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potential distributions are taKen into acc.~-~nc . Solut ions are possib le
for f~~GC ranges of the values of trio relevant parameters , and are app li c-
aole to the sheaths and fl uxes of emi tting spacecraft , an d to the current-
volta ge characteristics of emittin g Langm u-ir probes .  - T hj  formulation for
the orbit analysis is based on tne author ’s (1973, 1975) Turn ing— Point
funct i on method , as opposed to the metnod of the Effect ive-2ot~-n tial fu c-
tion exemplified by the work of Lafr3 chO~~SC and oernste~n and Rabinowit z .
The two formulations have been srown : ; y the autnor to cc anal ytically
equ iva lent and to poo~uce -i dent ical num er ica l re~~lts. However , ir  tr ~author s op~nion tne ur ni ng — Poio t for::: ut ’i C f l  15 s n p ler an d n-ore eff t—
cient than the Effect ive— Potential forn~u

’iat~on.

Solutions are presente d fo~ a n umber of sample probiecis , us ing a code
PARKSS based on the onol ys is of tnis repo r t .  The discussion of triese
Solutions inc ludes compar iso r~ wi tn  previous theories ann experimenta l
data . In these problems the e f f co ts  arc co ns ioc red of va r iat ions of
( a )  su rface  potential , (b) m000erh:r;otic versus Max~~l’iian e m i s s i o n
velocity distributions , (c) em -iss ur ’ flux relative to ambient fluxes
(~weak~ ve rsus ~strong~ em ission), ano (d) emissio n temperature
relative to ambient temperatures (‘coic~ versus ~~~~~ emission ), on
potential barriers and net surface fl uxes.
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1 . I NTR0 U UCTiO ~

Thj~ report is concerned with rigorous calculat ions or tnc  S L I ’U L t I rL’

of the charged—particle sheath about a symmetric boGy i mrterseo in a pl asr .~
and em ittinq electrons from its surface . The body can be a space probe

and the emission c~ n cons ist of pho toelectrons or seconoar y elec tro ns. Th is

becomes an important effect when the amb i ent plasma is hot and tenuous , say

about a spacecraft outs-toe the p lasmas pnere , and can influence electric

fiel d measurements (Grard et al , 1973) or l ow—energy pa rtic le eApe ni . . . t tS

(Whippl e and Parker , 1969). The iodel to be discussed is e~uallj opt

ble to the problem of an electrostatic Langicuir probe in a laboratory ~~~~~
where the emitted electrons are thernionic or secondaries (Chanç ard

Bien kowski , 1970).

Spherica ll y—symmetric sheaths have been tr?ated riqorously in tne

absence of emission by Laframboise (1966) and Parker (1975). Toe effects

of emission on spherical bodies immersed in plasnas have ~~1-Cf l  t rea i L .

a :-oxim ately by a num ber of morKers (cf. Wh ip ole , 1976 and referenco -
ci ted therein), but very ittle niciorous theoretica work has OCCi rep. ‘z~~..

Schröder (1973) reports toat nc used the method of Laframbo-ise ( igdb )  ~c
include photoelectrons , but gives no computational details. This is u Si  -

nificant omission because trie Lafra’mboise method is based on too ass~ p :;co

tnat tne potential profile is monotonic whereas Schröder ’s results ~r v o~~ e
nonmonotonic potenti al prof iles (potential mnima ), ~on cn hGulG re ’ u~~re a
s gnificar .t modifica tion such os that of the present report.

Ther:T is or oing work on ciyna~rc ti m e—simulat ion c ulculot lorts for - toe
spherical sneatn nroble;. ~P. ~othw el1 , A. Wilson , priva te m :o : u n i c a t ~ o o  ,

1976) . These sc~lut ons f l O V t 1  : I e e o  T 3 u l~’L to aciree (after t o o  O S C i  11 a t i,mr,~
f l O V O  , ocome suff icien tly smal ) W i t s  toe autoor  s stat-i c so ntlons ~~~~ en ,

973 and tn - is report) at s i f c ’ c i e n t iy  lonq t ;’me s . no~:~v e r , c~ r~~~n ~i-n-

c~l ties are enco unter- cc W~ t i  d / n ~I / i 1  0 ~,‘rnods wni cri arc ,in~ nt 11 St  t t~
met noc s . For examp e , in ~~ i f l j  st h’ I h /-S~~i IL. sol ~5 t lo ~~ OHO a / f no O I

are two or m ore n if fe rent  t~: — S L U I C S  n toe rot e. . ,  I
,, :  cm ,ar  ~. t •~~ . —

s mulat ion re la t ive ly  expe ns iv e .  One ..i y iso ir~adv c r t ’ n t i . int rOt~,ce

‘ ‘ ~~~~:~~ ~~~~~~~~~~~~



“numeri cal” collisions so that particles become inadvertently trapped , in
a potential minimum for example. In additi on , there may be excessive noise.

A rigorous spheri cally—symetric model is needed , to provide relatively
inexpensi ve but valuable guidance regarding the assessment of sheath struc-
tures in 3.-øimensional problems . The present computer model , called PARKSS
(Parker Spherical Sheath), has been developed wi th this aim, it is an exten—
sion of the author ’s previously developed computer model (Parker, 1975), but
modified to take any rionmonotonic potential distribution i nto account, it

should be mentioned that a time—simulation study by Soop (1972) fo~ a con-
ducting sphere illumi nated on one side in a vacuum has shown that t: ~-~‘mn-
metry in the charge distribution is small . Hence , a spherically symetr~c
model should be a good approximation for the sheath around a spherical spaCe
probe. In aclaition, the problem of a b o g  circular cylinder (which has clear
implications for space , e.g., instrument booms , as wel l as l aboratory app li-
cations) is so similar to that of a sphere t riac only slight modifications
are required . Accordingly, the sphere and cylinder are treated on an equal
-..~sis in the analysis of this report.

In Section 2 the assumptions and basic foundations of the Viasov prot-
lem are discussed . Tnis refers to the evaluation of charged—particle cen-
sities and fl uxes with arbitrary potential distribution s. In Section 3, :ne
solu ti on of Po i sson ’s equation , and the Poisson-Vlasov i teration procedum-~
to obtain mutual consistency of the distributions of potential and cnar-pec-
particle densities , are treated. The kinetic-theoretical problems of the
evaluation of densities and fluxes are discussed in Sections 4 and 5,

respectively. Here we consider Maxwe ilian and monoenergetic velocity dis-
tributions , for ambient and emi tted particles , and for spheres and cyl~nd~m-~.
The moment integrals are repres~-’ted as integrals over energy and an çuia r
momentum . In Section 6 we consider the orbit analysis required to evaluate
the angular momentum integrals. The formulation for this anal ysis is 0aset

an the Turning— Point funct;on as opposed to the Effective Potential. The
Turning — Point formulation is considered to be much simpler in practice ~/ ric
more efficient than trt e Effective—Potential formulation. The ecu vale nc~.
between the two formulations has been proved analytically and nume m lca i lv
(Parker, 1975), but is here demonstrated in one of several examples ov 
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re - c c r iv i n~ on the basis of the Turn m ng-Point fotmuiatien trte formulas der- vec
earlier by Bernstein and Rabinowit z (1959) who used the Effective Potent’al.

Section 7 and Appendix A are concerned wi tn the energy-quadrature
method wherein the moment integrals over energy are approximated by finite
sums over monoenergetic factors. The method of Parker ~l975) is here modi-
fied to aeoi wi to r,anmonotonic potential distributions ano arbitrary erer~ y

ranges which arise O tne emission problem.

In Section 8, a nuriber of sample spheri cal soluti ons obtained wi th the
code PARKSS are discussed. Tne effects of (a) emi tted electrons witoot0t
the ambient plasma , (b) ambient plasma wi thout emission , and (c) the ~~~ 

- -

ation of emi tted electrons wi~~ the ambient plasma , are compared . When  tnere

is emission there i~ 9eneraii y a negative potential minimum (or barrier)
somewhere between the probe and -infinity . qualitative behav or is as
follows . For large positive surface potentia~ the min imum has neg ligib le
depth and occurs at a large radius. As the surface potential is reoucec ,
the minimum moves i nward and becomes signifi cantly deeper. At a ne~ .t’v e
va.~e of surface potential , the minimum occurs at tne surface , and a: the
surface the field is therefore zero. Wi th more negative surface potentials
the potential profile rises monoton-i cail y to zero. For positive surface
potentials , the solutions are similar to those presented by Schröder ( 1 973 ) .
However, there are some differences with Schröder ’s results. It is shown
also that emission raises the equilibrium potential , as expected. The
effects of strong versus weak emission (based on relative fl uxes), and
monoenergetic versus Maxw eliian distri outions of emission velocity , are
comnparoc . For- weak dnd cold emission from a negative ~roDe, the eni ttec.
electrons “run, dOWflh~l I ,” arc their density fails rapidly anc becomes asvm~-
tat-i cally proportional to the -rv n se square of the raaia. cistance . ~r.
small—Debye—number probe problem , the point of quasir~eutra ity , beyond ~~~~
posi tive and negative charges balance to wi tnir. a given small fractmor ., is
unchanged oy adding electron emission. R qorous solutions are also ortOinec

~or a p.’oo em treated approximatel y oy ~m -p o e ~~76
’ in ottemotin: to

3re: A . S —o spacecr~ rt ud tc. . ne s r ne r l c u  y—symmct r ic OIOQC was aOOt ~~CC-

see wrtetner potential barriers indicated by the Gate cou ld be rcp’oducc-t .

-S..

- ~~
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At various points throughout Section 8 equilibri um potentials are i n cm ~ oi:oc .

The limi t of cold emission from a negative probe is deri ved is Appen~i~ ~~~.

The computer program PARKSS implementi ng the anal ysis of this t- ort
is presented in Appendix C.
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2 . F6L~ oA TiO:~S

The spacecraft is model led ov a conCuc t in~ sonere  or c ,’l 1nuL~r . -~s I C

toe at ;Dient plasma is isotropic , colli s i on ous , anci sta tionar y w t h  resoect

to the s pac ecr of t .  Pnotoe iectrons OSO Se coimca rj  electrons are 055 t e t  tO

be em ttec sot rop cal  ly f ro, toe sou~~tC r t SurT ~~Ce . in the C~.SC O~
Langsm uir prooe toe c . . iss icr  can cons st of either t oo r - m i onic e ect rons cc
secondaries due to onmm:oaccmcrt . Magneti c f~e1d effects ore r ec l oc t oj .

Far from tne probe or sa te l l i t e , tne distr ibut ion fu nct io ns f-j r el~ c~~o-~s

and ions in the ambient plas ma 0m ~C tre ocec in toe present re m urt as
Maxwel l idns or monoenc rqetic. The same app l ies to tile a i s t r i ba t i on  i~Lmt,~-

tion for emi tted electrons at the su rface. Tne nrob letm is assumed to he

independent of tt:e. ~t is des irec to c a l c ~~la t~ toe s na c ia l  c i s t r m o ~.ci:-os
of electri c po~ent i al moo of electron and ion ~. ~rs i t i es , as :Lll as the
currents o -~ iolS and e lectrons excha nqec ae twen t.-

~ orooe eat i:~.- ~~~
ron: : O . .  Toe basic problem ass um es a ~i xec pocu:; -

, on t m ,e s~ rf ~ c~ ,

~ natura l extension to f irc zr~ f~oatinq ootenti~ l o~ s a l v i n ~
~~quence of prob lems until  Cu r- rent ~al~ nce tas been con i evec .

In accord wit s ttme forepol ng a ss ummmp t ioo s , o part icle d~ SLr ~ O a t  0fl

- , o c t m c-n f ( wn ic n is the  der .s i ty in p; se 5~0~Co sc i t is f ies t o m  t m : c - •

i nue :e000mm t  V ;asov equa tt on ,

- ~~~‘-:~ f P

S Stuti:S hat f . wrm ~ Cmt a 7~~~c t 4 t o  of t o - . . cc ~cr  C s t  t i  ~ ~
t n .  ~cctor v~~~o~ m t ,  ~~, is O ns~~, r t  lOSS ,,o r.m l t  n ‘ 

~~ octr t c t i O l O
pa :  nti , (

~~) ,  m-O H ’i’ I m ~ ml m 0 0 0 t c  O ’ 2 0 0 t i v  ~y too :n. m ’~~ ~ ‘ c  ~~~~~~~~~~~~~~~

tou ) , c t i C ’ . 0 - i . ~~~~~,, 0 , u S D 0 q m - m m ~ imn t  0 - i  ‘ u t  : 5  , i

~o p c i  51Gm.  u l u  v~- lou , t’/ ~ m Gm O , 0ct ,~~~~t t V c  V .

-- - - - -~~~~ =-—--i~ 
- -~~~~~~~~~~~~~ =-~~- 
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Ass uminq one has so lv ed  Lq. (1 )  ror f s ub jec t I i  S l u m  uep ru;pr ii t i

boundary conditio ns (the “Vlas ov problem : ’ — see Sc’cs. 4—n ) , one m a y t n :

obtain the particle density l~(R) at a point ~ by int eqratin~ over vel oc-

ity space:

N(s) = f (R ,V) d~~ ( )

where d~V represents a p-d imensional volume d etent of toe velocity space.

For the spnericai problem :. p=3 , while p=2 for the cylindr ical pronl~- - -
-

integra l represents toe zero—cr; moment of the distr io ution . Sir. mi - 
, se

may obtain the flux or current ciensity at a point R oy c e f i n i n ~; as t m~
component of velocity of inte rest uric integrating the product 

~~ 
over

velocity space (the first moment):

-
~j(R) = f (R,V)  V~d~V ( 3 )

Pos a spherical or cylindrical surface , V~ becomes V~ , tre racial co mmo o l - ent

of veloci ty.

One may determine  the local  va lue  of f~~,V) at an arb~tr-ar~ p ci:m. ~~,

by considering the orbit of a particle arriving at R with the veloc~ty P.

If the orbit is traced backwards and a point is eventuall y reacnea whe r:

f is known (namely, the “sourc e” at the surface or at inftni tv~ , tm :em i’- -~
local value of f is icuom ica l to toe krc ,.r va uc at toe soor ca . toe

c bit is fouri ci to be closed unon itse i t  , its poau id tt  am Ct:: consist cm ; i

ot  t(c~~~~Lc partic les whi Co Cdfl nave arr ivea there tnrou -:h a C O .  :

cchonisn. t is assu ten here toot tOe closed orbi ts ~f any a rc- um:. .i o:m

aLec (that is , t~ for tons e ) . This asouimo:; on is us~~~lv ace coo

tracta bi lity purnoses , tdscC on a ,L it; ’ S i t ty ar~u::e::t ~~~~
i966; dh ipp le , 1976), t~~t its ult imate ~o~ t ;f i c a t ; oc i~ n;~~ ic .~lt a:m c
reouires a cuantit ative coil tsiona ti;~ o m ’y. Such a t heory is .~‘u ;lO ;- iy

(ParKer , 1973), but nas rot as yet teen aop l ied to toe pre sent Snu~~t rot-

t erm .

Since we hove assumed i~~c tropic sources cit tSe s u r f s c n a~ d ‘:‘f ; n i t

ar.a siocto tota l eneroy is co rm s rv~:t ~lonq Oil orbit , t r i t ,’u l u ~ iti d’str :o -tions

_ _



can dtpend onl y on the part i  d c  energy at  trio soa rc~’ . 3 Sci l om ; o~’ .

particle speco at inf in i t y ,  one ~v tOe ; : ‘t iJe m~~~~oct m t  the S .o ’T m C , ., vJO

LiOy define distinct d is t r ibut ion fu nct ions f o r  a:mmo ;ent ~num ermi tteu o~~r—

tid es, depending on the cistrio~tioos at the respective sources:

f~ ~~~~~ F~~:-1v~ /2 ( 4 )

~e 
( V  F ( ;:V~ / 2 )

f5 ~~~~~ - F ( mV~~/2) (6)

Here toe subscri 0 ts I ann  e refer to toe ~m : - o i cot ic-as (of toss .
~

) an,: el cc—

trons (of toss m), res ect ivei y, wn ii e sub scrm p t s ;‘~fu~rs to toe m~u O T O ca-

emi tted electrons. The ar~ .~c-ents of F sod F ~~~~~~ reiatea to m om to ta l
energy m~nich is con~tant along orbits . Then the ciscributi on f~rct :co ‘

tar

the ions at any -pa at ~ ca n be v .ritten:

= 

~~ 
~~~~~~~~~~ 

