each 300 km x 1° x 10 or

four (4) cells each 300 km x 50 x 50 or one cell 300 kin X 100 X 100 , etc.
5
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Figure 1 Earth-Fixed Rectangular and Geodetic
Coordinate Systems.

6

d

4 ~~



cell

/ ~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ A ,  tnax~

/ ~~~ -L. / /
~%J ‘

~~~~~~\ I I I
1

I \~~’\\ J  ‘ I I

/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ /
I(H , A ,

~~~~ ~~~~~~~~ Iref ref ref

/ 1 \ ~~

reference ellipsoid

Figure 2 Geodetic Finite Element Field.
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The approximation valid in any one cell is generated independentally

of the approximation for any other cell. A set of gravity disturbance

“observations” are produced for each cell directly from Model 310 and

then approximated for only that cell in a least squares fitting process.

The approximating models thus generated are then stored on a high speed

rotating mass storage device for later use in the computation of the

approximate gravity disturbance in any finite element cell of the region
modeled .

8
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4.0 FINITE ELEMENT FORMULATION

Define the gravity disturbance, Sj :

g = g  (j)

~ actual —reference

~Sg

— 

~ ~~east 
= 

~actual 
— 

~reference 
(2 )

L~~
o
~
rth

Now, replace the components of with locally valid Chebyshev polynomial

approximations, uSC , of the form ,

(G (Cup
up I N n n-i l 

ijk

0east 
~ n=0 i=0 j=0~ 

Ceastijk ~~
Ti

(X
l
)T
j
(X2

)T
k
(X
3
)

I G t h I  I c I
~ north . k” (3)

where ,

N = NORDER = the highest order Chebyshev polynomials ,

k = n - i - j

= (H — H
f)/H 11

• 
= (A — X f)/A 11 (4)

X3 
= — 

ref~” cell

• T
n
(X) = shifted Chebyshev polynomials, and

Cupijk~ 
Ceastijk~ 

and Cnorthijk are constant coefficients determined via

least square fits so that (uSO - uSg ,2, ~ (uSG - cSg

m 
1=]. 

up up i east east m

and 
~~ 

(uSG
th 

- ~~~~~~~~~ are minimized for some local volume of 
space

i=l

(i.e. the cell being modeled).

Chebyshev polynomials, t~ (X)1 of order ri may be generated :
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n t
n

(X) 
—

0 1

1 X

2 2X2 — l

• For n > 2, a recursion may be used:

• 
t (X) 2X t 1

(X) — t 2
(X), —l < X < 1 (5)

Shifted Chebyshev polynomials, T (X )  may be computed by substituting

x = 2 x — 1

so that ,

T (X) = t (X) = t (2X — 1) , 0 < X < 1 (6)
n n n - -

To generate shifted Chebyshev polynomials a set of X ’ s with values

between 0 and 1 are needed . The difference between some point (H , X ,~~)

in a cell and a reference point (Href,A ref,~ ref
) (the “lowermost corner”

of the cell) is divided by the cell’s dimensions , Hcellg A cell, •cells
as in (4)  to obtain a set of non-dimensional coordinates , X1, X2 , X3, for

each cell. The non—dimensional coordinates may then be used to generate

the shifted Chebyshev polynomials.

To determine the three sets of constant coefficients, Cups Ceast,

arid Cnorth~ 
for each cell , formulate and solve the linear least squares

problems,

I l O G  — Og — Og I I  = m m .up up up up

kG — Og H I 1AC — Og = m m .  (7)
east east east east

h 0

~~
0rth O~~~~~Il = IIAC th - 

=

where the coefficient matrix, A , has the form,

rl T1(X31) T
1(X21

) T
1
(X11

) T
2
(X31

) T
i
(X3l)Tl

(X 21
)...1

A = 

T1(X32) T1(X22) T
1
(X]~2

) T
2
(X32

) T
1
(X32)T1

(X22
)::. 

(8)

T
1
(X3 ) T

1
(X2 ) T

1
(X1 ) T2

(X 3~
) T

1
(X3 )T

i
(X2 )..._j
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and the three coefficient vectors , C , C , and C , have the formup east north

C C Cup000 east000 
north000

C C Cup001 east001 
north

001

C C Cup010 east010 
north010

= 

Cup , c = 

C
~~~~~ , C = 

C th (9)
up east north

C C Cup002 east002 north002

C C Cup011 east011 
north

011

C C C
UPNOO eastNOO northNOO

where

N = NORDER ,

and the three sets of gravity disturbance observations , S g ,  ~~~~~~~ and

, arenorth

Og ( X
1

,X
2

,X
3
) Og 5~

(X
1~~X2 ;X3

)

O~~~ (X1 i X2~~
X
3
) ~~~~~~~~ ,X

2
,x

3
)

