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School of Eng ineer ing and A p p l i e d  Science

I n s t i t u t e  fo r  Management Science and Eng inee r ing

STRATEGIES FOR THE M I N I M I Z A T I ON OF AN
UNCONSTRAINED NONCONVEX FUNCTrON

- by

Gar th  I’. McCo r m i c k

1. In t roduc t ion

Newton ’s method for finding a zero of a f un e t  I I ) f l  ( I t  one v a r i a b l e

is the p r o t o t y p e  algorithm. There is a l a rge  body of 1 it t -r a t ore dealing

with  Newton ’ s method fo r  so lv ing  n s i m u l t a ne o u s  eq ua t  t on s  i n  n unknowns

(see 17] for mater ia I re I at  ing t I )  t Ii i s )  . Since  I. i nd Ing t h e  erncon s t NI I iied

minimizer of a function of a twit-v d i f f e ren  t j ab i t -  f u ne  t i o n  I s ev e r a l  ~ar  i —

abl es  involves f i n d i n g  a p o i n t  where  the  f i r s t  p a r t i a l  d e - r i v ; i t  I V t 5 van i s l i ,

Newton ’ s method is app ! led toward  so I v in g  t h i s  p r oh  1cm i i i  50 . In  t h  Is p Ipe  r

Newton ’s m ethod , w i t h  c o m p u t at  iona l i v  i m p o r t  l I l t  v ar  i a t  ions  I or  the ,I5,

when t h e  h ess ian ma tr  i x  of the  func- t ion I s  o ’  cas 100 , 11 I y I 11 ( 14 . 1  I n  i t  1 S

a n aly z e d .

E n ~t - c t io n 2 Newton ’s m e t h o d  i s  d e r i v e d f r o m  a n ; I t e I r ; I 1  p o i n t  l I t

view u s i n g  the  ‘‘gradien t path’’  a p p r o a c h .  The r*- i s  an m t .  rest in  g eoflflec—

t ion be tweeii t he c l a s s  i cal Cauc liv 1 3 )  met  hod 0 S te .  J ) e S  t (t i  S n t and

Newton ’s metho d .  T h i s  p o i n t  of  V ~ t ’W i s  li e I p u l l  i n  ~~~~~~ t i I n I , w h o  r & ’ mod i —

f ic;it ions to t h e  b a s i c  ; I pp r o ~I ( - h  are- di ‘s - i i s s e d  in  o r de r t o  ot) t . 1 1 1 1  conv . r c - I  - f l e e

to • i  second order  p o i n t  (on .  s - I t  i i ;  t V i n g  t h e  r e q u i  I ’ T l I t ’ i ) t  t t i l t  t l i t -  h ess I a n

nat r i x  he p o s i t  lv&~ so m i — d t - f i n i  t o , is  w e l l  Is  one w h e n  I h i t  g r a d  l e n t  vt- I t  o r

v a n i s he s ) .  The d i f f e r e n t  s t r ~l t e - g i s ;  f o r  d o i n g  t h i s  i n v o l ve- d i r t - c t  i on s  ot

i i t - ~~~l t  lye  cu r va t u r e . Ti lt-  St r ; I t e g  L e O  I r e -  t omp~i r . - t 1  l i i  . 1  M i mi) I .  e x a m p l e .
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2. A Cauchy—Newton Approach to Unconstrained
Minimizat ion

A natural way to develop a method for minimizing an uncons trained

function f(x) is to consider a physical situation . The trajectory of a

boulder down the side of a mountain (with the boulder restrained by ropes)

would appr oxima tely sa tis f y the differential equation

k(t) = -Vf [x(t)] . (1)

In general  it is not possible to o b t a i n  a so lu t i on  in closed form

of (1). When f(x) is a quadratic form there is a general solution ,

since the differential equations are linear. Let x(O) — be the m i —

T -t ia l poin t , and let EAE be an eigenvector—eigenvaiue decomposition of

V
2
f , i . e . ,  A is the diagonal matrix of ei genva l ues, and EET = I w i t h

E tile m a t r i x  of e lgenvectors .  Since f is assunie -d q u a d r a t i c , this  de-

composition is independent of x

I t  is well known (see )4  ) t hat  the  so] ci t  ion of ( 1)  is

Tx ( t )  x0 
— E y ( t ) E  V f ( x 0

) , (2 )

where y(t) is a diagonal matrix whose ~th diagonal element i.(t) ~~

I
— e ~ 1/ A , I f  A . ~ 0

=

t , if A . = 0

For t small , (2) yi elds

x ( t )  x 0 
— Vf (x~ )t

T h i s  is s i m i  1 or  I o t h i t -  a I c, or  i t u r n  known  as ( ‘ . i i n - l i v ’ S m e t  110(1 ( ( I

s t e e p e s t  descen t [3 1.  On e- v e -r s  ion  o l  t h i s  a l g o r i t h m  i s  t o  g -o or ~i t e  ii so—

quen( - e- o f  m i n i mi z i n g  p o i n t s  :Is

= — V t  ( x ~~) ~ k • k 0 , I , - . . , ( I )

