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A PATROL CAR ALLOCATION MODEl.

*
by Jan M. Chaiken and Peter Dormont

The Rand C o r p o r a t i o n
1700 Main S t r e e t

San ta  Mo n i ca , C a l i f o r n i a  90406

• June 1976

~~~~~ra c t

A compute r  p rogram has been desi gned fo r  specif y ing the number of

police patrol cars that should be on duty in each geographical command

of a city at various times of day on each day of the week. The program

is a synthesis of the best features of previous patrol car allocation

models , with several improvements , includ ing the capability to prescribe

allocations when one tour in each day in each geographical command over-

lays two other tours. The program was designed to be inexpensive and

readil y t r a n sf e r a b l e .

I
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*Current address for Peter Donnont: Mathematica, Inc., P.O. Box 2392,
Princeton , New Jersey 08540
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During the last decade , a considerable amount of effort has been

devoted to methods for allocating police patrol cars. Out of this work

have evolved several computer programs for specif ying the number of

patrol cars that should he on duty in each geographical command of a

city at various times of day on each day of the week. These programs

were intended to substitute for the use of “h a z a r d ”  or “work load”  for-

mulas , which are still widely popular although their failings have been

pointed out repeatedly [2,7,16 ,211 .

Most of the programs were based on , or were similar to , either the

resource allocation system of the St. Louis Police Department [27] or

a program designed by Richard Larson [21]. The most widel y known pro-

gram based on the St. Louis system was the Law Enforcement Manpower

Resource Allocation System (LEMR.AS) , a proprietary IBM package [ 13 ]
that was withdrawn at the end of 1974. Larson ’s program spawned the

following offsprir1g :

o The Police Resource Allocation Program (RAP), a proprietary

program of Urban Sciences , Inc . [31]

o A New York City Police Department RMP (Radio Motoriz ed Patrol)

allocation program written by Richard Mudge at The Ne~ York

City—Rand Institute [281

o A program designed for the Los Angeles Poli ce Department by

a UCLA class “Public Systems Anal ysis ” [1]

o A program written for the Rot terdam Pollee Departm ent I

While all of the programs were similar in many ways , e a ch  on had

several minor features that were considered either especiall y desirab le

or particularl y Inadequate by some ana lysts or police department s .

These features related to the program ’s mode of operation (hitch or in-

teractive), input requirements , assumptions underl y ing its c,~1c~i l i t  ions ,

or capabilities to take certain performance measures into account. As

a result , police department s considering a patrol car alloc ation i~r c r i n  
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had severa l competing alternatives , none of which was entire ly satis-

factory .

Aft er carefully reviewing all the patrol car allocation programs

that had been used by police departments up to late 1974, we designed a

general—purpose program that we call PCAM (Patrol Car Allocation Model).

This model incorporates , by user option , nearly all the features present

in earlier programs , together with several improvements. In addition ,

we followed certain princip les that , based on our rev iew , appeared l ikely

to enhance transferability of a new model. First , it could not be pro-

prietary or restricted in any way . Second , it had to be written in a

language that could be compiled on nearly any computer system and was

likely to he familiar to programmers in municipal government. We chose

FORTRAN . Third , ‘it had to operate in either batch or interactive mode,

at user option . Fourth , it could not require large amounts of core

storage or lengthy processing times . Fifth , it had to adapt flexibl y

to vary ing terminology (such as precinct , division , district , area ,

bureau , sector , station , and foreign—language words that mean the same

thing). Sixth , it had to have a comp le te , detailed user ’s manual per-

mitting app lications by police departments without outside assistance.

In the first four months after its release , PCAM had been adop ted

by most users of the earlier programs and by several additional depart-

ments. By January 1976 , it was in use at Larson ’s nonprofit f i r m  Public

Systems Evaluation (for applications in Wilmington , Delaware), at The

Institute for Public Program Ana lysis (for training purposes and pos-

sible application in several cities), and at police departments in

Seattle , Atlanta , Toledo , Minneapolis , the Netherlands , and Edmonton ,

Alberta. In addition , data bases were being prepared in antici pation

of its use in Los Angeles, New York , and Jacksonville , and the program

was made available to t ime—sharing customers of Urban Sciences , Inc.,

and Compu—Serv Network , Inc .
In this paper we present a brief history of patrol car allocation

programs to show how our model was synthesized from pri o r models and

then describe its features , capabilities , and algorithms. Further de—

ta ils are available in the documentation of the Patrol Car Allocation

Mod el , which inc l udes an executive sununarv for police administrators
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and planning officers [4], a user ’s manual [51, and a programmer ’s

manua l providing installation instructions , file specifications , and

an annotated program listing [6].

II. HISTORY OF PREVIOUS PATROL_CAR ALLOCATION PRO GRAMS

C h a r a c t e r i s t i c s  of the System

Al l  the  programs under cons idera t ion  in t h i s  paper  a l l o c a t e  p a t r o l

cars to independent  geographica l  commands. For clarity of exposition ,

we shall call these coimnands “p rec inc t s ,” a l t h o u g h  t e r m i n o l o g y  var ies

widely among police departments.  A precinct is not the area covered

b y a s ingle  p a t r o l  car , bu t  ra ther  is a larger  area , o r d i n a r i ly contain-

ing a s t a t i o n  house to which  the  patrolmen report before and after their

tours of d u t y .  The impor t an t  c h a r a c t e r i s t i c s  d e f i n i n g  a p r e c i n c t  are

(a) that its, commander has the capability or authorit y to dec ide  how

many patrol cars will be fielded at various times , and (h) that the

dispatchers of patrol cars treat the precinct as an independent command

by sending only precinct cars to incidents in the precinc t , except under

unusual circumstances. Some police departments consist of a single pre-

cinct.

Each precinct is modeled as a queuing system in which the servers

are the patrol cars and the customers are calls for service (cf~ ) to

the police arising from the precinct. Typical assumptions are that the

calls for service can be distinguished by priority level , that each call

is served by a single patrol car from the precinc t , that calls are p laced

in queue when all the precinct ’s cars are unavailable , and that queued

calls are subsequently served according to a first—in—first—out discipline

• within priority l evels.

Ordinaril y, some or all of these assumptions fail to be precisel y

correct In practice. Every police department receives at least a few

• calls that require more than one patrol car t o  he dispatched . In addi—

tion , if  a h i g h—priority call arrives when all the precinct cars are busy ,

~~~~~~~~~~~~~~~ _ ~~ _ •
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it will not actually be p laced in queue . Instead , an additional car
will be f ie lded  speci f i c a l ly to answer the call , a sergeant ’s car will

be dispatched , a patrol car from a neighboring precinct will be dis-

pa tched , a special—purpose unit such as a traffic car or plainclothes

unit will be sent to the scene , or some other way will be found to

respond to the call.

If these variations from the assumptions in the programs occur

infrequently, then they may be ignored without affecting the accuracy

of the output substantially. However , if the variations are large ,

then either the input to the program must be adjusted to account for

depar tmen tal practices or the output must be interpreted differently.

For exampl e, if the department dispatches two cars to every incident

and both of them .remain at each incident for the same length of time ,

the output can s imply be interpre ted as indica ting how many pairs of
patrol cars should be fielded .

Fur ther ass umptions must be made to produce a manageable analy t ic

model of the queuing properties of this system . Generally, the arrival
of calls for service in each precinct is described as a time—dependent

Poisson process , and the service times in the precinct are assumed to

have a negative exponential distribution whose mean may also vary with
time but is independent of other characteristics of the system . The

assumption of Poisson arrivals is conf irmed by data [20], but actual

serv ice t imes are neither exponentially distributed nor identical for

all calls. In particular , the assumption that the service time is in-

dependent of the system state is not correct , because the service time

includes the length of t ime required for the patrol car to travel to

the scene of the incident , which is a function of the number of avail-

able servers (patrol cars). Thus , conflicts arise between validity

and anal ytic simplicity of the models; these are resolved in various

• ways that will be described.

• A consequence of these assumptions is that the programs require

as input the average call rate and service time for each precinct , as

a function of the time of day. The computer programs for patrol car

allocation can he distinguished according to whether they do or do not

assist the user in estimating these input parameters. Those that make

.5,
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no predict ions have sometimes been opera ted  s impl y b y usi ng averages of

past data , and sometimes a separate program has been used to make the

required predictions . The details of prediction capabilities will he

described below in the discussion of individua l programs .

Another important system characteristic is that , from the point

of view of queuing , the number of servers is not constant over time .

Rather , patrol cars may be unavailable for reasons other than calls

f or serv ice (meals , auto repairs , on—view incidents requiring police

intervention , special assignments by a commanding officer , and the like).

We shall call these events “non—cfs ” unavailabilities and describe how

they are handled in each of the programs . One approach that has been

taken is to ignore non—cfs unavailabilities altogether. However , in

this case , the resulting output of the program may bear no relationshi p

to reality [1], in which case it is virtuall y useless as an aid to

planning .

