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I
GENERAL PREFACE

I Design of optimal structures with specified dynamic and aero-

elastic per formance has , for almost ten years , constituted a principal

I interest of the small research group at Stanford led and advised by

I 
former Assistant Professor Samuel C. McIntosh , Jr., and myself. The

products appear in some seven doctoral dissertations as well as in

numerous archival publications and contributions to the “sub—literature .”

The last three of these dissertations have not hitherto been widely

I circulated in extenso. Each contains several original discoveries , and

I 
requests for copies are regularly received. Accordingly. it seems both

desirable and economical that they be combined and distributed as a

single large SUDAAR.

The investigations described herein are quite distinct and are

I the work of three individualists : Drs. Solly A. Segenreich , Erwin H.

I Johnson , and Paulo Rizzi. Except for minor proof corrections , their

dissertations are reproduced without modification as parts A , B and C

I of this report. My decision to proceed in this manner accounts for

the differences in format, notation , organization and style that a

careful reader will detect. The curious scheme of page numbering is

I 
another consequence , for which no apology need be made .

These documents speak so well for themselves that no elaborate

I effort to tie them together seems necessary. They are linked by more

than just close personal and professiona l bonds that existed anionq

their authors and others in the group during their periods of gestation .

I
I
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The reader will find certain continuities in both the subjects addressed

and in the methods of problem formulation and optimal search . Segenreich

and Johnson adapted search procedures that fall in the category known

as mathematical programming. Building on the less efficient efforts of

predecessors , Segenreich brought to a high degree of sophistication the

process of practically designing the minimum-weight structure for a

lifting surface whose flutter speed is constrained to exceed some pre-

scribed value.

By contrast to constraints on structural-dynamic eigenvalues ,

Johnson chose to examine designs where forced dynamic excitation con-

stituted the environment to be satisfactorily withstood. His results

cover both simplified and more practical structures , as well as harmonic

and random sources of forcing. As a very rich diversion , he began the

analysis of a continuous , one-dimensional structure under sinusoidal

excitation at one end and constrained as to allowable stress amplitude.

This same problem was picked up by Rizzi , generalized and extended.

The focus of Rizzi’s dissertation is the development and application

of search methods based directly on properties of the optimal design —

the so-called “optimality criteria. ” His examples include certain

statically-loaded structures , but these were chosen to permit direct

comparison with previous solutions by mathematical programming methods .

The more demanding cases among those he successfully analyzed again

involve flutter and forced dynamic constraints. Quite an elegant effort ,

his dissertation strikes me as a fitting final product of all our activity ,

which now goes temporarily into abeyance because of changing interests

among my students.

iv



One message appears repeatedly in this report: our expression of

appreciation for continuing, enlightened research support from AFOSR

and NASA. Without both of them, neither these contributions to knowledge

nor the education achieved during their creation would have been possible .
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ABSTRACT

A new approach to the weight minimization of wings subjected to a flutter

speed constraint is the main topic of thi s dissertation.

The use of the flutte r speed directly as a constraint is replaced by the

vanishing of the damping factor condition. Besides the computational advantages

of such an approach, especially in the treatment of compressible aerodynamic

models , relatively simple optimality condition equations valid for both incom-

pressible and compressible flows can be easily derived .

A second topic of the dissertation is the implementation of a hybrid

structural optimization algorithm which attempts to combine the simplicity of

the optimality criteria methods with the monotonic weight decrease behavior of

the direct descent methods. Encouraging results are presented.

Finally, the viability of using assumed modes in static optimization is

briefly discussed and one comparative example is given.
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1. INTRODUCTION

Structural synthesis in general and structural optimization in particular

are new fields in applied mechanics as opposed to structural analysis , which is

relatively old. The principal reason for this is that synthesis is much more

complex and actually encompasses the analysis . Structural design has always

been guided by intuition and aesthetic factors, whereas structural analysis was

used only to check whether the design would resist the prescribed loading system.

More recently, however , as weight and economic factors became

increasingly important and as large computational facilities became accessible ,

new trends toward synthesis and optimization became appa rent.

Surprisingly enough , one of the most important theoretical papers was

written in 1904 by Michell (Ref. 1), who considered the optimum configuration

of trusses. His work , which for a long time was not considered applicable in

practice , is again r.3ceiving great attention as a basis for configuration

optimization.

From the very beginning, the objective function in structural optimization

has been mass (weight) or volume of the structure. This type of objective function

has many attractive features. For instance , it is simple to understand , is almost

directly related to the cost and is often linear in the design variables . The last

feature renders the problem mathematically easier.

While the objective function is usually the mass , the constraints imposed

on the behavior of the structure assume a variety of forms . Common constraint

conditions involve limits placed upon static compliance (in the sense of work done

by the external loading system) , buckling load s, fundamental  frequency of free-

vibration , dynamic response , divergence and flutte r speeds. References 2 and 3

present a thorough review of the work done in structural optimization before

1968.

Since the beginning of the 1960’ s , two important  trends can be distinguished

In stru ctural optimization . ~~ e involved research into the basic principles

governing optimum ~t ructurcs ; references 1-10 exempl ify th i s  trend . The other



emp hasized the investigation of m ethods and algorithm s for  opt imizing

realistic structure s. Although the problems associated wi th  the latter unde r-

s tanding were difficul t , mathematical  programming techniques led to h ighly

encouraging results . References 11-16 exemplify the appl icat ion of r t ’ l : i t i v i m

s tandard concepts of mathematical programming to structu r:il opt i n i l  z : i t  io n .

Although these techniques showed clearly how to handle p r a c t i ca l  ~t r u c t u r & s .

weakness became apparent by the late 1960’s. For configu rations w i t h

increasingly many design variables , computation times grew so f a s t  th a t  1’~t) design

variables were considered in 1970 as an upper limit for practicality.

In an effort to reduce cornpuational effort and simultaneously accommodate a

large number of design variables , optimality criteria methods, which represent

a departure from the classical mathematical programming techniques , began

to be investigated. The initial inspiration came from the ful l y-stressed design

concept (Ref . 17). Later work by Berke (Refs . 18, 19), Gellatly ( Refs . 20 , 2 1)

and Venk ayya (Ref s. 22 . 23) brought out the full advantages of the method.

The central idea of optimality criteria methods is to perform the redesign

step with the aid of simple recursion formulas, derived from properties of the

final optimal solution , rather than to use more complicated and therefore time-

consuming strategies. Kiusalaas (Ref s. 24 , 25) advanced the original concept

by introducing a modified parameter-dependent resizing formula , with the aim of

improving the rate of convergence of the redesign algorithm . In the field of

optimization with constraints on aeroelastic eigenvalues , early work was published
in the 1950’s by MacDonough (Ref. 26) and Head (Ref. 27). More recently, the
papers by Ashley and Mc intosh (Ref s. 28 , 5) applied newer concepts of structural

optimization to the aeroelastic-constraint case.

Methods carried over from optimal control theory were used for aeroelastic

optimization by Armand and V i t t e  (Ref . 29) and Weisshaar  (Ref . 30). These

method s have the advantage of being useful for f inding exact solutions to simple
problems , but they are not ef f i c ient  for most pract ical  structures , which are too
complex for thi s type of approach . The f i r s t  attempt to obtain a numerical solution

for a flutte r op t imiza t ion  ‘d :i f a i r l y  complex st ructure  wa s made Iw Turner (Ref . 31).
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His work was followed by that of Rudisill and Bhatia (Ref . 32); Fox, Miura and

Rao (Ref. 33); Gwin and Taylor (Ref. 34).

A simplified optimality criterion method , which uses an approximate

optimality condition as a basis for the derivation of a redesign formula , was

developed in 1972 by Siegel ( Ref . 35). A method that solves the optimality

condition equations in an iterative way was presented by Pines and Newman

(Ref . 36). Haftka , Starnes and Barton (Ref. 37) compare flutter optimization

results using diverse methods. An assessment of the state-of-the-art as of

mid-1974 was given by Stroud (Ref. 38).

The research that led to the present dissertation started in early 1973,

with the aim of applying an optimality criterion method to the flutter problem

using rigorous optimality conditions. It was believed tha t a successful

application of this method might significantly improve the efficiency of aero-

elastic optimization of large scale structures, while at the same time advancing

the general state-of-the-art in this field . In an attempt to establish rigorou s

optimality condition s for a flutter constraint , a new concept of constraint

evaluation was developed . Since most optimization algorithm work iteratively,

several reanalysis steps are necessary as the optimization proceeds. In the

case of flutter speed constraint , such reanalysis (i. e. ,  the evaluation of the

current flutter speed) calls for considerable computation and is the refore slow.

One way to overcome this difficulty is to make an approximation in order to

estimate the flutter speed of the modified structure from its value known for a

previou s design. Since sev’~ral evaluations are needed , a significant error

may build up during the process.

The concept proposed here involves the notion that there is no reason to use

the flutter speed directly as the constraint. The same design problem can be

properly posed by regarding the vanishing of the damping factor as the constraint ,

where the aerodynamic forces are calculated at an air stream velocity equal to

the required flutter speed . Th roughout the rest of the work , g will be viewed

as the damping factor in a standard V-g analysis (Ref. 39). In other ~ rds ,

the fact that a given structure flutters at a given airstream velocity V
FO ~

A-3



equivalent to the vanishing of g when the aerodynamic matrix is calculated for

this same VFO 
and equal values of other governing parameters.

The primary advantage of the suggested approach is that it is not necessary

to evaluate , either in an exact or in an approximate way, the flutter speed of each

successive design. Rather, for the aerodynamic matrix calculated at a known

and fixed speed VFO~ 
the current value of g is determined . This is an easy

and exact calculation since g is nothing but the ratio of the imaginary to the

real parts of the complex eigenvalue of the flutter eigensystem (Ref . 39). The

aerodynamic matrix also depends on the fluttering frequency and this frequency

will , in general , be changing as the optimization progresses. The way in which

this change is accounted for will be fully discussed in Chapter 3. However , we

may anticipate that this will be done by means of an auxiliary iterative procedure

(in all examples one iteration per design step proved sufficiently accurate), where

the initia l point is given by the first-order approximation of a Taylor expansion

in the frequency.

Another advantage of the present approach becomes apparent when flight

Mach numbers are so high that compressible-flow aerodynamics must be used.

In this case , the aerodynamic matrix depends on the Mach number , and the

dete rmination of the flutter speed derivatives as well as the evaluation of a current

flutte r speed must reflect this dependence. This added complication requires

further computational effort besides introducing a new source for potential

imprecisions . In case g is used as primary constraint , the dependence of the

aerodynamic matrix on airstream velocity (and hence on Mach number) is

completely elminiated along with all the troubles that this may cause.

Anothe r cause for concern in the early stages of this research was

associated with the convergence characteristics of the optimization procedure

to be used . Although it is known tha t optimality criteria methods have

demonstrated very good convergence when applied to static structural problems

and even conservative dynamic problems , nothing can be said with respect to

complex non-conse rvative situations like the flutte r constraint . As a matte r of

A - 4



~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~
—-

fact there is no formal proof of convergence even for static conservative problems

with the remarkable exception of statically determinate structures , where

convergence to the optimum structure is obtained in a single step. All that is

known is the “experimental” fact that the method converges satisfactorily to wha t

seems to be the desired optimum design.

Enforcing convergence characteristics for a general constraint was

recognized as highly desirable . The following possible solution was proposed

by the author: Instead of using a fixed recursion formula as a means for

proceeding from one design step to the next , the formula should vary from

iteration to iteration in such a way that monotomic weight decrease would he

assured. In that way, if the problem were properly posed , convergence to a

local stationary point would be enforced no matter how complex the Constraint .

In order to achieve this extra flexibility in the redesigning formula , a

parameter—dependent formula was needed . The one developed by Kiusa lan s

(Ref . 24) was selected.

A numerical algorithm , called “hybrid” in the sense that it combines a

monotonically decreasing characteristic of the objective function typical of

“direct descent methods” with a simple resizing formula peculiar to the

“optimality criterion” approach , was implemented.

In the second Chapter , the main concepts of optimality criteria method s

and direct descent methods are briefly reviewed and contrasted . The hybrid

method is then fully developed and numerical examples are given.

Fluter optimization is treated in Chapter 3. Afte r a review of the V-g

method rigorous optimality conditions are derived. The concept of g 0

constraint serves as basis for thi s der ivation and later is tested with the hy b r id

algo rithm of Chapter 2 in two numerical  examples. The f i r s t  is a 27-design

variable rectangular wing (for incompressible aerodynamics) . The second is

a 90-design variable swept wing (for compressible aerodynamics) .

The fourth chapter , which is relatively unrelated to the others , dea ls with

the concept of using assumed modes in s ta t ic  opt i m i7 a t  ion problems with the aim

I



of reducing the order of the linear system one has to solve during the analysis

step. An example is performed and the error in relation to the full order

analysis is computed.

Concluding remarks as well as a discussion of the results are given in

Chapter 5.

A-6
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2 . A HYBRID OPTIMIZATION ALGORITHM

2. 1 OPTIMALITY CONDITIONS AND D I RECT DESCENT METHODS

Most of the optimization problems that occur in structural design can he

formulated in the following form:

Find Mm M(x) (2. 1.1)

subject to ,

g.(x)~~ 0 j r =1 ,2,. ..  k

(2. 1.2)
h.(x)=0 j~~~1,2,... m

where x is a (axi) d esign variable vector.

The problem stated above is very general in its fo rm and most of the actual

problems solved up to now are , in fact , sub-problems of this general formulation .

The necessary conditions for local minimum are the well known Kuhn-

Tucker conditions (Ref . 40) and are given by,

m k
vM(~ ) + ~~~ X .vh~(~ ) + ~~~~~ X.c7g.(~ ) = 0 (2. L

j=1 j= 1

X. � 0 (j = 1,2,... k) (2. 1 . h

k

~ 
0 ~~ 1. ~

j~-l

� 0 (j = 1, 2 , .  . . k) (2 . 1. (~

h.(~ ) 0 ( j  — 1 , 2 , . . .  in) 
~~~~. 1 . 7)

~t and A represent Lagrange mul t ip l ie rs  and * rep resents the point of minimum .

In order to illustrate the difficulties underlying such a minimization

problem , let us consider the problem with e q u a l i t y  cons t ra in t s  onl y, which is

simpler than the one wi th  inequal i t y  c o n s t r a i n t s . We i mm e d i a t e l y  d~ scov, r t h a t

— 



we face  a 114 m sv S t ’f l l  of c ’qu a t o ) n s  which in gene ra l are highly nonlinear and

whose s o l t i t i o n . t ven a pp i ’~i i i a l e  , I s ~ i’v ( l i l t  icuit to obtain. There a i t  even

more complicated t u a t j o n s  for in stance , in t h e  case  of a f lu t t e r speed coa-

st  i a  j u t , where wi c a n n ot  even wri te  t h e  constra int  equations in an analyt ic  form.

I t~ ’ ‘cono th is I n l L I f  pv S t ua t  10(1 , cei’taiii l’c’ seii  i’chers involved w i t h

) j ) t I f l I  I /. a t i  ‘I )  (a i’t cd t i  r p h  the  problem from a d i f fe ren t  viewpoint . Instead

of r ’. in~ to ~ ‘ . ft th e -~~t u t i n point  by d i r e ct l y  sa t i s fy ing the nc ’cc ’ssa rv condit ions ,

t I R ’ V  1 ) i 0 j ~~fi~t ’ i  I i  locate th i s p o i n t  by 1 s t c p — b v — s t c ’ p  search . This search is

term m a  t~ d in g  (0  some t r i t e  n o n  l v  whi ch  the final point is declared the

s o l u t  l u l l ! .

.\ l \on ~ th e di~ u t ’se sea l u l l  n a t h i o d ~ cur  i e n t i v  in use , thu so—called ‘‘direct

descen t  methods ’’ a nc u i i os t  popul ar . ‘I ’hei r ye cv common charac te r i s t i c  is that

t h e y  proceed in a S te  p - 1 v —  ~~t u l )  sea nch LU such :1 \v:i~ tha t the algorithm enforces

a ii no t on  ca liv dec ‘u: ~ini ~ object ive ~~~~~ A broader discussion of these

mit ho s c r  1 be found  in Re f s . 10 a nd 41 .

One of’ the p r i m a r y  advantages of all d i rec t  descent methods is their

logi cal simp lic :  t v and the f~ict that they i n  convergent , in pr inciple  at least , by

v i r t ue fit t h ~ i i’ Own ( t i  11 l i i i ! ,  (in the othe r h and , howe ve r , the high d im ens ional it v

( i t  !fl V p rac t ic a l  prob lem inc rca SI’S ci r am at i c a l ly  the a m o u n t  of computation

neces sa t~’ to locat i  the op t imum and is a strong l imit ing f a c t o r . Actually,

nod t I l l  r i  a sior ial p !’oh I t nl s pr e sent  an i n t r i n s i c a l l y  more compl ica ted  structure

to which l3elln ian Ref . I 2t  r ef el’s as ‘‘the cu nsc of 4 lu cas in i i ; i h i  lv.

2. 2 ( ) I ’I ’IM \ L I i V  U R I ’ l ’ l :  R L \  .\ I ’PROA ( ’J l

1 n less the reader  is h v p l v  f a m i l i a r  w i th  the hi s tony  of s t r u c t u r a l

op t i m i r’a t  ion in t’c ’m ’nt veal’S i~ w i l l  1) 1 i i  / d t ’ l Nv the names  ‘‘ m a t h e m a t i c a l

p rogramming ’’ in  I ‘‘ op t in i : i l  i t ~ c i ’ i t i ’r i :i ’ as t h ~ v :1 I c  f iSca l  II n y  if l  n u i i i e i ’ i c i l

s t ructura l O p t i m i / n i t i n I l . h i s  ‘onf  lJ ’4 iO fl wil l  grow whc’n l ie  d i s c e t r s  t ha t  unde r

the name u i a t h e m a t  c a  I p r o g r a n i m  ing e c h n i q u t  he m a y  f i n d  such iiul fer ent

met hod s as  t c a s i h b  ( I i  r c c t i o n s , p en a l i t y  f u n c t i o n s , seq u ence ~ l in e a r  p rograms ,

c’ tc’ . ‘I h e ’ c’~ n t u ~ io n i S  l e g i t i m a t e  and I S  SO o t t e~ hap~ & fl~ in :e quic k l y  developing

“ ---4



discipline , the consistency of the nomenclature trails behind the scientific

achievement itself .

The name “mathematical programming” had its origin in operation research.

The word “programming” was used in the context of scheduling, since the initial

task was to find efficient and even optimum schedules for operations in industrial

organizations . in a short time , the concept of optimization grew as an independent

and quite general d i s c ip l ine , and hence the name “mathematical programming” for

any mathematically based optimization algorithm . In order to characterize better

some specific problem , names like linear programming, integer progra mming,

etc. , were introduced . In any event , mathematical programming still retains

its original meaning, and any optimization algorithm can be considered as being

a mathematical programming algorithm .

The frui tful combination of mathematical programming technique a , already

in an advanced state of development, and computer oriented structural analysis ,

mainly finite element methods, extended the concept of optimization t~ the field of

structu ral design , and mathematical programming techniques became fami l ia r  as

related to numerical procedures for findin g optimum structures .

As was pointed out in Chapter 1, the initial enthusiasm caused by the

stra ightforward application of existing optimization techniques in structural

optimization began to decrease by the end of the 1960’ s due to the increase of

computational effort as more rea l i s t i c  structures were considered . It is in this

context that Berke (Ref . 15 suggested a new philosophical approach to the

structural optimization problem by introducing the conccpt ~ of redesign ing Nv mea n s

of simple recursion formulas der ived  f rom the opt i ma l i tv  conditions , which were

known to work very well for fully-stressed designs . Berke argued that the lack of

mathematical rigor and any proof of convergence was fully compensated for  hy the

experimental fact that the method worked vc rv wehl . Since the recursion f o r m u l a s

f r  the redesign are derived from the opt ima l i ty  conditions , it is natu ral that the

name “optimality c r i te r ia ” became associa ted wi th such an approach.

I fowever, i t  iS evident  tha t o p t i n i  a l i t  v c r i t e r i a  methods are in a broad

sense mathemat ica l p rog ramming  t ee  ha qn c ’s , since  a f t e r  al l  thev have the sa l i i i ’ A



goal , namely, the optimization of a structural system. At the same time as

optimality criteria methods began to be studied , a parallel interest arose in

discovering wha t physical properties distinguish optimum structures from

others , and determining to what extent these properties serve as a basis for

obtaining analytical solutions or as a basis for further development of numerical

algorithms. In thi s context , the term “optimality criteria” also characterizes

the work by Prager (Ref. 43). By means of a dual development , he has shown

that when the structural problem is governed by a minimum principle , sufficient

conditions for global optimality can be obtained , In addition to the theoretical

implications of such results , they have the practical effect of ensuring that the

designs obtained by a numerical algorithm are in fact global minima when such

duality is valid .

For completeness , the optimality criteria recursion formulas will be

rederived since they are used in our later development. The work of l3erke

(Ref . 18) is loosely followed for the derivation .

Consider a structural system having m design variables and subjected to

a single constraint equation h h .  Note that h may have any general physical

connota tion , such as static compliance , fundamental free vibration frequency.

flutter speed , etc.

The problem is to minimize the tota l mass M. Assuming that m . is the

mass associated with each design variable and that the design vector is given by

x , the optim~ility condition s reduce to

- 0 (1 = 1 ,2,... m~ ~2. 2. l~<bc , ~~.1 1

Equations (2 . 2 . 1) can be rewritten as ,

am , , ~)m ,
+ A (oh ) ( I 

0

or

I 

- (i 1 , 2 , . . .  m~ (2 . 2 . 2 1

A- 10
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The main idea in the optimality criteria method s is the use of simple

recursion formulas , based on the optimality conditions , for the resizing process.

In general , the resizing fo rmula can be written as

( i4 l )  ( i )  ( v )
x. = C  x. (i =l ,2,...m) 12 .2.3)

where ~~~~ is the resizing factor.

The problem is how to choose CY’~ . Berke has suggested using

-x(~~/8m.) as the resizing factor . His justification was that for a statically

determinate structure , the optimum would be obtained in a single step. In order

to show this , consider two sets of external loads F~ and F
1
~. The problem is

to minimize the mass of the structure subject to the condition that the work done
P Qby the loads F in the displacements caused by the loads F remains constant .

Q P . .Define Si and Si as the generalized internal forces in membe r i due

to the load systems Q and P respecrively. The constraint equation can be

written as

m
h = 

A .E . 
L .-h (2 . 2 . 4

where

= Youn g modulus of element I.

A . = cross sectional area of element i.

L . = length of element i.

h = fixed value for the constraint
0

Differentiating equation (2. 2. 4) yields

aA .

am~ aA . am .
J J J

Por 
~~

. ( 
~~
,

P C~ ~.~L s k! ,~ 
I

aA S S ’ m dA fl~ I A

~— =— —— i — I _ ~~~1 v ’  j 
I J3m~ an~, ‘~~ , ~ ~ —.l’ ~ , i: , i . ,\ j. ‘

~

~‘ L A . ’. . i i  i i i 1  i ‘

A— 11
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Since the exte rnal loads are fixed , ~~~~~~ and 0S9/aA are self -
1 J I J

equilibrating stress systems, and by virtue of the principle of virtual work , their
work is zero in any virtual displacement. Hence , equation (2 . 2. 5) is reduced to

DA
= — ~~~~~~~~~ ~ I. (2. 2. 61Dm. am~ ATE. ~

i i

We further assume that,

in . = A .p . L . . (2. 2. 7)J J J  J

where p. is the specific mass of element j .
In view of eq. (2 . 2. 7) we can write eq. (2. 2. 6) as

lii j I
-

2 ,
j A,p.E,

J J J

Substituting ~~~3m • into the optimality condition (2 . 2. 2), we get

s~s9
= (j = 1, 2 , . . .  m) (2 . 2. 9)

A ’p, E ,
i i i

Equation (2. 2. 9) states tha t the ratio of the energy in each element to i ts
mass has a constant value for the optimum structure. Besides this interesting

conclusion , we can actually obtain the unknown A . from the relations (2 . 2 . 9) as
follows ,

A • ~Jx . p.F~ 
(2.2. 10)

The multiplier A is determined in such a way tha t the constraint
condition is satisfied :

a-12
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m S~ S9L .
h = 

i 1 i 
(2 . 2.1 1)

i=1

p.E.

Hence ,

/ m Js
Ps9p. \ /~~~

‘
A = I ~~ 1 1 i 

L . ) / ‘~ (2 . 2. 12tj ~~h 1=1 ‘/~~
‘ iJ~J p.E.

If the system is statically determ inate , S~ and S~ do not depend on the

areas A. and can be obtained from static considerations , so that relations

(2 . 2. 12) give the optimum structure at once.

In order to see how this concept is extended to statically indeterminate

structures , recall eq. (2 . 2, 10). In order to emphasize that the internal loads

correspond to the unknown structure, we write

~~~~~~ = ~ (2. 2. 13)

where, again , A is such that the design ( 1 + 1)  meets the constraint condition .
We can rewrite equations (2 . 2. 13) as

1(S~~S~~)
~~~~~~ = ~iT I ~ i’+l A~”~ (2. 2. 11),

~J AY~~~ E .

We recognize that if there is no internal force redistr ibution , equation
(2. 2. 14) can be written as

~~~~~~ j

r~~~~~
1 A~

I) 
(2.2. l ii)

Berke suggested that  this equation could be used as a recursive r es iz ing
formula for statically indetermin ate  structure s that would lead to the opt imum
structu re when applied i t e r a t i v e l y .

— i
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For relation (2 . 2. 15) be meaningful as a recursion formula , it is

important to show that if at the step i~’ we have the optimum structure , the

structure will not change when the recursion formula is applied .

The multiplier x is given from eq. (2 . 2. 11) as

m I(S~~S9) p.
’

= 

~~~ 
E . 

~ L .

or

in / \J~S. S. )  ~\
= 

~~ ~\ 
A . ’

~~~~~~ ’ ’ ’  
(2 . 2. 16)

For the optimum structure , the quantity in parentheses Iwhich is

-(~~/Dm .) ] is known to be constant. Therefore, we can write (2 . 2. 16) as

2 (S~ S~~)
A = ~~~~— ~ “ (2 . 2. 17)

h
2 

A~p.E.0 3 ) 3

Substituting (2 . 2. 17) into the recursion formula (2 . 2. 15), we have

r (S~ S~ 1
~~~~~~ = J ~L 

~~~~~~~ 
(2 . 2 . 1~~)

L o A ,p . E .
I i i

Recalling that

or 

h — 

~ -l 

( S S )

m r(s~s9) 1
h 1 I- A .p . L . (2 . 2 . 19)

‘~~~ L A . h .p. j

afl(l, agai n , using the fact  that for the optimum stru cture the term in the brackets

is constant , we have

A - I l



(S
~~
S)
~~h = — . M (2 .2.20)

° A~ E .p .

Combining eqs. (2 . 2. 20) and (2 . 2. 18) we finally obtain

~~~~~~ = ~~~~

Although the recursion formula is only approximate, as has been seen , it
F is known to converge quite rapidly.

Venkayya (Refs . 22 and 23) has used a similar recursion form ula and
extended its use to different types of constraints.

In order to obtain greater flexibility, Kiusalaas (Ref . 24) proposed a
recursion formula containing a relaxation factor a:

( v )  (p) DhC. = a + (1—a ) A 
~&m)z ’  (2 . 2. 21)

The idea here is tha t a good choice of a could improve the convergence.
Again , for the optimum structure all the derivatives 8h/Dm . are equal and have
the value 1/A . Therefore, for the optimum structure

c~’~ = af(l-a) = 1 (2 . 2 . 22)

which implies that for the optimum structure , the design remains unchanged no
matter what a is chosen.

As has been shown , optimality criteria methods have the advantage of
redesigning by means of simple recursion formulas and their name comes from
the fact that they are derived directly from the optimality condition s. Their
major weakness is that a rigorous proof of convergence does not exist .

The concept of changing dynamicall y the resursion formula from step to
step in order to achieve a monotonic weigh t decrease is introduced next in an
attempt to overcome th is weakness, The hybrid characte r is related to the
combination of the concept of monotonic decrease and the concept of redesigning
by means of recursion formulas derived from the optimnlit-y Conditions .

A-U,
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2. 3 A MODIFICATION OF TUE OPTU~IALITY CRITERIA RECURS WE

RE LATION

Consider the problem of minimizing the mass M of a structural system

subject to a constraint h = h , where h is any type of behavioral constraint

(compliance , natural frequency, buckling load , etc.).

I.e t

M = m • (2.3. 1)

and consider the iterative resizing process given by

= ~~~~~~~~ (2 .3. 2)

Now , we take for the resizing factor the same exp ression adopted by

Kiusalaas ( Ref . 24) :

= a~ ( 1— a) X~’~ (~~~~
—) (2 , 3.3)

We’ further assume (although it is not essential) that the mass in .

associated with each design variable is linearly related to the design variable

itself. ~o ,

m . = X . i . (2 . 3. 4)
1 I i

where is constant .

From eq. (2 . 3. 2) we have ,

(I 1) - ~C~~
1

_ iix~~
h1) 

(2. 3.5)

and in view of eq. (2 . 3. 4)

~~~~~ ~~~~~ . i j m Y ~ (2.3.6)

Substituting for ,‘Y~ in ( 2. 3. 6) , we obtain



a
I

=

or 

~m. = (~~ 1) [i_x ~~
’) (b)] m~~~ (2.3.7)

The value of ~~~ is chosen , at each step, so tha t the new design still

satisfies the constraint . To first order , the change in the constraint is

h~~~~~—h~~ = ~~~ (~~~— ) , ~m . ( 2. 3. 8)
i=1 i

If we substitute the values for t~m . as given by relation (2 . 3. 7) we obtain

h~~~~~-h~~~ = (a-i) 

~~~ 
[ 1 X

1 (~~~~
1]

~~~~~ 1 fl~~
1
~ (2 . 3.9)

Solving for from eq. (2. 3. 9) yields

~~~~~~ 
- ~~~~~~~~~~

= ~~ (2.3. 10)
Rh 2 ( i ’ )

~~~ 

m .

Since we want the design i’ I to be as close to the constraint as possible .

and since ~~~ will in general be diffe rent from h because of the first order
( 1 4 1 )

approximation used above , we make h = h and rewrite relation (2 . 3. 11 ) as

m h
~~-‘ Rh ( i ’ )  o

in ,
Rm , v 1 a—I

= 
1 1  1 

~2. 3.11)

Rh 2 ( i ’ )

1=1 1

Substituting this relation for  in eq. (2 . 3, 7) ,  we have

A -  17



rn Rh (LI) 

h - h

~~ ~~~~ ‘~‘ 
~~ — 

a— i
Am . (a—i) 1 — 

i=1 (~ ;-i ~~~~ (2 .3. 12)
~~~ R h 2  ( v )  i(am .

) i, m ii=1 i

In order to simplify the notation , we write

=

The total change of mass of the system will be

= ~m . (2. 3. 13)

or ,
(a-i)j3~ - Eh0-h~~~1I3 1

AM = (a-1)M - (2. 3, 14)

Solving eq. (2 . 3. 14) for a gives

Ih -h~~~1p
0 1AM-

a = 1 - ~ ~2, 3. 15i

~ 1M - ---

Relation (2. 3. 15) is of central importance in our development. It relates

the overall change in mass in one iteration to the value of the parameter a. We

can use this fact to our advantage by choosing cv in each iteration in such a wa

that it will cause a certain reduction of mass.

Since at the beginning of each ite ration ~~~~ M , and are fixed

and known , we see from eq. (2 . 3. 15) that a depends linear and uniquely on the

A- IM
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intended mass reduction AM and can always be determined with the only

exception when M = (i3~ /i3.)). Recalling the definition of and /39 and taking

into account that all m • are non-negative , it is seen (Appendix A) that

M = (i3~ /j3~
) if and only if all the constraint derivatives are equal . But that is

exactly the stationary condition so that we may state that unless we are at a

stationary point , given an intended AM , the parameter a can be obtained from

eq. (2. 3. 15).

It now becomes clear that a good strategy would be to use the redesigning

formula (2 . 3. 2), with a being dynamically updated at each iteration in order to

achieve some mass reduction , In tha t way , we can enforce a monotomic mass

decrease and consequently ensure convergence independently of the nature of the

constraint. Note that the continuous updating of a is equivalent to a feedback

procedure , since a is controlled by the intended output ,~i\1.

Looking at expression (2 . 3. 15), one could argu e that any amount of mass

reduction could be achieved in a single step and therefore that some inconsistency

doe s exist. The inconsistency is removed by recalling that expression (2 . 3. 15)

was derived by assuming a first-order approximation for h0
_h ( 1 ) . Thi s in turn

implies that (2 . 3. 15) is only valid for relatively small ~m . and hence the ove rall

mass reduction at each step cannot be made to large.

2 .4  THE BASIC WEIGHT REDUCTION ALGORITHM

We present in this section the basic logic and flow chart of the weight

reduction algorithm based on the dynamic updating concept developed in ~eeti on

2. 3.

Besides the primary equality constraint , the al gorith m also handles

minimum-gage constraints by holding a design va riable f ixed at  i ts  m i n i m u m

value If this condition is reached during the opt im i7 at io n .

As a result of thi s simple way of treating minimum-gage cons tra in t s , the

f inal  design may not be optimum in the sense that Kuhn-Tuc ke r  condit ion s m ay  1) 1) 1

be satisfied for  som e design var iabl e s  that reached t h e i r  m i n i m u m — g a g e  cnn ’~t !‘:Iiflt~

A - I D



during the design process. Described in Appendix B is the action that may be

taken when these conditions are not satisfied .

In the flow chart  presented below , the nomenclature is the same as in the
previous discussion , and a is calculated according to expression (2 . 3. 15).

From Eqs. (2. 3. 11) and (2. 3. 3) c~
U /) 

is given by

= a+  [(h
-h~ )-( a-l)/3

] ~~~~~~ 
(2 . 4, 1)

1 i min

AM = -O. 1M

N P = 1  
~~

-

Calculate cv

= -0. OSM

~~~::ate a

~lM = -0. 06M -4 C
NP = 3

6
Calculate a

:~~
0.04M 

~~~~~~~~~~~~~~~~~~~~~

Calculate a

~M = - O . O2M

a

AM = -0. O1M

~~:~ate a

A- 20
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Calculate C~
for current a

_ _ _ _ _I
CA . = I C . -

CA . � 0. 25

F

1iterate for i l , m
1 T NP = 1 ) bypassing when

x~ is already at
2 

T 
NP = 2 

(,
its minimum value

F

3 N P = 3
T 

F

4 NP= 4
T F

5 N P = 5
T 

F

STOP 
T 

P= 6

F

CONTIT~UE

T
all CA . 0. 001 STOP

F
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I)
i x = C , x ,

1 1 1

11+ 1 T
.c~ X � (x .) ,I m m

I iterate for i=1 ,m

(2  
~~~~~~~~~~~~~~~~~~~ 

rI~> bypassing when
~~~~~~~~~F x . is already at

its minimum value
3 N P = 3  I

T F

CONTINUE _____________

8
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In summary , the algorithm work s by choosing a at each step in such

a way tha t a p~~’determined proportion (10%, M~~, 6%, 4%, 231. or 1~~) of the total

current mass is reduced . I t uses the highest possible reduction that will not

cause any design variable to change by more than 25~ or to fall below its

minimum-gage value .

Two possible situations arise :

i) A 2% reduction is not possible without at least one design variable dropping

below its minimum value. In this case , the minimum value is assigned

to this variable and a new iteration starts .

ii) A 1~ reduction is not possible without at least one design variable having

to change more than 10%. In this case the procedure stops and the last

design is declared optimum within the present framework.

2 . 5 NUMERICAL EXAMPLES

The four numerical examples that are presented in this section were

selected from among the problems used in the debugging and development stages

of the algorithm. Because of thi s , mass-reduction sequences different  from the

one shown in the flow chart have been used . The actual sequences are given

with the code explained below:

[10. 0, 8. 0 , 6. 0, 4.0, 2.0, 1.0— 10. 0]

= 10. 0~ of total M
4

~~. 0~ of total M
4

AM = 6. C~ of total M
4

AM = 4. 0~ of total ~l
4

= 2. 0~ of total M
4

AM 1. O~ of total M

Maximum variation of a design variable in a single step 10 ’ of its current

value .

I
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(a) Rod in Axial Free-Vibration (Fig. 1)

Sequence = [5. 0, 4. 0, 3. 0,~ 2. 0, 1. 0, 0. 5, 0. 3, 0. 2 , 0. 1-5. 0].

Number of design variables = 4

Number of degrees of freedom = 4 (nodal).

The stiffness matrix is given by

[K] = A.[K]. (2. 5. 1)

and the inertia matrix by

[I] = E A .[I]. + [IJ
~

. (2 , 5. 2~

where

1 —1 0 0 2 1 0 0

~~~~~~~~~~~ E Th
1 [ 1  ! E

= ~ 
-

~~~ : 
~~~~~ [119 = :: : : ~2 1

~2

0 —l 1 0 ~2 0 1 2 0
0 0 0 0 

0 0 0 0

IK] 3 
= 

: : 
~1j = 

[
~ 

: : 
2] 

~~~~~~
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[K14 = [ 0  
~ 

~ 

[11
4 [ o

m
~ 

0 0 0

[J ] — 
0 0 0 0

tip 
0 0 0 0

0 
•
0 0 0

1 1 L . = 1.0 (is 1 ,2,3,4)

p. = 0.6 (i = 1, 2 , 3, 4)

E. = 1000. 0 (i = 1, 2 , 3 , 4)

The free-vibration frequencies are given by the solution of the eigensystem

[K]~~ } = (2 . 5. 3)

Rewrite eq. (2 . 5. 3) as

([K] - = 0 (2 , ~i . 1~

Differentiating eq. (2. 5. 4) with respect to m~, one has

(~~~
_ [K1 -~~~~~~~

-- [I] - ~
2
~~ 1) {

~
} + ( [K] - w2 [ I ] ) ~~~~-} = 0

By pre-multiplying eq. (2 .5 , ~ by and tak ing  into accoun t tha t  [K]

and [I] are symmetric matrices , the second term of eq. (2 . ~~. 
5) vanishes and

we find for the constraint derivatives

~) 2 { } T ( ( 4 
[K] - 

2

= 
— 1 1  I I 

— 
— — .  ,

~
.

I f l~~q

~

-

~

— - - - -



Since p. L . is the same for all four design variables we can substi tute

.k~~/RA . for ~~~~~~ in the redesigning formulas. Using expression s (2 , 5. I i

and (2 . 5. 2) to evaluate derivatives of [K] and [Ii , we finally have

~~2 {}
T
([R] - ~~~~]~) { q} 

-— = (2 . 3, 7)0A , c_ i T r~~~q1 [1J1 q

In order to compare the numerical results with known analytical solution ,

we define two non-dimensional parameters

/3 = wLJj ’  (2 . 5. 8)

(2 . 5. 9)

whe re M
f 

and M . are respectively the final and initial total masses of the

structural system. In order to be able to vary the fundamental frequency and

also to avoid meaningless optimal solutions , a controlling tip mass was

introduced.

The optimization results are shown below:

Table 1. Results for Axial Rod Optimization Under Fundamenta l

Free-Vibration Frequency Constraint .

numbe r of
tip /3 i terations

5. 00 6.55 . 642 . 98 2 3

3.0 0 8.05 . 79 1 . 958 -l

1. 00 11. 52 1. 132 . 809 9

0. 50 13. 33 1. 309 . 620 lb

0. 25 14. 61 1. 430 . 109 23
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Figure 2 shows a plot of y versus 13 for the example above and it

compares very well with the analytical result by Turne r (Ref. 9). Figure 3

shows a plot of y versus the number of iteration s. Its roughly linear behavior

pattern reveals tha t as the starting point becomes more distant from the optimum ,

the num ber of iterations grows in a proportional way which is a positive quality

of the procedure.

In a later step, in order to obtain a better graphical comparison between

the optimum thickness distribution given by the algorithm and the analytic solution ,

the rod was divided into ten elements and Fig. 4 shows this comparison.

(b) Built-Up Bending-Torsion Box in Free-Vibration (Fig . 5)

Sequence = [10. 0, 8. 0, 6. 0, 4. 0, 2. 0, 1. 0, 0. 6 , 0. 4 , 0. 2-25 . 0].

Number of design variables = 27

Number of degrees of freedom = 72 (nodal)

A full description of the dimensions, structural constants , finite element

definition , design variable definition , etc . is given in Chapte r 3 where this

same structure is optimized for the flutter speed constraint.

In the optimization procedure , only the fi rst nine free vibration modes of

the initial structure were retained as modal degrees of freedom.

The final design has all the design variables at their minimum values wi th

the following exceptions:

= 0. 02645 in .

tf (S) = 0. 02645 in.

Additional optimization results for this problem are given below :

= 48 . 8 rd/sec (in i t ia l  design)

= 48. 8 rd / sec (final design)

number of iterations = 29

M. = 195 lb

M
~ 

ID lb

_ \ _ _
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CPU time per iteration = 0. 075 mnin/iter.

The final design satisfies Kuhn-Tucker conditions in the sense of

Appendix B. Figure 6 shows a plot of the optimization history and reveals tha t

the optimum was basically reached afte r only thirteen iterations. Further

comments on the results will be given in the final chapter.

(C) Built-Up Bending Torsion Box for Static Compliance (Fig. 7)

Sequence = [10. 0, 8. 0, 6 .0 , 4.0 , 2.0 , 1. 0-25. 0]

Number of design variables = 27

Number of degrees of freedom = 72

The static compliance constraint is enforced by requiring that the work

done by the applied force is constant.

The initial structure is the same as in the previous example.

The final design has all the design variables at their minimum values with

the following exceptions:

tf ( 7 ) = 0. 147 in.

t
f

(8) = 0. 410 in.

t
f

(9) = 0. 091 in.

tf
(lO) = 0. 197 in.

tf
(l1) - -  0, 021 in.

tf ( 12) = 0. 048 in.

Additional results are give below :

(Comp. ) . = 3571 lb—in (in itial design )

(C omp. )f 
= 3571 lb-in (final design)

A — 2-~
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Number of iterations 24

M. = 195 lb

Mf = 6 9 1b

CPU time per iteration 0. 042 min/ite r.

The final design satisfies Kuhn-Tucker condition in the sense of Appendix

B. Figure 8 shows the plot of the optimization history and reveals that the

optimum was practically reached in 14 iteration s.

(d) 30-Bar Plane Truss (Fig. 9)

Sequence = [10. 0, 8. 0, 6. 0, 4. 0, 2. 0, 1. 0, 0. 6 , 0. 4 , 0. 2-25. 0]

Number of design variables = 30

Number of degrees of freedom = 24
6 .E = 10. OxlO psi

The optimization results are given below :

Table 2. Cross sectiona l areas of the design variables .

Design . 2 . 2 . 2t . (In ) t (in ) t , (inVariable 1 f mm

1 1. 000 1. 806 0. 600
2 1,000 1. 260 0. 600
3 1. 000 0. 800 0. 600
4 1. 000 0. 600 0. 600
5 1. 000 0. 600 0. 600
6 1.000 0. 600 0. 600
7 1. 000 1, 862 0. 600
8 1. 000 1, 28 7 0. 600
9 1.00 0 0. 431 0. 600

10 1. 000 0. 600 0. 600
11 1.000 0. 600 0. 600
12 1. 000 0. 600 0. 600
13 1.000 0. 622 0. 600
14 1.000 0. 600 0. 600
15 1. 000 0. 600 0. 600
16 1. 000 0. 600 0. 600
17 1. 000 ~~ . ~oo Il , 600

A— ’ 2D
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Table 2 - continued

Design . 2 . 2 . 2t . (in ) t (in ) t , (inVariable i f mm

18 1. 000 0. 600 0. 600
19 1. 000 0. 600 0. 600
20 1. 000 0. 600 0. 600
21 1.000 0.600 0.600
22 1. 000 0.600 0. 600
23 1. 000 0, 600 0. 600
24 1. 000 0. 600 0. 600
25 1. 000 0. 747 0. 600
26 1, 000 0. 600 0. 600
27 1. 000 0. 600 0.600
28 1. 000 0. 600 0. 600
29 1. 000 0. 600 0. 600
30 1. 000 0. 600 0. 600

(Comp). = 2478 lb—in (initial design)

(Comp ) 1 2478 lb- in (final design)

Number of iterations = 54

M . = 308 lb

212 lb

CPU time per iteration = 0. 011 min/iter.

The static compliance is enforced in the same sense as in the previous

example. The final design satisfies Kuhn-Tucke r conditions and Fig. 10, showing

the optimization history, reveals that the optimum was basically reached in -1

iterations which is an excellent result in view of the change in total mass.

The relatively high number of ite rations used to reach the final

structu re was due to a minor error in the computer code at thi s time. Its only

effect was to slow convergence; the final design was unaffected.

A -
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3. OPTIMIZATION UNDER FLUTTER CONSTRAINT

3.1 THE V-g ME THOD FOR FLUTTER SPEED DETERMINATION

For completeness we present the V-g method for flutter speed determina-

tion although it is standard and well known. A deeper discussion and additional

refe rences are given in Ref . 39.

Consider an aeroelasti c system with a finite number n of degrees of

freedom. We say tha t the system is “fluttering” if it presents steady state

harmonic oscillations. Namely

{q} Re[{~~}e
1
~~

t ] (3 1. 1)

where

{ q} vector of generalized displacements

{
~~} = vector of complex amplitudes

It can be shown (39) that the linearized equations of motion are given in

matrix form as

([11 — 1[K] + [A]){q} = 0 (3. 1. 2)

where

[K] = stiffness matrix

[1) = inertia matrix

= 
2 

complex frequency

[A] = aerod ynamic matrix

Equation (3. 1. 2) may be rewritten as

[CJ {q} = (3. 1 . 3~
whe re

I(’ J = [K 1 1([r I + E A])

Since [A] is , in general , a complex non-hern-iitian matri x , so will ~(‘]

be and consequently the solution of the ‘igen s vstem (3 . 1. 1~ give rise to complex
eigenvalues and elgenvectors .

A- 31
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For the sake of simplicity, we will introduce the V-g method for the

incompressible case , and then , we will extend it to the compressible case.

Let an aeroelastic system, a cantilever wing, for instance , be subjected

to an airstream with velocity V.

The aerodynamic matrix will be only a function of the reduced frequency

k. For a given value of k , the eigensystem (3. 1. 3) can be solved and one gets

n complex eigenvalues ~ and n complex eigenvectors {~~} .

Recalling the definition of the complex eigenvalues , we obtain

1 1 ’
~ ~~Re[Q~ 

(3. 1.4)

Im[cl]
g = 

Re[c~] 
(3. 1. 5)

V = (3.1.6)

If we plot on a V-g plane the n (V , g) pairs corresponding to the given

k and repeat the calculation for several different values of k , we end up with

a so-called V-g diagram as shown in Fig, 11.

It is clear tha t there are n such curves , each one corresponding to a

possible steady-state harmonic oscillation mode , which can occur under the

associated (V ,g) pair of conditions. It is also shown in Ref . 39 tha t the

imagin a ry pa rt g of the complex eigenvalue can be interp re ted as a structura l

dampin g factor. Since actual structu res exhibit positive damping, but yet the

factor g is relatively small (0 . 01 to 0. 04 for metallic structures), it is usually

assumed that the flutte r phenomenon exists when g = 0. As a consequence , the

critical f lu t ter  speed is the one associated with the fi rs t crossing of the g - 0 axis .

Now we turn to the situation where the flutte r speed is high enough so that

compressibility effects cannot be neglected. In this case , the aerodynamic m a t r i x

will depend on both reduced frequency and Mach numbe r , and a simple way for

f inding the flutter speed is as follows~

-

~
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i) Plot V-g diagrams for different Mach numbers at fixed altitude .

ii) Find the critical speed for each diagram and plot it versus Mach

number as shown in Fig. 12.

iii) Then , find the “matched point , ” which represents the flutter speed

consistent with the altitude and Mach number.

3. 2 THE g 0 CONSTRAINT SURFACE AND THE OPTIMA LITY CONDITION

EQUATIONS

In this section, we derive the optimality condition equations for the flutte r

optimization problems and introduce a new approach which will serve as a basis

for our algorithm.

Consider an aeroelastic system and recall the equations of motion in the

form

(Ill - c4K~-4- [ Afl- {q} = 0 (3. 2. 1)

The aerodynamic matrix , as alread y discussed , depends on reduced

frequency and Mach number.

Consider , now , that the airstream velocity is fixed. We are interested in

changes in the solution of the eigensystem when structural elements are slightly

changed. In orderto niake our statement more precise , we consider that design

variables are defined over the structure and we are asking for the derivatives of

the eigenvalues of (3 . 2. 1) with respect to the design variables , holding V fixed.

Differentiating (3. 2, 1) wi th respect to the mass associated with the i-t-h

design variable , we have

(~~~~~~~~~ 

1’ 
- - [K] ~~~_ [ A ]) { q} + ([ f l  - ~[K] 4 [ A])~~~ -} = 0

i I 1 1 
~:. 2. 2)

Consider the adjoint eigenproblem

([I) - ~ [K]+[ AJ )
T

~~p} = 0 (3 . 2 . 3~

We pre—mu lt iply eq. (3. 2. 2) by and since transposing does not affect

the eigenvalues , the second term of ~~ 2 . 2) vanishes . We can thus w r i t e ,
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{ } T(~ [fl ~~~~~ - ~~~~~ - 0 3 2  4

~ \am . am . am . am . )  
q - ( .

i 1 1

Since the airstream velocity and the altitude are fixed , so will the Mach

number be , and we have

= -~-- [A]~~~~ 
(3 2 5

am . dk am.
1

But,

1 
wb

t~ V

Then ,

~~ = ~-~ —~~~~_‘ (3 9

am . v ain . dk
1 1

From this result and the def init ion of ~ we can write eq. (3. 2. 4) as ,

iw ~~— - 2(1+ig) —

{ } T E ~
fl am1 = 0

(3 . 2 . 7)

Equation (3. 2. 7) represents for each design variable a complex scalar

equation which can be decomposed into ~~o real scalar equation s.

