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The adaptive line enhancer is a new device with unique capabilities. The device has

I significant applications in the enhancement of narrowband spectral lines in a broadband
noise field when there is a poor signal.to .noise ratio at the input and there is insufficient
a priori information on which to design appropriate filters. The device automatically - . • • 
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filters out the components of the signal which are uncorrelated in time and passes the
• correlated portions. Since the properties of the device are determined solely by the inpu t

signal statistics , the properties of the filter automatical ly adjust to variations in the input
signal statistics to obtain the LMS approximation to a Weiner-Hop f filter. The device
will thus track slowl y vary ing spectral lines in broadband noise . This paper derives the

-: properties of an N .weight adaptive line enhancer for a single stable input spectral line in -

both an arbitrary and a white noise background. The fundamental ploperties of the
adaptive line enhancer are discussed in terms of these solutions.
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SUMMARY

PROBLEM

The adaptive line enhancer (ALE) is a new device with unique capabilities. The

device has significant applications in the enhancement of narrowband spectral lines in a

broadband noise background when there is a poor sign-to-noise ratio and there is insufficient

a priori information on which to design appropriate filters. This paper explains th e theoreti-

cal basis for the unique properties of the device and presents computer simulations of the

broadband noise reduction which can be achieved by the device.

RESULTS

An analytic solution is obtained for the LMS weigh t vector and the signal-to-noise

enhancement of an N-weight adaptive line enhancer for a single stable input  spectral line in

both an arbitrary broadband noise and white noise background. It is shown that  the ALE

forms a narrowband filter in which the passband is centered on the frequency of the input

spectral line. It is shown that , for stable lines , the signal-to-no i..e enhancement depends only

on the number of weights and is independent of the input  signal-to-noise ratio. It is shown

that the ALE adjusts the phase of the time-delayed input  signal so that  the components of ’

‘ the two channels are in phase and sets the amplitude of the filter weights so that  the total

signal and noise power within the filter passhand is equal in the two parallel channels.

RECOMMENDATIONS

The results of this analysis for a stable spectral line substant iate  the properties of ’ the

[I ALE that  have previously been observed exper imental ly  and by computer s imulat ion.  It  is

now of interest to determine to what ex tent  these results can he extended to include the

properties of the ALE for inpu t  signals consisting of ’ mult iple .  non-int erfering spectra l lines

-
. 

•:‘ and/or t ime-va rying or short-duration input  spectral line s . All analyt ic  solution to the time-

varying case requires that  the magni tude of the misadj us tment noise he included in the solu-

tions and is of part icu lar  interest ui predict ing the capabili t ies and appropriate design 

i.~ --~~~~~~~~~~~~ - - - - - - - - - - - --“- - - - - - • —--- ------- --- ~~~~~~~~
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parameters of the ALE in practical applications. Initial results indicate that the time-va rying -.

- 
case can be solved by a straightforward extension of the results of this paper. --
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.. I . INTRODUCTION

- The adaptive line enhU . 1r (A L E )  was first conceived and implemented by J. McCooI

and B. Widrow. They discovere d that a new device could be constructed by alternating the

inputs  and outputs of an adaptive LMS linear transversal filter 1 1,  2 1.  The capabilities of

this device are unique ,  and its applications to the measurement of narrowband spectral lines

in a broadband noise field are significant in cases of poor signal-to-noise ratio when insuffi-

- cient a priori information is available to design appropriate filters. The ALE automaticall y

filters out the component s of the input  signal which are uncorrela ted in time and passes the

correlated portions. When the input  wavefo rm consists of a set of non-interacting narrow-

band signals superimposed on a whi te  noise input  signal, the ALE constructs a set of narrow-

band filters whose passhands are centered about each of the narr owband input signals.