A second approach is to consider non—cfs unavailahi lities as if

they were calls for service. If the estimates of arrival rates and

service t imes for non—cfs events are accurate , this method tends to work

well. However , it is not appropriate to make such estimates for the

future by projecting data from the past , because the number of non—cfs

events will change if the number of cars on duty is changed. Particu-

larly in departments where patrol cars are unavailable for dispatch

during meal times, it is apparent that increasing the number of cars

on duty will increase the number of non—cfs events , quite independent

of how many there were in the past. The importance of this effect

varies from department to department .

• A third approach to handling non—cfs events in a patrol allocation

program is to assume that cars busy on non—cfs work are not “effective ly ”

present. This means that the number of servers , from the point of view

of queuing ,  is estimated as some fraction of the number of patrol cars

fielded in the precinct. The advantage of this method is that the cal-

culations can be performed so as to take into account automaticall y the

change in the amount of non—cfs work that will occur as the number of

fielded cars is changed. Details of the method will be given as we

d iscuss the various patrol car allocation programs .

5’
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S t .  1, oui s  Police_ Department

The computer progra m s  f o r  the St . Louis Pol ice 1>t y, i  r t m e n t  were

i n i t i a l l y p roposed  and docum ented  by R i c h a r d  F. C r o w t h e r  [ I I ]  in 1964 .

(See also Shumate and Crowthe r  [30]  . )  D u r i n g  th e  f o u r  ~‘ears tha t  fol-

lowed , these  me t hods were r e f i n e d , programmed fo r  the  d e p a r t m e n t ’s

c o m p u t e r , and ap p l i e d  in  o n e  p r e c i n c t  ( c a l l e d  “d i s t r i ct ” in S t .  Louis )

by .i project team at the police d e p a r t m e n t  [ 2 7 ] .  While the to ta l  re-

source allocation project covered many topics , we shall describe only

those tha t were related to determining the nunber of patrol cars needed

in each precinct. These programs performed certain basic functions

needed for any patrol car allocation system. They were operated by the

departnent in batch mode on a regular basis for at least five years.

The programs had two components , one to predict call rates and service

times and the other to calculate queuing statistics.

Prediction . The city was divided into small areas (called Pauly

Areas) about the size of several blocks . Dispatchers ’ records were

coded according to the Pauly Area in which the incident occurred , and

a program was written to determine the number of incidents in each of

eight different categories tha t occurred in each Area in each hour of

the week. Exponential smoothing was used to project these counts into

the future , and the service t ines of incidents were similarly smoothed [25].

Since a precinct can in princip le be any collection of Pauly Areas , the

hourly call rate in a precinct was estimated by aggregating the call

rates for the corresponding Area s, and the service time was estimated

as a weighted average .

(hieii i~~g. The sy s tem was mode led  as be ing  in s t eady  st a t e  in each

h o u r , with Poisson input and exponential service times who se  means were

g iven  by t h e  e s t i ma t e s  f r o m  the  p r e d i c t i o n  program . A p rogram was

-~ w r i t t e n  to  g e ner a t e  t a b l e s  from E r l a n g ’ s f o r m u l a  [ 1 2 ]  showing  the  per—

c c l i t 5 l g e  of  c a l  Is  in each tour t h a t  would expe r i ence  a d e l ay  fo r  di t fe r—

• cOt  n umb ers  of servers .  (A “ tour ” i s  a pe r iod  of time , commonl y e i g h t

hou rs , d u r i n g  w h i c h  a p a t r o l car  may he on d u t y .  The f r a c t i o n  of ca l l s

d e l ay e d  d u r i n g  a t o u r  was e s t i m a t e d  as the w e i g h t e d  average  of the

~o ti r l v figures.) I)epartmen t policy was e s t a b l i s h e d  t h a t  at least enough