-- - -~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~~~~~~~~~ --~~~---~~~~~
-
~~~~~~~~~
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where each t
k is o b t a i n e d  from the  f o l l o w i n g  s t e p  size problem ( w i t h

Sk 
= _ V f ( x

k
))

SSP I (Step Size Problem I) .  At a po in t  X
k , given a d i r e c t i o n  of

search Sk , set X
k÷l 

= X
k 
+ S

k
t
k , 

where t
k 

l~ a local s o l u t i o n  to

minimize f ( x
k + sk

t )
t > O

An impor tant  d i s t i nc t ion  should he made be tween the c o n t i n u o u s  form

of steepest descent g iven by ( 1)  and the  d iscrete  form in (3) . The forme r

is suitable fo r  Implementat ion on an analogue  compute r .  There are not many

published results on th is .  One such exper iment  (Fiacco and McCormick [ 6 ] ,

Section 7 . 3 )  demonst ra ted  the  f e a s i b i l i t y  of th i s  approach.  Implementat ion

of this, however , requires an e x t r a o r d i n a r y  amount  of equipment  and t ime .

The discrete approach is easily implemented  on a di g it a l  computer  but  is

n o t o r i o u s ly slow. Ano the r  i m p o r t a n t  po in t  is t h a t  the so lu t ion  of t he  first

order cont inuous  d i f f e r e n t i a l  equat ions  seems to imp l y t ha t  the  app rop r i ace

al g o r i t h m  fo r  implementa t ion  on a dig ital compute r  is not  t h e  d i sc re t e  fo rm

of s teepest  descent , bu t  r a t h e r  some form of Newton ’ s method. With  th is  in

mind , ana l ys i s  of ( 1) and (2)  Is  con t i nued .

When t is  la rge  the  tr a~~e -( - to ry  x ( t )  depends  upon the  s igns  and

m a g n i t u de s  of th e  e igenv a l ues. In  t h e  case when V 2 f is a pos it i v€- de f—

m ir e  m a t r i x , i . e . ,  when A . ~ 0 fo r  a l l

2 — ix ( - ” )  x 0 
— (V f )  v’f ( x 0 )

Th i s  is  the al g o r i t h m  p r e s c r i b e d  by the  c l a s s i c a l  ver s ion  - ) f  Newton ’ s

method w h i c h  m i n i m i z e s  a pos i t  i ye d c - f i n  i to quad r a t  Ic  II ) rm in  one it e r~l t I on .

The c lass t ea l  method without m u d  i t I ( ‘ I t  ions  ito rat e’S as

Xk+l 
= X

k 
— ~~7 2

t (x k
) ’ ‘

~ 

~~k 1 b r  k I t , I ( - ~)

- - --~~~~~~~~~ - - - —  - ---- -- ~ __ _ ____..- -
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Near a point x* where V f ( x *) = 0 and ‘1 2
f ( x*) is positive

d e f i n i t e .  tile rate of convergence Is “at least quadratic ,” i.e. , there is

a v.!1o~ to > 0 such tha t

lx k+l 
- x*II ~ M I I X k - x * 1 1

2

3. Global Convergence Using Directions of Negative
Curvature

There are many theoretical and c o m p u t a t i o n a l  o b j e c t i o n s  to the use

of Newton ’s method. The computa t iona l  o b j e c t i o n s  will not  be taken up in

this paper ;  here the theoretical difficulties are discussed and the basic

method modified so that convergence to a second order point can be obtained.

When X
k 

is far away from an isolated local minimizer the Hessian

matr ix  may be i nde f in i t e, and occasional ly  may even be singular. In this

instance the t r a d i t  tona l  move may not be a descent d i r e c t  ion (art u in the

singular case is not defined). Furthermore , even if t h e  }Iess lan  is posi-

tive definite , the quadratic approximation may be so poor that little

progress is made. Since the computation of  the  Newton direction is rela—

tively expensive computational ly and since it is not known h ow close t h e

current point is to the isolated l o c a l  m i n i m i z e r , it is argued that a

s i m p l e r  al go r i t hm is t o  he p r e f e r  r od .  A n o t h e r  p rob l em (wI t  I cli may be more