Define ,

R
~ 

= Re[~P~T~~~~~ q}] Ii 
= im [~~~

1’ 
~IIL{~ ]

H,, = Re [{P}
T ~~~}] ~2 

= im [i~~~
T i~ i]

H3 
Re [{

-}TEK] {~~}] 13 
- m i  [~p} tH~~~}~
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= Re [{~~}~~~~~1{~~}] 14 
= Im [{~~}

T 
~i~1{~}]

The two real scalar equations can be written as

H
~ 

+ -~~~(~~~— )R ~ - 
2 ~ 2 2 - ~:j 1

3 
+ 

2 
1
2 

+ (~i~~
— 114 = 0

(3 ,2,8)

I + —
~-- -k-— I .~~L 1 ~~~~~~~~~~~~~~~ - 1-R +

1 3 am . 3 2 2 \ - 
2 am , 

- 
3 am .) 3 2 2

1 ‘-~ ‘-,- 1 ‘-&- 1

(3,2,9)

or ,

I(-~-R -~~~ -~~ -‘- --~- R  \~~- +( ~ -\(~~--\ = -~~ - R  ~~~~
R 3 3  3 3 v 4 ) arn . \ z ) ’~am .) 2 1 2 2

J CO 1 W 1 W (3.2. 10)

~~~~~~~ R
3 + 4 I 3 + b I 4)  

~~~~~~ 
~~~~~

(-

~~~~~~~~X~~~~~

-) 
= 2~~~ 1~~~~2~~ 2

(3 . 2 . 11)

These two equations form a linear system in aw/am . and ~~/am .. Solving

the system yields

&w 
_ _ _ _ _ _ _ _ _ _ _ _

ann . D 
(3 . 2 , l2 ’~

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- (-.~~R -, 13 + ~: R4)(4 - 1  + ~~ 11
9)]

/I) ç 3. 2 . i~~

where

D =

A- 3’~



‘rhe mass of the structure is given by

M = m
0 

+ m~ 
(3. 2. 14)

Accordin g to Chapter 2 , the necessary conditions for a local minimum with

a fixed flutte r speed ~~~~~ as a constraint are given by

(~M - -X 
~~~~~ F~~ FO~ 

= 0 ( i  = 1, 2 , . . .  m) (2 . 2 . la)

where is the actual flutter speed of the structure .

Combining eqs . (2 . 3. 15~ and (3 . 2 . 14) gives

—k - (i 1,2,,.. m) (3. 2. 16)

Expressions (3 . 2. 16) represent the optimality conditions for the problem .

One disadvantage of using expressions (3. 2 , 16) is that we have to derive

Another disadvantage of formulating the problem in the form (3,2.15)

appears when we actually perform the numerical optimization , ~‘ince we ha ve to

calculate ~or at least approximately predict) the flutter speed of the modified design

at each ite ration step,

An alternative approach , which avoids these difficulties , may be de rived

as follows .

Consider the structure subjected to an air s treai i  with velocity V 1. (~. which

happens to be the f lu t ter  speed of the structure. To say that V~~0 is actually the

flutte r speed of the structure is the same as saying that:

a~ The V-g diagram for  the structure has a g 0 crossing point at  V
1

.

b) ‘I’his c rossing point gives the lowest  cri t ical  speed if there is more

than one .

The requirem ent  (a implies that  for  \ / the re i s a v a  luc of kF ( )
such tha t  a t  least  one ( ‘igenva lUe h as null imaginary  pa rt ~g 0) . and i t s  :i ss( 1c

ve lo c i t y  V coincides i n va En w i t h  \-

- - - -~~~~~~~~--~~~~~~~~~ -- 
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~~~~~~~~~~~~
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Let us drop , for the time being, the requirement (h , though we will

return to it later.

If we reformulate our constraint condition , namely that the structure

flutters at an airstreani velocity ~~~~~~~~~~ in terms of saying tha t g has to vanish

for V V FQ, we can wr i t e  the optimality conditions as

A (g-0) 0 (i = 1, 2 , . , .  ~~) (3 . 2 . 1 7 )

for V V
FO.

Taking into account relation ~3. 2, 14), we obtain

= - (i = 1, 2 , . . . m) (3 . 2 . 1~~

Equation s (3. 2 . 1~ ) represent the optimality conditions for  the alternate

approach.

Upon substitution for ~~/am . from equations (3 , 2. 13), with g 0 since

the structure satisfies the constraint , the optimality condition equations become

/ R2 \ / 21~ b \ / 12 ~~~ 

2113 h \ 1
~~~~

-

~~~~

- R,)~~-~~~-~ 
~~~~~ 

1
4)  H - I i)~

--
~~~~~

_ R
j ) = - ~~~= const .

(i — 1 ,2,... m~ (3 . 2 . 19

Since R3, R 4~ 13 and 14 are constant for any particular design , we have

(12
_
~~

2
1l ) = C

1 
(R

e
- CR

1
) -

~
- C

2 
(i  - 1, 2 , .  ..  in) (3 . 2 . 2 ( (

Now , we define

— T I  a —

U . = {p} ~ ~~— [K] 
— 

~~~~~
— [11) {q} (i 1 , 2 , . . .  in) ~3, 2 . 21)

Thus, we can wri te  eqs . (3 . 2 . 20) as

Im [U .] = c 1
R t [ [ .] ~ c2 ~i = 1, 2 , , . ,  01) ~. ~. 2 2 )

1 

— . --- -—- -~~~~~ --~~~~ - - - -  —- -. ~~---~~~~~~~~~~~~-
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The optimality conditions in form (3 . 2, 22) read that if we plot the

quantities U . in a complex plane , then for the optimal structure they will be

aligned on a straight line . This interpre tation is shown in Fig. 13,

Note tha t because eqs. (3. 2 . 22) are necessary condition s, the dropping of

requirement (b) does not change their validity.

It is beyond our knowledge at this time , what fur ther  theoretical

implication may arise from the optimality condition s in the form of eqs. (3. 2. 22

and we recognize the particular importance of additional research in this direction .

An unhappy event that may occur in flutte r optimization is due to the

possibility of discontinuous behavior of the flutter speed as will be shown .

.\ccording to the definition , the flutte r speed is associated w-i th the f i rs t  crossing

of the g 0 axis.

Now , if we make a small change Am . in the mass associated with the i-th

1 - s i g n  variable , we can plot a new V—g diagram for the altered structure

rep resented in Fig. 14 by the dotted line) and obtain the new flutter speed Vi , .

The constraint derivatives , in terms of flutter speed , may be defined as

\~‘ _ \

= lim ~ F 
(3 . 2. 23)

Th . Am .1 ~m .-~O

and nothing abnormal is observed if the \‘ —g diagram is of the normal type.

I’nfortun a tely, abnormal  situations shown in Figs . 15 and 16 may develop.

In both cases , while the local behavior predicts 
~
‘i

~ 
~~S tile new flutter speed , the

most c r i t i ca l  wil l  be \~~~
‘
, . Since all  practical opti m i7 a t  ion a lgorithm S depend on

local a n a l y s i s , and ours is no exception , such potential  problems should not he

ig n ored , and periodic check s at the redesigned s t ructu re  a l’e v i ta l  in order to

detect as soon as possible any abnormal  behavior . I le nce , I he req ui cciii cot  of

i t em  p r e v i o u s ly  dropped , is ha n d led 1 v p e r i o d i c a l l y  p l o t t i n g  \ — g diag r an ~~
and che cking for mv a b n o r m a l i t y .

A- 3~

L —
~~~~~~~



3, 3 FLUTTER 0PTIMIZA’r ION ALGORIT HM

In this section , we outline the optimization algorithm as it will be used in

the num erical examples. Only the general features of the algorithm will be

discussed here.

The task of the optimization algorithm can be stated as: Minimize the

mass of a structural system holding fixed i ts  init ial  flutte r speed ,

The algorithm as used in this work is subject to the following res t r ic t ion s

and conditions:

a. The geometry of the structural system is fixe d so that the on1~- design

variables are cross sectional areas and thicknesses of s t ructural

components .

b.)  Except for minimum thickness (or area), no othe r c o n s t r a i n t s  a rc-

imposed.

c , )  Inertias and stiffnesses associated with a design va riable are assumed

proportional to the ass- ‘ciated mass m ..

d. )  Non-structural mass can be accounted for .

According to our discussion in the last section , our constraint will be th e

hypersurface g 0 for the given ‘
~F() rather than the hypersurface V

itself .

The principal steps of the numerical procedure are as follows:

1) Dete rmination of the f l u t t e r  speed of the init ial  design.

2) Redesigning by the a lgor i thm developed in ( ‘hapter 2 us ing the f lu t  t e t ’

speed calcuh ted in the fi rst step as the constraint . Whe n some design

var iab l e  reaches i t s  m i n i m u m  value , t h e  op t imiza tion proceeds hold i ng

the des ign  ~a c i i  l i e -  at i ts  In i n im u m  va lue  for the r e- st  of the p rocedure.

N ext , we p resent the h as  ic  b l o c k — d i a g r a m s  for step I and step 2 s well  as

a (lisc usslon of th e i r  w o r k i n g  sub -  s teps .

A-
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STEP 1

I

Generation of Mass

and Stiffness

Free Vibration Analysis

Polynomial Fitting for

Free-Vibration Modes

1 5

_________ Generation of • Polynomial F i t t ing

Aerodynamic ~dati ’ix for Reduced 1-’req.
iterate for

Mach number 
6

V-g Diagra m Generation

I-’ig . 17 . B l o c k — d i a g r a m  of Step I.
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STE P 2

I

Mass and Stiffness ____________________________________

A E R O w - I a s t k ~~~~~~~~~~~~~~~~~~~~~~:te k

Solve Eigensystem _________

Transpose 1r Eigensystem

Localize F:ig enva lu e

and Eigenvector of

Interest -______ ______

Caleulatli

Calculate

and aw/~~ .

Design Variable Resizing Update k

Check
( heck fo r op t im a l it v  or ess i gn e -e l

‘~top 
maximum number of iterations .

Fig. 1 ‘~~. Block !) i a g r a n i  of —h- p 2. 
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STEP 1:

1. 1 Generation of Inertia and Stiffness Matrices

Generates by means of any standard finite-element technique the stiffness

and the inertia associated with each design variable , as well as the non-structural

inertia matrix. Namely, [K] . and [IJ .  are generated so that

[NI = [NJ .  (3 . 3 . 1)

= 
0 

(3.3. 2)

1, 2 Free—Vibrat ion Analysis .

Uses the stiffness and inertia matrices generated in 1. 1 and finds the

free-vibration frequencies and modes by solving

—

[K J { q }  ~- ~I] {q} (3 . 3. 3)

After solving the above real symmetric eigensystem , it transforms the

stiffness and inertia matrices associated with each design variable from nodal

to modal C ( S)  i’d i fl ) te ~ by means of

i~~i , 
= I~~

T
I~~J (T]

iii~ iii
T

rii~rri (3 . 3, I )

~~ 
I,.fl

T
~j~J tT]

where

= 
~~~ ~2

’ ‘ ‘~

and

We retained the same symbols for both coordinate sy s t ems .

A- 12
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q. are the eigenmodes (i = 1, 2, . . . L)

£ is the number of degrees of freedom of the transformed problem.

We also assume that in all the cases to be studied [NJ. and [I]
~ 

are

proportional to their associated design variable so that ,

(NI .  = [ KJ ~~x,
1 1 1

= [r J 7x .
where [K] .~ and [IJ ,~ are constants ,

1. 3 Polynomial Fittin g for Free-Vibration Modes

In order to calculate three-dimensional unsteady generalized aerodynamic

forces it is necessary to represent the vertical displacement z of each mode as

a two-dimensional polynomial in x and y:

z(X ,y)  
= ~~~ ~~~~~~~~~~~~~~~~ 

(3 . 3, St

He re b is the same reference length used in the definition of reduced

frequency. The present sub-step finds the coefficients a,. of the polynomial

fit.

In the case where incompressible strip-theory aerodynamics (Ref . 4-1) is

used for the aerodynamic forces , the polynomial f i t t in g  is uncessarv an-1 the

sub-step is replaced by a numerical integration of the eigcnmodes so that

coefficients f ,, can be obta ined:
I)

f .. = 

,,/ [z.z .dxdY ~i ,j  = 1 , 2 , . . .  ~-)  ~3 , 3, t~

A — I : ) 
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These coefficients are used as input to generate the incomp ressible strip-

theory aerodynamic matrix.

1, 4 Gene ration of the Aerodynamic Matrix

using the output of the previous sub-step, the aerodynamic matrix [A]

is generated . Furthe r details will be presented wi th the examples.

1. 5 Polynomial Fitting for Reduced Frequency

When three-dimensional unsteady aerodynamic theory is being used , a

polynomial fit  is made for a given Mach number in terms of powers of the

reduced frequency, so that the elements of the aerodynamic matrix are

represented by

A .. = 

~: 
c~i kr l  (3, 3. 7)

where is chosen by the user,

When incompressible strip-theory aerodynamics is assumed , the above

polynors~,a1 fit is already embodied in the previous sub-step,

1. 6 .\ -g I)iagram Generation

For a giv~n Mach numbe r and reduced frequency, the complex elgensystem

~q = 
~~~~~ (3. 3, 5)

is solved, where

(C] (K] 
l

( I I 1  (A]) .

‘l’hen , for  each complex elgenvalue .~, V , g a nd ~-: ice foun d from the

relations

~ 
3
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Iin[c4 3 3 10g Re[QJ ( .

V = f” (3.3. 11)

At thi s point , an importan t observation has to be made. From eq. (3. 3. 9)

it can be seen that if Re[cl] < 0 , ~ will become imaginary, which contradicts

our assumption of real w.

In order to properly interpret this occurrence , we recall that in a V-g

diagram the dependence of a certain branch on the reduced frequency is as shown

in Fig. 19. As V 0, we approach the free-vibration case which has a finite

and nonzero frequency. Therefore, as V -. 0 we have k -.

g

decreasing k

Fig. 19. Variation of the reduced frequency along a branch.

Rewriting eqs. (3.3.9) and (3.3. 11 ) we have

Re p] = ~3. 3. 12)

k ~ b 
~3 , :3 . 13]

Equation (3. 3. 12) shows that as Re(~ J approaches zero , ~ approaches

~ and from eq. (3 . 3. 13) we also see that V approaches =, since k is

decreasing. The primary conclusion is that  the branches extend to in f in i t y  in

the V direction as k approaches sonic cr i t i ca l  value which causes a change in

A- ~
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the sign of Re(.s J . When tha t happens , we can safely ignore the imaginary

frequency, since we know that the limit of this particular branch has already

been reached ,

STEP 2:

2 . 1 Inertia and Stiffness Matrices

[11 = x .[I] -’ + [I]

[K] = ~~~ x [K] * (3 , 3, 14)

2. 2 Aerod ynamic Matrix

The flutter Mach number , the updated reduced frequency and the

polynomial fit  of (1. 3) are used to generate the aerodynamic matrix [A)

2. 3 Soluti on of the Eigensystem

The eigensystem

f CJ {q}  =-

is solved .

2 , 4 Identification of Critical Eigenvector

This sub-step identifies , among the 2 eigenvalues-eigenvector pairs

generated in the last sub-step, the one corresponding to the desired flutte r speed

and therefore the one being monitored. This is done in the following way.

Consider a reduced frequency k ’  defined as

- 

~ F’()  

b 
(3 . 3. 16)

A- -Ih
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Since ‘FO 
is the constan t flutte r speed , k* will depend only on the

eigenvalue . For the critical :~, we will have k* approximately equal to k.

Therefore , if we define an error € given by

= ~k~-k~ 
(3 . 3. 17)

The critical eigenvalue will be the one that gives the smallest value for ~..

2, 5 Reduced Frequency Matching

C o as I d e r the reduced frequency k used in the generation of the

aerodynamic matrix [A] .

If the reduced frequency is correctly matched (which means that the

current flutte r frequency is the actua l one), then for the critical k* we have ,

= Ik~—~I 0 (3 3. 1’)

However , it might happen tha t the reduced frequency k ’  calculated from

the critical eigenvalue is different from the reduced frequency k used in the aero-

dynamic matrix , and a reevaluation of the flutter frequency is necessary . Thi s is

accomplished as follows .

Consider the eigensystem for the current design :

([IJ + [A] — ~4[K]) {q} = 0 (3 . 3. 19)

Since the design , the Mach number and the airstream velocity are fixed ,

the eigenvalues of the eigensystem (3. 3. 19) will ultimately depend on the frequency

chosen in the definition of k . Let this frequency be r .  Then ,

k = p—” (3 .3. 20)
FO

Differentiating eq. (3 . 3. 19) with respect to r , we obta i n

(
~~1~~1 - ~~~[K1) ~~~} + ([11 4 (Al ~[K 1) - 0 ~3. :3. 21 )

Upon pre-mult ip tying by {~~}T , the second term on the left hand side of ~:3 , ~3. 2 1 - i

vanishes and

A- -) 7



~~~ --- -~~~~~~~- - -~~~~~ -~~~~~~~~~~~ --
- ---~~~~~ -— - ----

~
-- - --— -- — -- 

{
.
~}
T 

~~~~~~~~~ 
dc~ {~~}T~~ 1 {q} (3. 3. 22)

But ,

-= ~
1
~~~ [A] (3.3.23)

Thus ,
b r — 1T d  r— -
~ — lp r  ~~ [A]lq 1 iw~~~~- 2( 1+ig)~~~d~ FO dr dr

— = = (3 , 3. 24)
dr i — iT 3

lp r  [K ] lq ~ w

From the above equation ,

Re[~~~] = — —
~~~~ ~~‘~~

- (3 . 3. 25)

Combining eqs. (3 . 3. 25) and (3, 3. 22), we finally obtain

r — 1Td
- ~~~ ~ — [A ]~~q

= - Re I ~~‘~‘- (3 . 3 . 26)
dr 2

~ Fo L {
_

}T(K] { ”}

To first order approximation we can write

~ 2~~~1 
= (r 2 -r1

) 
~~ ‘ r1 

(3 . 3. 27)

Now , if we enforce point 2 to be the matched point , we have

r9 (3 , 3. 2~ )

Thus ,

(i - r9 = 

~ l 
- r

1 ~~

‘ 
r 1 

(3. 3. 29)

or in general ,

i i d r  r ,
r . = 

1 (3 . 3. 30)

dr  I’ .

A -  )s



Relation (3. 3. 30) can be used iteratively until CA~~. r . and hence the

matching is completed.

For numerical purposes , the matching was considered completed when 
j

(k* _ k) � 0. 01k.

2. 6 Updating of Reduced Frequency

See discussion of sub-step (2 . 5).

2 . 7 Calculation of Design Variable Derivatives

Thi s sub-step calculates 5~~’~)rn . and ag/am , using formulas (3 . 2. 12)

and (3, 2, 13) respectively.

2. ~ Design Variable Resizing

The optimization algorithm as described in Chapte r 2 is used , The

constraint condition is g = 0 and ag/am , derivatives calculated in the last sub-

step are used.

2. 9 Updating of Reduced-Frequency

Use the ~~~~~~ derivatives and updates the flutte r frequency for the new

design by means of a f i rst-order expansion

~
‘new 

= 

~ old (3 , 3, 11)

The new reduced frequency will be

~~
‘ b

k new
—

3. 1 N U M I - RICA I .  EXAMPLES

In this section , we present two numer ica l  examples used for debugging is

wel l as to check both the v i l i d i t v  of the  ( - (m ( - e-pls  ( l i s c e I s s e - t I  e ; i r l i e i ’  and  the

A -  - (9
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stability of the algorithm when applied to relatively complex structures.

The first example is a 27-design variable rectangular wing, w ith

incompressible strip-theory aerod ynamics (Ref . 44) . The initial design is

similar to the one used by Rudisill and Bhatia (Ref . 32).

The second example consists of a swept wing modeled with 90 design

variables and three-dimensional subsonic compressible aerod ynamics .

All the computational work has been done on an IBM 360/67 .

3. 4. 1 27-Design Variable Rectangular Wings

(a) Dimensions — Fig. 20

(b) Design variable definition — Fig. 21

(C) Finite-element sub-division — Fig. 22

E 10, 5x106 psi

= 0.3 3-3 lb-sec , , . -
= 0, 262x10 speicific mass of stru ctural material

a = 72 nodal degrees of freedom

The inertia and stiffness matrices were generated by a standard finite-

element program. Details concerning element geometry , displacement functions

and strain energy functionals are described in Refs . 45-47 .

(d) Aerodynamic matrix

As mentioned earlier , incompressible strip-theory aerodynamics was used

for this f i r s t  example .

Consider a cross section of the wing as shown in Fig. 23. The coordinates

I X )  m d  i ( X )  are respectively torsion and bending displacements at a s ta t ion  x

measured from the root of the wing.

Nrm ~~, we represent / l x )  and n(x) as a superposition of given uncoupled

I - . -n3 ing  r i n d toi’siofl 11~ O ( I & 5 . t hu s .

z ( x )  = ,
1
f
1
(x) l ,f 7 Ix ) ... z~ f~ (x)

~~x) ~ I - (X( I 
- 

( X) . . , - 
: , -1 . 1~I ~~ I 2 ~ + 2 I- ~~~

A- SO
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Using the above representation , the r i e r o dyn am ic  m at r i x  can be w r i t t e n

as ( Ref . 44)

= rp b3
[G .. I ..1 ( i , j  1, 2 . , , .  ~ - r ~ (3 , -1 ~ 2)

ij a ij ij 
/

where

1. = f f . ( x ) f . ( x ) d x  - - (3.4.

L 
h— — if i is a bending mode and j is a he a dingij b

m oci e

G ., 1. -(~~ a)I~ — if I is a bending mode and j is a to r s ion
U a 2 a

m oct e

G .. = 4 - (4 4 a)L 1 
— if i is a torsion mode and j is a bending

m oct e

G•. = bIM -(
~~ + a~~— -- 1. ) (

~ ~ 
ai i. ] — if i is a torsion mode and j isa 2 2 c~ — Ii

a torsion much

I. , I. and i\1 can Ix- expi -cssed fu rthe r in t e rms  of reduced Fh a  a
and Theodorsen ’s f unction C (k)  (Ref .  4 1),

L
h 

= I - 2i ~~C(k~ (3

I = — i(j ~) F 1  •2 c ( L ) l _ 2 ( ~— : ( ( k (

— - i(—) I ; )a ~ k

Fina l l y, we represe nt the  Thvo dors cn ’ s f rm n ct  I on  C II- ~ s a i’:~ t i n  ~t

degree polynomials  in k ~I 1ct , ( 7 ) ,

k - l .  ~ ik- ( . 27~ -C i k )  = — - ( .1 . -1 , )

2k — 2 , A i k - O . 37~

A-- T 1
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Relation (3. 4 , 7) enables us to represent [A] and cI~A] ‘dk in an a n a l y t i c

form .

In the present example , the elastic axis coincides wi 1h  the axi s of the

center of mass , so the free vibration modes will be uncoupled and can be d i r e c t l y

u sed in eqs . (3 . 4. 1). The only concern is to eliminate in-plane and breathing

modes which are easily recognized . The integrations informul a (3 , 4 . 3) we re done
numerically using the trapeziodal rule and are represented in the bl ock-diagram
by sub-step 1. 3.

(e) Re sults

‘l’he flutte r speed determination and the following optimization procedure
were calculated for the constants shown below:

9 number of free-vibration modes

—7 lb . sec ,
= 1. O x lO 

~~ 
specific mass of air

From the V-g analysis we obtain

~ FO 
= 715 fps

k = 0. 276

‘I’he optimization results are given below.

The -I th mode is ne i th er  a be nding  nor a tors io nal  one .

A —  ~2
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‘I’able 3. Optimization Results

t t _
Design i -) I m m

Va riables Type Measure in or in in or in in or in 
-

1 Q ‘F 0, 040 0. 011 0.01 0
2 Q T 0.040 0. 011 0. 010
3 Q ‘F 0. 040 0. 012 0,010
4 Q T 0. 040 0, 01 2 0.010
5 Q T 0. 040 0. 0 10 0.010
6 Q T 0. 040 0, 0 10 0.010
7 Q T 0. 080 0. 010 0.010
-9 Q ‘F 0, 080 0, 050 0. 010
9 Q T 0. O~ () 0. 022 0, 010

10 T 0. 080 0. 019 0. 010
11 Q T 0, 0~ O 0, 025 0.010
12 Q T 0. 080 0. 013 0. 0 10
13 R A 2 . 000 0. 5 12 0. 500
14 H A 2 . 000 0. 500 0. 500
15 H A 2 . 000 0, 500 0 . 500
16 R A 2 , 000 0. 512 0, 500
17 H A 2 . 000 0. 500 0. 500
l~ H A 2 , 000 0. 51-I 0. s - iiu
19 H A 2 . 000 0. 514 0. S00
20 H A 2, 000 0, 500 0. SO0
21 H A 2 , 000 0. S00 0. 500
22 H A 2 . 000 0. S91 0 . 500
23 H A 2 . 000 0. 591 0. S00
2 -I ~-\ 2 . (100 (( . 500 0 . S00
2s T 0, 0-1 0 0. 0- tO 0. (0
20 I 0. 0-10 0. 0 ( 0  0 . 0- lu
27 4’ 0. 040 l , 0 ( 0  0 , i l u

‘Q s tands  for  quadrangu l ar  m e m h m - a n t - , II for a x i a l  rod , I’ t n t ’  I h i ( ’ k t l css ’mfl (

\ for e t’u9 ~ sect j oll a I a rca ,

i\ S3
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Sequence = [10. 0, ~. 0, 6. 0, 4. 0, 2. 0, 1. 0 , 0, 6 , 0. 4 , 0. 2-25 .0 1

Number of iterations = 25

M , = 195 lb

M f 
52 . 5 lb

CPU time pet i teration - - 0. O~ -~ miii , ’ i ter .

Figures 2-1 and 25 show the V-g diagram at several stages of the

redesigning process and reveal that the present approach is very stable in the

sense of keeping the f lut ter  speed unchanged . The opt imizat ion was interrupted

afte r 23 iterations because the cri t ical  mode became tangent tFig .  25) . Figure

26 show s the opcimization history diagram and it is seen that afte r ten i t era t ions

the mass  of the structui’e was already close to its final value .

3. 4. 2 90—I )e sign Va riab le Swept Wings

(a) Dimensions — 1-’ig. 27

(b) Design variable definition — Fig. 28

(c ’ ) Finite-element sub—division

‘I’he finite-element sub-division coincides wi th  the design variables .

E = 10. OxlO
6 psi

—3 lb-sec
— 0. 262 - 10 

in
_ I

= ( I . 3

n I O~ nodal degrees of freedom

A ma ss  of 37s lb . was evenl y d is t r ibut ed  among th e I n st s ix  no k-s

on the t ip  of the wing as shown in l-’ig . 2s ,

(d) :\e rodyn anlic n i a t r i x

In cont ras t  to the p r ev i ous  example , t h rm-e— d f l i ( -ns ion al  s ul i s o n i  i, corn —

P t e s s  i t i le  a- rod yna iii ic I henr y  ~ - ni  s used he cc . ‘ t h e  pa ci i  i - a la  I’ (-o n i put a  ti onni 1

technique cmp lovt- d was I he doublet  — h i t i  b -i - method lId . I ) . In orde r to ohta in

the no- rn, I v n : m iii I d  mat i- i \ - I he ou tpu t  at a t i - i  \ ~I )~ ii I Ia- p rngr:I at ha s  I i ,  I

A -5-;
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scaled as shown:

[A] = ;Pa
Sb ~-~~[DJ 3 . -I . ‘)

k

where

S = planf orm area of the wing

b reference length

= specific mass of air

Furthermore , the elements of [D] were fitte d at the flutter Mach numbe r

by a fourth degree polynomial using 5 distinct values of k. Thus ,

[DJ = ]4 f - ~9 ]k [~ 31k
2 

+ [~~ ]k 3 
+ [~~ )k 4 ( 3, 4 . 91

and 

[A] - 

~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~ (3. I . 1( 0

[Al 
~ ~~ 

Sb (_ 
~~~

1
~~1
l 

~~2~~~~ -l~ 
2k[4 5l) ~3. -1. I I )

Further  details on the generation of the ~D] mat r ix  are found in Ref s.

(-15-4 7.

( C ) Results

The ini t ial  design is given in Table 4 . The f lut te r speed dete rmina t i on

and the following opt imiza t ion  results were calculated for the constant s  shown

below~
= 11 numbe r of f r e e  v ib ra t i on  assumed modes

—7 lu —Sd ’ -
p 1. 0 10 — speed 0 mass  of a i r

in

l’he flu t te r in g  condi t ion  is

- — i l lS  ip s
1- ( I

A -
~~

I 
---- — - - -~~~~~~ -~~~~~~~~~~~ -~~~~--—-—-—~~~~~~_~~~~~~ - ‘ - — - - -~~~
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k = 0, 34

Ta ble 4 . 1)e f ini t ion of i n i t i a l  I )vs ign r ind M i n i m u m — (  n i g i ’  I- o t t  ( i t i o ns .

Q, H, 1’ r i nd .-\ are defi ned in ‘ISlI)l&

Desi gn i a im

— 
Va ri able ‘t ype M e a s u r e  in ur  in in or in

1 H , (l~ l ( I I , ( 1 2 ( 1

12 u , 11 02 1~
_ _ _  _ _ _  _ _- 

- 13 I ’ . 2 - 0  I_ I , 15u I I , ( 1514

7 - ,  u , ~50 ( I , ( ISO

9 0, ( H- ’ll  (1 (H— U

Q

90 ( I , (( ‘ -‘0 l ) ~ 0-’O

‘t he opt imum s t ruc ture  had al l  the k’ s ign  ~a i - i  : i h lc-s  n i t  t h e i r  m i n i m u m

~n i 1u -s w i t h  the excep tion of those l i s t e d  below :

Tab le S . l- ’ina I Design . 1)es ign Va r i r i bles Which  Are N ot I t  Their  M i n i m u m

\ a l ues . _____________ ________ _______ ______

I) esign 
t f - ,

\‘ni r i n i b l e s  in or in

(1 , ~1 : ~ 1

1 1  II , 2 ( 1 13

15 ( I . ( I~~~~~

13 ll • 20:12

IS ( I ( I _ I ;
I 
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Table 5. (continued)

Design f 
-)

Variables in or 1n

25 0. 0556

26 0. 1769

— 27 0. 2314

28 0. 0405

30 0. 0550

Sequence = [10. 0 , 8, 0 , 6. 0, 4. 0, 2 . 0 , 1. 0—25 . 0]

M . = 2130 lb (excluding tip mass)

Mf 
= 894 lb (excluding tip mass)

Number of iteration = 4 1
mm

CPU time per iteration 0. 36s (----- ---)
iter

Figures 29-32 show V — g diagrams of the initial design for diffe rent Mach

numbers while Fig. 33 is the matching diagram from which the consistent flutter

speed and Mach number are obtained . The V-g diagrams of the initial , inter-

mediate and final design s are shown in Fig. 34. Again , it is seen tha t the method

is very stable and the flutter speed of the final design is practically the same as

of the initial . The optimization was interrupted after 41 iterations when the

slope of the critical branch became negative . The optimization history is show n

in Fig. 33 and it is seen tha t most of the mass reduction has been achieved af te r

approximately 15 iterations .

I

A - 5 7 
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4 , THE VIABILITY OF MODAL ANALYSIS FOR STATIC

OPTIMIZATION PROBLEMS

4 . 1 REDUCTION OF THE NUMBER OF DEGREES OF FREEDOM BY MODAL

DECOMPOSITION

As already pointed out , structural optimization of practical structures

requires iterative technique s and with the present state-of-the-art the numbe r

of analysis is likely to vary between ten and one hundred . For most static

problems , an analysis step is equivalent to the solution of a linear system with

orde r equal to the number of degrees of freedom of the structural model .

On the other hand , the number of degrees of freedom (unde rstood as

generalized displacements at nodal points) may become relatively large for complex

strucutre s and consequently the computa tional effort spent in each analysis may

rapidly reach very high levels , Based on these considerations , an optimization

problem of a large scale struc ture may become fantastically time consuming and

usually that will be a limiting factor.

One way of trying to overcome this problem is to perform an “approximate ”

analysis with the aim of saving computational effort . Storaasli and Sobieszczanski

(Ref . 49) considered the response of the modified structure as given by a f irst

order Taylor approximation. Bhatia (Ref . 50) extended the concept and also

studied dynamical problems . Fox and Miura (Ref . 51) considered the response of

a current design as given by a linear superposition of some basic responses

~obtained as responses to some basic designs) with the aim of reducing the order

of the linear system. Noor and Lowder (Ref . 52) proposed to use response

derivatives as gene ralized coordinates for the reduced basis and present some

comparative results.

In the present Chapter , we investigate the viabi l i ty  of using modal a n a l y s i s

with the objective of reducing the o t - Ie i - of  the l inear  sy s t em and compa ring the

results wi th those obtained using standard f in i t e—elemen t  a n n i l v s i s . It should 1n

noted that the use of modal decomposition as a mean tot ’ s t a t i c  ann lysi s was

standard before digi t i a l  computers made puss ib le the use of f i n i t e— e lemen t
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techniques and hence , the idea is not new in itself .

Consider a structure with linear behavior , subjected to a given set of

loads. The displacements are obtained from the matrix equation

[K] {q} = {F} (4 . 1, 11

where

~ q} = is a vector of generalized displacements

{ F} = is a vector of applied generalized forces

[K] stiffness matrix

As is usual in finite-element analysis , linear and rotational displacements

measured at pre-assigned points ove r the structure , are defined as degrees of

freedom and let their number be n.

Consider now a linear transformation of variables given by

{q} = [T] {~ } (4 . 1. 21

whe re [TI is the transformation matri x.

Substituting {q} from eq. 4. 1. 2) into eq. (4 . 1. 1) yields

— [K](T]{q} = {F} ( - 1 . 1. 3)

Premultiplying eq. (4 . 1. 3) by [T]~~. we obtain

[T] T
[K]r Tl ~ c} = [T] T

~F~

or
i t . ~. I i

where

= .IT]
T

[K I F T 1

and

(T 1~~ F}

The columns of ma t r ix  [1’] are re(-ogni 7 t h  to he the assumed modes

r ind [TI IS also called modal mat r i x . The advantage of such a t r a n s f o r n i a t  ion

of var iable s  is tha t if ITI is a n . m at  r i x  w i t h  - n , we a re in fa( ’t r e d u c i n g

/4 ~



the order of our system.

Let us partition the vector {p} into two parts. represents the

first  ~ components of {
~

} and {q~ ,} the remaining n-L components.

= ---- 1 (4 . 1, a)
L ~‘T )

Substituting representation (4. 1. 5) into eq. (4 . 1. 4) yields

r K RR 
K~~~~~ 

f~ R~~~ 1~R~I — I ~ ( = ( (4 . 1. 6)

L K TR I K TT J LT J L ~ T J
From eq. (4 . 1. 6) we can write

=

or 

~~~ 
= [K RR] 

~~~~ 
- [K RR ] [ K RT

]{
~~~ 

(4 . 1, 7

If we assume that the components of {P T
} are small enough so that the

second term of the r. h. s. of (4 . 1. 7) can be neglected in the presence of the other ,

can be approximated by

= [I< RR J~~~JR I (-1 . 1. 8)

On the other hand , if the modes are suitably chosen , it is possible to

the actual displacements of a modified structure be approximated by the same

modes used to approximate the actual displacements of the in i t i a l  structure and

hence , all the analysis would be made on matrices of order £ -~~. This

corresponds to say that for the modified structure , continues to be small

enough so that [K
1~~ ]~~ FK [~T1{P T

} can be neglected .

A major problem is to gene rate a suitable modal m a t r i x  in an ef f ic ien t

way. This problem has not been solved yet and calls for fu r the r research. 
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4 . 2 NUMERICAL EXAMPL E

In order to access the applicability of the procedure outlined in Section

4. 1 and to obtain an estimate of the error involved in using an approximate

analysis , a numerical example was carried out . The example is identical to the

one used in 2. 3-c and hence will not be restated here.

The assumed modes were chosen as the eigenvectors of the eigensystem

[K]{x1 = X~x} (4 , 2 . 1)

There is no special just if ication for  choosing these vectors as assumed

modes , though their orthogonality property in relation to the matri x [NI

simplifies the computation of the respective components . In general , however ,

this approach is not attractive since it requires the solution of an eigensystem of

the same order as of the initial problem and that may involve a ve ry large

computational effort ,

The solution of the problem usin g assumed modes proceeded as follows:

a) Solution of the eigensystem [K]~x} x{x} and construction of the

transformation matr ix j T J using these eigenvectors . Note that [NI

is in the original 72~ 72 nodal sy s tem.

b) Gene rat ion of the n+n t r a n s f o r m e d  s t i f fness  ma tr i x  and the n - I

transformed force vector

F~~1 = rn~ i~irn - ( . 2 . 2 (

- [T] T
~F} ( ( . 2 . 3)

N o t e  tha t since IT] is obtained using eigenveetors , IN ] is

diagonal and the t r ip l e  m a t r i x  product is not actually carr ied out .

c) Solution of the static problem in the 1. ransformed s~’ stem

{~~} IK]
1
~~} (- 1 , 2 . I i

and reorde r in g  of the ( -oni ponen t  5 of L’~i in ~I t i - t i  si ng ord e i’ of

abso lut e va l ues .

~-
‘
~

- 1 , 1

I

~

-- - - - -



F- -

d) Reduction of the order of the system from 72 to 15 by retaining the

15 components of {
~~} in decreasing order of absolute values ,

e) Optimization using the algorithm of Chapter 2 ,

The optimization results are as follows:

Sequence = [10. 0, 8. 0, 6. 0, 4. 0, 2. 0, 1. 0— 25. 0]

Number of iterations = 22

M . = 195 lb

M1 = 69 lb

CPU time per iteration = 0. 148 mi /ite r.

The final design has all the variables at their minimum thi ckness with the
following expcetions:

tf (7)  = 0. 163 in

tf (-M ) = 0.411 in

t
f

(9) = 0. 087 in

t
f
(10) = 0. 163 in

tf (1 1) = 0, 017 in

tf (12) = 0, 039

error

The above error is in the sense of approximate comp liance in re lation to
exact compliance ,

A — h2 
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Table 6, First Fifteen Modal Coordinates in Order of Decreasing Absolute

Values

k

1 9. 6055

2 -0. 6534

3 0. 1813

4 —0. 0690

5 —0. 02 01

6 0. 0172

7 -0. 0103

~ -0. 0052

9 0. 0046

10 -0. 00 15

ii —0 , 0011

12 -0. 0005

13 0. 0004

14 -0. 0004

15 0. 0003

Table 7 . Compliances ( s ing Full and Reduced Analys is

Reduced Space .-\n alv s i s  Full Space Analysis
_________________ 

( lb. in ) ( lb .  in )

inItial 357 1. 1 3571 . 5design

final
- 3571 . -I 3727 . 1design

A — -
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3. CONCLUSION

5. 1 DISCUSSION OF THE RE SUL TS

5. 1. 1 Optimization Algorithm

The optimization algorithm developed in Chapte r 2 has shown the following
characteristics:

a) Very high stability. The constraint was always satisfied at the optimum

within less than I ~.

b) The main characteristic associated with optimality criteria , namely,

the fact that the computation effort does not increase very sha rply

increasing the number of design variables , ~-as preserved as seen

by comparing both flutter optimizations .

c) In all the examples (except in the 90-design variable wing) $ 0 -  of the

total weight reduction was achieved in less than ten iterations. For

the 90-design variabl e wing, this figure was reached after 14 iterations ,

d) Except for the flutter optimization problems , all final structu res

satisfied Kuhn-Tucker conditions although the algorithm does not

enforce them. In the case of flutter optimization , the procedure was

terminated due to abnormalities in the V-g diagram rather than

sati sfaction of optimality conditions.

On the other hand , the relatively slow conve rgence near the final design
is mainl y due to an over-conservative treatment of the minimum-gage condi t ions
and that should be improved .

3. 1. 2 Flutter Optimization

The ut i l izat ion of g = 0 as a constraint  for f lut ter  opt imizat ion  revealed:

a) A new expression for  the f lu t t e r  opt imal i ty  condi t ion as given in
eq. (3 , 2. 22 ) and shown in Fig. 13 .

h) ye ry high stabil i ty in the coast ra ined f l u t t e r  speed .
C) U t-I n  t i v e l v  low computation t ime conside ring the high n u m b er  (I f l t io  cs

and design ~r i riahles t i s e i l .
A - I~
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5. 1. 3 Assumed \lodes for static Optimization

With respect to this problem , the relatively low error of less than 5 in

comparing the approxinn te analysis with the full f inite-element analysis , indicate

that the method may be attractive . h owever , the overall efficiency was low .

5. 2 SUMMAR Y

Although the principal subject of this dissertat ion is structural opt imiza t ion

under a flutte r constraint , two other concepts have also been studied with very

encouraging results .

With regard to the flutter optimization problem , this work advances the

idea of using as a constraint the condition g = 0 rather than using direc t lv

V F 
= V

FO. The advantage of this approach is that it e l iminates the need to

calculate either an exact current flutter speed , which is time consuming, or an

approximate flutter speed , which afte r severa l i terat ions may introduce

appreciable error . In this respect , the results of having the flutter spt -ed wi th in

I ~
- of the specified value exceeded all expections. Another advantage of this

approach is that it is simpler to calculate - g than :\
~~ 

special ly when

compressible aerod ynamics is used .

It is strongly believed that this is a sound way  t o  handle ’ flutter opt imiza t i on

problems , no matter what specific opt imizat ion algorithm is bein g used . This

conclusion should be equally valid for  multiple constraint s.

Beca use there is a poss ib i l i ty  for othe r modes to become f lu t t e r  c r i t i ca l

or even for the intia l f lu t te r mode to produce ins t  r ib  l i t  y n i t  1 lowe i speed :iS th e

redesign p rogresses , there is t h e  riced to  p e r f o r m  an accura te  r e a n a l y s i s  f rom

time to t i m e , to make su i- c that no a b n o r m a l i t y  is oc cu r r ing .  In t lit- present

work , this has been done by stopping the  re th -s ign at a given n u m b e r  t i t  t i - n i t  ion

cycles , perf orming a V—g ana lys i s  rind . fi na l l y , plot t i ng  the re su l t s  iv hand .

A future improvemen t  in f l u t t e r  opt im i m i t  i on  would ~- t o  i mp r i  ive t i i t-  so f t w a r e

s t i  that at  a given numbe r of i t e r a t i o n s , I he r - d - s i g n  i na would st op r ind a plot

fo r the cu r r e n t  s t ruc tu re would be pc- r i o r m i - i t  and d i s p l : i v i i I  on ni ( R T  s -op t - .

_ _ _ _ _ _ _ _  ~~~~~~~
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This would enable the investigator to decide , almost in real time , whether to

continue the redesigning process or not . In other words , the process would be

in t e t - n i c - t i v e  to a large degree .

A second concept developed during thi s research was the idea of a hybrid

algorithm , which aims to combine the monotomic weight-decrease property of the
- ‘descent methods ” with the simplicity of redesigning by means of recursion

formulas of the ‘optimality criteria ’ methods , This was accomplished by using

a pa rn i m e-t c - i’-dependent recursion formula , with the parameter being constantly

t’ eric lju ste -cl in order to obtain this monotomic weight decrease .

Fin ally, the use of assumed modes for the analysis of s ta t ic  problems is

discussed in light of optimization and the necessity of repeating the analys is  step

sever a l t imes . The relatively low error of this approximate approach su~;gc- st s

th at  the concept is viable and further  research in this are a should prove f ru i t fu l .
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APPEND D~ A

NECESSARY AND SUFFICIENT CONDITIONS FOR M

We know , by defini t ion , that

- 
( - -

~~
. l~

m
p2 

~~~ 
m . a-\ , 2~

For simplicity of notation , le t (~~/~)m .) - a , . h ence

— fl • fli • ~-\ . 3~

a m . ( , -\ . 4)

But

= m +m -
~ , , . + i-n ~-\ , 3)1 2 m

Thus

(n-i -4- rn . , , m m ni iii , . , 4 ri m A .2 1 2 m 1 1 2 2 iii m

-, -1 -)  ~
) ‘) - ,  - )  - ,  - ,  -

M -: a~ m a m +  . . . a iii ~~fl i 01 ( : 1  - i (  rn fli (a - I I  -

2 1 1 2 2  m m  1 2 1 2  1 3 1  :t

m iii ( :1 a ) I A . Tin i — I  i-n n i — I  at

)n the othe i- hand

_ ) -, - , ‘, - )  - I

t :i ri~ -~ a m ~ , , , a at 2( n i a oi in a :1 i i i  at ,1 1  2 2  m m  ( 2 1 2 1 3

~ a i cii in  1 \ , “ Irn— I cii I at

‘~ I,
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From eq. (A . 7) and eq. (A. ~ we have

2 2 2 2= m
1m9 (a1—a 2 ) -4- m 1m3(a 1—a 3) + . . .  -i- rn 1m ( a

(A . 9)

Since all m . are non-negative , we conclude that M~ .) _ fç  = 0 if and only
if all the derivatives have the same value.

( S

,‘\ —4 , ’-,

_  _ _
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APP ENDD ( B

MThUMUM-GAGE OPTIMALITY CONDITION

Consider that some design variable is at its minimum value .

x . = (x ,)
1 i rnin

If we further assume the linear relation ri-i , = x ,L , we have that
1 I i

= (rn ,) . (13 . 1)
i i min

Let -~~ be the value of the constraint derivatives with respect to those

variables that are not n it their minimum value . We know that a necess ni rv  condi t ion

for optimality is to have this value equal for all those variables .

Consider , now , a small change in ,~m , . From eq. (B. 1) i t is required

that ~m > 0. There are two possibil i t ies , —~0 or ~ ~- 0. ( - : = 0 is a

pathological case which we do not consider)

i) S > 0

Let h = 0 be the constraint equation . We can w r i t e ,

= — ~Tfl . -~ ~ni , ( 13. 21
~m . i -j cF

h e re V is the set of n on —m in imun i - gn ige var iab les . But j i 0 in order to met - t

the constraint condition . Th us ,

~it
— ,~

I 
~h1. 3)

o r~
(*1

— — ~itt •
- - -I J I  I

- = --— ( 1~. -1 )

_ _  _



Recalling that > 0 and ~m . 0 we obtain from eq. ~B. 4 )  that a mass

reduction is not possible if and only if

3 -
~~~~~~~~~

‘ 
( 11. 5)

i i )  ~~‘~ 0

U sing the same procedure as in ( i )  we obtain ,

-S ~rn ,

— 
jeF (B.6)

Am .

~ o’4v , < 0  and ,m . > 0. In view of eq. (B. 6) the condition for

impossibi l i ty in mass reduction is

13. 7)

The optimality condition (B. 5) and (B. 7’ can be used to check the fina l

design for optirnali ty. If the final design is not optimum in term s of these

conditions and additional mass decrease is desired , a sm all increase in the

cri t ical  variable may be given and the algorithm may be restarted .

A- 7u
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Fig. 5. Fixed-free bending torsion box in free-vibration.

1000 lb .

Fig. 7. Fixed-free bending torsion box with an applied load ,
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Fig. 11. V-g diagram for an aeroelastic system.
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Fig. 13. Plot of U. for each design variable i on a complex plane when
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Fig. 29. V-g diagram for initial design of swept wing. Mach = 0. 50.
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ABSTRACT

This s tud y investigates the optimal desi gn of s imp le s t ruc tures

subjected to dynamic loads , with constraints on the structures ’ re-

sponses. Previous studies have mainly dealt with static loads, and

their methodol ogy has been extended here to time dependent cases. The

contributions of this work are in the formulation and satisfaction of

the complicated dynamic constraints and in the insights gained into the

nature of these problems .

Three separate analyses search for the optimal design of : (1) one-

dimensional structures excited by harmonicall y oscillating loads, (2)

similar struc tures exc ited by whi te no ise and (
~ ) a wing in the pre-

sence of continuous atmospheric turbulence. The first problem has con-

straints on the maximum allowable stress while the last two place bounds

on the probability of failure of the structure . In all of these prob-

lems, approximations are made in order to rep lace the time parameter

with a frequency parameter. For the first, this involves the simple

assumption that the steady state response is the area of interest. In
4

the remaining cases, power spectral techni ques are employed to find the

root mean square values of the responses. The primary means of search

for the optimal solutions is through the use of computer al gorithms that

combine finite element methods with optimization techniques based on

mathematical programming .
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A general conc lusion is that the inertial loads for these dynamic

problems can result in optimal structures that are radically d i f f e ren t

from those obtained for structures loaded statically by forces of com-

parable m~~nitude. In the case of the harmonically loaded structure,

it is found that the design space can be disjoint. This makes the task

of finding the global optimum difficult for even the simplest of prob-

lems .

An interesting feature of the op timal designs for cantilevered

structures with a white noise excitation is that there is a tendency

for some mass to be concentrated near the tip. The inertial forces

from this mass tend to relieve the inboard stress.

The wing in a turbulent gust environment demonstrates a possible

practical application of the methods developed in the study. The model

used con tains a fuselage and nacelle and permits rigid body p lunging as

well as transverse bending . It is felt that the preliminary techniques

developed are of practical value towards the design of aircraft that

have fatigue life as an important design factor.

