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MAGNON MODES OF A GYROTROPIC MAGNETIC BAR

T. M . Sharon and A.  A . Maradudin
Department of Physics , University of California , Irv ine , Cal iforn ia 92664

ABSTRACT MAGNETOSTATIC SURFACE MODES ON A
We present a theory of magnetostatic modes GYROTROPIC CYLINDER

which are wavelike in the direction parallel to
We consider a right circular cylinder ofthe axis of an infinitely long, fer romagnet ic 

radius a whose axis is parallel to the z—axis.bar of square cross—section, and local ized at In the magnetostatic appro~ imation we intro—its surface. We solve second order partial
dif fe ren tial equat ions for the magnet ic scalar duce a scalar potential tp(x,w)exp(—iwt), in

potent ial by assuming a solut içn for ~ of the terms of which ii.- - v~ and is related to ~1
form 4,(r,6,Z)=0iqzf (~~,$)• We expand f(r,8) in by the magnetic permeability tensor appro—

terms of basis functions which transform accord- priate to a ferroinagnet in the presence of a
dc magnetic field along the z—axis.ing to. the irreduc ible representations of C4~ We find that c~(x,w) obeys the equationthe proper point group of the bar. The bound-

ary conditions of continuity of ~ and B~ across 2
the surface of the bar therefo re need to be .~_4J! + ~~~~~~~ + 11(W ) ~~~~~~~ o , (2.1)
app lied at only one of the four faces of the
bar and are automatically satisfied at the re— 2 2
~aining faces . This is done by making ~ and w -w
Bn continuous at a discrete set of points along where i’(w) 

~ 2 for o �r <a , and ~~~~ E l  for
th is face. The solvability condit ion for the
resulting set of homogeneous equations for the

r >a; tgi~= y H ,and Lç..y[H0(H0+41T M0) ] 3, whereexpansion coefficients in the expressions for ~
yields the dispersion curves for the magneto— H is the dc magnetic field strength and M is
sta tic surface modes. We also present the dis t~e saturation magnet izat ion , while y is tRe
persion curves for the magnetostatic surface gyromagnetic ratio.
modes for a gyrotropic right circular cy linder . We assume solutions of Eq. (2.1) which

INTRODUCTION are wavelike along the axis of the cylinder.
Inside the cylinder the solution is finite at

We have recently studied surface’ and the origin , and increases exponentiall y with
edge2 localized magnons or spin waves for a increasing r; outside the solution decreases
simple cubic Heisenberg ferromagnet with ex— exponentiall y with increasing r.
change interactions between nearest and next The continuity of ~ and of Br at the
nearest neighbor spins. Such modes may play boundary r=a yields the pair of dispersiona rol~ in phase transitions3 and chemical reac— equations whose solutions give the relationt ions at magnet ic surfaces, and may have tech- between ~ and q:

graphic wave guides for magnetic excitations.
nological applications in surface or 

