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MEASUREMENTS OF AC LOSSES IN SUPERCONDUCTORS BELOW H
~1

I. INTRODUCTION

1. General. This report describes a technique for measuring energy losses in
type II superconductors due to alternating current iiuw in superconducting solenoids.
Superconductivity and the transient loss theory are briefly discussed, and the apparatus
used to measure the losses is described in detail. Loss data as a function of frequency,
which was obtained from measurements on a number of solenoids wound f rom corn-
mercially available multifilament (MF) NbTi conductors, is presented.

2. Background. A class of metallic conductor exists which when cooled to very
low temperatures loses all electrical resistance. Such metals are called superconductors.
This phenomena was first discovered in 1911 and was accompanied by glowing predic-
tions of widespread application; however, it was soon discovered that this resistance-
less property was destroyed by very small magnetic fields, eliminating typical electro-
magnetic applications.

in 1960, high-field, type 11 superconductors were discovered by Kunzler.’
These superconductors remained in the superconducting state when exposed to high
magnetic fields and high currents, and again superconductivity was considered as hav-
ing a bright future of industrial and military applications. It is these type II supercon-
ductors which are the subject of the research described in this report. In spite of the
f avorab le electromagnetic properties exhibited by these materials, no widespread, prac-
tical applications for them have been found in the 16 years since their discovery.

3. Superconductivity. The resistance of materials in the superconducting state
is zero for all pract ical purposes. Recent measurements have placed an upper limit of
ItT21 ~2 on the resistivity of a superconductor. This compares with a value of ItT9 ~2
for high-purity copper at 4.2K. The critical temperature, T

~
, is the temperature at

which a given material undergoes the transition from the normal to the superconduct-
ing state , but it is the magnetic behavior of superconductors which divides them into
classes known as type I or type 11.

A bulk specimen of metal in the superconducting state exhibits perfect dia-
magnet ism with the magnetic induction 13 = 0. This is called the Meisner effect. In
reality, a magnetic field can penetrate a small distance into a bulk superconductor. In
the pure superconducting state, the only field allowed is exponentially damped as it
goes in f rom an external surface with the strength of the field decreasing inward from
the surface according to the relation

L. Kunz lcr . Rev. of Mod. Phy., Vol. 33 , No. 1, 1961.
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B(X) = B(O)e - 
X
x

where X is the distance in from the surface and X is a characteristic length known as
the penetration depth. This distance is quite small - - a typical value being 5.0 x 1 0-6
cm for t in. 2

A sufficiently strong magnetic field will destroy superconductivity. This
threshold on critical value of the applied magnetic field is denoted by H

~ 
and is

referred to as the critica l field. This value is dependent on temperature . but the value
commonly used is either T = 0 for pure superconductors or T = 4.2 for practical super-
conductors.

There is an upper limit to the current which can be passed through a super-
conductor without driving the material back into its normal condition. There is a
close relation between this critical current , I~, and the magnetic properties of the
superconductor.

4. Type II Superconductivity. There is no difference in the fundamental
mec hanism of superconductivity in type I and type II superconductors ; however , the
Meisner effect is quite different in the two types.3 A type I superconductor (Figure 1)
excludes a magnetic field until superconductivity is destroyed suddenly and com-
pletely, and then the field penetrates completely. A type II superconductor (Figure 1)
excludes the f ield completely only in relative ly weak f ie l ds up to a field H

~1 called the
lower cr itical field. Above H~1 the field is partially excluded, but the material remains
electrically superconducting. At a much higher field, typica lly 6T to 120T, the flux
penetrates completely and all superconductivity vanishes. This field is called H

~2 —

the upper , critical field. It is this ability of type II superconductors to remain elec-
trically superconducting at high magnetic fields that makes them of considerable
interest for practical applications.

In the region between H
~1 and H

~2 , a type 11 superconductor is said to be
in the vortex , or mixed , state. In this state , flux penetrates the specimen as an array
of flux tubes parallel to the field. Each flux tube consists of a normal core surrounded
by a screening-current vortex . As the field is increased, the number of flux tubes i -

creases until at the upper, critical field the normal regions overlap, and supercon-
duct ivity is destroyed. The flux motion leads to hysteresis in the magnetization of
type II materials and is a major source of power losses under alternating current
conditions.

2 G. G. Uaseldenj, ed., Cryogenic Fundamentals, Academic Press , 1971.
C. Kitte l , Jntroduction to Solid State Physics, 4th ed., John Wiley & Sons , 1971.
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Figure 1. Magnetization curves of superconductors.
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Most useful supercon ductors for technological purposes are type 11 materials.
Superconductors in this class have the highest values of critical temperature , field , and
current and thus offe r considerable technolog ical advantage over type I materials.
throughout the remainder of this report , the word “superc onduct or” will be used to
mean type  II superconductor unless otherwise specified.

5. Practical Superconductors. (‘urrently, there are several alloys used to make
commercial superconductors. T h e most commonly used are niobium titanium (NbTi
and niobium tin (Nb 3 Sn) which are integrated in a matrix of good, normal conductor -

usually copper. This matrix is essential to produce a stable , current-carrying wire. 4 ~

Niobium titanium, which has a critical temperature of 10K and an upper
critical fie ld of 1 21, has the advantage of being very ductile so that fabrication is easier
and the superconductor cheaper. Reducing the size of t h e  current-carry ing, super-
conducting filaments reduces hysteresis losses and leads to more stable characteristics
under transient field conditions. Because of its high ductility, NbTi can be easily
manufactured in MF conductors. These are wires with many small superconducting
filaments (Figure 2). The NbTi filaments have diameters typically in the range of
1-30 micrometers (nm), and over 1000 filaments can be incorporated in one wire
approximately 0.0 1 5 inch in diameter. These filaments are usually twisted inside the
matrix so that they spiral along the length of the conductor with a twist pitch of 1-10
per inch.

Twist ing is especially important in applications involving large , transient
magnetic fields because it eliminates induced cross currents flowing in the matrix.6 A
matrix of relatively high resistivity copper-nickel alloy (cupronickel) is sometimes used
to impede these cross currents. Typical cross-sectional area ratios of matrix to super-
conductor are between 1 to I and 2 to 1.