4
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CHAPTER I

INTRODUCTION

A. PROBLEN MOTIVATION

The goal of the field of structural optimization can be succinctl y

described as one of finding the structure of least weight that satis-

fies certain specified constraints . The combination of more efficient

algori thms with modern computers has expanded the capabilities of this

f ie ld rap idly and to the extent that techniques have been devel oped

that rout inely opt imize  practical, s ta t ica l ly loaded s t r u c t u r e s . Sim-

i lar res ul ts for dynamicall y loaded struc tures have lagged beh ind due

to the comp l icat ions introduced by iner t ia l  loads and the time param-

eter . This thesis attempts a partial remedy of this situation by in-

vestigating a series of dynamic response problems in order to find the

leas t we ight structure that can withstand the dynamic loads .

The design of many engineering structures is influenced by the

dynamic loads that act on the structure so that the search for opti-

mal structures is a legitimate exercise. Landing impacts , gust ex-

citation , rotating machinery and acoustic noise create loads on aero-

nautical vehicles that are dynamic in nature and that are of pr ima ry

importance in the design of aircraft substructures . Similarl y, ~i

astronautical vehicles , rocket exhausts and atmospheric turbulence
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are impor tan t  desi gn loads . These aerospace app l ica t ions  were the

ones that were kept in mind while the methods of analysis used in this

thesis were developed . However, other disciplines could benefit from

the methods presented here . Sp e c i f i c a l ly, for architectural struc-

tures , earthquakes and winds create loads that are dynamic in nature .

and these loads are p lay ing an increasingly important role in building

des ign . Further examples could be drawn from naval architecture and

from mechanical design.

Many of the examples mentioned above include loads that are sto-

chastic, or rand om, in nature . Coupled with the fact that a large

proportion of in-service failure of metal structures are due to fa-

ti gue, this provides a powerful motivation for studying the optima l

design of structures under stochastic loading conditions .

While no claim is made as to the direct applicability of the

techniques developed in this work to practical problems in engineering

design , techniques are developed and results achieved that could be a

useful starting point for the more practical problems . The usefulness

is enhanced by the use of constraints in the examp les worked that are

of practical interest in actual designs . For instance , constraints

arL’ placed on the maximum stress in the structure or on the fatigue

life in the case of random loads.

Due to the paucity of studies dealing with the optimization a t

dynam ic a l l y loaded structures , it is felt that this work makes sig-

ni f i c a n t  c o n t r i b u t i o n s  to the basic unders tanding of these types of

prob lems . The i n e r t i a l  loads p r e s e n t  i n  t h e s e  pi’i’h l ens can hOVe ~1li
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important  e f f e c t  on the loads a s t r u c t u r e  is required to withstand .

The results obtained show that the optimal structure can be radicall y

d i f f e ren t  from one obtained based on s t a t i c  s t rength  considerat ions .

B. RELATE D WORK

This section presents  a survey of s tudies  that have been done

that re la te  to the present  one , pointing out their characteristics

and how they compare with the present study. The thesis uses elements

from a number of disci p lines , but the unique portion of this work is

the use of structural optimization and it is in this area that the

survPy wi l l  concern itself. Even in this specialized field , it would

be impractical to give a comprehensive survey ; instead, only the most

relevant works are described . A more general view of the structural

optimization field can be obtained from a survey article by Sheu and

Prager ( R e f .  1) whi le  a text by Fox ( R e f .  2) serves as an excellent

in t roduct ion  to the computat ional  aspects  of opt imal  design . Two rc-

cent conferences  ( R e f .  3 and R e f .  I t )  provide “state of the ar t ” de-

scriptions of various portions of the field.

Structural optimization with constraints on the dynamic behavior

is a more s p e c i f i c  area that  inc ludes  the  present  s tud y.  A s u r vey  by

Pierson R e f .  5) on th is  s u b j e c t  d iv ided  i t  f u r t h e r  i n t o  two subdivi -

sions: (1) problems with cigenvalue constraints. and (: ) problems

with constraints on the response. The present investigati on c l e a r ly

f a l l s  in to  the l a t t e r  ca t egory ,  h u t  problems of t:hc’ first kind p1av~’d

an impor t an t  r o l e  in the development of the  me thodo lo gy  used in  (h i ’ ;

B — —
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report. In particular, references through 1 are works tha t p lace

constraints on the natural frequency or the flutter speed of the sys-

tems to be optimized and that provided a basis from wh i ch to attack

the response problem . In fact, as Pierson poiated out, one of the

dynamic response problems solved by Icerman (Ref. 11) has results

identical to a problem with a natural frequency constraint that was

first solved by Turner (Ref. )).

it is to be understood that the five references cited above for

the eigenvalue constraint studies are in no way inclusive of the co~i-

tributions made to these problems . An attemp t is made below to in-

• d ude all the significant studies that have been conducted with con-

straints on dynamic response quantities . These papers are a small.

but rap idly increasing, part of the literature .

The relative youth of the field presents difficulties when one

tries to classify the types of problems that have beeo studied . The

ideal procedure would be to describe the problem that was studied , the

method of soLution and a discussion of results . Unfortunatel y, and

unlike the more developed field of optimization with static loads.

each paper treats a unique problem , usuall y in a unique way and , of

c -,oti’ st’, obtains a u n i q u e  result . Therefore , onl y the features of the

studies that are relevant to the present work will be stressed in what

fol lows -

t h e  y o u t h f u l  ness of the  I h i d  is i n d i c a t e d  b y th e f ac t  tha t  l ie

ea r l  i e a t  papers  o f  t l i  i s  type  known t o  t hi i ’  a u t h or  Wer e  p t m b l  ishii ’d in

l~~ ,14 . i h i l s  work , p i m b l  ished 1w hIm -acli in  two p~ip~’rs (Re f . 1. and R e t . I 5

I-I — —



I found approximate optimal solutions for some one -dimens ional struc-

tures loaded by impulsive or step for~ es. The problem formulation

I for these studies was in terms of finding the structure of fixed

I we ight that minimized a specified deflection . This is a transforina-

tion of the formulation used in this work : finding the structure of

I least weight with a constraint on the size of the maximum deflection.

Fox and Kapoor (Re f. I~~) published another “earl y” work that de-

veloped a mathematical progr~~~ ing algorithm for finding the optimal

design of truss-frame structures subjected to a half-cycle sine pulse.

The response was estimated by using shock spectral techniques that

I gave conservative upper bound limits on the deflection and stress. A

previous work by Fox and Kapoor (Ref. 1 5)  made the important contri-

1 bution of develop ing a simple technique for finding the derivatives of

the eigenvalues and eigenvectors with respect to the system parameters .

Levy and Wolf (Ref. II and Ref. 17) provide a means of finding the

I f u l l y stressed design for one-dimensiona l structures under dynamic

loading . A full y stressed design is one where all structural elements

exac t l y satisfy the stress constraints imposed on them . The motivation

for their study comes from the fact that for determinate , staticall y

loaded s t r u c t u r e s  wi th  c o n s t r a i n t s  on t h e  stress, the full y stressed

I design is optimal. For the impulsivc loading conditions and the fi-

nite element representations used , the s o l u t i o n s  shown in these re f-

• erences are found to be optimal . However , f u l l y stressed designs are

usually l’tot optima l in cases where more general dynamic loads arc con-

I
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A series of related papers b y Venkayya , et al . (Ref. 15 and Ref.

1 ) describes an optimality criterion that is used to find approximate

optima l solutions for various types of dynamic loading . The criterion

was developed specificall y for problems with constraints on the natural

frequency , so that it is exact for that case. When more general dy-

namic conditions are conside red, the results obtained have to be con-

sidered as preliminary, qualitative designs .

A spec i f i c  area of p rac t ica l  in te res t  that can b e n e f i t  f rom the

methods of optimization with dynamic constraints is that of the opti-

mal design of structures to withstand earthquake loads . The 5th World

Conference on Earthquake Engineering held in Rome in June, l )~
’5 in-

cluded four short papers on this topic. One of these, by Soines and

Hois t  (Ref. 20), replaced the dynamic load by an equivalent static

load , so that it is not a dynamic resp onse problem , str ictl y speaking.

However, inertial effects are artificiall y included in the staticall y

equivalent load . Another paper from the conference, by Nigarn and

Narayanan (Ref. 1), considered the excitation to be either a speci-

fied acceleration or a probabilistic acceleration with a given power

spectrum . The techniques emp loyed in the paper and in another paper

by Nigam Ref. 2) to deal with the probabili stic nature of th~ ex-

citation come closest to the techniques emp loyed in Chapters IV and

V at  the pr esent work to t re m t s i m i l a r  l o a d i n g s  . Another work of

op t i m i z a t i o n  t o r  e a r t h q u a k e  typ e o f  lo ads  i s  g i v e n  b y Kate , et al

(Re t . 5 ) .  The l oads i i i  t h i s  i s o  are a p p r o x i m a t e d  1w sho ck s p e ct r ~1

i n  a mann r s m i  I m m  • ‘ t hi  at  I I . i i  . l i m e  d i v e  i s  i t  y o f  mod e Is and

L. •~~~~~~ •~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



• techniques used to study the optimization problem for civil engineer-

ing structures indicates that it is a fertile ground for further re-

search and systemization .

A stud y that is more general in scope, but  that has app lication

to the earth quake problem , is contained in a recent  report  by Cassis

(Ref. 214). In this case, the load is modelled as a half-cycle sine

pulse and the response is obta ined  b y performing a time i n t e g r a t i o n

of the equations of mot ion .  The cons t r a in t s  considered inc lude  i n to -

grals of the time history of the rcsponse. This is one of the few

papers dealing with dynamic response that retain the time parameter

in an exp licit form . It is also the first report known to the ;mmit1m ~ r

that includes mention of the fact t h a t t h e feasible desi gn space ~an

be disjoint for certain types o f  dy n am i c  e x c i t a t i o n s. This feature

of such problems is one of the mere excitin g . The disjoint design

space receives extensive treatment in Chapter 111 of this report.

Chapter III deals with the optimization of structures excited 1w

harmonically vary ing loads , in one sense , this is the simplest of

the dynamic response problems since the time parameter can he removed

by assuming that the steady state response is the onl y response of

interest. By the use of energy methods , lcerman (Ref. 11) was able

to develop an o p t i m a l i t y  c r i t e r i o n  f o r  one -d imens iona l  s t r u c t u r e s  is-

cited by a point load with an equality constraint on the disp lacement.

directl y under the load . In order to d e v e l o p  the optima litv criterion ,

it was necessary to add the further constraint that the excitation Ire-

quency be less than the first natural frequency of the structure . Pl ant
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~Ref. ~~~ made a similar i n v e s t i gat ion but  a l lowed the l oad ing  to be

more g e n e r a l .  W h i l e  several examples were analyzed , and their opti-

m a l i t v  c r i t e r i a  o b t a i n e d , no esp i i c i t  s o l u t i o n s  were shown in t h i s

second st u d ~’ . Mro ‘ ( R e f .  ‘ conducted  a m a t h e m a t i c a l ly  mor e ri.i’r—

ous study , which rep laced the displacement constraints by one aim t h e

dynam ic comp l i a n c e  of  the s t r u c t u r e .  This is defined as the integral ,

over the e n t i r e  S t r u c t u r e , of the p roduc t  of the ma g n i t u d e  of the load

times t h e  m a g n i t u d e  ~‘i the d i sp lacement unde r  i t .  Desp i te  t he succe s se s

r ep o r t ~~d i n  the se  s t u d i e s , the author knows of no e f f o r t  tha t  was m ade

to ~spa nd ni the r e s u l t s .  An obvious , a l th oug h d i f f i c u l t , este ns ion

wou ld be tu f i n d  an energy  method tha t  a l lowe d the s in u s o i d a l  i n ci t a -

t io n t o  be app l i e d  a t  a f r e q u e n c y  g rea te r  than the s t r u c t u r e s ’ f i r s t

n a t u ra l  f r e q u e n c y .

F i n a l l y ,  a ser ies  a f  papers  tha t  deal  w i t h  static loads should be

m en t i -~ui’ d because  of  t h e i r  r e l evance  to the p rob lem inves t iga t ed  in

Chap te r s  IV and V .  They i nc lude  some r e l a t iv e ly  ear l y papers  t h a t

ug hit opt imal s t r u c t u r e s  w i t h  c o n s t r a i n ts  an t h e i r  r e l i a b i l i  Lv  R e f .

2 ’ m n ’ !  R e f .  2E . Moses and K i n s e r  ‘ R e t  . ~~~ extended  these r e s u l t s

and u~ ed m a t h e m a t i c a l  pr gransni ng to f i n d  (he opt  in t o . Ar ts! a u v  Ref.

- i  clop~ d an optima l i tv c r i t  i n  on t ha t  is  app l i c a b l e  to s i n ; ’  Ii ’

b~ at:; st ruet ares loaded statical lv by forces whose properti es are’ known

on ly p r En i b i l i s t i c a l  lv . 1; do t h is , he defined t i le  op t  Du a l  s t r u c t u r e ’

to be’ t ime one wher e  a 11 c ross sect i ~,us hi a\’e (lie sdus’ spec  i f  led p r  ‘ho —

h i l i t v  ~ t ta i lur e . l’hesc p i a b l o m s  ar e ’  t i l e  c o n m i ( e l p ~m m’ t o f  t h e’ ;‘rese it

s t  a ! ’ . i n  t h a t  t h e y  • m o o i m m u  that tim e s i  m- uctmm r e and t h e  1o~ d dia tn a t  i ‘no

Ft — — 
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t
are described in some probabilis tic manner but the loads are assumed

independent of time . In the present work, the structural properties

are assumed to be given and the loads are constant in the space co-

ordina te but vary in a probabilistic fashion with time . Perhaps an

enterpris ing investigator will integrate these two problems .

C. SCOPE OF WORK

The preceding literature survey omitted a few papers that were

considered redundant or of little importance . It is quite likely that

other papers were inadvertently overlooked. However, the survey at-

tempted to demonstrate the full scope of the field of structural opti-

mization with dynamic excitation and to indicate that this scope is

still quite narrow . In addition, few of the papers cited were pub-

lished, or, if publ ished , were known to the author when this research

began. For these reasons, the work reported on here does not build

on the results of previous investigations to any major extent but

rather attacks new problems . Of course, the tools needed for th e

anal yses are gathered from existing discip lines , such as structural

op timiza t ion , struc tural dynamics, aeroelasticity and probability .

The core of the thesis is contained in three chapters that deal

with three distinct optimization problems . In addition , a separa te

chapter describes the optimization algorithm used for the majority

of the examples studied and an appendix details the finite element

models that feed into each of the  three p r o b l e m s .

B -  ‘ -



The first problem is that of the structural optimization of one-

dimensional structures excited by harmonically oscillating loads .

This is similar to the cases dealt with in references 11, 5, and

but a different approach is used that provides added insi ght into the

problem . in particular , the constraint that the first natural fre-

quencv of the optimal structure be greater than the excitation fre-

quency, which was an integral part of develop ing the optimality cri-

terion ot the previous studies , is removed . Another change is that

the equality constraints on the disp lac euments or the dynamic comp li-

ance ore replaced by inequality constraints on the allowable stress

within the structure . It is felt that these innovations provide for

solutions of greater physical interest. Another facet of the present

formulation is that the feasible region is disjoint. This provides an

interesting theoretical result and one that may be o f physical useful-

ness as well. The major drawback of this formulation is that it is no

longe r possible to find an optimality criterion based on energy methods.

This forces the investigator to deal wiLh each problem on an ad hoc

basis . One way of combatting this deficiency is the construction of

anal ytical solutions to the optimization problems by the use of con-

ce’pts from optimal contro l . This is a technique that met with some

success when app lied to problems with constraints only on the natural

frequencies (Ref. 
~~
). It is introduced , with l imited success, in the ’

present investi gation because it holds the promise of providing solu-

t ions that analyticall y detail the effects of the various paramet ers .
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Chapter IV deals with the second pr obl em, which is the structural

optimization of one-dimensional structures excited by white noise uni-

formly distributed along the span. A technical note by Ni gaxn ~Ref . ~22 )

aided in develop ing the means for deal ing with th is type of probl em,

although the specific structures and constraints of Chapter IV differ

substantially from those used by Nigaxn . Since the excitation is ex-

pressed in prob abil istic terms, the constraints also have to be evalu-

ated using probability theory . Much of the chapter is therefore de-

voted to defining the failure criteria used to evaluate a structure ’ s

lifetime . The methods ultimately used were obtained from Chapter 9 of

a text by Lin (Ref. 31) and include both fatigue failure and first ex-

cursion failure . Further analysis in Chapter IV is devoted to out-

lining how the response quantities and their derivatives , which are

needed in the optimization procedure , are obtained t h rough  the use of

superposition of natural modes . Finall y, some numerical results are’

given and comments are made on points of in t e r e s t .

The methods of the earlier chapters are applied in C h a p t e r  V to

a more prac t ical pr obl em, that of finding the  opt ima l des i gn t~~~r a

wing exc i t ed  by con t inuous  atmosp h e r i c  t u r b u l e n c e .  The t m m r b m m l t ’ nc m ’ sos

represented by a power spec t rum so tha t  methods  s i m i la r  t o  t h ’ s ~ mms& ’ el

in Chapter  IV cou ld  he used to o b t a i n  the ’ l i f e t i m e  at  the  s t r Imettil ,

A comp l i c a t i n g  f a c t o r  is the translation of the atmospheric Lu rb imle n e

to the loads a wing experiences . A t e x t  by hisp lingho {f , i t  al .

IRef .  , Chap. 5) ,  provided the theory that permitted this . This

Ft — I I —



text also supp lied the example (Ref. 32, Examp le lu .c) that was opti-

mized, a tapered unswept wing that includes a nacelle and a fuselage

and allows rigid bod y plunging in addition to wing bending.

Finally, the last chapter sunmiarizes the results obtained from

the research and indicates areas that merit further study.

B — 1’ —
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CHAPTER II

OPTIMIZATION TECHNIQUES

This chapter provides a descri ption of the optimization methods

that were used for the majority of the examp les stud1cd in th i s  sa n k .

It does not attempt to describe alternative methods or to compare them

with the methods used here . As mentioned in the introductory chapter.

references 2, i~, and I; collectivel y pro\’i de a good survey of the cur-

rent state of various methods .

Briefly stated , the methods used here  involve coup ling an inte-

rior penalty function technique w i t h a ~‘aniable metric algorithm ;:; .

These methods have been described olsewhere ; in particular , Fox ’s t e x t

~Ref . 2) provides an excellent general, presentation. Therefore, t:h e

presen t chapter gives only a b r i e f  outline of the me thod with einphi: m u i s

on modifications developed during the so of the techni ques .

The first section define s t e rm s that arc conmion to optimizat i n

studies and are needed when the actual procedures are described in the

following sections . A final section o f e r s some observations on t h e

al gorithm F,ased on experience gained nun exercising i t  for tin’ prob-

lems ef  the thesis .

A. CONCEPTS OF OPTIMIZATION

‘I’h e general process of optim i zat I ‘n entai Is s ’orchmi ~ig for the

des ign  tha t  min imizes  Some ’ s p e c i f i e d  f m m n c t  i on  whm i  Ic s - u s t  vi on al l
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the limitations applied to the design or its response. This  se c t i on

briefly outlines the concepts that put th is general concept hit . quJn-

tifiable terms . Since finite elements are used for the riajori t’.’ of

exam ples presented in this thesis, time development is presented in

terms app licable to a finite element analysis.

The first term to be defined is the objective or cost function.

This is the function (or functional) to be minimized and is desig-

nated by J . For the problems of this thesis, the cost function is

always simply the sum of the design variables .

The design variable is the second concept to be defined. This is

an element of  the system that  may be changed in the process of seeking

an optimum . The present  s tud y is concerned wi th  one-dimensiona l th in

walled structures whose design variables are the thicknesses of indi-

vidual elements. The design variables are elements of a design vector

that is notationally represented by ~ t~ . A related concept is that

of the design space, which is simply the space of all physically pos-

sible design variables .

Limitations on the design are termed constraints , and it is to

the fo r m u l a t i o n  and satisfaction of these constraints that th~ b u l k

of thu e f f o r t  of th is  work is directed . The constraints are desi;~-

n a t e d  by t im e r e q u i r e m e n t  t h a t

, ( i 1 , ~~
‘ , . . . , no • of cons t r . u i n t s  , ( .1

B- 1tm -
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where g. is a function (explicit or implicit) of the design vari-

ables and the time and space coordinates .

The simple two-dimensional example shown in Fig. .1 dep icts

these concepts plus some additional terms. This figure illustrates

the problem of minimizing the cost function J = t~ ± t sub jec t  to

the cons traints:

g1 
= t

1
- l � O  ,

g2 
= t ,~ - 0.5 � 0

g
3 

= t
1
t2 - l � O

The circular arcs are lines along which J is constant. The

design vector is {t1,t~ )
T 

and the design space is given by all real

values of t
1 

and t , . This design space is divided into two re-

gions by the constraint conditions : the “ feas ible ” and the “infea-

sible ” region. The shaded, infeas ible reg ion is whe’-e the constraints

are no t sa tisf ied, while the unshaded portion is the feasible region

from which the optimal design must be found . While the optima l value

of t
1 

= t~ = 1. 1 can almost be found by inspection (or by methods of

ordinary calculus) in this case, it should be obvious that problems

involving a large number of design variables and more comp licated con-

straints require considerable ftort and ingenuity in the search far

the optimum .

A further concept that can be demonstrated with this two-dimen-

sional examp le is that of the active’ and the inacti ve constra int. At

B - 15 -
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the optimum it is seen that constraints g
1 

and g
3 

are sa tisf ied

as equality constraints (i.e., g1 = g
3 

= 0.0 ) .  These are therefore

desi gnated active constraints . Constraint g, is also satisfied , but

the optimum does not lie on this constraint so that it is desi gnated

inactive .

B. THE INTERIOR PENALTY FUNCTION

When inequality constraints are imposed on the design , penalty

function methods can be used to include the constraint in the objec-

tive function. This strategem converts the problem to one that can

utilize the powerful methods used to solve the unconstrained mini-

mization problem . Reference 2 contains a good description of these’

methods , and this presentation therefore focuses on the details 01

the particular penalty function used here .

An interior penalty function is one that forces the trial desi gn

always to be in the feasible region. The specific function used in

this work was of tu e form:

J - r ~n k g . )  . (c ’ . ~

The modified objective lun ction , , is seen to become .urbi-

trari lv large as the design vector approaches the constr aint g.

As mentioned , this has the effect of forcing the trial design to he in

the feasible region. No t e’ t h a t  the form mused here requir es that t h e’

constraint be in time range I ¶. 1 . ‘Ph i s is t amp ! ished by

I’ - 1’ ,’ -

1.
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redefining a given constraint so that it fits within these limits

,e .g., the constraint g
1 

= t
1 

- 1.0 of Fig. 2.1 can be cast into

the equivalent form g
1 = l .  - l . D/ t 1 . The r used in equation

~2.:) is a specified scalar . The procedure followed is to minimize

‘~ for a chosen value of r and then to reduce r by some factor

and repeat the optimization . In the limit as r —p0 , the optimal

result for the modified problem is seen to be arbitrarily close to

the optimum of the unmodified problem.

The extended interior penalty function method is a variation

that was applied in reference fl~• to a similar penalty function method .

Figure 2.2 depicts an optimization problem that aids in explaining

this refinement . In this diagram the function J = ax is being mini-

mized subject to the constraint that x � b (or g = 1 - ,b ’x � 0 ).

While the modified cost function ~ = ax - r /n (1.0 - b/x) blows up

as x approaches b , the extended penalty function remains finite.

This is done by using the formulation:

= J - r ~~~ C.~~g.) ,

where :

( ~n (g~ ) g1 
.:;

Gig.) -
L I.

I 
_ _ _ _- t Si

. ’
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The new expression is a Taylor series expansion of ~n ( g . )

about the point ~n (g.) = . The r e a s o n  for this esoteric con-

struction is that the optimization process can now deal with designs

in the infeasible region. Analysis of designs that art infeasible may

sometimes be inadvertently performed either during the one-dimensional

minimizati on described in the next section or by starting from an ini-

tial design that is infeasible.

The v a l u e  used for was selected by recourse t~ an argument

similar to one used by Cassis (Ref. L) for a different penalty function.

For t he  present penalty function , this gives exp (- r/~ 3 . More

comments 00 this choice i,’r are made at the end of tills chapter.

C. THE VARIABLE HETRIC HETHOD

This section describes the particular mathematical progranuning

al gorithm used for the numerical optimizations of  the’ t h e s i s .  When

this stud y was in its earl y stages , a steepest descent algorithm was

tried. The latter technique simp ly compute’s the gradie ’nt ot the’ ‘h-

j e c t i v e  fu n c t i o n  w i t h  r e s p e c t  to the design ~‘i’ct or at the  design point.

A new de s ign  is then f o u n d  b y t a k i n g  an i m p r ov i n g  s t ep  in thu  d i rec-

t ion u t  the grad f u n t  ( ‘ ‘down the b i l l ’ ; . I t is w e l l  known tha t  t i le ’

st  e m ’ p e s t  d e s c e n t  me thod  has v et ’,’ po or  c o n v e r g e n c e ’  p r op e r t i e s  b u t  i t

was h i t  t h a t  i t  w o u l d  S m ; ! !  ic e ’  t ’ r  t h i ~’ s imp le  p rob lems  to be’ d e a l t

w i t  it . For he ’s i gns ~‘ i t h more’ t han  three’ e’ I c lie n t s  , t i m  i s p r o v ed  no t  t o

be time’ clu e’

it  — —
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Following an investigation of various alternative algori thms , the

variable metric method (also referred to as the Davidon-Fletcher-Powell

method, after its developers) was settled upon. Reference 2 contains

an excellent description of this method, and what follows is essen-

tially a sumary of that description. The variable metric method can

be motiva ted by look ing at a Tayl or ser ies expans ion, about design

{ t
0
) , of an objective function:

~ (t ) = i ( t ) + [v~ (t~~)) T ~~

+ ~ . [At }~ [‘~
2

~~(t 0 ) ]  [At )

+ hi gher order terms , (2.~~)

where :

n ’~ 1

= [t —

n ’~, l

=
~~ . J [~~ j t

n~~~ n

I’ , ( t  ) 1 = I ~
‘ : 

.

i i [ t )  = t

I
B - ’ -

~~~~~~~~~~~~~~~~~



At the optimum j’\ ’~} [o} , so that, to terms of second order ,

near the optimum

= [‘
~

‘
~ (t0)} + [~~~~(t0

)] [At ) = [o} .

Starting from [t
0} , the indicated correction step is:

[~~t } = - [~~~(t 0 ) J ~~ [V~ (t0)} . (2.~~)

If this were the actual procedure used to find the new design, i t

would be a second-order method . In practice, the L~ ~ J matrix is

often difficult to obtain. This is particularl y true for problems

dealt with here since the constraints used are very complex.

The variable metric method was developed to circumvent this prob-

lem by finding an approximation to the ti~~ 1~~ matrix. The method

is outlined below and is followed by a brief justification of the al-

gorithm .

Directl y from Ref. 2
:

c i) Start with some initial design vector [t~~0 
and an initial

positive definite matrix [H] (typicall y the identity matrix ). Set

[s~ = - [ H]  [‘ii (t ) )

(2’) Find ( - t }  U
q

[S) q p icking ~m so as to minimize

~q
S
q
) . The q subscri pt refers to time iteration number.

H- ~“ - 

~~- - - -
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(3) Compute:

[H]
q~ 1 

= [HI q + [AI
q 
+ [B]

q 
(
~ .7)

I
where, des igna ting

[V)
q 

{V’~(tq~~1
) - V~~tq

))

{A)
q 

[a
q
{S)

q
[S)~~]/([s)~~[v]q)

[B)
q 

- [[EHI
q
[V)

q
)[[H1

q
{V}

q
3
T
]/([V1~~[HJ q

fV)
q)

(
~ ) Then set [S}

q~ 1 = - [Hi
q~ 1 

fV~(tq~ 1
)} and return to [

~
)

until convergence is achieved.

This rather complicated procedure can be heuristicall y justified

by the fact that, for a quadratic objective function with n design

variables , the procedure y ields [H] = ~~
That is, if is of the form :

= [t}
T
(MJ t} (N J - t}

Then: [H] = (M] ’ 
.

A proof of this statement can be found in Ret . ~~~~ While the

problems dealt wi th here are not quadratic in the de sign \s’cti’r , t he ’

assumption is made that , close to the optimum , the objective can be

approximated by a quadratic .

H - ’-



I. Interpolation

A remaining task is the elaboration of the rather innocent state-

znent contained in step two of the algorithm : “picking a
q 

so as to

minimize ~ (tq 
+ a

qSq) 
“ . This entails performing a one-dimensional

minimiza tion at each iterat ion, and it proved to be the most diffi-

cult and time consuming aspect of the optimization. The procedure

finally settled on to perform this l-D search was a rather comp lex

form of eubic interpolation that will be summarized here .
*

The goal is to find the value a that minimizes the scalar

function ‘i(t + as) . Assume that the objective function can be

appr oximated by a cubic equa tion in a

= a +b a + ca
2 -,- da3 . (2.9)

If this approximation were exact, the minimum could be read ily

found by setting the derivative of ~ with respect to ~ equal to

zero and then solving for  ((

— = b + 2ca + ~dJ = 0 , (.1 m )

* / i ~= ~~~
- c jfc 

- 
- ,~db j I’d

— ~ —
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The choice of sign is resolved by using the additional constraint

that, at the minimum, the second derivative of the function is posi-

tive :

= ~:c + ‘ d i  � 0 . (2 .1 1)

Substituting the solution for Ci from equation (2.10) into

(2.11) gives :

~d 
/ I

c :c + —

3d

= 2 ~~~~~~~~~~ 3db
1 

-~~ . ( ‘ .12)

Clearly , the positive sign must be chosen .

To comp lete the analysis , the values of the coefficients ~a

b , c and d ‘t mus t be obtained . The original design is the value ’

of the objective function at Ci = C) . The slope of the objective in

the i directi on at m - 0 is given by [ ‘ ‘  (t )) T[S~ . Itmuediately

then, a = (t ) and b = ‘ (t )) ‘PtSl . The remaining coefficients

arc det ermined by evaluating - : at two different values of Ci . in

order to assure’ convergence , these’ values were p icked so that the min-

imum was bracketed by the three function evaluations .

Once et  is obtained using the above procedure’, a test is mad e ’ a

see i f i t  indeed i s  at  the min imum v a l u e  o t  ( t  
~~~ 

) . The N e t

used was t” compu t* 
~~

‘ ‘

~ 
t -t ~ 

r s} / 1 
( ~~~~ (t t o S )~ [s = ci

I  
_ _ _ _



If a is exac tly at the minimum, CI is zero . The criterion used

was that if CI was less than some specif ied ~ then the optimiza-

tion would proceed. If not, then an additional interpolation must be

made uti lizing the new values of ~ (t + a
*s) and [V~(t+a *s))T~s)

until the criterion is satisfied .

2 . Minimum Thickness Const ra in ts

Und er certain desi gn conditions, it is possible, in the absence

of constraints on their size, that design var iables may go to zer o

and even take on negative values . Since these design variables cor-

respond to element thicknesses, it is physically and computationally

undesirable for this to happen. Various methods have been constructed

to deal with this problem , and this section describes a novel method

used in Chapter III of this work . It  is a method that worked qu i t e

well and is not well known in the structural optimization field.

The technique used is a trans formation employed by Pierson (Re f.

I ) for a continuous design variable . Modified to accept a discrete

desi gn vector , this trans formation has the form:

[t) = [t
min

} + 
1 
[
2
) . (~~.l . )

The t is a constant minimum thickness constraint while u
mm

is considered the new design var iabl e. The beauty of this trans for-

mation is the (t} remains positive even if [u] inadvertentl y has

some negative components .

B-  2L- - 
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A minor difficulty arises when derivatives are needed with re-

spect to the new design vector . The indicated procedure is to

use the chain rule by first taking the derivative with respect to [t )

and then use

~~~ ~ t
— = — —  = u— I . (2. l~~)

~ t ~lU ~,t )

D. COMMENTS

Despite the analytical underpinnings described above, optitniza-

tion techniques remain very much an art . It is felt that some per-

sonal observation from one who began this work with a limited know-

ledge of optimization techniques might prove of value to others who

are in a similar situation.

First, a disclaime r must be made to the e f f e c t  that the use of

the variable metric method coup led with an interior penalty function

should not be considered a recommendation of either technique as the

best method for solving a general problem . Each problem must be ap-

proached on an individual basis , with a consideration of the require-

ments and capabilities of each techni que. The strong points of the

method are that it is a sophisticated gradient method that proceeds

to the optimum in a deliberate fashion. Other techniques , utilizing

feasible directions ‘Ref. 3~t ) or optima lity criteria (Ref. 5), are

more efficient for certain app lications and may even be better stu d

- ---- - - - ‘-
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for the problems worked here . A further general comment is that com-

puter centers are now likely to contain optimization routines in their

libraries . The first step f or anyone embark ing on an op timiza tion

problem should then be to determine if these readily available rou-

tines are adequate or can be adapted for their needs .

Given these general cotmuents , specif ic percep tions ga ined wh ile

exer cising the programs are of f e r ed below .

The use of the - in (g.) as a penalty function is an innovation

with respect to structural optimization problems as far as the author

knows . The more comm on interior penalty function is one of the form

l/g . . The log function seems to provide a smooth function with an

easily (.alculated derivative. It would be interesting to hear of

others ’ experience with different functions .

The values chosen for the penalty parameter r of equation (
~

have to be selected in an arbitrary manner. For this thesis, values

of r ranging from 10 to lCi 5 were used . The reduction r. = r . / l~i+l 1’

was always used until the minimum r was reached.

Texts on this method advocate iterating on each value of r until

an optimum is reached before reducing it . This seems to be an unneces-

sar i ly Strict requirement and an alternative was used that reduced r

after it appeared that little improvement would be made at the present

value. This was done by specif ying that if � 1. ‘ ,/ ( i . .  1 ’  r~ -,

then r should be’ reduced by ten and the ; new optimizati on problem m i -

t iated . if not, iteration continued until the  c r i t e r i o n  was met . ‘l’h is

H- ‘3 -
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approach has the added benefit that the criterion is satisfied quickly

I for large values of r and becomes in cre asingl y more stringent as r

is reduced. For the final value of r , a convergence criterion was

$ emp loyed . The criterion used was obtained from Ref. 2 and entailed

check ing if

I
i ~~~~ [H] [

~~~f l/~ < o.’::

I If the inequality was satisfied , the problem was considered

solved; if not, the iteration continued .

The use of the extended interior penalty function described in

‘ 
Section II.B proved to be of marginal value . The main reason for this

is that the values of c were so small that the objective functions

I calculated using the extended pe nal ty function were almost always too

large to be of value in the interpolation procedure . This in turn was

I due to the way in which is calculated . ln order to assure that the

I 
transition point (i.e., c ) is between the minimum point and the in-

feasible region it was found necessary to use ‘ = exp (- r/:

I Without going into detail , it is recommended that , if the extended

penalty function is to be used , further efforts be made to obtain a

I better transition point when using the log penalt y function , or that

I 
the l/g~ penalt y function be used coup led with a transition point

calculated by Cassis (Ref. - 1~): , - r/’/

I A number of other “tricks ” wer e emp l o v e d  i n  t h e  ~‘I ’ t imi  ~:,t t i ‘a tad

particularly in the ‘‘nt —dimensional search . l ’we’\’ c’ i’ . i t  sea ms of

I
B - ,-

~

_s - ~~~~~~~~~~~~~~~~~~~~~~~~ ‘--‘-‘---‘ —“.



_________ -—-. ‘.- . - — - - - ‘ — .— ----- ——‘.‘

little value to detail them here . The main thing to be kept in mind

is the nature of the optimization process and the mechanics involved.

Some of the calculations of the next three  chapters  may appear  exces-

sive unless it is remembered why the optimization algorithm makes them

necessary . 

_ _ _
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CHAPTER III

HARMON IC EXCITATION

A. INTRODUCTION

Among the simplest dynamic response problems to  formulate and

solve are those of one-dimensional structures excited by harmonicall y

oscillating loads . If o n l y  the ’ s t ead y s t a t e  re sp ’ ’nse  is of i n t e r e s t .

the time parameter can be remov ed f rom the e q u a t i o n s  of  m at i ‘in by ,ms -

suming that the structure responds at the frequency of cxci tat ion . I t

was supposed . therefore , that this t y p e  of problem w in id he ’ a lu g  i ca l

beginning to a study of structural optimization in the p r e s e n c e  of ei v-

namic loading . The results of this chapter indicate ihat this smIp I’ ,’s—

ition is essentially correct but that there are unantici pated di it  i -

culties related to’ the fact that the fe a s i b l e  r eg ion  i s  d i e  i ’ ’ i  n t  . In

or d e ’ r to demonst  ra te ’  t h i s  d i f f i c u l t y ,  so me ex t remelv simp le’ ex amp le ’ s

are presented in the f o l l o w i n g  p a r a g r a p h s .

Consider a unifo nn canti le ’vered rod c’xc it e d by a unit , ‘rmlv d i e —

tr ihut eel sinusoid al t ’r cpie . [‘lu’ d i f f e r e n t  al  i ’q i i a t  i o n  and re ’lii t c c i

boundary ‘‘tidi t i a n s  f o r  t h i s  s’,’~~t em i r e ’ ( Re ’ t . , Ch a p .

/ ~~~~ , ,‘ d i

— ( Ci — ) — I — T e’ . “ . 1
~x \ .x!

P — ‘ I —

-. 
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_
~
-_-_

~~ 
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and

“-I

0 and G J— = 0
- I

x=L

Here , to is the excitation frequency. The amplitude of the

steady state solution of Eq. (5.1) is

~(x) — 

G

_
T

J
~ 

I
cos ~~T~

’ x - 1 -
~ tan sin ,tJTx ,

where

0
I ’

x
GJ

A graphical representation of S(L is presented in Figure 5.1.

The p o i n t s  to be made are  tha t  the m a g n i t u d e  of the d e f l e c t i o n  does n o t

in ere’,lsc n1oL~) t on L c a 1l y w i t h  the magn i tude  of the ’ e x c i t a t i o n  f r e q u e n cy  and

t h a t .  g i v e n  a sp e c i f i e d  d e f l e c t i o n , there  is not  a un i que va lue  of tim e ’

c x c i t at i ~n f r e q u e n c y  t ha t  r e su l t s  in that  d e f l e c t i o n .  In f a c t ,  there  are

an i n f i n i t e  number d)f such cxc i  t a t i on  f r e q u e n c i e s .  ‘l’liis s h o u l d  p r ovide ’

an i n k l i ng  of  the p rob lems  to be e n c o u n t e r e d  w i t h  a h a r m o n i c  e x c i t a t io n .

To make i t  more e’xp l i c i t  . a f u r t h e r  examp le is p r e s e n t e d  b e l o w  t h a t  in-

vo lve’s a s t r u c t u r a l  op t  i r c i z a t i o n  p r o b l e m  w i t h  only two de sign v a r i a b l e ’s . 

— — -  -. - - -- - - - -—  -
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B. TWO DES IGN VARIABLE EXANPLE

This section seeks the optimal design of a thin walled canti-

levered rod excited uniform ly in torsion by a harmonically v a ry i n g

load . If this system is modelled by two finite elements of equal

length , equations from Section A .l can be specialized to the n —

case to give the stead y state equation of motion :

(l ~ I r L2 2(t1 +t ) t 
+ 

t 1 + t , - t, 01

2~cGJ - t~ :‘t - t ,~ ~ / ~2

TL’

- 

~~ T 
‘
~~i 

.

The constraints considered are that the magnitude of the stress

be no greater than some specified value . From the Appendix , the stress

ca n be express ed as:

1 0 S ~ l ~e s }  — 
_

~~~

_ 

~~~~~~

The m a t  iv ,ition t r repr e senting t h e structure b y two design van —

ables is that it is p o s s i b l e  to ’ depict the results graphi cal l y, thereby

gaining a qua litat ivt’ el e’ se ri p t  [ a i m  of what would be encountered with a

more realistic r epr e sen t ation containing many elements , in this par-

ticular case’ , an added b e n e f i t  is t h a t  i t  is r e l a t  [ ye ! ’,’ e a sy  to compute ’

B- -
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the s t ress  amp l i t udes  exp l i c i t ly:

:~ 
~l 

~‘GR 5T t~~~1 -

= °l =
S L DETmax

(5 .~

s~ 
,
~GR T (5X t . + t (i -

(~ 
,~~ n e~~ 1 e

— 

~~2 1’S L DETmax

where:

0
‘~“ I , L~

=e

T = TLR/(bJ ~ )
n ~ max

DET = t 2(t 1 (1 
- 
~~~~~ 

- t~ ( 0  -

The constraints for this problem are that the absolute values of

s./s must be less than unity . In the n o t a t i o n  of Chap te r  I i .  the se’i. max -

are written as g. = 1 - ‘S . S )‘ � 0
1 1 max

Figures ~ .: and 5. - show the  f e a s i b l e  and i n f e a s i b l e  re ’ e~i ‘ne t ‘r

values of “ e 
ranging from zero to three and for T equal to 3.

For the .k = 0 case; ( s t a t i c  l o a d i n g ) ,  pr c ’se ;nte el  in  Fi g. ,, ‘ , a .

the constraints ar e ’  see’ n to he two straig ht line’s . ‘lime c s t  e imc t i , ’n

is simp ly J t 1 
t so that t i l e  c ’~ ’t inmu m i s  at time ’ interse ct i on  c i t

these two lines . Figur e ’ “ .
‘
~ b shows tim e’ desi gn sp a c e  t ar 1 / ’:

— ‘,r, —
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and it is seen that there are two separate teasible regions . This is

the difficulty that is illustrated by this example and is discussed

further below .

Figure 5.” (a~ shows the results for X
e 

= 1 . The c o n s t r a i n t

at t
1 

= 0. ‘ is a minimum thickness constraint that is included to

eliminate the t
1 = - . so lu t ions  that satisfy the stress constraints

but are physically unrealistic . It is seen that the least weight solu-

tion is in the upper region at t
1 

= o. and t~ = J.~ 5 . Finally,

Fig. 5.~ b) shows that for the X 5 case there is again onl y one

feasible region.

The exp l a n a t i o n  for  th i s  cur ious  behavior  is to be found  by s t u d y-

ing the ci genvalues of the system . Let and X ,. denote the non-

dimens iona l  va lues  of the f i r s t  and second cigenvalues . In Fi g. 5 . ’

the desi gns with “ l 
equal to the excitation frequency are all on a

s t r a i ght l i ne  emana t ing  from the o r ig in  w i t h  an equa t i on  given by

t
1 

- -  . ‘ t . This line proceeds directl y through time’ middle ’ ot the

i n f e a s i b l e  reg ion , di v i d i n g  the des ign  space i n t o  two d i s t i n c t  re gions .

Clearly designs timat have X = X 1 a re i n f e a s i b l e  b ecj us e ’  t h i s  re ’pre ’-

se n t s  a resonance c o n d i t i  on w i t h  an unbounded  r e sponse ’ . Time r eg ion

t 1 > ‘ . - t c o n t a i n s  des i gns where > 
~~ 

w h i l e  the reg ion

‘ . t contains designs where’ l ), . Each of  t h e se

re ’g 1 ‘mi s lois i t s  own opt  m u m , as is th ’r non st  r a t ed  by t i i~~ ’ t i c i ii i i ’ .

Se’e~enreich and Ri z z i  (Re ’ t . ‘5 )  have  shown t ha t  t i le - e igenval ties of

caii til eve ’re ’ el reeds rn- de l le’d in the’ t a~- imi on el e ’se ’r [bed in tile’ Appendix

1 4_  ~~~
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have prescribed limits . For the specific ease of two design variables

of interes t here , these l imi ts are given by:

0 
~ ~

‘l ~ 0.5

� X~ � 2.0

As a function of the excitation frequency, there are, 
therefore,

either one or two distinct feasible regions . These regions are given

by:

Excitation No. of Eigenvalue

Frequency Regions Relationships

A 1 )~ , > X  >~~
e 

- 1 e

( 1 . )  0 ”  A

o < k ~~~~0.5 
2 

C 1

e 
~~

.) 0 � A
1

i l .)  A c, A -

A <. 2. I 1

e 
~2.) X 1~~~~A 0~~~~ -

~ >2. 1 A
e e , 1

The ‘
~ 

0. case exp lains why Fi g. ~ . h )  con t ain s  on ly  one

feasible region; the excitation frequency is greate r than a ny

eigenvalue of the system .

p - ‘ -

---
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I t shou ld be clear why this disjoint property of the feasible re-

gion presents a difficult obstacle in the search for a global optimum .

While it is pos sible to analyze the two design variable case graphi-

cal ly in a thorough fashion, this is not practical for designs with a

greater number of elements . Figure 5.1 was presented to motivate the

hypothesis that for the continuous case there are an infinite number

of local optima corresponding to the infinite number of distinct re-

gions where X • < A < A . , i = 1,2, .. .,~~~
1 e i+l

For problems with an arbitrary number of elements, some method

such as that described in Chapter II has to be utilized to search for

an optimum . But such methods have the drawback that the search takes

place inside one feasible region. Therefore, f or a given problem , t i le ’

global optimum is found by selecting the minimum of all the distinct

local minima . Cassis (Ref. 214) encountered disjoint feasible design

spaces while studying a different dynamic response problem and found

it preferable to search for the optimum in the infeasible region by

using an exterior penalty function method. His thought was that the

solution would be more likely to proceed to the global optimum . But

this technique provides no advantage here since an exterior penalt y

functi on techni que still proceeds “downhill’ and would not , therefore’,

cross ove r the infinitel y high “ridge ” where the excitation frequency

equals an c’igenfrequency in order to descend into the  “valley ” of the

global optimum . More coments are offered on this problem in Section D.

B- “ -
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It might be supposed that the disjoint nature of the feasible ’ re-

gion is due to the omission of structural damping ; in a sense , this is

true . The addition of damping gets rid of the infinitel y high rid ges.

since a damped structure excited at its resonant frequency has a fi-

nite response. A brief study that included damping was made , and a

result from the study is presented in Fig. 5.~’ . The figure superim-

poses the A
~ 

= l/t ’ case of Fig. 5.5~ a) and the results from an iden-

tical problem except that the shear modulus was multi p lied by (1 ~

where ci is a small structural damping factor . This is a techni que

f req uen tly used to take account of the fact that structures have damp-

ing present in them (Ref. 5; , Chap. 12). The value ol’ ct used to ob-

tain the results shown was .1 — an unrealisticall y high value, b~ t

one that dep icts the damping effect clearl y. It is seen that the

damp ing reduces the infeasible region and prevents it from extending

to infinity. The disjoint character of the desi gn space has been

eliminated , but two minima are still retained as pockets of t h e  uni-

fied design space. The basic problem of finding time global - ‘pt [miii ;;

still remains . Note that the optimal solutions for the cl amped c O S e ’

do not differ greatly from the undamped case. Damp ing was not in-

cluded in the analyses presented iii the remainder o f  t h i s  c h a p t e r

since it was felt that the benefits gained from added p r a c t i c a l i t y

or realism do not offset the complications lot r edu ced by comp le x

variables.
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C. FUNCTION SPACE SOLUTIONS

Before proceeding to the finite element solutions , another pr ’-

cedure that is app licabl e to these sorts of problems is presented :

that of solving optimization problems by dealing with the differen-

tial equations directly. The mot iva t i on  for this section comes from

the success others achieved while apply ing optimal control techniques

to structural optimization problems . In particular , Weisshaar (Ref. 7)

and Armand and Vitte (Ref. 8) were able to find optimal thickness dis-

t r i bu t i ons  for  a number of problems that  had constraints on the system

-

‘ 
eigenvalues .

This section develops the criteria for an optimal solution for a

harmon ical l y loaded structure and solves some special cases .

Onl y one-dimensional structures are used in this study ; therei’am’~’ ,

the equations can be put into the firs t order form generall y used in

control theory:

= [F(t,s)]{x: + ( P ~ . ( “ o  -

Wi th bou n da ry cond i t i o ns at s - - and e 1 . The t e r m s used

are defined as:

= tx s)} = n 1 v e c t o r  of  state’ va ri abl e ’s

t t s )  -- t h i c k n e s s  d i s t r i b u t i o n ,  time control
variable c m )  the j)rnl)lem

B — ~, - ‘ —

I

- —~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~_
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— - — -~~~- - ‘~~~ ‘-~ ---- --.- - -- -- ‘- -‘- -

and

[P~
1 = n x 1 vector of the load amplitude

)‘ = denotes a derivative witi’ ‘-espect to s

s = the nondimensional coordinate and inde-
pendent variable .

I

The analys is given below is an app lication of the methods de-

scribed by Bryson and Ho (Ref. 5” ) .  Onl y the barest outline of the

procedure is presented here .

The problem statement used in this thesis is that of minimizing

the weight subject to constraints on LPc response . Mathematicall y ,

minimize

J = ft~s .

Sub c c  r to

tg x , s , t ) }  ‘ ‘

- 1 vec tar . (:, )

The Hami l tonian is constricted by using standard procedures ~m f

~ [ x  T ( [ F ] ~ ~~~~ 
-
~ ‘ i) i+ . ‘

t
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$
where

[x ) = n “. 1 vector  of a d j o i n t  st a t e s

= q ~, 1 ad jo in t  vec tor  fo r  the c o n st r a i n t s

The value of ;~~ . is zero when g. 1 0 and is � 0 wh en g . =
1 -

The Euler-Lagrange equations are:

- - ( g
- — 

_~~~~~T [F ]  - { g ~~ :—~I x l  ( ‘ x l

And the “control equation ” is:

-H ~.F
— = 0 1 + ~~~~ 

H 
~~~~~

‘
- {~~) T ~~~~~~~~~~~ 

. ~~ . li

The transversality condit i on provides the required boundary con-

ditions

‘T 1 .  
1

L’i ; x 4  - .

1)

It is felt that time method i~s he ’ s t d c i  i t  is’ i  t i m l i t r e ’ l i v  e xample’ .