The device thu s approximates a set of matched filters in which the filter passhands

- - are determined automatically ,  solely on the basis of’ the input  signal stati stics. No a priori

$ - . information as to the number of signals , their frequencies. or of the dynamics of their source

• . is required. For stable spectra l f ines , there is no threshold signal-to-noise ratio required to

- ensure effective operation of the device and the signal-to-noise enhancement achieved is

.. independent of the input signal-to-noise ratio . Since the ALE is an adapti ve fil ter,  the

device will automatically adjust the passband of the f i l ter  to follow changes in the input

• signal statistics 12 1.  The ALE is thus capable of trackin g slowly var ying spectral lines in

- 
broadband noise . Tile frequency l imitat ions of the de vice are determined by the input

i i  sampling rate. the number of weights , and the weight update rate. The time required to up-

‘ date each weigh t on current hardware is approximatel y 500 nsec per weight . and each weight

~
] is updated at the inpu t  sampling rate.

I 
These properties of the ALE have been verified experimental ly and by computer

I

t sin lu lation s .* The signal-to-noise enhancem ent of the device is achieved by measuring corre- 
-

• 

- 
la t ions between the signal and noise component s of the input  waveform. Since the signal is

1,I It sic at tht ~a I ai I Itth ro a Ct  lift r ( Jt
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correlated in time and the noise is uncorrelated , the processing gain of the device can he

increased for stable lines by increasing the number of filter weights . This paper provides a

theoretical basis for the described properties of the adaptive line enhancer and presents rep-

resentative computer simulations of the broadband noise reduction which can be achieved 
-~~

by the device. Since the ALE is a variation of the LMS adaptive filter , the basic criteria

regarding the convergence and stabi lity of the filter are identical to those derived in Refer- 
- .

ence 2. In this paper we will derive the LMS weight vector and the gain in signal-to-noise

ratio for an N-weight ALE for an input sig’nal consisting of a single stable spectral line in an 
-.

arbitrary noise background. These results are used to derive specific solutions for a white

noise input.  These solutions illustrate the fundamental properties of the ALE and provide

a basis for extended analysis to include the properties of the ALE for input signals which

consist of multiple spectral lines and/ or time-varying or short-duration input  spectral lines . 
- .

II. ADAPTIVE LINE ENHANCER

An ALE for real input signals is shown in Figure I .  As incidated in Figure 1 . the

input signal X(j ) is fed directly to the positive port of a summing function and is simulta-

neously fed through a parallel channel in which it is delayed , passed through an adaptive

linear transversal filter and then subtracted from the instantaneous signal. The difference

between these two signals is the error signal eU ) . e(j ) is mul t ip l ied  by a gain ~i and fed hack

‘1

X (j )  +

IN

ADAPTIVE FILTER

i~ i _ _ _ _ _ _  
OUT

/ _

f i gure I. t he Adaptive fine Enhancer: X t i  i s the input wav eform . S I  Ii~ed time delay :
• Ytj ) is the output of the adaptive filter and the Al I ~ denotes the summing ~Uflction . Etj ) is

the error signal; and ~J is the feedback gain .

_  
_ _  

2
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to the adaptive filter to readjust the weights. The weights of the filter are readjusted unt i l

e(j ) is minimized according to the recursive algorithm 12 1 .

I - ~~- —~~~~ —~~ _-, —~~~~ —~~~~

W(j + I )  = W(j ) -~LA~~ W(j ) +  2 ~.te (j ) X(j ) ( I )

Thus, when the mean square error is minimized , W. = W.. and the filter is stabilized. This
i -I- I J

algorithm is obtained by using the method of steepest descent to minimize the mean square

error as discussed in Reference 2. it was shown that for steady-state input  s tat is t ic s , as the

integration t ime becomes long, the weight vector that  minimizes the mean square error is

equivalent to the Wiener-Hopf solution . i.e..

W LM S = (X’ . X ) 4~(X ’ , X ) ,  ( 2 )

where X ’ is the samp led. time-delayed signal vector , and X is the instantaneous signal at

the positive port of the summing funct ion.  ~ (X ’. X’) is the autocorre lation matr ix  of the

sampled, time-delayed signal . and ~ (X’ . X) is the crosscorre lation vector between X ’ and X .