car s  s h o u l d  he f i e l d e d  to keep the number of c a l l s  p laced in queue under

~~~~~~~ 
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15 perc ent of the to ta l  number of c a l l s .  By c on s u l t i n g  the  t ab les  i t  was

possible to  determine the number of cars  needed to accomp l i s h  t h i s  objective .

For purposes of comparison with programs to he described below , we

shall point out certain details of the S t .  Louis  program . F i r s t , t he occa-

sional dispatch of more than one p a t r o l  car to an i n c i d e n t  was hand led  1ev

counting each d i s p a t c h  in the da ta  as i f  i t  r ep resen ted  an i n c i d en t .  Thus ,

an ‘incident requiring three p a t r o l  cars would count  as t h r e e  i n c i d e n t s .

This method appeared sa t i s f ac to ry ,  and i t  can be used w i t h  any of the pa-

trol car allocation programs .

Second , no attemp t was made to take  account  of n o n — c f s  work in the  S t .

Louis patrol  al location programs . The extent to which this led to actual

delays being higher than those pred ic ted  by the computer program has not

been reported , to our knowledge . However , the  department apparently had

adequate resources to keep the actua l number of calls encountering a queue

well under 10 percent.

Third , a l though cal ls  were divided into categories that could poten-

tially be distinguished by importance or priorit y , the particular perfor-

mance measure used (namely, the percentage of calls delayed) does not vary
according to the priority of a call. Therefore , there was no operationa l S

reason to distinguish among types of calls in the program output.

Finall y, the exponential smoothing technique was found to be ade qu a t e l y

ac cura te , through a comparison of the actual number of incidents and service

times with the predictions . Apparently the St. Louis Police Department

experienced little difficulty in selecting suitable smoothing parameters.

LEMRAS (Law Enforcement Manpower Resource A l l o c a t i o n  Sj~stem)

This IBM software package was based on the St. Louis system and in—

- • cluded all of its features , together with a number of improvements [13].

Once again, cities were divided into small areas (which were called

“reporting areas” instead of Pauly Area s) , and the number of incidents

and their service times were predicted by exponential smoothing. Inci-

dents could be divided into a large number of event codes , corresponding

to the names given to incidents by dispatchers , and these were aggregated

in to , at most , 20 “event classes” for purposes of statistical analysis.

Each event class could be assigned to one of three priorit~’ levels. 

~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~ — --•--~~~ --5 - -  —~- ,- -.- ~~::: ~~i.i •,.
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In an advancement  over the S t .  Louis  sys t em , the ISEMRA S program

operated on the assumption t h a t  calls of a given priority class are

not assigned to pat ro l  cars until all higher— priority calls have been

assigned . For each specified number of patrol cars on duty, the LEMRA S

program estimated the d i s t r i b u t i o n  of queuing delays , presented as his-

tograms w i t h  f i v e — m i n u t e  i n t e rva l s  fo r  each p r i o r i t y  c l a s s .  By t ak ing

into account the number of calls in each event class expected to occur

in each hour , this information was then summarized for each event class

on a weekly basis , or whatever was desired by the user . Thus a depart-

ment using the LEMRAS system could , if it wished , allocate cars to ful-

fill criteria relating to the proportion of calls delayed and the

distribution of delay within priority classes. Some LEMRAS users  chose

not to take advantage of its capabilities related to priority levels;

they simp ly classified all calls as priority 1. In such app lications ,

the departments had essentially the same p a t r o l  a l l o c a t i o n  sys tem as

St. Louis had .

Aside from the priority queuing feature , most of the other im-

provements in the LENRAS system were not conceptual in nature hut were

tor the  purposes  of a s s i s t i n g  the  user  in p r e p a r i n g  d a t a  f o r  i n p u t ,

p r o v i d i n g  f l ex ib l e out p u t  f o r m a t s , e t c .  L ike  its St. Louis predecessor ,

1~EMRA S was a batch program . LEMRAS was withdrawn by IBM at the end of

1974 because the program was not compatible with the l a t e s t  g e n e r a t i o n

of operating systems being marketed by the corporation , and most cus—

tomers were interested in an on—line interactive pr~~.ram , wh i l e LEMRA S

operated in batch mode.

Some LEMRA S users developed their own programs to format and print

onl y such LE~~AS output information as was of interest to them . For

examp le , if a department wanted to allocate enough cars to assure that

under 10 percent of calls were queued , it might not have any use I or

tables showing tie dela y s that would occur under allocations that did

not meet the objective .

Some LEMRA S users entered all patrol car work , whether for calls

fo r  s e r v i c e  or not , i n t o  t h e  d a t a  i n p u t  and were satisfied with both

the  p r e d i c t i o n s  and the  r ecommenda t ions  fo r  the  number  of cars to  he

f ielded . Other departments , such as the  Los Ange le s  P o l i c e  Departmen t

~ 

-
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(LAPD) [1] , found the predict ions for non—c f s work t o  be freii u entl v

very much in e r ro r , and t h e r e f o r e  d i d  not  ise th~ m. Even the p r i - d i c —

t ions fo r  call— (or—service a r r i v a l  r a t  Cs and service t I mc , wh I I c  u--ac-

ally acceptabl y accu ra t e , somet  imes were  incorr ect in Los Ang eles .

This led to some concern that the techni que of exp M e l t  i 5iI s m o o t h i n g

was itself inappropriate for the I~os An geha data , hut a a r c  likel y

explanation is that the exponential smoothing parameters had not  been

set properly, and the  city l acked  the  —,t a t i s t  ica l  e x p e r t i s e  r e q u i r e d  t o

cor rec t  the  s i t u a t i o n .  In regard to n o n — c f s  wo rk , as was p 1 nted out

ea r l i e r , it is concep tua l l y er roneous  to t ry  to make p r e d i c t  ion~ from

past  d a t a .  Depa r tmen t s  t h a t  found t h e i r  n o n — c f s  p r e d i c t i o n -  -c i t is—

factory presumably did nor vary the number o f ears  on d u t ’ in  i •y iv en

• precinct and tour to any great extent , or f o r  some o the r  r eason t h e .

were luc ky to  have a s l o w l y  v a ry in g  p a t t e r n  of non—cfs work. The Al l)

happened not to  f a l l in to  this g r o u p .

In Los Angeles , the  amount  of t ime devoted  to  n o n — c f s  w u r k  v a r i es

from 40 to 60 percent  of tha  t o t a l  t ime cars are i n  t h e  f i e l d .  Th i s

is too large an amount of work to ignore in the  iragrarl . As a re sult ,

when the LE1~~AS program was operated using onl y cfs data , it would

specify how many cars should he fielded to assure that under 5 per ce n t

of calls would be queued , but the department found that fielding t h e

recommended number of cars led to about 40 percent of ca ll s bein g queued .

The problem was that the LAPD was fielding the number of cars. sp€•~~ fied

L 
by LEMRAS without realizing the distinction between “eff e c t i v e ” and

“act ual” cars. This is simp ly an illustration of the fact that if a

program is used in a way that was not intended , it may fail in dr ama ti c

fashion.

• Larson ’s Program

In 1968 and 1969 , R i c h a r d  Lars on  designed a pr gr rm far p ,rtco l car

a l loca t ion  and app l i e d  i t , as a test case , to data from ~lo~ ‘rork Litv 21) 1 .

Later , he described t he  p rogr am , t o g e t h e r  with potential im p r , c r c n t

that could be made , in h i s  hook  l]rh an P o l i c e  P at  r r r l  A n . u l v s i s  d l ]

Larson’s program does not perform any e s t i m a t i o n s  of c a l l  r - rt&-s or 5k

vice times , but requires such information is input. In reyard to its

- .  _ _ _ _ _ _
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queuing formulation , Larson ’s program is simil ar to LEMRAS , except t h i t

more than three priority levels are permitted , and the program calcu lates

the average l e n g t h  of t ime a c a l l  of each p r i o r i t y  level w i l l  w a i t  In

queue , rather than a histogram of the delay distribution .

The two major advances over LF~1RA S incorporated in Larson ’s pro—

gram were (1) cons ide ra t ion  of per formance  measures other than queuing

delays , and (2) capability to allocate a fixed total number of patrol

cars among p r e c i n c t s .

Additional Performance Measures. Larson recognized that queuing

delays were not the only measure of performance of a patrol car system ,

and indeed might be unimportant compared to others . For example , if a

prec inct were large enough that the average time it took a patrol car

to t rave l to an i n c i d e n t  was 15 minu tes , i t  would be of l i t t l e  in te res t

that the average wait in queue was 20 seconds .

Larson discussed in general a variety of performance measures tha t

could be cons idered , but  inc luded onl y t h r e e  in h i s  program:

a. Average travel time to incidents ,

b. Average patrol frequency (how often a car passes the most

h e a v i l y  p a t r o l l e d  p o i n t s  in the  p r e c i n c t  w h i l e  on p reven t ive

patrol), and

c.  Patrol hours per outside crime .

These were estimated from approximate anal ytical models based on prin-

cip les of geometrical probability.

In one method of using the program , called the descriptive mode ,

the user could try various numbers of patrol cars in each p r e c i n c t ,

and the program would  c a l c u l a t e  these  t h r e e  p e r f o r m a n c e  measure s , to-

gether with the percentage of calls that would have to wait in queue .

If the user had in mind a desired maximum or minimum for some of the

measures , he could inspect the t a b l e s  and see how many cars  were needed

to accomp l i s h  t h e  oh~ ec t  i v e s .  Thus , t h e  descri ptive mode represented

in it se lf an improvement over the o u t p u t  c a p a h i  I ities of t h e  S t .  Louis

pro gram. In practice , he i use of add itional c a p a b i l i t i e s  of Larson ’ s

program , the descript I y e  mode was ma inl y used to find out the values

r
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of the  per formance  measures  for  the  number  of c a r s  c u r r e n t l y f i e lded

in each p r e c i n c t .

A technicall y modest , but important , improvement introduc ed by

Larson was the capability to permit the user to enter , as input , his

desired maximum or minimum for each of the three measures in each pre-

cinct. In addition , he could establish administrativel y a minimum per-

missible number of patrol cars for some or all precincts. The program

would then calculate how many patrol cars were needed in each precinc t

to meet all the specified constraints , without the user having to in-

spect a large number of descriptive tables .

Allocation of a Fixed Number of Cars. Larson was the first to

recognize the fact that the total number of patrol cars available for

fielding in the city was an important consideration in allocating cars

to precincts. Therefore , in the prescriptive mode of Larson ’s program ,

the user specified the total number of cars to be allocated in the whole

city (or some collection of precincts) during the tour in question.

The program then allocated cars to precincts in such a way that , first ,

all the constraints discussed above were met , and , second , the add i-

tional cars (if any) were allocated so as to minimize the city—wide

average time a call would wait in queue . (Actually, the user could

specif y we igh t s  f o r  each p r i o r i t y  level , and the program would m i r . i m i z e

the weighted  average w a i t i n g  t ime. )  The o p t i m i z a t i o n  was accomp l i shed

by a dynamic programming a l g o r i t h m .

Larson ’s program did not utilize hourly data vary ing over a tour ,

as did the two programs described above , but assumed a stead y—state

situation with fixed call rate and service time over the period for

which allocations were being made. This is a disadvantage , because

in many cases call rates vary by 50 percent or more over a tour. If the

user operated Larson ’s program separately for each hour of the tour ,

he might not be able to vary the number of cars as suggested by the out—

put . On the other hand , if he entered the average call rate for the

tour , the resulting output would be less accurate. Larson ’s program

also had no special  c a p a b i l i t i e s  fo r  h a n d l i n g  n o n — c f s  work , o the r  than

by including s&ich work in the call rate and t h e  service time .

~~~~~~~~~~~~~ 1:- : ~~~~~~~~~~~ II’2T~:~ 
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This program was writt en In the Michigan Algorit hm Decoder (MAD)

language and ran in an i n t e r a c t  ive mode on the  M a s s a c h u s e t t s  I n s t  i t u t c

of Technology  c ompute r  sys tem.  I t  cou ld  be accessed f r o m  New York  b y

t e l ephone  l i nes , bu t  the  NYCPD never used th is  p a r t i c u l a r  ve r s ion  f o r

any p lanning purposes . The MAD language was unpopular and was eventu-
all y abandoned by MIT , at whi ch time the program “died .’