Hope fully , t he -se examp le ’s also d i n  iv time’ t e c h n i q u e ’ .

I i  - - - 

~~—~~~~~~~~~~ - - ‘ -~~~~~~~~~~~~~~~~~~~~ - ‘~~~~~ ‘~~~~~~~~~~~~~~~~ -



1. Example: Cantilevered Beam With a Static Load

A cantilevered beam acted upon by a uniform static load has a dif-

ferential equation and associated boundary conditions given by

ci ’ 
/ d w \
(El — -

~ ) = p 
,

dx ’ \ dx ’ /

dw d’ w~~ ci / d w \ ~~
= — = E l— --- = — ( E l — I  = 2- ,

dx dx dx 
~, 

dx
x=L - x = L

Using notation and assumptions given in Ref . ‘7 , the first order

form of this system is

x
1 

0 1 0 0 x
1 2

:. 

= : : ~ 
:-. •

~~~~:

-D 0 ‘2 x~ 1

x
1 
(0) x ( ) x ,. ~l) x~ ( 1 )  0 ~~

-‘ 

~~~~

where’

w ” i,



and

1 dw

I

t d ’ w
x
S 

= -_;E;.
L’~ dx ’

1 d  / d ’ w \
= — —  — (t— )

L~ dx \ d x J

PL5

The optimization problem is specified as that of  finding the

thickness distribution that minimizes the total weight while satis-

fying the constraint that the magnitude of the stress along the’ vpan

of the beam is less than some specified S . By i i s e ’ ” f  t ime a-
max -

miliar Leermula S = (Ed- , ) :ci w!dx’ ) , th i s  c o n s t r a i n t  c ami  be’ put

into the form :

1 - a x . t

where a - EdL ’ S
m ax

Eq uati on - ‘~~ . is then:

/ l x
1-1 t ’ 1x ‘ _ ‘— -— - e~~~~x e ’- m i ’ e ; i

(~
l _  “ “ )

B. ‘ , ‘ 

-



Equations (3.1 - ) and (5.11) are evaluated t o  t~i v e ’ :

I 
0 0 ‘2 ‘2

A -l 0 ‘3 ‘2 
~
‘2 

-- - 

0 -l/t 3 -3 X~ sg n x .

-~ -l ~
- 

, .1 ~

H - x .,a x ‘ ‘ , x i
— ‘3 — 1 - -

~ I - — S—  — . (5 .1
- t t’ t

_ 
t • t

Time last substitution is made because if ~ ~ 3 , [a~~x , ) ‘ t J  I

The n ot a t i o n  sgn ( ) d e s i g n a t e s  tha t  o n l y  th e’ algebraic sign

F of the  q u a n t i t y  is used .

The boundary cond i t i ons  on the adjoint variables are

1 (1) 
k (1  = - . ( ‘2~ ‘ ‘2

[‘[me’ first order equations and time boundary eondi Ii otis clvi ’ j I;r,uc,lj ate l v

x . P ( s  - I )

x . P s  - 5 i ’ii

‘— . l - ’

L - - -‘
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These results can be p laced in Eq. ( 5 . 1 5)  to give :

I
l + ~~ = 0 t~~~~ - -~~~~~~ .

Since is zero only when aIx
5

J / t  is less than  u n i t y,  i t  is

clear that t � ~~~~~ (1. - . s  + s2 ) . Equation (5 . .  ) states that if

g is zero, then t = 0 and the inequality on t is violated except

at s = 1 . Therefore, ~i cannot equal zer , requiring aix . t —

1. across the span. Stated another way, this says that the optimal

solution is the one that creates a fully stressed structure . This is

a well known result for problem s of this type with a stati c loading .

The entire solution can now he written down as:

t = — ~ - aP ( l  — - s -~ - s ‘7:

x - s a  - , as

x1 - s’ -
‘ - a 

~
- a;~ / ‘ . ~~, .

The ease wi tim which this analytical so l o t  ion w i ; -  e ’bt ai  ned ;;cike- ,

it appear that so h it ions wi i-h a harmonica I l v  cue i i  Ia  L i  ne; load might

also be t rac tat) ii ’ . [‘[me ’ t erm u l i t  ion t or tht ’ sam e ’ p r ’h  [em i s  a) ’  ‘y e ’

cxc op t  that the excitation is harmoni c wi tim I re ;i ]i i e ’ 0 e v  ‘ C i i ;  he-

w r itt e n in t e r m s  c i  t h e  s t a t i c  pr ’’ble ’m h e  a e i e i i n p  s e -v i r a l  i-c-runs . T i m i ’

subs cri pt ( )~~ in time’ [ol lo wh ime : e ’ qdiit i on s  r e t  c-r H I ‘ l i i i ’  stat Ic

p h



______ - -

- 1

and ‘ is a nondimensional frequency equal to ‘Y m L 
- 
El

C

With this notation , the changes in Eqs . (5.t )~~(5.l r ( for i-lie harmon-

ically c-xcited structure are :

- “ tx + Pc i

H = 1-i - r - ’ - 1 ” txst -~~e 1 -

= - i - -
,

1 e

-H ,hl
- - . ‘ - -— - — t -’. - x = -_ .

- ‘  t-- I
, t

The-se a d d i t i o n s  p r e v ent determi iiiim 0 timat time optimal st r i ict m ;rm

— 
is fei l ly stressed . Without th is, it has been found impossible to’

r e - i t  t h e s e  e q u a t i o n s  anal yti cal l\’ . N u m e r i c a l  t e c hn i q u e s  t h at  so lve

th e’ t w a  p m i n t  b o u n d ar y  v a l u e  p r o b l e m  aui el the ’ a s s , c  iate ’ d c - n t  r ‘1 e - q o a —

t io n  ;,ive been  app l ied w i t) ’  little success. [‘he ’ m a i n  d i f f i c u l t y  is

in deali n g w it im time stress constraint. ‘l’h e chma r ,m e t e ’r 0 1  t ime ’ s,e lu t i - ’ im

c h a i i i u - s  i t  Lime ’ value m e )  s whe r e - t h e e  c ‘m ist rai im t clm anee’s r ‘is be’ j ng

i u , u e -tj ’ :e ’  t o  b e i r i e ’, a c t i v e .  ‘h i s  re ’ [u i r ’ - s  ‘ , e t e ’ h m i e i m ’ ,  I ‘pc - t i m e r  l r c i m  , i s

‘ ‘ : - : i ’l a in ed  in R e t  . 
‘
, ( ‘ h p .  ~‘ . i t  i m m u r e  i ’ i e  il tec hm ni q u m e - s  a r c  t o  C i ’

u s e ’ 1, i t  S e em S  p r e ’ ( e r a h h e ’ t i e  c - i n v e r t  t i m e ’ p r  ‘ b l e - i m ;  to we e i m m c ’ i m s t i ’ , e i n e ’d

inc  le ’ , u i s i n y  t h e e ’  pe-0 1 tv t enet ‘n n e - I  i i  -d i s  d e s c r i b e - e l  e m Se ’~’ t  l e n  l [  . H .
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If this is done, Eq. (5 .7)  becomes

- I
J = f [ t _ r I n (~~)]d s ,

0

and the difficulty in patching arcs is avoided , albeit the formula-

tion becomes slightly more complex .

~~ . Example: Torsional Rod Excited by a Harmonically Var ying En,~ Load

Consider a torsional rod that is being excited at its tip by a

harmonically oscillating load with frequency si and constant an-ep li-

tude T . Pose the problem of finding the thickness distribution

that minimizes the weight of the structure subject to the constraint

that the tip rotational amp litude is equal to a specified value D

This problem was first solved by Icerman using energy considerations

and with the additional constraint that time first natural frequency

of the structure be greater than time excitation frcq eie ’ne’,’. It is

similar to a problem studied by Ashi i-v and Mc Intosh Ret . i - i  ace d [iv

Turner Ref. - )  who found  the min imum w e i g h t  s t r e i c t e i r e  t i e r  a c a n t  i-

levered torsional rod with a fixed ti p mass and an e qualit y c o ns  t c i  i cit

on the’ f i rst natural frequency,

With the familiar assumptions tima t hi h,i t and 1 - I t

the differential equal ions em  he ’ put i nt e the I ‘ rm-; i-e i . ‘

1 _ 
~~~ 

~

i i  — -
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And the associated boundary conditions are

x
1 (C- ’) = 0

x
1 (l) = D

x (l) =

where

0
‘I ’ I L’

2 _____

GJ 
-

Note that the equality constraint and the excitation are con-

tam ed in the boundary Londitions . The inertial loads appear in the’

- 
“ t term.

The Hamiltonian of Eq. (5. ’2) has the form:

A x
H = t + - X~

’ - tx
1 . (5 .7 - ’

Equations (~~.l and (5.11) give the relations

i i  
- 

t A
1

- 

1 ~ 0 ~~~~
- 

~ 

‘ 
( :  5\

~I 1 
~- x

— I 1 - ~~~~~~~ - X ~~” x 1

anti lii ’ h; ’ i i i iehie r v ciend it i oem ‘

B - ‘ - -
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I

A solution is found by noting that Ic2 and x
1 

are equivalent

in that they have the same differential equations and similar boundary

conditions :

( tA ~~( ’ + ~“ t A 2 = 0 X~~o) = 0 , t - ’ ’ ( I )  = c
1

(tx~
)’ + ~“ tx

1 
= 0 x

1 (0) 
= 0 , tx~~~i) =- T

Since the differential equations are linear, this requires that

= - c
1
x
1/ ,

wher e c
1 

is an unspecified constant.

Similarly, it can be shown that

= c
1x 

/ . (5.,~~
’a )

Substituting these relations into Eq. -r~ . “ ) pives

- i  -~
c ‘ c x ’

I, — 
,, _~~~ ‘ ‘  

— 
= I C  , 5 . ’i’ t

t ’ ’r T

Since x tx~ . this c-en he writt e n es

(x
1 

- ‘ B’ ‘
XT’ 

~~~ - - - ~~ •

wh ere ’  B ’ T 1c 1 . 
‘

I 
_ _



Murphy (Ref. 58) lists three solutions to this differential equa-

tion, but they are essentiall y equivalent and can be expressed in the

general form

± sj nh  (C ± ~ s )  . •
‘

Here C is the undetermined constant of the’ differential equa-

t io n .  App ly ing time boundary  c o n d i t i o n s  on x 1 gives

= D s in im - s ‘sinh . ‘7. - i )

N-ate that  th is  d et e r m i n e s  t i m a t  e
1 - - - T sinlm ’ ’/(D”Y .

Placing this value for x
1 

in time original differen tial equa t ion

gives

cos h ‘‘ s s inh  dt
t ’~

’D + - 
- t ~~.- 

— = — fl~
’ tanim s ds . (5. ’ ,

sinh ~
‘ sinE t

Integrating both sides :

- em t — — In cosim 5 C

er

I C . ‘ ca sh’ mm • I , - • “

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ _  ±T

’1

~~~~~~~~ 
- -
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The relation tx’
1
(l) = T provides a value for c , and hence fi r

the optimal thickness distribution:

T
c — eosh ” sinh ”

- - ‘I’)

and

T cosh ~
‘ sinh P

t = —  - - .

PD cosh~ 
‘s

This is the result found by Icerman while including the constraint

that the first natural frequency must be grea te r  than  the  e x c i t a t ion

f requency .  This c o n s t r a i n t  was not  exp l i c i t ly  i n c l u d e d  in the pr ese’nt

formulation, but it is clear that the constraint is satisfied since the

solution is identical to Icerman ’s.

The question of whether additional solut i- ens exist t ha t  di) not

satisfy the frequency constraint , and , i f  so. wha t  they  are , took Lip

a large part of the time spent on the th esis. ‘[‘lie’ answer to the quees-

t ion  of ex i s t ence  is c l e a r l y  “~‘c’s ” and can be d c m- ’n s t r a t c d  by lookinc ’,

at the beh avior of time solution is hoc-mi n es 1 arpe’ . The to [ al we’ I ;‘,iit

of the structure is proportional t o :

j  f  tds = T sinh~ - /.  P~~ • ~ 

~~~~~

3 increases m,eno t,en i i i i  l v  a n d w it h~~n t  l i m i t  as ‘‘ incrc ,i’ c;-

The curves ‘i t Fig. ,~,.l -1m w  t h i : i t  a u n i t  e~;m rod can i i se i  S u e t  j S I \ ’  tim ’

B - -
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x
1 (1) 

- D c o n s t r a i n t  at any number of exc ,ctation frequencies . Clearl y

then , the ’ u n i f o r m  rod at  some f r e q u e n c y  s a t i s f i e s  the c o n s t r a i n t  and

h a s  less we i u ’ h i t  t i t an  tbm e “op timal” solution . Th is irmdi eatcs that time

s olu t i o n of Eqs . ( 5 . 1 — ( 5 . : ’~’) i s  not a g loba l  s o l u t ion  t a r  a l l  ir e -

quencies .

Once this fact is established, the eenanswered question is: “What

are- t he other optima l solutions ’. “ At f i r s t ,  i t  was thoug ht  that addi-

t i o nal  s o l u t i o n s  cou ld  be found  f a r  E q .  (5 . :  - ) .  After a long fruit-

less search icr other solutions , it was determined that the p r ob lem

was ill -p - s~’ - : . r em a special sense.

The’ adjective ill-posed has generall y been reserve-ct f o r  fo r meel a—

t~ L ’fls t h a t  pos se - o s  [ii’ s o l u t i o n s  i C r  n i  phy s i c a l ly  m e a n i n g f u l  ones .  A

structural optimi zati on examp le’ of such a problem is that of finding

the minimum weight thickness distribution for a c a n t il e ver ed  rod w i t h

the c o n s t r a i n t  t h a t  the f i r s t  n a t u r a l  f r e q u e n c y  of the opt imum rod

have the s ame n a t u r a l  f r e q u e n c y  as the un i  fo rm rod .  I f  thei rod is

m o d e l l e d  in the s ame way as was done a t  i-lie beg in n i n g  of i -h i t s  see-

t i~~e e i , i t  is r e l a t i v e l y easy Li m ;l i ow (Re f . that t imi s  p m ’ ‘ i m l e ’ r m state-

ment i s satis fied hv a u n i l - a rr u rod of  v a i m i s h i n g lv  s m a l l  t h i c k n e s s ,  a

ph y s i c a l l y u n i n t e r e s t i n g  s o l c i t i , ’ e i .

S i n c e  Eq .  (5 . ~ - 1~ ) pives one’ so l o t  ion to  t ii - p r ’b l  c iii at  [ma ce d , it

c a n n o t  be C ’ i e e i 5  i d u ’ r e ’ d  I - u  he ’ i l t h i ‘s e c t  i n a s t r i c t  Se m is , ’ • h h , ewe ’ ’,’ e’r ,  ‘v

m ode-I l iemg the’ r e d  m l ti m t h r e e’ eq u a l  l e - i m p t i m  ;ue ’pm e ’il t ;; . c -ac - li m l  t I m  c o n s t a n t

t h i c k i e e - s s . i t  is p o s s i b l e  1 - ’ f i n d  , e i i , i [ v t i c , i l  s o I u L i o e m ~ t h a t  ‘ - e l  i s l v  

—— ~~~ -~~~~~~~~~ - --~~-- -~~~~~~~~~~ 
-
~~~~~~~~--- 
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all time boundary conditions ari d c o n s t r a i n t s  and tha t  tiaveu a v a n i sh i n gl v

small thickness distribution. The diagram below gives a quali tat ive

comparison of the mode d e f l e c t i o n  shape given b y E q .  -“ . 1)  and the-

mode shape tha t  th is phys i ca l ly u n r e a l i s t i c  th ickness  d i s t r i b u t i o n

would have .

I 1~O

As the t h i c k n e s s  goes t o  z c r  for  time second  s o l e e t  i n ,  t i le’  d is  -

p lacement  is m m n b o u n d e ’~i . e x c e p t  I o r  t m i t  e ’  vol  ties i t  t i l e  n ’ . t and tj~~.

A phy s i c a l l y rne’a n i n g f t e l  p roblem s t a t  emcnt :  m e es t .  t h e r e - f o r e - , have ’

additi - n i t  1 e’i in s  traints ori t t i c  r e ’s p o i s e ’ 01’ ~ l v i  lye’ eii u i n m m , - s  i n  t t ie  u v s  —

te rn e q u al  ions thi ( ’ms e’ lVeS . l’ ’s - ib le ’ m ,idifie ,-e ti ie n s incl u de

( 1 ‘1 [ rn 1e , i s  ing a minimum -il I uiwaii I e - t h i c k ne s s  co i l s  t rim jut

(. Add it i i  n mm of no i l — s t  i e  ic t’ ei~ ,e 1 ‘ m e - mu ,’e l imp t im e ’ ‘ I

‘7 M ‘r c  e ’ n s t r - ( i n t C -  cii t ime ’  r e s p o n s e  ‘ j i i ’ e m i t  i t  i t ’ s •

c o e l s t r - e i n t  me n  t u e  s t r e s s  - ‘ r  t i m e  m h l i , [ e [ , I ’ , ’~5c - - ‘ -
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The first two modifications were successfully applied to the opti-

mization problems with natural frequency constraints but have been un-

successful for the forced case developed above . It is felt that, even

with a minimum thickness constraint or a non-structural mass addition,

an optimal structure with the frequency of excitation greater than a

structural natural frequency has discontinuities in thickness. Specif-

ically, it appears likely that the optimal structures have concentrated

masses ; i.e., thickness distributions that include terms of the form

t ~(s - s ) , where ~ is the dirac delta. The motivation for this
C C

speculation comes from solutions obtained using finite element models

and piecewise constant continuous models . More conmients on this are

• offered at the end of the chapter.

Inequality constraints, such as those mentioned above, can be in-

cluded in the manner described in the original formulation. Unfortun-

ately, the added complexity has made the problems so far insoluble by

analytical means . As mentioned, there is no reason why the equations

could not be solved by numerical means . However, once the decision is

made to go to the computer, the most efficient means of attacking these

problems is by the use of finite elements . The next sections detail

how this can be done .

Before proceeding to this analysis, it should be stressed that

finding additional function space solutions remains as a suitable goal.

Variations on the example above are the only analytical solutions for

harmonically excited structures , as far as is known. Additional anal ytic

13- 5 -
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I
solutions would aid tremendously in uncovering the special features of

this type of problem.

D. FINITE ELEMENT SOLUTIONS

The frustration encountered while dealing with the function space

formulation led to efforts utilizing finite elements . In any realistic

problem, the use of finite elements is practically a necessity ; but the

generality and elegance of function space solutions makes them the first

choice for preliminary investigations .

Examples are given below that extend the two element case of Sec-

tion III.B to similar structures modelled by up to ten finite elements .

Further examples deal with a cantilevered beam structure modelled by

various numbers of elements.

The constraints used for these examples are inequality constraints

on the stress . The ~ppeudix indicates how the stress can be determined

as a function of the uisplacements . With this formulation, the aug-

mented cost function has the form:

= t. - r 

1=1 

!n [1 - (S ./S )
2
] (~5. -”

Note that the constraint ~~ 5 a 
is handled by squaring the stress

values, thereby obviating the need for absolute value brackets .

B - -



The thickness is transformed by a technique motivated and de-

scribed in Section II.C:

= t + ~~~ u~ . (2.11)
mm 2 3

The u . are considered the design variables. Derivatives of

the cost function with respect to u . are given by

r S . ~~~~~~~
— = u . 1 + _______ ~ 3- 1 

. (3 .57)
~u . (s )2 [1 - (s./s ) I

j  max m=l m max

The specific examples given below develop the values for

1. Example: Cantilevered Rod

This section deals with a cantilevered rod excited by a uniformly

distributed load in torsion. Figure A,1 aids in depicting the nature

of the problem . The steady state equation of motion for the problem

is given by:

(- u [MI + [K])[e~ [p~ . (~ .i5~
)

The stresses in the elements are developed in the Appendix:

GRn
S
1 

= — , (Cont’d)

L
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GRn

: 
s~ = -r- ~~ - i = 2,3,...,n .

- By taking the derivative of Eq. (3.38) with respect to t . , an

• expression for the [~e/~t~1 vector is obtained :

2 2 ~ [M] ~ [K] \

- 
~ ~~ 

[M] + [K]) — = - °
~e 

+ — ) {e)  . (3.39)
~tj ~tj ~tj

Note that [ e J  and (~ 9/~t.} in Eqs . (3 .38) and (3 .39) have the

• same coefficient matrix. This fact can be exploited by using a sub-

routine that solves [A][x) = [b) by decomposing the [A] matrix

(Ref. 39) .  Since the [A] matrix remains unchanged, it has to be

decomposed only once to solve for the n + 1 systems of n simul-

- taneous equations to find the separate vectors (e} and [~o/ ~j t . }

j = l,2,...,n

With [~~&/ ~~t .} determined, the stress derivative is found

directly:

GRn

~t . 
— 

L ~t .

GRn ~6 ~~ i
= — __J. _ - ( ~~ )

L ~~~ ~~~

I —

U

L _ _ _ _ _ _ _ _ _ _  
_ 

_ _ _



All the tools necessary for a solution using the techniques of

Chapter II are now assembled . The numerical values used in the com-

puter program were

G = 3 7 5  ~~. psi J
0 

= 271R3 
= 1352

S = 5.5 x l0~ psi p
5 

= 0.1 ibm/in
3

R = 6 inches I~~ = = ~.2 slugs

L = 120 inches p = 35,200 in-lbs/in

t = 0.02 inches
mmn

A check on the algorithm was made by first solving the ci~ = 0

case. By using the methods of Section III.C, an exact answer can be

found for the optimal solution for this statically loaded case. With

the values of the structural parameters given above, this solution can

be written as

p RL
t = (1 - s) = 0.34 (1 - s) . (3.~+l )

S Jmax

Figu re ~.5(a) shows a comparison of the optimal solution obtained

using ten finite elements with the exact analytical solution. The

agreement is seen to be excellent .

Figure 3.5(b) shows a ten element solution for ~~
‘ (fl~I~~ L2/n~GJ

= 1. . It is seen that the effect of the excitation is to make the

B - -



. .

1

.40 — WEIGHT = .1712
.
~~ ~..

— 
-I. ..-EXACT SOLUTION FOR 0.0cn 1.... eCl)

LU 
___________

•

I—.

00 I I I
.00 .20 .40 .60 .80 1.00

S (=X /L)

-t -

a = 3.
e

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

.00 .20 .40 .60 .80 1.00
S

b ’ 1. 1
e

FIG. ‘.~~--Opt imal  Thickness Distribution for a Cantilevered
Rod Using Ten Finite Elements.
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thickness greater all along the span, compared to the static case.

This is because the inertial loads act in phase with the excitation,

necessitating a stronger structure .

Finally, Fig. 3.6 shows two solutions for the case =

The solution of Fig. 3.6(b) is an example where the fundamental frequency

is less than the excitation frequency and is designated the second sol-

ution. This second solution is lighter than the first solution by a

factor of 1.36 to 3.93.

Table3.l compares the rotational displacements and the conscraint

values for these two solutions . The two deflection shapes are seen to

have similar magnitudes but the second solution is 180
0 

out of phase

from the excitation. This allows the inertial load to partially can-

cel the effects of the excitation, with the result that much less

structure is required to satisfy the constraints . These constraints

are presented in the form g
~ 

= [1.0 - (S 1/S~~~
)
2
] in Table 3.1. With

the convergence criterion used for the particular example, a value of

g. that is less than 0.1 can be considered an active constraint . The

root element of the second solution is at its minimum thickness and

the constraint is clearly not tight for this element.

The constraints results for the first solution suggest an inter-

esting question: ‘Is the first mode solution full y stressed? ’ The

results presented here are ambiguous with the minimum thickness con-

straint clouding the issue further . One might suppose that it would

be possible to hypothesize that the optima l solution is fully stressed

B - ‘ -
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Disp lacement Constraint (~~~~)

Element .First Second First Second
Solution Solution Solution Solution

1 0.029 - 0.027 0.02~4 0. 150

2 0.058 - 0.056 0.012 9.030

3 0.088 - 0.085 0.010 o.oi6

0.117 - 0.115 o.oo6 0.008

5 o i l
~6 - 0.l~4~ o.oo6 0.002

6 0.176 - 0.173 o.oo6 o.ol~-~

7 0.205 - 0.202 0.00~4 0.0~~l

8 0.23~4 - 0.231 o.oo6 0.018

9 0.26k - 0.2 112 o.oo6 0.851

10 0.293 - 0.2~46 o.oo6 0.987

TABLE 3.1--Properties of the Two Thickness Distributions of Figure 3.u .

and use the function space methods on Section III.C to test the hy-

pothesis . However, even for this simple problem, the analytical corn-

plications make a closed form result impossible. A much simp ler means

B -  -
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of testing the hypothesis is available, however. This is the two de-

sign variable example of Section III.B. Figure 3.3(a) shows an example

where the first solution is not fully stressed. For this figure, the

local optimum with the thickness values [ti = [1.27 , 0.35) has a

constraint vector given by [0.2~4 , o.oo) ; i.e., the first element

is not at the maximum allowable stress while the second is.

It should be admitted that the above demonstration is not a rigor-

ous proof that the optimal continuous structure is not fully stressed

and that the question merits further study.

2. Example: Cantilevered Beam
4

The second caiculation examines the structural optimization of a

beam excited transversely by a harmonically oscillating load . As in

the previous example, a stress constraint is imposed , and it is first

necessary to derive an expression for the derivat ive of the stress with

respect to the design variables.

The Appendix shows that the stress at the center of the element

can be expressed as:

Edn
S
I 

= 
71

_ w
2

Edn
— (w~~. - ~~~~~~ i = ,3, . . .,n • ~A .1
2L

B —  —



Physically, this equation says that the stress is proportional

to the change in the end slopes of the elements. The analys is of

Eqs. ç5.3S)_ (3.14-0) can be repeated almost directly to give:

( ~w / 2 ~[M1 ~[K] ‘~

(— ~~ [MI + [KI ) ~ = — I — We — + — ) [w) , 3 .~~‘-~~:)

tat . ~t . ~~~t . ,!

Edn ~w2

~ t . 2L ~t.

= 

Edfl (!~~i. - 
~~

W2 i 2 ) , (3 i.3 )
~ t . 2L \ ~t.

(i = 2,3,...,n)

The parameters chosen for the optimization program were

E = 10.5 > io6 = o.i ibm/in3

L = length = 120 inches p 100 lbs/in

d = depth = ~4 inches t . = 0.02 inchesmm

b = wid th = 12 inches S = 53,000 psimax

Solut ions were found using five elements for excitation frequen-

cies ranging from 4~~ 5 rad/sec to 300 rad/sec. Figure 3.7 shows first

type of solutions for 
~e 

= ~42.5 rad/sec and ~~~ rad/.sec . The line

B -  (~~ - 
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superimposed on Fig. 5. ~a) is the exact solution for the statically

leaded  st r u c t u r e  g i ve n  b y Eq.  (3.~ i ) .  For the parameters given above,

the exact so lu t i on is t D.~ (I. - s + s’ )  . Even wi th  the har-

monic  ex c i t a t i o n .  t h e r e  is close correspondence be tween  the two solu-

t io ns

I i c ur c  . shows two s o l u t i o n s  fo r  ~i) =~~~~
) r ad / s ec  . The second- e

so lu t i e n  is s l i g h t ly  li gh t e r  for  t h i s  case. Another  second type of solu-

tien is shown in F ig .  -: . ( a ) ,  w h i l e  Fig .  ~~~. (b p lots the wei gh t  of the

t’~e s o l u t i o n s  as a f u n c t i o n  of f r e q u e n c y.  I t is seen that  the f i r s t  solu-

t i e n  is the l igh t e r  fo r  v a l u e s  of the excitation frequency less than 5

m d  see and that  the second so lu t ion  becomes si g n i f i c a n t ly l ighter  fo r

higher ex c i t a t i o n  v a l u e s .

E.  CO~ CLLTDING C0~U€NTS

(a s si s  (Re f . 5)  r e p o r t e d  en the ex i s t ence  of d i s j o in t  feas ib le

des i gn spaces in c o nn e c t i o n  w i t h  problems dea l ing  wi th  t russ  s t ruc tu re s

e> :c i t e d hv h a l f — w a v e  s i n e  pulses. I t  is f e l t  that  the problem s inves t i—

~a ted  in t h i s  c h a p ter  add a grea t  deal  to the u n der s t a n d i n g  of this  phe-

i n e o n .  ~‘r i m ar i l y because the s i m p l i c i t y  of the f o r m u l a t i o n  permi ts  a

m i n u t e  examinat i ) f l  o f  the behav io r  of the s t r u c t u r e . The main conclu-

s ion i r n ~ t h i s  i n v e s t i g a t i o n  is t h a t  the n a t u r a l  f r e q u e n c i e s  p lay  a

c e n t r a l  r 1 in c r e a t i n g  the  many  l ea s i b i e  r eg ions  - S t r u c t u r e s  respond

vi gor e’~ fe.’ when t X C l  ted ne a r  i n a t u r a l  f r e q u e n c y ,  a c c o r d i n g l y ,  the  op —

ima l i s  i c e s  t r , ’ t s t r i v  away f rom these r i c o r l a n t  c on d i t i on s .

B - (~ - 
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The construction of analytical solutions by the methods of Sec-

tion III.C would further aid in the understanding of these types of

problems because they show the role tha t various parameters of the

problem (such as load, frequency and the constraints) p lay for a

range of values rather than the specific values of a particular

numerical solution. It is currently felt that much of the diffi-

culty in attaining these analytical solutions is due to the fact that

they of ten con tain concen tra ted masses . At the present time, this is

just a hypothesis tha t is par tially based on the resul ts shown in

Figs. 3.5(b), 3. 8 (b ) and 3.9(a). In these figures, it is seen that

P the elements at the tip are significantly larger than the other ele-

ments. Based on further studies that used more elements, it appears

that in the limit as n —
~~~~~ the f ina l  el ement is disco nt inuous from

the res t of the struc ture and , in fact, represents a concentrated mass.

This is an area of current research and efforts to prove (or disprove)

the hypothesis have so far been unsuccessful. It is mentioned here to

indica te the quirks these problem s can hav e and to hopef u ll y aid in

further research in this area.

I

— r’ —



CHAPTER IV

WHITE NOISE LOADING

A. INTRODUCTION

This chapter moves from the area of the previous chapter , where

the s t ructure  was excited at a s ingle  frequency, to cases where the

s t ruc ture  is excited at all  frequencies . In par t icu la r, this chapter

deals with excitations that possess a Gaussian probability density

function and a power spectrum that has a constant value for all fre-

quencies . The present analys is considers loads tha t are random in

time only . It is possible to conceive of s t ruc tures  that are loaded

ra ndoml y in space as well and of s t ruc tu res  whose proper t ies  are de-

scribed in a probabilistic fashion, but these complications are not

considered here . The mot iva t ion  for  this type of fo rmula t ion  comes

from the atmospheric turbulence example of the next chapter. The

turbulence wavelengths are frequently so large that any variation in

the turbulence  magni tude across the span of the wing can be considered

neg li gible  compared with the t ime va r i a t ion  due to the a i r c r a f t ’ s rapid

penetration of the gust field.

The fla t power spectrum mentioned above is a useful analytical

concept and is f r e q u e n t l y r e fe r red  to as a “wh i t e  noise ” spec t rum .

Since the e x c i t a t i o n  is described in p r o b a b i l i s t i c  term s , i t  is

P — ~
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I
necessary to use probabil istic estimates for the response quantities

as well. The most useful of these, the mean square values of re-

sponses, are obtained by integrating the power spectrum of the re-

sponse over the entire range of frequencies:

~RR = f  
~RR~°~ 

. (~~.l)

It has been shown (Ref. tiQ) that the quantities that are of in-

terest here, the disp lacements and the stresses, have finite mean

square values even though the excitation has a finite value over an

infinite range of frequencies . This fact is very important since it

allows the development of analyses using the attractively simp le white

noise model. It is, of course, necessary to include structural damp-

ing in the model in order to obtain a finite response.

It is not possible to have a disjoint feasible design space for

this problem . The disjoint properties of the examples in the previous

chapter arose because of the relationships between the excitation fre-

quency and the natural frequencies of the structure . Since the white

noise excites the structure at all frequencies , it is no longer pos-

sible to have these relationships and, in fact, the design space ap-

pears to be very well behaved for these problems . The next two sec-

tions develop the constraint criteria used for the stud y and the anal-

ysis needed to evaluate the constraints. These methods are then ap-

plied to beam and rod models , and optimizati ’ans are performed.

B -  7 5 -
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B. FAILURE CRITERIA

A difficulty intrinsic to the analysis of structu res excited by

random loads is that explicit values of the response quantities can-

not be obtained . Instead, mean values or expected values are computed

using princip les from probability . A further comp lication is that it

is often unclear what meaning these estimates have relative to the

safe design of a structure . The aim of this section is to describe

and evaluate methods that can be used to estimate the life of a struc-

ture subjected to random loads .

Cyclic loading, characteristic of white noise excitation, can

cause a structure to fail even when the magnitude of the app l ied

stress is well below the theoretical yield stress of the material

used. These fatigue failures, which are a common source of failure

in actual structures , are quite difficult to predict even empir ica l l y.

This is an area of intens ive active research that is generally desig-

nated fracture mechanics. Current efforts divide the fatigue process

into three separate areas : (1) crack initiation , (~~ ) crack propaga-

tion, and (3) strength degradation and failure . A recent summary of

this type of analysis is given by Yang and Trapp (Ref. ~41). These

analyses require the definition of parameters relating to load time

histories , crack size, material properties and other factors , in addi-

tion to involving length y calculations . While the reliability esti-

mates obtained through the use of these methods should be q u i t e  good.

it is felt that the comp lexity of the calculations involved makes them

Ft — ‘
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i l l - su i t ed  for  the present  p re l imina ry  anal y s i s .  Ins tead , assumpt ions

were made that allowed relatively simple calculations and that re-

quired the definition of a minimum number of parameters . These as-

suxnptions were obtained from Lin (Ref. 31) with supporting material

from Powell (Ref. 1 4 3) .

With stochastic excitations, there are two logical failure cri-

teria, corresponding to two separate modes of failure , that could be

used in the optimization procedure . The first type is failure due to

the stress exceeding some specified upper limit. This is commonly

re fer red  to as f i r s t  passage or f i r s t  excursion f a i l u r e . The o the r

type of f a i l u r e  mode t rea ts  the damage to the s t ruc tu re  as a cumula-

tive process r e su l t ing  from the f l u c t u a t i o n s  in the load . When the

accumulated damage becomes equal to some specified value, the struc-

ture is assumed to have failed . (It should be mentioned that while

this analysis treats these types of failure separately, the more re-

cent fracture mechanics studies combine these two modes by postulating

that the random loading causes damage through crack initiation and

growth which results in the reduction of the failure stress so that

the final failure is of the first type.)

The reader ’ s familiarity with certain concepts of probability

theory is assumed in the following discussion. Papotilis (Ref. ~i~~)

was found to be a useful text for reviewing this theory and should

aid in the understanding of the pertinent results described below .

-
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1. First Excursion Failure

In order to determine an estimate of the time to the arrival of

the first stress greater than some specified value, it is advantageous

to make a number of assumptions regarding the nature of the excitation

pro cess. Basic assumptions are that the process is stationary, Gauss ian

and with a zero mean. If this process is denoted by x(t) , then the

time derivative of the process, ~c(t) , is also stationary, Gauss ian,

has a zero mean and is independent of x(t) . The joint probability

density function and x(t) and ~~( t )  is

2 .2
I I x

~~~ 
(x,~c) = exp ( - —

~~~ 

- —f ) . (14.~)
2qiu cr. \ 2cr 2cr . fx x  x x

The parameters cr and a. in the above equation are the root meanx x
square values of x(t) and ~(t) respectively. These can be evalu-

ated from the power spectrum of l (CD) by the formula of Eq. (14 .1):

2 
= (rn)cko

x xx
_~ 0

= f  ~~ 
.
~~ (n~ ) ~ p . (14 .

A second assumption is that large values of x lt ’l arrive inde-

pendently of one another. (Re t . 51 shows that this assumption is quite

conservative for narrow band processes.) This assumption leads to a

Poisson probability f u n c t i on  fo r  the number of  t imes , n , that a
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large magni tude , U , is exceeded in time interval, t

I
P
~
(n ,t) = — exp ( —  Xt) .

f l .

The Xt term is the expected number of times the load will be

exceeded in time interval t . Figure 14.1 helps in exp laining this

and in bringing out a further point .

FIG . b .l--Exceedances of U

In the diagram, an exceedance occurs when x (t) crosses through

U with a positive slope or through - U with a negative slope . In-

cluding the negative exceedances can be justified by the physical argu-

ment that the examp les presented later deal with bending stresses in

structures that are sy~inetric about their neutral axis. Therefore , a

compressive stress of magnitude P is accompanied by a tension stress

P.-



of magnitude U on the opposite surface . Note that since the process

has a zero mean, the number of negative exceedances can be assumed

equal to the number of positive exceedances .

With this formulation, Eqs . (14.2) and (14.14) provide the basis for

determining the expected time to the first arrival of value U. The

X term of Eq. (14.14) is twice the expected number of positive exceed-

ances of U per unit time . After placing x(t) = U into Eq. (14 .2),

the expec ted number of exceedan ces can be de termined by use of the

formula for expected value :

= E (N
U
) = 2 f  exp ( -  U2

/2a
2 - ~2/2u~~) dk

27ra 0~~.0 x x

= 
X exp (- U2/2a

2) . (14.5)

With the use of Eq. (14.14), the probability of failure in time

interval t is simp ly one minus the probability of no failure :

1 - e~~
t 

. (14.~ ~

The probability of failure at time t is found by differentiating

Eq. (14 .’ wi th respect to t . The expected time to failure is then

found by multiplying this probability dens ity function times t and

B - ~~~ -
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integrating it over times ranging from zero to in finity:

Co

E(T) = f  tX e
t 

dt . (14.’)

t 0

Integrating by par ts y ields

E(T)  = .

Equation (14.8) can now be coupled with Eq. (14 .5) to provide the

means for determining the constraint on the life of the structure due

to first excursion failure . If it is specified that the stress in the

structure cannot exceed some specified value U
s 

in the time period

L5 , the constraint can be written in the form :

g1 
= 1 - L

~
cr ~~~ exp (- U~ /~ cr~

’
) � 3 . (

~ -0-s

Here and o~ are the root mean square values of the stress

and the stress rate .

This constraint is applied independentl y to each element in the

structure . It should be mentioned that the concept of fleet or lot

size has been ignored here . Frequently, first excursion failure is

defined as the time to failure of just one member of a larger samp le .

If the arrival times of the loads ~re independent from one sample mem-

ber to another, the expected time to first failure of one s t r u c t u r e  in

P . -  1 -
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a sample s ize of n is s imply 1/nX . This would impos e a more

severe constraint on the individual structure , but, as was mentioned ,

this concept was arbitrarily disregarded .

2. Fatigue Failure

An evaluation of the fatigue life can be made using some of the

results from the previous section, but it also requires further con-

cepts . An assumption that makes the fatigue life calculation ana-

ly ticall y straightforward is one that has come to be known as the

Palingren-Miner Theory (Ref. 145). This “theory ” is based on the

phys ically observable fact that a tension specimen that is loaded

cy c l i ca l ly at a constant amp litude of stress, S , fails in fatigue

af ter approximately N5 cycles. It is postulated that a structure

tha t is loaded at this same stress level for ‘
~~~ 

cycles (ii~ < N
s
)

has been damaged to the extent that it is at the ~s/Ns
th 

fraction

of being failed . It is recognized that experimental results do not

always support this theory, but it provides a simp le general rule

adaptable to analyses of the type presented here .

This theory is applied to a continuous random process by deter-

mining the rate at which peaks o f a given magnitude occur . The rate

of damage is then computed using the formula

~ n(s) dS
DR f ,

~ 
N (S)

B - - 
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I where

I
= number of stress peaks of magnitude

S occurring per unit time

N (S) = number of cycles to failure at stress

magnitude S

For the purposes of this work, it is assumed that the damage done

in a time interval T is simply DR T

The parameter N(S) in Eq. (~~.L) can be obtained from curves

that show the number of cycles to failure as a function of the stress

amplitude , commonly referred to as S-N diagrams . A convenient ana-

lytical expression that is used in this work to represent this relation-

ship, and one that is partially supported by data, is the familiar re-

lation

N ( S )  5b 
= c . ~~. l l )

S is the stress amplitude and b and c are positive constants that

must be determined empirically . This clearly gives N~S) — c/S~ -

The remaining factor needed for Eq. (1~.lO) is Ti (S ) - powell

~Ref. 
L3) presents an analysis that can he used to readil y evaltiat~

This analysis starts by modifying Eq. (li .5~ to ob t a i n  t h ~-

expected number of times a s t r e s s  exceeds  a s p e c i f i e d  p o s i t  l y e  vo l ue

B - -

I
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S per unit time :

E [ N ~ s)} = — exp (- S”/. :~) .ra ,
. - 71~ C-

5

The derivative of this expression with respect to S can be

considered a measure of the number of peaks occurring at the level

S per unit t ime :

E[ N~~-~S)J S ~~~
. 

-

s’ = - = — exp ~~
- s’ /2c~J .

C -~ .2
- ‘  - Tt

A point that must be considered here is that it is very diffi-

cult to specify what a cycle is for a random process. Equation !,.L

counts only the net number of peaks at level S with the ‘troughs ’ of

magnitude S subtracted from the peaks . Figure i
- .. presents the rea-

soning behind this argument.

S( t )

J”I G . - . — — Pe aks h i  Rt-~~ ril o R at id im ~~~~~ -

P — —

- -- - -- —- .-- - -~~ —---.  - -~~- --- - -- -- ‘ -.- -~~~~~--



I
There are three peaks in this diagram at points A , B , and C

plus one trough at D . Powell ’ s method says that the damage done’ by

this patch of noise is equivalent to the damage done by cycles with t h e

magnitude of A , B , and C minus the damage resulting for a cycle of

magnitude D . Without belaboring the point , on physical grounds this

seems to be a better method of counting cycles than one that uses the

gross number of peaks . Lin (Ref. ) arrives at the same conclusion

as that given below by assuming that the process is narrow band . For

such a process, “troughs ” with a positive magnitude are not likel y to

occur so that the problem of net versus gross number of peaks is of no

importance. Finally, Yang (Ref. 14t ) derives an expression based on the

magnitude of the excursion rather than the peak magnitude ; this is

clearl y an improvement, but was discovered too late to be included

in the present work .

The final step in the derivation is the substitution of the ex-

pressions for N S )  and ~~s) into Eq. (~ .1 ):

b +l
S ~~~

. exp ~~
- $ I. ~~~ dS

DR = j
r S ~~~~ 

.

2 c ,,

The integral is evaluated by mak ing the transformation S /. ‘
~~~ = v

leading to

S 1) .‘ -vDR = (. ~~y )  dv
c_ J ~ rr 

~

B -  “-~ -
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This integral can be evaluated by the use of Eq. ~~~~~~~~ of

Ref .

- b ’DR = ~~ :~~ ‘ “

~~~~~

—

wh ere -- is the gamma function.

To put this in constraint form , it is specified that the struc-

ture have a fatigue life greater than L
f 

. The constraint is then

‘.;ritten as

g — l - D R >~~Lf 
� ~~ .

Th is comp le tes  the descr i p t ion  of the cons traints used for the

randomly loaded structure , It is seen that the structural response

quantities that are required in order to evaluate the constraints are

the root  mean s q u a r e  va lues  of  the s t ress  and the stress rate . The

next section details how these can be obtained and also develops

methods for obtaining the derivative quantities that are needed for

the optimization process .

C. RESPONSE TO WRITE NOISE

A finite element representation ot the response problem can he~

~ i ven  hv

( M 1 I~~~~
) -, I R i t w }  = F E~ . 

- - 
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The right-hand side indicates that the equivalent forcing func-

tion is a scalar multiplying a vector that discretizes the uniform

load . The scalar F has a white noise power spectrum :

I
. (co ) = N - Co CO .17 )

Given this representation, the problem is to find the mean square

values of the stresses, which are in turn a matrix function of the dis-

placement for the examples dealt with here :

[s} = [T][w) . 
- 

~
. .1~~

The exact form of [TI depends on the structure being studied ,

but it is always independent of the excitation frequency and the de-

sign variables for the present stud y.

In order to make the problem meaning ful, it is necessary to as-

sume thac the sys tem has damping. Otherwise , the white noise excita-

tion would result in unbounded resonances and an infinite mean square

response. This was done by assuming that the structure has damp ing

which is manifes ted by a comp lex shear modulus or Young ’s modulus .

This, in turn , means that the stiffness matrix can he represented by :

[ K ]  ( 1 -4 i-~~ [K ] .

B — -~1’ 
—
‘ —



[K~ ] is a real matrix that is developed in the Appe ndix and

1 4- iC is a comp lex scalar with a representing the damping fac tor

which is much less than unity . This same representation was used in

Chapter III and, again, Ref. 36 contains a good discussion of it.

The response is determined by modal superposition. The modes

used are the first mn modes of the system:

[w} = a. {p.} = [P1(a) , (~~.2:)

where the ~p .)’s are the mode shapes and the a.’s are the modal

participation factors . The mode shapes are independent of the exci-

tation while the a.’s are not, so the next step is to determine

power spectra of the a.’s

At a given excitation frequency, ~~ , Eq. (14 . lu ) becomes :

(— w~ [MI + [KJ) [PJ [a~ = F{E} . (14.2l~

By premultiplying Eq. (14 .21) by [~~]
T 

, the equation for [a) can

be determined as a function of the generalized forces, masses and

stiffnesses :

( - o ~
’ [~~] + [ h J )  [a l  F [P I T [E} . / 1 4 )

P — — 

- - . - -~~~~~~~~~ ~~
—- -- -~~~ - - - -~~~~~~~~~~~ - - -~~~~~~~ 



The eigenvectors are normalized so that the generalized masses

are unity :

[

~~~~

} = [pI
T[M][p] = [ I I

[}~] EPI T[KI [P] = (1  + i-a) [ X ] . (L ..~~5 )

~
‘ I is a diagonal matrix containing the eigenvalues of the system.

This is a system of inn uncoupled equations that can be solved

independently for the modal participation factors :

[- co’ + ~tC:(l + iC~ J a. = F(p.;T(E) =~~~
- a.

= F(p~ }
T[E}/t_ ct ~~ o~~~(j  + i(-~)] , (i. ..

The term multiplying F is the transfer function Ha F(]0) that

relates a~ to F . This makes it possible to form the power spectra

for the a ’s

= 
~~~~~~~~ 

N H
F

ç V l ~~ . (14 .: 5~
1_ i  1-

The bar signifies the complex conjugate .

The most direct route to attaining the variances of the stress and

stress rates is to express them in terms of the covariances of the

B — F — 

~~~~~~ -~~.- - - —~~~~~~~~~ - 
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aj’s . For computational purposes, this report distinguishes four
separa te covariance integrals :

Co

2I = a- =I a,a . a,a .
1 ] .  i _ i

-Co

12 = Re 2 
= Re I ~a .a . ~~~

°

Co

2 
f co~ ~ (m) cko3 a,a. J a.a .ii. 1 1

Co

I = Re = Re (o) ~oa .a . a . a~

where ~e designates that only the real part is of interest.