F (l- ~V / 2 )

For to e u lec t000s , t ;e~~ ~,r se pa ra te  dl stri ha Li on ft  ‘c t t  ons ~ eo~ ceo ‘me -

ing toe electrons fro : ~af ty ( F ) ,  uri C t ne otner t m mase ~eo:m toe s~rf~.-:~
(F 5 ) :

~ 
(
~~~) ~~~~~ F (: m ;V L / 2 )

- -
~ \ - — - i i’\ ,1 ) — . \ N ,V )  r- 

~~~~~~~~~~~~~~~a

Wi  tO tOO s t r i 5 C O i p t~ c anci S retai ’r;n~ , ‘os;cct ;v y , 0 ~. i ’ O O o  T

Infinit y (~ rmoi unt ) , u r a  tr io s O ‘r~ - too s~u r c a c e .  T~~- ‘ :c . r~ -foc:cr: 
.~~ ,

~~~ cont ain trio orbit , t t o  rm ~:u rmoo , t:~ .L iS , ~
‘C : ,,i ’1 m r  l O Ot  .tJ i’ cite-

orb:t connects w it toe .opripnl at,’ s o a o C c  . ~~~~~~~~ , -.~ - 
~~~,, 

j m 0~
from : infinit y , wo~le S ,~~) if trie ton cc - m u ’ s hra. Lou * ‘C-tc o . ”~~~~. t 0

—7— 
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6
~
=l and ~~~~~~ if the electron comes from inf inity , w r ; i l e  en c  =l if

the electron conies from the surface. That is , a non- cc’ro vjluu for ,
~ 

sig-

nifies toot the orbit is ‘ occupied .” Since the o ’s are S t . C 0 - t U ; C t l O f l S , r,d

cre F—functions are known (to be defined in Sec. 4) ,  it ;~ oily necessary
to ocate toe tou000rles of t oo  regions in ~eioct ty space a~sccia tan x; tm

the two aifferent types of p~rt cle sources . For t ie syrinm ecr ic pro: i~ ;:s
of interest (spheres ano cylinders), the regions ii ve loc ity  space -a i l l  oc
found to be furtr;er suO0~ VI dc3 according to types of orbtts , s~cn as tncse

which contri bute once ccc to a sin gle pass tnrou~n the radius OT t~~ S -

and those which cor,triaute t W i C C  because the part ic e reverses oiru~o~~.u:
after pass ing toe radius of ;nterest , and then re—crosses toe raai us a

i nteres t. Thus , the s—factors wni ch co not vanish can tdke or time V d luC 2

as well as un ity , as w il l oe s hown i n Sec. 6.

Fina ll y, the relation between toe local s ,~seo ‘~ ana toe speed at tO~
source (V for ambient particles , and V~ for etmit000 parti cles ) is given

5-, toe total-energy relations

Anbi~ nt Ions

2MV ‘
~~~~~ - -

— ~‘ e~ = —~~-— i- e~ . 10)

Amb ient Electrons

e-~ = —
~~
--- -

~
- cc

Emitted Electrons
2

e~ 
= —.

~~
-
~~

-
~~~

- OQ~ ( 12

wricr e ~ is toe electric -aotont ;a 1 , ~ is the electric aOt~-n t iOi at the s r —
S

face , ~rd ~ is tie ootenti al at to fin ity assurooc to on rerc ; Es. (i&~ ;s

written for singly-criarged ions , and e is tic signec electran coarco .



3. POiS~0N’S ECuAT I3N ~~~~~~~~ OF ?oT E~~I~~E )
A N ) It ERA tioN P~OLL-Jur< a FOR ~O iS S Ua— VL r S u~’ SoLd •U,~

The etectric potentia ~ iS ott ;: c  trot.: SlIP so mo tio n ot h~ ;~ sor ’s

eq uation , wrt cn r - ~y be expressea in terms c-i toe amtter.t-ion nuc cer se::~ ;sy

toe ar-mcIenc— ~~.,~ctron r~;o~r censity t,., arid ~~~ s,~rr, ce— e ectrc: n . ~~~~~~

aens i ty  N :

= 4ire(N~ 
~e 

- “~~

where e denotes the r~ cri ;tuc~ CT tOe e~ ectront cnarge. it is conver’ie n- . t~
write this equatic : in ~imeri s ionless f-c rn , a rO in terms o~ toe racia c0c n—

dinate appropri ate to a spnere or Cj.;nCe~ , wnere tie radius 01 toe sono ra

or cylin der 15 Oenoted Dy r~. in rcn-ai r.e.-.st~mta~ ;z- tng,  o r e  c a y  crc-c-se ste

aino ent oa ’o.~ eters and ds ,j~.Sie , i~ crC ~~ u~ eS t~~e a 0 ~~ t -J  a~a C 0
number aensity and :~ ceoctes the a.cb~ent e lec t ron  tem perature . ~~ria 0. SO

defices N
50 

as the surface—e lectron auroer density e v a l u o t o c  a: tre s~ r-ace .

Then for the sohere Po;ssorm ’ s equation may be expressed hi torc~ of toe f~ i-
low ing dimensionless variooies :

r = radtal coordinate dividec by r c-

= eiectr;c potentta ’i uiv ~cec cy

a c t t i e c i t -  .c~ dens i ty Civicco cy N0
= ambient—el ectron cens;ty C~~V i O C C  oy ~e

= suoface—e tectror ceasity divided by 
~~

= aamoh en t— e!c c :cc c .  Debye length çKm /4-c~~e -~ 
-

dtvided oy r (toot IS , ~r.c aeoye flut Oer ;

Toe resu lting ecu~ t i on  cor tne soreri Cc proolet : m:ay c-u v - r i  t t~~i

z -
, 

- ~ - — ‘- 1- - - —
0. / S~~ 

-
, -

ii
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.. -.- -  -
~~~~~~~~

The form of the left—hand side implies that this eluat -io rl IS tt a

for  r~ , from wh icr i ~ is obtainea by div is ion ~y r. Alternative l y, one m

non—d imens ionalize by choosing as basic the emiss ion porarreterc t~ - 
a O Q

where T5 is the effective temperature of an emitted ~-laXweli1ar. d;s Lr ri~ t iua .
Then the equation may be expressed in terms of tne SUflC d imensi o n ess van-
ables except the fol lowing:

= elect--ic potential divided by kT5/e

= sur face-~ mectron Deoye length (kT 5/4~N50
eL )~1

dividea by r0 (that is , the Debye number

based on the surface enn’ssion )

Then the equation may oe written:

d2(r~) = .~a 
~ — n 

- 

( 1 6 )2 2 ’ s  ~ e Ndr X
DS L so so

Equations (14) and ( 16) refer to toe spherical problem. For the corres:- -o ac-

ing cylindrical problem , one may write instead of Eq. ( 14) :

2 2 u T  N
C t  e so -

~ ‘ 5 : . o

wnere toe new variab le a is cefir ed by u=in r. Equatio n ( 15 ) ,  oasec en ch~
s arface emission parameters , may be simi larly replaced .

~quat ions ( t 4 ) — ( l b )  may oc 50 1CC ri-,, ctr rerencin q S’S,’- un~~ s’S o gr m c

pr .n t s  , in r for toe sohera- and in u for she cy li nuer , a m a  sol - ;  nç~ ton 0’- -

ence equations. The reason for choosir .g the forts of Eqs. (14)- (l6) ts t r at

a ~~rmpi e second-uifference oper ation tt~ V be emp loyeo , 0 - e l y .

- 2(r-t ) ( c ; ) . 1 (i r)2(Ru S), ) 
-

-

c t n t creo ~t the i—to qr ,n ootnt r fmr trio 5:- ncr ill  orari e:., m d

-10-
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~~~

- - 2~ . + (au )~ (RHS). (16)3 — 1 3 J

centered at the j -th grid point u~ for the cylindrical prob lem . in Eqs.
(17) and (18), the right—hand—side factors (RHS)

~ 
and (Rn1S)~ aenote , re-

• spect ivel y, the values of the right-nand sides of Eq. (14) and Eq. (16),

for example , eva ’~untcd at the center grid point; and ar arc ~ uenote mtC

interval of a uniform grid.

The “double -sweep ” method of solution for such tn -diagonal syst em -s o~
linear equations is well Known (Varga , 1962 , for ex .tm p le ). Float i r c ac .. ’.-
dary conditions to represent the boundary condition dt in~initv , a~pr~ t m

for electrostatic probe and satellite problems , and the solution for nor.-
uniform grids , are treated j r  Parker (1975).

Given the method for evaluating the ion and eloctro- censities ( to  cc
discussed in the next section), the numerical sclat~on of tot : sheato pran -

lem requires that of two fundamenta l sub—problems , the “Poisson Proa e:i

(this section) and the “V lasov Prob lem ’ (next three -~ecticns ). The ~c-~ o5OO

?roo le rr is solvea to yield the potentials at the grid paints when tie

cnarqed—par t ic le densities are given , and converse ly, the V la sov  ? -c-o~~ t. is
solved to give tne charged—particle densities at t~ie gri c points wrmCo S.c

potentials are givan. For mutual consistency an i terative process it.

qui red.

A suitable proced..~re for  the i t e r a t i o n  is giver a- ,- P - rKe r  c-nd S m I  It

( l974) and 3arKer (1075). in toe -~rocedure , one mix eo s~ccess1ve it Cna:cs of

tac charge ce- stt y (or a ternatively toe potentia ;terates). ai s m :meOr.s to.,t

one mi xes a fraction (-~) of the most recently computed cimarqe-oer.si:v ois:”m-

oution (RHS in Eqs . ( 17)  ano ( 1 6 ) )  wito the comp1e :-~entary fractton (1- . of

the previously used cn~rqe —oensi r,y ~~st r ibut ion . For sma l beayo na: m ;: t nS ,

the fraction a must be StO d I . There ~is an upper ii~~~t n or  a , •ei C~ i’ru~~p0 )C-

ingly a min l:ma:i nun:oer of terut~on s , su c h  that cariv ’r., ;:ce s
none oepend or the typ - on bou000ry cOrCt tt On u .0O SO rco en,-ri t I - ‘ io:t ;,

an we ;  as on the numb~r of De ri ve lengths between toe ourfa m ’ .~ns tro o ~:er
grid rmnursoa ry . it can oe shown (~ ) tOot for s al i Deoyo ~

‘ t n ~s Si’ r o
r

c f  i terations required is oroportional to toe s care of tn~ i r v . - r  btIm/e

run:aer , and (o) toat no mixing in recuired for conve nqon o if

— 11 —



of the grid is less than about Deoye lengths from the surface (Pa rrce r and
Sul l ivan , 1974).

The boundary condition where the potential f loats in accor d vj i th  ~
assumed i nverse—square—law behavior is physicall y appropriate (~ a f ra rcc c c s e ,
1966) and is found to be computatio naily efficient for the pu ’cl v -u ;- ciemi n-
plasma problem (Parker and Sullivan , 1914). Thi s condit~cr• ~s ~ls- ~ ac i f l O
used provisionally in the present program .

—Id -
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4. TnE VLASOV PROBLE M : ChAIcGE D_ PART CLE DE~S~T IES

We f -;rst consider ~axwel l ian aistr ia0t ions , of em i t ted C O G  amaten:
particles , for the spherical o rob lem (su nsec t ions Al art 0 Ad ) ano ICr t t t~
cylir.orical proolem (subsections 61 arid 52) .  yri ert we consicer corresiorict -

ing monoerergetic distr iout ions (5ub~~~Ct ~~O i t .  C ~r.d 0). A:.nt ~ri--~ -o rt iclo

examples have been previous ly derived by Lafracnboise (1966) ano Parker
(1973 and 1975).

A. MAXWELLIAN DlST RIBUT iONS-S~-.E~E

We wi ll derive in ce t a t l  tne numb er— density ~ntegra l in soc aarie r - ta l

problem for emitteo part ic e~ . ro e ar:otenc —~art ic le number Ccf lS~,LJ 1Or:.~~~u

wil l be shown to fo l low easi ly from tnat o~f toe ero~ ttea pa rt t c le s .

Al. Maxwe ll~ an Emit tea Particles , apnLri C~ P ro olem

Toe number—density integral for emttted part iclas at a radial :-os,:ion

R in the spherical problem is convertently written as a specia li zat ion
o:,e velocity space in Eq. (2 ) v~ith o=3 to spherica l -polar e la c t~ c oo rcir-
ates V . 6 , and ~~, where V is tOe ocal speed , U 15 the loca ; po tar arq e

with respect to the radi~ 1 direct ion , and ~ is the local a z i t t u s ra .  0 C l i L m .

The velocity -space volume elem ent is d3V = V 2dV d(CosO j Ob , Out OCCC USt - 0t

the assumed isotropy the i n t cc ,ration over ~ is tr ivial (y ie iu, rn tr:e I 
2~r ) ,  and Eq. (2) in view of .iqs. (4) and (7) may cc written .

2 f5(.:~V /2)V 2cl d~c (ccsC)

(spriere) 
- 1~

.mere 0. cer.oteo tie “celta-f~ccc .- ar nrc c:.t t:na toOLiC.C ~, H 10 5 : 0 . 2 .
oat  r a r e  toe s~cscrtp t ts cooo -i~~ ) , wot CO 00:10005 ott :n~ n~ t - c  of t.i~- -o .c :s.

h~~c~ dre -in genera , o,trct- a - o-oir .ct ran- es -
~~

‘
~ tn tcg r ti or.  - 

- 
~~~~~ ~ 

-

-i t -C WI cc to rec corru - por.at 1 :y :-es 31 con tr iri~ti 05 or r n 100 ‘ 
- /10

2, oc ,j p ~ 0 ace uef tnomi in b~ c.. 6 . ~ u: refer f rtter :,: s C u m - r o n

trio oraits u~~t i t  twO . a.