Urban Sciences, Incorporated

Urban Sciences , Inc., rewrote Larson ’s program in FORTRM1 and

greatly enhanced its interactive capabilities [31]. This program was

made accessible to  police departments by contract , but the source code

was proprietary . In all conceptual aspects it was identical to the

program jus t  described above .

~~~_~~~~~~City Police Depar tment  (Mud~ e ’s Program)

This program was written in 1972 by Ri chard Mudge a t The New York
City—Rand Institute [28]. While based on Larson ’s program , Mudge ’s

program was not exactly the same . The two primary differences were :

o Mud ge ’s program would not allocate a specified total number

of patrol cars. In prescriptive mode , this program simp ly

calculated the number of patrol cars needed in each precinc t

to  meet c o n s t r a i n t s  entered by the  user .

o Mudge ’s program distinguished between “effective ” cars and

“actual” cars , as follows . The user specified a fraction

( t h e  same fo r  a l l  p r e c i n c t s )  r e p r e s e n t i n g  the  f r a c t i o n  of

time’ that cars are busy on n o n — c f s  w o r k .  T h i s  f r a c t i o n  was

used to compute the effective number of cars , which was then

rounded to an integer.

M i n o r  d i f f e r e n c e s  were as f o l l o w s : Mudge I n c l u d e d  more i n f o r m a t i o n  in

desc r i pt ive o u t p u t  t h a n  w a s  a v a i l a b l e  f rom Larson ’ s p r o g r a m , and the

rre .lsures of p e r f o r m a n c e  sub ~ec t to c o n s t r a i n t  by t h e  user were expanded

to i n c l u d e  several  measu re s  r e l a t e d  to q u e u i n g .  In  a sense , t h i s  pro—

gram r e t u r n e d  t o  t h e  phi I s y i i v  u n d e r l~’ i n g  t h e  ~ t . L ou i s  and LFMRA S
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programs , namely, that a department would wan t to field enough cars

to keep queuing delays under specified limits.

This program also permitted only three priority levels , but the

average queuing delay for priority 1 ca l l s  was not d isp layed. Mudge

realized that priority 1 calls would be handled in a special way if

all the precinct cars were busy, and thus the program ’s estimates for

the delay of such calls would be inaccurate.

Mudge ’s program is similar to Larson ’s in that it does not assist

the user in predicting call rates or service times and it uses average

data for a tour , rather than hourly data. It was written in FORTRAN

and was available in two versions , batch and interactive . The NYCPD

used this program from time to time over a two—year period for long—term

planning purposes.

UCLA Program
As mentioned above , the LAP D had for several years used the LEMRA S

program , as modified by its own input and output routines , and was hav-

ing some difficulty with it. In 1974, a class at the Universit y of

California , Los Ange les , prepared a patrol car allocation program for

consideration by the LAPD [1]. It was based on the Mudge and Larson

programs . In common with the Mudge program , it permitted the user to

specif y constraints on queuing delays as well as other performance mea-

sures. In common with the Larson program , it permitted the user to

allocate specified total resources . The primary differenc s between

this program and the othe r two are as follows :

o Th e UCLA program allocated car-hours across tours instead of

cars across precincts. This means that the user specified

the total number of car—hours available in a precinct during

a day , and the program prescri he~ how many cars should be on
• duty dur ing each tour . Or , alternativel y, the user specified

cons traints on perf ~ rmance measures and the program prescribed
how many cars are needed in each tour , adding these to show

.
. total., car—hours in a day for the precinct in question . This

facility permits the number of hours in a tour to differ among

tours.

~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ •.: ~~~~~~~~~~~~~~~~~ 
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0 The tICLA p rogram pe rated on the as s r l m p t  ion t h a t  t he  amoun t~
of n o n — c f s w o r k  pe r f o r me d  by a ci r would vary according il t lIe

amount  of c f s  work . ( T h i s  was f o u n d  i he t rue in  Los A n g e le s ,

by a n a ly s i s  of a v a i l a b l e  d a t a . )  Tu e relationshi p between t h e

f r a c t i o n  of t i m e  busy on n o n — c f s  work and the f r a ct i o n  on c a l l s

for  service  was modeled as a l i nea r  e q u a t i o n , s epa ra t e ly  fo r

each p r ec inc t , u s ing  data  f rom the  p r e c i n c t  [ 1 ].  The conver-

s ion  between “e f f e c t i v e” cars and “a c t u a l ”  cars was then

ca lcu la ted  from the l inear  e q u a t i o n . Whi le  the  l i n e a r i t y  of

t h i s  r e l a t i o n s h i p  Is s imp ly  an emp i r i c a l  observat ion , one can

unders t and  t h a t  there  must  be some r e l a t i o n s h i p  by realizing

tha t  pa t ro l cars canno t engage in non—cfs work unless they

are otherwise available. The more free time a patrol officer

has , the larger will be the number of non—cfs events that come

to his a t t e n t i o n .

This  program was w r i t t e n  in PL/ I  and opera ted  in batch  mode. I t

did not make predictions of call rates or service times , which were

available from LEMRAS in any event. However , it accepted as input

hourl y data rather than averages for a tour. It did not have descrip-

tive capabilities , although the output displa yed the performance mea-

sures for the recommended allocations.

I n t e r i m  Version of PCAM

Dur ing t h e  process of p r o g r a m m i n g  PCAM , an i n t e r i m  vers ion of the

program was provided to the New York City Police Department and the

Seattle Police Department [29]. This program was an improvement over

‘ 
Mudge ’s program in t h a t  i t  w o u l d  alloc ate a s p e c i f i e d  number  of cars

. as wel l  as d e t e r m i n e  the  number  of ears needed to meet constraints.

I t  a l so  i n c l u d e d  many of t he  t e c h n i c a l  improvements incorporated in

the final program , including a linear relationship between non—cfs work

and call—for—service work .

However , it was limited to alloc ati ons across precincts (i.e., it

w o u l d  not  a l l o c a t e  c a r — h o u r s  ac ross  t o u r s ) ,  and I t  used average  c a l l

r a t e s  and se rv ice  t i m e s  f o r  t ou r s  r a t h e r  t h a n  h o u r l y  d a t a .  The i n t e r i m

1%
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vers ion  was ava i lab le onl y as an interactive program . This model was

used in S e a t t l e  for  over a year , where it was v a l i d a t e d  against actual

da t i for  t rave l t imes  and the  f r a ct i o n  ~ f calls entering queue.

pynamic_Queuingj~odel

Al l  the programs described above assumed t h e  system to he in

steady s ta te , e i the r fo r  each hour or for an entire tour. Kolesar ,

Rider , Crab i ll , and Walker [181 developed a dynamic queuing model that

eliminates this assumption . It calculates time—varying queuing statis-

tics by numerical integration of the differential equations for a system

having time—dependent Poisson arrivals , exponential service times , and

a time—varying number of servers. This program is especiall y useful

for analysis of tour starting times and scheduling of mea l hours , but

it is too elaborate to form part of an inexpensive patrol car allocation

program. Since the dynamic queuing model does not calculate performance

statistics such as travel time and preventive patrol frequency, it is

not in itself a suitable substitute for any of the programs that follow

the principles elucidated by Larson.

Fortunately, by comparing the output of the dynamic queuing model

with calculat ions performed by assuming steady state in each hour , it
has been found that both methods produce approximately the same average

statistics for an entire tour [17]. This is because the coupling between

tours is quite weak. As a result , allocations derived by incorporating

the dynamic queuing model in a patrol car allocation program would be

identical, for all pract ical purposes , to those derived by hourly
steady—state calculations . Therefore , we took the latter approach for

our own model.

III. CAPABILITIES AND APPLICATIONS

The above history Indicates a variety of technical reasons why

no patrol car allocation model has as yet achieved general acceptance.

5 - .
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Some models were imp l emented t o  suit the requirements of  one depar tment ,

wi  t h i  no c ons i d e rat  ion g i v e n  to general i tv . (In Mudge ‘ s p r og r a m , fo r

ex l t m p h e , one h~ s to modi  Iv t h e  source <-ode i n  order  to change the num—

h e r  of p re -c i nets , and in  the  V L 1 A  program the  v a l u e s  fo r  c o n s t r ain t s  on

p e r f o r m a n c e  measures are in the  source c- ode . )  P r e s c r i p t i v e  and descr ip-

t i v e  c a p a b i l i t i e s  present in some models were lacking in others. Pro-

grams were written in computer languages or dialects for which t ranslators

are not widel y a v a i l a b l e , or the  source code was kept p r o p r i e t a r y .

W h i l e  there are many obstacles to imp lementation of computer models

in police departments that have nothing to  do w i t h  the c h a r a c t e r i s t i c s

of the models  themselves  [ 8 ] ,  in this case we felt that a general—purpose