It has been shown that  Eq. ( 1)  is equivalent to Eq. (2 )  wi th in  the misadjustment noise of

the filter 12 1~ The misadj u strn ent noise is present because of the error that arises in esti-

mat ing the gradient of the error surface in Eq. ( 1 ) .  The recursive implementa t ion of E q.

thus allows an approximate Wiener-Hop f solution to be obtained in real time and circun i-

vents the di f f icul ty  of calculation iX ’ . X ’ ) expl ic i t ly  12 1 .  The magnitude of ’ the mis-

adjustment noise decreases as ji decreases 12 1 A good approximation to Eq. ( 2 )  can he
- obtained by the recursive implementation ot’ Eq. ( I )  by proper adjustment of the feedback

I gain parameter . As p decreases , the t ime constant of the fi l ter increases and a fundamental

l i m i t  arises for t ime-var ying spectral lines . Tile interrelat ionships between the f i l ter  time

H ‘ con stant.  the feedback gain param eter . and the f i l ter  m isadjustment  noise for time-varying

I. t r  ii l ines in bro idb ir id noi st will  h~ treatcd in a sub sequent paper In thi s  p Ipt r we

~ 
determine the solut ions achieved by the f’i l ter for stable inpu t  signals. In th i s  case the

- - 
- . 

IJ f ’i lter n i isadj u st ment noi se can a lw a y s  he made negligible by reducing the value of ’ p -

U lo il lustrate  the es sential  feature s of ’ the •-\l I: . we will  t’irst discuss ti le properties

at’ a 3-weigh t and a 4-weight -~ I I - - l hese cases can easi ly he tre ated analyt ical ly since

~~
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-
- J cV~ (X’ , X’) can readily be derived. For a single complex spectral line in broadband noise.

it is possible to obtain an explicit expression for 4”~ (X ’ . X’ , for an N-weight filter by de-

composing the matri x into a vector product. It will be shown that the results obtained for

real and complex input signals are equivalent and the filter gain and the LMS weight vector

will be derived for an N-weight filter for a single spectral line in white noise .

HI. PROPERTIES OF 3- AND 4-WEIGHT ALE ’S FOR A
SINGLE SPECTRAL LINE IN WHITE NOISE

A. PROPERTIES OF A 3-WEIGHT ALE

Consider the 3-weight filter shown in Figure 2 with w c~ = ir/2 and = 2ir/3. If

X~j ) = A s i n w & + x ~ 0(j ) ( 3 )

then

X~ (j ) Aco s~~ 0j + x ~~1~j) ( 4) 
-

X~lj) = A sin (w 0j + 30° ) + x n 2~
j ) ( 5 )

X~~j ) = A sin (w 0j — 300 ) + x~ 3~~) .  (~~)

X(J) + , x  ~t i1

• IN I

• I 
_ _ _ _

—j 

‘((jI 
/ ~~~_ _ _ _

- / / _

F igure 2. A 3’weight adaptive line enhancer. indicates the value of the weight at the 1th tap.

4
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where A is the m a x imum ampli tude of the spectral line and x~~) is tile time-delayed signal at

the ~th tap at the j th input sample time. x~~(j ) is the broadband noise component of the

• input signal at the 1th tap , and x~ 0U ) is the instantaneous noise signal at the j th i terat ion.  i f

the time delays ~ and ~ are sufficient to decorrelate the noise in the two channels ,  for a

-
~ white noise field.

• lim I I
T~~°° 2T I x n~~x ni d t = O  (7)

J -T

The input signal correlation matr ix  is thus given by

/ ( 1  + C)  — 1/ 2 — 1 - 2

~ (X’ , X’) = a ( — 1/ 2  ( 1  + C) — 1/ 2  ) .  (8)

- \ — 1 / 2  — 1 / 2  ( I

where

02 A 2/2 , 
(9)

and

1
- 

• C = o / c ~’ - ( l 0 ~n S

and a are the time-averaged signal and noise power per uni t  bandwidth ,  respectivel y.

- 
- The crosscorre lation vector between the signals in the two parallel channel s is given by

( I I )

- 
thus , from Eqs. (2 ) .  (8) .  and ( 1 1 ) ~

W LM
’
~ 

= ( 3 ’ ) + ( ’  (_
(
~
) 

= (3 2 ) o + 0  
— l 

l~(\ X’ ) ,  ( 1 2 )
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The steady-state output of the ALE is given by

YU )  = W LMS X U )  ( 1 3 )

and

= (
~ : :~) [A 

sill + ~~~ — x n 2(J~~ 
( 1 4 )