The integrals can be evaluated by mak ing a con tou r integra tion
around the upper half plane . Combining terms from Eqs. ~~~~~~ (14 .CL)
and ~

. .. 5) into ~- .2’ ) gives :

N
~ 

([p. rE~)’~ 
~~ d - 

,
I -  —~~ . 1 4 i J [  — - (1 — i - )JC 1 

. 
- -

H - -

I’
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For convenience and clarity, set 5 =

The integrand has no zeroes and four 
poles:

li t

= ~~(l 
- - i/ i ) —

Z:~ = ~~z1

z~ = ~ (1 - ~~~~ =

z 14 = - Z

1
~~ =

Only poles z
1 

and z 14 are inside the contour. The relation-

sh ips be tween the roo ts given by Eq. (14 .CF) and standard contour in-

tegration give

I

11 
= C1~

7Ti
(z 1 - z ) ( z

1 
- z~~) (z 1 

- z 11 )

I

- z
1) 
(z~, - z~~) (z1 - z .~

where C
1 

N({ p~ J
T
{E))~ Continuing:

1

1
1 

— : - ~~c1 
~~~~~~~~~~~~~

- 1

z
1
2 Re z1

2i .lm z
1 

2 R0 z1,i ,~~~~

.~~ z
1 1z 1}
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The magnitude of z
1 

is calculated directly:

Z
l I = ~~

2
(l + a2)~ (14 -

The ~n(z1) 
calculation is a bit more difficult;

= Re(z
1) 

+ i ~~ (z~~) = ~ (l + i)2

By equating the real and imaginary parts of z~ , two equations

that can be used to solve for Jm(z
1) 

are formed:

2 ..~n(z1) 
Re(z

1) 
= ~

2a ~~~~~
-

Re(z
1) 

= ~
2
a/[2 ~~(z~) I  (L .~~l)

14 2

ERe (z1
) ]~ - [~~~(z~ )} 2 = ~~2 = 

a 
- [~~~(z~~)]2 14~~ )

14 [
~~

n ( z l ) ]  -

This results in a quadratic equation in ~ n(z1) 
that has the

solution

.— I ‘ 14
- t~

c_ , ‘ . 

+ F
______________________ - - )

B - - - -
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I

Since ~ n~z1) 
is real, the minus sign can be rejected and

= ~~~~~~~~~~[(l + a2)~ - l)]~
2

1 
By substitution of Eqs . (14 .3 14) and (14 .3 / ) into the final result

of Eq. (14.~~T?)

C it
I = ,~~~~~ (.~5)1 [(1 + - 112 ~

2 (l + a2)~

Since a < 0 . 1  , it is appropriate to make the approximation

that

1 - - 1 a~
1 + Ci = 1 + — + o(a ) . (14 .

~~ 
)

2

The s u b s t i t u t i o n  of the first two terms of Eq. (14 .~~~ t - ) into Eq.

(L .35) gives :

C
1

7T

Il 
= 

-
. (14 .”- a )

+ ~ !, ]

It is now possible to neglect the ~~/C term compared with unity

to get the final result:

I ~i 
= N (1 )

T
{E )

P 
T t / l ’ .

B - -
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The remaining integrals are evaluated in a similar fashion. Since

the calculations are lengthy, but straigh tforward , onl y the final re-

suits are presented :

N [ }
T
~E)(EjT[ ) iia (co. + ( C )

— 
w 1 1 1

- 
— 

~~~~~~~~~ - )
2 

+ (a2/14)(cn . + cn~~
2

I 
. )-

I. = N ([p.)
T
~E))

2 
it/

1~~ , ( i . .: - )

N [p.}
T
[E}[E)

T
[p.) ~~~~~ 

(~ + ( 0 )

114 
2[ (n . - )

4 
+ ( + )

2
(~~ /14)J 

. (c

The variances of the stresses are obtained by a linear combina-

tion of the covariances that have ius t been. calculated. The examples

in t~ e sections to follow use the explicit relationshi ps be tween the

s tress and the disp lacement. The general form of Eq. (14 .1F) is ade-

quate for the present derivation:

j S~ - [TI[w ~ = [T][P][a)

The powe r spectra of the stresses are, therefore , related to the

power spectra of the modal partici pa tion fac tors by the simple rela-

tion :

~~~ 
= [TI ~~ ~ aa~°~ 

[PI
T
[T]

l 
. (~ .

‘
~1)

B - -
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The comp lex conj uga te is incl uded in the above eq uation be cause

the [TI matrix contains a complex structural parameter. Since

neither [TI nor [P1 are functions of the excitation frequency,

the stress variances are found by replacing ‘
~aa~°~ 

with the covar-

iance matrix for the a ’s in Eq. (14.14i),

[x55
] = [TI [P] [X I[P}

T
[TI

T 
. (14 .Si)

Similarl y,

[x~~I = [T][P][x.~~I [PI
T [T] T

The square roots of the diagonal elements of tXss ] and [X~~ J

are the m s  values of the stresses and stress rates needed in order to

eva lua t e  Eqs . ( 14 . ~ and (14.15).

It is readily shown that these diagonal elements are real and that

they invo lve onl y the real parts of the [Xaa I matrix. To prove this ,

some preliminary notations must be defined.

Express [TI as (1 + i- [T I , where [T~ ] is real.

Define tp .. as the ~~~~~ element of ET 1W and pt . .  as

the ~~~th element of [pj T[~1 . J T 
1 _i

Note that tp .. - -- pt . . and that X X
11 , ]]~ a .a . a .a .- I ,J 1

I

B - - 5 —

I 
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The diagonal elements of the stress covariance matrix can there-

f ore be explicitly expressed by:

x5~~ = (1 a2) 
~~ 

tp~ . E X p t ki
1 1 

j=l k=J. ~

= (1 + ~i~) ~~ 1(t~~~~
)
2 X

inn

+ tp.. tp .~ X I

= (1 + a2) ~~~ (tp..)
2 
X

j=l 3 3

+ 2 
~~~ 

t P ii tpik Re X J
All the elements in the equation above are real and, as was to be

proved , only the real parts of the [X
a ] matrix are included. This

exp la ins  why onl y the real parts of the integrals I,, and I~ of

Eq. (14 ., ) were required.

This concludes the derivation of the terms needed for the con-

straint evaluation. A remaining task is the calculation of the de-

rivatives needed for the gradient in the optimization algorithm .

B - - 
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1. Derivativ~ Calcula tions

The design var iables for tl.ese pr obl ems , the structural thick-

nesses, are manifested in the mass and stiffness matrices. The gra-

dient technique of the optimization algorithm requires that the den y-

— 
ative of the constraints be calculated . This in turn requires that the

derivatives be calculated for all the quantities used to compute the

constraints and that are a function of the design variables .

— The first step is the calculation of the derivatives of the eigen-

values and eigenvectors of the system. Fox and Kapoor R e f .  15) pre-

sented a straightforward method for calculating these quantities , and

this method is summarized below .

Consider the unforced system with a given eigenvalue and eigcn-

vec tor:

(- X~ [MI + (K } )[ p .~ ( l ~~ , (14 ,1414 )

For ease of notation, set [F .] a - ~~ . [ M ]  + [K]

The derivative o Eq. (14 .1414 ) with respect to the design variable

t. is
3

~ [MJ ; [K] -~~~. p.

( 
~~ —

~~
-— -

~ 
—__— _ _—.)_ [MI

) 
[~) + IF.] r-;i--- s

-
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The system given by Eq. (14 .1414 ) is self-adjoint so that if Eq.

(14 .145) is premultiplied by [~~1
T 

, the last term drops out , leav ing

~ [K]
~~~ ~~~~

T
1~~~1

~ = [ ) T 
- 

~~~ 
~~~~~~~~~~ 

[~~~) (~~~~.

Since the eigenvectors have been normalized to make the general-

ized masses equal to unity, the eigenvalue derivative can be expressed

as:

~ [M]
= P~ }~ 1 . I ~

.) 
.

From Eq .  ( 14 .1 4 1 4 ) ,  wi th  the e igenvalue der ivat ive  ca l cu l a t ed , the

eigenvector derivative can be solved for:

-p.
[F.] —i- = - 

1 

~~~ ) ( 
.

‘-:)

( t . J ~~t .
3 3

But s ince  [F.] is singular , another equation is needed to specify

the magnitu de of p / i  . This equation comes from differentia ting

the- g e n e r a l i z e d  m ass :

L P 1~~~ [ M I P 1
} = ~~~~~)

T [M] ~~~~~

[H]
( pi

-
~ 
~ P~ ~ ‘ .‘

13 — ‘ —



Equations (14.147’~ and ( 14,’Ci) can be combined to give :

I [ [F .] 1 ~ [F .I, / .t . 
-I I L1 = - p j  . ~~~. -

F~~~~~
T
M ]  

- t1 [~~~~)T (5. I M I ~ .t .)

In order to obtain a square , non-singular matrix , both sides of

Eq. (14)-y) are premultip lied by [F. , 2IM]~ p,)I to obtain

- ~~
,p. 

_ _ _

~ [F .F + 2, [MJ [p }~ p }
T [M} 

J 
= - [F . ]

T
- 2[M]~ p / ~ p1} 

— 
~Pj 

. _ 1 4 .~~~

This is a matrix equation that can be used to solve for thc eigeui —

vector derivatives [p . - ’;t .) . Note that since the matrix multi p lying

the ei genvector derivative is not a function of the design variabl e , it

is necessary to decompose this matrix onl y once to solve for the n di’-

sign variable derivatives . A luncher note is that experience with this

method has indicated that it is frequentl y h e l p ful t multipl y Eq. -~~

by ~ - . as a scaling procedure .

The remaining steps in th e’ derivativ e calcuIati -~n are much l e ’~~s

comp licated . The derivativ e’s of modal c ~v; 1l ’ ane - e -o  l
~ 

and 1 .,

g iven below as an exam p le , hut i t  seems ol l i t t 1 ~’ h m r p o ~~t - f oh v t h ~-

i’ —

~~~~~~

—

_ _ _ _  
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entire analys is here , A few terms must be derived first:

- ‘(C 1
- - 

1 - - 
1— = — —1 1

t . 2a , t .
3 1 3

1 
Co ~ 

~E) . (L .C1
/~t . ~_ t .

3 3

Then:

~
1I

l 

- 

3 0 2
— = - — — +  —

t . m~ ~~~~~~ [ } T
[~ }

Designate :

C

- 
k~ 

+ 

~
:— ~~~~~~ 

+ 
k~

Then:

-- 

1 }
T

E} 1
- 

1
T~~ 

~)~~E} t .

I (
~ , I -

- 

‘
~k~ ~j 

- 

k~ 
~~~~

- 
i 

- 
k~ 

- -
- 
I - k ))  (C n t

- I -



C~~~~- - ’ - ‘ ‘ -.--- -
~~
-

~~~~
. -

‘
I I
-

~ 1 
+ 2cm . - 

k
) + ‘

~~~~~ + ‘
k ))  

~~~~k 

~

This should indicate that the remaining derivative calculations

are tedious, but uncomplicated. it is mostly a matter of the contin-

uous application of the chain rule until the final derivatives that

are required are reached. These are the derivatives of the constraints ,

the first of which is given in Eq. (~‘.~~2 ;

-
~~~ 

_U
S/ . ’

S
= l _ L

s
_ e

- - The derivative is:

= (
~~ i~~~~~~~

) i (
~~~~~~~~~~~

l) 
~~~~~~~~~~~ 4- — 

~~~~~ , ( 1 4 r :.~~

t . :
~~ ~ ,t . ~~ t .

Similarl y for g , f rom E q .  (~‘ .l5~

- . b -
___  

O h ’ 
___g = l _ L

F 

(~~~~~ ) ‘ ‘  _ _ _

-
- 

~rc 2

And the’ derivative is

(
g - I) (I i (b-i ) 

~~~~
) 

.

— 1 1 —

I
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D. EXAMPLES

As itt the previous chapter, cantilevered rods and beam examples

were optimized . Figure 14.3(a) shows the power spectrum of the white’

noise excitation while Fig. 14.3(b) is a qualitative depiction of a

response quantity. The peaks on the latter figure represent struc-

tural resonances which are the main contributors to the mean values

of  the response.

It is perhaps necessary to justify the use of a finite number of

modes t. represent the response of a structure excited by loads with

a white noise spectrum . As mentioned in the introduction to this

chap ter, Bogdanoff and Goldberg (Ref. 14~~) show that the mean square

values of the stress and disp lacement in an Euler-Bernoulli beam are

finite when the beam is excited by the noise. They do this while

taking into account an infinite number of modes and by assuming con-

stant viscous damp ing . A further indication that a finite number of

• modes suffice is given by Eqs. ), . 14) and (14 . 5) which show that the

peaks of the spectra for the modal partici pation lactors are inversel y

proportional to - . This indicates that tl~e cmtnibutions ta the

ms responses from the separate modes die off quickl y as the mode num-

ber and , therefore- the natural frequency increases. Finall y an emp ir-

ical [ l i s t  i f i c a t io n  f o r  u s i n g  ;i f i ni t e  number of  modes is g iven b y the

r e - s I t  I t s  be low which  show tha t  s o l u t i o n s  found  u s i n g  f o u r  modes d i f f e r

onl y oi i r~:in a11y from solutions using two modes .

B — I —
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1. Torsion Rod

The thin walled rod of Section III.D.l is used again in this sec-

tion, except that a white noise excitation is now present . The fol-

lowing list of parame ters repea ts some o f the previous values and adds

new ones for the special requirements of this problem.

C = 3.75 10
L 

~~~ 
Co 0.1 lbm/in3

R = 6 inches I C~~~~ 
Co ~.2 slugs

L = l1~ 1 inches Ct = 0. 5

= 2rrR~ = 1352 in3 b Co 8

N = l2 2. C (lb~
’/rad/sec c =

= 14u,x~ psi

The parame ters b and c are from the equation NSb c and

were ob tai ned by fitting an S-N curve for aluminum given in Crandall

and Dahi (Ref. i i ,  Sec . 5-F). The value’ chosen for is rather

high and it is recognized that an important part of an actual de’si gn

process using the methods described here would be to obtain more ac-

curate and justifiable values for the ii b and c parameters .

The constraint placed on the fatigue life was that it be OC l css

than one year , and the expected  time to s t ress  value ’ l14,~ was s e t  N ’

be no less than one-half year.

B — —
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The r e su l t s  of the opt imiza t ion  a lgor i thm are presented  in Figs .

, 14 and 14 .5. Figure 14.14 compares the optimal thickness distributions

when two, three and eight elements are used to represent the structure .

It is seen that as more elements are used , the total weight remains

nearl y constant while there is some qualitative difference in the dis-

tributions . For the eight element structure , more mass tends to be

concentrated near the tip. More will be said about this later.

All  the results presented in Fig. ~.14 used two structural modes

in their solution. Figure 14 .5 compares results of anal yses using two

modes and four modes . It is seen that there are some minor differ-

ences at the tip, but they have to be cons idered neg li gible. T,thle

“ .1 gives numerical results for the two cases .

Thickness Fatigue ConstraintEle men t 
_________ ___________ ______________ _______________

Number •~ IModes ‘4 Modes ~ Modes - Modes
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This shows that although the four mode solution took 5C-~ more 1
computer time to converge, it did not appreciably change the results .

The fatigue constraint values are presented to show that the optimiza-

tion proceeded to the same level in determining the active constraints .

The values given are those computed using Eq. (14.15); therefore, the

numbers near zero indica te tha t the cons tra in t is almos t exac tly satis-

fied (i.e., it is active).

The optimization seems to have found that placing some weight at

the tip provides an inertial load that relieves the inboard stress .

Since this phenomenon is exhibited in the beam results as well, it is

appropriate to consider this in somewhat more detail.

Effect of a Tip Mass

This section presents some findings of a brief study that was made

to justify the op timal solutions that included a large finite thickness

at the tip. In particular, the study sought to determine what effect a

concentrated mass at the tip would have on the maximum stress in a can-

tilevered beam. The hypothesis was that the effect would be to reduce

the stress. Obviously, this would not be the case for a static loading

or for a low f r equency harmonic excitation, but the results of the op-

timization indicated that something d i f f e r en t was happ en ing for the

white noise excitation.

The mode l studied was a uniform cantilevered beam with a point mass

at the tip. The excitation was assumed to be uniform across the span

B - i -  - 
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and random in time wi th  a whi te  no ise  power spec t r a l  d e n s i t y .  The mass

I of the beam was kept constant while the tip mass was varied as the -~n I v

independent parameter.

The problem could be solved by a d i f f e r e n t i a l  equa t ion  approach

coup led wi th  modal s u p e r p o s i t i o n  as was done in R e f .  . However ,

s ince  a computer  program tha t  ana l yzed this  type of p rob lem us ing

f i n i t e  e l emen t s  a l r ead y e x i s t e d , i t  was more expedient  to use it.

The next s e c t i o n  p resen t s  the s t r u c t u r a l  parameters  and the excita-

tion spectrum used for the analysis. The thickness distribution was

held f i x e d  fo r  a l l  e l emen t s  at a va lue  of one . A n o n s t ru c t u r a l  poi n t

mass was added t o  the l a s t  e lement  and was va r i ed  t h rou g h a range ol

va lues .

F igures  ~~~.- and ~~~. -
‘ presen t  the r e s u l t s  fo r  the rms s t r e s s  anti

s t ress  ra te , r e spec t i ve ly, fo r  f o u r  va lues  of the c o n c e n t r a t e d  m a s s .

n o n d i m e n s i o n al i z e d  b y the mass of the beam . I t  is seen t h a t  the maoi-

has the  e f f e c t  of reduc ing  the maximum rms s t r e s s ,  w h i c h  a lways  o c e n r e

at the r o o t .  The e f f e c t  on the rms stress rate is to i n c r e a s e  i ts

p eak v a l u e , hu t  s ince  the s t r e s s  i s  o f  f a r  more i m p o r t a n ce  i t t  the

c-valuation of f a t i g u e  l i f e  than  the s t r e s s  r a t e ,  this incrc-asc is

r e l a t i v e l y u n i m p o r t a n t .  I t  is Lot -io- s ti ng to  note-  t h a t  the h i g her

m a cit ’ s a re o b v i o u s l y p r e sen t  in the’ s t r e s s  r a t e  di~~t r i b u t i  on b ea t that

the I i r s t  two modes seem to d omin a t e th e- st r e s s  d i s t r i b u t i o n .

The’ main f i n d i n g  is that  t h e -  1 Iddj t  I a n  o l  mass a t  t h e -  t i p can  i r n -

I T a r - a v e  t he  f a t i g u e  l i f e ’ . In h i n d s i g h t i t  i s  cleaa ~ b , i t  i l I C  hi l p ) a a - 4 I a - a 1
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the added mass acts as an inertial force that resists the excitation

and , in the limit as the mass becomes very large , acts as a simply

supported boundary.

For the cantilevered rod, a similar effect takes p lace in that a

mass would act to restrain the tip rotation and in the limi t act as a

fixed boundary .

This is an interesting and unanticipated result. A f u r t h e r  s tud y

tha t  could be done is a two design var iable  opt imizat ion s tud y u s i n g

the concentrated mass and the unifo rm thickness as the variables.

Constraints could be p laced on the rots stress or on the fatigue life .

The above analysis shows that the optimal concentrated mass would not

be zero .

3. Cantilevered Beam

A beam examp le was optimized to see if it had any n ew ,  interesting

characteristics. The methods of Section lV.B are directly app l icabl e

to the beam examp le so that the onl y changes rtece’ssarv are the inclu-

S i a n  of the proper forms for the finite element representation t i f  the-

beam structure . Since the A ppendix and Chapter III are q u i te  t h o rou g h

i n  t h e - s e  a s pe ’ct  , t la e ’\ -  ar e ’  n o t  r epea ted  he re .

‘lie pr ope ’r t i e ’ s chosen  b r  t h e  beam and the ’ l o a d  411’ e’

incites E - 1 .

l~i ( h t hi ~
‘- - i n c h e s  . 1  i b m  i i i

a~~h~ ’s — • 
a ,

t a — II — 
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I
b = 8 1~~~

1

N = 0. - l  lb h in)2/rad/sec = - ‘ ~~~~ - °  p~
j

The large width to depth ratio was chosen because of a future’

anticipa ted app lication of the model to aeroe’lastic problems whe’re

it would represent a wing .

The c o n s t r a i n t s  were con t i nued  at one year f o r  the fati gue- l i fe’

and one-half year for the expected time to failure .

A comparison of the results obtained using two elements and eivbat

elements is presented in Fig. ~~~. , wh ile Fig. ~- . - compar e ’s r e - st i l t s

ta m ed from an anal ysis  tha t  used f ou r  modes w i t h  one -  t h a t  used i t s ’

The c o n c e n t r a t i o n  of mass near  the t i p is more p r o n o u n c e d  l ’ r  t h e  p r~~h-

lem , bu t  the q u a l i t a t i v e  e f f e c t s  are the same as f o r  the  rod examp l e .

Table  ~ . ,  compares the f o u r  mode and the  t w o  mode s o l u t i o n s

Fa t i gue F i r s t  E x c e i r s i a nTh ickness  , • - ‘ -
________________________________ ( ens t r a r  nt  Fa i I c i  cc’ ( en s  t ra i ntElement
2 Modes Modes 2 N-o des Modes 2 M - a d e s  Node ’ s

1 0 . 1 - 5  0.1 51 ~ . ‘14 , 0 . 3 i 4 ~ , o-

3 O.l~~-~5 0.l”-5~ e. it . - -; . - - 1  ~.) . a

0.101- 0.1 3- . 5 ~~. ~~~~~ ~
‘. - -- 1 •

0. )~ 01 . 
- 

‘ 0 - . ~~~~~~ . ‘ - ~~ 14

5 0 . 5 ’  (.0 2  0 . 1V ~~~~~~~~~ ) ,~~

()~ -
~~ 1 • “- ~~. l ~ ) D 1 4  I . I .

- . 5h~’ ~• 1. 1.  ~ 1.  1.
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The four mode solution is l .~~, ’ heavier than the two mode solution;

a d i s p a r i ty  tha t  is p robab l y less than the percentage b y which thesa.

solutions differ f r om  the t rue optimum . It is poss ib le  tha t  f u r t h e r

i t e r a t i o n  w o u l d  make some of  t h e  c o n s t r a i n t s  ti ght er .  but  i t  is f e l t

that l i t t l e  i n f o r m a t i o n  would be re turned to j u s t i f y the added com-

puter time .

E. CONCLUDING COI~~~NTS

The r e s u l t s  of the two examp les tend to show t h a t , as in  some o t

the harmonica l l y f o r c e d  so lu t i ons  of the p rev ious  c h a p t e r , t h e - r e ’  is a

tendency [or some of  the mass to be concent ra ted  near the t i p .  In f , i e t

the  so lu t i ons  ob ta ined  fo r  the w h i t e  noise  examp les c o u l d  pe rh aps be

thought of as a superposition of the two solutions given for a sing le

harmonic excitation , such as those of Fig. 3. ’ . It is not known whether

th i s  o b s e r v a t i o n  has any practical significance for the solution ot

t h i s  c lass  of problems .

It  is f e l t  t ha t  a f o r m u l a t i o n  of this  type makes a u s e f u l  con-

t r i b u t i o n  in  t ha t  i t  p r e s e n t s  new r e s u l t s  and ex t ends  th ’ic methods  of

s t r u c t u r a l  o p t i m i z a t i o n  into au a lmost  u n e x p l o r e d  f i e l d .  O b v i o u s l y ,

t i -awe ’~’t ’r , the examp le’ s s t u d i e d  in this  c h a p t e r  are m a i n l y  of th eo ret i  -

c- a l  i n t e r e s t .  Methods o b  t r , te ’ t a i re nic cl’a a n i c s  combined w i t h  load spec-

t ra  t h a t  ar e ’  o l  g r e a t  p r a c t i c a l  i n t e r e s t  would  a id  g r e a t  l y in th e’ ap-

p 1 1 cli i ‘ i i  - a t  th ie t e ’chnj  ques t o more app 1 ied s t e a d i e s .
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I The next chapter does attempt to perform an optimization on a

I structure that is of more interest: an aircraft wing in the presence

of atmospheric turbulence .
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CHAPTER V

CONTINUOUS ATMOSPHERIC TURBULENCE

A. INTRODUCTION

Structural fatigue and failure resulting from stochastic loads

are one of the most commonl y occurr ing main tenance  and s a f e t y  prob-

lems for aircraft structures. The nature of these vehicles is such

that  there is a very high payoff ira terms of performance and operating

economy for savings made ira the structural weight. These tuo facts

combine to provide a powerful motivation for finding optimal struc-

tures under the condition of random derod ynamic excitation with ía-

tigue life as one of their constraints . Specificall y, this chapter

deals with the minimization of the structural weight of an aircraft

wing that is subjected to continuous atmospheric turbulence.

The formulation used in this stud y is, in keep ing with the scope’

of the thesis , of a preliminary nature with a continual tradeoff made’

between physical realism and computational simp licit y . The main ob-

jectives in the development of the ma thematical models  th ’t at  are pre-

sen ted  in the next section are to obtain a representation that is

consistent in terms of level of sophistication and to retain t he

important elements of the problem. After the p r e ’s en t a t  i o n  c i ’ the se’

mod els , it is ne cessar y to develop the’ analytical t e a ls  needed ia a r

t h e  e a r i s t r a i n t  ev a l u a t  ion and t h e n  some’ restul is are’ pre’sent-J

13- - 11 - 



B. COMPUTATIONAL MODELS

There are three  d i s t i n c t  areas  t h a t  have to  b€’ c o n s i d e r e d  in  the

development of the mathematical representation of a wing excited by

turbulence : (1) the structure of the wing, (~~ the ~ae r a c l v n amic oper-

ators and (3) the disturbing gust forces . Bef aare dealing with each of

these separatel y, some general limitations on the anal ysis should be’

mentioned here .

The motion of  the wing was constrained to consist ~f ri g id  bet t y

p l u n g i n g mo t i on p lus t ransverse’  b e n d i ng .  A more g e n e r a l  f r a r m o i l a t i o n

wou ld  inc lude  at l e a s t  r o t a t i o n a l  c I e i - ,a r m a t ion  and p e r h a p s  r i g i d  body

rotations as w e l l  . Wh ile’ it would n t  be i m p o s s i b l e -  t . a inc h i d e  t l i a ’Se ’ .

i t  is f e l t  t ha t  t h e ’ p r e s e n t  f o r m u l a t i o n  is the logical p lace’ to  s t a r t

A similar decision was made t - limi t L i i i -  c o n s t ra i n t s  t a  Li i  a - a t

d e a l i n g  w i t h  the ’ l i l t -  of  the’ str ai ct are . lt  i s  r e ’ : i l i ; ’ eal  t h a t  an ac-

t u i a l  dc’s ig n  has  to  :rta - ’ t  :i myriad 01 c r i  t e ’ r i , l  50 t h a t  i- he’ r e s u l t s  j a r - —

sa ’ n t  a -e l  h e-re ’  r e ’ p r e ’ c e - n t  u n i v  the ’ spe ’e i  t i c  d e s i g n s  o b t a i n e d  l a r  a spec - i t  i —

c i  I lv posed p r a l  1 i’m .

1 . St  r u l e  t i a r a  1 M a d e ’  I

M a n y  o t  t i t a -  m a t h e m a t i c a l  a s p e ct s  o a f  t he ’  p r e s e n t  p r - - b le m  W e’r ~ p a  a —

‘~ ldt’eI b y  Re I . ~
‘J . I n  se l a - e l  i ng a s t  r a t e ’  t oral ~ioe le ’ I t a  li st ’ i n thi 15 St

it seeme d nat: aa r- -i l , t h i e ’ r e ’ t o r e ’ , to e t i o a a s a ’  a w i n g  that is l i s a - a l  a s t a ’ u u ’  i v e ’ l v

in the’ examples ot t h a t  text. In p a u t i c i u l a r .  t , x a n i j a h a ’  I ° . - a -a t  th a t t

p r e - s e nt  ;an anal vs i s t } a , i t  j a i r a  I t e l  s ma~~’h1 a t a--lea i s - a  u t  a - a l  h i ’ ] -  aa-’ _

F ’ i iaa r a i . I sh  -wo it p l e i t a a r ~ n e a t  t h a ~i t  w i n g  wi  t h a  i t s  i fl i po a a t an t d r r u a ’ u a t  l a ’ l i S

— Ii — 



pI
~~ 

- ‘

~~~

---‘ -- _ ‘ _ - -

~~~~~~~

_ - - --

~~~~

- - - - _- —— -.‘ -

~~~~

- - .-
~~~~~~~~

_ - -- --- - -_  ‘ — — -—-___

>-

0
CD

—~~~

I - o
I

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

0.,

w rae

w
o I

1.
2 c

I.fl

U

r — —

~~~~

I I o
L .~ 

I ~ _ _•I w
(I,

H - H

B - l . ’ : -



pr ~~ 
‘ ‘ 

~~~~~~~~~~~~~

‘ ‘

I
As the figure shows, the structural model chosen includes a nacelle

and fuselage . The masses of these two elements were held fixed during

the optimization at the values of

I
FUS = i4 j~J . i . sl ugs

NAC = l~ ‘
~- . slugs

The assumption regarding linearity between the design variables

and the structural inertia and mass was retained in this chapter. By

fitting data given in Ref. 3fl, the following factors of proportionalit y

were obtained:

m ( y )  = mass/inch .~ t(y) slugs/inch

El = stiffness = . 1 
1,) 

t(v ) lbs-in .
2

The taper of the chord adds comp l e x i t y  to the’ n u m e r i c a l  c a l c a .a la -

t ions  t ha t  de te rmine  the mass and s t i f f n e s s  m a t r i c e s .  Sec t ion  C of

the Appendix details corrections that are made to the’ un t a p e r e d  re-

stilts L a  account for this fact. In addition, th e’ Appendix describ e-s

how thu  n o n - s t r u c t u r a l  masses  r e p r e s e n t i n g  the nacel le and the fuse’-

lage -ai re ’ incorporated into the mass matrix.
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Turbulence Model

The previous chapter dealt with the responses to a random excita-

tion whose power spectrum was constant over all frequencies . Numerous

steadies have shown that this white noise assumption is inadequate as a

model for atmospheric turbulence . Chapter 13 of Ref . 147 and Ref. 14~’

contain excellent discussions of the procedures used and the approxi-

mations made in the development of alternative models. From these

references it was decided that the analytical expression for the tur-

bulence spectrum that is best suited for the present study is the one

des ignated the von Karman model. The power spectrum of the vertical

component of the atmospheric turbulence given by this model is

J ~~ L~ EI ~ (1.3~9 L~~)

H = . 5 .1)

g , ,  2 l l e
ii [1 -t- (1.;:i L

T~
) 1

The terms of this equation are defined in the list of symbols.

A number of crucial assumptions have to be made about the nature

of the turbulence in order to arrive at this form (e .g., that the tur-

b u l e n c e  is homogeneous  and tha t  i t  has a Gaussian distribution . The

adequacy of these assumptions are evaluated quite well in Ref. ~‘ 
- and

will not be discussed here .

Values for the turbulence scale’ and the mean square v a l u e ’ o f  t hu

turbulence had to be selected . From Re’ f . , value ’s  were chosen  t h a t

B— 1:’i- —

_



- -_ —--
~~~~~ 

—_ - _ 
~~~~~~~~--“-—~~

I
I

were typical for severe t h u n d e r s t o r m  c o n d i t i o n s . These were

LT 5 i~~~~ ) ft.

= 1L f t ./ s e c .w g

The scale length (which is a measure  of the t u r b u l e n c e  w a v e l e n g t h

is considerabl y greater than the ‘~3 f t .  span of the wing  used for  t h i s

study. This large difference in scale reinforces the approximation

that the turbulence is one-d imens iona l  w i t h  a ea n i  f o rm value’ across

the span at any instant.

Figure 5. 2 compares the von Karman spectrum use -cl in the  p r e s e n t

s tud y wi th  the spec t rum used in Examp le lea . of R e f .  3c . It is n a, -ees-

sary to present the comparison here because a later f i g u r e ’  compares

two bending moment spectra that were obtained using th~- L w- differe nt

excitation spectra . It is seen that the v o n  Karman spectrum has a

cons iderably higher proportion of i t s  e n e r gy  in the ’ I o ~~a ’r f r e q u e n c ie s .

3. Aerod ynamic Operators

The most important difference in the  nature of t h e  p ie -se nt  p roblem

compared to those  of the p r e v i o u s  c h a p t e r s  i s  in  the  m a n n e r  in w h i c h

the l o a d i n g  is ex e r ted  on the st  r e a c t u r e  . I n  t h e ’ pre ’ v iou s  c h ap t  a - r ,  t i l e ’

random d i s t i u r b a n c e  was ass a ,amcd t o he’ t r an s  I e r r e d  d i r e - a - i  i v ta t the st r u e —

tu re in some u n s p e c i f i e d  m a n n e r .  In the  p r e s a ’n t  a ’x amp le ’ . t he ’ oc r - ak ’ —

namic loads tha t  r e s u l t  from the t a n s t a -a ( t \ ’ a y a s t  el i t t a r  i n  p h a s e ’  a n al

m a g n i t u d e ’  f rom th e’ gu s t s  thie ’msc - I ye . s . ‘h ’ h u i s  i s  du e  t a  t h e  -it t th , i t

B — — 
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the loads on the structure , which are a function of the circulation, a

do not respond instantaneously to the gust. A further complication

is the fact that the motion of the wing moving in respons e to the

gust s excitation gives rise to additional forces .

This study is restricted to vertical motions only; therefore ,

the relevant load acting on the wing is the lift. As the previous

paragraph indicates , this load can be separated into two components :

P = L ± L  . (5.. ’
m g

L
g 

is the direct lift associated with the impingement of the

gust while L is the added lift resulting from the wing s motion .

Values f o r  these two components  are  deve loped  in Chap . 5 of Ref.

for a two-dimensional airfoil in incompressible flow that is en-

c o u n t e r i n g  a s inuso ida l  g u s t .  These values are given b y

= • r n~~~U~ c(k)[J ( k )  - iJ 1( k ) 1  ~~iJ 1 - k ~ , 5.

L ~~a U [V - - ik Ck )]h , (5.~- ’

where :

h - ve r t i c a l  d i s p l a c e m e n t

C k ~ Theodeuse ’n ’ s I - m o t i o n

.1 and ,h~ Bes sel I i n c  t ions o t t l ie ’ I I i- st  k i n d

i-i — I — 
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Theodorsen s f u n c t i o n  is a c omp lex f u n c t i o n  of the ’ r educed  fre ’-

quency and is an analytical representation of the change in amp l i t u d e

and phase of the circulatory lift due to v e ’r c i c a l  o s c i l l a t i o n. lt

can be expresse-J exp licitl y in terms of Hankel functions , bea t for the ’

1-o w magnitudes of k of interest to this s t u d y, it was deemed ade-

quate to  use an a p p r o x i m a t i o n  tha t  is g iven  b y Fung in S e c t i o n  t . - a f

Rei . -‘

C~~k~ = I. - - .

[1. — 
~~J .~~~- - - - i , - ”k )  1 [1.,) — (o. i ’g 1]

Perhaps  i t  is in o r d e r  to p o i n t  ou t  he r e  t h a t  the ’ comp h e x  n , a t  t i r e

oaf t i l e ’ a e rod ynamics  makes i t u n n e c e s s a ry  to  inc  1 ude s t  r u e  t o r a l  ~I~a ::r ~’ —

i n g .  This  damp ing  was r e q u i r e d  in  t i t e  p r e v i o u s  chap t  a C in o r d e r  t o

- - b t a i n  f i n i t e  r e spons e , bu t  the  - ‘ a l t  o f  p h a s e  c - u r l p o n e ’n t  o f  t h e  - i c r  - —

d y n a m i C s  a c t s  as a d a m p i n g  m e c h an i s m  t h a t  l i m i t s  the ’  St  r a i c  t e i r a l  Cc —

sp ouse ’  t a  m i t e  v a l u e s  re ’ ar ch ] e’ss o f  t i l e ’  e - X c i t i i t i , a l l  t r e ’qt ae ’ne ’V .

In  ‘r de - r to  a p p l y these ’  r e ’ s i a l t s  t t a  t h ~’ pi’ t a h l o  i i i  a t  h i an e l , a nu mi a e - r

o f  j i l a t i  t t a n ~~l i t - S t l C r ~ ’t  i ons  m u s t  ac mac h e ’ . These- , a r e  : i , i i n l v  t h e ’ - a l p p r - ’ x —

t r e a t  i n s  t h a t  a r e -  u s e d  in j e ’ r - - ~f v n a m i c  s t r i p  t h i c ’ o a i v :

I fl u ’ i n c o m p re s s i b l e ’  r a ’ s t i i t s  ar e  v a l i d  f r  L i i i ’ a n a l y s i s . (The’

e - x t a : n j a l  e a us  I t i e  r e d  l i j r ,  a t r e - a -  S t  lc , IIC M a c l i  nt i t i i b e -  r o f  . s a  t h i a t  e’ , s i l—

- u a ’ s s i h a i l i t v  e l  I e ’ e t a t  e - a i i l d  ak e’ ,a a l s l r l a c t j \ - a ’ l v e a a l i l , 1 W  l a , ! .

h i t ’  as e l u m ,  e a t  I r e - f u u - a a c ~ i s  eam; t a - a l  i t s  j I l t ’ t i  r e t  c l ’ e ’l ie e c h a r ,] ,

- a j a 1 -  ‘ - , a ’ a I  - I l i t -  l e e - i l  c h i a i r e l ,  I ’ d - S I l l  t i n g  i n  a k I ‘ - o t  i s  c , a n ’~t a n t
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across the span. While this is not strictl y necessary, it greatl y

simp lifies the calculaLion. The range of actual reduced frequency

values  across the span is smal l  enoug h so tha t  the e r r o r  i n t r o d u c e d

by this assumption is not large .

(~~) The loads on the three-dimensional wing are the same as

would  occur  at t ha t  wing  s t a t i o n  in a t w o - d i m e n s i o n a l  f l ow  except

fo r  the d i s p a r i ty  in k v a l u e s  m e n t i o n e d  in the p rev ious  a s s u m p t i o n

It would be interesting, and n o t  too d i f f i c u l t , t o  de te rmine ’  w l e ’i t

e f f e c t  these  a s s u m p t i o n s  have on the  f i n a l  r e s u l t s . fl -, awe ’ver .  th ese

were cons idered to  be- s e c o n d a r y  m a t t e r s  tha t  did no t  r e q u i r e  eva lu -

a t ion  f o r  the  p resen t  s tud y .

Once these aerod ynamic loads  h a v e ’ bee n d - v a l a l a t e d , i t  is  n e c e s s a r y

to pu t  them in to  a 1k- rn c o n s i s t e n t  w i t h  the f i n i t e  e l e ’lre ’nt models  d c —

veloped for the mass and s t I I t n e ss  ~a t  r i ces  . A g a i n , the ’  A ppe n d i x  p r a  -

vi,des t i l e ’  de ’ta i  I s  of how t h i s  i s  d , a t i e ’

Final lv , \‘a l u e ’s o f the’ par amet ers necessary f a r  c a l c u l a t i n g  t h e ’

, i a ’  r ‘ ‘h v n a m i  c load s a re

U - a~~’ f t  ‘Sec

- •;‘~‘7 . I a ’ slugs - f t  ~
a - -

I) - a . ’ - ’l I t

I
I , - !

-
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C. RESPONSE QUANtIFIE S AND GP~~DIEN T EVALUATION

The end r e s u lt  of  the deve lopment  of  the mo dels  in the  p r e v i ou s

se’Ctleitl is t h e  c on s t r u c t i o n  t a f  an e q u a t i o n  of m o t i o n  in  the  i-a rm :

(MI + [ K I  - [A fl  H = :t;~ .

S- -me  new terms have been added to the  f o r m u a l a t i t a n  e~sed to s t u dy

w h i t e  n o i s e- . These are  
-

= V e c t o r  r e p r e s e n t i n g  the load  due to a u n i t  s u m —

s o id al  g u s t  o f  fr e q e i en c v  - 

e’

[AJ  M a t r i x  r e l a t i n g  the loads on thet a ir c ra t t due t o

the  a i r c r a f t ’ s o s c i l l a t i o n  at  f r e q ue n cy

j  

- 
C

Thie’ O, e ’ I I e’ ral In c t i1~ ‘c i  r t se 0 Fl t i le ’ p r e y  t o l l S  c h a p t e r  can  he’ r e ’p eatee l

he re -  t o  f i n d  the r o t  o l e - a n  sa j a ia r a- resp onse- ~‘ a 1 i i ~’s f o r  ti l e’ stresses and

t i l e  s I  re ’ s r a t e ’s . II ‘w a ve r ,  t i l e -  I1 C O s ’ e’le’ltie’ fltS o f  the’ 1a i,ab l , ’: t flee’esS i —

a - g j u g  t h i n  m g hi .a b r i e - i  mi e ’-c r i p t i t a n  a t thu _ se’  m eth- I,t . W h i l e  i t  i s

Ii ‘t  ex p i h i t  l v  c r r p ll i ’- iZ e ’’i , i t  mus t  he r ’ n i e o t l t e r t o! t h a t  I he i a n a i v s a s

h - re ’ s - I t t - i I -o w i s  i n  tc ’ r :rrs a l  .t  u n i t  g u s t  e x c i t a t i o n .

a l  sejae rp - a s i t an cUl l  a m - a l i t  ha ’ au ~~ecl t a a h t , i i a i  t h e’ r e s p o n s e  - a t

I a -  W i l l , ’ at ,a Pee i t  i t o h  t

inn

w 
~~~~ 

I i~l ~~a .

-~ -- - -



The [p .) vectors are the eigenvectors of the system

- -  X~~[M] + [KI)[p
~
) = 0. — and the aj

’s are the modal partici pation

factors that are to be determined for the forced response. The next

step is to premu ltip ly Eq. (5 . ) by [~~} T

(- ( )‘~ [ I I + [ ~ I - [GA]) [a~ = [Gd . ~~5 .  ~

The mode shapes have been normalized so that the generalized

masses are unity. The new terms of Eq. (5 . ) are c lea r l y

[GA] [P ] T(A][PI

[Gd [P]
T
~G~

In the previous chapter , multip lying the equat ion  of mo t ion  bn ’

the transposed ei genvector matrix uncoup led the equations in the a ’ s

by diagonalizing the mass and stiffness matrices . The generalized

aer odynamic matrix is not diagonal , however, so the system of eqlaa-

tions for the [a) vector have to be treated simultaneousl y .

Also, since [GA ] and ~GG~ vary in a comp lex fashion with -a t h e

reduced frequency, it is necessary to evaluate Eq. (5. 1)  at a number

a t  d i s c r a ’t e  red u ced f r e q u e n c y  v a l u e s .

Once the mocl a I p a r t  Ic i pat  i t - a n  f a c t  - r e  have i~e -e n I a a t i n d  I t t i ’ a l Ol a

c i i ,  ugh number c - at reduacecl f r e q u e n cy  v:i I l i e ’s La r e p  re ’s  c ul t  I lii ’ c-am p le’ N-

range - f  i n t e res t , i t  is possible t o  m ov e ’  on ta - a the-  , a l e ’i u l ; i t  i a - a n  a - a l

— I _  - —



the s t resses . Once again , the methods of the previous chapter are

inadequate for this problem . The difficulty now is that since the

mode l permits rigid body motions, the bending moments cannot be cal-

culated from a derivative of the disp lacement vector. Instead , ex-

ternal and inertial loads are suumned and the bending moment is found

from these forces and from the fact that the shear force and bending

moment at the wing ’ s ti p are zero . The force acting is given by

F = L + L  •t- nT’ ’ w
g m e

air in mat r ix  n o t a t i o n :

( [ A ]  -i V [N ] )  - w )  - i {G t .

The I F~ v e c t o r  r ep re sen t s  c on c e n t r a t e d  fo rces  and moments a c t  in g

at  t h e node p o i n t s . From th is  v e c t o r , i t  is p o s s i b l e  to calculate t h e

b e n d i n g  moment a c t i n g  at  any s p e c i f i e d  l o c a t i o n  on t i le  w i n g . For th e’

p u r p ases o f  t h i s  analys is, the bending moment s we’r e ’  e m a u m i 1 a u m t e d  at t h ~

cente r o f  c a t c h  e l e m e n t  P l u s  an a d d i t i o n a l  c a l c u l a t i o n  m a t  the ’ wi ng ’ s

r- - - a t

1 e  r i ’ rnu i I) o~ t h e  iflIThient stiunmUt t o n s  , a t  t h i C S a , poi lits f~ i \‘c’S

= E F i ~~ F , ( ,  
~( - 1! 1] f~, - iit ‘d

i-a — l~ — 
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I
I and

I 
BM

R t  
= E (F~ .÷1 

+ F2. . ~.l)

I
This can be summarized by a matrix equation : {BMI = IT] [F)

The vector of bending moments calculated in this way can be

thought of as the admittance functions for the structure . The fac-

tor that is of prime interest is the mean square bending stress .

Given the bending moment, the remainder of the calculation is quite

s t r a ight fo rward .  Firs t ,  the a d m i t t a n c e  of  the bend ing  s t r e s s  is

calculated using the standard S = Mc/I formula. Proper account

has to be made of the tapered property of the wing in this calcula-

t i on  as it en te r s  in to  both  the c and I terms in the stress equa-

tion . With the bending stress admittance calculated at a number of

frequencies , the mean square response is c a l cu a l a t e d  f rom :

- 1 2 ’
Ss = J sL  w

g

’ o )  tI . ~~.ll)

The’ mean squaare stress rate is computed i n  a s i m i l a r  f a s h i on :

= f  ri s : (n’) eVi . ~~.l’

I)

Simpson ’ s rule was usech in per forming t l i e  nin Th ’ I i  c a l  j i l t  t ’ g u m i t  i - u ) S

I 
1 T - V l ~~~

_ _ _ _ _ _
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Once these two parameters have been determined , the anal ys is of

Section IV.B can be used to determine the fatigue life and time to

first excursion failure at the wing stations of interest. This anal-

ysis will not be repeated here .

The changes in formulation described above also create some dif-

ferences in the way the gradients are calculated. Again, only the new

details are described in this section, since the previous chapter is

available to provide added detail .

The eigenvalue and eigenvector derivatives are focand in the  same

manner as previousl y except that the rigid bod y mode allows c e r t a i n

simp lifications . Specificall y, since the rigid bod y trequenc~- is zero,

the derivatives of this frequency are trivall y zero :

= C) j 1 ,C ,..., n . (b  .l~
- t

The r i g i d  bod y mode shape is a v e c t o r  g i v en  by r e l a t i o n :

= 
~~~~~~~~~~~~~~~~~~~~~~~~~~ = U ’

~~ g l ~

where  ‘~ is the normal  i z i n g  f a c t o r  use’d t o  o b t a i n  p 1 
~
‘ 

(NJ

= •
~
“[ ~~

T~~ 1 L~ .

SLu ice’ the’ mass matrix varies wit h th ie’ d i’sj  ‘ i t  v a r i a h u l e s .  t i l t ’

r i  gi d b , a d v  mode does have ma de-rivat i ve’ wi t hu r e s p e c t  to ’ t h e’ di’s i gn

I~ — V —
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variables that can be evaluated by the use of the relationshi p just

obtained:

JMI
:
~

i(u) T[M]
~
u — = - 

,1~ [u) T — [u-
_ t . ,t .

g
~ [MJ

.
.