= Og ( X
1

,X2 1 X3
) ~~~~~ 

= 
6~~~~~(X1~~

X
2 1 X3

)

Og
~~~~~

(X
1~~

X
2~~

x
3
)

(10)

= O~~~~~~(X1 l X2 ? x3
)

I
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V ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

where {(X
1 

, X 2 ,X
3

) ,  i = 1, 2 , ..., m} = a specified set of (H
~~s A

~~i~~~
)

coordinates - usually a uniform observation grid in any one cell. The

gravity disturbance observations are determined directly from Model 310

evaluations on the observation grid in each cell.

4.1 Discussion

Certain aspects of the process by which f ini te  element fields are

created may be capitalized on under special circumstances. When it is

known beforehand that uniformly gridded gravity disturbance observations

will be available, only one least squares matrix (A matrix) need be

generated. This is true because the set of non-dimensional coordinates,

{(x1 ,x2
,x
3

) ,  i = 1, 2 ; . . . ,  m} of one cell’s observation grid will be

the ~ame
1
as avery other cell’s non-dimensional observation grid coordinates

when the observation grid pattern is set for all cells. If the same

number of observations are made in each cell and the positions of the

observations points are the same relative to the reference point (H
f.

A , • ) in each cell , then all cells will have the same A matrix.ref ref
The A matrix, after all, consists only of products of Chebyshev polynomials ,

which are functions only of the non-dimensional coordinates of the obser-

vation points.

This all means that only one A-matrix need be generated for the

first cell of a finite element field; but the gravity observations must be

generated for each cell. A reduction of the A-matrix to upper triangular

form may be performed for the least squares fitting process, after which

each set of observations may be similarly reduced and then back-substituted

to produce a set of coefficients for each cell. The A-matrix , again,

needs to be reduced only once.

It should be noted that this method of finite element field generation

does not rely on Model 310 or any other particular gravity disturbance

model . Model 310 could be replaced by any other process that is capable

of producing the gravity disturbance observations at the observation

grid points of each cell.

Once a finite element field has been created , the chebyshev polynomial

gravity disturbance approximation uSC may be computed by evaluating (3).

12

~~ • . . ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ • • • - :..: •. ~~~~~~~ •~~ ~~~~ •‘~ •r~ •’w~’ ~~~~~~~~
• A~~~~~~~~~. • .



•-

The subscripts ijk always follow the same pattern for a given NORDER.

This means that a “current coefficient number” , £, may be attached to

each group of subscripts ijk and that the total number of coefficients,

NC , necessary to model any one component of the gravity disturbance in

one cell will be constant for a given NORDER. Table 1 shows these

relationships for various NORDER’s.

Since we can precompute and save the subscripts, i jk , in the appro-

priate pattern such that they are functions of only the current coefficient

number , £, (3) can be written ,

• ( (C
i O G  i i up
I ‘i” I Nd £

5G = 

t::east 

~1 

= 

e
~lt~~~~~

t

~ 

Ti (
l
)T (X

2
)T
k
(X
3
) (11)

north C
north~

• where,

NC the total number of coefficients for one component of the
gravity disturbance, as above

i j k  = precomputed arid saved as functions of £

X , X , X = functions of H,A ,$ and the constants H , A ,1 2 3 ref ref ref
H , A , • as in (4) above. The total number of summations in
cell cell cell

(11) is the same as in (3)  but the amount of bookkeeping has been cut

L down tremendously by doing business in this fashion . Computational

savings of up to 50% were obtained by using (11) in lieu of (3)  for

evaluation purposes. Table 1 was also used in the generation of the A

matrix, but the saving here is not as significant due to the previously

discussed fact that the A matrix is only generated once .

I
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NORDER

0 0 0 0  1 1

1 0 0 1  2

0 1 0  3

• 1 0 0  4 4

2 0 0 2  5

0 1 1  6

0 2 0  7

1 0 1  8

1 1 0  9

2 0 0  10 10

3 0 0 3  11

0 1 2  12

3 0 0  20 20

• N O O N

0 i N—i

: : :  : 
N+l

N 0 0  NC ~
n=l m=l

Table 1 Subscript Patterns for Various NORDER’s.
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5.0 DISCUSSION OF SOFTWARE

A variety of FORTRAN programs and subroutines were written during

the course of this research effort. The creation of finite element

gravity disturbance fields may be accomplished by the execution of PROGRAM

LOCALG followed by the execution of PROGRAM FINEG. Once a finite element

field has been generated , the gravity disturbance approximation may be

calculated at any point in the finite element field by SUBROUTINE FINITE.

To calculate the gravity disturbance from the mass points of Model 310,

SUBRO UTINE PTMASS was written. SUBROUTINE PTMASS was used both to produce

observations for the least squares fitting process and to produce obser-

vations to test against for error analyses of finite element fields.

Because SUBROUTINE PTMASS required the precomputed products of each

point mass and the gravitational constant and the earth-fixed Cartesian

coordinates of each point mass of Model 310, another small program,

PROGRAM MASPOS, was written to calculate and store these quantities.

PROGRAM LOCALG requires input from the user which defines the finite

element field to be generated. It writes the coefficient matrix (A

matrix) and a set of gravity disturbance observations for each cell of

the finite element field onto a magnetic tape (TAPE 3 - this may be any
• sequential mass storage device) for later use by PROGRAM FINEG. PROGRAM

LOCALG is the first part of the local gravity disturbance modeling process.

Figure 3 shows the logic flow for PROGRAM LOCALG.

The second part of the local gravity disturbance modeling process -

the reduction of the A matrix and the calculation of the fine structure

gravity model coefficients (9) - is accomplished by PROGRAM FINEG .

PROGRAM FINEG reads the A matrix and observation from the magnetic tape

• (really, sequential file) created by PROGRAM LOCALG. PROGRAM FINEG

reduces the A matrix and calculates each cell’s model coefficients in a

least squares reduction. The model coefficients are written onto a

random access file (preferably a high speed disk file but any high speed

mass storage random access file could be used). The logic flow for

PROGRAM FINE G is shown in Figure 4.

15
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START

$
initialize constants

Tape 2
read point mass values and precomputed positions ~~~~~~~

I 
_ _input Chebyshev polynomial order , observation grid pattern 4.’Vv’\AI

finite element cell size , and finite element field bounds (NORDER MOBSU, MOBSE. MOBSN .$ )HCELL , ALCELL ,

compute indexes , i nd1ca tors~ ~l 
ments for

write critical finite :lement field inform ation onto the ~~1\F~f~~ 
Tape 3

for one cel l of the finite element field loop through
the cell , one layer of the observation grid (H=constant)

per loop (total of MOBSU loops)
$

generate Chebyshev polynomi als on the obse rvat ion gr id
and store in the A matrix

wri te 
~~~~~~~~~ ~~~~ 

~~~ 
~~t~~3p~~

le (one Ta pe 3

next layer in cell

$
—~~~~~ loop throunh finite element field , one cell per loop

$
generate grav ity anomaly observations ,’ ~9 

tg~, ~(CAL L PTMASS) U fl

write observations onto the sequential file Tape 3

next cell in finite element field
$

STOP

Figure 3 P ROGRAM LOCALG Logic Flow.
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STAR T

read critic al finite f ield information from 
Q 

Tape 3

I Disk

write critical finite el ement field information onto the ‘~%I’vv’~~ -
~~~