The ALE thus adjusts the weights so that  the narrow h and sign al component ot Y ( j )  is in

phase with X (j ) .  The gain in signal-to-noise power is given by

G = I ( ~~ N ) \ , ( 1)  ( S / N ) x(j ) 1 .

where ( S/N )~ (j ) i s t h e rat i o of ’ t he si gnal power to the noi se power in the ou t p u t  ~v a \  eform .

and (S/N ) x(j ) is the signal—to—no is e ratio in the input  waveform.
0 

(S/N ) y (j ) t~
2
~ sl/1Y

2 (i)IN . ( l b )

where [y 2(j )J 5 and [Y
2 j )J N are the time-averaged si gnal and noise power components of -

Y 2
~j ) .  From Eq. ( 1 4 ) .

( S/N ) y(j ) = 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

‘ ( 17 )  
-

~~~

For white  noise.

-

~~

- -

~~

- —s- 
~~~

U = U = U = U , = U . 
( 18)

ti no n I n _  n3

and

(S !N ) y (j )  ~~~~ . 
( 1 ~

) )

ihere t ’ore.
‘1~

( 20)

(-i

~ 

• ,• ~~~~~~ ~~~~~~~~~~~~~~~~~~~ •
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- B. EFFECT ON VARYING INPUT SIGNAL SAMPLING RATE

- 

I A variation in the time delay between taps for a given itiput signal varies the sam-

pling rate and changes the magnitude of ’ the elements of the signal correlation matr ix ,  The

gain in the signal-to-noise ratio of the filter thus depends on the details of the sampling

process . The filter gain , the LMS wei ght vector , and the crosscorre lation vector are tahu-

lated for various time delays and sampling rates in Table 1. The dependence of the filter

• gain on the sampling rate arises because the sampled waveform is not an accurate representa-

- - 
tion of the input waveform. As the nun lh er of weights increases and the sampled waveform

becomes an accurate representation of the input  waveform , the gain of the t’i lter approaches

-
~ a value that  is determined by the average v al ue of the input  waveform and is independent  of

• the details of the sampling process. This will  he shown in the next section for an N-weig ht

t’ilter for a single spectral line. (TIle sampling rate should be asynchronous with the  frequency

of the input signal to ensure that  the samp led waveform is approximately equal to the input

- waveform. )

Table I .  Properties of 3- and 4-Weight Adaptive Line Enhancers

-

~ N W o~ U W LMS (1)(X . X ’ )

- PT / 0 \  rr / 0
• 3 90° 120 0 3/2 , (—1 ~ .~~ _ U 2 ( — I

- 

- ‘  

3 + 2 (  \ o /  
2 S

• - 
. 1/ 2 , / l ’2\

3 600 600 2 ( 2 + C ) 1 
(

~_~/~/2) 

~~
• I 3 90~ 90° 1 ( 1  + Cr 1 ( — I  I U I —l

• - - --i / 0\  / 0

4 90° 90° 2 ( 2 + (  ( —1 (—
~) 

O

\ 1 \ l

~~~~~~~~
• 

~~~—:~~ [ ‘  -

~~~~~~ ~~~~~~ 

Although  the gain is d i f f e r en t  in each of th e examples in Fable I . no le tha t  in each

- . - - case

- 
- - • - 

• — F 1 ‘1—1
- - 

- ~~~~~~ 
W LMS =

~~
U U + a 1  tl ’ ( x . x’) .
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- - Thus if the input signal is given by Eq. ( 3 ) ,  and Eq. (7) is satisfied, the crosscorrelation vector

is given by

cos w0~
- cos w0(~~+~~)

4(X , X’) = o . ( 2 2 )

cos w0[ ö + ( N — l ) ~~1

IV. PROPERTIES OF AN N-WEIGHT ALE FOR A SINGLE
SPECTRAL LINE IN BROADBAND NOISE

If the input signal is a complex waveform consisting of a single narrowband cam-

ponent , it is possible to decompose the autocorrelation matrix into a vector product and

derive the filter gain and the LMS weight vector for an N-weight filter. If there is no correla-

tion between tile narrowband signal component and the liaise component of the input  wave-

form , the autocorrelation matrix can be separated into  two matrices. one expressing t h e

noise correlations between taps and the second expressing the narrowband signal correlations.