model would enhance the chances of implementation . Our work consisted

of d e t e r m i n i n g  which f e a t u r e s  of the prev ious l y ex i s t i ng  models were

the most useful , identifying desirable capabilities that did not exist

in p r e v i o u s  m o d e l s , and c ombin ing  a l l  of these in a package that could

be used on most computer systems and would he easy to install and run .

Our P a t r o l  Car A l l o c a t i o n  Model  i ncorpora te s , by user opt ion , near ly  a l l

t h e  f e a t u r e s  of the programs descr ibed  in the  previous sect ion , except

that it will not predict call rates or service times .

We provided for wide usability by writing the program in a standard

vers ion  of FORTRAN wi thou t  recourse to l anguage features peculiar to one

computer system or comp iler. Ease of i n s t a l l a t i o n  was accomplished by

a sys tem of dynamic  a l l o c a t i o n  of a r ray  storage w h i c h  a l lows  the program

to adjus t array dimensions for a particular city and type of analysis.

The program was made r ead i l y usab l e by providing for user control through

1 sequence of easil y learned natural—language commands that can be en-

tered at an Interactive terminal or on punched cards. In addition , the

program p r o v i d e s  fo r  the  i n c l u s i o n  of t e r m i n o l o g y  used b y a p a r t i c u l a r

d e p a r t m e n t  in c ommands and output table h e a d i n g s .  The amoun t of core

• s to rage  r e q u i r e d  b y the  program varies according to the size of the

use r ’ s da ta  base bu t  is g e n e r a l ly  under  160K by t e s  on an IB M System 370

m a c h i n e .  The cost  fo r  t y p i c a l  runs of the  program is w e l l  under $10.

In  the  rest  of this s e c t i o n  we d e s c r i b e  the  c a p a b i l i t i e s  and func—

t i o n s  i n c l u d e d  in the PCAM program , and exrimp l - s  of app l i c a t  ions  of the

model.
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Des c r ip tive Caj~abilities

Descri p t i v e  c a p a b i l i t i e s  of t he  Pa t ro l  Car  Allocat ion Model perm i t

d i s p l a y i n g  q u a n t i t a t i v e  i n f o r m at i o n  about any a l l o c a t i o n  of p a t r o l  I r s

by time of day and g e o g r a p h i c a l  command . This i n f o r m a t i o n  nov ref e r  t I

the current allocation , any allocation proposed by the user , or alloc a-

tions that are suggested by the program when operated in pres cri ptiv e

mode . This information permits the user to compare allocations and

determine which one he thinks is best.

When the model is operated in descriptive mode , it can provide

the following information for each tour in each p r e c i n c t :

o The number of patrol cars ass igned
o The average fraction of time patrol cars are busy on calls for

service (actual u t i l i z a t i o n)

o The average number of cars ava i lab le  (not  busy on e i t h e r  c f s

work or non—cf s work)

o Preventive patrol  f requency

o Average length of time from the dispatch of a patrol car unt i l

its arrival at the scene of an inc iden t  (t r a v e l  t ime)

o The p robabi l i ty  tha t  a call w i l l  enter  queue

o The average time in queue of calls , by priority level

o The average total response time (time in queue plus trave l

t ime) .

The model provides for great flexibility in the  s e l e c t i o n  and sum-

marizing of information that is displayed. Information can he s e lected

by prec inc t , t ime  of day , day of week , or any c o m b i n a t i o n  t h e r e o f .  Thus ,

the user can examine  pe r fo rmance  measures fo r  a l l  p r e c i n c t s  f o r  one tour

• on a p a r t i c u l a r  day or look at one p r e c i n c t  f o r  i l l  t ours  of a day or

several tours  of each day of the week , c t - .

The output Information is calculated from simp le analytical models

tha t  are descr ibed in the  U ser ’ s Manua l 1 5 ] .  For examp le , p r e v e n t i v e

patrol frequency in a precinct is calculated from the formula originall y

developed by Larson 121] .  The average trave l time is calculated from

a r e l a t i onsh ip  kn own as the square—root  law [ 1 9 ] ,  which is a function
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whose v a r i a b l e s  a re  t h e  area of t he  p r e c i n c t , the e f f e c t  ly e  number  of

patr ol ca r s  on duty, and the e ffecti ve travel speed of the cars. This

relationship has been validated against both rea l and simulated travel—

inc dat a [ 14 , 1 9 ] .  The model ’s calculations of queuing statistics when

there is no non— cfs work are based on an M / M / N  f o r m u l a t i o n . These

s t a t i s t i c s  have been v a l i d a t e d  a g a i n st  da ta  f r o m  a s i m u l a t i o n  model [ 19 ]

which itself has been v a l i d a t e d  a g a i n s t  real  da ta  in  New York  C i t y  1 1 0 ] .

When non—cfs work is present , an adjustment is made to q u e u i n g  st i t i s —

tics as described in Section IV , below . A limited v a l i d a t i o n  of these

a dj u s t e d  s t a t i s t i c s  a g a i n s t  real  da t a  has been conducted in Se a t t l e ,

h u t  f u r t h e r  exper ience  in o the r  c i t i e s  is r e q u i r e d  b e f o r e  t h i s  p a r t  of

the program can be cons idered  f u l l y v a l i d a t e d .

Presc r ijJv e~~~ p~~~ lities

The P a t r o l  Car A l loca t i on  Model a l locates  car—hours  to sh i f t s ,

where a s h i f t  is d e f i n e d  as a combination of a s p e c i f i c  tour  on a

spec i f i c  day In a spec i f i c  precinct. The purpose of allocating car—

hours  r a t h e r  than  cars is to permit tours to have any duration desired

by the user , not  necessar i ly a l l  the same . If all tours  have the same

leng th , the  user can a l loca t e  cars , ra ther  than car—hour s , to s h i f t s

by adding one l ine to the source program .

The two basic prescr ip t ive  capabi l i t ies  of the model are (a )  deter-

mining the minimum number of cars that must be on duty in each shift

to meet constraints on performance measures specified by the user , and

(b) a l l o c a t i n g  a u se r—spec i f i ed  to ta l  number of ca r—hours  among s h i f t s

so as to minimize an objective function . A v a r i a n t  of the second capa-

bility permits the user to add a specified number of car—hours to a

previousl y determ ined allocation . Thus , minimization subject to con—

straints , which was •accomplished in a sing le step in Larson ’s program ,

r equ i r e s  two steps when opera t ing  the PCAM program . This separation

i n t o  two steps was designed to permi t  flexibility . For examp le , it is

easy fo r  the user to specif y that each shift is to be a l l o c a t e d  at

least  as many cars  as are c u r r e n t l y  present; this capability permits

a l l o c a t i o n  of added manpower , such as a newl y g r adua t ed  class of re —

c r u i t s .

lj 
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The pe r fo rmance  measures  subjec t  to c o n s t r a i n t  by t h e  user  are  a l l

the descri ptive o u t p u t  i tems l i s t ed  above , except  f o r  a c t u a l u t i l i ? ; a t  ion .

For examp le , the PCAM program w i l l  s p e c i f y t he  m i n i m u m  number  of car s

needed in each s h i f t  so as to keep the  f r a c t i o n  of c a l l s  t h a t  I r e  q u eu e d

under .2 and the average t ravel  t ime under 8 m i n u t e s .

The ob jec t ive  f u n c t i o n s  that  can be m i n i m i z e d  by the  model  a re :

o P r o b a b i l i t y  of ca l l s  ente r ing  queue

o Average queue delay for  all  cal ls  or calls of a specified -

•

pr io r i t y  level

o Average to ta l  response t ime .

When m i n i m i z i n g  an ob jec t ive  f u n c t i o n , the  user s p e c i f i e s  t h e  subset

of s h i f t s  to which  the car—hours  are to be a l loca ted . For examp le ,

he can f ix  the  tour and day , in w h i c h  case c a r — h o u r s  w i l l  be a l l o c a t e d

across p r ec inc t s ;  or he can f i x  the p r e c i n c t , in which case car—hours

wil l  be a l located across a l l  tours  in a l l  days of the  week f o r  t h a t

p rec inc t ;  or he can allocate car—hours across precincts , tours , and

days s imul taneous ly .

Overlay Tours

PCAM ’s grea tes t  t e c h n i c a l  innovat ion is i t s  abilit y to deal with

over~~~ tours .  That  is , i t  w i l l  desc r ibe  pe r fo rmance  m e a s u r e s  and p re—

scribe a l l o c a t i o n s  i f  there  is a tour  that begins during one ‘ normal”

tour and ends d u r i n g  the f o l l o w i n g  t o u r .  For example , i f  a l l  t ou r s  are

e igh t  hours  in length and beg in  at m i d n i g h t , 0800 , 1 600 , and 1900 , then

the tour f rom 1900 to 0300 is  an over lay  tour . (See Fig. I.) O v e r l ay

tours  are most commonl y used by po l i ce  d e p a r t m e n t s  to s y n c h r o n i z e  peak

manpower wi th  maximum workload  when the lengths of tours worked ire

inflexible .

While a department with an overlay tour can use the earlier pro-

grams by artificially imagining shorter “tours” (for e xamp le , the time

intervals labe led Block 1, ... , Block S on Fig. 1), allocati on s pre—

scrthed for these time intervals would not necessaril y he compatible.

In other words , It is not possible to achieve arbitrar y alloc ations to

~
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Block Block Block Block Block
2 3 ~~4 I  5

Hour ]7 of Ove rlay
prev ious day

s 
Hour i-~- ,Hour 24
Tour 3 Tour Tour 2 Tour 3 