~or ,~ 1OXWCI 1 ~ ai str tria tt or i e- :,ittt ’ , , ,r~.ic .’r aS tre - c
l ive

a —
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~ 
. 3/2 2F5 (mV~/2) = (2)N

50~~~-~~H exp (-~nV 5 /2 kT 5 ) (20)

where is the Maxwe li ian emission temperature . The firs t factor of 2 in

parentheses represents the doubling appropriate to a half-~axwe l1i ar cis-

tr ibution at the surface. Tnis is consistent with Chang d r o  Bien kul-/ ski

(1970) and Schröder (1973). At zero field , the angular integral in Eq.

(19) has contributions from only a hemisphere of directions at tn-c surface
(involving outgoing particles only). This situation -is in contras t ~-:~ ttt the

4 ambient plasma in which there is a full Maxwel l ian at infinity (invo l~ t rt 5
both outgoing and incoming partic les , at zero field); in the ambient ais-
tributj on correspondin g to Eq. ( 20) the factor 2 is rep laced by unity .

Alternatively, one might wish to consider the surface distributi on to

be a full Maxwe llian, but in the absence of an infinite external potential
barrier there would be an imbalance of outgoing and incoming particles ju st
outs ide the surface , resulting in a discontinuous density function. TO~S
situat ion could probably be made consistent by applying suitable re—o ef in i t ~ors ,
but such a procedure seems neither immed iatel y obvious nor phy s icall y sat is-
fying. in any case , the normali zation chosen affects the reiat ionsht p bes ~ aer
the current and the density . The factor 2 in parentheses w i l r  be retained
here for the emitted particles but will be deleted for the ambient oart tcles.

With Eq. (20) for F5, Eq. (19) becomes

(2)2N 3/2 
-
. 

2SO ~~fl
) exp(-rnV 5 /2kT 5 )V~dV 

~~ 
~~d ( cos o )  ~2 I )

where is connected to V by El. (12) .  it is aesir unie r A t  to ~ld~ 0 o e  cf

the symmetry of the problem to convert the variables of -e-te qration V i- a u

to new variable s , name ly, total energy ~nd angular :;~: :te r- t ,  - ,  :totrr of - - ‘ - on

are conserved along the orbits . It is also desirable to nc -nli :’ens arwl i ze

toe variables . Jo write :

-14-
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r = R/r0, n =

2 2 2 2 . .
V = mV /dkT5, 

V~ = l- V
5/2K .

= e~: ’i~ l’ ,
5 -~ a

and convert to u~re rsta l~ ss total energy , na mel y, 2g. (12) ri~nd 1~ cri~iOfl —
alized through di v isicn oy <l~~:

2E =v + q = v’ +

and the square of toe angular momentum , rarh inensi oral ized chrou gn divi sion
2by 2mr0 kT5:

2 R2 V2 .2
= 

~~~~ k~5/m) sin U = r v- ‘-,ir~, C

For the sphere the ang-aThr ,03. iO: :u IS toot  ,triOut the center cf Ste snn cc~
wh t ,e i-or toe cylinuer (created next)  tt ts that about the ax is .  - ,tJv 00—

tage of convert tng to the new ve oc ity-spac e Va r i a b l es  (L ,u
2

1 IS  t m - ~~S -CS —

are constants of tie ca t io n  and corm :oiete ly cnaracterize an Orb it inan~umm:~ -;:

of trie variat ion of r along tn~~ tr ait .  .n an orthogonal r— L -2~ 500Cc tiC

ora its are thus straigrit l ines paral le l  to the r-ax t s  (Parker , 1975) , a r i .

toe oroic analys is is s imp ;i fie- a .

Usin g Egs. (25 )  and (24) to etimi n a te V ar~ ~ in favor of ~~~ We

O r it 3 i f l  f rom ~~~~~. (21) :

z , . - - ,  -n ( r )  = ,-x ~~~~~j CX -L)aL~~~(~~ )

(0000cc) 
2

cd’CC .- 1~ 
( - 2 )  ~s toe s r I r ’ r i c ~ :. :3r 0t::Ier- ,~ 5Ic ~c- :mtrt ~;~~ ~t t r. ci, , to

E. Th is :-Ionu0nnr 1 05ic factor is g iven .j

-i s— 



M (E)  L~J ~~~ o (cos5)

(sphere)

‘2’ ~~~ 2 2= !~.L ~5 d [ E—~ -J /r 
~ 

(
~

u j
J o

(s to be evaluated in Sec. 6)

w nich is compris ed of tir e integral over with E fi xed.

A2. tlaxwe llian Ambi ent Partic les , Spherical Problem

The Maxw ellia n number—density integra l for ar;rbient particles at a
dimensionless radial position r in the ~aherical problem is so similar to

that of the emitted particles that the final - expression can be obtained
readily from Eqs. (25) and (26). Thus , we set ,~ =O since it now reorosents

the po tential at infinity , delete the factor 2 tn parentheses , and octai n ,
for either the amb ient ions or the ambient electrons :

naflb (r) = 2 f l  exp(-E)dE~r1
05
(E) ( 7 )

(sp here ) - o

where M
05
(E) is the monoenerget ic contribution of the energy . lois fac-

tor is

1 ~~~ 2 2 -

M 5(E) = o• d ~ E-~ -J /r  ~ ( 2 o )
(sphere )
(
~ to be evaluated in Sec. 6)

where we nave defined :

~amb 
N e~

’No for ions , e lec t ron s

= e
~
/kT 0 for i ons , elec trons

T i~
Te = a mbient —ion , ambi en t -electron , t. ’. m ,~, ‘Otur e

(MV 2!? + e -;- )/NT. for ions 21 )

-- ( ; r V /~ — 0 m r- )  /~ for o 1 & ( .  ni -or: ,

.2 (~~~/ n.2)~ \4 . ’ •
~~

’ / ) T 
for io r m .

= 

~~~~ ~~si rt O~
/.K ior ~1n ro’nn



a . ~AX~ LL 2 AN bT~~~~- T j A~-,~ — C Y L l i o e A

~e next cons iucr l iaxweil ia ri CiS tO ibutlOOS , of emitted and alb ert nor-
tid es, in the cylindrica l problem .

al . ~~~~~ i~oaJiJ ,it_ttL ’
~u r t i C l e s , oY~~~~~~~~J~~~P~)Fn’

The nuc oer-c e r ts i tv  ~r,te~ ra i fur ~t-~~t tcd partic les ot  a raai~~ COn- i tiGo

in  the çyj~rurica1 iro-blem is ootained when one specializes toe veloc;ti
space in Eq. (2) W~ tri ~ -2 cc cy l inurtc a ’ veloci ty coordinates V a =  ~t. .- .~ro

V ts the speed in the transverse plane perpend icular to the cyiird~
and 0 is the ~azic ruL n d l) ang le in toe transverse plane , wi th res;)eCn to  0

radial direction. Tie veloci ty-space volu me eler.rent is d2V=V dVOC , anc

Eq. (2) now becomes

= 2 ~ F5 (::cV~/2KT5
)VdV ~~~

(cy linder ) 0 o

~.ere the ‘delta-factor is idertical to that of Eq. ~19) for toe 5. - Ic ra .
For a Maxwellian distribution of emitted particles at the surface we na.~~

F5~mV 2/b) = 

~~ 
SO~2 T ~~ 

ex~~-oV~t2KT5) ~3l)

n~ to nsidera t iun-  of  a half :‘~a ~~~~~ errs- ~i f u l l  ,n-a \ V O i i t O f l  ‘ : r ;~ - - cL.

folio ,.: to 2 ,. ~a u) ~tooi y ~- ,u~1l y wel l  rere . Ttc f~ ct~ - ’ 2 to ‘a”ertt- -~ne~

•~m 11 O~ :~ i CC to: ‘0 .r t o  - .o: ttcc .:arct c e t - .i be ~è 00cC ~
‘

0- 0 100 t p arn clos . c .a,zlon ( 3 0 ) ,  wtti 2 g. ( 3 1 ) , ~oa -c c . n ~- urc - ~ . to :-:

~~0u C u  ~.ttt var ioaies no tuiren - rio rtolioc u as in 2L,S . ~~~)_ ~~a ) ,  ü ,. - .

= ex~~~~~) c x o ( - 2 ) a ~~~t HE)
(cy linder)

w ere .‘~~ ,( E)  is toe  cv l  l000iCal :0000nc:-OctiC con S rtn ~ ni~ ri t O n  - n i~-

Tfl in fact o r  i- . give : :-i 

.~~~~— ‘— “ ‘  —- ~~~~~~~~~~~~~~~ 
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Mnc~~ ~
- —

~
-

(cylinder)

(2) — 1 2 “ 
-
~~~

= 6~d - { s t n  ~J / r ( E— ~ )~ ( 3 3 )
d o

(~s tc ne evaluated in  Sec. 6)

whicn is comprisec of tne integral over ~~L with E fixed.

B2. Maxwe l l ian Amb’1er.t Particles , Cylindrical Problem

The Maxwell ian nuriber—density integral for ambient particles at r ;

the cvli nuricai nroblem is obtained readily from Eqs. (32) and (33). A gait ,

setting ~~=0 aria deleting the factor 2 in parentheses as in the s000 r ica i
problem , we ootain , for either ambient ions or ambient electrons :

na flh(r) = exp (
~

E )d E’M 0~
(E) (3 t )

(cy linder ) °

where M0~
(E) is the monoenergetic contribution given by

M 0~
(E) = 

~~

- j d n sin ~~[J /r~(E—Q)~ I- (32)

(cyl inder)

Toe dir .;ersio nless variables are defined by Eq. (29).

C. :-13:JCE.-~E~oE’ :c JISTR IBUTIGNS-S?r-iEAE

It ia - rooc ti se s conv en icot to son rox imate a ~ax we1 l iao  ~‘s t r i i u t i c :
oy or equiva lent :toncener :tetic one (Laframboise , l93d) ana for O t i s  re- -i sa r

toe monoe nergetic formulas are of interest.

Ci. ~onoenerrie -o:c Lc.octcc o:rricle s ,~~~ oericai Prc,ble”-

For emitted ria rti cles ifl tOe Sri::OIC or Dain :, ‘.0 car. be stc~ n 0- tnt

tn~ c] pbronrid tC monoele rget ic u :st r i r i-u t io n is

- - ~ -- - S 
_ _ _ _  -- .- - -—— - _ _ _ _
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3/ 2  -.

F 5~ mV~ /2)  = 
~~~~~~~~ ~-e~--) D (l—mV~/2K ) (36)

where 0(x) is the Dirac delta—function , and K0 is the singular value of tri o

kinetic energy at the source. Substituti/ig Eq. (36), in place of ton

~4axw eii iar Eq. (2P), into 2g. (19), and l’~ondi r:i ensionali zinq as to SUOSCCt~Ofl

Al (Eqs. (22)-(24)) but with the normaliz ing energy kT5 replaced by K3,

yiel ds:

~ (sphere, monoenergetic)

(2) -~~~~~ ‘~~ 
~ 2 2= 

~~ 
S 

~~d[i÷ ~~— - ~-J /r  ( 37)

Tn is expression becomes identical to the mo-toe crg~~tiC factor 2g. (26) wOCO

2 is replaced by 1+~~.

C~. Monoenergetic Ambient Part icles , Spoe r icol Problem

ror ambient , partic les in the sp~e rtcal  proolem , toe monoe rergettc tar-

er density is obtained readil y from Eq. e l ) ,  ay setting ~~~~~~~ arc O c i e t i n g

tic factor 2 in parentheses. Thus :

0amb (s ph ere , monoener getic)

1 ~~~~~~~~~ - 2 2- ’° -
= .

3 ~~~~~~~ /r .j

‘.-.iere the dimensionless variables are defi nca ty Eq. (29 ) but wit : :  or

K T
~~ 

rep laced by K
0.

~~~. 
:~QNQENERGETjC DiSTRi3UTI0NS-CYL iN2- 2~

In contrast to the spherical problo :., it is c~- u s tf ~ l t o  t nt-  cy li~.-
i :-:cnl -i roble- ; it takes sense to anproxi mote a “i ixwn i l;un J 1 n - t ’ t r i~~ t i ) .  0,7
n ‘guiva tent monoener getic di str ib u t t on corfr ned to ‘f le ‘-ri - v’~ ” p~ ~~

‘

- u ‘V - i ’ , trio appropriatc forsu I o n ire irrcl uded here for co::o l ’ ~ lens , ~
-.i t O—

Ost d C ’ r j V d t ’ i Q n .

- 1i -
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- 

____

n5 (cy i:nder , nonoer~nrgnt ic)

2 -)

= -~-~--I- j ~ di.sin ’[J /r~ ( l+~ 5 —~ ) )  ( y-i )

0amb ~cylinder , monoenergetic)

- - 
- 2 -

= — 
~~c sin~~ ,3 /r ’ (i-~~~ 3 ( 4 )

Jo

where all quantities have been previously defined .

__ _ __ _ _ _  _ _- ——



5. ToL Vc-laCV ?~U0~1:~: C~A~A .i- .3~~iC~5 Cu~~~L:; 5 (~~~L~~~Aj e)

The oroer in wn i - c r i  toe variu5s types of Currents l.fluA es ; ur n 0-30-

s ice red wi l l  fol low toot of toe prev ic~~ section on n .j - ri - e r den sitin:~.