Thus for an N-weight filter ,

~~~ (X , X’) = P(X~. X~) + Q(X ’~. X 1) . (23 )

where P is the narrowband signal corre lation matr ix , and ~ is the iioise correlation mat r ix ,

For an N-weight filter ,

P l l ~~ l ’ ’ - ’ ~~ln

P (X’ ,X’ ,) = : ‘ 
( 24 )

I 
Pt il ~n2 , 

~nn

• 
• - 

- • , where

- ~~~~~~~~~~~~~~ I l in i I= .7. r_ I oo
~~T_ J  x ’(j ) x ’~ (j ) d t .  ( 2 5)

U r
I.. -~

-- 
~!_~~
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-
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I Likewise , -

•

- 

-

Q (26)

where

rT
i lirn i i= -‘-
~~
- T +

~~~T. 
~ 

x ’t ’~j) x flk (i) dt . (27)
U J-T

For a single complex spectral line ,

L x ’~i) 1 = A exp Li w0(t + 6 + i~~) 1 . (28 )

‘vhere

= 0, 1 . . . . .  ( n — I ) .

• Therefore ,

• ~ik = exp Ii W o ~~~~~ 
k ) ]  . (29 )

For a single complex spectral line , it is thus possible to define a delay vector . D. and

~iecompose the P matr ix into a vector product. From Eq. (29 ) . if

I l  
I

l
. I

[1 2j cc0~
ti D = e~~

6 (30) 
:

1_ i 
e~~~~

J
~”0~

~~* t i  P = DD *T . (31 )  F

p 
-~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ — - -- _ _



- ‘ - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~

-
~~~~~

--‘--

—S

Eq. ( 2 )  thus reduces to

WLMS = ~o Q + a D D *T) 
I 

o D .  ( 3 2 )

For an arbitrary square matri x A and arbitrary column vectors U and V . it can be shown

-
• 

that [3j

(A + UVT ) 1 = A~~ 
_~(A l U ) ( VT A_ l )/ (l  +v T A—I U)~ . (33)

Using this identity.  Eq. (32) reduced to

W LMS = ~U~~Q-1 
D/c) {l  

- ~~~/ a~ ) {D
*TQ~~ D/ :: 

-

II + D*T Q_I 
D/ç)~}}. 

( 34 )  -:
Equation (34) can be reexpressed in term s of the filter gain. When the signal and - ,

noise waveform s are uncorre lated , it can readily be shown that  the gain of the fil ter is identi -  - •

cal to that previously derived for an N-element detector array. Eq. ( 1 5 )  thus reduces to 13 1 -.
S

G = ~~~~~ P W LMS ~~~~~ Q W LMS ~~~~~~~

As indicated by Eq. ( 1 ) .  a stable solution for the wei ght vector of the ALE is obtained 1w 
-

minimizing the output  power at the summing junction.  I t  has been shown that f ’or a Wien er

processor analogous to the ALE .  the minimization of the output  power is equ iva len t  to

maximizing the gain of the array 13 1. By differentiatin g E q . ( 3~S) and solving th~ corre-

sponding eigenva lue equation . it has been shown 131 that

G = D~T Q_ l D .  3~~

Eq. (36) there fore reduces to -.
W L~~~ = W0 Q ” D ( 37 )  

- •

-- -~~~~ --m-~~~~-- ~~~-- 
J
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where

1 1

W~ = a / ( Ga ’ + a ) .  (38)
‘J 5 /  5 fl

Equations (36) and (37) give the LMS weight vector and the filter gain for an arbitrary

broadband noise background. For white  noise.

Q~
l = I .  ( 39)

where I is the arbitra ry matrix. Thus Eq. (37) reduces to

• G = N * N / 2 , (40)

N* is the numbe r  of complex weights and N is the total number of weights. (Two linear

delay lines are required to process the complex input  signal expressed by Eq. (28 )  since the

real and imaginary components must be processed independe ntly. A comp lex weight thus

consists of two taps - one on each delay line [4 1.) Thus for a white noise input .

W L~~~ = W0 D. ( 4 1)

For a real input signal

Xii ) = A cos w0j + x ~ (j) . ( 42)

and

P = R e ( D D ~
1) .  (43)

h Thus

Pik = CO’s I ( t  — k )  W (j~~l . 
(44 )

I’

“
~ 

In this Lase th t~ P matrix is no longLr separable into a vet tor product but if the interference
- ‘•