first record of the random access file ______

I U la pe l

~~ loop through one cel l of the finite element field ,
one layer per loop

read one layer of the least squares matrix from ~~~~~~~~ (©Ta pe ~
the sequential file into the appropriate locations in

the A matrix

_ _ _ _ _ _  

I
• next layer

reduce the least squares matrix to upper triangular
form (CALL ALS O)

— loop through the finite el ement field , one cell
per loop

read gravity anomaly obtervations for this cell 1d\ ~
V

~
d’J @.raoe 3

from the sequential file

compute polynomial coefficient~ C of the finite
element model by minimizing I Ac-~j  obs .

~
write coefficients of the

7model for thi s cell on to
the random access fi le -

~~

I U lape l

nex t cell

$
STO P

Figure 4 PROGRAM FINEG Logic Flow.
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SUBROUTINE FINITE evaluates (11) above at some point (H,A ,ct ).

Using the sets of finite element coefficients previously generated by

PROGRAM FINEG , SUBROUTINE FINITE returns an evaluation of the gravity

disturbance approximation (11) at the specified point. The logic flow

for SUBROUTINE FINITE is shown in Figure 5.

Gravity disturbance observations were produced for this study by

SUBROUTINE PTMASS, which uses the 1080 point masses of Model 310 and

(12) below to compute the gravity anomaly , c5~ , at some point P(x,y,z):

1080 km .
6~~= lO g ~~~

= ~ 
—id. (12)

~ i=1 d. 3 ~
u5g 1

where

k = 6.67 x ~~~~~~~~ m
3/(g’sec2) = the gravitational constant

m. = 1 x io 19 , 0, or 1 x 1019g

(d~~~ (x-x.~~

~i 
,~~~ dy ~ 

- 
(13)

L~jJ L~~J
d. = ,/d 2 + d 2 + d 2
1 x . y .  z.

1 1 1

To minimize the execution time of SUBROUTINE PTMASS , PROGRAM MASPOS

was written to compute and save the products of the gravitational constant

and each of the 1080 point masses (14) and the earth-fixed x ,y,z coordi-

nates of each of the 1080 point masses (15):

(kin)., i = 1, 2, ..., 1080 (14)

x ., y., z~, i = 1, 2, ..., 1080 (15)

18
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CALL FINITE (specify H,A ,~ coordinates of some point)

~ ~~~

_. Disk

first read critical finite element
call to Yes field information from the ______

FINITE? first record of the Tape I
random access file

Mo

• point i n
finite element No call PT~1ASS

• field?