~~~~~ we treat -:~we i l i~ ri a’str’iautt ons of emttted and amo lent nor—

t t c ies  for too sn’ :n ~al ~COD c.. , arca t::c:t tOn Some for  toe cy m a n  ca l
problem . Fo llow ing cr.ese , toe correspoouin q rrionoenerqet-Ic distribut ions
w ill be considered .

A . ~AX ~ ELLIAN DISTR i6 UT IQ\S -S?nERE

j;e derive here toe flux of enttce5. part iclcs in the soherica l protrie :. .
The ar;bient-partic ’

~e flux wi l l follow r-eauli y.

Al . ‘
~dX.;-2il ian Eon tted Parot cles, S~icr; c. Problem

Tnc current or flux integral for OmlO tna particles ir toe snn er ica l
Drc~~i r-n m is given , rn accord wm tr ~q. Jj  nitri ~~3 , oy m u r t i p i y t n g  toe t r ite -

g.~~;c of Eq. ( 1 9)  by VrcVCOS~
, tre reo:ai component of velocity . 7 0 a 0 ,

tie emitted flux may be wr itten:

j5 (s phere) = ~~~~~~~~~~~~~~~~~~~ 
~.d (sin

2
~)

rena , tie - ‘on- ge of -:~~c n t o g r at io :~ t s rec~ c - c  C- , - a e— riai f, rani e l y (c - ,-
~ ‘2)

n -m oe ~iuX cO:ttn ;b uOlOrts occur on iy O~eO a hanri spnere of ctrect :ons. -“it O

r given oy cc;. ~~~ for the axw e ian , to ana iysis oroceecs t nt a

s ;m t i ar to toot for trio aens:ty . Do results are as io~ iows :

35 i, scotere, ~a x w e l l : a r- )

= ~~~~~ :~ exp (~ 5 ) :.(-e )~ 
.t.’

14
(~~)

woc re (~) Is ton ‘ Dout flnr ,ittc ContOrt hut~~ rt g Ive r  a- ;

— 2 1 -



-‘

-
~0

1 at tt~e su rfacc

~. n i e r e  a ll ch:e ;sionless quJo ti tres are CL ned in Sea . 4. b rica: . ‘o~ 
-
,

f lux (at zero ft~~i~~) is (2) N • ‘kT / 2 - r i ,.SO a

A2. ~~x i ie l lj an  A mat ent  Pa r t ic les ,  Sone r ;ca l_ .5 ro~ lem

As in Sec. 4, we obtuin the cocient-part icle express ion frc: car

em itted-particle expression by ~a) setting =0 , (b) ucle tin g toe f~ c a~ ri -

i fl oareritheses , and (c) replacinq tne emission parameters op toe corren--

por,ding ambient parameters . Tnus we nave

n-amb P~~~
e t tlaxwe l lian)

~ 
/kT~/2~M ‘1

= N
0 ~~ 

. 

- 
exp(-E)d~~~. (E) ~44)

,f K T /2r01 )
where toe monoenerg etic factor ~~, (5 )  is icenti  cal to trot gi veri - 1.. ~43 ’

arc one upoer and l ower square—root factors belong, r - sp ec t tv ; ’~ ,
ancient ions and elect rons.  Toe neutr al flux (at zero fielc) ts

B . 0lX LL L i A ~ D i ST 2S TI0 ~ S—C Y L i~N LIER

a 
— 

e iar L tren P t c e s ,~~~~ne r c i  Probl~

~or trr~ c-’ ’rnder , we :alt~r i , v t oe  i it tcq rona of en . (30) en-

tiC raaiai c000 o nent of ve loc i ty . ‘2oeo one cy lin oer en:’ t t e C  - \  nov be

wr t  toen :

- / ‘ - - ‘- ‘ , - - - ‘ , .5 ’,~~(cy ircte r) F~~; , /
~~~,

- . u. ;~~~s t n ;

w:le r- o the 1- inge If 0 — u  c C O t Cf l iO . :~~~fl ,~~~- eC to r ,m ie t :-

ot cirectio ns to Snitne rion ta ; :;L- L ; : :tn-’- i a / : ia er . ~~t t r  L ct ~~
- ‘ n _ ic.

(a1 ) , , i c  e t a  
- - -
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~~~~

S-

~~~~~
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-

I

j
5
(cy b ’htaer , :-~oxweiii ar.)

= (2)N
50 

~~~~~~~~~~ exp (Q
~

) 
- 

ex - E)o2 ( E) (46)

wnere mOrOe rteuIe;I C contricuoio r P,.~~:) ~ S g t V 0 n t  oy

~ _ ( E )  = d(~~
2/r 2) (4; 

~0~~

(where r=l at the surface)

Toe neutral flux (at zero fteid) ‘s (2):~50
/~r5/2~m.

~2. Maxwe .i :~~ Amomor t Partic les, Cyltra r ical Prooie .

xe obtain to o ambi ent—o art ic l  e expression f -on one co t  o t cd -pa ro i c  n
expression as in Sec. A2 above. This yielcs :

~amo Y 0
~~

i’! Maxw eii ian)

/ 1  2 ~/2kT,/- ~

= 
-

.

~~ ex p (
~

E) dE
~~~~

( E)
I ~

we t~~e the upo er agua re -root f~o toe ions 000 ‘con b - -c ; for toe e lec-
: rors ;  Y~~ (E) is gtven oy Eq. (47). Toe neutral f lux (at ceric fiebo ) ts

L . ~~~~~~~~~~ 2~

rg 0:10 riCt0000 ~ge oi c  — ;t tctb~tion a. . . ~3o 1 ‘ 
~~~
. -

~ 
ca. -

tI n 0! cw;nO r000enerietic ~xes for ton sorer , 0, triat - ri - :

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



j
5
(5p0emc , It000energetic )

/ .(l-i-~ -~~

= ( 2 ) N
50J~~~ 

~ 

~ ~~ d (J
2/ r j  (4~ )

(where r=l at the surface)

for the em i tted par ticles , an d therefore

~~~~~~~~~~ 
m000energetic)

1K /BM
j ~ 

• (  — ‘i) 2 2= ) . o~d(..J /r )

IK~/8in J
(where r=l at tie surface)

~or the ambtent ions ar1d elect ron-a , respectmvei y. The neutral f b ~~.’es (;t

zero f ield) are ( 2jN
50

/~~T8m aro N0
/K’~7~~, respective ’! .  ~ote too t  ~‘o~’ one

sphere the monoener get mc neu -coa flux is equal to the corres ponmr .;: t u X , , : , -

h a n  neutral flux if K0=4kT/-n-.

0. ~0N0E:-~E~GETIC 3iST 32TI0~iS-CYL iN3ER

ne reoeat rmere one 5~ atc[ ent of Sec. 40 toot tt see :;s to o~~ e oc
in toe cylindr ical problem to one a rt000energeti c aistr ioutior i in toe tnun5 —

verse p’ane. r.Owever , tOe 1G r;;~~lOS arc m n c~uOen for coropieter:ess .

~5(cj
btncer , . - JnuenL ’

~ L O tc ,

= ~~~~~~~~~~~~~~~~~~~~~~~

(where r= i  at t re  sur~oc e)

toe ami ttec n~rt id es , 

— - - — - -



coo

3 amb~~~~~~~
r, monoenerget ic )

I ~~0i~~ _ _ _ _

. 
‘
~~~~~~~~ ‘ /2 2 - -

— 
- 
. O~~G~~iu /0 )

0 _ _ _ _  I -

J ~°

(where r=l at the surface)

ior the ambient ions arta electrons. ~ 3n the cylinder , the m000energetic

neutral flux becomes equal to the corresponding Maxwe il ian neutral ib ~ x if

K0~-kT/4. 

-~~~~~~~~~~~~~ -~~ ‘ - -~~~~~-~~~~~~~~~~ — - ~~~~-
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6. THE VLAS OV P~r0BLEt~: 3 : B T  AN ALY sI S

In Secs. 4 and 5 the monoenergetic contributions invo ivea ranne s of

integration over angular momentum represented by ~delta— factors ” d SS O~~idtcd

vj itn these ran ges. The delta—factors wi l l  be defined here in ter ms of toe
contributions of three types of orbits , namely, Types l , 2, and 3 (Parker ,

1973, 1975), as illustrated in Fig. 1.

Type 1

The Type-I orbit passes from i nfinity to toe sphere , one way , a.’ f- u .

the sphere to infinity , one way , with ’ no turning -point. The ingoing orbit
is populated by a particle from the ambient plasma , while the outgoing orbit

is populated by a particle emitted from toe surface. For Type- i orbits toe
delta—factor is unity.

~~ e 2

The Type—2 orbit starts at infinity and passes i nward , to a mt n inu .

racius (radia l turning-point) outside the sphere . it subseque nt l y goes out

again. These are two-way orbits , occupied by ambient particles qot n g

either direction. For Type—2 orbits , the del ta-factor is 2. (It ts of

course zero if the turning-point is outside the radius of interest.)

Type 3

The Type—3 orbit starts at the sphere surface and passes o utwa ro to a

maximum radius (radial turning— point), subsequently returning to ton s O re r - .
These orbits , similar and inverse to the Type-2 orbits , o re a l s o  o- , -~c-~-~~

;

crb t ts ; they are occupied by emitte a a i r t t c les  going r n e ’,tner direct mo :: .

Por Type—3 orbits toe delta— factor iS 2. (It is of 0n-urse ceno i~ toe o~rr og-

pou t is inside the ~~dju~ of in terest . )

T r m s  closed orbit i~ oupulat aabe n-y col is mo ns .  :.~~. - , n n ~~Oe 9i’.~ ,v

Parker (1973).

-- --- -- - S.
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Consider a typica l ; ;cn oenorg-a-o~ c t : o e q r a b  of ~ecs. 4 or s. Jenote

its value by M (E).  Then it rios the fun: .:

N(E )=(con st) ~~dG (J 2/ rj  (~~)

where G (X) is a function having various forms :

G ( X ) = ~’~~~ spoerical density
G (X)=s in ~~~ 7R cy lindrical density

G(X) X spherical flux
G ( X ) v’~

” cylindrical flux

where the tota l range of X is (0 ,K). Here , X represents J2/r2 whi le K
represents E—~.

l’ne analysis of Parker (1973) snows that it is poss~ bie to nave Type- i

~tid Type—2 orbits contributing simultaneously, or it is possible tc- nave

Type-i and Type-3 orbits contributing simu l taneously; but it is not rossib ic

to have Type—2 and Type—3 orbits contributing simultaneousl y. ‘~oreover , i~
there are any co ntributions at all , at least some of these come from ore

vicinity of ~~~ in the form of Type-i orbits. Hence , if the point r can -be
reached energetically, there is always a lower range of for w r icn toere
are onl y Type—h orbits , and there may be an upper range of for ~-.nicr
there are either Type— 2 or Type — 3 orbits. Let 0 1

2 , 0 2
2 , and denote

cri t ical values of as follows ~ ith 0¼J l <i u ? or

(0 ,J1
2 )=~ange of Type-l orbits

(J , 2 ,J 2
2 ) = R a n g e  of Tyoe-2 oro~ts

(u1 2
,J 3~ ) 0ange of lypc -3  om its

ht the surface , the rln - x and uens~ ty cun no v e cootr’i ri .:ti :is Onh j rio . .

Type-h orbits.

In terms of j 1~~, j
2

2
, af l O J

3
2
, the ::orocnerc ~et ic j n t e r i l  or a . ( 5 3 )

toy now be written ~~

— ,- iI—
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~
(E) = ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- 
(55)

= (co nst) HG (0 )+2G(j m
2/ r2 )_ G (Jl

o/r2 )

where n=? (lype — ? o roits) for ambient part ic le s , and m=3 (T ype-3 orDi~ s)

for eroi tc~a part~cl s. The aosolu oe -va lue sig ns ta~~~’iito account that G
may be either an increasing or decreasing function. If there are only
Type—i orbits , then Eq. ~,55) is replaced by

M(E) = (constHG(0 1
2/r2 ) -G ( O ) ;

T nis equation always applies to f luxes. It may be obtained from Eq. (55)
by setting

l’~ext , we consider how the critical va l ues of ~2 are determined.

We write the equation for the conservation of energy in the dimension-
less form

E = Q + V
2
+ J 2/r 2 (57

where y
r denotes the radial component of velocity (ir ettne r toe spher ica l

or the cylindrical problem). Then along an orbit wi th fixed total energy 0
and fixed anqu ’;ar -nonentunt-squared ~~2 toe radial veloci ty V

0 ~-nib re:oin

finite and w i ll rot vanish or change sign as long as the fol’n o .wtrnt ineq~ai-
ity is sat~sfied:

- 2 2 (5~~

Alternatively, tne i nequality may be expressed by:

j  .
~ q r ~~~~~~~

Equa t ion  ( aA)  ray be ~~r r 3 lj Z C c  to f irm ton :-. x i -~ t O  t tt L  t u ’ t C t t - O i’ ,

aenotes tnu ‘t effective pcten tia . A l tcrn~t :vei y, Lq. (5 g )  , 
~~~~ ~~~~ a r I~~

to find the nir ;ra in the fun ct tcn c~, n’at icfl denotes the “ tur ’rn rt ’ :—ooi flt

0-

-.

~

- -

~



function. ” Toe anal yses of Lqs. (~~F) i . ~ (59) to c lass i f y  the orbits repre-
sent , respectively , the methods of the Sf f ec t i ve —Potenti al  Form ulation and
the Turning —Point Formulation. The effect ive—potent ial  approach is repre-
sented by the works of Bernstein cOO RaOi flOw jt z (1959) and cafr aribo ise (l96b),
while the turning —point approach is exemplif ied by the works of Bohm ~
(1949), Allen et al (1957), fledicus (196 1), and Parker (1973 , l975 ’~. Tu~
two approaches are of course equivalent (Parker , 1973 , 1975 ). They involve
different projections of the same 3—dimen sional phase space of the variables
r, E, and From the cefinition that V

r=O defines a turning-po t in:, Ec.
(57) with V

r O defines a 3—d i r- iensional surface representing the lock- .. ~
turning—points. A maximum of i~ occurr ing in an r—E projection (at cons:~r.t
~2 ) corresponds to a minimum of g occurring in an r—J 2 projection (at co os oar :
E) (Parker, 1975).