‘ 
— - ~~[~~) T 

— 1 u~/~ . ~5.l5 ,
-V

1 3

The matrix tri p le product 1- 1
T (- [M]~~~t )  ~~~ can be shown t a

be equal to the structural mass o f  the’ e l eme n t , m . , d i v i d e d

by the des ign  v a r i ab l e ’  t~ . The de ’r i v a t i v e  e x p r e s s ion  fo r  the  m a d e ’

shape then becomes :

o p  :~~
- ‘~
—

~~~
i’ — — — U

_ t . _ t . 
fl 

t ,
_l 1

The next  step is t he de t  - r u - m i n a t i  -n -a f t h e  der i v a t  ivc ’ o i  t h e ’ r i - - ’ a l

parti cipation factors . Recall I-if . ~5.

( —  n- ’ ( 1 J 1 j  — (-A ] (a

Ta k i n g  t h u e  e l e r i v a t  i v e ’  w i t h  r e s p e c t  t o  t i -  t h i  ckne ’s s  m a t  ti l e

e lement give ’s:

- , I  - I i ’ ]
— -

~c 

~ ~ ~ ~ I — I G A ] )  —~~~ a t :  — (Lnt ’ ci
( t



/ i ~~[P ] \
(—  [ ~ I — [P] T [A] — ) [a) . .1- ’

\ t . 0at . /
3

As in previous cases of this type, the matrices on the left-h ’aand

sides of Eqs . ‘,5. ) and (5.lt ) are the same, regardless of which de-

sign vector is of interest. Therefore, the matrix decomposition of

(- m’~ I I I + [ ] - [GA]) needs to be evaluated onl y once for the

n -i- 1 systems of ,n -
~ 1 simultaneous equations .

Another note is that the derivative of the generalized aerody-

riamics matrix involves only the mode shapes since the aerodynamics

matrix , [A] , is not a function of the design variable . This is

d i f f e r e n t  from f l u t t e r  o p t i m i z a t i o n  prob lems , where the aerodynamics

are indirectl y a function of th e’ design variable because the flutter

f r e q u e n c y  is contained in the matrix Ref. 5 - )

F i n a l ly ,  note ’ t ha t  even thoug h m a t r i x  [GA] is syrrulle tric , the

d e r i v a t ive ’ ~~[GA ] /: t . is n o t .

The r e m a i n i ng  d e r i v a t i v e  c a l c u l a t i o n s  can now be eva l a ,i at e d :

- a l p ]
— a ( P ]  ~~~

—

( t . ) t . ( ,t ,
3 3 1

‘F ,
~ 

E M ]
— am ’ — - w) - °t’- 1~t I ( A ]  )1 t .  ~~, 

e ’ I - V  S
3 b I

S -~~~~~ 1 -F I
— I i ]  — . ‘ 5 1

~ - t . ) ~~, ,t _ 1
1 1

P — I - C —

-- ---

~

‘.- -

~
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I
Another new derivative that must be evaluated is:

~~
sj 2 

—

S — 
, (c i

_ _ ,t
j 

_ t
j

where the bar indicates the comp lex conjugate.

Since the bending s t ress  is p r o p o r t i o n a l  to the bending moment

and inver sely proportional to the ’ element thickness , S . cp.BM . t .

where cp. is the constant of proportionalit y ’, t h e  b e n d i ng  s t r e s s

derivative is given by

S . -B M . c p ,
= c~~ 

~

— - - —

~~~

- BM~ 
~ij 

. ( 5 . 1

where . . is the Kr on e cker delta .
1]

Finall y,

~s , s . = f  ‘ w 
sH ~ ,

~~~t . L 1 g ,.t ,

and similarl y f- - a r the stress rate’ . The remaining de ’r ivm ati vc’ s t - -r t i m e

constraints and the objective function are ’ ide ntical in - n:m t a  tie - s e

of the p r e ’v i - a u s  c h a p t e r  and are not r e p e a t e d  h u _ ’r e ’ .

P . RE SUL TS

- the’ oh -- ye descrip t i o n s  h ave ’ p a ’ r i i m i p t ;  jfl eh j c ,it a ‘I . t i l e ’ fu u i i c t  i o u

a - - ,- ,i l ’ ’ - a t  j o n , iu iei ~r a c l i e ’n t  c a i r n  I mat  i - n  re qau l re a considerable’ a m a - a u n t  - a t

a ‘ i np l  , - at I n • :~ -n~m i t’, r .in a - “ : m a m f a  1 a - t ha t l i - a  ‘ - a - I e’i:ia - f i t  a mi a u d , i  tie - a - li - a

P - I~~’ - 
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~1
NF d iscrete frequencies used in the response calculations . Further

specif y that MN natural modes are used for modal superposition.

Then each function evaluation requires the solution of a ~N + 1

eigenvalue problem. In add i t ion, the MN linear simultaneous

equations given by Eq. (5 .8) must be solved NF separate times .

I f  gradient information is desired, the MN simultaneous equations

given by Eq. ~5.l5) must be solved NF .~~ N times. An additional

factor is that unless one is very clever or sacrifices prograzuning

speed and clarity, the arrays needed for the computation quick ly fill

the computer s available core . E.g., a reasonable way to d i m e n s i o n

S t . of  E q .  5 .1- ) is DS’,N+ l,NF,N) signif ying that each of the

N + 1 stress values for each of the NF frequencies has derivatives

with respect to N different design variables.

For these reasons , the examples done for the thesis were kept as

simp le as possible while retaining the capability of obtaining mean-

ing ful results.

The first examp le used three structural elements and retained the

r ig id body mode plus one bending mode . Twenty-nine -a reduced frequency

values ranging, at equal intervals , from 0. to .,‘S were used . Al-

t l i a i i a h  th i s  firs t examp le was worked mainl y as a check on the al gorithm,

the  results are of sufficient interest t — be present e d lucre . The’ c al l —

straint a, were ’ i den t  i c a l  w i t h  t h u - se’ o f  t u e  - a ’ ev i fluS ch~tpt e’r in that ti le ’

I a t i g u i e ’  i i  fe  was s pe c  i f l e d  t o  be greater tlua u i one ’ ve ma r wiul ii’ the’ t fine

- I I i  rs t e’ Xc iirs ion  I mU l u r e  was s p e e ’ i i i  eel I -o be g r e a t e r  th ’aan  a- a lle ’ — h a l

-,‘e-d r.



The initial and optimal
’ 
thickness distributions for this examp le

are 

1. ’

[ti . = 
1 ~~~~ (

‘ [ t )  = 
1
n . s-

t D . 5 m) ) 
~ C). ll5to

A p lot of the final thickness distribution is given in Fig. 5 . ’ .

The active constraints designated on the figure are all first exceir-

sion failure type constraints .

The marked reduction in weight is partiall y due to the fact that

the initial configuration is extremely overdes igned with respect to =

the constraints considered here . The miS stress at the root for the

initial design is approximately “~~~~~ psi: a value so far below the

specified ultimate strength level of L - psi as to be insignificant .

This should not be too surprising, since the textbook examp le from

which the model was obtained was not intended to be near a critical

va lue  w i t h  respec t  to th i s  p a r t i c u l a r  c o n s t r a i n t .  I t  is s u r p r i s i n g

that  the weigh t is reduced b y a t a c t - a r  g r e a t e r  t han  t w e n t y . ‘l’his t m - a c t

is discussed following the ’ pre ’ s e n t a t i - a n  of the  second and las t  examp l e .

The f inal examp le used f i v e ’  e’lements  t o  represent the struc ture’

and retained two bending modes p la~as the’ ri gid b - e l y  m o d e .  The’ same

The cost  f u n c t i o n  used for the  w i n g  examples  was the s-aim o f  t h e -
des ign  v a r i a b l e s . IXie to the taper i- al the ’ wi ng .  t h i s  I S  i l - t e ’y,’te’tlv

pr - a p a r t  ía -anaL to the structural weight; tha e ’r e ’fn re , th e ’  f i n a l  t liie kn e’s s
distribution is not the minimau m weig h - at s ol u u t in n. ‘ibis ‘v er- m i g ht watt
detm ’cted after the tw a examp le’s were ’ c - a m p l e - t a d , an t i  i t  did not. s e e - It t
a l a r g e -  enough e r r o r  t a -  r e q u i r e-  l’ e’ — a h ) t j itm i l t a l t - ‘ 11am w~ t b~ th a’ j r at I e - l u l , m n t
c - ’m p am ter costs.

p - l~~ -
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number of  reduced f r e q u e n c i e s  were’ used . Since the  p r ev i o u s  e :’mamp l e

had p e r m i t t e d  an o p t i m a l  d e s i g n  t h a t  was u n r e a l i s t i c a l ly  l i g h t ,  tile

constraint livos were multi p lied by a factor 01, ten. The fati gue li f e -

was therefore constrained to be greater than ten ~‘e’ars and the time t -

f i r s t  excu r s ion  f a i l u r e  was r e qu i r e d  to be g r ea t e r t h a n  f i v e  y e a r s .

The remaining parameters were left unchanged .

Fi gu r e 5. 5 compares the power s p e c t r a l  d e n s i ty  of the ’  r o t  b e n d i n g

moment ob ta ined  from Examp le 1 .a of Ref. ~ w i t h  t h a t  ob t a i n e d  e i s i nc .

the  i n i t i a l  design and the models  deve loped  f-o r t h e  p r e s e n t  s t u dy .

The d i f f e r e n t  t u r b u l e n c e ’ s pec t r a eased f a r  the t w a -  coca ’s ace - a u n t  f o r

the m a j o r i t y  of the d i s c r e p a n cy , whi l e ’  some d i f f e r e nces  in the ’ model-

l i n g  of  the s t r u c t u r e  accoun t  f c c  the s h i f t  in the l o c a t i o n  of the

second peak . In the figure , the first peak is almosL entirely due -a t o

the rigid body response while (he s e c o n d  pe ak  occeirs v e ry  c lose  t -

the natural I r e q e a en c v  of the first bend ing  mode . T im e ’  second b e n d i n g

mode occurs  at such a hi gh f r e q u e n c y  t ha t  i t  eloe ’~’ f l a t  h a v e ’ ai~ c f  I c  c t

on the r oo t  bend ing  ui-ame ’nt . O f  i n t e r e s t  h e r e -  i s  thi ’ f ac t -  t h l O t  (b

two solutions are qt i a l  i t a t iv e l y t i l e ’ same’ , i n d i c a t i n g  t ha t  the’ c , a m l a m m t  r

anal y s is  h as b e e n done  correctl y.

The initi al aru d optimal thi e’k ne ’ss  v o l  t i e ’s , m i ca  we - I l  mis  (lie

values of tile’ stress and stress rO te - f - a r thai - l inm a l ole ’s i gu u  I r a -  a ’ i \ e ’ l l

in iai le’ 5.1.

l ” i g cc r e’ 5.5 p l o t s  t b 0  f i n a l  t h i i( ’lc t l a ’t m S  C I j s t C i h ) l l t  i - l u  — m el i n e h i e , a t a  -

whe re’ t l u , - c o ns t r a i n t s  a t e  a i m  ( l y e ’ . In  t l a i m ;  e - -mot - m a I~’ , a l  I t hc’ ,t e ’ t  i\’e

(‘0 f lS  I i - ma i nt ‘— were ’ a~ t t h ’  - f m a t  i g a l e  - a

to-
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_ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Thickn ess Final Des ign
Element

Initial Optimal RNS Stress RMS Stress Rate

Root -- --  ~~~~~~~ psi = 5 , - 
1 - p s i  tsec

1 1. “ 0.- f t ’ ’ 5 -~t5 l - ,5 t.

O. - a 5 5  0. = 1 . 55~~1

0. ‘15 o. - 5 ’
~~ 

25 , ,

0. c i  0.  1.5 5~-’~’

5 O.~~bc) 0. c 51’ 32, ° a

TABLE 5.1--Wing in a Turbulent Atmosp here’

The most striking fact that this  s o l u t i o n  e x h i b i t s  is that , even

with the constraint lives multi p lied by ten from the pr evious example’ ,

there is a very large weight decrease from the initial t a - a the final de-

si gn. Part of the exp lanation for this behavior is indicated by Fig. 5.-

This figure shows the power spectral density of the i a - a m - a t  b e n d i n g  moment

f o r  the final design . A comparison of this figure with -a Fi g. 5,5 points

out tw a-a things : 1 ) The area tinder the power spectrum , and henci ’  the ’

rms b e n d i n g  moment , for the final desi gn is su b s t a nt i a l I v  less t h a n  t i l e

area under the’ comparable curve for the original de si gn and (2) the re’-

sponse’ t a  the  f i r s t  bend ing  mode has d i s a p p e a r e d  in t i m e  a p t  imal des ign .

These twa - a re sults arc’ re’lated t m - a  the I mic t that , mi s thue we ’l glut is re —

d u c e ’ d ,  t h e -  i n e r t i a l  I ‘ads become increasing ly less i r m p  ‘r t  m i t t  e - a m l - a m a r e - i

t ea  t i l e  ; m c ’ r a a l v n m e i i  f e  l - ’ ,wf s

L . 

I’

~~~~~~~~~~~~~~~~~~~.
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Of course the rms stresses are cons ide rab l y g r e a t e r  f m - a r  the  t i n a l

design since the stresses are inversely proportional ro the desi gn var-

iables

This examp le dramatically illustrates a tene t of structura l a - a g -

timization that is frequently ignored; viz ., for the final result to

be usefu l, all the design conditions that the structure will be re-

quired to meet mus t be considered simultaneousl y. Because this work

was primaril y interested in stead ying the effect of s t o c h a s t i c  l~- a a d s

in  the o p t i m i z a t i o n  p rocess , o ther  c o n s t r a i n t s  t ha t  w o u l d  have made

the final design more meaning feul e’ere left out of the analysis. The

fallowin~ , concluding chapter offers some suggestions as to how the

-ap t im al desi gn of a wing could include more comp lete desi gn couuditions.

— a
f t  — 1 - - —
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CHAPTER VI

CONCLUSIONS AND RECOI’~1ENDATIO N S

A number of conmments about the behavior and si gnificance of the

solutions have already been made . Sections I1.D, III.E and IV .L Ore’

devoted to discussions of the material presented in their respective

chapters . This final chapter reiterates and expands on these con~~enLs

and lists areas that would benefit from further study.

A general conclusion is t ha t  de ’sp i t e  the comp l i c a t i o n s  i n t r o d u c e d

by dynamic loadings, methods of mathematical progran~ning can be app l ied

to s tud ies  of th i s  type . This is n m - a t  c - a s u r p r i s i n g ,  or e v e n  new,  con-

c l u s i o n . Accord ing l y ,  the main c o n t r i b e i t i o n s  of t h i s  thes i s  mus t  r e —

side in the f o r m u l a t i o n  of the ana l yses  and i n  some’ o f  the  i n t e r e s t i n g

resealts obtained.

In p a r t i c u l a r,  the d i scovery  of d i s j o i n t  f e a s i b l e ’  re ’gi-,ans i n  C h a p —

tea r III is of t i m e  c ’t ical  and perhaps  p r a c t i  ca l  i n t e r e s t .  The tw o  ,le-

s i g n  v a r i a b l e  examp le of  S e c t i o n  I l l  .A e i e m o ns t  r ate ’s  ( l i e ’ c o n c e p t s  o f

dis~ ointness with a simp licity that n i m a k a - m a  i t  v a l u a b l e ’ ama an imis tr u ac —

t I ’,,’e ’ t a d .  Th e’ e ’j se ’  o f  the ’ formulation, ca a l l p l a ’ a l  W i  t i m  the ’  l a r g e ’  , ni m a l m n t

a f  i n f on n a t i o n  g a r m m e ’r c ’ e l . also r e ’ i m l t a a l ’ e a - a -  t h e  m a x i m  t h a t  s i m p l e ’  a m a c - e s

— sh o u l e f  be examined  f i r s t .  I t  is f e l t  t h a t  a-  ‘me ’ o f  t i m e ’  5 t i i e h j e ’ ~ ~e t  o p —

imic ’, - m t  i - a n w i  t i’a dynamic Ia a ,m e l i llg have ’ i g l l - a l e ’ a l  t h u s  l m t l e ’  a n d  h l , i \ e  the i a  l v

s u i t  I c r eel t r -a m ‘ a 1 , a c h e  o f  l a n d e ’ r s t a u a h i n g  o f  t h e -  ‘ a s  i c  l a m — i l - a c ’ i l - a l e ’ s  iiV lv -
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It is realized that the optimal structures shown in Chapter III

with a first natura l frequency that is less than the excitation fre-

quency are impractical because of their inability to sustain even

moderate’ static loads . However, when a design is influenced by a

harmonic loading, it may be possible to obtain a more suitable struc-

ture’ b y l o o s e n i n g  it so that one or more natural frequencies are

l e S S  than the f o r c i n g  f r e q u e n c y  r a t h e r  than  b y s t i f f e n i n g  i t  so th at

a l l  n a t u r a l  f r e q u e n c i e s  are h ig h e r .

A desi gn procedure that is related to this concept is that of

“detuning ” . in th is  procedure , masses are added or moved on the

s t r cl c tu r e  in a manne r tha t  min imizes  r e s o n a n t  responses . Al ’a o t l l e’r

e x amp l e is the  “ s o f t  m o u n t i n g ” of n a c e l l e ’s ,  in the l a t t e r  t e c h n i q u e ,

the mounts minimize nacelle motion by giving the n a c e l l e - m oun t  com-

bination a first natural frcqeaency that is less than  the ’ p r e d o m i n a n t

exc i t a t i o n  f r e q u e n c y . Me thods developed  in  t h i s  t h e s i s  can aid these’

oIe’~ ign practices by performing ti-acm in a more s y s t e m a ti c  f a s h ion .

The r e s u l t s  of  Chap te r  IV in d i c a t e  tha t  t h e ’  optima l structure can

I i  f t c r  m a r k c ’eh l v  I rom intuitive’ desi~~ns that z r e ’ b ase ’  el a l l  s t a t i c  S t r e l l a t l i

a I - a m l e  . A n oth -ae r c -n e - los i o n  is ( l b  t t Ie r e s p o n s e’ to  whit e ’ no i se C m i i  he’

a d e q u a t e  1 ‘ -  c’s t [m a t e d  h a y  a Vt ’  rv s m a l l  nui mbe r o f  r t m a a d e s  . i- m a r the’ p1 0al~~

1 ems s t - a u d i  e d ,  t l ie ’ f l  rs t I wa a m ou l t ’s  wa ru ’ o f  p c i  r i t a  cv i m p o r t  . 1 m m  c a t i f l e l  I t i r t  h u e -  r

t a m -  a , l~ ’tm aeh e i e ’ e l  lit t I c ’  t a - a  tin ,’ f in ca I i’e ’ s m t l  t s  w h i l e ’  f iie ’ r e a m -  im ig .  I h u e -  e’ a ’ m m p a m  I c - a —

ma ’ f o r  5’) 1 a m  t i - - r i  S I  gil L t  a a l l  I I v

Time r’a ’~~~u l t s  o f  t i m e ’  p i t - c a d  i l l ’ , -a h . i 1 a t  e r ,  die  m i  f i ~ ’ w i t i m  a w i  I’ m ’ i n  l i t .  - —

p h e ’r i c  t m i r i n a l t ’ m - a c a ’ . : m , a l - e i t c l e m a r  t h a t  c a r e  i t m a i S t  ‘c t . a l ’ e i i  I - , a - a l t ’ e - . . a t  c i v

-

~ 
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formulate problems of this nature . The examp le chosen had an initial

design that was much too stiff to make a comparison between the ini-

tial and final designs meaning ful. Also a number of features si-a-col d

be added to the mode l studied . Among these’ are additional loading and

c o n s t r a i n t  c o n d i t i o n s  to i n s u r e  that the op t ima l  s t r u c t u r e  has adequa te ’

s t r e n g t h  to withstand normal flight loads and landing impacts . The’

torsional modes are probabl y also of importance and should be included

in further investigations . When -- (her factors , such as fracture t . ’ m m gh-

ness , flaw growth , realistic aircraft structures and improved aerody-

namics are added to this list , the analysis is clearl y one that is

beyond the scope of this developmental work. llop efu al lv , it has pro-

vided some of the techni ques that a mo re- anmbi t iomas re-search g rou p a : - a m - a l  d

bu i ld  upon.

One aspect of most papers -an s t r u c t u r a l  o p t i m i ; t m m t  i o n  w h i c h  i s  c m l - -

sent f r o m  the  p r e s e n t  s t u d y is t h e’ p r e s e n t a t i o n  of ti - ac ’  m l m a u a r u t o f  eoimm -

p u i t e r  t ime n e c e s s a ry  for  a p r o b l e m ’ s s o l u t i o n .  S i n c e - a  the  t i m e  t - s - a l  —

alt lo fl 0- IS not cm ns i t h e r e ’ d  to  be t in  i m p o r t a n t  f a c t o r  i ’ m  tit e’ pre -ab l e’ms w a - a l k e ’ al

h e r e,  no a tt e m p t  wc m mm maci c t a - a  m i n i m i z e ’  i t  . An i n d i c a t i o n  O t  t b -  t t m c l g m l m  t ‘ m a l e -

o f  the  c n m pu a t a t  i on  t i rue ’ r e ’ q m a  i red i cm g ive n by t h a ’  I ac- I t h a t  each  di ’s  t gu t

i t e ’r a t i a a n  f o r  the ’ i - a r - a -a b l e - a m m a t  C h a p t  o r  V r e ’ q u i i r ’ a - aI  . a p p l  - a x i m i t  c l v  m a m i n t i t

a u f C h ’ (  t i m e ’  on S t a n f o r d  - s IBM 3t / -  i n  t i l e ’  ‘ ‘Q u i c k ’ ’  - a r t  i t  i o n .  iv I s  I ng

a r i - a r e  e l f  f c j - m l t  c -mg i i c r  , am l c l  b y r a s j n m  a p p ~’ - ’ > .  t a c i t  u - a I a ’c hn i q m m e ’ s  i - a r  t i l e

an a l y s i s .  i t !  seems q u i t e ’  c ‘ua - ’iv m l b - i u ’ t i m - a t  th is I i g u m l ’e ’  c a r u l d  h~ ’ r e  a l m a ,  e e l

by r a a m g h l v  - a I i  I i 0 1  1 e’n . F a r  h~ 
a i )  l i m i t -  w i  l b  a I a m a - - a r  m o u t h - a u  r’ a t  ,h e ’’ m i c a n

I t -  - - 
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var iables , these efficiencies are clearl y needed in order  to make the’

optinuizations manageable from a computer resources stand point.

Aside from the above conm-aents on problem formulation and compu-

tational efficiency, further investigations could be conducted in a

number  of areas . Some of these that the author finds intrigm.ming and

-of importance to gaining an understanding of the princi ples of struc-

tural optimization with dynamic loading include the following :

(1) Further work on the function space solutions -au Chapter III.

‘the mos t desirable goal would  be analytical solutions f a r  a range of

c o n s t r a i n t  and l o a d i n g  c o n d i t i o n s . Ij n f o r t e a n a t e lv , a n a l y t i c - al  r c c m c i l t t - ;

t - date hav e been min imal  desp i t e  c o n s i d e r a b l e  e f f o r t s  made m a  sea rch

I - - a r  such r e s u l t s .

Sol v i n g  ti -ac two p o i n t  bounda r u ,- v a lue  p r o b l e m s  of S e c t i o n  I I I  .( ‘

I hay numerical methods could also be a worthwhile activit y . Pierson Re t .

I ) d e s c r i b e s  an e x c e l l e n t  al g o r i t h m  tha t  ca mm he used to i t e ’r a t i v e ’i~ ’

solve these types of prob lems

Des i go o f  o p t i m a l  t w m a — d i m e n s  i on a l  st  c- ole I ‘ire’s, sa,m ch mmc m p i c a t c - m m

i t oh s h u e - I I S , w i t h  a h a r m o n i c  or o t h e r  d v c i m a t m m i  a x e  i t a t  l a i a . ru t i l e ’  a m  th m, ’ r s

k n a a w l e m d c , a - , this it-i u n c h a r t e d  t e r r i t o r y  and  s h o u l d  p r a v i a h e -  , i  ~‘ e ’ t m i  t i ’ a at

problems and m u e’w r e s u l t s  . l t m is a n t i c i p a t e - e l  t i - a a t  t h e  d i . s  j ’ i n t  I e ’ , am. i b l e -

reg I - - a i m s  w i 1 1 c a - a r m  t u b e ’  I — -  in ’  ci Cornp i i  emi t m n g  f m c  t~ - ‘ I fl the ’ ma e l  rciu -ar p —

t i t - m - a i  s u - a h a t i ’ a n s  f m - a r -  t i i t ’  b l . a l i t i - a l u i c c m l i v  h - a - a l a - - al S t  r m l c t l l r e ’ s .

- For at ‘~‘lems with i S t a a h l , i t - t  i c  a X C i t . a t  i ‘ i i . t i m i s  W ’ a l i -  1150 5 i - a  l , i —

j vi’ I v s i r t i 1 - a l e  r - a i l a m  i - a  - cr i t a r i ‘a . ‘the’ cl i Sc ’ i p t j O e ’  a f f r a e  t l i r e  - l t l e ’ c  m m  a m u f  e m .

— l~ ’ —
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has recent ly developed more sop h i s t i c a t e d  methods for  p r e d i c t i n g  a

s t r u c t u r e’ s damage due to random loads . These  meth ods s h o u l d  hma ~ ’c

app lication to the optimization problems .

~5 l The problems of Chapter IV s h o u l d  be so lved  f o r  a range  o l

such parameters  as s t r u c t u r a l  dam p ing ,  load magni tcade , and c on s t r a i n t s .

This would show the q u a l i t a t i v e  e f f e c t s  tha t  these  pa ramete r s  have  a n

the solutions and might even point out some new properties of stochastic

optimization problems .

These are suggestions that relate directl y to the investigati ons

of t h i s  t h e s i s .  There are , o f  c o-a m r s e , many  o t h e r  p rob l ems  i n v o l v i ng

o p t i m i z a t ion  of s t r u c t u r es  u n d e r  dynamic  e x c i t a t i o n  t h a t  are  of into re-st

and im po r ta n ce . it is tile ’ a u t h - a r ’s O le -aS’ that t i l e  mos t c r i t i c a l  cur r€ ’n t

task f u r  the o p t i m i z e r  is t h a t  o t  a c q u a i n t i ng  the d e s i g n e r  w i t h  the  tech-

niques  of  o p t i m i z a t i o n  so t h a t  the y can j a m i  n t  lv  d e t e r m i n e ’  wh c r~’ the r , ue t hu . a ds

are of most v a l u e .  I t  is f e l t  tima t tlui cc work  I m m a s  b roadened  the a p p l i ca -

t i o n  of  o p t i m i z a t i o n  rne’t hods and has the’l’ e ’ f i - a r e  e n h a n c e- a d t h i e ’ ir  a t t r a c t  b y e - —

ness and use f u l n e s s .  h o p e f u l  l v .  t h u s p r o m i s e ’  w i l l  lu - a - fma rthc ’re’d and fa i l —

f i l l e d . 
-
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APPENDIX: FINITE ELEMENT MODELS

The finite element formulations used in the thesis are presented

in this appendix. The first two sections deal with the representa-

tion of rod and beam elements with constant cross sections . A stan-

dard text on finite elements (e.g., Ref . 51) contains most of the re-

suits shown in these sections ; they are included here for comple teness

and to demons tra te the no tation used . A third section deals with the

representation of the tapered wing used in the fifth chapter of the

thesis . It is necessary to go into added detail in order to indicate

the adjustments that the tapered elements require . Lastly, the aero-

dynamic matrices needed in Chapter V are formulated.

Throughout the Appendix, a distinction is made between matrices

that represent a single element and those that represent an assembled

structure. The former are denoted by a subscript that defines the ele-

ment being considered (e.g., [K). ) while the latter have no subscri pt
(e .g., [K) ).

A. TORSION ROD

Figure A.l shows the rod and the degrees of freedom used. For a

single el eme nt, the mass and stiffness matrices are represented by:

B -  1 1  -
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I

0 n-2 0 n-i 0

L~~~~~~~~~~ 
+

a Representation Using Eleiients

0 i-1

~b Ind ivid ual Rod El emen t

FIG . A.l--Can tijevered Rod .
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I
I
I GJ [1 ~11

I 
[K]~ = (— 

)
1 [.. l 1]

I [M). = (
~

)± ~: :1 . (A . l )

From these elements matrices , the final matrices are readily as-

sembled . Some assumptions made when this is done are :

~l) The one-dimension~.L structure is divided into n elements

of equal length : 2 = L/n

(2) The rod is a thin walled tube with structural properties that

are proportional to the thickness:

(GJ). — G J t .
I

(I ) .  1 t . . A .~~ )
‘ 1

CJ and I are constants b r  the structure .

~~~
) The cantilevered boundary conditi on is accounted for by

deleting thc degree of freedom associated with the root

station.

I 
— —



The matrix is then assembled by adding the con tribut ions of the

individual elements at the node points . The assembled [Mi and [K]

matrices have dimensions n x n

The equivalent force vectors are needed to represent a uniform

load across the rod. They are found by using the formula

= p 2  
f 

[a~ ds . (A.3)

Here sa) gives the relation between the discrete displacement

representation and the continuous actual displacement. For rod ele-

men ts, ta)
T 

is given by

[al
T 

= [1.0 - s , s) . (A.14)

Then

~~eq 1 . 
= Px

E . (A.5)

The assembled equivalent force vector is

1
1

[p1 = p 2  

~ 

. ~~~~

B.. i t )  -
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I

Another finite element matrix needed is one for determining the

stresses . The relation between the stress and the disp lacement is

found using:

= G[b}~~[0} , (A. 7)

where

R d[a}
T 

R
[bi

T — = — [-1 , 1) .

I ds

Therefore,

GR
=

£

and

GR
s . = — (9 . - e . ) . A . )
1 1 i— i

B. CANTILEVERED BEAN IN BENDING

Figure A.2 shows the beam and the degrees of freedom used in this

thesis. Note that a slope as well as a vertical deflection are used

at each node . The mass and stiffness matrices for a single element

4
I



~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~

(a R~ p r e s e n t a t i a n  U s i n g  n E l e m e n t s

IIIIT~~ 1 k ~ ti

H~~~~~LT

(b Individual Beam Element

FIG. A.a”Cantilevered Beam .
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are given by (Ref. 51)

[K]. = 

(~~~

- 
) 

[Ko ]

/p AL \
[N]. = I — ~

-—— 1 [Mo) , (A.l’ )
1 

\ b20 1.
1

where

12 —12 62

hI2 -62 22 2

[Ko ]

12 - 6 t

Symmetri c

156 222 5l~ -132

hi
2 

132 - 3~3

[Mo ) = . ) A . l l )

i~6 -r~’~
Symmetric

A~ in the previous section , the s t r u c t u r e  is divided in to  n

equal elements of length £ = L/N . The iner t ia  and cross sectiona l

B - 1 ~~~~~-
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areas are expressed as linear functions of the element thickness:

(El). = E10t .

(pA). = ~A ) t i  . A . l

The cantilevered boundary condition requires that the degrees of

f reedom corresponding to the root displacement and slope be eliminated.

The assembled mass and s t i f f n e s s  matr ices  can again be formed b y adding

contributions from the individual  elements at the nodes , The assembled

matrices have dimensions .n

The e q u i v a l e n t  force  vector and the stress vector are found in the

same way as in the previous sect ion with the [al T and f b i
T vec tors

rep laced by

[al T 
= [i 3

2 
+ 2s3 

, (s - 2s2 
+

5s~ - ~~~~~ , (- s2 + s~~) 
~ 

1
T 

,

1
d (d a

= —
~

- 
~~~~~~~~ 

, ( A . l •

22 ’ ( d s  I

where d is the depth of the beam .

Using Eq. A.3), the equivalent force vector is

1

~~eq 1 . pxk 
1 

. (A . 15~

-~ /l2

B - I’ -
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The as sembled vec tor has th e f orm:

I
0

I
[p) = : .

-2/ 12

The stress vector is found using :

w f l i-~

= E[b)~~[w) = ~~~~~ [- E± l2 s , (-~ +~ s ) ; , -12s , (-124 5 ) 2 ~~T

A .l 7 )

If the stresses are calculated at s = . the above relation is

greatly simplified in that the first and third elements of [bi
T 

are

zero . This was done for this thesis giving an assembled stress vecL~ r

of the form

0 1 0  0 0 -  - - - 0 0

- - -  - -~~

—

0 0 0 - - - - 1 0 1 0 0  w
n—I

0 0 C) - - - 0 0 -1 0 1 w— -

B l 5
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TAPERE D l~)Nt ;

Tb i s se~~t iof l  develops the matrices needed for lOb .

[M I [K]  — [A] ) {w~ -

The wing used  f o r  this anal ys i s  is shown in F’ig. .1 . The l in e a r

t~i;~cr ol  thic chord adds comp lexity to the anal yses ~ I L i ) e  p r ev iou s  see —

I:~~~~O i J  L I l eSe com p lications are outlined in th is sectini

step is to represent the nondimensional semi—cho rd length

b
a b ‘b root 

~~~~ - . A .lre f  b 
-

re f

For the wing used , the numerical values of time pa rame te r s  a re

~iven 
by

b 11: .5 ” , t ‘ 
. h -- 1 .root . f r e f

I t  is assumed that the thickness to chord ratio r ema ins  c o n st a n t

a c ro s s  the  span  so t h a t  the  aerod ynam ic t h i c k n e s s  is a l so  l i n e a r l y

t ap e  r i d  . In o r d e r  t ‘ av~ id f u r t h e r  comp i i ea t  ions of  d o u b t  fu l  u t  i i i  tv

the s t  r L  t ur a l  t h i c k n e s s  is h e l d  c o n s t a n t .  a e r i s s  t i me  l e n g t h  o f  an e l i . —

[h i  e i f l :~e q u 1 f l C C S  o f  t h e se  L w ’  ~1 s s m m m p t i ns a rt  t ha t  time mass

i. I .  — v whil e t h e  inerti a ear s is — v t

H — I ‘ ‘ ‘ —
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1

I As in the previous section, submatrices that deal with a sing le

eleme n t are the build ing blocks that make up the final assembled ma-

trices . It is therefore necessary to have structural properties cx-

I pressed in terms of each element . As an examp le, the dimensional chord

leng th for the ~th elemen t can be expre ssed as :

I
C . , s )  = C cx . ( l  - s/s.) 0 � s � 1 . A .,

root i 1

By the use of Eq. (A .lfl), it can be shown that

I = 1 - L ( i  - l )/n t f

$ nt nt- C = —~- - t - l — i  = —i ~~. .
1 L L 1

I
1. Mass and Stiffness Matrices

The mass matrix for an element is found by evaluating the integral :

I
[ M i .  = t .r A

~~~~ ~ 
u. (1 — 

~
_ ) 

~~~
) {

~~ i
’1’ 

ds , A ..

I where [Ti l
T is identical to [a)

T 
given in Eq. A.i3) . The integra-

tion gives

I
I 

[M]~ 
t
i
O
sAr:ot

h i
i 

( i ~~ ] — ~~~~~~ ) . ‘ .\ .

I
I 

B -  [ t (  - 



[Mo] is given in Eq. (A.ll) and

72 lb2 -122

32
2 ibi - 32

2

[Ml ) = . A. .

2b0 -301

Symmetric 2
52

S imilarly, the stiffness matrix is evaluated using

1

[K]. = E 
(~~~)~~ f 

I
~ 

[~~ } [ r)~ ds

where

{e) T 
= 

~~~~~~~~~~~ T

and

I . = ~ ~~~~ (1 -

Since ~~/ .  1 . it is reasonable to make the approximation

B - I - -
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Then , Eq. (A.25) is evaluated to give

/ cx . n / 3 [K l ]  ~
[K] = El

0 ( —a--- ( [KO] - . (A.

\ L f  \ 
~~

. /

[KO ] is given in Eq. (A.ll) and

6 2 2  -~~ h ,~ 
—

-22

[Kl} = . .~~~~.. 

Symmetric

- 3~
’ 

-

Note that as t
f 

and therefore 
~~
. , become large , the mas s

and stiffness matrices approach the untapered results of the previous

section.

2. Aerodynamic Matrices

The aerodynamic matrix IA ] results from the motion and can be

formulated in a manner very similar to that used for the mass matrix.

From Eq. (5)~), the distributed lift resulting from the motion is given

by:

L~~(y )  
~~ aU - ia~ y~ C 1k )  h



The equivalent matrix for the finite element representation is

found using

1

[A]. = ~TP I J2I 
~f 

F( c~~~
) 2 

(1 -

- 2ikC (k )  a . (i - ~~~)j [Ti1{Ti1
T ds .

Using the approximation that (1. _ s /~~ )” 1. - s/ ~~. :

[A) . = 
a 

~(o~k
2 

- liO . k C ( k ) )  [MO ]

2(a ’ k4 
- ikC (k ) [ M l]

- . (A.~. o)
£

i

The [MO] and [Ml ] matrices are defined in Eqs . (A.11) and

(A

The distributed load resulting directl y from the gust is given

by Eq. (5 .~~):

= C 
a

Ub
ref

a
~~~ ~C(k) [J (k) - iJ

1(k)] ~ iJ
1 (k)~

27rP Ub f a ( y ) K ( k )

B - 17o -
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The equivalent force is determined from

I

{Gl~ = 2
~~a

Ub ref i K(k) a. (1 - 

~~
-) ~~~ ds

a . 
[[
GO) - J.*LLI , (A.~

where :

1/2 1

1/12

[GO ) = [Gil =

1/2 21

- 2/ 12  . -

Assembling the matrices is straightforward and is not performed

here. The one boundary condition that enters in the assemblage pro-

cedure comes from the assumption that the deflections are symmetric

about the fuselage . This requires that the slope of the disp lacement

be zero at the root , which in t u r n  requi res  t h a t  the degree  of t r i e d o m

a s s o c i a t e d  w i t h  th is  boundary  c o n d i t i o n  be e l i m i n a te d .

A r e m a i n i n g  task is the i n c l u s i o n  o b  the nonstruct ural masses ol

tue  fu s e  lage and nace l l e  i n to  the mass m a t r i x .  The b u se!  age is  hand!  ~d

r e a d i l y  by app rox ima t ing  i t  as a p o i n t  mass s t a t i o n e d  it the r ~t . This

H — i i  — 

- --.,- -- . ,-



mass is simp ly added to the single element in the mass matrix that dealO

wtth time root disp lacement .

The nacelle is slightl y more comp licated in that it is not posi-

t i o n e d  at  a node p o i n t  of the f i n i t e  e l emen t  s t r u c t u re . !‘i1~ p r ‘~~t’d i’

used is to d e t e r m i n e  which element  con ta in s  the n a c e l l e  and i i  then ,iji

to the mass m a t r i x  of t h a t  e l ement  term s c o r re s p o n d i n g  to tim. eqmi i cal .‘o.

mass of the nacelle obtained using a formula similar to that of Eq. A

[H
~NAC d NAC f  s - S

NAC ~ ds

“ NAC ~~‘~~~NAC ’~ ‘ 5NAC

where is the  d i r a c  d e l t a .  S
NAC ~~ the nondjmens inn alizt’d c i —

~i r dj n a t i .  of  the n a c e l l e  l o c a t i o n .

I
B 1 L  - 

. . , , 
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ABSTRACT

This study investigates two separate , interdependent topics in the

I field of structural optimizat ion :

I 
(1) An algori thm is developed for the minimum weight design of struc-

tures subject to several non—linear inequality constraints . The structural

I weight is considered to depend linearly on the design variables.

The algorithm is based on a simple recursion formula derived from the

I Kuhn—Tucker necessary conditions for optimality . The Gauss—Seidel itera-

tive method for linear systems is used to determine the set of active cons-

traints.

I Examples studied include truss structures and box beams subject to

s ta t ic  loads wi th  constraints  imposed on stresses and displacements , as well

I as member sizes. For the latter structures, const ra in ts  on the fundamenta l

na tu ra l  frequency and f l u t t e r  speed are also imposed. The resul ts  obtained

I show that the method is fast , e f f i c i e n t  and general , when compared to corn-

I 
pet ing techniques. Extension of the method to include equa l i ty  c o n s t r a i n t s

and nonl inear  mer i t  functions is discussed .

1 ( 2 )  Min imu m—weight  des.ign of one—dimensional , e las t ic  s t r u c t u r e s  und er

dynamic loading is studied . Methods of optimal control theory are ip~’1 i i

to a cantilever bar driven sinusoidall y by an axial force at the t i l

Constraints include maximum allowable stress amplitude at any point . alori m

*h~
, ba r , and minimum cross—sectional area .

In t he  absence of damping , the des ign space is disjoint , and many

local op t ima  e x i s t .  So lu t ions  are worked out in  d e t a i l  fo r  o m i t  i min i mu b i r

(.- i i i

______ — .- —--— ‘—



with the excitation frequency less than , then greater than , the fundamental

free-vibration frequency. The latter results overcome a limitation inherent

in previous analyses. Above a certain excitation frequency , two or more

arcs with different constraints characterize the optimal design; a con-

centrated tip mass is also needed in some cases.

Free vibrations of the optimal designs are analyzed . A study of the

forced—response mode shapes, along with parallel solutions to the same prob-

lem made with finite elements , furnish background for a critique of the

d i f f i c u l t i e s  in going to higher frequencies than those treated here .

C — iv 
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NOMENCLATURE

A Aerodynamic matrix

A Generalized aerodynamic force matrix

A Vector of cross—sectional areas

A(x) Bar cross—sectional area

Matrix of coefficients of polynomials for aerodynamic forces

A. Cross—sectional area of element i
1

a Objective function gradient (constant)

a Vector of dimensionless cross—sectional areas

a(s) Dimensionless bar cross—sectional area (= A( ) ii /P)max

a Dimensionless bar tip mass (= M 0 / PZ )
T T max

b Reference length

c Vector of r e s i z i n g  f ac to r s

Diaqonal ma t r ix

D Diagonal matrix

E Younq s modulus

F Matrix of c o n s t r a i n t  g r a d i e n t s

f ( x )  Vector of n i o r m a l i z i i n e q u a l i t y  cons t r a in t  f u n c t i o n s

Structural damping ma tri x

‘ s n e r i l i z e d  s t r u c t u r a l  damping matrix

q ( x ) ir m .’i ;m al ity c o u n t ?  i i i m t  fu r e ,’t i on

q 1 mmi .in q !..i r I f l ’ t

H( ) H a m i l t ’ t i m n  ~~n ’ ?  j’ r;

I
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h ( x )  Vector of normalized equal i ty  constraint funct ions

h
1
(x,y) z-displacements per unit amplitude of the 1

th 
mode

I Identity matrix

i Vector with all components equal to uni ty

j  complex (~ 
IICT

K Stiffness matrix

K Generalized stiffness matrix

K . Elemental stiffness matrix
I

k . Unit elemental stiffness matrix
1

k Red uced f requency ( = wb/V)

F . Distinct values of the reduced frequency

H~~i length

Si Mass matrix

U ;e m m e r a l i z e d  mass ma t r ix

1 Matrix of force systems

P Amp litude of tip— force

A d j o i i; t  eigenvector

Vem . tor of force amplitudes

;. rm. r ,~l ized aerodynamic force ma t r ix  (mod i f i ed )

(0 Cm ,eff iciemmts of polynomials  for generalized aerodynamic force

Vector of complex amplitudes

‘ 1 fr .~~’— m ; t , r e a m  d yn a m i c  pr e ss u r e  ( 1/2 V2

i. ’ ( I I’ m !  c A r t of comp lex q u a n t i t y

N~~m m d  1 m .nm;; iona I upi t ia 1 coordinate

Time
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I
I

t(x,y) Vector of interpolation functions

U Vector of displacement amplitudes

u ( x )  Mode of forced response

u . (x)  Free—vibra t ion  modes
1

V airstream speed ; total volume

V
F 

Flutter speed of the aeroelastic system

V Given and constrained value of the flutter speed
Fo

r Pseudo harmonic oscillation frequency

V vector of dimensionless displacement amplitudes

v(s) Dimensionless mode of forced response

W(x) Structural weight

W Nonstructural weight

w Vector of tranverse displacements

x Design variable vector

Optimum design variable vector

x ,y,z Cartesian coordinates

Z Matrix of generalized coordinates

a Relaxation parameter

Dimensionless excitation frequency (= We 7

Dimensionless natural frequencies

1 Initial value for the relaxation parameter
0

a Relaxation parameter multi plication factor
x

l)imensionliss stress limit ( ‘
~ /E)
max

~,( ) Incremental value

Mat ch i n g l int of two different ire ;;

r Tolerance for design c r o c I -;
I)

T i i l . r m m mc ’ . -  f o r  ‘ ; , i i ; s — S . i O - l  i t ’y mt h i n t-;
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f 
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CHAPTER I

INTRODUCTION

I
The primary function of any structure is to support externally

I applied loads and to transfer them to the reaction points while , at the

I same time , satisfying other specified requirements . Structural analysis

is the field that studies known structural configurations which are sub-

I jected to known distributions of static or dynamic loads and displace-

ments , determinino whether the design requirements are satisfied. The

I structural designer , then , i s  in teres ted  in f i n d i n g  (among a large num-

I 
ber of mlternates) the most efficient design for the specified load

env i ronment .

As cheaper computational facilities became available , efforts have

ii.’e ;i directed to the automatation of structural design. In general ,

I structural synthesis applied to aerospace structures requires the selec—

t ion of configuration , member sizes , and materials. At present it is

not feasible to consider all these parameters except in cases where the

I 

lum id in i ; environment and design criteria are very simple. For this rca—

se m i , i n  deve loping synthesis methods , attention has been focused on t h e

I v a r i a t  ion of one parameter (say member si7,en) to achieve minimum weiqht

W i t  0 t h e  o ther  two pa ramete r s  f i x - m i .  An ae ri . spa e e  st r u c t u r e  i s  n o r m a l ly

:51 !  4 ‘ t i  to m 1 arqe  mnnimb . r of r e q u i r e m e n t  ( e . g .  , ;t r eu s e s , ci isp lac e—

m en t s , ; r i b i 1 i ~~ ,’ , n a t u r a l f r i 1 l m . m m e ’ ,’ , flu t t i t  :; 1 , ed , f a t ig ue lift - , ‘r~~~

e t e . ) . Al t bi ’ i i i C m t I  1 design c i i i i i i t  h i ’ m ’ m ; ;  OIl; t i i .  i , i t m ; t i j , i d i n  n ; t  t” ;~~’t  i r a !
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synthesis , it is economically feasible to consider only some of them

automaticall y at one time . However , the significant progress t !mat has

already been made in the development of structural-synthesis methods

indicate that , in the near future , large optimal structural configura-

tions that satisfy all design criteria are going to be generated auto-

mat ica lly.

Since the beginning of the last decade , two important trends have

developed in structural optimization which represent two complementary

methods of solution. One involves research into the basic principles

governing optimum structures. The approach is that of the classical

calculus of variations and it is applicable to simple , continuous struc-

tures. It has been used by Keller (Ref. 1) for the problem of the

tallest column , by Niordson (Ref. 2) for the optimization of a beam with

fixed natural frequency, by Turner (Ref. 3) for his now classical bar.

Variational principles were also used by Prager (Ref. 4) , Prager and

Taylor (Ref. 5) and Taylor (Ref. 6) to develop optimality criteria for

continuous systems.

The other approach makes use of numerical methods and algorithms

for optimizing complex structures. The structure to be optimized is

either one with discrete characteristics such as an airplane wing, or

continuous one which is first discretized. The structural synthesis

concept developed along two main lines in applications and in methods

if optimization :

(a) with r upec:! to applications: (1) SpeCial purpose appl i cat i o ns

to f u n d a m e n t a l  problems inv o lv i  is; a broad ranqe of complex rei ;nh i ri - mi - mit s

~~~~
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I

and loading environments (Refs. 7—15) , and (2) general purpose applica—

I tions based on the finite-element analysis of general structures , con-

siderinq multi-behavioral constraints under a multiplicity of distinct

I loading conditions (Refs. 16—20).

I 
(b) With respect to methods of optimization : (1) application of rel-

atively standard concepts of nonlinear programming techniques for the

I 

purpose of redesign (Refs. 9—19) , and (2) methods based on fully—stressed

itui qr and optimality critera (Refs. 21—34). A fine account of the o n —

I gins of the terms “imiatheutatical programming ” and “optimality criteria ’ ,

as they are used today in structural optimization , is given by Segenreich

I ( R e f .  3 4 ) .

j For an excellent introduction to the concepts of mathematical opti-

mization , the reader is referred to a text by Wilde and Beightler (Ref.

1 35). The computational aspects of mathematical programminq are pre-

ui-nted in a book by Jacoby , et al ., (Ref. 36). A more general view of

I the field of structura l optimization can be obtained from a series of

;;ilrv i y papers (Refs. 37—39) . In 1968, Sheu and Prager (Ref. 37) cited

146 publications , including prior surveys , with more than the usual

amount of attention paid to continuous (as contrasted with discrete)

structural representations. Pierson ’s (Ref. 38) is the only known review

~, mr r- r that emphasizes dynamic conditions. He cites 01 paper;~n divided

between those investigations that plac:e constraint,s on structuial natural

fr e cu en c i s arid those (fewer in number)  where  some l i r ol i er t  v of t b -  f i r  ( ‘ i i i

h n m m i c  r i : ; n o n u - i ; ;  r i , n ’ ; i c l e r e d  . Since 1172 , i few } i m p - r ; ;  that could t i-

t ided t o  I h i : ;  I j u t  a r -  cit r -d ~~ i- f. 11 , Cl-i . I .  A rev i ew and m ;;u -;chnl -nt

— —
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of the state—of—the-art for optimization under acroelastic cons~ ra intu ,

as of mid—1974 , can be found in a paper by Stroud (Ref. 39). Chapter 1

~ if the work by Schmit and Miura (Ref. 20) is an excellent and u;.’-to-date

survey on methods of s t ruc tura l  syn thesis .  ~~o rece nt symposium pro-

ceedings , edited by Gellatly (Ref. 40) and Schutit ( R e f .  4 1 ) ,  p rovide

s t a t e — o f — t h e — a rt descriptions of various port ions of the f i e l d .

The research that led to this dissertation is centered on two meth-

ods of solution in structural optimization . First attention is directed

to the most problematic aspect of s t r u c t u r a l  s y n t h e s i s :  the  d e v e l o p m c m m t

of a f a s t  and e f f i c i e n t  redesign a l g o r i t h m  to be used in general purpose

programs . E f f o r t s  were made to keep the  r e s t r i c t i o n s  on the  app l i c a t ion

of the  method to as few as poss ib l e .  The goal was to bu i ld  an “ o p t i m i z e r ”

qenera l  enough to replace the existing inefficient ones. The algorithm ,

t h e r e f o r e, should not be problem—dependent. Generality is also kep t i n

the sense that  it can incorporate advances in other aspects of structural

syn the s i s, such as e f f i c i e n t  analysis and sensitivity analysis.

The po ten t i a l  of the redesign method is showrm by means of several

app l i c a t i o n s .  I ts  efficiency is determined by comparing with results

o b t a i n e d  by o ther  methods .  I t s  generality is confirmed by tb  app l ica-

t i o n  to m u l t i — b e h a v i o r a l  c o n s t r a i n e d  problems . I .  e. , w i n g s  u n d e r  s ever a l

s t a t i c  l o a d i n g  c o n d i t i o n s  are  subjec ted  to c o n s tr a i n t; ;  on ;;t r -ss -s ,

d i s p l a c e m e n ts , f requency , f l u t t e r  speed and member s i z es .  Although these

app l i c a t i o ns ;  were  m e a n t  to be pure e x e r c i s e s , t h e  qef l ; y~~ t i on  of f l u .

s t r u c t u r a l  s y n t h e s i s  program took most of the t ime  ;-;permt ~ T m  the i t ’ ’ i i  Th .

Th i n-; was so b s u m u ; av a i l a b l e  a n a l y s i s  programs deal  w i t h  e i t  i s - n ’  c m ; I y

‘; t t ~ ic i - m i r m n ; t  r m i n t  or w i t h  a s i n g le  comp l e x  r e cj u i r e m c n t t  :~~~i i - i i  i ;  Hut ter ,

C _  ~ -
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I
stability or forced dynamic response. Programs that consider various

t1

~

ilure modes typically provide only for constraint evaluations , with no

information on the constraint derivatives which are needed for efficient

redesign. The synthesis program used in this research was obtained by

suitabl y modifyinq the SAD (Structural Analysis and Design) program

(Ref. 43), which considers static and frequency constraints , to allow :

(a) for the addition of a flutter constraint in the analysis , and

(b) for redesign by means of a routine based on the optimization

algorithm developed here. Because of its simp l i c i t y  and ef f i c iency , ~~m i’

method developed by Seqenreich (Ref. 34) for flutter optimization WI;;

chosen .

A second area of research is the  o p t i m i z a t i o n  of a c o n t i n u o u s , ons-

d imensional structure under harmonic excitation . Optimal contro l t i i ’ d;-

n i p s-s sr i  used to find the analytical solution for the optimum ~ha;-i of

a c i m f i l i v i r bar excited harmonicall y ~t jt;; free end , with constraint :

p l a ci d on the  s t ress  amp l i t  udi - and c r o s s — s e c t i o n a l  area a l o n g  the 01! .

Inves t ia~i,t ion of t h i s  problem was s t a r te d  by Johnson ( R e f .  13) , who

t m  r i d  ;;olut ions for a finit — element repre sobmt ’t t ion of t he bar. A;;

w i l l  l u - e n , t h i s  t r o b lem  involves ; de ign  space with mu ltipl e ti ’ t ; ; i b l t ’

r -q ion s and m u l t  i ; ’ l i  s
~ 

t ima . S o l u t i o n s  as  s l i t  m i n i - i l  f m ; ; two of I i m i - i ’

! i t  m o m  n i l  i p r s i - i l i m n ’ i ’ I i i  obtain othet ’ :; is ‘ ; l i i i i l i - S t  i i i .  but - t i  i l;t } i l n m _

c i t y  of st i m j j ’ ~ dea l  i n ;  w i l  i i  i i ’  i ! t  tm i c ,t t ion u t  u i v n i t m ; i - t l  l v  l O l l  i i

i s  t i - i t  t l - m~t t  t l ; m~~ wi n k  m a k . - :  st n n i f m i - t n ; t  ‘ i i n m ~~n i 1 i n m i t i i i n m ;  t n ~

h~ n ic und i ’r” ;i ’ t m m i l i n i t  - f this l v i i of ; t i l  i i i ; . l j - n  f i i ; ; t  l i m e  I n ;

i n t l yt i i’ ’
~ solut ion f i r  mor ’  t~~ i i i  i i ! ; ’ o f  ~~ i n m ; - ,’ u s - ti n t  n i t  is t~~~~n nJ .
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Simic ~ a global minimum is u l t ima te ly sought  in every o p t i m i z a t i o n  p r ; m l ’ n ,

t l m e unders tand ing  of the local optima may prove i n v a l u a b l e  when ; , - c i m n ’ l u x

structures are considered . The success achieved here in finding so 1u tm; in ~~

t h a t  ana l y t i c a l ly detail the effects of the various parameter : p o i n t s  - n m ,

tim e difficulties that will be encountered when dealing with more comjii ’x

problems in this area , as well as alternatives in handling these diffi-

c u l  t i e s .