Niobium tin which has a T
~ 

of 18K and an H
~2 of 25T is used in applica-

tions where fields of 71 (the upper limit of NbTi for practical applications) or more
are required. However , Nb 3 Sn is very brittle and cannot be drawn into wire form.
Until recently. Nb 3 Sn has been available only in rectangular-cross-section tape , or
ribbon. This ribbon consists of Nb3 Sn a few ~m thick laid on metallic substrate with a
normal stabilizer as the outside layer: this construction allows the composite to be bent
without damaging the superconductor. Coils made from Nb3 Sn tape are usually of
the pancake variety. A pancake is simply a length of tape wound on a spool just as a

Z . J. J. Stekly, “State of the Art of Superconducting Magnets ,”.!. Appi. P/zvs . , 42 , p. 65 , 1971.

M. N. Wilson, et a!., “Experimental and Theoretical Studies of Filamentary Superconducting Composites. ”
J. Ph; ’s. , P . Vol. 3 . No. 11 , 1970.

6 R. R. Critchlow . B. Zeitlin, and F. Gregory, “The Effect of Twist on AC Loss and Stability in Multistrand Super.
conducting Composites .” App !. Phys. Left. Vol. 15, No. 7 , 1 969.
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roll of scotch tape. To make a solenoid , many of t hese pancakes are stacked on top
of one anot her and connected in series. Solenoids made from Nb 3 Sn tapes have good
high-field performance : but , not having the advantages of small filamentary twisted
conductors , their transient field behavior is generally not as good as that of Nb Ii.
Recently, Nb3 Sn has become commercia lly available in muitifilament lorni , but at
present this conductor is expensive and has been used in few practical applications .

A vanadium-gal lium alloy, V 3 Ga, is the most recent entry into t h e  field oh
commercial superconductors . V 3 Ga has even better high-field performance ti tan
Nb 3 Sn: however , since it is relatively new and expensive , it has not been used in many
applications.

II. THEORY OF AC LOSSES IN SUPE R(’ONDU(’TORS

6. Hysteresis. Above H
~1, the flux penetration into the superconducting

material causes hysteresis losses under trans ient field conditions. The AC creates
alternating fields in the superconductor so at high peak currents the material is
constantly being driven around its magnetization cycle. M~’thods of calculating these
hysteresis losses have been published,7 ’ °  and many of t hese methods are widely
accepted today. The critical-state model due to Bean ’’ 12 is one of t h e  more widely
used methods for calculating these losses. The major flaw in the Bean and London ’3
critical-state models is that they assume that the critical-current density of the super-
conductor , 

~ c ’ is independent of magnetic field and that tile lull-current density flows
in regions of the superconductor where magnetic fields have penetrated. Clearly, the
assumption of the independence of on the field is not a val id assumption . However .
using tile assumptions of the critical-state model, the hysteresis losses in supercon-
ductors can he calcualted by any one of severa l fundamentally equivalent techniques:

I ) The power dissipated can be calculated from the area enclosed w i th in
the magnetic hysteresis loop. i.e.. power loss per cycle is

P ~ f dV  f i l  - d13.
volume cycle

R. llancox , “Catculation of AC Losses in a Type II Superconductor ,” Proe I/li . I. 11 3 , \~~~. 7 . 1966.

It .  London . “AC Losses in Superconductors of the Second Kind,” Pin s I t ’ t t , V I .  6 , ~~~~ . 2 . 1963 .
9 ,  “- . - .(

~ . II. \l i - rcan. rheoret ical Behavior of Mult icore Superconducting \‘~ ire in a I Imc-~ irvi ne I nilorni \l.~ - ci ~ ’
f ield,” J. App!. P/ i r s ., ~ ol . 4 1 . No. 9. 1970 .

I)~. 
~~ Bean . Phi ’s. Rev , Lef t ,. 8: 25 ))  ( 1962) .

II th ud.
11— (i . Itoizner and ~V . lle iniel . “A lternating (‘urrent I osses in h ard Superconductors .” S. St. / h- - ‘ Vo l. 7 , pp. q ~~~
13 II. I n(lon , “ -~~( 

- l osses in Superconductors of (lie Second Kind.” Phi ’s, l e f t . . Vol . 6. ~ o . 2 , 1963.

6
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(2) The loss can be calculated by integrating tile Poynting Vector over the
sample surface and over a comp lete cycle .

P a fd t  f E x H  dA ,
cyc le surface

whier~ dA is area e lement normal to surface.

(3) The electric field F is calculated as a function of position and t ime , and
the local power dissipation is calculated by integrat ing F J over a cycle. This method
‘~ quite useful in applications of the Bean Model in which J is either zero or J~.

Other cr itical-state models including a field dependence of 
~~~ 

have been
developed ; however , these models are more complex and will not be described in this
report. Hysteresis losses have been experimentally shown to vary linearly with Ire-
quency and have revealed power losses proportional to the square or cube of the
current and t’ield, ’4 ’8

7. Eddy Currents. Another source of power losses in superconducting coils is
the flow of eddy currents in the normally conducting stabilizer of superconducting
wires. Copper is the most common stabilizer material : and at superconducting
temperatures it has a conductivity 100 times greater than conductivity at room
temperature : t ills high conductivity creates very favorable conditions for the flow of
eddy currents w hen transient magnetic fields are experienced. These losses are readily
calculated by t h e  application of Faraday ’s law to the geometry of interest. If the case
of a muht ittlament superconducting wire in a sinusoidal AC field is considered, one can
obtain ’9 an expression for the power loss per unit volume of stabilizer

~~~~~~~~ / r 4 
d

V V p J  ~~~~ x
0

where Q is the power . V is the volume , r
10 

is the maximum radius of eddy current
loop (half the distance between S.C. filament), and p is tile matrix resistivity. Carry ing

4 1 . ltogner ,in~ \~ . Ileineel , “A lternating Current Losses in Ilard Superconduclors ,” S. St. I:7~e., Vol. 7, pp. 93-99,
I 

~, II. Morgan . er a!.. “Measurements ot ’ I’nergy Losses in Pulted Superconducting Magnets..” J. App !. Phi ’s.,
V I . 41) . \ L 4 .pp. 182 1.1829 . 1964.

16 
~ - I. Itcall , Jr. and ~V . \tcyerho ff . “A( - I- nerev t osses Above and Below II I in Ni and NiZr .” J. App !. P/ irs. .
V o l .  40 . \o. 5. pp. 2052.21)59 . 1 969.

17 
~ l b . \I. ( . RobInson , V . Sriv:is lava , and R. Stevenson , “A(’ l.oss as a I unction of Current and External
M:ienctic I- ie ld in (‘omniercial Nb Ii Superconductors 7cc/i Rpt. .1 l ’ t t I . .7’R. 75.23.

w . j ,  s ; . rr . Jr ., \I. ~, WaIker , I) . \V . l)cis . an d J. II. Murphy , “h ysteresis Loss in a Multifilanient Superconductor .”
to he pub lished.