RETURN

Yes

compute indexes

I
determine wflich cell of the finite element field the
point lies in (calculate IPOINT , the cell pointer)

~ 
~~~lsk

Tape 1

compute finite element cell boundar ies; non -dim ens iona lize
the calling coordinates; generate Chebyshev po lynom ials

Compute ~(matrix product of finite element model coefficients and
Chebyshev polynomials )

RETURN

Figure 5 SUBROUTINE FINITE Logic Flow.
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6,0 TRADEOFF STUDIES

Several tradeoff studies were conducted on the UVA COG Cyber 172.

The central processor execution times of SUBROUTINE FINITE were compared

to SUBROUTINE PTMASS (Model 310). Although it is really a price that is

paid only once and a priori in the laboratory , the central processor
execution times necessary to create finite element fields were examined.

Consideration was given to the tradeoff: total number of fini te element
coefficients versus NORDER versus cell size, for finite element models

• of a given region. Lastly, error analyses for a variety of NORDER’s and

• cell sizes were conducted; specifically , the maximum absolute error versus

NORDER versus cell size tradeoff was examined .

Figure 6 shows the execution time test results for SUBROUTINE FINITE

and SUBROUTINE PTMASS. SUBROUTINE PTMASS has a nearly constant run time.

The run time for SUBROUTINE FINITE, however , depends on NORDER, the

Chebyshev polynomial order, and on whether or not a random access call

is needed. A random access call is needed anytime the set of coefficients

currently in core is not the set for the cell in which the calling

coordinates lie; that is, the previous calling coordinates were in a

different finite element cell than the current calling coordinates.

Observe that the random access time is approximately constant (0.7

ms) regardless of NORDER. This is true because most of the random access

time is spent in finding the address of the first coefficient on the

rotating mass storage device. The read time for one cell’s set of

coefficients (even NORDER = 6 has only 252 total coefficients for one

cell) will be very small compared to the first word address find time.

The execution time ratios show that even for the worst cases SUBROUTINE

FINITE will be at least 20-50 times faster than an explicit point mass

disturbance acceleration model (e.g., SUBROUTINE PTMASS).

A certain price must be paid to generate finite element fields.

Execution times involved in running PROGRAM LOCALG and PROGRAM FINEG are

shown in Figure 7 for the UVA COG Cyber 172. The total price for running

both programs is also shown. The generation and reduction of the A

matrix is a one-time price for any one finite element field. The price

20
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SUBROUTINE PTMASS: 123.2 ms

SUBROUTINE FINITE :

Execution Times (ins)
NORDER No Random Access Random Access

3 1.7 2 . 4

4 2 . 6  3.3

5 3.8 4 .5

6 5 .4  6.1

(SUBROUTINE FINITE Execution Time)
(SUBROUTINE PTMASS Execution Time) 

= (computational speed advantage)

NORDER No Random Access Random Access

3 1/72.5 1/51.3

4 1/47.4 1/37.3

5 1/32.4 1/27.4

6 1/22.8 1/20 .2

Figure 6 SUBROUTINE FINITE vs. SUBROUTINE PTMASS
Central Processor Execution Time Comparison .
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NORDER

PROGRAM LOCALG

time to generate A matrix (sec.) .2 .3 .7 1.4

time to generate observations
per cell (sec.) 7.9 15.4 26.6 42.3

PROGRAM FINE G

time to reduce A matrix (sec.) .4 2 .0  8.7 30.4

time to calculate coefficients
per cell (sec.) .2 .7 1.9 4 . 3

TOTAL PRICES

A matrix and reduction (pay once)
(sec.)  .6 2 . 3  9 .4  31.8

observations and coefficients
per cell (sec.) 8.1 16.1 28.5 46.6

Given : H = constant = 300 kmcell

Figure 7 Central Processor Times to Create
Finite Element Fields .
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per cell must be multiplied by the total number of cells in the finite

element f ie ld and added to the price to generate and reduce the A ma t r ix .

Note that over 90% of the price paid per cell is jus t the generation of the

gravity observations via SUBROUTINE PTMASS .

The total numbers of coefficients needed for various finite element

field models of the 35° x40° region covered by Model 310 are shown in Figure

8. Figure 8 assumes that H
~~ 1i will be constant at 300 kin and that 300 kin

will be the maximum altitude to be modeled. For a given cell size, it

shows how many finite element cells would be needed to model the region

and how many total coefficients would be needed for various NORDER’s to

model the region. Based upon error analyses conducted on a small volume

near the center of the 35° x40° region , expected maximum error bounds were

determined for certain cell sizes and NORDER ’s. The upper so1~ d a~~~

dashed underline indicates an expected maximum absolute error c

mgals and the lower solid and dashed underline indicates an expected

maximum absolute error of 3.0 mgals. Solid underlines in both cases

indicate that the expected maximum absolute error was verified for small

test volumes while dashes indicate the apparent trend.

In order to study the maximum absolute error as functions of NORDER

and cell size, it was decided to consider the maximum absolute error as

¶ a function of cell size only for fixed NORDER ’ s (see Figure 9) and to

consider absolute error as a function of NORDER for fixed cell sizes

(see Figure 10). For all cases , cell altitude (H 11) was fixed at 300

km.

Figure 9 shows that the maximum absolute error varies approximately

as the square of the cell dimension in A or ~ . For constant cell altitude

and for small A 11 and •, the volume will vary approximately as the

square of A or ~ , if A = if, . He~ice the maximum absolutecell cell cell cell
error is really proportional to cell volume. Figure 10 shows that the

maximum absolute error varies approximately inversely as the square of

NORDER. As the number of coefficients per cell varies approximately as

the square of NOP.DER, the maximum absolute error may be considered to

vary nearly inversely with the number of coefficients per cell.
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NORDER
Cell Size

• 
(A 1i 

x 