Time core of the  d isser ta tion is con ta ined in  t h r e e chapters. T h u .-

i n ’tim jz at j i ’i m m alqorithm is developed in Chapter II. Chapter III contain-

i n m f i i r r n m t  i o n  about time st r u c t u r a l  des ign  program usu .-d to I c-st the t i q o —

r i t h m , t s  w ’ll as a desc r ip t i on  ;~ f t h e  ex amp lc-s con sidered and t l~~’ r e s u l ts

s-ht~~l ns’ - i . The structural optimization of the  harmonica l l y ex c i t e d  bar is

n ’ i t t  -cl in Clis~~t i r  IV. Chapt ..- ru II arid III can be considered independent

of ; l
~~ 

i i  r lv .  A summary  of previous i- -st -arch for ea c h  su b j ect  is qive i i

in  ‘ l i i ’  m t  ro ilimi- tor y s i - C t  ions  of t h u  r t - ; ;p e m : t i v i - ch a p t e r s .

F i n  m l  1 v , tt m t- last chaptt-r hr iefl y summari zen I I ’m - resu lt obt ti ned

m mii i n i l t e t i e n  are mn-n t h i t  merit furt her s tud y .  A more l i - i  t i l e d  di.scu;;s l i i i ;

t L ’  n i - : ; u l t s  in ; n - n i ’ : ; u ’ m m l , - l  at  t h u  end of Chapters I I , I I I  simm1 IV.

— — 
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CHAPTER II

AN OPTIMIZATION ALGORITH M

2. 1 INT RODUCTION AND SUMMA RY OF PREVIOUS RESEARCH

The opt imal  design of structures can be considered as an iterative

rucess , each i t e r a t i o n  consist in g of two steps : 1) an ana l ys i s  of the

structure at the current design , and 2) a redistribution of material.

In the analysis cycle the behavioral constraints are checked and chanqes

in the behavior caused by material redistribution are predicted (sensi ti-

vi ty analysis). In the redesign cycle , m a t e r i a l  is added or s u b t r acted

in order to minimize the meri t function (weight) and satisfy the

comlu t ri i nts

Tn 1960 i t was f i r s t  suqges t:ed by Schmit  ( R e f .  15) t h a t  f i n i t , i —el e-

ms-ni t analy s i s  methods  (ana l ysis stu p ) and nonlinear proqramming m t - t i m m s f ; n

( f - i c  r e d e s i m in )  could he coup led t i i  m ; e n i -r ; t t . e structural design cij ’ah ; j ilt ies

T h e  f i r n  m a j o r  e f f o r t  to ‘ in ’ 1 y ma t h ema t i m ’a I programming t u - t hin i p lu ;; t o  the

t n r n ~~z at  m o n  of eon! I i - > :  s t r u c t u r i - ; ;  Wit;; i— i- b ert -d j i m  Pu -I s. lii m i m i  17 . Ti

i n - m u - c a l  ; - ur ; - o s -.-  I r m m ’ m r i m s  ei ’)~ i- ;j(jer ~ t ; t  i t . sIres;; and hiu i- iac e-m en t limit ;;

- m i i i  - n mu i t  i n  I ’  l o t  I - - m d  i t  i i  i i ; ; ;  , - i n  m l  m u m  imum member c 1 S t - n ’. and i n y u ; !  v ’ -

t r’uct m r - - m t  fixed n i - m n n u - t  r’’,- $ h i t  c-an he m i i t i ’ I t - d  by ba rn , ;;f m i - i r  pai l : ; a n m f

; i - i n . —  ‘ - l i ’  ; - ;  mu-rd- r i ; - ’  ( I  r i m m i u m i m i  or -p ; ’nl ri I - u t -n i l) ‘is- me ri t - ; . An n -- I i i

s r k tha ’ m y  j t ’ ; , i i ~- ‘ n , ~ m s ;  I ;  t h , u ’ m u - p i t ’ l i - I  i n ;  P - t n .  I ;  amid 1 $ . Th i n s- - t ~ ,

I 
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in t roduces the  c a p a b i l i t y  of cons ider ing  s t r e s s e d — s k i n  s t r u c t u r e s  w i~~h n

holes and cut—outs and t h e  f i n i t e — e l e m e n t  l i b r a r y  is  au g m e n t -c l l iv  t .- m

‘be am—like ” elements. These two major efforts showed that tochn1~~uu-s

1’ ’t- c- wed from operdt ions research  could be used t s q e t b m u  n with fi ii i t u

e lement  programs for s t r u c t u r a l  synthes is  purposes.  This  succc-s ; v m s ,

; m o w u - V i  ‘r , h i n d e r e d  by an e f f i c i e ncy barrier encounterc-d when large i xamn j- h i ; ;

W- ’ n i ’  c ons ide red . Anal yses r e q u i r e d  large c o m p u t a t i o n  t im e s  and t o m  - maims

a n m s l yses were  r equ i red  P1 th e ma them a t i cal proqramminmn alodi ri t ho.; for

- y ;; v;,,-rq enu:c to an op t ima l  de s ign .

In an effort to reduce compu tational effort and acomodat.e l a r ge ~- r i  -

lu.nms , mam mv investigators (Refs. 21—27) focused ru search m i i i  t lie m p h -mu - r i—

t a t ion of s imp le rsc-ursion formulas derivemi from t h e  - t  u I - r d  ies of t h u

f i s m i l  o p t i m a l  s o l u t i o n , t u r n i n g  away from I I ; - sop h i s t  i n - a t  u-mi m m u mer i ca l

r e I n  n - n i - h i r e s  typicil of mathematical ~i’i - qrammin q . opt. imali tv i - c i t

t a  rm i ’ t h t~~ :;t ;rted from the full y—n t ni - ssu ’m ! m l u n ; i u n  ueor m c- i - I i t  . The first u- ;—

- 551 1 ‘ U n  I - - n ; ’ r roqrans based on this ,‘c itm cu- h it wi-r u - reported in ; Refs . 21 —25.

I n ;  P t - f  . 2 1  t b ’  d i s n ’ l m n ’ u - m i - t i t  - o n m s t r m i n t u  w i - r u - handled liv a numrn -ri - ;il ‘ ;i ’i i hm

n t - - l i n t ,- s r i  u - x ’i n n ) h ml i -; ; w i t h  up to 1205 di - u i r  — u t — t n - ib m w e r t -  ~- oi m n ; i m h - i ’ h .

In  - - - f .  27 t h e  ‘I i s i l m i ; i - m e n i t  c; - ; u t r ; i n t s  W i - n i -  handled Iv an i i 1  t i m a 1 i t -~- i - r i —

- t t i n  ; r i m - -  lu r e  m m i i  the met  hid w;, . - ~ p p h i e d  to s e v er a l  t - x a m p i u - ; .  In  m n n i i n ; t

i m : ’, i S ‘s t m s f m m - t i i  , ; i m i t u  w u - r i -  l i t  m j n u u -u l  i t t  10 r u - s i z I r m i i -v t - l u . -; ; 01 ~~~~~

T i m ’  - n i  : ; of  I P u - - ; - u -a n- I y i r t v u - n - ;  I i qa t t i m ; ;  I ed to - m mm -w ‘‘ ‘ n m lii  S i !  ‘‘ i i ;

t I me t i - I of’ ‘ t r i m - - t u n a !  m i f f i m i n n i t i m i n ; . N~mn nm-1 y, th ~mt i t  t h u  m l ; ; u - < i f  p t  i —

“ u i  is - - cr i t -  n i t  n - t i n - - I ;  f t n r  n t d - s i g n  i n i c h e:: i ’ ; . I t  m i  ~mn ; ’ f K u - n i  ( I - ’ - I .  2 0 )

- m  i t o - ’ - i n - ’  f i n : - ’ !  t i n t  i p - r m . ’ r i i j z u - u l  u - m u - n v ~~t i t t - i  i t .  T h m I t  p!.
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constraints are dealt with by a formula i nvo lvi ’m o element enerqim- s

th e i r  “target energies” . A similar i - sr i  ; u 1 - t  i s  u - u - f  li -n - f - -n t h  tOt- f - i c -

post- . In Ref. 28, several test examp les w - r - -  t r - m t u - h  ~im ’ l results for t v;-

p r act  ical problems were  pre sen ted . In R e f .  2 1 , m~~ I ima  i i t v  -n i t i ’r  i~ i i n .

i - - d u n i q m  f o rmulas  wu-~re presented for  s t ress, di  u f i m  - u - n t - n u t  , f r i - g u t sy m n ;1

buck 1 irmq u -onmstra ints. The f u l l  advan tages  of t h u  met hod are  b rough t  m i s t

by h r - m u t t  inq results for several large examp les. The work by Berku - and

N h - i l  (Ref. 30) provides a state—of—the—art view of the  f i e l d  as of l a t e —

l $ 7 4 .

K i u - ; , i l m ; m ; ;  ( R u - f - . . 31—32) advanced the original cor mm , - u - f - t  of n t - ; ; i z i n g  l iv

means of optima lit-,’ criteria by introducing a paramet u-r in the ri -i l u - s i u m n i

relation , wi th the aim of i m p rov in a  convergence of t h e  algorithm . The

method was presented  in  r e f e r u - n c e  31 and r u - s u i t s  f o r  n t  a b i l i t y  } ‘ n ’ et i l u -m;

were given  in  r e f e r e n c e  ‘12. S e qe m ir e i c h  ( P - f .  34) ni ;; -c i m n-Scant-I u - i  — l i -n t O —

dent redesiqn formula such that n - n ; - t ‘-t ; i c w e i g h t  u l e e r u n i n ; . -  would r i- n - til t.

T h i ’-  procedure hand led only one i - p m s i i t y  const r u n t . I- s i l t : ’ ~‘ i . ’ ’ . u n t - J

irm - - lude those for examples  i n v oi v i  n - i  a c o n s t r a i nt  on t i m . -  n ; t s t  i c  - - u u m n t ’ l i —

ance , n a t u r a l  f requency and f l u t t ’ - - n n ; f - t - e d . Ti ;  a l i t e r  work , S m - i t - n c - - i - l i

m ; ~ l T-t- - lnto sh (Ref. 33 ) OX t ’ u - r i ; l u - m l t h u  m - t h o d  t - r  m u l t  i l - l u -  i -  ~i m m l i t v  n - -n’ —

t rain ts.

(it h u n ’ i n v e st n q c m t mi rn; (Refs. - l . ’ — P )  m - u u n ; i - i - n -  I r u t - - i  ‘ ‘ h f - n ’ ! , -  n i t

m r  l u -n t u - i l n t  na tura l m n ;ml ys;s. Her ’ - t I m - ’ j u i ’ , i  i n ;  I o  n n f ’ n ’ - - v u -  t h u - f t  m u i e n m u .

i f  t he  a nal yn n is ; ;t t — f i  ai u ul I loin; r u - - h u t - - -  t l ~ m - u u m b  it it i u - i m m I  I in s - . l m , i , ’ i -

u - f  f I - ‘ i i  n y  can l i t - a - l i  i i  - v u -  1 h- ’’ :

( .m )  in u - i l u m e i n i g t h e  numb er if b y; jg n; v m r ’ o m i - l u - - - i ’ \  ‘~~~ 
i - r i - n i u t u -  I i n ~n i n ; - n ;

I
I

- - - _ ~~~~~~~ -— - - .-~~~~~~~~~
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that is, control the size of several elements by - 
- 

~‘e design variable

(e.g., members of a symmetric truss under symmetric loading).

(b) Reducing the number of constraints by the “throw away ” (Ref. 42)

and “regionalization” concepts coupled with a selective sensitivity anal-

ysis (Ref. 20). The essential idea of the “regionalization ” concept is to

divide the structure into regions and , at each stage of the design process,

consider only the most critical stress constraint within each region , for

each loading condition . The “throw away” concept is based on temporarily

ignoring , at a particular stage of the design , the constraints that are

redundant or very inactive . Selective sensitivity analysis is achieved by

organizing the finite—element program in such a way as to compute the gra-

dients of only the constraints of interest (those remaining after region-

alization and throw away).

(c)  Using i te ra t ive  methods ( Re f .  43), basis reduction (Refs. 34, 44,

45 and 46) , and reorganizing the structure of finite—element methods (Refs.

51 arid 52) for efficient reanalysis. Iterative methods may be efficient

if one considers that after the first design cycle , a good approximation

for the response of the next design is available (design steps are u s u a l l y

small). Basi s reduction has been widely used in dynamic analysis by the

introduction of modal coordinates instead of nodal coordinates , thus re-

duciug the size of the problem . Classical finite-element methods weri-

lu-v u -lop ed for the purpose of performing a single analysis at a time . By

roorganizat torn of the analysis process to I ake advan;taqt- of the  nm - e d for

m u l t i p l m n  an al yses , considerable m- f f ii-iency can be achi t-vu-d

( d )  i n ; i n q  . - f f t - c t , iv .  n ; t - r i ; ; i t i v i t y  ‘ m n , u l y s i s  m e t h o ds  ( h - ~. - t ; ; . 4 7 — 4 5 ) ;  s- . u i .

C- 10 -
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the ca lcu la t ion  of f i r s t  order Taylor series expansions (Refs. 49-50) to

set up approximate analyses and therefore reduce the required number of

I *
comp le te  ana l yses.

One last improvement in the performance of the analysis step can be

I achieved if one recognizes  that  a given design condition can be redef ined

- in an alternative , simpler way. Segenreich (Ref. 34) has shown that effi-

ciency can be improved by imposing a constraint on the imaginary part of

the aeroelastic eigenvalue for a fixed free stream velocity, rather than on

the flutter speed directly.

In choosing the al qo r i th ~ for the redesign cycle , several features are

- hu - - nirable; the method should be:

( a )  - 
‘
~ 

‘~~ , i.e. , the number of analyses should be kept as low at m

possible ,

(b)  : - ‘ ~~ p - ; 7  , in the sense that no restrictions should be imposed on the

I typu - of the behavioral constraints that can be handled ,

( c )  ‘ O t ~~~’
’
~~ - 

u’ ; ’ ’ , 
~~~ , i . e . , the t ime spent in each redesign shou ld

be kept  to a min imum , and

( d )  n t  ‘- ~- ‘~~‘~~n ’ s o  to an op t imum , or very near optimum , design;.

Structural desiqn algori thms using mathematical proqramminq terhnim 1ui.- n ;

I annuall y satisfy only (b) and (d). Conversely, optimality cri teria method ;

I 
normally lm ’mve only characteristics (a) and (c).

The ~~i ~~ ii - of l i t .  - work present id in tb is ch up t er e n t ai l s  t he  u l e v e  11) 1)—

rn- - :! of ‘in n a l gorithm for the weight—minim ization of mull i — c i n n m n ; t raiiim -d

* T h i s  is u s e f u l  m a i n l y when mathematical—programming methods mr.- em-
1- l e yu - ui for r i - m u - n ;  i g n .  N o r m a l ly  I i t - n ; - m e t h o d s  i n v o l v e  a direction; find i ng

‘ i i  1 -n  and - i  one—dimensional nt- u n i - h in this di rect ion;. This st- a r i -h re—
n i t  r u - - n  a u u - r t  m m nuirmbs-r i i i  f u n c t i on  eva1ti~m t ions ( mnr ’mIv , ;i - n ; ) which m m , , u i  ni ’t

I l u ’  f t - S l S u  . ‘Fit -n ’ s - i n - i ’  ;m nl f ’ le t - a n i m l y nci n ;  nneed he f i e rf u i n n t - uh i - m m l y i -~ 
i - n  I i

t h u ’ l i n t - n t  jeni f i n n - u n - i  ‘ i - u i - l i - r n .

L I  

‘.-~~----.-,- ---_ _ --- _ ‘ ii

_ i_ _ _ _ _
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general structures of fixed geometry , having the qualities described above .

Briefly, the algorithm is derived from the rigorous optimality conditions

(Kuhn-Tucker)  arid is parameter-dependent in order to achieve improved con-

vergeruce character is t ics .  The redesign formula used is that of Kiusalaas

(Ref. 31). Linear constraints (size limits) are handled much in the same

way as by Kiusalaas (Ref s. 31 and 32). The number of constraints is re-

duced by a simple “throw away” technique used previously by Vanderplaats

(Ref. 54). To deal with the remaining multiple constraints , a method in-

spired by the work by Taig and Kerr (Ref. 28) is developed. “Inconsequent ”

constraints are deleted by a procedure based on the Gauss—Seidel iterative

method for linear systems (Ref. 53). This development of the redesign

procedure is detailed in the following sections .

2 . 2  PROBLEM FORMU~~~TION

An op t i m i z a t i o n  problem can be formulated as:

Find Miii W(x) (2.2.1)

‘. ;ih~ tct t o  con st ra i n t s

f~ l x )  ~ 0 j  = 1, 2 , . . .  K (2.2.2)

(x) = 0 j  = 1,2,... M (2.2.3)

-
~ - f -  ~~ i x 1 - ;  - i  (N x I) d.-sjcin vector.

- 
Tb’- u -  ;mr y conditions for local mit; imum are the well known Kuhn—

Fit .- r - - -n m !  i t ions ( R e f .  36) and are qiVen by :

M K
; w ( x )  4 ‘h (~~) 

+- ~7 f .  (~~) o (~ ..~ . 4)

C —  1~~~ —
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0 (j =1 ,2 , .  . . K) ( 2 . 2 . 5 )

X 3 f~~(~~) = 0 ( 2 . 2 . 6 )

f j (~~) � 0 (j=l,2,... K) (2.2. 7)

h
~~

(
~~

) = 0 (j = l , 2 , . . .  M) ( 2 . 2 . 8 )

where ~~ and A~ represent Lagrange multipliers arid ~ represents the

m i n i m u m  p o i n t .

The problem as stated by equations ( 2 .2 . 1 )  through ( 2 . 2 . 3 )  is very

general in its form. The structural optimization problems considered in

this dissertation are , in fact , sub-problems of this general fur-mulati on.

For example , consider the structural optimization problem where the objec-

t ive  f u n c t i o n  is the structural weight. When the design variables are so-

lected to size s t r u c t u r a l  elements rather tha define their major dimensions ,

t he  weig ht can he expressed as a l i nea r  func t ion

W ( x ) = a.x~ = + ~~~ ( 2 . 2 . ~~ )

with Its - weight of the structure not associated with the design

va r i a h I ” - n -~ (e . i ,~. ,  non—s t r u c t u r a l  w e i g h t ) .  If  member s ize  l i m i t s  art- s f -u-i - i-

t i m - c l , i t  i s  conven ien t  to separa te  them from co n m ; n t  r a i n t  ;; ( .  . 2 . 2)

(x
~ ~m i n  x~ (x 1 ) max (i - I ,2 , . . .  N )  ( 2 . 2 .  10)

l or  the sake i - f  n i n i f l i s i t y ,  con - n i - h - r onl y i n i t -i n m i a l i t y  i-m;ns ;traint ,s (~~ i~~~~~~~~~~ i )

II , , g u f u ! , ’ u n g  i - u i n d i t i m - n m , n  ( 2 . 2 . 4 )  t l n n - ~~~- n t ;  ( 2 . 2 . 7 )  t i  t h i n ; l i n t  i siu l ir ’ - . m -: ,- ,

‘ i n n s - l , -  r j v. In h u n 1 ! i m - m  I i ‘ v - -Y I t I - 1 - i l l :

c - I l-
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K = 0 if (X 1) - < x. < (x.)
nun 1 i max

a1 + X j-~---— ~ 0 if x1 = (x 1 ) .  , (i=l ,2,. .N )  ( 2 . 2 . 1 1)

j=l � 0 if x -  = (x . )
1 i max

where

‘= 0  if f- < 0
J (j=l ,2,. . . K) (2.2.12)

L~~
0 if f . = 0

J

All functions are evaluated at ~ . Equation (2.2.12) requires additional

explanation. If there are K behavioral constraints , only some of them

are active ( f ~ = 0) at the optimal design and thus en ter the optimality

criterion. The inactive constraints (f~ < 0) are eliminated by setting

= 0 for the appropriate values of j .

2 .3 REDESIGN EQUATION

As shown by Kiusalaas (Ref. 31), the basic function of the optimization

al gorithm is to solve Eqs. (2.2.11) and (2.2.12) by successive , linearized

iterations startinq from some initial design . The design variables at iter-

ation - ‘ + 1 are related to those of the previous iteration by

- J V  -c1x- i f  ( x - )  - c x . (x.)
mm i i i max

+1 - m V  -x . (xi - if c x . .. (xi - , ( i  = 1 ,2,. .N) (2.3.1)
1 i nun 1 1 1 mm

- V i )
(x )  i f  c x . (x . )

i max 1 1 max - 
-

wi ~ hu t i m ’ - n i - m i t - n  iqn f t - f u in c~ given by

~~ 
‘- -fl 

~~~~~~~~ 

= , . . .  N )  ( 2 . 3 .2 )

h i - r u - i i n ;  a :;‘ - m la r r u - I m a x a f  ion 1 - ,m r m m m - t  en th at ranqes 1 m m  v a i n -  from ct -r u i

(- — h - I  —

- -  —~~~c~~~N-._~JL! ~
- -

~
-
~~~~
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to unity, and is adjusted so an -n t i ~ improve convergence . Before  c~ can

be evaluated , the  vecto r of Laqrangian multipliers ?
‘
~ must be evaluated .

The a re  chosen in such a way that the design (v + 1) is “ c r i t i c a l ”

with r€ -n ;n ii- m ,nt to the constraints j , i.e., sa t i s f i es  f
V+l 

= 0 to a f i r s t

order ap p r ox i m a t i o n .  At th is  stage it is convenient to define as active

any element for which (x.) - 
< c’x~

’ < (x ) , and as passive the ele—
1 m int 1 1 i max

ments c”x~
’ - (x .) . and c~x~ � (x) .-

~
- Assume , for the time being ,

i i~~ i min 1 1  i max

that the identities of the active and passive elements are known a ‘ n-

Also assume that the identities of the behavioral constraints that are

active at the optimum is known , i . e . ,  R , the set of constraints for which

strict equality is observed at the optimum is determined . To first order :

N

~~~~~~~~~~ 
~~~~~~~~~~ r E R  ( 2 . 3 . 3)

where

A f  = — f  r E R (2.3.4)
r r

Ic . — 1) x . i f  active
Ax . = 

1 (i =1 , 2 , . . .  N ) ( 2 . 3 . 5 )
1 

- i f  passive

w i t h  x~ the  proper value , d e p e n d i n o  on whether  the  e lement  i i s

passive w i t h  respect to i t s  lower or upper bound . Using Eqs. (2.3.2),

(2.3 .4) ~nd (2 .3 . b )  in  [ u i  ( u 3  1 ) :

Note  t h a t  a c t i vu -  e l e m e n t s  are  those whose s ide  c o n s t r i i i m t n n  a re
I (u O; ; e  “ (or i nact  i v . - )  . The word “ a c t i v e ” was chosen j n t h i s  case i-u - —

i - must- i f  t m ’ - n ; i d e  c o n s t r a i n t  is “ lo o n s- ” the  e l e m e n t  i s  “ w on k i rig ” l i i  i t s
al l ex tc .n ;t
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act act - 
-
‘x . 3f .

= (1 - a) A -_
~~

- -
~~

----
~
- + (1 — a) T X .

pas

— ~~~~~~~~ (x* — xi r E R (2.3.6)

With the definitions :

act

O
a

= {

pas

0 = { O~ ; = ~~—~~- (x* - x-p r r L_.J~~x . i i
11

13f \ (2.3.7)
F = [F . 

] 
; F . =

- jr jr \ 3 X J t

D [D . .]  ; D . .  =6 .~ ~~i j  a .

6 . -

~~~
= [s . - ]  5 . —fl -

13 i j  a.

W im ’ -r ( - . is the Kronecker delta , one can write Eqs. (2 .3.6) and (2.3.2)

i n vector form :

( 1 - i )  ( pT
D E ) ~~~~~~~f~~~~~ - ( l - ;) O ( 2 . 3 .8)
— 1

C = 1 -- (1 — u) 0 ( 2 . 3 . - ’ )

I t  ii  i a vector with ill u- u i n t n ! i o m s - n n t  - ;  equal  to un i t y

Equations ( 2 . 3 . H )  nu t ; !  ( .  1 .~~) ,  together with (2. 3 .1) are- the design :

-i1uat i on; ; . An ; one -a nm n ; ’ . - , (2. i .Ft) n u n  I-’ - n;olve’d ton ’ \ onl y i f  t h e

(‘ — 1 ’ -  —
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identities of active and passive members are known beforehand . Also , R

was assumed to be known . Finally, the question of how to determine the

t roper value of the re laxat ion parameter a must  be answered .

2 .4 ACTIvE-PASSIVE ELEMENT IDENTITIES

One has, basically , two ways of dealing with the active-passive char-

acter of the design variables. Segenreich (Ref. 34) chose to fix the

iden t i t i e s  of passive elements .  That is , once a design variable  reaches

its extreme allowable value , it is equated to this value for the remainder

of the o p t i m i z a t i o n  process. This strategy eliminates the need for calcu-

l a t i n g  the der ivat ives  of the cons t ra in t s  w i t h  respect to the passive de-

si qn variables. Since one cannot assure that this strategy will lead to

the t rue  optimum , the op t imal i ty  condi t ions  must be checked at the ~nd of

the  op t imiza t ion  process. In case these are not met , a perturbation of

the final desiqn must be performed and the optimization restarted . A

second approach is used by Kiusalaas  (R e f s .  31 and 32) and others (Refs .

25 and 2 5 ) .  Since one does not know ui nr~n-nrf the i den t i t i e s  of the ac t ive

and passive members , the minimization cycle is carried out by a trial-

,t nm i—error procedure. Pt the start of an iteration , one assumes an active-

pas;n i v’- list. One proceeds to calculate the new des ign vector , updating

the act ive—pass~ ve lint if necessary .  If the l i s t  is changed , one r.- c~m1 —

-u ; 1 , m t - ;; the design vector using the updated active—pa ssive li st . This

1-r o ; - i- ss  is cent  inued u n t i l  no up dat  ing I ; ;  i tm - m - ’ -  ssary , and thet; a new u~~~—

im i~~tt Os; cycle is -n t ,; rt e-d . Th i s  n t r att-qv noifnl i nt -n ;  t i ; - m i t - r i v a l  i v . ’ - ; ;  o f

the run -nt ~, m m n t ; w i t h  r u - n i t - u  t t o  m U  de s ign ;  v - u i  i.’ ih los .  F u r t h , - n n n n u i i ’ u -  , one

C - 17 -
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cannot assure convergence of the trial-and-error procedure , althouqh the

method has shown to be very effective (Refs. 25, 27 and 32).

Althoug h the latter approach was chosen here , one must not di s r e q a r i

the merits of the former, especially for problems where it is expected

tha t  a large number of design variables will be at their extreme values.

2.5 DETERNINATION OF ACTIVE CONSTRAINTS

It should be clear that  in some cases the dete~miriation of the s i - I  of

critical constraints R should not present any difficulty . This is the

case for optimization problems involving : 1) a single equality or inequa l-

ity constraint (Ref. 34), or 2) mul t ip l e  e q u a l i t y  c o n s t r a i n t s  ( R et .  3 3 ) .

II is then simply the set of all constraints considered . Furthermore , if

only equa l i ty  cons t r a in t s  are considered , no sign res t r ic t ions  are imposed

on the Lagrangian multipliers (recall the Kuhn-Tucker conditions 2 . 2 . 4

through 2.2.8). The linear system (2.3.8) can be solved directly once

the value  of a has bee n specif ied .

Suppose , however , that multiple inequality constraints have been

specified , and consider a near optimal design. It is apparent that , l it

t h i s  case , the  de te rmina t ion  of P is difficult. Kiusalaas (Refs. 31

und 32) suqqestnn a trial—and—error method for the determination of thu

- u t  ive i-enn straints. The general idea is to assume m i t  (all y tha t  a l l

‘ - ‘‘ n; ”tr ;t i n t  s ‘u r ’ u -  a c t i v e  and to solve the system of u’m~uationis (2. 3.8) f o r

nh. i u i ; r , u n ; i l u u n m  multip lim- rs. The constraintr; as- su iu,- I i t u - i  w it h neqative

- u -n: - - - n i t - i n t o  of are then; considerd t,o be isin— ,u i t  iv .- , si m m; - - l i t .  mul t i —

I u t - r n ;  m ci’-; tm I -’ - ui- - u I i ye ( u - u - Eq. 2 . 2.  1 2 )  . The - - - - t n i - - p i i ; !  ; n m ~ r n w n  .m nm l

— I s —
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columns are -liminated from equation (2.3.8). This process is continued

untill all the remaining components if ~ are  pos i t i ve. Th is method h u n ;

been s u c c e s f u l l y  app lied to an example  wh , r u  two p r i m a r y  c o n s t r a i n t s  wer i ’

npec i f i e d  ( R e f .  3 2 ) .  I t  has beei’u suggested ( R e f .  31) t h a t  thu~ proposed

rnu - t h n ’id is p r a c t i c a l  and e - f f i c i e - n t  if  on ly  a few c o n s t r a i n t s  a n t -  imposed ,

, i ! r m I  that  it  is exceed ing ly e x r u o n m n ; i v e  for  most pr ac t i ca l  problems . A n o t h e r

poir;t must ;;ot be overlooked: it may happen t h a t  constra ;nnts that , w u- im -

-I ~- i u - t , ed because of their association with negative comn,- m ’i n m ; - nmt n; of s i t ’ ,

i n fac t , ~~; -t  lye  and should  not  have i-neon ; dropped.  Sil hI ns -n u - t h a t  a t the

heg innim ;q m r  ar m - in const r u i n i t  n , u n ; n ’ h that the- f i r s t  s o l m i t  o n ;  of ( 2 .  3 . 8)

gives  r n i t  a t i v e  u - - i n n  n -n e n t s .  T I  may w e l l  be t h a t  the  d e l e t i o n  of o n l y

-sir nni ’ of the cuji;nn~~rii n ;t s ,un ;n; oci ut ’ u-d wi th thi n-ne -omr - ru nm c-n; t ; ; n i - s u i t s  in a n’ —

i n ; , t m d  syst em hav in ;mn a l l  ‘ u -nn~~oi ; u - n i t  s - 1 ’ t 1  new s olu t i o r ;  p o s i t i v - . T h i s

i - m i t  -ni -im000n on’cur i - r i g  a t  a ri m -ar i -n t final m u ;  iqn suggest that the do I t t ion - n I

i l l  ‘ - r  ‘~~ r,m ; n - t s  an ;sociatu-d with; the- r nm -Sa t i~~e componen;ts may t u r n  m n u t ’

to 1- ‘ u po ur s t r a t u - g v .  ( i n ; - ~~n n ; 1 . l , theru-fon s - , tb ;ink of cIm-lc tinq onl y t i n

t r a i n ; !  s ’ ; s o c i s t i - m i , n- n~.y , w i t h  t i m , -  inn- - n t  i ; u q.’ t t I v u  L a q r a n ; u m n a n  mu ll 
~1 I  l u - i ’ .

r f t[ ; , - n - n  s i n ai  , t n i t i - q ’ _ - ‘.v~t n ; m m ’s m n ;  i - l i - n u - u t  t o  i i  ‘Xi - u n u l i n ; m l l y , - X h u , n m n n i v u -  t - i ’

r u t j r - a l  n - r n u } ’ [ , -m n;n; , t h u  m o d i f i u - m i  r u i n ’ -  wou ld ( u i  i t o h - i t  u t , s t n ; ’ ’ -  i

- - - n , - o n ; t ; t  n i j n t  - i u - l e t e d  - i s o l u t  i - - i n  t o  , u  n w  l j n m u - - u t ’ n ; ’ , ; - ; t  -rn mu s t  I - - i t s i n ; -  - i .

T f , i r o n Y - - m i  ru f ’ s o l v i n m - n  t i m -  n ’ i - - n n i l t u : ; t - t u n i n ;  i - v  m a t r i x  i n m v u - n ’ s ; u n i  -5 

n~ 
, t ~ ion , u n - -  i n ;  _ m h l i -  t i  i t ; n u  ‘ n i u m u -  j t e i . i t  i v ’  5 c h  u - n i - , n t  n ’ - m n i , t - ‘ u ( n l l m i

1 -  h ’  1 . - l u - - i  a n-n no on ;  u n i t - u - i n n -  n t-n; t (I \ r u  S m i - i t t  i v ’  v - t u t u - . S i t u - ’ -

1 1 - i  I i , - ‘ - i n; - ; i b i ’ - i ’ m ’ ’ t Pu - I - - * an ti - ‘ u u i m V ,  - n - m u - i n ! , a n ’ - u - - u i  u t  I - c i i i  - i u — ‘ -

i n; i ; 5,iu;’ — : ; - i - h u - l  i t t - r u n i v ’ -  r n -  - - S  (i ’ u - t -

I
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Consider the linear system

B A = a (1.5.1)

Let

- 

- 

f 
0 b~~2/b 11 . . .  b in/bill

Ib : i/ b 2 2  0 ... b n/b22 1 d 2/b 2 2
C = —

~~ 

. . . b = . (2.5.2)

Lbr ;i ;’br;n bn 2/ bnfl 0 ] dn/bnn

Define

-

~~~~ 

= c~~ A~ + + b . (i  = 1, 2 , . . .  n )  ( 2 . 5 . 3 )

1=1 3= i + l  
1

and cons ide r  s... = . . .  0
j = l  j =n+1

quation (2.5.3) is the iteration ; formula. As one can s e-u - , oi;e v a l u e  is

- -murn ~-nu ted at a time , thus enabling the elimination of a constraint as soon

- ‘ as its r u - , - i ective multip lier becomes negative .

P - i u f f  u~ i u - r u t  u ; iu n mdi t ion for convengence of t he  m e t h ; m i u i  is t h a t  i- u -

. -;n - n m u - t n i c  - u n m d  p o s i t  iv e defin;i ti (Ref. 53) . Here

- 
~~~~ D F  ( .5.-l )

is  e l - - u n l y  n ’r’nm u t n i i , . S i n u c e , for h i t  class of p rob l emnn  5 , - m i t  w i ’ i u  A r t  t i t u s

i l l  - ‘ u - i t u t  m m , I) is disqon ;a I w i t h  a l l  u - l u - m , i m t ; ;  1u o n -~~ t i v . - , P Ls ~~~ u~~~i t  l V t ’

- i - - f i r m ; ’ - -  w i - m n  i u u ; n u — s i n u - ; u u i u n  .“ H. - n u c u - , the tmthod n b m m i u l d  u ’ u n i v - i - f ’ - .

H u s  n u o r u — s i n u q u l u t ’ i f  t h e  u - u u r m n ; t r a i n i t  q r - u r i i u i m t s  ~m i u -  l u n m u - m i  l y i m m u ! u

- md--iu t . ‘ [ ‘iu i :; i s  ~ 1 , - m r  I y i tt- f I i i  - ‘u s e w h t ’n m  b a r . -  - mr - inne r - - u - u ‘ i i : ;  t r u  i rut ;

- - u n  5 , - u , i mp m - - - - i n  i .jh I u s , wi t  r i - b ;  i s  u m - , u m u i  I y I hi  - i’ nul ’ - . T im t i m  is - - u s, - - - u u n m n  - t n - u ;  n t

- - m I d  1 - .‘ i m i n t n u t ’ ’ - 1 1 c u t  t u ’  r in’ - - u i t s  I r r - - I ’ - . i n .  , ‘‘ I [ m t - u uw - m w _ u ’

— 2 1) —



2. e CONSTRAINT REDUCTION

At each s tage  of t h e  de s ign  process , the method outli ne -S in Section 2.5

eliminates all non—critical constraints , as well as some cri tical and r u t -sr

cr i t i c a l  cons t r a in t s .  Since most s t ruc tura l  design op t imiza t ion  prob lu -m

carry  a l a rge  number of i n e q u a l i t y  c o n s t r a i n t s, i t  would be a f o r m i d a b l e

task to deal with all constraints. All  c o n s t r a i n t  g r a d i e n t s  would be n m u - t -u , iu - u t

u t each stage , c aus ing  convergence d i f f i c u l t i e s  (see ~ - on page 20). It j,; ,

t h e r e fore , conven ien t  to reduce the numbe r of constraints 1w some c-then

means and to pe r fo rm the de l e t i on  p n m i c i - s s  on the reduced number m u f  con-

straints. One efficient way of reduc i ng the number of constraints is I i; ,

r u - o i o n ;a l i z a t i o n  approach , coup l i - u l  w i t h  t h u  t h r o w — a w a y  concept  ( R e f .  2 0 ) .

A n o t h e r  w a y ,  w h i c h  is simp le i n  m n a t m i r u -  and proven to be e - f f i c i u - n ; t  , is

n h  us,- of t h e  “ c o n s t r a i n t  th  i u - k i ; u - ss ” m o n - c u - p t  ( R e f .  54)  . For - - - ‘5  ~- -

- - - purpose- s on l y ,  c i e f i t u e  s;n -~~~ ‘ 2 -  , the cun rm ctraint t tiat n~~
’ut ;- - I ’ n ’ - -

— -~ - f . ( ~~) ~ -~ ( . u . ( u . l )

- in n i l - n , - it - fine “ 
~- - r -  cons t r~uint s an n those for which

f . ( x )  - - ( 2 . ’- .. ’)

i n i s  t hen v , n ,i ‘~ ,1sy t m -  l u - l e t , - I i ; ,  ; - o n m n - l n ’ u j i n t  - - that an ,- np jt ,jmu- r u u ’ t i v ’  -

v i o l at  - - 1 , i . ‘ - .

- (~~) 
- — t  ( 2 _ u - I )

in  ‘ u n - t n t i , - n ; n ; n u r , -  t b m u t t h e  - ; mnn ’ -  “ u - - - n m - ’ , t  r u i m ~ t b u i ’~;n t - - n - - ; ’ .‘ —~ nnoui- I - u- a~~-r I

- - u  I 1 5 ’- - ;  i Sn c u  u n i t ;  t i - m u  nt s , I I i n n  n n ; n - u  n t o  nt -n  nn , u 1 i c -  I I t t ’  u -o nu s - u n i t

I ; ;  ‘ i - - n , - -
- - c -x m l ’ , I i n n . -  i - ’ ’ b ~ - u v i - - i  1 - n u u n m t  i t -  m ( x )  u s  u - n — ;  I

— _ - 1 —

I
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a s p , n u i f i e m h  value q , the corresponding constraint fumi ction would be

= - i ~ o 
(2.6.4)

This m i - p n u u ~tu - bi was chosen for its simplicity . It should he noted that,

the ~cons t ra1nt th ickness ” can be changed during optimization . It might

be r ea sonab l e  t i  s t a r t  w i t h  a rather large ini t ia l  value , such as 2~~~ = 0 . 4 ,

and t o  svste-m sti ; -all y decrease 2- ~ at successive stages of the optimiza—

t i o n n . t r u a l l y i t  i - n  cm n v t - m ; i e n t  to de f ine  a lower bound , 2u1 - , w h i c h
mm

w u - n il u l - f u r  u - t , - n j z m -  the maximum acceptable constraint thicKness at the final

-h i - s ign. Thus a design would not be usable even if just one constrain -ut

; a t i s f i , -s i ru equ a l i t v  ( 2 . 1 .2) with u~ = - . For the sake of simf lic ity:
mm

V 
~ V l t ; 0 ~ ~ 1 ; 0 < < 0 . 2  ( 2 . € . 5 )

when - tl;e- superscript v refers to design iteration v , - is a m u l t i -

t h u - n , a n n - i = is an initial value .

2 . 7 RE LAXATION PARAMETER

P .- nlst im t n t h e  most d i ff i c u l t  q u e s t i o n  to deal  w i  f i t  concerm mn -; t i m ’  - rob i n

v u  lue ot~ the re l a x d t  ion p aramet  u n  - u  . If  i t  i s  unn ;;ume’d that t u t  u-I an ;t j j

- - th
1 u ft mu ss matrix [K .] of a t y p i c a l  (i ) u - l u - m r - n t  has t h . -  f o r m

[i . ]  
- [k .] ~

m 
(2.7.1)

( w i  u - n t -  t i m - -  u n i t  ‘ -t i ffrt.-ss matrix [k .] ; n n  i flml u ’~~-u n um l u - n u t  - - l  Ut - l u - - u - i n n

_ - u r  i, u l u l ’ -  x .) , on,- m ar ;  show t l ;~u t , for  ,u c e r t a i n ;  c r l , u ; ; n -; u t  1 t - ’ i - I -~~- - , u t -

- j u l - n ’ of  u i S

= m / ( m  1 )  ( 2 . 7 . 2 )

_ _ _ _ _ _ _ _ _ _  ---~~~~~- 
-- —



I
I

fInder certain assumptions , Kiusalaas (Ref. 32) demonstrated the correct-

m u S S  of (2 . 7 . 2) , for the desiqn of s t ruc tures  with buckling constraints.

It  appears tha t  his proof can also be adapted to des igns  w i t h  s t ress  and

-displacement constraints. If a problem involves elements with several

d i f f eren t m , one could take an average value . A l t e r n a t i v e l y  one could ,

with minor modifications of design equations (2.3.8) and (1.3.0), assigiu

different n ’ S for different e l i - m e - n u t s .

For problems w i t h  j u s t  o n ’-  c or ;s t r a i n t , Segenre ich  ( r ef .  34)  chose m u

so as t - - - u m i s e ’  a c - n t  a in p e r c i - m ; t  u -f t r educ tion  in the ob j ec t i ve -  f u n c t i o n ,

;~~ec - i  fy i  r i o  l i m i t s  on f l i t -  ~~1 l o w u b - l  ‘ - ‘ - r u - t n t  aq ’  - c hange-  in  the  dc-s ign

v a r i a b l e s .  A r t  - - x t u - m ; i - - n  u f  t I s -  n ; m r n u -  n -on pt  to  problems wi th m u l t i p le

‘ ‘ i u d l u t \  , u n ; n ; t r l u n u t - ;  i s  u v < u j l a h ! ,  i t ;  r , - f u - n - n m - - * -  1 ~~. S u n n c u -  i n ;  ex te -ns i oru

- I  t h i s  gg- r u nac-b m t r u  n h ( -  f - n u - - n . , - n m t  c m ii- wi u i u i l u h  I n u -  ~- x t r u - m * - 1 y cost l y ,  du e m a i n l y

o the  - , - or ;st ra m i t  d *- l e t  l u - f l  f) r su :  - ( w h i c h  is u — d e p e n d e n t  ) , i t - anm n io t ki t

*- f f i c i o n t l y used .

r-:x~~’-rience has shown that u is rt-l ated to st &- n - size- j i m the fu u llo w um ni r

way : the smaller -~ , the larger the cnt t~ b - ~ The st op s; n ’,- is not absoliut

u~ uu i dig t r ;ds a l so  on t h e  c n n s t r a i m m t  and oh ~eu ;t iv . ’ - fu n c t i o n  g r a d i e n t s .  I t

as the  a n g l e  between the’ gradient of t h , -  m i t  e rnnt ’ -t ion ; of t h u  a ; —

iv ’- i u n s t  r , m i n m t  h y p e r — n - n i u r f a c e n n  and t h e  g r a d i e nt  of the  elect  ive h’<-n u - i  — f - I . ;  -

m i -u - n ’ -  u- -- - S i ni m u - the nu -d t- si qn formulas a r t -  s t r i c t l y  ~~j u 1 u 1  i - - a b l e  t m -  n ; n u u i l

i n n ; ch u m u ~ u -s , at t h u  start of ti ;, i — f - I  i mi zat i muim  One- - h i  , ;m-S - u so un ’ t o

i - - h u m -  ‘ ‘ - t  r ’-Lu tiv t- l y sina i 1 stef- s ic ’- . At t h e  end of thu . - opt ; n t c u t  iu ’ im , w - b u ’ i u

l u ’  ,tn ’n l ’ m,, rt t 5 t i - u - v ’  i s  yen ’ ’;’ sni t i 1 , i t ;  u bi o t n ,-i u ;no on In ’ ;‘T~~- iu i u u a

i - - h u t  o i l y 1 - u t  n ’  n t - ~ - T i u ’ n m  t ho  u ’ } m - u n m i n ’ i n ;  t b ; u  u P - s iq mm in ;  u l u i i r u q t r u  i i . ’  ~n ;u l I

(- - 2 1  -

I 
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iii any event. Analogous to the “constraint thic-kness” ,2u5 , choose

V V— h \) ‘O va = ci ci 0 ~~ 
< 3. ; 0 < ci < 1 ( 2 . 7 . 3 )

x x

Note the similarity to equation (2.6.5).

1.8 CUTOFF CRITERIA

it is common practice to de f ine  a termination c r i t e r i on  for every

itu :-rative process. As it has been shown , three different iterative oper-

ations are used in the method : one related to the determination of the

active—passive character of the design variables; a second related t o  the

determination of the active—passive nature of the constraints ( t h r ou g h

the evaluation of A ); and , a third related to the resizinq operationu

i t s e l f .

With respect to the active—passive character of the design variables,

i t  is convenient to define a maximum permissible number of iterations ,

k , s ince  in some cases conv ergence mi ght not be ac hieved .
max

The imrocedU re that  calculates  ~ is t e r m i n a t e d  whenever  one of the

f - - l l o w i n g  u , n n m u j i t i o n s  is s a t i s f i e d: ( i )  the number of i t e r a t i o n s  e-x m ,- e- u -ds

a ~‘r -sCr P m — i  Va I ; ; ,  j or ( i i )max

- 0 r e R (2.8.1)

a rid

‘ ,— I
— -; r e H ( i < i  5- r  r —

Tb , ; u m f m  f - r i - - - i n ;  I . - r ’ n i n u n u , u t e d  wh , - r ; , -v , ’r i - n ; , -  of I t ; ’ -  fui l I m i w j m s ;  ‘ ‘ n u t - f t

~~ it ’  -n u - u  j i ;  mm -f : ( j ) t bum ’ n u ’ u i n i - ’  a c f  r ’ ’ - u i . - n ;  n qn ‘ic 1 t l ~ ~-X I ; ;  a ; - r  t t i - u - - i

(
_ 
-
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number  i ; or (ii)
max

f . 
~ f 

(j  = 1, 2 , . . .  K) ( 2 . 8 . 3)

- 

- 

and

f � - c -

° i f  x . is active
R - E 1

+ 
0 

i
f = ()  

(i = l ,2,...N) (2.8.4)

< 0 if x = (x .)
— u m a x

ln ,-ou al itv (1.8.3) is concerned with feasibility , and inequalities (2.8 .4)

- u i n - r ’ i- n ; f  - - ‘- I n I to ti n e o ft i m al i t y  c r i t e r i o n  (see Eqs. 2.2.11 and 2.2. 1 2)  . I t

;s i m r - - - r t -  u : , t  t o  n~~t i ’ “ ( n u t  the unnu- of t he  last converq - u;cu- u - n I  i - n i t - m m  l u - u - I n ,

‘o .u ma n f i  :n ’ i- il - - t t imurn . if , i tt at-u ernq i miu-- n ln g f-nol ’il em , t i m ,  f , - u n ; i h l e

r-  -q ion;  is “ I h a t “ n i t - i n  t I m ,  - - pt 1 nin ur’n , u - ~m;v .-r qeiS - mi q h t  he slow . O t m i u , - W o n ;

s t - t i - - n ’; c i t  a l l - — f  t, ima l d i - s i q i , which c-o u;Ld h m u o k  very d i  f l u - r u - m i t  a l f i n u ’ u

- - u -I’; w i ’ n m l , i  tsuv - l i - u n I y  I l ;t ur n ; - u -I u t , i v , -  v u ]  u ; ; . St mm ci- , t n - u r n in . n t q i  I n - ,  i —

i n n i f  - -; t~~ u m - t ç - - i n u t  , - ‘nne itt n; ;un ni t 1 l y u ; r m u , - rn u-d  w i t h  d u - ~~ i i p m n ;  t h a t  bu- ’iv . -  a m i tui mn u nr ;;

- t  n; - - , u n — m u n i m U t i i  co;;t v a i n ; ’ - , i t  m i g h t  b i  u m l u ~~t 1 r - t t u  Ii ; c- m i t i - ; j d e t  t h t  u g - t  u n n ; c m —

i - - n n u v u - r - u - - l  i f  t h e  o h u n u ,mu - iii l i t ,  m - 1 u ~~t m t  iv , -  fu u tu ct j on ;  du n ’ i n u - n  - t

fix e d rn ; urnl - - - r of i t - - n t ’ i - - nm ; ; i s  Iu’ ~ nn t haim - u n h - e m - i t t - - u i  v u l u c ’- (Hi - h n ; 2 2 tn - ;  5 1 ) .