co m p u t a t  tona l  than the-ore t i c - a l )  i s  t h a t  the  coiid I t i o n  n u m b e r  of the  Hess 1, 111

may be .;o I i i  gh tha t  the  n u m e r i c a l  p roce dure  for comput  I ng t h e  Newton  d i  r oe —

t ion  g ives a fa lse  i n d i c a tio n  t h a t  the  H e s s i an  is not  j )t (S  i t  ive  d e f i n i t e .

There is no way , using t h e  t r a i l  i t  I ona l  N e w t o n  e q u a t  ion , t h a t  t h i s  poss lb i i i  t V

con he adequately handled.

Thcse object ions have led  inves t  i go t o  rs r I - I l - i )  t I v t o  p rt tpOSe mod I I  i —

c i t  ions to the bas i c algorithm. In d e e d  , any  comp el  t t - r P i~~ 
(
~~‘, i’ . I ii) wh lt ’I l Imp  1 e—

me-nt a form of Newton ’s me t hod must  t a k e  i n t o ~I e ( ’ o i I i 1 t  I h - ~-o di I fi , -iil t h’s; .

The p rob I em of what form Newton ’ s met  11 ( 1( 1 51001 l i i  t ok . - w h i t - n  i t  t l i e  po L I )  I, X
k

whit-n t h e  h es s i an matrix v
2

f ( x
k
) is n o t  p o s i t  v & d c l  ~i i j t e , h ia ~ b e t - i t

inv es t  igatod by severa l poOp I I ’ . ‘l ’hie S t  i - I t  ‘I ’ l l ’ s  o v t - r t ’ d  by  t h e se p a u s es I - i l  I

i n  11) f i v e  gene ra l  I’ .~ t -g o  r l e o .

- -
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A. When in the course 01 comput ing the inverse Hessian (usually

in some implicit form) an ind ica t ion  occurs t ha t  the Hessian is not pos-

itive definite , force the numerical procedure to generate a positive

definite matrix. The reasoning behind this strategy is that in most

cases when this occurs , it is because of numerical round off errors (caused

sometimes by ill—conditioning) and that this will tend to correct the

round off problem. In any event , it is argued , the resulting direction

will be one of descent.

This strategy will not be pursued further here , except to note

that compared to those discussed below it is wasti-ful of information .

The same numerical procedure that is used to get the inverse Hessian in

the positive definite case should be able to compute information that

will hasten the search for the minimizer. There is no reason why the des-

cent direction above will be- any better than , say, the steepest descent

direction when the Hessian is indefinite. ifi other words , if the genera—

tion of a d i r ec t ion  of descent is the only concern , t h e r e  are cheaper ways

to do it. For more information on these techniques the reader is referred

to Matthews and Davies [13], Creenstadt 110], Levenberg [11], and Marquardt

[12].

B. When it Is dist -overed t h a t  t h e  Hess ian  m a t r i x  is no t  positive

d e f i n i t e , modi fy  the  numer it-al proc-edure and compute d
k ~ desce nt_ d i r t -c —

t ion  of negative curvature, i . e . , a vec to r suc h t h a t

-I ,
d k \“ f ( x k )d

k 
0

and

d~ V f ( x
k

) - ‘ 0

Set 5k d k and f i n d  t
k 

t h €  s t ep  si z. ’ s c a ta r  by us L u g  SSP I .

‘rho not ivat  ion h e - h i n d  t h i s  ot  r .- l t  egv i s  L I ’  I i i ~ b en tile se - a r c h  for a

r eg ion  Ln w h i c h  the  H e s si an  m a t r i x  o l  I i s  p o s i t  i ve  d e l i n i t e  so t h a t  th ~
c la s s  h a l  a p p r o a c h  w i l l  app ly and an t i l t  m I l l  0 t h i i ; I d r , t I i ’ i i t t ’  ol ’ &‘ n \ ’  r g e n c e

be ( i h t ; I i n t - d .  ‘Fhi c I ’e ; I s ( t o  t h i  is o t  r a t t ’ 1’v  ~ h io t i ld  ;ic ’omp l i s h i  t h a t  is t h a t  t h e ’

d i  rot t ion d k 
is  o ne ’ i i i  wt i l o b t i e  h i m ’ t ion  d es’ Y’ t - - i ’ ,eS , oiid 1 I s O  ( t i l l ’ ( I t

~~
_... .l~~~ -, n tThm~ - -r~ ’,, 