~~~ll~ 
No. of Cells 3 4 5 6

1.0°xl.0° 35x40 = 1400 ‘84 ,000 ‘~l47,000 235 ,200 352 ,800

1.25°xl.25° 28x32 = 896 53,760 ‘\ 94 ,080 150,528 225 ,792

l.5°xl.5° 24x27 = 648 38,880 68,040 ‘~~08,864 \ 163,296
______  S 

*

1.75°xl.75° 20X23 = 460 27,600 48,300 77~ 280
’
\ 115,920

2.0°x2.0° l8x20 = 360 21 ,600 37,800 60,480 ‘~90,720.

2.25°x2.25° l6Xl8 = 288 17,280 30 ,240 48,384 72 ,576

2.5°x2.5° 14X16 = 224 13,440 23 ,520 37 ,632 56,448

2.75°X2.75° l3x15 = 195 11,700 20,475 32 ,760 49,140

3.0°x3.0° 12x14 = 168 10,080 17,640 28,224 42 ,336

Given : H = constant = 300 km
cell

* - Finite element fields above this line are expected to have
error < 1.5 ingals.

max-

- Finite element fields above this line are expected to have
error < 3.0 mgals.max-

Figure 8 Total Number of Coefficients vs. NORDER vs. Cell Size
For a 300 km X 35~ x 400 Finite Element Field.
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a. NORDER = 3 / b. NO RDER 4

8 / 8

0

6 6

0/
C

0 /  —

/
I
/

o 7 0
7
I

/
2 2

0

I I

0 lx i  2 x 2  3x 3  0 lx i  2 x 2  3x 3

Cell Size (degrees) Cell Size (degrees)

C. NOP .DER 5 d. NORDER = 6

8 8

6
/
I
/

x /
• 

~~~~~~ 4 •  / ~~4 .

o ‘.J’ 0
• 5’ I 5’5. 7 51

/
2 2 .

0 l~ l 2x 2  3x 3 0 lx i  2x 2

• Cell Size (degrees) Cell Size (degrees)

Figure 9 Maximum Absolute Error versus Cell Size
for Fixed NORDER’s.
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a. Cell Size = l~ x1°x300 km b. Cell Size l.50Xl .5°X300 km

8~ 
% 8-

I 
S
I
’

— -
In a S

—

~~~~~~~~~~
•

NORDER NORDER

C. Cell Size = 2° X 2 ° X30 0 kin d. Cell Size = 31 x 3 0 x 300 kin

8 8.

I I I I I I I

0 3 4 5 6 0 3 4 5 6

NORDER NORDER

Figure 10 Maximum Absolute Error versus NORDER
for Fixed Cell Sizes.
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7.0 EXAMPLE FINITE ELEMENT GRAVITY MODELS

Based upon the tradeoff studies conducted as described above, two

example finite element gravity fields were generated. The 300 km X 100

10° region with altitude 0 to 300 km, longitude 70°E to 80°E, and latitude

25°S to 35°S was modeled. A finite element field with NORDER = 3 and

with one hundred 300 km x 1° x 1° cells was generated as was a finite

element field with NORDER = 5 and the same size and number of cells. An

error analysis was conducted on both fields. The finite element model

was compared on a point by point basis with Model 310 at sample points

“away from the fit points” for altitudes of 1 m, 150 km , and 299 km. The

error mean , the RMS error, and the maximum absolute error were determined

for the three sets of sample points for both finite element fields and

are shown in Figure 11 and Figure 12.
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up east north
(mgals) (mgals) (mgals)