~7...~~~ , l l l I f - l l l F I l I l l l l l l I I l l t l I l 1 ~~’~~~~
Midni ght 0800 ]600 M dnight 0800

H PCAM day

Fig. 1 Time blocks with an overlay tour .
A block is a time interval during which
the number of pa tro l  cars does not change.
T w e n t y — f o u r — h o u r  “days ” are defined in such
a way that the overlaid tours (Tour 2 and
Tour 3) are both in the same day .

I
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five time intervals by start ing patrol i irs on duty a t  f o u r  di f ic- r e nt

times. PCAM will rec ommend o n l y  fe-as  ihl~ al 101 - at i ons in t h e  case of

a single o v e r l ay  tour , a I thought police dep~ir tme•rt t s wit Ii more than one

overl~iv  m u s t  r e so r t  t ( ’  t he  sam e “tr ick’’ when usin g 11(
~A M .

In d e s c r i p t i v e  mode , PCAM computes p e r f o r m a nc e  m e a s u r e s  t a k i n g  into

account changes in the number of cars on duty caused by the starting

and ending of overlay tours. There is no particular difficult y inherent

in these computations. In prescriptive mode , however , problems arise.

These result from the fact that simp le marginal a l l o c a t i o n  a l g o r i t h m s

do not work due to the inseparability of t he  o b j e c t i v e  f u nc t i o n s  f o r

tours  involved  in over lays .  This p rob lem is f u l l y ex p l a i n e d  in  the

next section , and an algorithm for solving the allocation problem is

described. The algorithm is not optima l under all assumptions , but

appears ‘ sensible ” in typical applicati on s . More comp l ex algorithms ,

which could also have solved the optimization problem for multiple over-

lay tours , were judged too expensive (in terms of computer processing

time) for Incorporation in the model.

App lications

The primary judgmental problem for police departments using P(AM

is selecting suitable constraints and objective functions. ~1ost depart-

ments have some relative l y large precincts with few calls for service ,

as well as small , densely populated precincts with many calls for ser-

vice. Citywide minimization of any queuing stati stic tends to concen—

trate the patrol cars in the precincts with many calls ic r service ,

resulting in possibl y unacceptable queuing delays and trave l times in

the precincts that have a large area hut few calls for service.

PCAM ’s facility for setting constraints on performance meas ure— i

permits the user to introduce aspects of equit y into the allocation.

• In fact , by iteratively restricting the constraint on any one Perfe r r I I l l c e

statistic , one can achieve an allocation that approximatel y equali ze- s

that statistic over time and geography. However , the simu lttne& iis

equalization of all performance statistics is in general impossible ,

so the user is forced to consider the trade—o Ifs among performance-

measures .
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Some departments have found that an accept abl e a l l o c a t i o n  is

a c h i e ve d  by m i n i m i z i n g  t o t a l  response t ime ( q u e u i n g  p l u s  t r ave l  t i m e )

without any constraints. This is because the total response t ime in a

precinct is calculated from its geographical area as well as its call—

for—service workload . Moreover , total response time is be l ieved to be

correlated with ultima te measures of the quality (If police patrol opera—

tions , such as the probabilit y tha t a criminal offender will be arrested

at the scene of a crime [9 ,15].

Once a police department has established the objective functions

and/or constraints it wants to use , a variety of applications of PCAN

are possible. It can be used during budget preparation to determine

the total number of patrol officers a department needs to meet speci-

fied performance levels. Once the department ’s total number of patrol

officers has been determined , the program can allocate them among pre-

cincts. Either at the same time or later , it can allocate the patrol

officers in a precinct to the various tours on different days of the

week . It can be used to analyze proposed changes in tour starting times

or the possibility of introducing an overlay tour in a departmen t tha t

currently does not have one. It can also indicate the effects of chang-

ing the priority structure for calls for service or “screening out”

certain calls (refusing to dispatch a patrol car to specific types of

low—priority calls).

Sin ce PCAM ’s calculations are insensitive to the locations of cars

wi thin a precinct , the program cannot be used to design patrol areas of

police cars. Discussions of suitable models for this purpose and for

other analyses of patrol car operations that cannot be accomp lished with

PCAN are given elsewhere [2 ,3,8,2 1,22 ,23 ,24].

IV. COMPUTATIONAL ALGOR I 1 HMS

In this section we describe briefl y th€ calcu lations performed by

the Patrol Car Allocati on Model , with emphasis on the situation when an

_ _ _ _ _  - —5-- ——  5- —5-- 5-— — ---5- 
- — 5 - - - —-- - -5 -
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overlay t o u r  is p re sen t , S tnc ’ e m a t h e m a t i c a l l y  this is the only unique

fea tu r e  of the m o d e l .  A l t h o u g h cars  are allocated to shifts by the

program , when an overlay tour  is p r e s e n t  t h e  n u m b e r  of c a r s  on d u t y

can change during the period of time covered by a shift. For examp le ,

in Fig. 1 we migh t  have 5 cars a l l o c a t e d  to Tour 2 in P r e c i n c t  1 on

Monday and 3 cars allocated to the Overlay Tour; in this case the num-

ber of cars on duty increases from S to 8 at 1900 hours , which is in

the midst of Tour 2. To discuss these possibilities we use the term

time block to refer to a period of time during which the number of

patrol cars on duty does not change. Thus , Tour 2 in Fig. 1 consists

of two t ime blocks , Block 2 and Block 3.

Assumptions

For a single hour in a single precinct , calls for service are

assumed to arrive according to three independent Poisson processes

(representing three priorit y levels) with sum rate and to have iden-

tical , independent , exponentiall y distributed servi - e times with mean

11g . In a standard steady—state queuing formul ation with a fixed num—

ber of servers , the mean arrival rates and service time permit calcu-

lating any desired queuing statistics for each priorit y class. (See-

the PCAII User ’s Manual [5] for details.)

To model the stochastic variation in the number of servers due to

non—cfs work , the fraction of t ime each of N patrol cars will he- unavail—

I able on non—cfs work is assumed to he a function U(\ , ~, N). For queuing

purposes , the number of servers is then n (1 — U)N. We refer t o  n as

the “number of effective cars” and N as the “number of actua l cars. ”

- 
if n is not an in teger , q u e u i n g  s ta t i s t i c s  f o r  n s e r v e r s  are estimated

by linear interpolation of steady—state statistics for [n] servers and

• [nJ + 1 servers , where ( n J  denotes  the  i n t e g e r  p a r t  of n. T1ie- ~ e calcu—

lations cannot be performed unless A/ [n]u < 1.

In accordance w i t h  the  f ind ings  of the UCLA class , t h e function I

is  assumed to have the  form

U(~~, ~~, N) = B
1 

A / N c + B
2

.

-~~~~ ~~~~~ -~~ - - - 
: :~~~
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The constants B
1 

and B a a re d e t e r m in e d  s e p a r a te  lv r - ic h pr ecinct fre e

dat a showing the actu al tract i on  of c -al Is ele l i v e d  i n  j u l ie  I or v a r i o u s

achieved values of , _ ,  and N. This is i oflii l I n d ~v numerical inver—

s ion of En ang ‘ s formula for the p robab iii t V of do 1 iv , wit Ichi determine

*t he  number of e f f e c t i v e  cars .  In  t h i s  way the onstants ad just for non—

c f s  unaval lab ii i tv  (whether non—c Is events a r e -  re -corded by t h e -  p o l l  c e

department or not) and a lso  f o r  the inaccuracy introduced by assuming

identicall y distributed exponential service t i me s .  In  other words , the

constants B
1 

and B
2 

automaticall y assure that the calculation of queuing

statistics in the model will match the true performance of patrol cars ,

at least in regard to the probability that a call enters queue .

Meet ing_Constrathts

When the user specifies constraints on performance measures , the

program assures that the c o n s t r a i n t s  are met in every time block speci-

fied. This is accomp lished by a simple iterative procedure in which

the number of cars is increased by 1 itt each step. The initial assign-

ment is either the current allocation or the minimum number of cars

needed to keep A /[n]p under 1 in each hour , depending on instructions

from the user.

Once the required allocations to blocks are determined , they are

converted to an allocation to shifts with the following properties :

1. At least as many cars are assigned to each block as are

required .

2. The shift allocation consumes the smallest possible number

of car—hours  consis tent  w i t h  ( 1) .

A l l oc a t i~~~~a~~ pec ified Numb er of _Car-Hours

To allocate car—hours across shifts , the user of the model speci-

fies the total number of car—hours to be allocated , the sh ifts over

which the allocat i on is to take place , and the oh [ective function F to

-- -- i-

•
. A computer program to  pe r f on i t t h i s  i n ’  - s iou , wh i c h  is not  p a r t

of the  P a t r o l  Car  A l  lo ca l  ion  M o d e l  . is I i  ~, L ed iii t h e  P I l ~~r i m Descr~~~—