~~~~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~ 
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- 

‘ “ ‘ “  
-.



T— 3 4 3

least initia ll y) in which the rate of decrease is decreasing. To see

this , s imply note that

d f ( x
k

+d
k
t)/dt = d~ V f ( x k

) < 0 , a t  t = 0

and

d
2 f ( x

k+d k t ) / dt
2 

= d~ V 2 f ( x
k

)d
k 

0 at t = 0

If the problem is we l l  posed , the  f u n c t i o n  is bounded below and {xlf(x) .1
f ( x

k
)} is a bounded set. Thus , ultim ately the curvature of f in the di-

rection d
k 

emanating from X
k 

will become nonnegative .

If the directions {d
k
) are chosen with cart’ , eventually the  sequenc e

of minimizing points will enter a reg ion in which the  H e s s i a n  is p o s i t i v e

(semi) definite and remain there. It is not d i f f i c u lt  to compute a direction

of negative curvature ; what is difficul t is to compute one which has some

resemblance to an eige-nvector of the Hessian associated with its m i n i m u m

eigenvalue . When it does , the minimum eigenvalue of the  H e s s i a n  can be ex-

pected to increase each t ime the above strategy is used. Eventually the

minimum eigenvalue is brought above zero , as hoped  f o r .

in t u i t i v e ly this  s t r a t e g y  makes sense.  Theorems can he used to prove

second order convergence of the s t r a t e gy  i f  the d i r e c t  ions d
k
} have u - e r —

ta m p rope r t i e s .  If  one is w i l l i n g  to go to the t r o u b l e  to c o m p u t e  
k *

convergence (except  under  p a t h o l og i c a l  c i r c u m s t a nc e - s )  can tn estab l ished .

The p r o b l e m  is how to o b t a i n  a good ~ i r e - ct  ion of ne-got  i Vt- cu r v a t  nrc-  and  use

no more a r i t h m e t i c  o p t - r a t  ions t h a n  would be ’ r eq it  i red to c o m p u t e  t h e  u su a l

Newton vector. Tb is m a t t e  r has bet-n discussed els e-w ilt -r e- I I  S 1 . h -or  r oo t -n

a t t emp ts to h an d l e  t h i s  p r oh i  em t h e  r c , iit - r i s r t -  f e - r r & - d  t 1) gjj I and M ij r r o v

[8] , F’ let  l iter and Freeman 1 7 1 * 
h- I n t I  and M( -( :o rm i t -k I 6 1  * and tilt ’ S ur v ev

M u r r a y  [ 1 6 1 .

C. ‘lii ’ most . I j ( i S ’ .I l l o g  ‘ - t  r , I t ( ’ y y  i s  based t i ,  C’). l b  t I , i s  wu ’ i’ t ’ d ont-

t h e  cont i n uou s  ste ’ep t ’st de’sd ’ e-il t t i - , i  [ ( - I t cv , or ‘ g rad  i t - n t  b’oth ’ (base d Iii)

a qil n I r I t ii - appr ox im lt iOn a t  t In- point x
k
) wou l d he’ a l )p r (x im a t e’i . I’his h a s

— (1 —
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many desirable features. For one thing, t h e m e t h o d  is not  as sen s i t ive to

numerical round off errors which may give a false- indication of indefinite-

ness. It is easy to show that

—A . t \
lim I~i — e ~ 1/ A . = t , fo r  a l l  t > 0
A .-+o
3

There have been some experiments based on this approach (see [18],

[9], [ 5 ] ,  and in particular [2]). The major drawback is that it requires

a fu l l  ei genvalue—eigenvec tor  decompos i ton ; t h a t  is , un less t e ch n i q u e s  for

exponen t ia t ing  a mat r ix  are used.

An obvious modification to this would he to do another decomposition

which resembles the eig—e ig decomposition using some numerically stable pro-

cedure . There are many possibilities for this , hut no published work seems

-: to have been done in this area. There is one approach which used a quasi—

Newton updating technique to approximate the inverse Hessian [19 1.  Som e

numer ica l  experience has been repor ted  the re .

The formal s t a t emen t  of t h i s  approach i s :  l e t  x
k

( t )  he the s o lu t i o n

g iven b y ( 2 )  to the q u a d r a t i c  approximation prob ient . Set Xk+l 
= xk

(t k
)

where t
k is a local solution to mm f[x

k
(t)]

t>0

D . The f o u r t h  st r a t e g y  is to c rea te  a t r a [ t - c t o r v  w h i c h  is a combin a -

t ion of a descent  t r aj e c t o r y  and a t r a j e c t o ry  g iven  by ii descent d r e ’c t i o n  o h ’

nega t ive  c u r v a t u r e . ‘l’he desire  to  simultaneous l y mi n imiz e the l unction in

the dirt-ct ions in wh ich the  Hess ian has p o s i t  i ye e i genva  l ues an d t o  o n e  a I so

in a d i r e c t i o n  of nega t ive  c u rv a t u r e  can t ake  se v e r a l  fo rm s . Below is  one

fo rm fo r  w h i c h  convergence  to a second o rde r  p o i n t  can be pr ’ved .

‘I wo new ste! h ) si ze ’ pr o -ecl ur e -s I r e ’  n L ’d ’ t - S Sar v  I t ’  i m i ) I e l f l t i t t  t h i s  St  r a t  t - ’~V .

They ar e  gen e r a l  i z at  ions  b y Mt - C o r n i i c k  1~ t I o f  t h o s t ’  s i t g ~ l ’ o t t ’d I h~ Ar m i ~~~ t I l  1.