~~~~~~~ i ( between positi ve and negative frequencies is negligible (i.e.. when ~o >> I/N )  W LMS is give n

by the real part ot’ Eq. (41 ) .  Th cr et ’ore. for a real input signal ,

W LMS = W 0 Re ( Q ~~ D ) .  (45)

~~
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For white noise , Eq. (45) reduces to ,

cos w0 b
cos w0 ( ö + ~~)

W L~~J = : (46)

cos wo [6 + (N — l )~~1

Note that Eq. (21 )  and Eq. (46) are in agreement. Since the filter gain is a scalar . G cannot

be determined from Eq. (36) for real input signals. However , as shown in the Appendix , by

evaluating Eq. (35) . the filter gain also equals N /2 for a real input signal. The gain of the real

and imaginary components of a complex ALE are thus equal.

V. DETERMINATION OF THE FILTER OUTPUT AND THE FREQUENCY RESPONSE

The output of the ALE can be determined in terms of Eqs. ( 13 )  and (46) . if

X ii) = A cos wøj + x n (j ) , (47 )

the filter output is given by

Y(j ) = W0 

N — I 
A cos ~o~6 + i~~) cos W0 Ij (6 + i~~) J

i 0

N-I )
+~~~~~ cos w0(6 + i~~) ‘~ni~J~( ( 48)

i=0 )
Thus . t u e  narrowband spectral components of Y(j ) and X (j )  are in phase when

~~~ sin w0 ( 6 + i ~~) c os~~ 0 ( 6 + i ~~) = 0. (49 ) ]
This identi ty is satisfied in the four cases listed in fable I but it not true for arbitra ry values

of~ and ~~~ . In the asymptotic l imit  as N becomes large . the summations in Eq. (48) can he

evaluated in terms of the average values of ’ the waveforms. As N becomes large,
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~~~ 

cos2~~ o 6 + i ~~~~~
4f 

cos 2
~~ 0t ’dt~~~N /2 , (50)

and

N-I
- ~~~ sin c~.,0 (6 +i~~) c os~~0 (6 + i~~)~~~N/4T sin 2~~0t d t ’ 0 .  ( 5 1)

i=0 J— T

-

‘ There fore ,

N
Y(j ) W0~~ A N / 2 ) c o s~~ 0j +  ~~~ cos w0 ( 6 + i ~~) x ~ 1(j)~- . (52 )

‘I i= l

r
For a white noise input , tile frequency spectrum of the output is thus equal to

I 

Y(w) = W 0 2irNA 16 ~ - 

~~ + 6 (~~ + (A) 0 ) 1

+ k(w) (N ~ / 2)  
I

sinc (w + wo) N~~/2 + sinc (w - w0) N~~/2 J - . (53)

I

! where kb .,) is the time-averaged noise power per unit  bandwidth. The filter output can he

- determined by transforming Eq. (53) . As N~ increases , the ALE becomes a narrowband

filter , and the narrowb and-f ’iltered noise term is given by [5 I

-
~ 

• 

n(j )  = r11
(j )  cos [w 0j + Ø~(j ) I (54)

.
~~~ 

where

I
r = n + n and = tan~~ (n 5 n , ) .  ( 5 5 )

~~~~~ The terms n c and n 5 are determined from a summation over the filter bandwidth. B. If the

• t ih ter bandwidth is divided into M hands . where B = MM .

= 

m~~~~:

05 (2
~

m
~~

t + 0 m ) ±1
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and

M/ 2
n5(j) = ~ Am sin ( 2irmMt + 0m~~’

m - M/2

Equation (53) shows that the filter formed by the ALE is a narrowband filter centere d at

w~ . and the narrowband component of the filter output in Eq. (53) is in phase with  the input

spectral line. The filtere d noise term has a random phase factor as indicated in Eqs. ( 5 4 ) —

(57) . but represents an additional narrowband signal superimposed on the spectral line .

which increases the recognition differential of the spectral line. The presence of ’ tile filtered

noise term accounts for the noise power term in the amplitude factor W0 in E q. ( 38) .