19 1 I . Broach and W . I). I cc . “The App lication ol l oss Models to Superconducting Solenoids ,” Adi ’ . in &s . Eng.,
V I .  1 9 1974L (Included as Appendix A.)
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out t h e  calculation for an hep f’ilanient structure (Appendix A). one has

n5 
+ ~~ + ~~ + 

U 
+

Q = 
B2 d2 S 8 160

V 
~ P + n2 + +

3 2 24

Both theoretical calculation and experimental data indicate that eddy current losses
are proportional to the square of the t’requency and tile square of the transport current
and field. In the region H > H

~1 . eddy-current losses are usually dominated by
hysteresis losses except in very high t’ields or high frequencies.

Ill. METHODS FOR MEASURING AC LOSSES

8. Discussion of Methods. There are several methods which have been used in
recent years to measure transient losses in superconductors , and these can generally
be c lassed as either thermal or electrical in nature.2 0 2t The most popular method
is a thermal method known as the calorimetric (boil-off) method. In this technique.
the sample is immersed in liquid helium, and the heat produced by the losses results in
the boil off of liquid helium which is measured by a flowmeter. The measured flow
rate is then related , through the heat of vaporization of helium, to the power losses in
the superconducting sample. The low sensitivity (generally, a few mW) of this method
usually dictates a sample of wire at least a few meters in length. The boil-off technique
is especially suited for high loss rates and large samples since the lack of sensitivity
causes no problems in this case,

There are several electrical methods commonly used:

(I) measurement of the current and voltage across the specimen along with
the proper phase relationship

(2) mutual-inductance techniques
(3) bridge techniques
(4) electronic wattmeter methods. 22

The electrical methods are generally more sensitive than the thermal methods; some
invest igators have claimed I pW sens itivities which are required when small loss rates
are to be measured. For example , the wattmeter method gives a reading of

20 
~~ lb . M. C. Robinson , V. Srivastava , and R. Stevenson, “AC Loss as a f unction of Current and External Mag-
netic Field in Commercial NbTi Superconductors ,” Tech Rpt. AFML-TR~75-23.

21 s. L. Wipf, “AC Losses in Superconductors .” Proc. 1968 Summer Study on Superconducting Devices and
Accelerators , Part I!.

22 0. Ho, NL (’. Robinson, V. Srivastava , and R. Stevenson , “AC Loss as a Function of Current and External
Magnetic Field in Commercial NbTi Superconductors ,” Tech Rpt. AFML.TR- 75.23.
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P = lV cos~
where

= sample rms current
V = rms voltage across sample

= the angle between V and I.

In general, it is probably best to use a thermal method if loss rates are expected to be
at least 1 watt or several watts while electrical methods are most suitable in measuring
losses in the range of milliwatts.

IV. THE AC BRIDGE METHOD

9. Maxwell Bridge. An AC null-detecting bridge technique was used in the
work described herein. This method was chosen mainly because of the high sensitivity
provided in this null-detecting method. Many types of AC bridges were considered,
but the one finally chosen was the Maxwell bridge23 (Figure 3) which combines high

H

H

Figure 3. MaxweU bridge .

sensit ivity with ease of operation since only variable resistors are needed thus avoiding
the problems associated with variable inductors and capacitors . The balance condi-
tions for this bridge are

23 V. A. Brown and B. P. Ramsay. “The Maxwell Bridge at Low Frequencies,” Rev. Sc!, Inst., Vol. 20. No. 4.

9
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L , = C4 R2 R3
and

R 1 =

K 4

where L1 and K, represent t he inductance and resistance , respectively, of the leg of
the bridge containing the sample coil.

10. Sensitivity and Wagner Grounding Device. An elaborate shielding scheme
which utilized tile Wagner grounding device to increase the sensitivity and the signal-to-
noise ratio was used. This technique has the effect of keeping the potential of the
detector at the potential of the surrounding walls, etc. and t hus reduces the charges on
this part of the bridge.

R5 LiM~JH
H _ _ _  _ _ _

Figure 4. Maxwell bridge with Wagner grounding device.

The brid ge ba lance condition Z 1 Z 3 = Z 2 Z4 (Figure 4) merely implies that
the branch points C. D are instantaneously at the same potential and not necessarily
at 0 (ground) potent ial. Thus, current may st ill flow even when the balance condition

10 t
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is fulfilled via the earth capacitances from C and I) to tile observer and nearby walls ,
tables, etc. To eliminate this effect , two auxiliary branches Z5, Z6 capable of
balancing the impedances Z ,, Z2 are joined as shown in the figure and earthed at their
common point E. The earth capacitances from A and B to E merely shunt Z5 Z6 . To
eliminate the capacitances between C, I), and F, let the bridge be balanced as nearly
as possible to the minimum deflection on the detector when joined between C and I),
Now , transfe r t he detector into the auxiliary network between C and E balancing by
means of Z 5 and Z6 . Now, C and E are nearly at the same potential , the latter being
grounded. Reverting to the original bridge, balance can now be more nearly secured ,
and repetition of the process finally results in exact balance with (‘. D. and E at the
same potent ial, namely, ground. A wiring diagram of the bridge and shielding circuit
is shown in Figure 5.

Sensitivity tests were run on the measuring circuit using low-resistance
copper coils similar to the coils to be tested. Using a PAR Lock-in Amplifier as the
detector , the bridge was found to have a sensitivity of about 1 x l0~ &7. In actual
operation, an oscilloscope, through Lissajous figures, is used as the detector for coarse
balancing: and, then, the Lock-in Amplifier is used for fine balancing.

11. The Meaning of the Balance Condition. The objective of these bridge
measurements is to determine actual power or resistive losses in superconducting coils.

Thus , what is actua lly represented by the balance condition, R 1 = The four

legs of the Maxwell bridge can be represented by impedance of’ the form

Z , = X + i Y
Z 2 = R 2
Z 3 = R 3

• Z4 = R 4
l+ iwC 4 R4

where legs Z 2 and Z 3 are purely resistive w hile Z 1 is a combination of resistance and
inductance including the test coil , and Z4 is a combination of a resistor and capacitor.
At balance . there is no potential across tile detector and no current in the detector.
Thus, current I, is common to Z 1 and Z 2 , and i2 is common to Z 3 and Z4 :so we have

i,Z , = i2 Z 3
i1 Z 2 = i2 Z 4

z 1 z4 = z2 z3

I I

___________________________
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w hich for the Maxwell bridge becomes

( X + i Y )  —-----~~~~ = R 2 R 3I ~~~~~~~
or

R2 R3 ( 1 + iw C4 R4) = XR 4 + iYR4 .