H =  lm

error — .005 — .001 .004

RMS error .963 .645 .727

error 2.717 2.074 2.236max

H = l 5 O kxn

error — .023 .003 .009

RMS error .352 .224 .270

error 1.149 .701 1.039• max

299 km

error .018 -.006 .007

• RMS error .424 .277 .322

error 1.130 .771 1.002max

Figure 11 NORDER = 3 Example Finite Element Gravity4 Disturbance Field.
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5g i5g 6g
• up east north

(ingals) (mgals) (mgals)

H =  i n s

error -.004 .001 .002

RMS error .224 .150 .167

error .918 .637 .581
max

H = 150 km

error .007 — .002 — .004

RMS error .071 .044 .055

error .216 .157 .215
max

299 km

error — .002 .001 .001

RMS error .101 .067 .077

error .329 .254 .249
max

Figure 12 NORDER = S Example Finite Element Gravity
Disturbance Field.
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8.0 CONCLUSIONS

This effort has demonstrated that:

• Finite element fields are suitable for modeling the gravity

disturbance .

• Finite element fields are computationally attractive for modeling

the gravity disturbance.
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APPENDIX - SOFTWARE

A .0  FORTRAN IV programs have been developed which create f in i t e  element

gravity disturbance fields and which evaluate the gravity disturbance

within these fields via the methods discussed in this report. Descriptions

of these routines and their attendant subroutines are provided here ,

together with listings of all routines and example executions.

Three major routines were developed - PROGRAM LOCALG , PROGRAM FINEG ,

and SUBROUTINE FINITE - to create finite element gravity disturbance

fields and to evaluate the gravity disturbance within these fields. Two

additional routines were developed to provid’~i simulated gravity disturbance

data - PROGRAM MASPOS , which , for the 1080 mass points of Model 310 ,

computes and stores the products of each mass point and the gravitational

constant together with the geocentric rectangular coordinates of each

mass point, and SUBROUTINE PTMASS , which evaluates the gravity disturbance

as simulated by Model 310.

A .1.l PROGRAM LOCALG generates the A matrix (8) for a “typical” finite

element cell and a set of gravity disturbance observations (10) for each

cell of a finite element gravity disturbance field. The gravity distur-

bance observations are evaluations of SUBROUTINE PTMASS on the uniform

observation grid in each cell. The user defines a f in i te  element gravity

disturbance field by providing the following items as inputs to PROGRAM

LOCALG:

1. The integral order of the locally valid Chebyshev polynomial

approximating functions, NORDER, (0 < NORDER < 6 ) .

2. The observation grid pattern (same for all cells) to include

the number of observations in the up, eastern and northern directions,

MOBSU , MOBSE , MOBSN. The total number of observations (MOBSU X MOBSE

x MOBSN) should be at least three times the number of coefficients ,

NC (see Table 1) ,  in the approximating model (3). Furthermore,

the number of observations in each direction should be equal (MOBSU =

MOBSE = MOBSN) . A good rule of thumb is that for all NORDER’s

between 3 and 6 inclusive, the number of observations in each direction

should be one more than NORDER (MOBSTJ = MOBSE = MOBSN = NORDER + 1).

A-i
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The maximum number of observations allowed by the program is 343

(a 7x7x7 observation grid). Non—uniform sample grids (e.g. 5x7x7 ,

6x 5x4 , e tc . )  produce unpredictable results - often an unacceptable

f i t .

3. The size of each f ini te  element cell in H , A , cf, must be specified ,

HCELL , ALCELL, APCELL . HCELL is cell size in H (meters), (HCELL <

[EMAX - H M I N ] ) .  ALCELL is cell size in A (degrees), (ALCELL < [ALNAX

- ALMIN]). APCELL is cell size in if, (degrees) , (APCELL < (AP MAX -
A P M I N ] ) .

4. The minimum and maximum H , X ,if boundaries of the f in i te  element

field , HMIN , ALMIN , APMIN , HNAX , ALMAX , and APMAX . HMIN and H~MAX

are heights (H) above the reference ellipsoid in meters, ( HMIN 2 0

and HMAX > HMIN). ALMIN and ALMAX are geodetic longitudes ( A )  in

degrees , (-180 ° � ALMIN - ALMAX � 180°). APMIN and APMAX are

geodetic latitudes ( f , )  in degrees , (-90°~ APMIN < APMAX < 90°).

These thirteen items are input on four data cards. NORDER, MOBSU ,

MOBSE , and MOBSN are input in (4110) format on the f i rs t  card . The

remaining three cards must have a (3E20.l4) format, with the

finite element field delimiters , HCELL , ALCELL, and APCELL on the second

card , HMIN , ALMIN , and APMI N on the third card , and HMAX , ALMAX , and

APMA X on the last card .