SSI ’ I I  At i t t r , - i t Ion k 
* gi v ~-ii X

k ~i~~d 5
k ~~~~~~~~~~~~~~ d i r t- & ’ t i o n  o l

search ema ini t  ing f r o m  i t , I’ m d  i ( k )  , I h o ’  sm , i l  h e - s t  ~u t  t s ’ t ’ i  I corn J1 , h 

s u c h i  t h i ~lt

— 7 —
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f(x
k
+s
k
2

1
) — f ( x k

) < Ii 2~~ s~ ~
f ( x

k
)

where a is a preass igned constant  where- 0 < ux I . Set

, — i(k)
X
k+l 

= X
k
+ 5

k
2

SSP III At iteration k , given x l * 
S~ a descent direction ,

and d
k 

a descent direction of n e g a t i v e -  c u r v a t u r e , f i n d  i ( k )  , t he  smal les t

integer from i=0 ,l,. . . , such that

fIY k
(2 ’)I - f(x

k
) c ~ 2

’[s~ 1 (x
k

) + -
~~ d~ V 2 f ( x k ) d I

whe re- 
~~~~ 

‘
~~ 

+ S~~~2 + d
k
2
1
~~ . S e t

X
k+l 

= X
k 

+ 5k~ 
+ d

k
2 

i(k)/2

( He re ago in , ~ is a p reassigned  c o n s tan t  w i t h  (I < u I ) .

~~~~~r L t h m .  Le’ t X
0 

1)0 a g iven P o i n t  . In genera  I , at, i te  r a t  ion k

t he re  is a v a i l a b l e’ a p o i n t  X
k . Movement to  X k+l  t ake ’s  a d i f f e r e n t  f o r m

depend l u g  upon wh ich i  of two cases ho ids .

Case - (0 :  The h e s s  t an  m a t r i x  
~

‘ f ( x k
) is  p o s i t  ive d e l  i m l i t e ’ . S e t  =

— v 2 
~ (x k

) I 
Vf (x k ) am i d  Oi) t- d ~ 1i X k+ I 

I t . ;  i i (  SSI I i .

( 0 5 1 ’  ( i I )  : ‘ru e- Hess i -In matrix ‘,‘
~~ I ’ (x

v
) i s  no t pts ; it I v ’  d t -  f i n  it c. Comp t i t  t

a dest ’ e ’i it  I l l  r ec t  ion 5
k ~i iid - l  dt ’s , ’ t - n t  I l l  i t ’ l l ion  t i (  itega t n t ’

c u r v a t u re -  
~
1k 

( S t  SSP ii i  t i t  I ) l ) t O  l i t  X b I

~ ~~
- -  i t  i t • r . ‘ I  I i / 1  t i O i~ ‘ k an t I ti k l i t  ( ‘ i t ’  ( l I ) vi i~~ 1( 1 h i ’ ( I  -

negat i v1- grad  h - n t  ~~
‘ I ( x~~) h i d  

i n  ( w i t  I t t h i .  s i u ’ I l  c h i t t s t ’ n  I p p r t ’p r l a t  t i  \‘

t I  ri ki ’ ~t 1 descent  ti L i t - I  i on).

— H —
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Again , the d i f f i c u l t y  in using t h i s  s t r a t egy  is in f i n di n g  an e f f i -

cient numerical procedure for computing d
k 

and a na tu ra l  choice for  S
k

which allows for minimization of some “part of” f (x)

E. Another strategy , related to the fourth one , is to create an

iteration which consists of several steps. Using X
k 

as a base point ,

move suc cessively optimizing along computed directions of negative curva-

ture. The last step of the iteration is to move so as to minimize the

“p o s i t i v e  par t ” of the  q u a d r a t i c  a p p r o x i m a ti o n  at x
k

S p e c i f i c a l l y ,  d e f i n e  the positive ’ Part of the Hessian ‘1 2
f ( x

k
) t o be

k k k k
= e- , ~~. ( e- , )  ,

.1

where E
k (i, k)

T 
is t h e  ei g e n va ]u e — e i ge-nvec tor  t I e - c o m p o s i t i o n  of t he He s s i an

matrix. Compute , a positive semi—definite matrix which is an approxima-

tion to ~~-~~“ 
, and d k 

* d
k 

* descent  d i r e c t  ions of nc’gat ive curvature f o r  i t

Set v
1 

= X
k 

. In  ge-nero 1 , for t he j t Ii s top  of  t h e  k tli  iteration ,

k k -set s • = d , (where  w i t h o u t  l oss of gene ral i ty it is assumed that

k T 1 , . k -(d . ) ~
‘ f (x

k
) - - 0) antI find y 

+1 
by solving t he  m i s u i m  I Step—size Prot ’ 1cm:

minimize- f I y ~ + s~t I  . (5)
t ,~, 0

‘I’h I i s  t o  he done- I or j = 1 * . . . , q

At t lie t q + l  ) st s t e p  t hit- di re-ct ion of st -o tt - li is st t eqima I t o

k = (1l k
)