VI. SIMULATION RESULTS

Computer simulations of the ALE are presented in this section to demonstrate i t s

transient behavior. Figure 3a shows the comparison of the input and output  signal of a

256-weight ALE after 512  iterations (two filter lengths in t ime ) for an input  signal-to-noise

- 
- ratio o f — I 2  dB. The white noise input spectrum was limited to 3250 Hz with a sinusoidal

input signal at 1 000 Hz. Figure s 3b and 3c give the Fourier transforms of tile input  and

output signals shown in Figure 3a. The value of ~ = io~ in this case and the adaptation

is slow due to the small value of~~. Figure 3d shows the output spectrum after 2048 itera-

tions and indicates the enhancement of the signal achieved by the ALE. Figures 4a and 4h

show the input and output spectra of a I 28-weight ALE with ji = 10~~ and a signal-to-noise
p

ratio of —20 dB for a sinusoidal signal at 1 000 Hz and a whi te  noise b andwidth  of 3250 Hz.

Figure 4h indicates the abi l i ty  of t h e  ALE to find the spectral line and fil ter out the broad-

hand noise. Figure 4h shows that , in addition to the spectral line , noise lines may also appear ]
at the output due to short-term correlations in the noise. These additional lines are t ransient .

however , and a comparison between Figures 4a and 4b clearly indicates the signal-to-noise 
I ~enhancement at tainable with the ALE.
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VII. CONCLUSIONS

We have illustrated the procedures by which the properties of the ALE can be derived

for a filter with a finite number of weights and derived the asymptotic values of the f i l ter

gain and the LMS weight vector when tile input  waveform consists of a single spectral l ine in

white noise for a fil ter with a large number of weights (assuming that the sampling t ime

increases as N increases and that the sampling rate is asynchronous with respect to w0 so that

the sampled waveform equals the input wavefo rm). It is shown that as long as the time

delay is sufficient to decorrelate the noise between the two channels of the ALE the basic

• structure of the LMS weight vector (i.e.. the relative magnitude of the individual weights ) is

independent of the noise power and is determined solely by the spectral components of X i i ) ,

The noise power affects 
~‘ LMS only in terms of the amplitude normalization factor. \V0. as

indicated by Eq. (38) .

The filter output and frequency response of the filter were derived , and it was shown

that the filter adjusts the phase of the time-delayed wavefo rm so that  the spectral compo-

nents of the waveforms in the two channels are in phase at the summing junction . The fre-

quency response of the filter was shown to he proportional to a sinc function centered at
-

• the frequency of the input spectral l ine. Thus . as the number of weights increases (fo r a

fixed sampling rate ) .  the passband of the filter narrows in frequency and the overall gain of

tile fil ter increases. As the number of weights becomes large , the filter gain approaches N f ’

as indicated by Eq. (40) . The ampli tude of the weights is adjusted to minimize ~~~ ) as m di-

cated by Eq. ( I ) .  Equ at ions  ( 52 )  and (54 indicate that  the filter will  at tempt to adjust the

• 
phase and ampli tude of the spectral compon eilts of the input  wavefo rm so that they cancel

at the summing junc t ion .  For uncorrelated noise. e (j ) is minimized by filtering out as much

of the noise in Y(j as possible wi thout  a t t enua t ing  the spectral components. The filter out-

put con sist s  of t h e  input  spectral l ine  plus t ’iI(ered noise centered at the frequency of the

sp ectral  l ine ,  T h e  a m p l i t u d e  n ormal iza t ion  factor. W~ . adjusts the gain of the weights unt i l

the power i~ t the  spectr a l  components  at w = in the two channels are equal. Since the