Equating real parts gives

R2 R3 = XR4

and

x =  R2 R3

which says that R2 R3 is the real part of the impedance Z 1. Thus, we are measuring

the effective resistance of the test coil which is precisely what we are interested in.

A complete electrical schematic of the bridge circuit with detectors , ampli-
tiers, and oscillator is shown in Figure 6. The source of AC power is a variable fre-
quency sine wave oscillator which is output to a diff erential  amplifier where the signal
is amplified and isolated without introducing a phase shift . An oscilloscope is used as
the detector to coarsely balance the bridge, and a PAR Lock-in Amplifier provides null
signal detection for the fine balancing required for the 10~ ~2 bridge sensitivity. The
sample coil and leads are represented by R,, L, while the bridge components R2, R3,
R4 , R5, C4 , and C6 are General Radio decade resistors and capacitors . The leads

• connecting the samp le coils with the remainder of the bridge circuit were made of
Evenohm wire so that the lead resistance would be independent of the liquid helium
level.

V . SAMPLES

1 2. Geometry and Construction. The wires were tested in the form of small,
multilayer coils wound on coil forms as shown in Figure 7. These are small coils but
are considerab ly larger than traditional small samples (lengths of wire of a few centi-
meters to a few meters in length ) with the typical sample having wire lengths of 50
meters. All coi ls were wound on identical coil forms and in the same inductive manner
so that t he physical properties of the coils were as similar as possible.

- 13
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13. Conductor and Coil Characteristics. Tables I and 2 give the properties of the
multifilament wires and the sample coils.

VI. EXPERIMENTAL METHOD AND DATA REDUCTION

14. Taking Data . Exp loratory data runs indicated that the sensitivity of the
apparatus was such that lead-resistance changes due to change in room temperature
could be detected. To take this into account , the time was recorded each time a data
point was taken. Due to the cycling of the air conditioner in the lab, the room
temperature was closely correlated with the cycle t ime of the air conditioner so the
t ime was used to make corrections with the cycle time of the air conditioner. This
tec hnique will be explained later but simply amounts to making linear interpolations
between data points at different times.

The following procedure was used to insure that the resistive and inductive
losses could be independently measured:

( 1) Approximately balance bridge on 10- or 20-mV scale.

15
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(2 ) Change the sensitivit y setting on the Lock—in by two orders of m ag-

nitude to tile I 0—mV or higher seaL’ .

(3) Introduce a large unbalance in the bridge by changing K4 until a mid-
scale reading is obtained on the Loc k-in.

(4 ) Adjust tile phase contro l until a maximum deflection is observed. l i e
phase can be changed by 90° by the outer ring (quadrant switch) surrounding the
phase shit ’t. Wilen this is done, the indicator should read 0, and when tile quadrant
s~~ I t ~~~i i~ ellanged back to the 00 position the maximum def lection should he observed .

5)  Change K4 back to its value preceding Step (3).

(6) Switch the sensitivity scale to the highest sensitivity possible for an on-
scale reading. The bridge is now read y to be balanced.

As mentioned previously, the bridge is first balanced using tile oscilloscope as tile
detector. Then , a more sen.itive balance is obtained by using the Lock-in Amplifier
as the detector : this allows the bridge to be balanced within a few tenths of a milli-
vofl of zero.

15. Anomalous Resistance Effect. The reduction of data from the first two
samples indicated an unexpected and initially unexplained behavior. It was anticipated
that the resistance would increase continuously with frequency from 0 Hz since the
eddy-current losses increase with the square of ’ the t’requency. However , the initial
data demonstrat ed a behavior as shown in Figure 8 wIlere we see t h at between 5 and
350 Hz the resistance decreases with increasing frequency reaching a minimum at
about 350 lIt at which point it begins a rap id increase with frequency.

Initially , this behavior was attributed to frequency response 24 2 5  of the
bridge associated with nonideal components such as inherent inductance and capac i-
tance of the decade resistors and t he capacitance of the test coil. However , a number

• of ’ complicated calculations were performed on tile bridge circuitry, and these seemed
to eliminate any nonideal characteris tics of the arms of tile bridge as tile source of ’ the
anomaly . A s e  parate test was run on a typical superconducting test coil to determine
the self capacitance of the coil. The resonant frequency of the coil was Jetermined h~using tile circuit shown in Figure 9 w here L 1 . K 1 . and C’ represent the inductance.
resistance , and capacitance . respectively, associated with tile test coil. The resistance.
K 1 . represents the resistance of the coil and tile leads , and tile vai i ie of L, has been

- \ .  I iro~ n and Ii . I’. Rain~av . “I  lie Ma swell Ii r id L ’e at  I I r eq t iei ic i e~~’ R i a - Sri. lust .. y~ i. 2 ( 1 . 4 .
II . I l aa uc . “ \ I t e r n a , t i r i e  ( ‘ui r en l  l i r ia lee  \la ,’t l i , , ds .” .s  t evised li~ I . K . I i i aa r d  and S. 1 . \ l ; i r h av . 197 1 .
I’ri.’ss.
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• Figure 9. Resonant frequency c ircuit.

previously determined. The resonant frequency was found to be 1.75 x lO~ liz . and
with L1 = 3,3 x i0~ H, the inherent capacitance of the coil is

C, = _____ = 2.52 x b _ b  F.

This value of capacitance is several orders of magnitude too small to account for the
anoma lous behavior in the 0 -- 1 000 Hz frequency range.

- • 
, 16. Explanation of the Effect. The following derivation considers the effect

that a change in inductance during each cycle of AC current in the superconducting
coil has on the balance of the bridge,

Consider the sinusoidal driving current supplied by the oscillator

= ~ Sin (wt ) ( I )

where

‘I 
20
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l~ = peak current.