The Turning —Point Formulation is consid ered by the author to be mu ch
simpler in practice than the Effective—Potent~ai Formulation , and flO~ oeen
show n to produce identical results (Parker , 1975) . in using the T~~’ning-
Point Formulation to evaluate rn onoenerget ’lc contribut ions (that is, contri-
butions to the density or flux due to a given energy), one ex p lores toe

q—fu nction of Eq. (59) for least values (or minima ) occurring in tne rad ial
range r=l (the surface) to r=~. For a fixed energy E there is onl y a
curve to anal yze, such as tha t of eac h exam p le i n Fig . 2 , wh icn -is or r-J~
projection of the phase space.

Figure 2 shows 3 examples i l lustrating the use of the turnino -point
method , which depends on where and how least values ( negative bumps ’ ) oc cj r
in tOn g—function of Eq. (59). The least values may or n o v  no t  be e r a  i - t i c

m inima . They correspond to ‘positive nuops ” (represent-inc centr ifura l

barriers) in the effective po cermiob . In these ex an: - pl es 5— -c- :s ev nnr~- ne re

~ositive , but ~ is otherwise arbitrary arm in pa rticular d~ be nonmonotoni c .

All physically pos s-Fale orbits are hor icontal lines con str ai rt c-c to rei ::anr

below the function q=r 2 (E-~ ). Orbits terminating on the g- f urct ien n a v e
turnin g-points there.

W e consider Case (A) in detail , and s. : -, - r ize ill 3 C~ n e r  ir T ahlJ

There is one principal l e % s t  v~ 1u- -- -( : tn~: or ) t n tnt. g—t ~ r c ti c~~, at  r c a , ann
no secondary least values . (Th is aor re- ;oo nds to in ffecr.i v e—oetenrt

_____________ 
~~~~~ - - _  ~~
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TABLE 1 .

RANGES OF r AND ~2 ASSOCIATED W ITH F G. 2

j
1

2
, 

~~~ 
= upper limi t of range of Type-i , Tyoe-2, Type-3 orbits

Range of r ~~2 0 2 0

Case (A) (1,a) — g

(a ,ao) g8 
g —

Case (B) (l ,a)* 9b 
— 9l~~a

(a,b) 9b 
— g

(b ,o~) g -

(*Type_4 orbits for g1<0
2<g)

Case (C) (l ,a) - g

(a ,b) g —

(b,c)* 9 g —

(c ,~) g g -

(*Type 4 orbits for g~<J
2..zg)

.

~ 

---~~~~- . -- ---- -----~~~~~~~~~~~~~-—--~~~~~~~~~~ -~~~~~~~~~~~~~~ —---~~~~~~~~~~~~ -~~~~~~~~~~~~~~~~~~~ - ~~~~~
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function with a single max~num , at r=a.) At all positions r , the r an qe of
Type-I orbits is (o ’ga), where qaeg (ra)~

C
~~

, coo ~~ is toe upper li m i t of

0 for Type—i orbits in accord wi th Eq. (54) . For r between r=~ and r= c ,
2 2~~ 2Type—3 orbits occur for 3 in the ran3e 3- <J~<g, so that J~. =g; there are

7no Type—2 orbits. For r>a , Type—2 or’Oits occur for 3 itt the range 31 ~~~~~~~~

so that 02
2=9; there are no Type-3 oro ts . Tne foregoing may be summa rt zeu

as in Table 1.

Cases (~) arm (C) nave secon dary n i r i m (tnat of Case ( B) is a lea st
value occurring at r=l ), in codition to one principal min imum . In aN

cases, Type—3 orbits can o.rcur on ; to one l eft, and Type-2 onl y to O n

right , of the principal :- - r t uc . ~n ase (a), for r between I arm a , t n

upper limi t for Type-3 orb ts is deterroi nea by the secondary min i .n~ g 1 a:
r=l rather than ay the local v-c lue of g; in a - is range of r , ~‘alues of 3~
above g1 but less than g a-r e associated wi t r  ci ~c~d orbits (T~’~e-4), ~~~.

noted by toe asterisked note ~n tne taoie . S im i lo- -lj, in Case (C), for r

between b and c, the upper limi t for Type—2 orbits ~s c~ete mm - rLd y
secundary minimum g

~ 
at r=c r~

-u r e r  than by the local value of 
~; in tin~~

range of r , values of ~2 coovo g
~ 

but less than g are associatec witn

closed orbits (Type-4), nocea in  T uohe I. A blan k entry in toO 3~~-~
of Table 1 means that there are onl y Type —i orbits for the ar~me r.r - o r e i a l a ~ ,
while a blanK entry in toe 3 3

2-co iumn means that there are onl y j ) L - . u r t ~ s

for the emitted part~cl es . In either of these cases , Eq. ( 5 6 )  OpD~ ieu

ratner tnan Eq. (55).

It is evident from Fig.  2 toat ttie existence of close d .~- -t - ts  in. css o
co ate o  i ; :n  - coo existence of secondary ci ni rr a in :r~e t~ rnt ng— po .nt  1~ :t tiO~
(g).

The cases wne re g beComes ne .Gt n ore  or cone rarnles of r - i ii on

treated later.

nav iog cetermi ned ~,2 , 
~? (T ype-2 oro its ) ,  a rc ~~2 (T,~~-3 c - r b i t o )  in

I for the examp le .moes of Ftg. 2 , we next s no-~ nr~. thc r~ no i n
t e n000energe tic density COG r~ ux factors of bc-cs . 4 ~nd 5.

~~n nay now write dc- -n toe r-000ene rgct ic f c r  ~ias f~r ,
~rrsi t i an ..

f lux , ~or ambient and emitted 3~rt icles , for tine spn~~re a : , : c i i r i ac - r . These 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _ _ _ _



fo rmulas are given by Eqs. (2 8 ) ,  ( 4 3 ) ,  (35), and (47), for toe so~oerical

density , spherical flux , cy lindrical density , and cy l~ oa r ioa i  f lux , r-esp c-c --

tivel’.’. in the fo llowing equations , we set m=i if there are only Type-i
orbits . Otherwise, we set m=2 if the particles are ambient and tiner - ar e
Type—2 orbits , and we set m= if the particles are emi tted and there are
Type—3 orbits . :ioreover , the factor c is unit y for ambient particles arm

2 for emi tted particles .

Densi ty, Sphere

2 2 ~~M~5(E)= 
~

- j ~~d[E-~ -J /r ]

- ~~~~~~ 2/r2 + ~~~~ j 2ir2
~ (60)

Flux , Sphere

M .  ( E ) =  r~~~~d (J
2,r2 )=3 1

2/r 2=J , 2 ( c i )
O s Jo I

since the flux of interest is at r=l .

Density, Cy linder

~~~~~~~ 
6.d{sin~~E3

2/r2(E~~fl~~

4~2 s in i
~~~

2/ r2 (E~ô ) -sin~~/J1
2/ r2 (E-~ ) j (6~ )

Flux , Cyl inder

~~~~ . (E) ~.d(~~~/ r 2 ) = ~~~2 /~
2 

- -CL j I 1
0

Note that the flux formulas are toe same for e t t i tt CC anO a :t~ e~t ~ar:icl eo. 
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1
,

As a w e ll—known example of the use of toe fore oing formulas , we apol y

them to the problem consioere~ by Serristein arc ~abinowitz (1959), namel y,
a spherical probe with monoenergetic amb i en t  attracted partic les . Tn e
potential falls off rapidly and roro ca nical ly, crc toe turning —p oint func-

t ion has a fornt s mii lar to that of Case (A) in Fig. 2, namel y, a st mple

mi nimum. (This corrm~poncs to a simp le cnaxirt ri in one effect~ve-po tertt~~I

function studied by Bernstein and Rabirow itz. ) Using T coie  1 and ~~s. (60 ) -
(63), we obtain the foLowing results .

Density, Sphere M
05
(E)=:

~~~ 
- /E_

~~9a/ r
2
~ 

for r in (i ,a)
(64)

+ /E-~-g /r~~ for r in (a ,~ )

Flux ~pnere

(65)

ersity, Cylinder 
~~~~~~

L s in
~
1/g

a/r
2(E

~~
) for r in (l ,a) 

(or ,

- i sin 1
~~~~r

2(E~~) for r in (a ,~ )

~ luX Cv i~ r-~er

~~, (E)=/~a

The fo regoing equations for dens ity and f lux , 5- c s. ( 5 4 ) — ( o 7 ) , c~~ scen to
00 icenttca t except for notation to tncse Ge ’~ 1~ot / se—on tnt r-~~ :.a ~~ot so-u t

on the oas is of toe effective —p ot en t i a  form~~a oton .  - r e  rr - irt -m o r -~

at r=a , wh ic r is tne so—c c i i e d  uusor ption r i O t - co , .- .i t n n  c- ic ri orl  ,‘ I
(one -way ) orb its contr ibute to thr density ( m O  f l~~c ) .

— _



Another example wh ico i~ even sin:p ler is the ideal Lan :riulr l imi t

(“orbi t— limited~’), in whi cn the pot ent ial fails off less rapidl y than the

inverse—radius—squared . In this Case , toe q-function for an a t t r ac t i v e
potential rises monotonica lly fr~ . its value E-~0 at the surfac e (tiOt ShOu r

in Fig. 2 ). Then J. 2=E_~ and 3 2
2=9 for ambient part ic les . Toe s pne nical

and cylindrical f luxes are B-c 0 anu E-~~, res pect t ve i j; here —~e have asec

Eqs. (65) and (67 ; , respectivel y, w itn g . replaced by B-c 0 . This value of
can oe used in one second me oar of En . (64) or Eq. (66) to y ield the

orbit—limited spherica l ~c -J cy linarical density , respective l y. Fo an - a
potentIal, we have ga E ana ?=5 , so that we obtain the familiar for.
I~(1 + A-1/r 2 )/2 and i-~~ sin (i/ r) for the spoerica l and cy l ino r- cal
neutra l density , respectively. (For one purely monoenergetic case B is
rep laced by unity ; otherwise , with the fCc tor /E crc integra l over B gives
unity.)

Finall y, a numerical algori thm s~ atahl e for the computer to ev a l uate
0 2 ,  and 3 3

2 is the fol lowing. We define 5: at a set ot d i sc - e t c  gi- ic
points at radii r1, where toe potentials are 

~~~
, by g1=r~ 

( E— ~,). H are ,

i=l denotes the surface radt us. Then the computer is asked to find trree
types of least values of t~e g 1-array , namely;

a least -~g~}. all i

a least -:g: , all J~ i

3 a least ~~~~ a l l  ~~i3 a

Tne case where g is negative over any range of r , uS woul d Occar at 107
val ues of E with a re7ulsive pote nt ial , is treated oy settio q J - ” : C .  ,n

GU C t 1Of l~ for -~i:oient partic les we set ~.(E)=0 dt r if q voot son s -n -- .-.te rc

aet~- ieon r and infinity ; -wa i l e  for emitted par t ic les we set at  r i f
g vanishes anywhere between r and the surfdce .

c.herc-as the c-roqran of a f: -amco~se (lOuH) hand les no n o n e  toon

oumps in the effecttve poteot al the prese nt :)ronri :  ( kim) - 5e~ 4:iine-:—

dtx C) can treat any nun c r  of ~mns in the 0cm : n~-pni no function . T ic -

the inetnoc of tnis n~-~oc t is oc :n ie t ~ Iy ~O . c ~~ l , and apr tes n-ct 0. - to

- 36—

0 
_

~ 
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rOnonOtcn j c as wel l  as n000000 ic ~Otcn :j~ I cis:n tbut tc ni • ,, b~ t to co: p 0 e y
genera l d~stributions .
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7. ENERGY QUAD~ATJ~ES

In order to evaluate numerically the integrals over energy in Secs. 4
and 5, one may empl oy quadrature form~ l~~ -in the form:

- 
~~~~~~~~~~~~~~~~~~~~~~ (69 )

Oli n

where M(E ) denotes tne monoenergetic factor dependent upon energy B , a r c

the lower limit Em r  may ~~ negative , in tie sum tonic are K co~f I ime-nts
C k and abscissas (energies) EK . 

-~ith k=l ,2,...,K. The coeff icients a
abscissas depend on the order K and nature of the quadrature scheme cnosen;
those used in the present work are ueniveo in A ppenuix A.

This section comp letes trio analytical oasis for a computer p c a; ra : : .
Numerical results are presented next.

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ 
-
~~~~



8. SAMPLE RESULTO -l~~ :.~ C~5s;3N

A computer program named PARKSS (for P~rker Spher ical Sheath) has
c~ an developed to implement toe a .a l y c ts  of to is report per ta i n ing to tan
spner i cal p ro b lem . Thi s sect ion pic aco t s  toe r0s~ itS o~ a n umber O~ S0 u-

tions . The nuicari c~ l p~ ra. ecers (F0RT R-l~ nn~ t n n  PA r~K~~S cou~ ) i nd .oc

(a ) RB (cr 8 ) = outer yid raaius d ’ iv to e o c~ c r c  proce radius , (b) i~ P =

the number of grid points in cluding one fi rst a~d last tn toe interval
(1 , rB), and C c ) tIE cne-r~~.o the - urc~ r of energies -in toe semi- in f in ite
range. (There are also 2 (~d-l P—l)  Ldcitional values of energy in toe
range — see Appenaix A .) The 3 parameters ~6, N~iP , and ~E must he lan g ..

enougn to ensure that the soiat~on beco :es insensit ive to their V C I u C S .

One also needs to assign the v a i m ~ of ALPhA , the iteration paramete r coo.-

trolling the mixing of successive iterates .

For a most all of the runs , RB was set equal to 2 , NMP was 21 , ME - .- a ~
5 (resulting in 53 energy—va lues), ano ALP HA was 0.1 . Except for e::nssion-
al-rae cases (for which the Diri coi le n - Condition ~=3 was 0sed), the i r v er s~~—

~5uan0 iaw floating boundary condition -was emp loyed at toe outer most g o t a
in all cases. Tn~ results -.~mi l  on disc~csed w io n reference to ape-

c i f - ic figures and taoles .