narrow b and f ’i l ter cil  noise add ’s to th e  ‘s ignal  at w = 
~~~~~~~ ~\ 0 is proportional to the fil ter gain

and (lie inp tu sign.iI and noi se power. It  would be expected tilat as the signal-to-noise ratio

approaches ,c r I C , th e ou tpu t  p ower of ’ the f i l ter  wou ld approach zero. since in this case € — ( j )

2 1
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would he minimized by t’i l ( ering out tile ent i re  input  waveform . This property is evident

since W0 — 0 as -‘ 00, The significant feature  of the AL E is tha t , al though -

w0 0 as o;/ Go; —~ 0~~, the relative magnitude of the ii ld ivi dua l weights and, consequent ly -

tile bandwidth of the filter , is independent of the input  signal-to-noise ratio. This fact .

• coupled with tile fil ter gain achieved by performing correlations between the signal and the -

• t ime-delayed signal , assures e ffective operation of the devices for stable input  sigi lals even

when the input signal power is significantly less than the input  nOise power. It  was shown -

that the ALE does not increase the magnitude of ’ the t ransmit ted  spectral lines. Rather ,  the

fil ter  decreases the nl agn itude of ’ t he output  power at frequencies outside the passband ol ’ the  I

fi l ter . The fi l ter  enhances the spectral lines because of the enhanced recognition d i f t ’ere n t ia l

between adjacent f’requency bins inside and outside the passhand of ’ the t’i lter .  The A1 •l

functions as a matched f i l ter  tha t  is COilstr u ct ed au tomat ica l ly ,  wi th  no a priori i n fo rma t ion .

on the basis of ’ the input  signal characteristics. Al though the values of the gain and the f re-

quency response of the filter derived above are valid only when the input  waveform con sist ’s  
—

of a single spectral line in whi te  noise , it is c lear tha t  the principles delineated above also

apply in the more general case ot’ non-interfer ing mul t ip le  spectral lines ill correlated iloise.

As shown above , the f i l ter  tends to pass the components of the input  waveform that  are

correlated in the two parallel channels  of ’ the ALE and to f ’ilter out the uncorr elated portions . 
—

Tile adaptive line enhancer provides a general method of increasing the detect ion

probabil i ty of stable spectra l l ines in broadband noise. The f i l te r  parameters were obtained

t’or an arbitra ry noise field and specifi c results were derived (‘or a whi te  noise spectrum at the  j
i npu t .  For stable spectral l ines , the eft ’ect iveness of ’ the d evice was shown to be defe r m ine d

— by the number of ’ f’ilter weights , by the autocorrel at ion f u n c t i o n s  of ’ t he signal and noise com-

ponents of the input  wave f ’ornl . and by the crosscorre lation between the signal and noise

components of ’ the ins tan taneous  wavef ’orm and tile time-delayed waveform . 
]
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APPENDIX

DETERMIN ATION OF THE GAIN OF AN N-WEIGHT ALE FOR THE REA L
• COMPONENT OF A SINGLE SPECTRAL LINE IN WHITE NOI SE

If the input narrowband waveform is expressed by Eq. (42) and the noise background

is white , the gain of the filter can be determined from Eq. (35) . There fore. - ,

-: 
• 

/O 2 A2\E~~~ 
w i wk~~~

f

cos wo ( t + b + i ~~
) cos wo ( t + 6 + k ~~

) d t

n i k —T ( 58)

~~~ 
~~~~~ w i wk~~f f x ~ i(t ) x nk ( t ) d t

For white noise ,

fT O f o r i � k

~~~ ~ 
x~ 1( t) X nk (t ) dt = ., 

( 59)

J— T o~~for i k

~~H and ,

N -I N - I

- 
~~~~~ \V + ~~~i ‘~k ~ Eo~ 

( s C -  i.~ cos ~ ‘sill ,~ sin k.~ IJ
— =1 1=1) =1)

G (a:/4 i~~k (60)

j k

¶J
_
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Using Eq. (46), Eq. (60) reduces to

- N-I N-I
- • E ~~~ (cos2 iz~ cos 2 k~ +~ -sin 2i~ sin 2k~~)

i=0 k=0

I G =  1+  i~~k 
N—I 

• ( 6 1 )

~~~ cos i~
-~ i=0

• There fore . if the sampled waveform is an accurate representation of the input wavefo rm .

N
G = i +~~~ ~~~~~~ 

— ~~~ ~~~ sin 2 2 k e 0~ + cos4 kw O~ )} 
(62 )

k= l~

Since

-
‘

I I

~~ f_1
c0s4 x dx ~~, (63 )

Eq. (62) reduced to

- 
‘ ‘  G = N/ 2 . ((,4)

.1 - 
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