I igure 10 sI iox ~ s the ,ict tial sinusoidal ar iation of current  in t h e  coil, ‘Ihe solid curv e
of I- igurL’ 10 represents t h e  c I’allge in inductance based on qualitative arguments (to be
gi~ en) ‘~x iiik’ t i le broken curve represents a more I l l a t i l e f i l a t  icahI~ Illallagea hle situation.
File relative magnitudes of tile curves in I- igure 10 are exaggerate d because t u e  “bias”
inductance , L , is er~ large compared to (lie amplitude of ’ t h e  sine wave variat ion
since we are dealing with ~er~ low currents. In fact , t ile cuftents are so low that ii <

‘ci and only slight penetratioll is assumed to be caused by the A( ’ current in tile coil.

A qualitative argument will now be presented to justify t ile assumpt ion
represented in [:igure 10. The basic assumption is that some flux realignment occurs as
the sinusoidal voltage varies. One colilpiete cycle is broken into four regions:

(I ) As the voltage increases I’rom 0 to its peak value , the inductance of tile
coil increases (due to increasing flux penetration) from its “bias” value . L0 . to some
maximum value because at V 111 ~ X ’ maximum flux penetration occurs and thus L is
maximum.

(2 )  As tile voltage decreases from its peak value bac k to zero , tile flux
penetration goes from maximum to minimum, thus L goes from L111a5 to L .

( 3 )  As the voltage decreases from 0 to _V
i it ax ~ 

the inductance increases
from L

() 
to L,tta5 • This occurs because the flux penetration does not depend on the

sign of V (aefuaily H) hut only on its magnitude.

(4) For the same reasons as in (2) . w hen tile voltage goes from _V
max to 0.

the inductance goes from Lnaax to L
11
.

This argument explains the reasoning behind t he solid curv e of Figure 10,
but the broken curve is used in tile analysis as an approximation which is easier to
handle mat hematically. Thus, the inductance change is approximated as a sine wave of
frequency 2 wt.

So , f’or the coil inductance , we have

L~~~L0 +L ’ i

where L’ is the magnitude of’ tile change of L. In the full, sine-wave approximation ,
we can write

L L , + L’ sin (2 ~ t). (2)

4 21
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\ow . tile change of L with i tUlle is

= 2~~ L’ cos ( 2w t ) .  (3)

From I- & NI theory, tile energy stored in a coil is

I .  = ~~Ll2

SO tile power is

dl: 
= Li ~~~~ + 12 dL 

= VI
dt dt dt

. . V = L 1
~~ + 1 , 2 l ~~~~~. (4)
dt dl

Substituting the derivative of ( I) and (3) into (4) gives

V = LI 0 w cos wt + ~ IL’ cos 2 wt

L~l0 w cos wt + L’ 1~ w sin 2 wt cos wt + w 10 L’ sin wt cos 2 wt. (5 )

At this point , ( 5) should be put into the response equation for a lock-in amplif ’ier, but
first we take the voltage and divide it into two comp onents  — one in phase with the
current and one at ir/ 2 with the current.

In phase

wt ir/ 2
From (5) : V = w l0 L’

:. Z = —wL ’ in phase witi l I

Wt = 0

V = L0 l1~w

2 
.‘. Z = w L~., ir/ 2 out of phase wit il I

0 =~~ -‘2

So , t ile bridge balance equation becomes

Re( Z , ) = 
R,R K 1 + K1 -w L ’ (6 )

K 4
wh ere

23

~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~



~ -~ - -— --- -~ ~~-~~~--~~~--—-- - _ - •~~~~ . -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

K , = (‘oil resistance
K 1 = Lea d res istance

a Ild

liii (Z , ) = (‘ 4 R 2 K 1 = wL,,
and (6 ) gives

-~ R 1 -~~L’ = R 2 R 3 - K 1 (7)

blow -

K , = a w 2

where ~ is jus t  a constant of proportionality. Substituting this into ( 7) and dividing by
~ gives

R2 R 1 - R
a 

o.t-L ’ = K4 - , (8)

If tile right side of this equation is plotted as a function of w, tile Y-axis intercept
should give L’. If’ this is a reasonable value , L’ ~ L~1 = 3 x l0~ II and , in fact . L’ has
a typical value of I 0~ El.

This theory call be used successfully to explain tile anomalous behavior
described in tile previous sections . and it is this method which will be used to reduce
the resistance data,

17. Data Reduction. Tile basic reduction of the direct-res istance measurements
consists of compensating for changes in room temperature and for tile inductance
changes descr ibed in para. 16. A f’requency of 100 Hz is used as the base for tile room
temperature compensation. The data-reduction scheme is given below :

rn 1 f ’ l O O
( I)  Plot I ~ 2 “~~I vs time.

~ 
K4 ~~

(2 )  Adjust each 

~~ 
] ~ reading to one time t = t o by us ing

3 4 ,

[R2 R3 ] ‘ 

[R~ R~ I’:’ [R 2 R
I] 

1 100 

H ~°°

( 3 )  Plot 
~~~~~~ 

] vs f’reque ncy. l :xt rapo late to f = o to get K 1 .
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r R ~~ f = x
(4) Ca lculate R 1 = wL ’ = - R0 for each frequency.

R4 
~ 0

(5) ( alculate - -
~~~~ for each frequency.

w

R 1 - w L ’ .( 6)  Plot - - vs w on cartes ian coordinates. Then , plot L as the Y-inter-
(0

cept and a as the slope.

(7) Use L’ determined above to calculate R 1 wllich is tile coil resistance

R 1 = - K0 + wL ’ .

(8) Plot R, vs f.

Several conlputer programs are used to perform this scileme , and listings of these pro-
grams are included as Appendices B and C.

VI!. DATA ANALYSIS AND RESULTS

18. Results. The method described in paragraph 16 is quite successful in
accounting for the seemingly anomalous behavior of t ile effective resistance as a func-
tion of frequency. This is demonstrated in Figure 11 in which the data is compared
with theoretical calculations based on tile method described in paragraph 16, This
grapll is typical of the samp les and shows excellent agreement between experimental
results and theoretica l calcu lations.

(‘omputer calculations were made to determine the magnetic-field profiles
of tile coils: typica lly, the maximum field obtained in the test coils was approximately
.005 T indicating operation below . Tills means there was no penetration of the
magnetic field into tile superconductor: therefore , hysteresis losses would he negligible ,
and eddy currents in tile stabilizer were expected to he tile dominant loss mechanism.
Some data was taken with an externally applied t’ield; however , much of this data was
unreliable due to electroma gnetic instabilities caused by the mutual inductance
between tile sample and field coils.