I Vi (x k)

in t l  t h I ’  t I ’ h t  t i m e- I I I  t b i t -  op t  i rn ;i l - ; t  op i-i l ,~~~
- p r o h l  em ( 5 )  v i t - b  I s  - l  point vii i c - h i s

t ak i n I ’  i t t - x

— ~1 —

L ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- ‘ -

~~~~~~
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Par t i a l  m o t i v a t i o n  for  th is  a l g o r i t h m  I-an he g ive-n as f o l l o w s .

Suppose at X
k 

there are q negat ive  e-i genvalue ’ s assoc h , t t e -d w i t h  i t s

Hessian matrix. Suppose further that in gent-ral the Hessian matrix of

f at any general po in t  x can be a p p r o x i m a t e d  by

‘
2f(x) E A ( x ) E 1 

* 
(n)

where EE
T 

= I 
* and A (x) is a d i  ag l i nr l  I mat r ix . Tb is is tantamount L I )

assuming that although the eigenvalues ot t ue Hess i - i n  mat r ix of t (x) max ’

vary from it point  to point 
* 

t he assoc- i a t e d  e igenvee ’t irs do not  I - F i l m - i ve ry

much.

For d e f i n i t e n e s s  assume t h a t

X .(xk
) < 0 

* 
for [=1 ,... ,q

and
> 0 , f o r  j = q + l , .  ..,n

Set q~ = ~e ( t h e  s ign chosen ,so t h a t  ( i ’ . )  V t  (x
k
) I) ) .  l ) t ’ I - , l i i s t ’

t he opt  imal s t ep—size  p rocedure  ( 5 )  is  used , i t  lol lows I f i a t

Vi = 0 
* F o r  [=1  q . ( 7 )

Because ’  I t  th e’ a p p r t )x  (m a t  Ion above i t fo  I I ows L i m I t

Vt (~‘~ ÷~
) = V f ( y ~~) + E~ [y ~ + (v ~~~ 1 

- ~‘~ )s IE
’(tls (t’ t ~) , t ’ r 1 q

A s I m p  Ic  i ndiic t ion a rgume’it I siit’ws t i l l

‘
1 (y ~~) = -! V f ( x

k * b r  I h .

i f  I I n -  p r o h  I t - m n  i s  we- I I — p o ~ e- d , .c. • i f  j f  ( 5 )  - t N )  I . 1  l i o t i i i t i t -d ‘ ; t ’ t

t l i t - i i  t b -  i L l - h i ~’s i z e  p r o h h - in  t e ’ r n h i i i , I t t ’s It I I F r i l l , ’ ‘ ‘ h i t  r i d t i t  i ,  r i h  I ’ r , ~~’ - t

n(’i ’ i ’’oi. h r ’ ,’ 1 1 5 1 1 1  i t  l o r i s  in i ~i I v

= 1
k 

( 1 ( 1 1
j + l  ( I I

— f i i

S ~~~~—-~~~~~~~~~—-~~~~~~~~ - - - - - --~~~~~ - -
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Thus th is  s tr a t e g y  br ings  the  eigenvaluc- s up t tm z ero . Assu me t ha t  s t r i c t

inequa l i ty  holds in (10). Assume f u r t h e r  t h a t  the- e- i genva itie’s wh ichi we-re

strictly positive have not changed at all (or , not ve’r~ much). Then at

* 
by recomputing the new in format ion , .1 u sua l Newton mtmvo would he

made. We shall now sh ow tha t  flu new coniputat ions ,~ r e-  n e c e s s a r y ,  i . e .  
*

that the step (q+l) accomplishes this.

The Newton d i r e c t i o n  at i s  g ive- l i  by

_V 2f(yk
÷1
)
_l

Vf(y
k
÷j) 

= ~~ e’
~ 

(y~~ 1
)~~ e’~ Vf(y

k
~ 1
) . ( I I )

No w because of ( 7 ) ,

T - k
°

q 
Vt (Y

q+i
) = 0

For I K j q , by v i r t u e  of (8) and the fact that e~ e’ . 0 fo r  i~~j 
*

induction yields

T~~, .  k 1 \ ,  ke~ ‘~~~~q+i ~ 
‘~~ J~~’~~~ ) 

= 1)

( u s i n g  ( 7 )  a g a i n ) .  ‘I’hus (11 ) above- is e q u i v a l e n t  to

En k — l i’ - k
— 

j =q+1 e~ \~ 
~~q+l~ 

e
1

The fact that eT e- , = 0 
* for i j , - otqm l e’d w i t h  ( 8) ,  r eadi  lv  vie ’ l u s

1 - -

e~~ \‘ f ( y ~~~1 ) 
= e~ V I ( x ~~) * f or  j = q + l  ,.. . ,n -