A . Figure 3 and Tables 2— 4

Figure 3 shows tnree sets of ci-ler.s -o;niess potential (ç) cr o f i l~ s:
acn bte nt p ic~ .a alone v~i oh no O 5 t 5 5 , 0 0  (CuiVOS label ed A ’ on left sian of

Fi g. 3~ , emitted electrons ulone wiTh r.o O fl OtO fl O alasma (curves la~ cii d

on leot s ice of Faq. a ); and boOn a.:.atent anu emitted (unla ~el cc

curves on ra~ ht side of Fin. 3 ) .  i L  - rafiles in i- ig . 3 ar e  associ t~-c

.~i t’n fIv e values of the surf.ce pot. -: t iu i m ) ,  ouI:niy, 0 .8 , 0.0, 0., — h .- ,
-~r a  — ) .d, oo r r - i p o r O i n  00 ut o . rcnt ~

- - r~ t m ~ ~a;tiort :-. in to ti em ar

a n. , c m t e 3  y bii en~. r~~lo r.~ 0 — ~a. to t he a-St l~~r t  ~!~d C. i t in on -n 1
.~~ n - .~~-i -l l i~ n) re ~n . .  a c-q~~l , carr- ~OOfl 1 in t -

. 
- .  . - a b len t  mo d

pootne l ect ron I I ui ’s , a cc - - :  t~ -)n w ’ i o r- ca r  o ~r in 002 31 aS :naapn~ me ( - .rard

~i , l07~). .n pa rt i c .i~mr , tOe ten. 2rdt~ r -- . -
~~~ the pia s. -~ ions a - ta e l - ~.-

trans ~~~. ,T ) ,  St toe ccitt. ~. electr ons (~~)~ are uSsu: eu to 0.- all ~~~~

-

~

- — —~~~~ - -- - - -  - - - -~~~~~~



to one electron—vol t ;  ana tne dens it a ’ o~ n a s m) ions and e lect rons (t~~) as
equal to the emission density of pa -otoelec troos (~ 

), and both are taken
equal to 400/cm . Thus , the amb~erit and emitted thermal currents are both
about 2xlO ~ amp/cm 2 , this bein~ ago cxi~ ate~y tie pnocoe~t a issa c n  c urre nt .
Thus , for a sphere radius of 1 00cm , ore eoye number is 0.37 .

-.e~erring to the pure—a mbient pron i -as (A b Fig. 3) ,  we see tOut ~ iS

always monotone ar.d the pro file for :-urface potential 
~ 

is the negati ve of

the prof i le for -
~~~~~~. Adding emission pushes the ~—profi les downward toward

negative values , and tne ,a rof i les are th en possi b ly non mono ton i c . F-a r 
~large and positive , ~ falls off more rapidly while for 

~ 
lar ge a-- - -- ~tive ,

~ falls off more slowl y, than in. the corresponcing pure-ambient case.

The pure—eniission profiles (E ir Fig. 3) are similar to one cocioinioa-

case profiles (ambient plus emitted), aoL ootn have the following features :

For 
~ 

large and positiv e , ~ is monoto -te cownward , esser.t-ia’ly out  to
i nfini ty. However , there -is always a negati ve nan ir r um ~potent~al ‘~t arnier ”),

which moves inward from infinity and becomes cieL aC i as bnccn- .a less posi-
tive. Numerically, it is d i f f i cu l t  to h see u this barrier until 

~ 
drops

below about unity .

For c~=O , we have a ‘~pure ’ carrier , of height (cr depth ) ab~~uL 3 c o a t s
for em ission on l y and under units for crc- co- ct nec c a r e .

There is a cnitic0l negati ve valu e- of SuC.O t o o t  tnc fac la va:.,SOe~
at the surface. Tnas is assoctated wito the carrier raving arnivec at :~ e
surface. ne critica . va ;ue is uO0~~t -u.S ‘or em~ss aon orm y ann ab~~-im - .4

for toe combined case. For 
~~ 

ucove tr.e criti ca l value , toe s.rface elec-

trans are pushed irw-ir-t . Imereas for bel0..- t:ie crit ical va lue , the ~~r —

face electrons are pushed c~tv~arc ; lO thi S case , the potent ia l  iS monoton e

• ion-oira and electrons ec i t t eO  fra n t
,
~~ imrfmn e ‘ roll ..-awnh i Ii ,’ in a

one - .aJ til rik of tin ban ter aS a vi ~ SaO~ one W1 ,iCh tas -tovea ~~) ~-,i t i n  Th

- ,urf~ce.

uoIcfl~Irin 9 tOe . 0 e: t—dm)iu m) aria cmi tteO-a l Ot - ,E ) a~- c t , Cc - tO

as: i 0 : 0 - C l  . pnu t i La , che l~~tte r oap~~ra ru y :~a u - p  nrc ~ oP - 5/

‘.iti ) ~~, - mdn r u -J in ~ the A B orofiles .

- - 



Table 2 presents dimensionless fluxes of piasn ia ions coo

and plasma electrons 
~~~ 

as functions of the surface potential 
~~~~ 

-in
the Maxwe llian ambient—only case. here :

j. = ion fm ~~ no nmal icec to Onibient- iOn ther::al f l uA

= ion . f lux norma lized to urnci e nt—e iec t ron therrsi flu x ,

assuming nyuro qeo ions and mass ratio ~-~/r=i83d

= electron f i~ X nos- olized to ambient—electron thermal flux

Note that j 7
’ 

~~~ 
i~ 

( — ~~~), and trat equilibrium (Ji =
~ e
) occurs for

less than -2.

Table 3 presents dimensionless escapint-e ectron fl u x (~~) as u ‘or . -

tion of the surface potential ( - ~~ ), in tflL- 5dX3~~l idfl emI ssion- -un iv c .~s

is is normalized by the emitted f lux. Ar 
~O 

decr~~ses from +1 , j ir. om~~.co

until it becomes uni ty (all e lectrons escaping) wh -~r 
~ 

passes the c t:c~ l

(z ar o —surf ace -f ield) value , wnt ch is at about -0.8. Also shc~- r . is
which denotes the (barrier) posc’nti al roi nimun ~, W hi 1 e r1 den otes the p s i  —

t ion of the mi ninuc: in s a: c re raOi i. One con see toot tne nil nio u m

inwaru and becomes di-:eper as 
~ 

decreases iron posi t ive to.-.or0 ne g : l t Iv .

values. A t ~~=0, toe mininiam is —0.28. There -IS no ec4uil ihnium su rfac e
pote ntial for Maxwel l ian em ission — only,  as there would cc for the mc rcc-rc --

ge t ic emission-only case.

T a b l e  4 oreseots ainteon ionles s fluxes , or p asra ions (i~ c r 0  ~J, of
pla sma electrons ( 1 , and of escap ing photoelectron flux 

~~~~~~ 
a- a fui~ tico~

of the surface potential (vs), in toe combine d case. Here , j
~~

, j , a rc
are a l l  norma l ized ~y t oe er r it tLu ~~~ t -Piict. ii t:~~ S t u S C  iS  t f l ’  5 i

toe amcient -electron tocroal flux). j .’ nas toe some de~ i ni t ior dS in b o i L

2. T~0ie 6 a s q-u~~i ita t iv el ; sir or to T~~ i - .  ar cr~- sr- a

ieCr :JSCS un ti l i~~ passes the crit ica l value , -..-oi c rn is at abnm —0 . 2 , as

-T It r icamod with —0 .8 in tflc e m iss ion— o nl y -ca s e.  At a~~II , toe n -n i - sm ‘a

2, as conparca w i t n  —~ .28 a n ~he emissi on- - onl y case. ::tjm- ~ . -
, t r w

ra-utal pos it on of the ma nim un i~ uncn a000-n , at 1 .35. b nc e- ;u r  I ihni

~~rf - m c e potenti ai is at 
~~
. sii gh~l y ~ O LJVC LC ’O , COn ipmre 1 t~~I lOS S

-? iii toe . oic :nt-onl y case.

_ _ _ _ _  - .~~~ . - - -~~~~~~~~ - _



The numbers of iterations requirea to acnieve convargence of the ~oter~-
tia l—iterates to one part in iO~ was 50—60 for the ambient -alone , 70-100
for the emi tte~-a1one, and 40—100 for the combined cases.

B. Figures 4 ~nd 5 , and Table S

Figures 4 ana 5 are for a combined problem with oath ambient pl u s-ta w u
emi tted electrons , but where the emiss ion is monoenergetic instead of ‘-~ x-

wellian. The plasma ten paratures are T1 =T
~
=5eV , while the entt ssic- r. teo senc. - 

-
ture is T

~
=leV ; the plasma arc emission densities are N3 1/cm3 

~rac 
‘. P11 /cs 3,

respectively. The plasma conditions are typical of those in the solar xiiO

(Grard et al , 1973), while ore emitted current corresponds to photoemisstc.a ,

about 10 ~ amp/cm2. This is a case ot ‘ st rono ent ssaon ,” defined aj

No/re, that is,the emission flux 
~~~~ 

as much large r tran the ambient-

elec tron. tnerinal flux 
~~~~ 

For r0=lOOcn , ::,c emission Deoye number is

~ sz3 •51 , while tne ambient—electron Deuye nu:oer as 
~~

=l6.6.

in Ta b le 5, is the dimensionless surface potential basec or T ,

whereas the dimensionless fluxes of ions (jj, of plasm-a electrons (h), ~nc
of escaping photoel ectrons ~~~ are normalize d wito respect to the emiust on

fl ux. Qualitatively, this table -is roughl y ~imui ar tc Table 4, b .t trtere

are soi ie striking differences . The equ ilibrium 
~ 

is very sli gn t i y belo,-.-

unity . For tnis case of strong monoene ”getic emission it turns out to

very difficult to obtain numerical soiution~ very close to 
~0

=l , -ocor -l y,
i n the range between the entries ~~=O .99 and ~0=l .O7b of the t~r,le .

For above unity :

(a )  All eot itteO e lectrons return to toe S c C f 1 C C , 01.0 ~rn

contained with in a raoaa~ r(n

(~) There is no ~c nn!.um ; toe poten tial is strictl y O.00000tc.

(c) The position oeyonr w a tc n  then are no erittuc e l e c t r o o n ,
aenoted by r (ra

5’3), 
w~ i:nir wo;ch all ~- r -n ttec electr .,ns are

containe d, moves ;n waro tcwarc ch~ surfuce ~~tra i ic r eu~ tn g
above unity .

~ 

. 

.~~~~~~~~~~~~ .~~~~~~~~~~~~~~~~~~



- - - -
~~~~~~~~~

- -

As 
~~ 

drops below unity , tne re iS a ii nimula which ..aoves inwu rn f r-c:.

infinity and becomes deeper. The min imum atta ins a cepth of - .42 at ~~=O ,
and the condit ion of zero field occurs at between q,~=-.5 and ~

=-l.

Figure 4, where ~ =0.99 (close to the e cuili ~ riun: value ), shows tOe

potent ial profi le ~coshed curve laoe i lea ~~~~~ uri c the -prof i les for di cer-

sionless piusIaa —ion aensity ( r ) ,  p i~ ssa-el~ ctr -on dersat y uIJ COttte -C—

electron density (n5). The density profiles are ore solic curves . The

emi tted—electron density as 1.99 at tre surface , sante almost all esactea

electrons return. The plasma —io n and plasma-electron censities remair

close to one another, cross over , and essentially a :proxi cate to the ~~~~
density (density at zero potential), shown as the dotted curve labe ilec

‘NEUTRAL . Hence, the ambient plasma suC:s to contribute little to the

space charge.

The p-a t .ttaai profile in Fig . 4 actu~iiy c.u~ - a ici ni ou ::a of -0.U37~ ~t

r=l.9s ~Tabie 5), but this is negligible ji toe s~~le of the figure .

~agure 5 shows the same profil es as F-g . 4, b~ t for tr~e larger a o s r t l v o

a~rtace potential ~~~~~~ 
L a s  as in the reg.sic where a L l emattec emo -

trons return (n~=2.O at tne suriac~ ) ana are contained within toe raa~ fa

r=l. 42. This datum is indicated in the second row o~ entr i es i n T ac le B
The interesting feature is that n5(r) approaches ze ro ic tn irfinite slop e ,

at the position where ~=l.0 (where the electron spec : vanishes). In tna~
case , n and n~ are s onnn~-ihat more separated thor in toe 

~~~~~ 
CasC . This

case -.-:as used to make comparisons with a ttne -s an u lat ior , ca lc ul ut a or in

wnich 4 =+2 was found to occur durin g a very slow transie nt fo il owi op a

rapic one (P. Ro thwe ll , private communication , l~ 76).

~<ufl 5 were a l so  mace ( not soc ~-,r~ in w f l C ’a  t oe  eni ssaon Wd5 ~-~J \ . - m. t u n

ifl5 C-~od Of nonoenergetic , with quuli t àt iV iy s a - .t l an results. One of

cn an~es whic h occur , naweve r , is tout fi ntt e a~ t neh a g iale po t entaul

000ui at large distances for large positive 
~~

Tiis prob lem is re1ate~ to that of ScflrOder (1973) in b eing a’-r ropi~iu t e

to a spoer aca il y—sy ircecra c pnot oesissivn 5 01CC p r - c u  in tOe ‘aol am -.i r i .

a.c rO cer computed a number of potential :n~ a ostty ot StnitaA t iOrS , m u  -

pondin 1 to different surface potentials ana it I ferent al L, a a - n i  ti es • .

~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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a positivel y—charged prooc. bri e c-ur~putat ioadl method used is cl ai ; ed to

fol low tnat of Laframoolse (l96~ ) but no uetai is are given. (The Lafram-
boise method is designed for monotonic potentials only.) Schroder ’ s
r~suit~ show the features indicated in Tables 4 and 5 , and Fig. ~~, in that

the pot ent lal mi nimum moves i nward ana cecomet; deeper as toe pOs atave no~rToce

potential dec rease . However , whereas Schr~óder ’ s curves for electron den -
sity move monotonica ,l- 1’ downward wiw inc ea s - ing 

~~~
, it is f o u n d  i n  p res ent

calcu lations tnat the cansity at a given r rises to a ataxi rnum and toen fails

off. SchrBder also implies that the electron censity falls off wac ~
inverse—square of the radius at large radii. This is not found to be v,~~a a

here for positive surface potentials , but it is valid for negative poten-

tials and cola emission , as in the next problem .

The numbers of iterations required 1 -ur incavid ua l  sc lutaons of t r a s
problem were in the range 50-100.