The plot of Figure 1 2 shows the measured resistance of each sample as a
function of’ frequency and shows some unexpected results. These resistances are con-
verted to power losses in Figure 13 , and finally the normalized power losses as a func-
tion of current are plotted in Figure 14. Since tile dominant loss mechanism is thought

25
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Figure 12. Resistance of samples. (Symbols defined in Table 2.)
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to he eddy currents in the copper stabilizer . t h e  ilorlllahizatiOn procedure is to divide
t u e  power losses by tile volume of ’ copper in eac h sample coil.

Sample I (Table 2)  had considerably lower power losses than any of the
otiler samples. This was an “old” stoc k of 85 filament Airco NbTI wire which was
untwisted: one possible explanation for t ile lower loss raie is that tile copper used as
stabilizing material was not very pure indicating higher matrix resistivity to the flow of
eddy currents , Sample 2 w hich is the same material as Sample I but is twisted silOws
loss rates closer ill value to those of tile ot her samples. This sample also shows a “knee”
in the curv e at about 100 Hz possibly indicating eddy current shielding due to tile twist
of 2/ill. Samples 6 and 7 also differ only by the amount of twist : Sample 6 is twisted
5/ in. while Sample 7 is twisted 8/ill. Tile power losses of these samples are almost
identical up to 500 Hz where a knee appears in the curve of Sample 6 but does not
appear in Samp le 7 unt il 1000 Hz, again indicating a silieldiilg et ’t’ect of the twist rate.

A sample of the A irco untwisted conductor was used for taking loss data in
a .6 T applied, external field. The field was supplied by a 3 .5 T Nb 3 Sn solenoid with a
1.5-in, ‘~ore. The results of t his data , plotted in Figure I 5, indicate considerably higher
losses in the applied field as expected since in this case both eddy current and
hysteresis mechanisms contribute to tile losses.

VIII. (‘ON(’LUSIONS

19. Losses Below H
~1 . Tile results of the stud y described in this report indicate

tilat tile losses in superconducting coils in app lied fields below Il
~ 

are not reduced by
the introduction of twist to tile lilaments. This was demonstrated in measurenients
made up to 1000 Hz: it is. however , possible tilat at higher frequencies and higher
fields different results could be obtained. Such behavior was indicated by the knees
observed in tile twisted samples w hich showed that shielding may occur at t’requeilcies
whic h depend on tile twist rate and other sample properties .

IX. SUGGESTIONS FOR FURTHER STUI)Y

20. Losses Above H~1 . Tile loss mechanisms in the region ‘1
~~i 

< ~ < are
tilo ligi lt to he considerably different than those in applied or self fields below il .~
In tile region above I l.~ . tile magnetic field penetrates the superconductor causing
hysteresis effects whicil can become tile dominant loss nlecilanisnl . Such a study has
been undertaken under Work Unit 109 as well as studies on losses at 60 ii, A(’ and
variable t’requency l)(’ up to 10 lIz. Althoug h there is an abundance of ’ transient-loss
data on small , non—inductively—wound coils . there is currently little data oil Illultilayer.
inductive coils wilich operate under iarge self— fields. Tile data obtained in this e ffort
will also he used to ver ify nlodels developed as explained in Append~ 

- . A.
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M ultil’ilamentary wires of ’ Nb 3 Sn have become commercially availab ie ,2~’ ~
but there is little data on the I)C or A(’ perfor mance of coils wound from tilese
materials. Because Nb 3 Sn ilas superior high—held properties to N hTi. it wou ld be very
uselul to exallliile the pertormance of these ilCW materials, Since most poteiltial
military applications would ca ll I’or large transient fields . an experim ental study of the
transient losses would make a general scient ific and military contribution of consider-
able value.

26 
~ Sucnaga , ‘.~~. B. Sampso n, and T. S. Luhman . “l-SIects of Heat T reat mcnt s on Superconducting Critical
Current Densit ies of Multi f ilamentary Nb 3 Sn Wires , B1V1. 1 742.5.

27 
~ Suenaga and W . B. Sampson , “Superconducting Properties of Multi fil amentary Nb 3 Sn Made by a Ncss
Proc ess .” AppL Phi’s . Left.. Vol. 20 . No. II , June 1972.

28 “ Industrial Ncss s : Multif iiamentary Nb 3 Sn is Now Available Commercia lly, ” (‘r vogenies . 1 - ebruary 197 5.
29 

~~ , ~• Oberly, ~1. C. Ohrne r , m d  II. 1.. cegel . “Propert ies of Mult ifi lament Nb 3 Sn in USeful Conductor Cont i gura-
lions for Superconducting Rotating Machine s .” Private commu nication.

32



___ ___  

—. .—-..----‘ --~-~~. ‘ -~~~~~~~~~~ - --- --—-- —- -.--.“- --‘---“-_ 
~~rL,,__. .,_ - _ .-—--- _ - -

A PP ENDiX A

R ep r in t ed f rom: ADVANCES !N CRYOGEN IC ENGINEERING , VOL 1 9
Edit ed by K . D. T immerhaus

Book j vwlu ble from: Pl enum Pu b l i s lmu i r g  Cor i o r ui iomr
227 W r’si 17th Sheet . New York , New York 10011

E—2
THE APPLICATION OF LOSS MODELS TO

SUPERCONDUCTING SOLENOIDS
J . T. Broach and W. D. Lee

• S ‘lout ’ .~1ohth ti  Equip ment Resear ch and Derelopment (‘enter
F t.  Be/j a ir. ~ irginia

l~ ’I’RODUCTION
Viie use of inductors , both cryogenic and superconduct ive, for the storage of

energ~ in pulsed power systems of various types has recentl y attracted considerable
~ iention. The storage element is usuall y operated in a pool of liquid cryogen hut for
certain app lications, integrated refrigeration using helium gas is desirable. In either
case , an estimate of t he losses generated during transients is an essential part of the
design. The principal loss mechanisms in the superconducting case are eddy currents
in the stabilizer and hystere s is in the superconductor. both of which depend upon the
magnitude and frequency of t he transient fIeld. This presentation presents the results
of an app lication of loss models to a particular configuration of multifi lament
superconductor. The eddy current loss model is compared separatel y to loss measure-
ments made on a coil wound from commercial copper wire. Losses calculated using a
simple linear model of the field in the winding are compared with those obtained from
a more sophist icated calculation using digital computer tec hniques.