I~~((v (w))~ qa) K~(qa) n
~~~(~~) 0Inasmuch as the spins in a real ferromagnet

interact through long range dipole interactions, I~((v(w))~ qa) 
- 
K~(~ a) ± qa

as well as through short range exchange inter- (2.2)
actions , the former of which dominate in the

where the upper sign obtains for w > ia~, . andlong wavelength limit , it is of interest to See the lower for O<~~<~~ . The I (x) ana Kn (x)how the results of Refs. 1 and 2 are modified
are the modified Bess8l functi8ns of theby the inclusion of dipolar interactions be— 
first and second kinds , respectively . It istween spins.

In a recent study5 the spin wave spec— found that there are no solutions in the fre—
trum was obtained for a discrete , inf in ite bar quency range O<~~<w . Solutions of Eq.(2.2)

for w> • have been 8btained numerically forof a simple cubic ferromagnet of square cross several
t’
~alues of n , and are displayed in Fig.section , assuming nearest and next nearest

neighbor short—range exchange interactions as
well as long—range dipolar interactions . In
the presence of the dipolar interactions struc— 1.2667
ture was found in this spectrum which was ab-
sent when only the short range exchange inter-
act ions were taken into account.  The nature  1.2333of the structure is depicted schemat ically in
Fig. 1, an d appears to be of the type , observed
in other , similar , contexts,6 of the repulsion
of levels which occurs when the dispersion 1.20

3mode) falls in the region of a continuous
curve for a local ized exci tat ion (a resonance 00

spectrum . Since this structure appears in the
long wavelength limit , in the presence of the 1.1667

• dipolar interactions , in the absence of retar—
• dation , it is natural to assume that the

localized excitation is a magnetostatic mode
• of the ferromagnetic bar, localized at its 1.1333

surface or edges.
To ascertain the reasonableness of this 0 0.30 0.60 0.90assumption we obtained the dispersion relations qafor  magne tos tat ic  modes localized at the sur—

face of a ferromagne t in the form of an in— Fig. 1. Schematic depiction of the dispersion
fini te, right circular cylinder and for magne— relations for spin waves in a discrete bar of

• tostatic modes in a ferromagnet in the form of a ferromagne t with square cross section , in
an inf inite bar possessing a square cross the long wavelength limit. (t~~:~~)~ 1.OOl67)$ section .
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2 for n~~~l , 2 ,3 , 4. (There are no solutions
I./w0for n ’ O . )  I t  should be no ted that they have 1.1667 .• ..... W

(t10shown in Fig. 1.

MAGNETO STATIC SURFACE AND EDGE MODES ON A 1.1633

We now turn to a solution of Eq. (2.1) ‘ \~ “ — C Y L I N D E R

the qualitative form suggested by the results 

•

1.1567 \ n :2~~~~~~ ‘~~

for a bar of square cross section , whose axis 1.1600 ‘

is paral lel  to the z— axis .  The edge of the \\ 
~;=4

FERROMAGNETIC BAR OF SQUARE CROSS SECTION — .- . I’~ BAR

its center is at x~ y~ O. The interior  and
square cross section of the bar is 2a , and 

v/u0

exterior solutions for  p ( r , 8 , z ; w )  can be n :I 
- —w r i t t e n  as

1.1547 ~
~p~~~~(r,e ,x ; w ) et~~ E E ~~~~~ ( ( v ( w ) ) ~ qr)  xn o  k— i nX n

qa
x f ~~~~( O )  O’r’a (3.la) Fig. 2. The dispersion relations for magneto—

static surface modes on a gyrotropic right

p~~~~(r , B , z ; a)  ~~~~~~~~ 
~~ 1b K  

circular cylinder, and on a gyrotropic bar of
0 (qr )  x square cross section . (M0—1 , ~

g
~/w0=l.l5467)

x f~~ )(B) r� a  (3.lb) In F ig. 2 we present d ispers ion curves
for  modes of F1 and F 2 symmetry , obta ined w i t h

where j  ~F1 F2, F3, F~ labels the irreducible N=4 in each case . The convergence of this
representat ions of the point group C4 of the method seems to be qu i te  good . When these

curves were recalculated with N=5 the lowerbar , and f 1~,~~ (8) and f~,~~ (8) are the parts of ~ reque~Ioy..ji~pde of r 2 symmetry shifted a max—cos nB and sin nB , respectively , which belong imum of O.7%~~wh-tle the higher frequency modeto each of these irreducible representations , of this symmetry shifted a maximum of 1.1%.
for example: The higher frequency mode of F symmetry shif-

ted a maximum of 2.5% , while tile lower fre—(F 1) n 2 nit quency mode shifted by 10%. In each case the
• f (B ) cos ~~~~ cos ~~O5 n B sh if t  was in the direc tion of lower frequency.• nl

The higher frequency mode of F1 symmetry and(F 2) nn 2 nit
iii. 

(B )  = cos -~~
- sin -~~- cos n 8 (3.2) the two modes of F symmetry have the form to

expla in the resu1t~ shown in Fig. 1, which
(F 1) nit 2 nn lends support to the lat ter  advanced in the

f~2 (8) = cos -.
~~
. cos -~~- sin n 8 Introduction.  Results for modes of and r4symmetry are now being obtained.

f 2 (8) nit 2 nitcos -~~- sin -~~
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