T h i s , c o u p l e d  w i t h  the  u i s su m pt  ion t h a t  t h e -  e i g eu v a l  Ut’s w hI  i t - l i  were ’ [lOS i t  iVI ’

at  X
k 

do n o t  change nut-li ( i . t ’ . 
* (v~~, ) = (x

k
) fo r  ] q +  1 n )  

*

imp i ic-s t h a t

e k (y
k

) 
1

t
1

j 

‘
~~

‘
h (v k

÷1
) -E’~ q + I (x k

) ’ t ’  Vi  (x k
)

w h i t -h C; Hot  _~~~k ) I (x k
)

— II — 

— -- “.“~~ -~~~~ --~~~~~ ‘-~~~~~- -“ -~~
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Examp le. The nonlinear programming problem is:

minimize sin (x
1
~~

2) + (x ’-x2)2 - 3x 1
/ 2  + 5x~ /2 -

1 2(x , x )

The vector (x1’
, x

2
) is further restri cted so that x

1 
> —1.5 , x

2 
>

—2.5 must hold. This is a nonconvex programming problem and has an in—

finite number of local minimizers. ‘l’he p l o t  of t i le p rob lem is in Figure

1. Assume that the start ing point 01 the,- process i~s x
0 

= (0 .  
* 

— . 5) T

The solution of the differential equation (1) starting from that point is

given by

x
1
(t) = (y

1 ( t ) + y 2 ( t ) ] / 2  , x~~(t) = 1y
1

( t )  - v
2
(t)1/2

where

1 - ,— —e’xp (/.75t — . 2 9 7 0 0 7 )  + I
y ( t )  = 2 a rc tan  v 3

ex p ( t / .7 5 t — - 297007)  + 1

and

y
2
(t) = 1 . 5  eY [l (—2t)

As t approaches  i n f i n i t y  t h i s  t r a j e c t o r y  approaches  t h e  l o c a l  u n c on st r ; t i n c - d

minimizer (— . 5 4 7 1 9 7 5 5 1 2, —1 . 5471 97551) . The- tra je ctor y is p lo tted (the

dotted curve- ) in Fi gure ’ I

At x
0 * V f (x

0
) = ( — 1  . ( i , > 2’., 4. (7 7~ ) , and 1” f (x

e
) =

(_
~: ~~ ~: . Tb is }ia .s an ci ge ’nva l iii-  (- . YSSS ) in  t h e  d i rt - e l i  on

( 1 ,1) 1 
* 

-mu d an el geuva l ut’ ( - ‘4 . )  in t h ’  dir et - t ion (i ,~~l)~ . For S i Iil h ) Iil ’it Y

the  norma l izat [on i tt tin,- c-i gotlve ’i’tor s w i l l  be- i n t ’ o r p ( r - l t  -d i r i t I -  t h e  d i , u t n ,  I

matrix. ‘I’he Ira je’ctorv give-n liv the qil,i (hr ;ht I c  ; i p p r t m x i m I l  ion  n te ’ t l i imd  (S t  r a t  t - c v

C)  is

( 0. I 1 ( 1 -1 -5 1 1 1  - ‘I t  /8 1) I - I - I -

S - h I I) — (  I - t s p  , ‘)“55 i t  1 )/u - 1 ) 1 7 1 /  1 1 ‘
~ - F 37h

I’ll I s Ira c-ct i t  rv is p lot I - s I  i i i  F I ; ‘ t m i i ’  I . ‘l b, p it  j i l t I i i  1 1 1 1 1  ii ’,’ t ~ I1I’\*’

i ’ lo se I v  t ii l i-i I ’ l l  ows 1it u l t  I i t  I I ’ l l  l i t  I I  - ( h i t  I i ’ f ( ’ r i  I I II ‘pu - i t  I ~t r m .  l o F t  i , m1 1 v I lo -

_ _-- “ - 5-~~~~•••~~~” -
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— k = —Vf [x(t)1, x (O)  =

T
0 

(~~~ ) k = —VQ
0
[x(t)] where Q

0
(x) is quadratic

0 = Arinijo (second order) points

2 A = Minimizer of f along T0
B = Solution of second order Armijo step—size procedure

m m
C Minimizer of f along e0

x
0

0

0 /
— - 5-

d
I
i

/
,
i
I

-1.5- - A /
T0

(—2. ’ , — 1 . 5) — . ‘I •
1~ >1

~I I N  S I N ( x
1

+x
2

) + (x
1
-x ,)

2 
— 1x

1 ~~~ 4 ‘~~~~~~/~~ ~ .‘1’ . - ‘ . S x
1 . 

-I . ’i

I” i g u r t -  L — — ! ~c ’’ , i l l t ; u  i ’ t  t i l t  t t ’ r l ’ i l t  u t  r , l t l - ;~~j i  - I , i  ‘I  n on —
e l t m l v e - x h i l t  i ’ i i ’ ,I  r - i h i i t ’ - I  i ii i i i  i n i h  , ‘ . i  I l t ’ U  p r  i i i  - i i .

— l b  —

~ 

~ ‘ . . . 11 
- ‘.I .~~’ ’ It . 