EDDY CURRENT LOSSES
The power losses due to eddy currenls caused by a time-var ying self-field in a

norma lly conducting solenoid will first he calculated. The magnetic field is assumed
to he axial and the eddy currents are assumed to flow in circular paths within the
s~irc

App lying the integral form of Faraday ’s law to the circular geometry of an eddy
current with a maximum radius r ,,,, , we obtain t he electric field driving the edd)
currents

( I f

From Ohm ’s law . t he power density can he written , using (I) . as

S 
= (r  4~~d~~~~

2 (2 )

Wor king in spherical coordinates . ta king the field along the 0 = 0 ax Is so that
= r sin (1 .

4 = ~in 2 ()~ 4~~I~ ( 3 )
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liiic~ir.it i i im. ~ ( m m  get the ascrage lm r ~s per unit solume

Q — t I ~~ I;  B r~~~~iii
2 0) 4 ( ’ 

14
4lr r .m~~

resul ts iii

Q I = 8 r ,_ 2 lO jm I ”  I

Assunuiig .1 miiltisoldal I rai lspmr rt cur rent . this becomes

Q 1’ = B,,,~w r ,, 2 2t) 1m ( ( ‘ I

-l o check this mmmdc l . ill casurcmcnts mn the efl ccti s e i esls i , inCe md emipp e r coil
~s crc taken at va rious frequencies with a M.mswel l bridge [ ]. To obtain the lrequcnc~dependence , the dc resistance v. as subtrac ted from t he measured alue at each
I’rcquenc~ - The measured resistance was con’.ertcd to power los’, by using
~
s ~ilues of t he power loss obtained in tills way arc compared in F1g I ~ tb t he resul ts

ca lculated from (6) . ‘rile ~alue of resisti ~ it~ - 1.6 ‘ 1( 1 ~ —m. used in the loss L’alL’u la—
tion ss a s determ ined.experimental lv at 4.2 K. An espression for B ~ iiich ‘a ries
linearly across the windin g was used. The departure of the measured ~a ltics from a
straig lìt line at the higher frequencies is due to the fact that the cs perimcnt ~ as run at
constant  voltage across t ile bridge As frequency is increased, tile impedance ol the
coil increases: thei’efore this arm draws less cur rent and the I 2 R decreas es hclose the
expected ~alue.

In order t o derive an expression for eddy curreilt losses in t h e  copper stabil izer
of multi lilament superconducting ~ ires . t he method used in tile solid copper ~~ ire

I I

‘o n

1°
‘t o

ml I
ml

I II

II~

0,

20,

i~3
r0100€Ic y . II

I I Pmmms mr los’, s. fr m’q uenc~ for copper
c oil at 4 2  K. I ,e 2. - t nr i l  mel1 ’ ’  m r  mul rrti l amc ’ rir conducto r

1
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the .~pplit ’al ion ol l.os~ Slo 4cts to Supermmd uct ing Solenoids

den s ation ss as adapted to a gcometr~ in s~ hich the filaments are distributed through-
out the ss ic c ro ss sec t e m i l  ‘File eddy currents are confined to the regions- of copper
hetss ecil t he lilamenis. Considering a cross section of the composite . sse assume a
“unit ce ll” delined h~ superconducting f ilaments of circular cross section (see f ig 2),
I he com posite is taken to consist of ‘‘hcp ” cy linders ss hich represent tile filaments;

t he spacing of tile lila men t s ‘~ t a k’en as a Il l u It i pie of t ile filament rad i us . a  I loss i rig
app lication to a sa riet \ of conductors. The integration of the eddy current paths ~ as
ta ken in the regions hets~een t he fi laments so that Ihe power loss per Unit s-olume of
copper ssa s ca lculated. The spacin’g of t he unit cell ss as estimated from the number of
f ilaments , t he copper-to-superconductor ratio, and measurement of photomicro-
grap hs . A ppl ying 131 to t he geometry of E-’ig. 2 and integrating y ields the loss per unit
s olume

Q 2m~
2 
~‘ r ,,0’~

= ILXI’ Vp J0 4
Referring to Fig. 2 . r ,, is equal to one- half the distance in the v directio il hetsseen the
outer boundaries of the unit cell taken in such a ~s a y as to e\c ludc the region occupied
by t he superconductor filaments. The expression obtained for a single “unit cell”
is

Q 8 2 12 1i~ #i H I / ii~ , ii I
I’ 

= 

Sp 5 + ~ + ~ + 2 + 8 
+ 160 / 3 + ~ + .~ SI

H YSTE RESiS LOSSES
The hysteres is losses in a solenoid wound from composite su perconductor ca ll

he estimated using a model due to Bean [ 2 3
] A long solenoid can he appros imated

as a multilayer scroll wound from a sheet of superconducting material. The local posser
— dissipation per unit volume derived by Bean [3 ] is given as

~J d’B 1 a , — r
= 

4~ ~~2 ~ i 
( C) 1

This expression assumes a simple linear variation of field in the winding as a function
of r and assumes no variat ion with = (disp lacement parallel to the as is). A coil design
based on NIOMAX TC* composed of 101 turns of a single layer ol 144-strand braid
has ing a = 0.l94 m. a, = 0,202 m, I = 0.792 m . = (1.3 , and desi gned for B, , -

1.4 1 and an inductance of 2 x 10 H with I J stored energy resulted in calculated
losses of 1.24 J cycle.

For many solenoid configurat ions. t he simp le linear field prolile assumed ahose
is a good representation. To determine the error which might he introduced in design
est imates through the use of (91. a more ref ined estimate of the field prof ile or the
ease descri bed ssas made with the aid ofa digital computer. The al gor ithm ssas based
on t he superposition of field contributions due to a finite nunlher of ’ current loops.
The field s’,as found to he approx imatel~ linear with r near the mid plane ss ith the f ield

¶ reversing at a point near the outer w inding edge. Near the end of the coil, the field
ss as proportional to r 2 . To simp lify t he estimate based on (9). t he coil ss ;is dis ided
into regions and the field prof ile in a reg ion was fitted to a simp le algebraic expression.
(‘a lculated hysteresis losses based on this method were found to he approximatel y
5 ‘ ,, lower than the prex ious estimate.

j t nrper ia l  Skr .mI Industri es . lid., Birmmn1rlium. t i ri~~~ Kin~zdoni
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Fig. 3. Power loss m s . fr equency for a small
02 ~ ml 08 0 ~ ~ 24 ~ soleno id. (‘ treks arc th e exp er imentall y measured

nofajIacy ,, values and the line represents the calcu lated loss.