~~~~~~ 16 1 .
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be min imized  by the a l loca t ion , which , as m e n t i o n e d  e a r l i e r , t n i~ be

chosen as one of the following :

F
1 

= average f r a c t i o n  of calls queued

F2 average wa i t i ng  time in queue

F2~~ — average w a i t i n g  time fo r  p r i o r i t y  p c a l l s , p = 1, 2, 3

F
3 

average total response time .

The user also specifies whether car—hours are to be allocated i .di—

tion to those already allocated , or whether the allocation is to beg in

as if no cars were currentl y allocated.

The program then follows a heuristic algorithm that is intended

to minimize F by allocating an integer number of cars to each shift in
*such a way as to consume a l l  the car—hours specified. However , the

al gor i thm has been proved opt imal  onl y in the cases (a) when there are

no overlay tours or (b) when the overlay tour has th e same duration as

the two tours it overlays.  To descr ibe the a l g o r i t h m , we d eno te  by

B
i~ 

B2, ..., BK the time blocks over which the allocation is to take

place . Art allocation to shifts induces a specification of the number

of cars assigned to each block: n
1
, n2, 

~~~ 
n~~. Denote by F . (n.)

the average value of the objective function F over block B . when n .

cars are assigned to B
i
. Then the objective function F has the follow-

ing proper ties:

Pr oper~~_j. The value of F is a weighted average of the f ’ s:

F(n1, 
~2’ 

~~~~~~~~ 
= ~~w .f .(n.)/ w j .

*In some cases a small number of car—hour s may remain unallocated
if they are not enough to equa l one car working for one shift. Ordinar-
ily a police department would have no use for noninteger al loc ati on s t e e

• shifts , ~- u ich is why PCAM allocates integers . However , if t bie ~ i n i t i a l
allocation has noninteger allocations (e.g., it may he an avera~ e of
actual allocations over severa l weeks), the user can , i f  h e w i c! i e-s ,

ask PCAM to add integers to the exicting all o cation , re sulting in •i

nonIn teger alldcationi. 

~~~~~~~- ~~~~~~~~~~~~~~~~~~~~~ - -~~~~ ~~~ - ~~~~ - -- 
-
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Here w . is the total number elf cal  Is in b l o c k  B , when  F • F , F , or
1 1 1 2

F’ 
~
, and w • is t h e  t Ot~ I I number of pri or it v p ca I Is in 1)1 uck B

1 
when

F = F .
‘ P

— 

}‘ree j~e - r t v .]. ga d ,  f . is !IV C X d e e - re .asjp~~. More ren is e’l v , if n < n

h e ’ll • (n  ‘ ) < t . ( n )  , and  i i  n -: n ‘ n ” n “, t h e n I (n ”) — f • (n “~1 1 1 1

1(n)  — I (n ’) .

With No Ove r l ay  T c u r s .  When there are no over] a v tours , eve r’;

sh i t t is the same as a time block , so the shifts are B
1 

B
K
. i~~it ’

model ’s allocation al ‘, o r i t h i m  h t cj f l s  w i t h  an i n i t i a l  a l l o c a t i o n  n 1 ,

t ha t  is  the came as is ca lcu l- it ed when meeting li st raints and

depends on w h e t h e r  t i l e-  u se r  wants to start wit ii the current al l . at Ion

c n e t .

l’hen t h e  model cal ‘U I at es . for each sill ft B . , a neIm 1 e r  ~
‘ 
. repre—

1 1

sentili g the amoun t h ’.’ which  the weighted o b j e c t i v e  f u n c t i o n  w i l l  improve

or -i r -- heiir if one car is added to shift B . :

A . = w . ( f . ( n .)  - f .(n. + 1 ) / h . ,
1 1 1 1 i I I

v!le’re’ h . is t h ~ n u mh ’ r f h o u r s  in s h i f t  B . . The- a l - - ri thm adds (fle

car t -  th e - (or a) shi I t  having t i e ’ lu rc~~~t V d ] O e  of  •

~~~ 

nd then repe at

~ j ’r  - e t’5s nut 1 a l  I t h e  c - a r—li oiirs cr - n s e i i n e - d

i t is ‘~~e I I  known t i l i f  l i i i —  i t e r I t i V e  roces’-~ (marg inal ii lec at ion)

I C ’  el~, t o in p~ ira I solut ~~e i i  I n - c au s e  th 1 e b j - f  i V e  fu n e t i a n  i s  sep- irab le

m d  - ony x. how ever , i ~c ~ e e f  or this p cr t i cul a i c isc- is also given in

- I -
~ - r  ‘ 

~ 
‘l : i I 1 l l ,  1 1 51

W ith O v e r !  ~~,
‘ e c j ~~ s . T e e  h ’s  n bc ’ t i n ’  d i  I f  i u  I t i t S  i~’i th overlay

te l l e rs . S e -  -h - I l l  I n d i c~~t c ’ t h ’  f - ’ - I  I c - I ; -  L i t  W I l l r i s e  i f we - a t t e m p te d

to usc  t h e  p r o c - c - i re  t I - I t  We  I V .  J l I - ~~ de s c r ib e d I r the se- of f l e

e e ve- rl :mvs. ri ~- st , i t  is c ec ~~~_ i h l e ’ t o  dete rmine an i n i t i a l  i l i a c - i t  jon

of d a r n  t o  t me h ic k- c- ” i ct I v  is 1) 1 - f o r e ’ . b u t  t h e -n t h t s  V I ’  i t i  a]—

i c c  :~ t i i i )  ~~~~
‘ i~ I ia 1 . - i  si hi a . Tb is means t h .  r . ml  gic t ce f l e e  ‘,c’~~~~

i c l i - ’ c t in’ ire d i  t - d  lsSlcllI.le 1 1 t 5  t~~ h i c k ’  1 :  s ’ . l l t i f l g  e r .  t o c ~ - c t

- it t i l t  h c c t : i r i i i ~~’ e e l  t o u r s  . .\m c n l ’ t h e  f e a ’- i i c l , ’ all o c a tions that cc

i t 1 ‘a- -ct  • t —  r i i i v c ar s  in  c i  h c l o c k as  are c e d e d  I i t h e ’ in it i - il

— . , - - - _ _ _ -. ,_‘ ~~~~~~~
. w-.’. . - . .— — - V. — . • ‘

~~~
. ~~~ % -J 
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a l loca t ion , some have fewer ca r— hours  t h a n  others . Among t h o s e  t h a t  h a v e

the smallest  poss ib le  number of ca r—hours , some may h a v e ’ a I owe’r v a l u e

of the o b j e c t i v e  f u n c t i o n  than  other ,- ; . In  shor t , some i r e -  had to  fcc -

exercised in s e l e c t i n g  t h e  initial allocati on.

Second , if we add cars iterativel y to black s so is t ,  m inimize the

objective function , we again encounter th e’ p r o b l e m  t h a t  t h e ’  resultin g.

allocation may not be feasible, if we’ c o n v e r t  this optima l al leWa t ion

into a f e a s i b l e  one , we f i n d  ( a )  t h e  f e a s i b l e  a l l o c a t i o n  mar ’ have Fla re-

car—hours  than we in tended  to a ll o c a t e , and (b)  t h er e  is no guarantee

that the feasible allocation is optimal for t h e  number of car—hours it

does have .

If , on the o ther  hand , we attemp t to add cars iteratively to s h i f t s

instead of t ime blocks , i t  turns out that t h e  margina l allocation pro-

cedure described above does not work. To he more ’ specifi c , it is net

t rue , in t h e  case of o v e r l a y s , t h a t  the  o p t i m a l a l l o c a t i o n  of  N + I car s

can necessari ly be found  by s t a r t i n g  w i t h  the optina l allocati on of N

cars and adding one car to one shift. ‘ h u e ’ r eason  the m e t h o d  I a i  I s  in

this case is that the objective function is rio l o n ger  separable wit! c

respect  to the dec i s ion  v a r i a b l e s , w h i c h  are the numbers of cars assi;’, ne’d

to each shift. For example , suppose two shi fts ire an dit ty d ri r ing bloc k

B .. Then block B . contributes w .f .(N + N , )/ ~ w . to tb  cbjecti ve ’
1 1 i i l  2 ’ - ] -

function , where N 1 
is the number of c a r s  a s s i g n e d  to one - e e l  t h e  s h i  Its

in  the  b l o c k , and N . 1 is  the number e e l  c a r s  in the s ee ’ond . This cann - t

he’ expressed as t h e  sum of  a func t ie)n of N
1 
and a func t ion  of N

T h i r d , if the o v e r l a y  t o u r  d en ~~ not h iv e ’ the same - l e n d  h ; i- I

t ours  i t  o v er l ay s , the ’ s t t r r ~t , i r d  d e f i n i t i o n  of t h e  word ‘‘o p t i m a l ’ w i l l

lead to  unsatisfactor y allocations. [ie ’urc- 2 illustrate-- ; this pr e chlc ’n

by showing t h e  t ract ion of cal is d~’ 1 aved f e e r  v i  ni c e l l s  al I eccat i ons in - r i

example precinct having 4 tours , one e e l  which is an e v e- r i ; iv . T u e  I c - n g t h s
*of the tours  in the overlay segment are  as fo l  l o w s : Tou r 1 i s  ( in c u r s

long , Tour 2 is 10 hours long , and the overlay tour is 12 h o u r s  lo n g .

From the f i g u r e , i t  can he seen t h a t  t h e  m i n i m a l  a l l o c a t i o n  to t h e

*An overlay se~,ment Is a c o l l e c t i o n  of t h r e e  s h i f t s , one of which
is an over lay  and the o ther  two of w h i c h  are o v e r l a i d .

-

~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,
~~~~~~~~~_ - --- ±~
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Fig . 2—Average queuing probability for an overlay segment
in which the tours do not have the same length. The call
rates and service times in each hour were determined from
actual data In a test city. The smallest number of car—