~~~. fj~ _ur~~~

The problem of Fig. 6 ug -ai n a coroinec ambient—emitted one , bat iS

com plementary to the previc -us problem in toot the eari ssior , sore is av~~ ’

rath ~~- todri strung. Trat as , the emission f 1~~A (3
53 J IS m~-:ri ‘ac - n - TIe” t;~~r

the ambient—e lectron toermol fi -~x ~ ). oru~’~~-r , one ujbi cr:t- ele ctrc- .

temperature and aens~ty aru T~~laJ and 
~~

iO0 / c i
~
, -.~si Ie tne eni it ct a-eioctros

temperature T5 1; vu nisn~rgiy sma l l in t e  sense t - oa t T5 /i~ 
in~ 1n i r -- -.

-OuS , the emission is h coic as wel l  as weak. Tn amda ent-electrcn DeO c
nu:-nnr -is 3. 74T ~ for a s nere rudi us of 100 c . It is àSS~Lt u0 ~nr ho ~ 

- -

poses of Fig. 6 that toe em ission fux is cr ; c— a c - o t t  of the a c a i e n : — t - i c - e r - ~:-n
enerr fl ~~~ (J so/~eo~

3A
~~ 

arc tl~um toe in,ns ~~~~~ unperturbe . T o . , - ,
e :uiu icrau c; potentaai for onis orobieta as ~~:_2.3. (To - ion rnot ior’-~ - en s

‘ f l C i sC ‘d in si n ’ b r  crohie :- -a not - f lown nere , huh were xc u-aec fur
c rni ’

~- ’,a to al low a co mparison w- trn ~n - lO l A - n : n-it tine— si -~~~ Tami os c~ l:~ i~ —

non (A. ~ i l’on , pr ivate corc. ,Sttat ;OO , t )~6). Inc i . u t  CL ‘ -ma ion : -: -ti~ ‘a

T0 V C 5 tOo egsi it ariun PutcO t iu  
~ to about — .~~~~, :m~t tOe -a t~ t vu

utcra- ior of tn e  curvos is one ‘,a~ce.) Tn: assm:d va~ ~~- - u~ tI - a i r  -~~‘tcrs

tan  occur in too soi r w in d , cut with roLi~ -:eu soLr - ii ~ l n J t -a r t , Sa ~

dawn or d usK .

---

~

--

~ 
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In f q .  o the ~— uistr i but ioai  at  rim - u- ui iri u t potOn tiul i - - shown

a das ieo curve (~ is the potential ro r c ua cci N T / C) .  bn~ so iU CurV O-

are for both types of electron dens ity , ~ntr~ ~~~ denotinq the di; euasio riess

p lasma—electron density , and demoting the emi t ceJ-e ectro r. sensity
normai zee Dy N .  The e:itt~a-el ectruo den saty ~ae to col d emi ssion :~~~~

- cc

show n (Appendix B) cc be given by the formula

N5
(r) 

- _____  
______

N0 
— 

2V~ r
2 3eo ~~~~~~

which corresponds to electrons roi li ng downhil l . The numeric al f-actor
becomes i/20v7 for 

~~o’~eo=0~
1
~ 

This fa rc -~la also indicates tOut T~~~/:~O

bec~m:ns infinite at the surface , wna c n is C~r.:tatent with toe aSsumption -

of cold emiss on. Asymptoticall y, the dens toy a -c-ps as r 2 .

AbOut 70 iterations were required for on s pror l -am .

Figure 7

Figure 7 shows the ef fuc ts ~~ ::~.ui~ ~~~~~~ emission to a orone o- mahl- o:
treated earlier by toe autnor (Par~or , :97s ) wna cn invo lveu crm y toe a tiu:tt

p iu~r a .  In the can ter problem , the c iniension iess potential ~r Debye on: Icon
we-re •~

=—i 0 and X0 0.l , res pec tively. in Fig. 7 the arsient-only curvE- s of

~~tert ial ~ ) and aensitj ~~~ 
n0) crc labe ll ed ‘ f ~ , to no cc a~ ruc ~a t o  on

anal ic- n narresoonda og curves inc Lunt °Tl enssi on (:a ). T~ e a miss i on u~- nn
no temperutne are assu med to be the SOIOC as the u O b t O T  values ~ci~~l uris —
s i on ‘irid a uient f luxes),  and al l  3 distrinnaorm are ~I x-i e l i im; . Tf l i ’ a  —

non can occur an the plasma sohcr- e if the spacecraft is sevora ;:etcim , in
r ro i c . ~To bring the equ i l ibri~ m aote t i0 i  cown to — 1 0 -mc~T a nra: ,, I- , ~lso

run t r n  toe use of an o n—bo a rd e lectron our .) T~ e So 0 Si tL~~ tiOfl en - I
occ . r  in t re laboratory with a s:- al  1 cao gn u~ n :tC~~

)O ero t o t; 0 tour si or

5 ? n r nr y  electrons. Toe ca rves i OI~ n l lea f n ive ;-i cem ire ;eotea in - r

car icr re )trt (Parker , l~i7B ; • n.e coon-gus Sue t O  u- m iss iOn no charac  CO ’—

ac e d cy the unlabe i ed curves , a s fo l lows :

L 

~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~ 



(1) Tne Q—i ~stribu tion is snifted up .aru ~iag nti y ( in the negat- i~ e
direction).

(2)  The ion dens ity is raisec about iC percent near toe surface - ,
but the effect on the ions is -i nsignificant beyond about 1 .4

sphere radii.

(3) The piasiia—e lectron density iS reduced at all radii.

(4) however , toe quasine utra baty point -oycnd w hich the positive
and negative tear-gas ba lance l:n:=ne i

~
n, ) to wi thin one

percent is still as aoout the same radius (aoout 2 radii) c.
in the ambient— alone case.

(5) The em itted—electron dens-coy (n 5 ) drops off very n u n - - i dly at
first , and asymptotically win toe inverse square of tne ra ;.s.
This behavior is associated w i n  ulectrons rolling ccwn h i l l ,
and is characteristic of the ‘cold emi ssion ” treated -i n tne
previous problem , where

Wi th RB~3, ~MP=4i , and ALPrs~~O.0l , about 500 iterations were req~ a red .
(By comparison , about 300 iterations were required when ~B, ~~~ and ~~
were 2, 21 , and 0.02, respectavely.)

E. Table 6

In an attempt to inter-oret data Obta i ned by instrumentat in or tte gT~~-6

spacecraft , ~iri a~ple (1976) hypotnesized -crc existence of a p o t e n t i a l  nrrler
due to secondary electrons or photoelectrons , in order hi1 st niv u i;  t fftn t ,

- i n i p p ie assumec a sphericall y-symm etric model for the snc-~~n es in tOO 0

sent report. rlowever , his metnod was appro~i:cate in nat (a) sa~c ; la f :otiuri s

were assu mec for the shapes et ~~ 
,iouncuraes a n ve loc i ty  space , i .0., tn~

critical values of angul ~r morertuna ~S ’ :  Tanle 1), iOu ~t) tie 
- etn~ c

onl y for the most negative vaiae~ af ~ saco nat si iult ~ n~-ou ui~’ d~ /a - -~~.

The latter procedure is no l \el y to yieln a- --y s ic ii i y v li d s o lu nna S i n C E

toe boundary cond ition at inta n ity is - groren ; howcvc r , It a u -  au
to provide or upper oo .rd f o r  the depth cf thO barr en not c n t a * Tn - c  ‘nr~ ar

procedure (simpi if ic a t io ns  ii vniOC j ty sauc e )  snouTs  be InSt  1 ’ 05 ; - ,‘ ~‘ A :

theory such as the pre-~ont one.

-

~

-- ---

~
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Table 6 iS cancer-nec ~-~ t;a the - cays ~ i9~ , ~T9 , 234 , nOc 273 )
defined in ~ripp le ’s paper . Toe ambient and ec is s -ico data for toe 4 aays
are given by the dimensional quantities (

~~~~, ~~~~~~~ T , T an toe table.
t~I ~~~ 4 L

The plasma—ion and plasma—electron tempe ratures are not equal . For eacr
day , the table shows :

( 1) The re la t av e strength of C O a S S I C O  curr ent to plasm a current.

( 2) The surface potential t~ , negative or zero for all 4 days.

(3)  Barrier po~aeratia~ ~:-n ,tu ~cj ;~~~~, uccorcan g to measuremen t.

(4) Barrier potential if ury 
~~~~~~~~~~~~~~~~~~ 

accord ing cc ~happ le ’s
method.

(5)  Barrier potential if any o ,~ 0 ( P) ,  a~carciro l to toe e~~-~~t

theory of c- is report COiip ute r~ p 0 -:nan P i-- n r\ba ,.
(6) Barrier pos itoor if any ~~~~ aeco rca , to ~:,ooi e s n - tm. - .

(7) Barrier posit tor if any r
~

( P) ,  accordi ng m

Tne resul ts are as fo,lows :

For Days l9~, 199, aru 204, the t~h--col e aetnoc preuiut s a nam er ,
w h i le PARKSS predict -a e ’ t r a r  no carrier J)ay 193) or a s::a l C 1~ :~rrae r

(Days 199 and 2G4 ). f , n r - Day 273 both tnecna~ s agree in n-n- t n q  no

Darn er . .n a - ~~~~~ one mnasu rea ents coG itate- toe e - c s t - n co Ot  a o r -
rier and toe depto of t -is nor roer is -3rvater than -nnj of t o  ;- n-hau t e ;

uLos. Toe -hi a - nepnLJ ntrieea :nuorc’ uflS c3S~ re ~oo i -a str , as for

Day :73 , ~-ne~e to e nis-m. co. is cola co o We-a~~. con .-.ser~ 10 to it t C t o C~-

t~ oos woul-n be cAp tot to roil cowona 11 ~m. ~ut  Icing ~: a cann er .

Tr,e potential distraun .uns f~ n tn-c 4 pr -
~~c P e  ~ or -C OO t :)r Cw fl - - - , n -- .1 ore

tyP ic te r .  nj  severa c~ toe pn c -r -  ~~~~ n ‘
, ,

~~~. 3 , for ~ur-~ m d  in- - m m  Q ,.

Tnc n-a rc hers di , cur~tic:s megna n-c ‘m.i tuC 4 nrca- le:cs rn rom
to 60.
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TABLE 2.

FLUXES: AMBIENT ONLY (~ AXWE LLIAN )

= .37

i - I j .
1 , e

2 .135 .0032 2.77

1 .37 .OC~ Ô 1.93

.8 .45 .011 1.76

.6 .55 .313 1.58

.4 .67 .016 1.39

.2 .82 .019 1.20

0. 1.00 .023 1.00

— .2 1.20 .028 .82

— .4 1.39 .032 .67

— .6 1.58 .037 .~~5

-.8 1.76 .1)41 .4~

—l 1.93 .045 .37
_2(a) 2.77 .065 .135

(a )  Equilibri um 
~~ 

below —2.

_ _ _ _ _  

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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TP~Bc3 3.

FLuXES : E1~1TT ED ONLY ~~~~X.~CCL ’.n-,~~)

A -  .37

O s 
__________

2 .33 negl igible

1 .63 - .1)13 (i.~~ )

.8 .23 — .041 (1.70)

.6 .76 -.082 (1 .60)

.4 .82 — .14 ( 1 .50)

.2 .1)C - .20 (1.45)

0. .92 -.23 ¼ 1.35)

-.2 .96 -.3] (1.25) —

- .4 .s9 - .49 ~i.~ 3)

-.6 1.00 -.62 (‘
~.0)

1 .33 monotone

— .99 1.30 monotone

~u ) SLrface field ocanly zero.
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Tfkb E 4.

FLUXES: AMBiENT AND 1)~ iTTE U ( 1AX~ELL IA;-4 )

A
0 

= 0 .37

3 - -a , 5

2 . -.b .Cu o2 2.b~ .-i5 neg ligan le

1 .37 .0086 1.80 .66 neglig ;aie

.8 .45 .011 1.64 .74 ~~~~~~~~

.6 .55 .013 1.47 .81 — .009 ( 1 .~~5)

.4 .67 .016 1,31 .88 — .033 (1 .75)

.2 .82 .019 1.1 5 .94 -.065 (1 .55)

0~~
a) 

1.00 .023 .98 .98 -.12 (1 .35)

- .2 ~~ 1.20 .028 .82 1.00 -.22 (1 .10)

-.4 1.41) .033 .67 ) .00 mon o tone

-.6 1.60 .037 .55 1.00 monotone

-.8 1 .79 .042 .45 1.00 monotone

-.99 1.97 .046 .37 1 .00 monotone

-2. 2.86 .067 .135 1 .30 cro r -atcn,-a

(a) t1ui~ ibrauo 
~~ 

slign tiy uoove

(o Surface f ie ld vanishes for abo~ t —0. 2. 

_ _ _ _ _
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~n
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‘ 

~~~~~~~~ , - — tOo c O 1

- ~~(c )  ~ -
_______________________ _______ ______________ 

L .  
-

3 .3~33ot .~-3~ 5 e. IluSOtOOC 1 .2-3

2 .1)03033 .C-31-~ 3. c~ ectona 1, — - ?