Because gravity disturbance observations are generated within

PROGRAM LOCALG by SUBROUTINE PTMASS , PROGRAM LOCALG also requires as

input the precomputed products of the gravitational constant and each of

the mass points of Model 310 and the precomputed rectangular coordinates

of each mass point. These quantities should have previously been stored

sequentially via an unformatted write on TAPE 2 .  PROGRAM LOCALG accesses

these quantities with an unformatted read of TAPE 2.

PROGRAM LOCALG produces as output an unformatted sequential file,

TAPE 3, which contains the A matrix for a typical f in i te  element cell

and a set of gravity disturbance observations for each cell of the user

specified f ini te  element f ield.  This f i le is properly formatted for

later use by PROGRAM FINEG. PROGRAM LOCALG requires two supporting

subroutines - SUBROUTINE CHEBY and SUBROUTINE PTMASS .

A-2
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A.l.2 SUBROUTINE CHEBY (X, N, TA) returns Chebyshev polynomials in array

TA, evaluated at a specified value , X, through the specified order, N.

TA( l)  = T0
(X), TA(2) = T

1
(X), TA(3) = T2

( X ) ,  etc . TA is a seven element

array ; hence the specified order is bounded , 0 < N < 6

A . l . 3  SUBROUTINE PTMASS produces gravity disturbance “observations” ,

iSg , 5g , and tSg , from (10) to be used by PROGRAM LOCALG andup east north
PROGRAM FINEG for f i t t ing  purposes and to be used to test as data against

SUBROUTINE FINITE . SUBROUTINE PTMASS produces the gravity disturbance

data by using the 1080 point masses of Model 310. SUBROUTINE PTMASS

requires that COMMON /MASPOS/ be filled with the precomputed products

of the gravitational constant and each point mass and the geocentric

rectangular coordinates of each point mass. SUBROUTINE PTMASS interfaces

with the calling program via COMMON /XYZ/ through which the rectangular

coordinates , x , y ,  z, of the calling point are received and the components

of the gravity disturbance ~g ,  iSg ,  and ~g (DELGX , DELGY , DELGZ) are

transmitted. The rectangular components of the gravity disturbance must

be transformed to geodetic components 6g , ~g , and iSg , outsideup east north
SUBROUTINE PTMASS (i.e., in the calling routine).

A.2 .1  PROGRAM FINEG generates sets of locally valid coefficients C~~~1

• C , and C (9) for each cell of a f inite element field which was
east north

previously specified by inputs to PROGRAM LOCALG. The only input required

by PROGRAM FINEG is the unformatted sequential f i le ,  TAPE 3 , previously

produced by PROGRAM LOCALG. PROGRAM FINE G produces as output a random

access f i le , TAPE 1, which contains , in effect, a fini te element gravity

disturbance field. The first record of the random access file contains

certain important information about the finite element field (NORDER,

boundaries, etc.). In addition to the f i r s t  record , the random access

file consists of one record of coefficients (9) for each cell of the

finite element field. Thus the number of records in the random access

file will be equal to the number of cells in the finite element field

plus 1. PROGRAM FINEG requires one supporting subroutine - SUBROUTINE

ALSQ.

A .2.2 SUBROUTINE ALSQ (A ,Y,B,R2,NN,MM ,NA) solves the linear least squares

problem , I lAB - Yl  = minimum . SUBROUTINE ALSQ requires as input the

A- 3 
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coefficient matrix, A , the observation vector which is to be f i t , Y , the

number of rows used in the A matrix , NN , the number of columns used in

the A matrix , MM, and the first dimension of the A matrix , NA. NA must

be equal to one plus the maximum number of rows in the A matrix (NA =

NN + 1) . SUBROUTINE ALSQ returns B, the coefficients of the fit andmax
R2, the sum of the squares of the residuals.

A .3.1 PROGRAM FINTES is a simple error analysis routine. It compares

the gravity disturbance as approximated by SUBROUTINE FINITE with the

gravity disturbance as evaluated by SUBROUTINE PTMASS (Model 310).

Residuals are printed for each point of a user specified grid, along

with the mean of the residuals, the root mean square of the residuals,

and the maximum absolute value of the residuals, for each component of
the gravity disturbance. The following items are required as input to

specify the sample grid:

1. The number of samples in each direction , ISTEPH, LSTEPL, and
ISTEPP , (ISTEPH > 0 , ISTEPL > 0 , and ISTEPP > 0). The total number

• of sample points on the grid will be the product of these three

numbers.

2. The minimum sample grid coordinate values (“the lower corner ” ) ,

HMIN 
- 
(meters) , ALMIN (degrees), and APMIN (degrees) and the maximum

samp le grid coordinate values (“ the upper corner ” ) ,  HMAX (meters) ,

ALMAX (degrees) ,  and APMAX (degrees), (0 < HMIN < HMAX , — 180° <

ALNIN < ALMAX < 180° , —90° < APMI N < APMAX < 9 0 ° ) .