~~~~~~ — - - -~~~~
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tangent to the trajectory is the steepest descent direction , and later

it turns to point in the direction (_1 ,_1)
T 

- It passes very close to the

unconstrained minimizer . The solut ion of the Gptimal step—size problem is

at t 0 
= .67 with x

0
(t
0
) = (— . 67 , _ L S O )

T 
. The objective function value

there is f[x
0
(t
0)J 

= — 2 .85 . ‘th is is g ive-n as point A in  Fi gure 1.

Use of Strategy B on th is  example  involves m i n i m i z i n g  f along the

ray (_1 ,_1)
T 

starting from (0. ,~~5)T . ‘the - r e s u l t  emi t u b  is p o i n t  C In

Figure 1, approximately (—L 2972, — . 7977)
T 

. The region tf positive def-

initeness has been found and the regular Case- ( I )  version of Newton ’s

method would apply now.

The results of appl y ing  S t r a t e -gy  I) a rt -  s u m m a r i z e d  in T;ihle- I and are

also given in Figure 1. A value of a = 1/ 2  was used i n  t he  A r m ij o  prot ’e—

dure .  For i 0  the poin t  generated was outside the-  g ive-n  bounds .  The thresh-

old c r i t e r i o n  failed for i=l hut passt -d for 1 =2 . The’ te rmina l point  is

labelled B in the figure and is approximatel y (.0520 , _~ ,43795)T

App lying  the c l a s s i ca l  ve rs ion  of  Newton ’ s method (4)  at  t h i s  po in t

y ields

/ .0520 \ / 2.982964, ~ I. 0t70FS\
h / t .~~63€t3 S~\ /-.560799242\

= 

~~- 1. 4 3 7 9 5 )  

- 

L 1.017035 , 2. 982964 ) U.296 1045) = 
~-1.540 9799)

which is very close to the unconstrained minimizer.

The r e s u l t  us ing the general Strat egv E is is fo l  lows. The pus i t  i v t ’

port,ion of the Hess ian matrix is

f 1\2(1~~~
1) 

= f 1 ,~
/, t\ ’4 ( h / 1 ” ~* I / t , t )

Them move from x
0 

a l o n g t h e  d l  r e - I t i t h U  t m i  i i e ’ u ’ U i v i -  ‘ ‘ i i r y , u t  u n ’  is t h a t  ~t r e ’ —

.-4(- rihed by Strategy B and t a n  ftc ’ u se d 1 ’ - I i  m ; t  , i r t l u g  P 1 1 1 1 1 .  T h i s  Is p t t iri t I

in Figure 1 .
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The direction vector is then

~~ ( l/&  1//2 )

(~ 0)t Vf(x ) = —( (_1.6224\ ( .75
\ 4 . 3 7 76 /

Wi th  a step size of one , t h is y ie lds

( ~~~~~~~~ 
= 

( _ I . 2 9 J 2 ~~ 
+ 
( . 75 ~~

\—l.5472/ \ — . 7 9 72/  \_ . 75/

In this example this Is the desired unctmnstr aine- d minimizer and no further

computations are necessary.

4. Summary

In th is  paper several st r a t e g ic-s h ave- bee-n p r e s e n t e d  for  mod i t y i n g

the classical fo rm of Newton ’s method  w Imc -n t h e  H e s s i a n  mJ t  r i x  is not pe ts  i—

tive definite at s-one iterate. The emphasis was on t h e- g e o m e t r i c  m o t i v a -

t ion f o r  the methods , r a t her  th an  on convergence- theorems w h i c h  can be

proved f o r  s p e c i f i c  a l g e b r a i c  imp l e men t a t i o n s  ~~f the methods. In the pape’rs

re fe renced  there is a general ce-)nce -n sus tha t  a l t h o u g h  the  n a t u r a l  way to

look at t h e  methods is from the  po int  of view oI tIm e ci genvector—el genva l tie-

decompos it ion of the Hessian matrix , it is also agreed th at e’onlputat i on u i l  Iv

th i s  is too expens ive . Most of the  au t h o r s  quo ted  in t end  to  w or k  tin i m i t i —

t ive a l g o r i t h m s  wh li-h do not require this (and in  some’ ca se ’s  do not  re qu  I r em

explicit computation of the  second d e r iv a t i v e s ) .

The computat tuna I pr ob le-ms asolic iated wit Ii these m e t h o d s  have’ n t t t

been elaborated upon here , nor have the di ft it -ui ties in  get t h o g  good t e s t

probl c-ms . S li_ ice- time- mod if I cat ions to he made- li t ’ cu r  in  f r t -q uc -n t  l v  c om p u i r t ’d

to tile- USU~ 1 Newton or quas I— Newton steps , t an- in ge-nt-r a t ng Ic-st  s i  tu:I t I 0115

to compare these  d i f f e r e n t  strategi c’s must be’ t ;ikerm .

— I —
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