‘I’ he method described above has been compared to calorimetric measurements
of solenoid losses made at low frequencies by Jungst [ 4] ,  Eddy current losses were
neg li gible at these frequencies. The results are shown in Fig. 3. There is fair agreement
between the calculated and experimental results in this frequency range, although the
slopc of the curve dilTers from that of a curve drawn through the data points. The
solenoid upon which the calculation is based has an ID of 0,024 m, an OD of 0.065 m,
and a length of 0.053 m. The conductor has a diameter of 0.0O~~ m and is composed
of 61 35-tim Nb Ti filaments with a twist rate of four turns-in. The copper-to-super-
conductor ratio is 1.4 : I. Central fIeld is 5.2 T at 46.9 A .

NOTATION
n inner winding radius

, n outer winding radius
U magnetic flux density
U,,, s inusoidal peak llu ’ ndens it ~
H , central hel d of solenoid

- supcrcor.ductor il.irueni diamcier
electric f ield strength

I rms transport current
J — sup erconduct o r critical curr eni densoi y
I winding length
S ~C .tlC factor fbi necessaril y integra l) for lilamern radius sp ec i f y ing spacing of composit e
Q power
q power d ensit y
r r,idinil posiiion
1~,,, cff cct ise resisiance

- max imum radius of eddy current loop
r ,, radius of wire
I sotum e nisailable for eddy current paths
( reek letter s

r u  ii ’ of su perco nduc’io r sol um e ill win ding solume
res i s i l s i t y

— ch .i rge or discha rgel lime
,ingular rrequencs

36
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APPENDIX B

COMPUTER PROGRAM — L’ CALCULATION

On ms I T F  T O T
tU’ T’YPI ’  ILF’ NAI’IF ‘t I~~’t

l~~ ’iE~.~;i.mi ~ T s ’~ -? ) , 1 ’ g r C 9 9 ) . R 3 ( 9 9 ) . c~~C 9 9 > , f C 9 9 ) , 3 I C 9 9 ) , ~~iI(~- n m i), 7 i i ç m 9 ) ,
1: ’ t , C 9 9 ) , R 1 C 9 9 ) , R F T 0 C 9 9 ) , t ( 9 9 )

“I- i lE. C I . ? )
P rot ’ J (7ii l )’ L 5 A R F : , / /
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‘13 1 (M) U.
l i F t  I. 6)

€ F’~~Ri’i A l C S1HI  A U  us  h i  ,k3 .Hmu~ A ns~
’ S E N T  INEt ~~. ‘( I. lx IS  ‘j ill ?F k -  /

50r4 ’Ie 4 l S  F(E~~b L IôØP !.‘ILL Ens li . ALL °vA LL E S A ) ~ E F H f ~ E~~ I0 0 .)
S EiEA L.’CO. 10 )TC I ) .R3C 1),Fm(I). S
10 uA l 3ri s.S.II )
R2= 70.
REF C l  )=R 24R 3C I )/R~~C I)
i~ 1+1
IF ( 1 — 1 0 0 ) 1 1 . 1 1 . 7 5
II i F ( f s ) 1 3 . 5 , 13
r~i~ 013 W R I 1 E ( I , 1 2 )
12 F ’d H M A I C S P H R EA D  IN E CtjE litCY, TIM F ~~i i’iEAS ENlENl,(’ kE.SF~?J is L.lN(’,/

52 ’riI’j 3 ANt ,  R4 .A NU L. L Mt .’S T ki. Z E.HH Ok Pki~
(,RAil h ILL SThP)

M=M + l
15 R F P L C 0 . 2 0 ) F O i ) .  TE (M ) ..R31 (i’U,js~~I (M ),L
20 F l1A T ( E 5 . 1 , F 5 . I .2 ’ n a . m . I I >
IF C L )  I 4€, 25.1 46
25 IFCTE CM)—T (I))’75.30,30
30 J=2
31 IF Ci E. (M)-T(J))45, m0,3°~,
35 J= J+~
IF ’ (J—l )31. 75 ,75
43 R E F E = R E F C J )
(I~ Tø SO
a5 J 1=j - 1

R E~~E = R E F (J t )÷ R E f C J ) — R E F (J I ) ) , ( T (J )— T c J 1 ) ) a c 1 F c l’1 )— T (J 1 ))
50 W R Z T E ( I , 5 5 ) F ( M ) , T C J ) , N F F E
ss l~~ RM A l C 2 F 6 .0 . i ’ 8 .5
k E F 1C M )= R 2 * R 3 I CM ) / P h 1 CM )
RI 00 T0~~5. 70 777

-‘ 
.~ RFTO (i ’t )= RF F T CM ) -R E F F + R l O O l O

t% ( M ) = 2 . * 3 . 1 4 ) 5 9 * F C M )
R 0= 5 .€ l 3 S 5 0
R1Mtx L~~RF l 0 C M ) - R 0
R I M L C M  )= R IM v L / h.(.M )
(~1 Tø 13
146 M~~1
(
~R I 1 E C  1 . 1 5 5 )
15 5 Fai’1MAI(Sii .1/I

29i’iRE5UL’I~ F I R  L’  IIF ’ IFRMI, 1AT IHN: ,/ / )
1 60 h R I I E (I . 1 6 S )

b 165 FC R M A T (  4 R H F P E O I E N C Y  AN C.. E R E P U E N C Y  RIML R F T O  )
170 h R I T E C I . I 7 5 ) F ( M ) , t ~U’ i), k 1 M L u ’ 1 ) . R E T 0 c M )
175 FORM AI C F6.0 .  6~ . F 10.0, 7x, F9 . 6. 3~~. F 7. S)

‘i M.l
I F C R31 C M )  ) 170 . 75. 170
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APPENDIX C

COMPUTER PROGRAM — R 0 CALCULATION

P l ’ k i T E  T I - i
D1l’ ENSt ~~N l C9 9 ) , l E C 9 9 ) , t 5 3 * ~99 ’ ,n~m(~~’i ) , r  ~~~~~ , k 3 I ( 9 9 ) , k m I  (‘~9) . T F ( , ’ , )
b ISI ENS 1oN PI’ lO( lUO) , I’j t,l’i( 1011 )
t ’ H I l E(  I , P)

~~~RN’V 1C 7-4 1_ f ¶ .AR E :
S2ii I-I FC R I  F’k,; ( RA •~ IS I-LU h-F ~~~~~ irial i’~F ¶~A L L F
mnm Ø F P I O O T O ( L I N F  3” )  5 C~~Rk h c T F~ j ’~,, Th iS

H 3 I (N ) 0.
I = 1
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I F C J - 1 ) 3 l . 7 5 a 75
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