These nine items are input on three data cards . ISTEPH , ISTEPL , and

ISTEPP are input on the first data card in a (315) format. HMIN, ALMIN ,

and APMIN are input on the second card in (FlO.0 , 2FlO.2) format and

HMA X , ALMP.X, and APMAX are input on the third card in the same format .

PROGRAM FINTES requires three supporting subroutines - SUB ROUTINE FINITE ,

SUBROUTINE CHEBY (see discussion of this routine above) , and SUBROUTINE

PTMASS (also discussed above).

Because PROGRAM FINTES uses SUBROUTINE PTMASS , it also requires as

input the unformatted sequential file, TAPE 2, containing the precomputed

products of the gravitational constant and each point mass of Model 310

and the precomputed rectangular coordinates of each point mass.

A-4
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4.3.2 SUBROUTINE FINITE directly replaces Model 310 in applications

involving the gravity disturbance ~~ . Given the geodetic coordinates , H,

2L~M, and APHI (H, A , q ) ,  of a specified point, SUBROUTINE FINITE returns

the geodetic components, GU, GE, and GN (~G , cSG , CSG ) of the
up east north

gravity disturbance approximation, SG (3). SUBROUTINE FINITE determines

which set of finite element coefficients to use at the specified point,

reads them into core, and computes SG. SUBROUTINE FINITE requires

SUBROUTINE CHEBY (described previously) to produce Chebyshev polynomials

at the specified point. Whenever the specified point does not lie within

the bounds of the f ini te  element field currently accessed , SUBROUTINE

FINITE calls SUBROUTINE PTMASS , writes an error message , and sets the -

error flag ISITIN to zero.

Prior to the first call to SUBROUTINE FINITE , the random access file ,

Tape 1, must be made available to the calling program, and two f lags ,

IFLAG and ISITIN , must be set to zero and included in a COMMON in both

the calling program and SUBROUTINE FINITE . This could be COMMON /HLP/

if necessary (COMMON /HLP/ is the vehicle by which SUBROUTINE FINITE

receives the calling coordinates and returns the components of 6G) ,

although COMMON /IMARK/ was used.

The requirements of CDC FORTRAN dictated that the CDC utility

subroutines, OPENMS , W’RITMS , READMS , and CLOSMS , be used to access the
random access f i le .  Furthermore , these CDC utility routines require that

the user establish an index array (IMARK , in this case) for the random

access file. If an index array is required by a particular version of

FORTRAN , the index array , IMAR~(, should be included in a COMMON in both

the calling program and SUBROUTINE FINITE .

A .4  PROGRAM MASPOS creates an unformatted sequential file , TAPE 2, which

contains the precomputed products of the gravitational constant and

each point mass of Model 310 and the precomputed geocentric rectangular

coordinates of each point mass. PROG RAM MASPOS requires as input coded

information about Model 310 in the form of 30 cards . Each card represents

36 mass points in a grid row of equal latitude where the mass points are

50 long itude minutes apart. The mass points should be listed on each

card by increasing longitude and the cards should be arranged in order

A-S
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of decreasing latitude. PROGRAM MASPOS reads only the coded multiplication

factors for each of the 36 mass points of the grid row , where the coded

factors indicate the mass of the respective mass points , 1 = —1 . x 10 19 grams ,

2 - 0. grams, and 3 = +l.xlO ’9 grams. The coded factors are located in

columns 25-60 of each data card. All other data card columns are ignored

(for information only, columns 1-9 indicate south latitude in arc minutes

of the grid row and columns 10-18 indicate east longitude in arc minutes

• of the west-most mass point in the row).
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UNIVERSITY OF V IRGINIA

School of Engineering and Applied Science

The University of Virg inia ’s School of Engineering and App lied Science has an undergraduate
enrollment of approximatel y 1,000 students with a graduate enrollment of 350. There are approximately
120 faculty members , a major i ty  of whom conduct research in addition to teaching.

Research is an integral part of the educational program and interests parallel academic specialties .
These range from the classica l engineering departments of Chemical , Civil , Electrical , and Mechanical to
departments of Biomedical Engineering, Engineering Science and Systems , Materials Science , Nuclear
Engineering, and App lied Mathematics and Computer Science. In addition to these departments , there are
interdepartmental groups in the areas of Automatic Controls and Applied Mechanics. All departments offer
the doctorate; the Biomedical and Materials Science Departments grant only graduate degrees .

The School of Engineering and A pplied Science is an integral part of the University (approximatel y
1,400 full-time faculty with a total enrollment of about 14,000 full-time students) , which also has
professional schools of Architecture , Law , Medicine , Commerce , and Business Administration . In addition ,
the College of Arts and Sciences houses departments of Mathemat ics , Physics . Chemistry and others
relevant to the engineering research program. This University community provides opportunities for
interdiscip linary work in pursuit of the basic goals of education , research , and public service.
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