-
‘ hours needed to keep effective utilization under I in each

- hour is 182. The other points on the graph correspond to
allocations having between 182 and 240 car—hours. Some
allocations having a large queu ing probability were not
grap hed .
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overlay segment r equ i res  182 -;ir—hours , the ’  iiex t f e a s i b l e  a l l e e c , i t  ion

requires 188 car—hours , and the f o l l  owing Of le  r e q u i r e - ’ . 1 ~I 2 .  Since-

there is only p~ e feasible allocation wit h l~~2 car—hours , it m i g h t  l e e ’

said that it is the “o p t i m a l ”  a l l o c a t i o n  of 192 c a r — h o u r s . However ,

no pollee department would be interested in this allocation , b e c , i u s~’

a smaller number of car—hours (namely , 188) can he allocated to  g i v e

a lower  va lue  of the objective f u n c t i o n  F
1
. Also note that there is

an allocation of 212 car—hours that ha--c a l ower value of tile objective

function than any allocation of a smaller number of car—hours , and yet

it does not look “desirable.”

Basically, “d esirabl e” allocations are those that lie ott the piece-

wise linear curve shown on Fig. 2. This curve can be defined as the

graph of the maxima l convex f u n c t i o n  ~ such that —~(x) is l e S S  t h a n  or

equal to the value of the objective function for every feasible allo-

cation of x car—hours. Then the problem of finding the optimal alloc,i-

tion of H car—hours can be stated as follows : Choose an allocation of

H ’ car—hours  for which (1) the  value of the objective function is ~ (H ’),

and (2 )  H ’ is as large as possible , subject to the constraint H’ H.

We did not solve this problem in full generality . Instead , we developed

an algorithm that is optimal when the overlay tour is the same l e n - t b

as the overlaid tours (the most common case). In other re a l i s t i c  e lSe’S

that we have tested (including that shown in Fig. 2) where tours in an

overlay segment differ in length , the al gorithm recommends all eecre tions

that lie on the maxima l convex function ~~~. However , it is not difficult

to generate unusual examp les (such as an overlay tour that is half as

long as the overlaid tours) where the algorithm fails.

The al gorithm we have developed works in tile following wa\’ . T he~

initial allocation for each t ime block is found as in tile case e el no

- overlay tours. Then the initial assignment to blocks i s  c o n v e r t e d  i n t o

an allocation of cars to shifts with the following properties:

1. Every block has at least the  number of car s  in  the  i n i t i a l

ass ignment .

2. The number of car—hours assigned to  an over lay segment  is - i s

small ‘as possible , consistent with 1.

-
~~ ~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~1~J1 ---— i~~~:,
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3, ‘I ’he va I no o f  t h e  oh O c t  ye f u n c t ion is as small as possible

e’OflS i st e i lt  w i t h  2 .

T h i s  i s  a c c o m p l i s h e d  e s i - c en t i a l l v  by f i n d i n g  one shift alloc ation that

meets condition I and then searching throug h-i all ;ihlen ’ation s that have

the same number of ear—hours or fewer car—hours and  also meets e’ondj—

ti ofl 1.

Then the algorithm iteratively adds car-hours by checking (a) the

change in the wei ghted objective function per car—hour added , assuming

that one ear is added to each  sh i  ft in turn , and (h) for each over lay

segmen t t ile  c h a n g e  in the weighted objective function when one car is

added to each of the cever l a ld tours and (simultaneously) one car is

removed from the e)verlay t o u r .  As an examp l e ,  suppose the  a l g o r i t h m

has proceeded to a point where an ov~ r
1 ay segment has 8 cars assigned

to tour 1 , 6 cars to tour 2, and 4 cars to the overlay . The algorithm

would then calculate the change in the weighted objective function per

car—hour added for t he following lour possib ilities:

9 6 4
8 7 4
8 6 5
9 7 3

A p r o o f  t h a t t h i s  i l g e e l ’ it i l m  i s  op t ima l when t h e  overlay tour has

same du r a t  ion as t u e  t o u r s  it overlays is given in the  U s e r ’s Manua l

l e e r t h e  P a t r o l  c;i r A l l  e e c , j t  l i e n Mode l  [ 5 }

P o t e n t  i a I Futu re’ Improvements

Se i n e ’  p o l l e e -  d e p a r t m e n t s  h a v e -  begun to a d o p t  t e n — h o u r  t o u r s . Typ i-

c a l  l v  t h e - s e  d e p a r t m e n t s  have a t o u r  that o v e r l a p s  an o t h e r  t o u r  but  is

nu t an ‘‘ over In v b e e  iu se  d u r i n g  some c c f i t s  hen i rs i t i s t i le  onl y t o u r

on di t t y .  Fe) r . ‘x ’ c m p  1 e- , Tour  I co u l d  h e - I ron  0601) to  1 600 . l e o  r 2 f r o m

1600 to ( 12 00 , -a r id  J sir ‘I rom 2000 t e e  0( OO . Whci l~ - Tour 3 e - \ ’e r l ; ip i - i

Tour 2 , during t h e  hccurs 0200—0601) it is  t h ~ u n i v  t or en d u t y .  The

cizrren t ye-  rs i e  e~~ e e l  t l i e  - Patrol Car A l i e  i t  ion ~-~e e e l  c l  c a n n o t  a 1 lec ~ ate cars

~IIIIuir ~~~~~~~~~~~~~~~~~~~‘ i ’~~~~ ~~~~~~~~~~~~~~~ 
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in such arrang emen ts, but the required modifications are not conceptuall y

diffi cult.

More challenging is to handle  the allocation problem for police

depar tments  that  have complex arrangements  of several ove r l ays .  For

example , eight—hour tours migh t start every four  hours , such as m i d n i g h t ,

0400 , e tc .  In this case every tour can be viewed as an overlay . Design-

ing a sui table patrol car allocation procedure for such departments re-

quires the developmen t of a computat ionally efficient algorithm for

op timizing an objective function having the form described in this paper.

Since all ocation models are usually operated under severe cons t ra in t s

of core storage and computer run time , general solutions using nonlinear

integer programming packages tend to be impractical. However , formu—

lating the problem as one of nonlinear integer progranmiing mi ght lead

to insights and simplifications from which a suitable algorithm could

be devised. Such an algorithm would also presumabl y handle a s ingle

overlay tour whose duration differs from that of the overlaid tours ,

a si tuation which is solved heur istically, but not necessaril y optimall y,

in the current model .
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Desi gn and documental ion  of  t h e  P a t  r o l  Car Al  1 e e c , I t  ion Model was

funded j o i n t  lv by t h e Offic e ’ of P o l i  cv l) eve lopment  and Research , U . S .
D e p ar t m e - n t  of  h our -c i ng and U rhan I t t - v t -  1 e e p n e e n t  , und er con tract H— 2164

and the ’ N a t  i e)na I Inst it ute of law En o rc’ement and Cr m i  r e e l  l u s t  ice ,

l,aw E n f o r c e m e n t  A s s i s t a n c e  A d m i n i s t r a t i o n , D e p a r t m e n t  of J u s t i c e ,

under  g r a n t  7 5 — N l — 9 9 — 0 0 1 2 .  S i n c e ’  t h e  U ( ’A M  p r o g r a m  i s  based on c o n c e p t s

embod ied  in previous work , we wish te e express our  i n d e b t e d n e s s  to  the

des i g n e r s  of e a r l i e r  pa t  r e e l  c ar  *1 l e e c a t  ion programs , especially Rh hard

Larson , Richard Mudge , the  I B M Co r po r at i on , and t h e e ’  P u b l i c  Sy s t ems

A n a l y s i s  c lass  at-  U C L A .  e\ c omponent  of t he  model  was c o n t r i b u t e d  by

P e t e r  K o l e s ar  , and Da v id taquet t o  w r e e t  e’ t he s u b s i d i a ry  program t h a t

calculates unavailabilit y par~imeters by inversion of E r l a n g ’ s f o r m u l a .

E x t r e m e l y  u s e f u l  comments  on i n t e r i m  ve r s i o n s  of the program and d r a f t

doct i m en t a t  ion w e r e  p r o v i d e d  by R i c h a r d  Larson , Juan Pineda , the Seattle

P e e l  I C e  i)epartment , t h e  l e e s An geles Pe e l i c e  l ) e p ar t m e n t  , th e e New York C i ty

I’ ec l  i c e  h e - p c  r t m e n t  , and th e ’  r e f e r e e-s f or  t h i s  j o u r n a l .
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