1 .5 .331)09.2 .OTfe 3. --onotoro c 1 .55

1 .375 .33-013 .3064 3. monotone 1.33

~~g
(a i  .ODO .~ .0063 .01 -- .13/2 (i .9~) -

.0 . ~
j .uOob * Do -- .m. . It) -

3 . .333 12 .3053 1. -On- - - .35) -

.33314 .0043 1 .33 — .~~~~~ ~~.2U) -

—1 .33-015 .0143 1 .33 santa se —

-~ ~~ m~s - lODe - aT ~C cr -no t~ S5~ 5. A l l  f l~ Aco r.onrm.li ac- n ny cram

I in: cc 
~~~ - sl ig h ti~/ ~~~ t o o  -r- 1 .3,

— 5 ’  

-- -~~~~~~~~~~~“ -~~~~~~~~~~~~~~~~~~ - ~~~~~---- ,- _ _ _ _ _



TA StE 6.

ATS 6 OATA A~J T IDORSTICAL C0M?ARI SO~S

= nbient density (cra 3)

Pr -,0030 le c t rOfl ce nsaty  ~cna

= anom -0 ,at—ion taraenut~re (e~ ~
= u 7 o i & D o t — e i e c t r o n  tem per-atumo r~~ - )

e
pootoeniectron tcmperat..re (eV)

-

~~~~ 

-
~ s a t e 4 lmte  pooco tia~ (volts)

~~~~~~~~~ 

b rnier potentcc ,~ ~s c : t s )
nanrcer mn cius OO V itc~ ny
ccmni~~r aote~ 

,~,.1 , .-.nmp; ~ ,i o ,a ,;ro,~i rcata o n (197C - )
Otr ~~iCC noton taci , ?cn~ an ct- n -n t- oeom y (?A/KKSS)

a~rr’ier rad~us , on -apple aga roxocm.ainrm (1976)

barrier radius , ParKer exact theory ( :r1~KS~ )

Day 198 ~ay 199 Day 214 2-a 221

3.2 1 .2  93 17
10 .3 90 203

a
— —
• —,.- -, 4 . _ i S

~tr- -o trr
of n - n o os i  or.~ so n - an -, nc-ar:, cr, -3c tc to ~

‘ -

3 -:
4)

- -00 -10 -10

-~ .2 —a .2 r a r e
nose — .- .2 —2 .5 nc-

5 -
~ .0

r
~,
(P; n-GOb .5 .~~

* :, ~~ VrC  a’
0 C

-5 --)-
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AF ~ ’L , 0 ) ~ ,~ A .

Lr’~L~G~ t~hADRA I UI~L ~~~~~

Toe energy quadrature fo r- re-alas USCC in tn’is work rove the ~omn- , appr o-
pnian to tcxwe iia ,a energy ciscnim.~tior ;s :

K
(consc ) -- ~,~~ —E )rtE’~~(o) = 

~. ~~~~~~ 
(A- ,)

where “cons t ” denotes ~ constant r,~,1t ip ioer- , ar.c where ~( E) is -one r o t a -
energetic factor ~a :anciro on the ener 0y I rnuitir~ fra;r~ int eg rcc - o ;  Dyt o ’

J2 . Ck and Ek a~rote the coeff ic ients a u  co sc issas ren oect ive l y of tn -c
K—th—order qua~ratui~3 formula. The coeffic-sc,.ts are evaluated by A~ .n
as follows :

G’.ve n a potential distribution den nab at a -mn of radia l or - m o ~~1nts
r-~ . cnere -is an associated set cf d isc rete potent ials o i=~~r1). A r- ra n - n- -:
are set of ~ .—va l -ues ir~ omae r of increas og va lue .  Tr~-n~ of

~ ~~~~~ fo e c w i - oS tn -a ;edst va ’
~~a- of tIm e set of Q~—va1ns , -s n-em if 5

~s oden:’ i t i ed am tn  toe ~reatas t va ’ ue on- t n4~ sec , ~,e ray s~~ ’m. t Oo a c t ~ -~r~ .
a rc s~emo of ~q. (

~~~
— ) onto two parts , one cor respooc ;  ro e- to toe I .

(bccin~ 
E ) ,  and toe o th ar  to cnn se r ,am - mri f on ita nc ;- 0 c (2 . , ,  = ) :

ex p (— E) d e~:i(:) = C -~ ‘ e x r ( — 5 ) o 5 . n -~(2 ) (1-.—? )
- 2

- a n

tO -O r -C tm,e cooc t  fntor o 2~ . (1,-I na0 SO C. ;  a ‘0 .

Fi rst  we corasinr trio sa r i—f in i te  n - JO ;e (sec:ra d in - nc- - m l ) ,  a n :
n - a  n-- t e  range f~ n-3: roe  - n- .

• ~Iemi —In f ina t e  Ra -’

Inc tSe sen- ri — rof -, n~ t t ’ n-Cri~ C A - - 0 1 - i  C.’ q ‘- -.~~~ o n - tO ’ -~~~. oS C -

0 - D Ccni e~ ,il (10 011 , or n - / L- .fr.,s:,-ose en,’.. ‘n - i d , 4 f ’ ~~~’i~ ~‘ i ~4). T nese 



designed for the Nlaxwe llian case where tne integrand contains a Gaus si,tr
function as a weigh ti ng function. Let ak, n-i- , denote an aescissa-coeffi-
cient pair from the data of Steen et al (1969). Then one transfor~0 s  the
semi-infi nite range integral to 4

.3)

ex n- (—E)dE~ 1(E)
J Emax

= exp (_Enax) exp(
~
u)dU

~
M(U+E_ax )

0

~ l 
2Hkak.M(a~ Enax ) (3-3)

~ere we have formed the k-t n coefficient as C, 2n a , and the asso c intc -tK ~~~r.

,~-tn energy aesciss a as Ek=a . 
~

5max~ ~~rC coefficients and absci s -ais ~
may also be obta inec from mor e One—Dir oe nsiona l ’ table of Lafranaboise o e m
Stauffer if one multiplies t Seor  coefficients by ~~ and their absc is sas  hy
unity. (There is also the opt ion of -asing the Lafrarib oise— Stauffem T-4-.n-

amon siona l or ‘~n (ee- 3amansional ’ aoscissas an d coefficaents as tn-oy s,.~--
gest for a cy lindrical or spheri cal problem , res- ,ec c t ive iy. However , o t  is
ton a u t h o r ’ s op inion based on experi ence with ~otr. methods toot to ’ s /e- ics
no signif icant gain in practi ce.)

3.2 Finite Range

Th e fin- te range of energia~ E ,- ,  ~,. 
~~~) 

deilned ni the set -
~~~~ o~ oere-c

v~~ues of 
~~~

. consists of a nu rm oer of -ane n~ a~ ener— -v ante rvo s. The na r;,;en-

of Su C i ‘ intervals is enquci to tnt- nc -oar ~f 5ria point s ;ro l r,us C a .  50”-~ iac n

me oF these • rtorval s , cro~ a-a n~ ‘i i ts cner5/ ~~ ,C S (;~ ,n - )  . ‘0 its

cCr~ r a ut or no toe energy mn - i t- -0 r-0 a4’ ~e w fl t t erm

-A?- 

~~~~~~~~-~~~~~~~~~~ -- - ----- - - - - ~~~~~~~~ - -- --



- 

exp(-E)aE•M(E) = ~xp~ -A- a’) .~ uc~
.
~ ( /+4 )

= ~: ~ K
h

K
U

k~~~~~

To obtain a given damn -cc order of tne cu~•~ mtur-a forrr’~ic , c-re may obtain

from Eq. (A—4) sc qae ,cc of moment ecuet000 s. For -Or-oc r 2 as usco or
PARKSS , we have:

= exp(~ A~u
2).um .2uQu C 1 u-5C2u~ (A- 5)

where m=O ,i,2 , and 3. Equat oors V A— c) 2 c m o m o . o e -  - eq~~.eoOn s for 4 uo \riu ~,r ,~- :

U7~ C1, and C2. Toe sol utmon as

= b —

,fr- — t,

o

(3-7)
- — ,~- 2 - - ,- , 2 -.

C’ — 
~~~~~ ~

i 1 1-n)/~~ , 
_
~~‘~ 9I

= 2’u1exp (-A) -~Q 1/’ A u - -u ,)

- 
C2 = ?u 2 t x j ( - A ) ( i 1 -~ 0 1 )/(~~2

-
~~- )

- - - are

~~ ‘ 1~~)~~

_  -~~-- - --~~~~~ ---~~~~~~~~



10 = 
b’ erf (v’~~ )

11 = 0.5(l-exp(A—B))
(A -9 )

12 = 
~~~~~~~~ 

exp(A-B))

13 
= .. -3 .5( B—A ) exp(A -5 )

It may be noted tnat rnp l~ cing B by infinity and A sy zero in the ~rnva
equations yields tre abscissas and coefficients of Steen et al fo r- C ” - m  2.

For small (B-A), one may expand the foregoing equations to obt am r crc
lowest oraer:

C1 = C 2 = C ~~ 3.5v%~~

u1 (1—l//~
’)C (3-10)

u
2 

(l+1//~
’)C -

‘

After ccnnpu tar~ toe u s  and C’ s as above , one forms more c o e f fo c i -nts
an - c c ’rc rnies us~o in PARKSS Dy:

I. = u,~ ~‘ A

0 2 u~ + A
( A — i l )

= (oonst)C.

C 2 
= (co nst)C 2

wn er’e toe const fa- :c-~’ is tnat or mor e le Ft — ri - inc side of Eq. (S-i).

irr i~ n - d y  nh- one or 3n- 1 e~ ~ rci cj:ner tsari 2 ton a- .j ,nr , r ’ r’ l ’f rotary,, , , 1 no

-ti’O lLn c , ne t n- a 4 aq~ n ooo n s , Sq. j4—5), Arc r ’ia ce d ~~ 
‘-‘ sin ln - a ”,a4~ -

-~-~~~t~ t n- S .  , re’,i’van - , one additional comm ute r t a me re 1u. mm ; ,~ :
/ rat rae

J4)~~L.i ’ ~O .

~ 

‘
~~~~~~~~~~~~~

-
~~~~~~~~~~~

--=-- - -

~~~~~~
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U.

L I M I T  OF COLD EMISSION F~O-~ AA 1i”~ P~~22

We 1 - m t  tier-ave the express000 ror ‘tn-c OtriSi tj or e - -n - ,tt~-e- ,r- ~rt cies

~.,0C2 ht pctarr ti ar Is r’en-a ’:s ive ~,p;-5 ’ ) ~-sc :r .,~, ,jtC- .. c. ~Jitre , -~ ce - ct ~S J o

potent al a. vo~ ed L~ — I kT 5/~~ ; oa’ms , t i c  d e c  o’ms e-mi ttec ~~~
a negatave ,race 0000  n-I 3 1 n - ’ e s O a -m  - n - sn iat t .ot oa , ‘pc- w ith nal’ e c c r , c-o ta a •

trons.) If toe ecooss~on is -~ae -~. te--: floatiro~ o-aacrooad ’
~ rcferr~ t to arc ,o

will normally oc n ian -a t ov e (poc - , t - ;ve- woCt reI~, - re-c to ele -ctrann) -area on,1

profoic will be m000ton-Ic.

Con so den tot- :~m -nin g -ra o o n o :u:octmn g r  (a--~~. cs-c mo ve So ’~~a t0Ofl ,

~ is a positive a’-c - ano :oo ica i ly  cc C n-~~~s O , O ’c noatmo ur r , 0nn ~ - o, SO mar

q also roses mo roton ically. Fa n E—~~ , we - , -. ,~ q < O  a t  r=l ; roon~~ mo n - er a

nun oe no ca tted coratr tutaons . For- . ‘~r ~c h4 ,e- c u e -  le-~ st -;a ’,~ n oh  ~;,
yE— ,- 0, mcurr ir ,q at r= ’i . Thus , 1 Cr-C ure us J Type--I icr-no to (Sec. ~a)

r:rc. o’ ;~.o1c- Dy ennot cea aiactr-a-o s~ dn a - cc ~e- my ,,. ( e - c )  ,-m tn C -~~ 2-~ -

n-. view of F~- a. (~ 5 ) and (2 3)  cr :n.e r,e r a e - e -  so ;  ej ;.:n- ’ -: n- ~~L ’ , - i

res~-:-:mo ov eiy , :5S .  (o2~- (So) yieic :

/~

= - /E-r J-ç~~ r~ -~- :0

( )  = 
- 

‘

- - 
~‘ 

~

‘ r~~5— )
~~~~_I i , ~~~ e- j

a n - n t t ; n - m n  Eq . (~ — i ) on to ~q. (- . I) , -1re-ra O s r’~j ,n - Oe-a 5y :~~ ar , r- r--

- ) ra tm r , c~ ~r~rro -
~
,,, a- m o f o o r i r y ~~al ;s F ,. a s o  croci e - en - n i~ n-’ C ,.~ to a “ . 4

ti - I tiiSt ,’~ :- , iO’~ O~ c ’o,tte~ pC (JC cr. ’

I— — — - 
~~~~~~~~~ -- / ~~ 
- - ‘ ‘ I

-
-i-;;- 

= 
~-~~~~~

-
~~~

— - - )  — -1, — fr - Sr~ 
‘, t m

~- : , r-e :I,~(x )  - L A J (  \) ern-• : .
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~~~~~~~~

-
~~

-

-~~ si nol a r semo stitut m or cf Sq. (2-2) orto 
~~~
,. (3d) ror toe cy lmrc r oc,~ ;

prc oicm results an:

- - • - 
‘4- CA — u •Th.i~ .u/r ~~~~~ —

~~~~)4’)cc

~~fl~~CO ~~~~~ cc exa- ~as sec in te--nmr s of elementary functions.

For monoenergetac 1r :ss ion , we Substitute lt ,~ for ~ ‘ir Sc0. (2-i)
and (3— 2) so that

‘s 2
= i i ’ r ~~~— -,~ — — i/r ’ (S—c)

(r’onoenerget-i c, spher-e)

a n-c

= ~ sin~~/~~ 
I 

(2-f)
so r ( s- a~ —~~j

(monoenergeti c , cy inder)

~to~-i proceedir ,q to toe lim it of cold emission , we l et -0
0

- r boc -n~~- ~~n - c-
compared ~-i ith unit~’. Then Eq . (3—3) is repiacec ray

- 

~~~~~~~~~~~~~~~~~~ 

(sphere , Maxwe l l ia n) ( : - 7 )

Ecm ti or (s-c) 0 3  ce ,— c ~~t by

— 
~~~~~~~~~ 

(Cy ’ ’ incer , laxwe ’
~l o a s 1  ( s - C )“so .~.r r ’

— —,—-- ‘---- —- -- — -- — —



Equation tn-n) is rep laced by

/ - A

~

c

~

) f J .’. - .,~~~~~l~~~d L 1 L  ‘ ;, _ ,—

5 ’  -

Arc Eq. (3-5) ~s r-a~l aced by

N 4
— (cyio,

_,c~n . uno ,00ere-cytin) ~~
,- -

~so irrv~~~— o

sese im ;t i -g  rs ’nou-las one ace r-t ota l to tn: -n -.a ~- ao2ch wC _ ~ O re-m~~t 1r0 toe

ass mo~ticr an- p4 re- i~ radi ai ,5Cj t~ Cn- , wiara no if. ’t ’ii ~anetic eOer-5j.

i1~~ toe e - n - t -30S roi ’ doi-ire-O0 A aTtCr esca rmooc ; stmo n-~~ n-crc ‘ r - t a t

_ _ _ _ _  

_ _ _ _
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A m 1S~ 2i ,, C.

CONPJTSR ,a-t2A~,AN ?A~~a~

Tn-~ foi i~ -i , rg FOATRA? I iso 15 is n-cr one PAAhSS cu,- pcte --r ~- - cn - -c - .
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