,-\ 1 t b m e i u - t b n  t n ( n u n ;  n mu ~ b ; - t n  5 - - u - ;  t ; ca l  I y us u -mi , I in in; or; t ‘ - 1 ’ u ‘ m u  wi 11 l’. n - - - n n

- - -S i - - i  d i  a- il- al ti m - u  t P ‘- - -x tm b m l ‘ - -

< u. ’ t r ~u ; b ; — ‘~ I-: T ;i1’r — f_ - t 1 u; ’m ’n ’ I rJ A l -  ( F - 1 7 h f f - f

F- ’ i - i ’ un ’ ’ - 1 2 - - ? ; ‘ ‘  H - t i u u n n - u r - ;  - ‘ I  t i n - -  n i - i ’ ’t ; ;- m r - u l m f m t n  ‘b i n  I ’ - I o n t  ‘ u

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



concepts developed in this chapter . It is assumed that an initial design

is available along with the necessary optimization parameters. Essentiall y

no res t r ic t ions  are imposed on the f e a s i b i l i t y  of the i n i t i a l  des ign .  Ex-

per ience  has shown , however , tha t  numer ica l  d i f f i c u l t i e s  may devel o f- if t i n , -

in i t i a l  desi gn s a t i s f i e s  z~~ l con st ra in t s or vio lates some by a l ’ir m ~mt mar-

gin -u , say 30%. If that is the case , the initial design vector should be

scaled proportionately up or dowr; in order to correct this deficiency .

The method for the calculation of A , based on the  p revious d i scus -

sion , is outlined in the flow diagram of Fi g. 2. H e r , -  NAC is the nuumhe- r

of ac t ive  and v i o l a t e d  c o n s t r a i n t s  (see section 2 .6 ) .  Also , by m ; ; m f - a n i s o m m

of Eqs. ( 2 . 5 . 1)  and ( 2 . 3 . 8 ) ,  anuc i t a k i n g  ( 2 . 5 . 4 )  i n t o  account:

d = -—-
~

—-- ( f  + e ) — ( 2 . — ’ . l )
— 1 — t  — b~ — a

The vector A is continually updatt-d so that the converged valu e-u ; obt airuu - m i

in; one d e s i g n  i t e r a t i on  may be used as the startit;q value-s in the next cy-

cl e - . The ri - a son ing  is t ha t  dun  m ;o l a t e r  c y c l e s  of the oj - t  imizat i o n  ~- r m - —

c’-ss wh en , hopefull y, the active- coumstrairuts at the op t i mum an . -  s u - t , sine

does m a t  i -x f ;u - m -t ma I on  cha tuqes  in ;  the- components  of \ f ront  onmm i t - ra t  on

‘, , i  t i m - -  n a - x t .  A = 0 i n ;  used as a s ta r t  ing fu oi nt .

1 . 1 u f - n  ~-~~: itu r-: EXTENSIONS AND D[SCIJSS]ON

‘Ft u - n - u t - -  classes ; u f  s t r u m - t u n a l  ; i f ’ t  m m u c , u t  i l - m m  ~- n u - i - i u - m n n ;  th at annm m ; m - t  hi -

i-hi - - I I, - .- u ’ i n , - t  f o u l  ann m;ui t l j n n u - u i .  i- - in e x a m p l e - , t b - - r u -  u n ’ -  f - n m ~i — I -mnn’ - w I ’  n - -

ri u n i t - ;  an.- a lso  unnn i nmu f t t n - i - - i ’ ; ; - ’ - -  i f ; . ’ u b  . Anu t  n u t  u-u i  - l u - s i  - in of ’

~~t n - i -  t t ~~~- -r ~~~ i nr i lu m i f t - u n t f l ’ t i ’.’ (Eel . 5 - ) , w i m u d ;  m v - h -  —; c - f i l f l i _ u t i - - i ,

F’ — ~- t -  — 

- - - -- - - ‘ - - — - - - --- - - — - -~~~~~~~~~-- -~~~~~~~~--— - -~~~~~~~~~~ - - --
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$ problem wi th  non l inea r  o b j e c t i v e  fun ;c t ion ,  provides another  exampl e- .

The algorithm can be extended to deal with equality constraints with

f a minor modification. Once there are no sign restrictions on the

Lagrangian multipliers associated to equality constraints , the A ’ s cor-

responding to these constraints are allowed to take negative values .

To solve an optimization problem involving nonlinear objective func-

tion , one would have to compute

2W (1 = 1, 2 , . . .  N)
a . =

1 X .
1

at every desiqn point  and proceed as before . Since the  rec iprocal  of a .

is used to evaluate  ~\ , no component of the objective function ; qradient

may v a n i s h  a long the  path fo l lowed by t i m , -  o p t i m iz a t i o n  f ;r o c e n ; s . ** Uimc u ; im—

s t r a i n e d  min ima , the re fo re  cannot be oPt m ined . Also , i f  the comn ç -u -u i - n u t s

of the ob jec t i ve f u n c t i o n  g rad ien t  are not a l l  of the same s i g n ; , cni v ’ -r-

ge nce of  the c ,auss—Se ide l  method i s  no l o m ; q u - r  j ; n - n i ~~a- ;i . N t - v u - n t  h u e - l u - n ; ; ; , it

is fu ll that this method could be applicable to funm;hI.-rrn nn w i t h  c o n s t raj ru e ’ d

optima if the merit function is not  b ; iqh l y n o n l i n e a r .

I t  sho u ld be no ted  t h a t  the  c o n v e n uj e n R - u u u f  the - ;a;un; s—5t- idol it - t ut iv - -

me thod  is not u n i f o r m ; as a r t - ; n u l  t , a u , onn ; t n t  i n t  may i - u - u u u ’ l u t u u l  t i - u - su io nm

t h a t  i n n  , a temporarily neqat ive va I no may be aui - i t  I ui t ‘d for u mu i t  i H i - -

t h a t  i n n a c t u a l ly p m n n n i t i v e . C b s u t t m a - n ; u r u -  , b mu ;w u -v ,,’-r , tha t -nnu ’ iu u ph ’ - nm munii - mt i n;

- u r n , i f  at  a l l , ~~t the earl y n ; t m u f u - : ;  of l it , - i t - I  i l T u i ; ’ , u t  i _ i n ;  f - r im ’ u si-n . The’rn

i t w o u l d  not  be i - r i  t~ i u  u 1 n u n ; m - . - i t  w o u l u l  o n l y i u - - ; n u  I t i n  a m I t - n - ; i - r n ;  that i n ’

** A w e ,- I , u v o i d  l i m i t ;  b i b  f i c t u l t - , ’ is ti  t emluom un u k  i nn ; - - i . -  t i u .- - I . ’ - ’ u - m n ;

v , u n i u i , l e -  - u  u , u t e ” d t o  - u  v a n u n n b n i n ; q  n u ~~t - I t u p t iiI~p o m n e r u t ( t - - f i n - n t u i ’ u i ’ n - i

- h u n - m u -  i n  u i 1~~; c u r  t u b - I  u - i n ’ - - ;  n u o t  u t ; f l m u , - n m u ’ , -  t im. ’ cub ), - - I iv ’ - ~‘- u l ; u u - )

— 7 —
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more infeasible with respect to the deleted constraint than it would nor-

mally be. At the final stages of the design , however , the set of active

cot ;str a in t s  is p r a c t i c a l l y  de te rmined  and a good e s t i m a t e  of the ~-compo-

n e n ts  is available. The Gauss—Seidel iterations should therefore be

smooth even if a previously-unaccounted—for active constraint (A~ 
1
= 0)

is in;troduced. The non—uniformity of convergence should be observed onl y

locall y and t i n e  cha nce of de le t i ng an active constrairut is minimal. It

should  also be noted tha t  a particular design is driven toward a ~~~~ 

1C51 of the a c t i v e — c o n s t r a i n t — s u r f a c e  intersection . As a conse-

quence the s t ab i l i t y  of the o p t i m i z a t i o n  process mi ght be endangered i f  a

a design p0 in-ut is “ f a r ” from a c r i t i c a l  c o n s t r a i n t  ( A . - -0 )  , it t  case t h is

c o n s t r a i n u t  is not “ q u a s i —li n e a r ’ . This s i t u a tion arises (even if th e

constraints are only moderately nonlinear) at the f i r s t  redesign step i f

the initial design is “excessively” feasible. In this dissertation , whenu

t h i s  is the  case , the i n i t i a l  step is performed w i t h  - ;= l and only the

“closest” con;straint is considered , while its associated A . is permitted

t u ’ u take on a negative value. In order to prevent d i v e r gen t o c-  at t hi s  l u m u i t u t ,

i t  may ;ome-t imen s be necessary to devise a s u b s t i t u t e  scheme t i  drive the

- l - - s u u u n n  c i ;ms e -r to t h e  mu ,un; t m ;nj t i c a ] .  c o n s t r a i n t . In the- m i d d l e  ~~t tat-s of

m i t - u ;  u - r i m , rh.- uu t f s i z t -  shou ld  be smaller when b i g l y t u o n i  j u t - i n  u ’ m , u i ;

at r,; jr;ts u n , -  m -r ’u n m n - n i u ’ i , - r ed iii orde- r to f - n . - v c - n n n  t i € ’  oPt  t u n t i n n u l  it u d e s ign

“ f u n ’’ f r o m  t h -  c - r i  I i - u  I co t m n m t r a i r u t s .  I t  i n ;  l i t - I  j t - v c - m i  I b u t t in n ; u u m t - cjn-; e n;

h i t , -  - ‘ i  
~~

- n n i z . -  I i -  r , - v , - n ; t  d i v e - r i p - i t ; - , -  c o u l d  t - , - - ; u i - ’- r n i u I I  u ;  t~~- 1-. - i n ; u u ; m ; n ; , -—

n i t -  - n - ‘ . i t  w- -u I - I t in e —it -m - r 1511 u n - l i t  - - I n - r C u  i i ;  - ‘ - m um ; n in a I ( u . S ) n t  ‘ - h - 1 ;‘e-

- u n ;  I - hr i vtm - t a - - i i - ; ;  i q m m  - - i o;. - t - u t in  - - I t i t  l i t  I -
~~ 

- I u t 1  - u~~u i n u l l  b -r ’ u in - u t ,i i m n t  i-u

( - ; . - ‘ -  R e f .  I . ’)
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Finally, it is also useful to observe that , while the strategy used

I to delete  the constraints may be very e f f i c i e n t  at the final stages of the

optimization process, alternative strategies may be more suitable for in-

I termediate  stages. The components of A are not Lagrangian m u l t i p l i er s

during the intermediate stages and , therefore , i t is not necessary to

I restrict them to the non—negative region. In this dissertation alterna—

tive strategies have not been tried except , as pointed out above , for the-

f i rst step if the design is excessively feasible .  

--~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ —-~~~~~~~~~~~~~~ --



CHAPTER I I I

NUMERICAL EXANPLES

3 . 1  INTRODUCTION

The redesi gn alam -rith zn developed in Chapter II requires the constraint

a n n u l  cor u str ainm t qr uu l u .- n t va lu e- s  i t  u - v e i n y  design iteration . It is therefore

n, - - e S sa rV  to U se - S t ; m ; i t e - - e l e m e n t  a n a l ys i s  program that is capable of pro—

v id i nO F h i ,  - nt - lu 1 r, -d j  nu f o rma t  ion ; .

Since-  - i t - v t 1o~ - in q  new structural analysis capabilities is outside the

ncope- of this work , available analysis schemes were used in order to test

the redesign a l g o r i t h m .  For the s tat ic  anal ysis wi th  constraints  on the

displacements and stresses under multi ple loading conditions and dynamic

a na l y s i n ;  w i t h  natural frequency constraints , the appropriate module of a

program under development by V an d e r p l a a t s  ( R e f .  43)  was chosen. In order

to dea l w i t h  a flutter speed constraint , the method of Refs. 8 and 34 was

m o d i f i e - m i  as exp la ined in the nex t  f o u r  sec t ions .  The r e s u l t i n g  program is

- a t p u b l ’  of dealing with a large class of structures subject to a few on

all t i m . -  t u - i l o w i n g  c o n s t r a i n t s : d i sp lacement , s tress , Euler  colum b u e k l in g ,

t requerucy, flutter speed and elcmertt size .

Th m - i n n - - I hod of n u - f e r . - r u c e ’ s  8 and 34 was developed from the not ion  t h a t

Fo r’- is rio r ,-an-nonu I n  m i s ,  - the f j u t  t . -r  speed d i r e c t ly , u n n  a corist.ra i n tl . The

- t i n  - ; u c j u i  p r ob l e m  is ~ r m - u~’~m - r I y l m m u n ; e d  by regardinu q the’ posit iveness m i t  q

( t i e l iOn i n u t  f t - - t o t  i n  - u  ; t _ u n m d a r d  V — m i  anal ys is  — R e f .  57 , pg .  565 ) a n  t h e

C— 
-
~~( )  — 
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cons t r a in t , with aerod ynamic forces calculated at  an a irs t ream v e l o c i t y

equal to the specified flutter speed limit.

The primary advantage of this  approach is that i t  is not necessary tc u

evaluate the f l u t t e r  speed at each design iteration . Only the current va-

lue of g is calculated , which is an easy task since g is nothinq but the

f ratio of the imaginary to real parts of the complex eigenvalue of the

f l u t t e r  ei gensystem ( R e f .  57 , pg. 5 6 5 ) .  Ano the r  advantage of t h i s  method

is apparent when compressible aerodynamics must be used . When g ~ 0 is

employed as a primary constraint , the dependence of the aerodynamic matrix

*

on a i r s t reamn Mach number is completely eliminated , and t h e -  evalua t ion of

g and q—derivatives is fast and precise. Conversely, if the f l u t t e r  s }mee d

is used d i rec t  1’ as a constraint , der iva t ives  as we l l  as the eva l u a t i o n  of

t b ’  c u r ren ;t  f l u t t e r  speed must r e f l e c t  the dependence of the aerod y u - u a m i c

matrix on the Mach number.  It is apparent  t ha t  th i s  requires a l a rge r

c o m p u t a t i o n u a l  e f f o r t  and introduces a source of p o t e n t i a l  imprec ise -n ’s-os .

The m a i n  objective of t h i s  chap te r  is to present  r e s u l t s  for  a v a r i e t y

of examp les t h a t  t e n t  the  q u a l i t y  of the a l g o r i t h m  developed in - u  C h i f - t u - r  I I .

f u r  t h i s  reason , no s y s t e m a t i c  u - f fn rt was made to ut-vu -lop highly e f f i c i u - u ; t

an;al yse’-s. I t  is bel ieved th a t  the  c u r n u - n n t  f - n ’ an ram c-ould be impr ove-d c o I m —

s m - I - r a l l y  by method ou l i n e d , .- . u r .  i n  n i - n - - n m u -  20 .

3.2 FLUTTE R_ FQUAT I -D u’CSu ;m ’ ; I f L T [ I l N

“‘ n , - mat rix form of t t m , -  f l u i t t ’ - r  i - - n - u t l  n i l  I - - i  a f i r i j t ’ - - -- - I -  tin. n , t m u s h - i  i t

; t n u t - m y - -  us

A i m  b- u n t i l , - -  u n ; - f u - 5 u n ’ t r  i - n  - u ’ ’  t — n - -

( — —

I
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{~ (I + jG) — + w = (3 .2 . 1)

(see Eq. (35) of Ref. 56) where ~~~, ~~~, ~ and A are the stiffness , struc-

tural damping , mass and aerodynamic matrices , respectively; and w is a

vector of displacements  at the nodes of the f i n i t e - e l e m e n t  model .  To re-

duce the order of the problem , a limited number of normal vibration mode

vectors z1 , z1 , z’ are used as generalized coordinates , that is

w = z q ( 3 . 2 . 2 )

q be ing the complex ampl i tudes of the modes. If Eq. ( 3 . 2 . 2 )  is used ,

Eq. ( 3 . 2 . 1) may be t ransformed into

{K (I  + j G )  — — q~~~} q = 0 (3 . 2 . 3 )

whe re

K Z
T K Z

= ~~- i  ~~T j
~ z

( 3 . 2 . 4 )

~- = ‘  !~t Z

A = - ( l / m i ) 7
T -

m i i i  q 1/2 o V 2 is the free-stream dynamic pressure .

1-or S - l i v e - n  a e rodyn amic  c o n f i g u r a t i o n , the  aerodyr ;amic ma t r ix  A is

-u f ;ummc ~ ion r i b ’ 1 h .- air dens i ty  p , Mach number M , and reduced f r t - u~n ; o u u u : y

k = b; (‘2 , W h u  ru - b is a r e f ,- rt - tu e t length , arid V is the f r e e — s t  n i - tm

v m - l u a ’ ity. The n l .- p .-mmmi ’ - nmm;u- of A on is l i n e a r  so t h at  A is a i t i m u t ion

if k arud - only.

C — ~~u —



F’or problems wi th  many de-j r ees-of-f reedom , is is usually costl y t n

calcu la te  and store the aerod ynamic  m a t r i x  A . H e m m c - e , i n s t e a d  of c a l c u-

l a t i ng  A f rom Eq. ( 3 . 2 . 4 ) , i t  is more conven ien t  t o  ev a lu a t”  i t  d i n i - u t l y

as a matrix of generalized aerodynamic forces (see Ref. 56)

= ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ dx dy ( 3 . 2 . 5 )

v s - - n e  ,
~p 3 is the pressure d i f f e ren c e  between the  upper and low -n - ; n u n —

- - s  per unit arp i itnid , - of the j~~ ~ mode , and h
1 a r m -  th i - z— d i n ;n-liic ’ mi

- n n1nu i~ amp l i t u d e  of the i th  mode- . If  t (x , y )  is a s u i t a b l e  m t  u - i ~~- - - l a —

i - m m  ~- - n n u m u l ~~, h ’ (x , y )  can be o b t a i n e d  f rom z
1 ( d i s ~~ l i m - u - p ; , - n u t  \‘, ‘ ; - t - - n  ~t ’

- u  - ‘ i n ni g r i d  n~ f t h e  ~ th mode)

i T i
I; (x , y)  = t (x , y )  z (3.2. 1-)

S m e t -  t h e r u -  is u s u a l l y 1 i t t I m ’  u ; u u n u t  u - jtuforma t ion av t u I abl u ’ 0 m m  C ;

in; t h i s  w u u n k  i t  w i l l  b u m -  assumed t I n ~~t

G = -n  I ( 1 . 2 . 7 )

v i t h ;  I 5u’ i - i - - t n t  l t v  mat r i x .  I - - p u - m t  i - - n m  ( 3 . 2 . ~
) t~~ ; u ’ ; ;  I n k , - - -  t f ; e  1 - - n p ,

U-’ — A — F )  q = 0 ( i - . R )

- - r - - m n  - - ( 1  i - i )  /aS ’ 
-

T h i s  ‘ - n ~ ;at t ion n c - p r  u - - n t - n i t  ; a e m ; T n i ; l e X , m m u ; n i l t i m - u n  . - i - n u - n v u l n u u -  f - n i - i - i -m n- i n -

j ‘ I; ’ - ‘ h y u  - - - u - - u I n u n - un’ -- u - r n ; - , S , - i n  m c i  k f n n ~ u t  1 1 v ~~- u I n ;  - n ‘ a - ‘- I, t m - i ;  r i ni ut n i - -  n

i i  r ’ — - i - - r i — n i - y in f t x i  - i i  , - u i ~- i  t it .  - ‘ - i - n ’  i l l  - I - - i  1. -m t S So I ei’ i i  ‘ 1 c i t  In , t is ’

- u n - t m- ! , - r s .  A - i t y  w’ 11 k n u - uw ; r n - t iun ,d I - i ’ s n - l v i t n u l  ‘ I ; ’ - - - n ; l ; n mu - c i  - u ’ ; ’  t ; v , u l nu - -
~~

- - 1 1  -

-~~~~~ 
---
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f - um ’iblem (1 .2.8) is the V-y method ( R e f .  57 , pg. 565) . Suppose that  the

air density is fixed . The V—g method then requires the solution of a

series of liutear eigenproblems for assumed values of k , de te r m i n i n g  a

s u t  of curves in the V—g plane. The curve that crosses the V-axis at tb -

lowest  va lue  of V is the c r i t i c a l  one and th i s  va lue  r e p r e s e - n i t  a the

*

f l u t t e r  speed if it is cons is tent  w i t h  the Mach number and a i r  d i - i m s i t y .

Normal l y ,  it; order to match the veloci ty obtained , i t  i s  n m ’ - c e s s m r , - t o  f - u t -

form t h i s  process fo r a few pr scnibed values of the Mac lu nm um be n.

3 . 3  THE FLUTTER CONSTRAINED PROBLEM

In order  to in u c lude ;  f l u t t e r  c o n s t r a i n t s  i t t  i ii- , - hi s 1 - 4 n n  i - - u  n e ’ , h ’ —

‘ - au -mm - at  i I ’ n ; s imp l i c i t y  and e f f i c i e n c y , t h - - u f u f - r u s u u f of k ’ - t  s. 8 a’ ’ I i s

us’ - ‘ b .

L u t  V be s p e c i f ie d  and consist u -nt with a givu-n ~-‘ S i ; u m m n h ,  r

-t I t i t u d e . I t  i ;;  r e q u i r e d  t h a t  the  f l u t t e r  ~pe- ted k ; u -  g n u - u t  m r  t h a n  Vr .

This  u - o i t n -n t n ’ u i n t  can P t -  d e f i n e d  as (Ru-fs. 8 stud 14)

- ;  0 ( 3 . 3 . 1 )

- -n t in , - - - 
. 
‘ 

- 
— / V— - - at V = V . W i t  b ;  I f ; ,  - m i t  - I i tu~ t i i n n ;

Fo

i, - -
~ A = —

~ ~~ A ( 1 .3 .2 )

C i  j i ~~ ‘ 5 f  n - -l  - I - -inn (3 . 1. H )  - u r n  be. - writ l u - n t  as

( ‘  i i  — ilk ) q - ‘- (I ( 3 . 3 .  1)

* f - c u r -n . - n i - n u ’r  u c t u t , u l  n i a m l u i n n u l .  li t - b  ~~~t ii- ~ t I n t l - - n  I - -  - - u - - - i m n  m l  - n - f t  i s  
r V t ’ t v - - n  I t - - I i - u r  — - c ma 1 1 cilTioUtu n f ui um i - I t  u g w u 1 1 - u I w , i  ‘1’n ; i - c  - I - t -

i - - n  t -

I:- I - I  -

IIIL - -— 
-
~~~ 

-
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For fixed Mach number and air density , Q depends onuly on k. Sine-

must be evaluated at several values of k in order to determine th - V-u

crossover , it is convenient  and u sua l l y  a c c u r a t e -  to c a l c u l a t e  A at  a re l-

atively small n umber of k—values an;cI then interpolate for the additionu al

points. In this dissertation , the i n t e r p o l a t i n g  functior;s used were 1
t h  

-

order polynomials:

I
Q = cm . ( 3 . 3 . 4 )

I
shot ,

= p~ b- A ( 3 .3 .5 )
-
~ i 2

tnt- the ;:c-, ffjcju,- n m t  m a t r i c e s obta i ta-cl l iv f i t  t m g  pol y n o m i a l s  to

the  ae rod y n a m i c  fo r m - i - matr im - es ca l c u l a t e d  u t 1 - e l  va lu u- n-; of k , t h a t  i s ,

by sol v i n g  the l i nea r  system

j u+ 1

~: k A . = A (k 
- ) ( 1  = 1 , 2 , . . .  li~i - I )  ( 3 . f .m

3 1 3
i= l

w i n - r e . -  k - - t n t ,- d u n ; t  m i t  v a lu e— s of I i ; - -  n i - d i n - u - u i f r ’ - - n n m n i u - - - .

Thu  u i m - u l v n n t s  n n t t 1 ,  i f  o n m l ’ i  t he- fliut t i ’ u - us ;n;t r u n t  in; consu l 1 , n - u r n

I’’ - t ; n u m m , m r t s  -1 as l i - I  1 - iw s

( u )  ~~
- c ” t  - - - — The’ M u H n  n a u rnnl -’ - n and a i r  - i u - i i s i t y  (alt i t  ; i u i t ) u i ’ ’ ’ c f i \  

u i -r n ;  w i t , bi t h e . -  I - m w - - i  l i m i t  u n ;  t i m - -  t l 1 t  te n i f t - u m i .  A - i c - I  - i t  i ; u - n ; i - i u l i ; - - u i

- m , r ; r m l n n u a t u - ’ ;  z~ is  u v u u  l a b u l . -  a t  t I n e  i ’ u - - u u n i n u u m - - n  u u f  lb .- m i t - s u i t ;  pu m u s S  t n ; -  I

l i t  c - n — - n - -f ; t ~~ c f  t 5 , - - , -  m n ; o n - f j n u , t t , - n ;  - ut t i v  I 1 b  n - a u - n b - -  i l l  h u t -  - - f - I  m rni t n5 ’t t  u - n

t - r i n  - m ‘ m u  V’ - I m ; - ~~~ of - n - f l u -  u - u I i ‘ c - I  ,s”u o i  - l i n t f ’ - - . 

t n c —in I . - f - - n - b i n ; - - i t  s’; t - m u  -

C - i r , -



Since the z
1
—dependence of A is influenced only by the z-componeumts of

(see section 3.2~~, ~ is a function o~ k only. No restrictions arm-

~4aced on the type of the unsteady aerodynamic theory to be used in -u the

comp u t a t i o n  of A (subsonic , p iston theory , doub le t  l a t tice , etc . ) .  Ann

m~~~ t imatua of the reduced frequency at which V = V
F 

( f o r the c r i t i c a l  V-q

c u r v e) ,  a t  t he in i t i a l  design is avai labl e , and the V-g curve that  is

*
c r i t i c a l  at the s tar t  of the design process is assumed to remain c r i t i c a l .

(b) - 
- -u ~~~e ~~~~~~~~~~~~~ — Since the speed V is fixed d u r i n q  opti-

mizatiotu , the reduced frequency will change as the redesign proceeds. If

r is a frequency estimated in order to calculate k = rb/V
F 

and a in;

viewed as t i n e f r equency  obtained by solving the com p lex e igenproblem -

-i = - 1/’~ ( ) — the current value of g (considering the  c r i t i c a l  mode-)

has to  be ca lcu la ted  for  w = r . This is done by at ; i t e r a t i v e  scheme . A

s e r i e s  of sol utions for the eige ruprob lem is necessary u n t i l  J r  - L u J

A new fre- quen ;cy is est imated by means of the recursion; fo rmula

V v j dna V

= 

ml - r 
(3.3.7)

~ 
1dtu; 1V

kdr I

w i m i - r e -

ru
T 

(~~ç/ ~~k )
- ~~~~~ - n m 

- 
(3. f I t )

dr ~ V ‘ ‘ I T
Fe r K ‘ -

~

l’fut- u -o tu n ;tn’ ,uu nt ne t - c l  not i i . -  act i v e  (q = 0) a t  t h i s  I u u n i u t t  , t h a t  i s , t h u. -
i n t l  i - u i  n-m t y ; u - t~~ r ’- may have- a f l u t  ta-y s l it c m l t h a t  i s  c - i l l s - i  l a n - m u - n ’ or -nm n n u i l . - i
n f ; 5 1 ;  V

F’n
T1u - n - m u  s~ - u i  - may P. - - i t s  t m - i n - u t  I l-e.- f~ ; — It , 1 2 )  . ‘tu e. ’ I I u i t I u - r  - ; 1 , - c — d m u - ,-

- c r /  di - - n t  u n u u u i ; u n ;  1’, w i t h  t h e . ”  (le’sumn n ; I - u i _ t m . - t  u-n - ni , stud I h i ;  m i - I  ; i , mi f a i  1— ;
A l ’  - - n n u t  t i v .  - f h u t  I,’ r cent- - t r a t n t  s w i t  t ch an  ‘ i - i n n ,  u i  i n n ;  m - n i t  m i n i  i i  i nn u u ’ un’n. - u u -

- - , I nc  - h u t  n - - r f - i i ’ - n m u u i t n c - n i i  m i _ u V u  - i - m u - m u  f r c n ç ’satted ( lI t - t s. l b  - t n t - i  ‘u S )  -

— I t  — 
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I
a m i d  w i t h  V represent ing the i t e r a t i o n  number for  t I n , -  c a l c u l a t i o n  vS q

The derivatives 3Q/~tk are calculated directl y from Eq. (3.3.4). Whe n ; a

nn c -w des ign is considered , a new frequency is u - s t i m a t e d  by

I N

I ~~~~ = ~~~~~~~
(2

~—~
_ )  Ax . + ( 3 . 3 . t )

1 
1=1

IIc-i ~e V r ep resen t s  t h u -  cycle of t he  des ign  process and Ax . r e p r e - n n u - m ; t  n n

I -hanqe m u  d c - s i g n  va r iables  (x ~ — x~ 
1

) at  i t e r a t i o n  V . The sen ;sitiVil

a n a ly s i s  r equ i res  the  adjo in t  e igenveetor s  ( R e f .  31) . Therefore . ”  t h t - n n u i m i - m t i i

above is also used to solve the adjoint eiqenproblem . The anal ysis inc l im ub -  -

a m e t h u n d  f i r  t r a c k i n n g  t i’s” p r o f - u - n  mode” ( c r i t i u - a I  V— g cu rve )  and has t in , -

u - , t i - ; bj l j t \ ’  i f  c a l cu l at in u m n  a cecm f 3 - - t i - V — 5  d i agr am a f t e r  a st ’, - c i f i t - d  n umbe r

-f  nu - d e - n n i u n e ;  ( f o r  - ; n n p h - t u -  de t a i l s  - i f  t i m ’ -  a na l y s i s  n- ;, ,- R e f .  34)

(c )  - 
-

- - -
- - - ‘ - sn: ,

‘ - - ‘ — The n , - u i u - n n  i gn  o p e r a t i o n  requ i re - s  t h e  qr u u l u  u - n n n

of t h u  cen t n t  m t  ( q/ t X ) ~~i n u i  t in e  cons t r a in t  e v a l u a t i o n -u . The m r ~~m b j t - n i t

of t h i -  I n i - - n ; u i - n c y  ( I ~~/ ix .) i n  al s o  n i u , ’d au l  as one- cat -u see” f r i  urn i : u n .  (3.1 . u m )  
-

Tb.- - - x n - r u - n - ln -n i o n s  f o r  t i t t -  Sra_l i u _ r u l n ; cL-pu-nd exp licitly on t -  ( t he  u d j o i r m t

u n i n t i - n u v -  - n o n ) ,  
~~, 

‘- M /  tx ., uy/ t X - , ç/ ~ , , 5, aruc i K , as we-~~1 ~ms Oi m I is -
- 1 • 1 - - -

ln u t t ’ - r ’ ‘ tn u m e t - r s  and ‘uro c m i v ’  in in k u - f .  S . The comp lex  u - I O e n m V i - I i u n s  I

and q a rt -  cuiculated n i uru n u n  ~n T m f l ; t  - - V u l u _ u t  u m I n n  , b-b~~~~t ’n’ I K m m  - ‘  b i —

t - ‘ i r r i m n e n b  t -  n mu g iv e -n I of u ; i - n c n - u h  t n t ’ - - ’ I - - - f i na l ’ ’ - and i ’ m  ‘ n - T n

i - n  . ( I - 3 . - TI n - - i - ’-, - t l i i  - m l  ii su of - l i t  - m - in n u i n ; i n i - u  i n ’ , ’u I - - - - P inn ’ i I i u - , - - ‘X -

, u n - i  - i - -x , i n n  - i t n n u ’ m i : , n i - u n  n n - -x ’

- t -  b ’ ; r l - A i T~ : i - I  u n m - ; - ~~- j ~~; ,  - ;

I ~m-,:, ’ -n , - r i  ‘~‘ - t n m t  r - - ; i ’ -  i m l  ‘ -n - u n - z I  ~
- - t - i - ml i n - -ii , u m u — i- n—i n- , - -  t u ‘ u - - - -

~ 1 
- - - - - - --- - ~~~ - -— -~~ -~~-—---
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to u se the natural vibration modes as generalized coordinates i n - i o rder  t m

reduce the flutter problem (Ref. 5 7 ) .  For the design process , whe r e in  t h e

a n m ~~1y s i s  has to be repeated many t imes , there is an advantage  to us ing  a

fixed set of modes , even tho ugh the s t ruc ture  is being changed d u r i n g  t h u

process (Refs. 11 and 34). This approach is motivated primaril y because

i t avoids the recomputat ion of modes ( f r e e — v i b r a t i o n  anal ys i s )  at u d t h e

aerod ynamic  forces assoc ia ted  w i t h  these modes. For a c c u r a t e  r c - ; -n u l t s , a

l a rge  number of these “ a r t i f i c i a l ”  modes seems to be necessary i f  a s’r- ;--

“ f i n e  c on n si d e r a bl y d i f f e r e n t  f rom the i n i t i a l  dc-s ign is , - n m c o u r u t m , - r i , -~b .  Tb;c -

~ su of  in - a r m y  such d e q r e e s— o f — f r -edom increases  the s i se -  of the ~‘ r u i L ’ I u - m  m i n i

enitails complicated mode shapes. Corresponding d i f f i c u l t i - - n ;  may bu c m n ~~- - L u n n —

tered in finding accurate interpola tion functions tha t an ’ , - needed f - n - i  ~ h ; i ,

d e t e r m i n a t i o n  of the aerodynamic forces (se e au - c t  ion 3 . 2 ) .  An all -  r n ; m I  iv- -

un ’- n ’roaeh is to use continuousl y updated modes as se- m o r a l  i z u -  ci coord i  n m 5 l i

( l e a f .  5 2 )  . This has the advanttaqe of requiring a ru - in n - u -u n number u - f  s’ rn ;; —

t u r a l  modes fo r  accura te  ana l yses , but  i t  r u - m n u i  r u - S  t i n t ’  ; - u - m f  n u t  a t  iou -u ‘c f  mm-

I u r ’u 1 rn ; - l u-n; arid a€-rodyrnarrn ic fo rces  at  u - v t - n v  ( u - ;  i qn - - I - } - . C - i ; m -  c ; - n m l d  m l  so

u ;  m l  f r ’su c h ;  t h a t  ~- e - r  us -i c cally up dates  the  ini mid  i~~~, t i t e r  - u - V u -  i s i  l u - —

s i g n  i t - r u n i o ns .  With r u-sp t - u - t to gradie-m it ca lc u l a t i o n s , t i n - -  - - st i n t- - n - n a n

u n f - l a ’ . ‘ -r converqunnce -‘if the- t lu l  t e r  p a r a m e t t - r  c i u - r j v s t  n y u - n - , ev e n ;  n - n - i

mi - - i -- n ; , u n - -  t ’ c ’ 1 U 1 h ’ i i  ( R e f .  ‘ ‘ 1 ) .

In  ‘ h i , -  l - r  - - u - n t n ’ ’ n s - u r s ’ h , I - n - - I  i m i n a r y  o f ’  i m i z a t  i o n  re- - n u l l s  s - - n  -i t a i n i - - i

lu - ,’ - u i nq I i :~ - - -  I m o — I  a - m u  , t i  -w u - v u - i ’ tim - - f i n a l  i-u t i ; u ’  ‘ n u n  - s- u - n - - i n  - - t 1 y un ci

- s t i h  ~I s  n ; u t n , u r u l  mu - - i - - s  u t : ;  - ; i - n i u — u . u l  i _ n i l ; m i i , u i u l u n i I , n n , m l  wa s u ’ l u n ; e n v u u i  t m i t

r- -s~m l — u n - n  Nut I u - r  nd -- u i w u n -  v i n l a t  u n n - t  t i n t ’  u c ” n n  h a m  r , I I-’ , us  m u m - l u  . u - 1 ‘n .

r n - - n L II’ ,,, i n ;  ‘ ‘ - - m V - - n  u- - n m u  i i i  n ’  - w- n - -  n - n I - - n m ; -  I - - n  l i t , -  - i f  I - s

3 8- 
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ca r r i ed  out , and the number of modes used was small (6 for  t h e -  r u - c ° u r u m ; n l - u n

w i n g  described in section 3.8). The fac t t ha t  the r e s u l t s  ob ta ined  w i t h

fixed modes in all preliminary cases were unconservative (i.e. , ~~~~~~~~~~~~

was overestimated) forced the search for an a l t e r n a t i v e  a i - I ’ r o a u s - t m .

It is believed that the cixnuianation for the unconservative flut i ’ - r

n- t ’u -djctior us is the excessive “stiffening ” of the structure introduced t-y

the model ( f i x e d  modes) . If one considers  the s t i f f n e s s  m a t r i x  p a r t i l  i c r - - i

in to ii-i~~i ane and transverse d i n - c l  ions , one can writu , - t i n e  equa t i on  m u f  s t a ti c

- - m i u c i i b r i u r n :

~ ll ~ 12 ~
‘ l ~

“ l 
(3.-Li )

k 2 1  
~~2 2  ~~2 Lb

wi n - r u -  ~- are the disf”lacements re nn n u ll m u m  from the a fu f-li ca t n o r; of t he  Ii n - --

sys t m -rm n s p , antI 1, 2 r e p r es i- i ’ u t  , ru-n u n- c - i -f ivel y, the t r a n n ; v i - r n ; - -  a n n - I  i n n  l a i n . -

- l i r - - rlior;s . It 1 ; ;  - - - mmcmi pract ic’ , f ; -r  siet , - h - -r wmnq ~:l m u - l u r e s , t o a n Si’s

n - h a t t h u  n n t u b  i c  and nf v n ’ t miu - form - u-- ’-; in t I m - -  in i n lau ne d ir - -I i , n mitn I n-- n ’ - - n l - q i i - l c ’

I ’ .’ comparison w i t h  t h u - u ; ; ,’ - in lii ’ - I nmr nsve ’- r n ; u - di n - - n t  i o i u , t h m u I  u - u , ~ 
0

( ( - ‘ i - f .  is). If 2 is t a k u - n  l~~- I -  rn ’ I i - - a t b  n ; u t ’ n a l  mu - - t i  s ~~ t h u ,  i t o —

j u t  l i - s i - m n ; , ~~i u u t  j m u n n e r t e c i  i n  5d (3 .-Li), ~~~~~ 
w i l l , inn I , u -  ‘ , i - i -  r u - - n - m u  I ’  - 

, if 2 u s fixe d ari d P ., is c u l , - i u l , t l - - h  h - - n  0 cm ,m ; nn u ’ l -  i - m i ’ l y i i t t , - n -  -

ni c n ; ;q nu , I ~~ r’ -- ’ ’, ’ u I l  - :  p i n - - s  t i  u t  I ’  
- 

n n ; u ’a no ’ I - -  so - m u l l , t l ; u u n  v n o l , u I  i n m u m

- - u p o i i , t  i i ’ -  b u n  - u t nt-p inn P 
- . i t t  n - t i  ‘ - n - 1 v - t m  i n n ;  n - - u I t n t  i n t l  l v  I-u - m b ‘ ,

- ‘(a- r - ‘ u - m I  j a l  c - n - - r gy  - f  t~~; u -  I t- uc - ; n -  u s t i m,i t i ’d.

I n  h i  n- u w- - i ’ m ; , I h i ’ - - - — - - u - iTfl -- - r u  - - - ‘ - ( ‘ n - e n  - ‘_ ‘‘ - n n n e -  ) - — I tin ’ - m i t  m m  t I mod i - a - -  ¶

I ;  - m i ’  n t I ‘m ’ n - ; ‘ - i n  - - c i  - r - - ‘ t u r n ’  - u n m - I ’  i - c- - c ’’ - - t m l  n - n - c  ‘ ; - iv ’ ‘ V - u  I - u ‘ i

I-
- — ~~ —

I 
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u i f  t I m e  ac -rocl ynamic  f u i r c u - m a t r i c- s .  The x and y— co m~n on e r u t s  ( i n i f - 1 ~e iu c ’ )

are” ca lcu la ted  from the c o n d i t i o m n  P 2 = 0 , t h a t  is

I

= 
~ l 

( 3 . 4 . 2 )

~22 ~ 2l

Th i s t f - f r n - a - : h  i s  used because preliminary results showed that: 1) qn u - a t i n

aeca uta~ -- .- is achieved , and 2 )  the c a l c u l a t e d  f l u t t e r  speed for  t i u e  f i n a l

i - s  ; c m n n is s m a l l e r  t han  the v a l m u u -  ob t a ined  i f  modes of t h m m  f i n a l  n : l  n ’ m u u - t nov

*
-am a ’ nu s- - I , i.e. , t b ~~- approach  a f - f - u - a u r s  to be c o n s e r v a t i v e.

I . 5 ;1-2-\1- I I :N I - s  St ‘ THn-~ ( ;EN P :R ALI ZI - 2 MASS AN D STIFFNF:S S MATRIC E S

‘ibm ,- n ; r m n i i u , -n I -u of t h u m i  f l u t t u ,-r i’uaraThc-ttar s  ( ‘q/ x . am - i d - - - / -x .) d n n f - u - n u u l

on t i m , -  - m i ’ m ; i i c , n n m t  s of t ine  qenera l i z c -u i  mass arid st i f f n e s s  ma t r i ce s  ( - i M /  u x - and
~ 1

3K/ ‘x .) - Differentiating the senieralized stiffness matrix (Eq . 3.4 . 4 )  wi t h

n- - n - n c - c t  n u - E-s ign  v a r i ab l  ‘- x . O r i C  obtmn iris:

--k- -

~~~~~ 

~ z + z~ ~~~ z ( 3 .5.1)

h r- c - a nt: - - ‘ ~ us : - mit,- - I r n - -

T

~~~~~V Z  ( 3 . 5 . 2 )

n i  i - ~~. ((.5.1) tn i -  s ’ r n l

(Sn; ; - - u - n  i t t , ‘ : - -  r u - - n i l ’ s C u r ’ -  - ‘ ‘ m n - u n - - i  i - ’. n m - i n ~~n n i  urn ; - - i ; u n u l - u - n - I n - i - s i u - - -

II; ’ - -- - n t i e - ’’ - I - I ‘ ‘ -n :~~- - ’ - m i t in ‘ - u k , -  nn I ’ , ;  1-u ’ - I t ; - - i - n I b - u vu - m m  s - n ;  - - n - u p - d c  - - ol ‘ ~m . -

i n u I - ; - m ‘ - i n  - ; I — l n  n ’ - -  m I i ’  —
_ , r - ’_’- i - n - n - - ’ - c I ~n n nt t ue-u I u l  i u — n i  n u h u  a l  m l  1 -

- ‘i n- - n - 

--- -~~~~~~~ -- ----- -- -~~- - - -~~~~~~~-
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I
I

Ii T — T ~K2 Z  K - + 2 -,~~--- Z ( 3 . 5 . 3 )
- _ (x _ ux _

1 1

From d e f i n i t i o n  ( 3 . 4 . 2 )  of Z , Z / x . can be e v a l u a t e d

= (
~ 

~i 

~2l 
- K ) ]  

Z~ ( 3 . 5 . 4 )

( 3 .5 .5 )

-l / ~~22  I
= 

~22 \
ix~~~~~2 

- -x~~~~~l

W i t h  a ma thema t i ca l  c o n s t r a in t  d e f i n i t i o n, the Kuhn—Tucker cond i t i o n s

f - - r  c-m t im a l i tv  r e q u i r e  exac t  u ’ x f n r u -s si i ’-um n n n for  the  const ram int qr adie uttnn .

For ru l e - s i gn ~- u irpos e” s , however , a p p r o x i m a t e  u - x f - u r u - s s i o n s  for  t,he qr ~t0 t m m m l  5

mn - u ’ .- E m -  used . Swi m (Ref. 11) , f or e x a m p i - , makes  the supos i t  ion ( 1 m m 1 I I ; -

-t i r u n I - ,~narnic m a t r i x  - i - i - -p no t  i e f - i -nvl oru a uh, n ; l m p i  ~- 1nanu u iu- . Kinu n nau l m an ; f t - I  . 3-

w E - - n ;  s t n u u l v i i v i  i -r o t - I c -m s  w i t h  1 - i n - k l i n n ~ n - e i n - n t r a i n i l  n n , u- ; - ; u m c- n -- thaI tine i i ’ - ’ —
l u n ; - k i i n q  : I u l u ”  i s  n ’ ; t s t i - ’ u l l y  n j , - t u - n i n i m ; . i t , - Wi-non l j n ; n - l m t ’ u - r n u - n ; b  s r u - h j u - n m l -  O n ’

c - m l i - u l a t - - 1 t in , - ,- ‘ e” 
- 

- - ‘
‘ 

it i n -n u i s ; u m J  lv ac -unt urne d i b u t

- - I n -  u r m n ’ - - ’  i n n  ‘ I t t -  m u ’ - - n - n u l t --m c , - n : . u t v  r i t - i m l c - q  m l  1-  h u n  i n n- i r u - u i - n j - p m  ( k e t  - 
(1) .

I n  , h ’ -  i n n . —  of - l m c n - i i - - m  m o - l u ’ - t n  - h . m n ; t l y s i n - u - 1 - ’’  m i - I  mm lv , I i : -  n -  I - - n  -

t r u  1 — - t l c , n i Lu t , 5 n i V u i t  i v u - n :  i , m ; , ’ - l  u - n i  - ‘ ! n - n n - n m n ; - m  inn . A l ’  l u ~~S n t u i t

w i l l - - I  ~~c -  d i i f n - -; u l t I - i i ; c l - i , i -  u - n - r u t  i u u i ’m n ;  i - u  - i ’d nit  I f - ; . ( 3 . ’n . 3 ) e u - h

( 3 . 5 . - I )  inn - u — - - “ m m - i ’ m - - , t h u i s  — i  - - - - - i - i -  , cnu : ’ u - oh h r-m i l d - m u

I

L , - - - -~~ 
- - - -



-~~~ -—~~~~~- -— ,~~~ - -~~~~~~~~~~~~ —-  - - - - ~~--~~~~~ - - ~~~

I i - ; f c n i ; i i n i l i t y .  A simp l i f ying assumption is made that , ‘- a -- - , u ’ , ;-

- - , , m , the  changes in the  gene ra l i zed  c o o r d i n a t e s  a re  n e q l e q i bl e - , tha t is ,

- 1 ’  ‘x . 0 . W i t h  t h i s  assumption , the express ion-us  for  the  g r a d i o n n l s  of

t I t a g e n e r a l i z e d  mass and s t i f f n e s s  mat r i ces  can be w r i t t e n , r u a s m u e c t i v e l v :

-M T 3 M
= 7~ ~~~~~~

1 1

( 3 . 5 . ’ - )

= Z~~~~~~~~Z

3 . 6  COMPUTER PRO GRA M FOR ANALYSIS AND DESIGN

A c o mpu t er  proqram for  anal y s i s  at- id des ign  ( SAD)  is under  develc;~ - m i nm n i t

by ‘ : a n m d ’ - r f - l a a t s  ( R e f .  4 3 ) .  The SAD p roqram c u r r e n t ly d e a l s  w i t h  s t a t i c

st r e s s , Euler buckling , displacemen t , fru -mnu ’-n cy and membt ,-r s ize  c o n s t ru t n t s .

I i ; - - f n n itt -— ’ -le nment library corutains the followimig elu ”mm , - n u t s :  TRUSS, corn —

in t - ‘ t n n t, st r u  in C r i~u n i m t l e - s  (CST) , r m n u : t  a n g u l a r  m em b r a m u , - n ;  , a m n u i  s~~ me t r i  c s l u m - t n

n - c n n - -  I s  ( 5 SF ’)  . The o p t i n n i z a t i o m i  module  is b a n n u - u t  oru a mmcd i f i - m I  ion n t

Zri nj t e n ’ ii ik  ‘ n-n m u - t h o d  of f ea s i b le -  d i r t - ct  r i n n n - n ( l-:~~f .  t - -~) - I h u  CDC 7(~~-U V e ’ t - s i u - t :

t i m - -  n - -A l - I - n ; u u ; t - am c u m n  accomodate  c f n f - r o x i m a t e l y : ( a )  a t o t a l  of 400 u - I c —

m r ; t s , (i l  ( I n S  d i s~ I. acemeruts ,‘I, -qr,- u - s — i m f — f r u - u - d ;mnn , (c) 50 du -n n iqn v a ri ai - l c -m ;

a m  - l  ( - u )  5 l u - u - I  iiiq - - i - m i - l i t  ions-u . hu-;~~u m m n - , - of ; ri- I imn i I u h  i o n , an d  5-

- 1 ;  ,~~ s ’ - - n - t - ; - -  u s  m l  u n - i , t h  I t - m u - n t u i  : ; t  t i l s - ’ ss , masun arud I r m n ; n t u - rma t i - -n ;

nn n c ’ r jc,-n; ur ’ - n - - u I - u i l u t i - - i  c I u r i i u u ~ esu l u i l u - r , u l  u ’s~ . Tiw - t a t u c i n m u l ’ ,’n ;is is

-n- - . l i n u S  - i -  m n i utrix by 1 i- f i m u i t  j o t - i . TIn - -  a n n n ; n m m } i t  l u - i ;  - 2 _ - a—n . a

u n n i l l i  u ’ l m v m u t u ’ ’ u I l y  I h m u n  [_ ( V / i X )~~~
’ ;~ 

1
K

1 
— (~~~

‘ u s  u n t i l

- 
- - n c - -r ’m n - -  - r - - - I I n , u- 

-
_ 

~ n__ _ - i , - —
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per fo r med by the d i splacement method , u s ing  m a t r i x  decomposit ion -u and

solut ion. The dynamic  a n a l y s i s  is performed by the “sub space iterati on.

method ” (Ref. 61). Only gradients of active and violated constraints arm-

evaluated. The program is organized in a way to allow design variable

l i n k i n g .

The anal ysis module (constrain t evaluation and sensitivity) u -f sAt -

program has been modified for the present research to allow for a ru ”n ’on tn~mi u nt

on the flutter speed . The computer code for flutter is based on t i m e  Sm ’--

velopments presented in the last four sections. The optimization md” n-l n n l -  of

the SAD program has been replaced by a computer code based on the deve1uc~ -

f m e n n t s  of Chapter II. The computer nrc-gram thus obtained has been t m - n n l e d

ex t e n s i v e l y  and some of the r e s u l t s  ob ta ined  are pre-sented in  t h e  n e x t  n ; , -c -
t ion s .  A l l  c o m p u t a t i o n s  were  per formed in a CDC 7600 mach is , - .

_ _  _ _  _ _ _ _ _ _
3. 7 SAb-bPLE APPLICAT I;:uNS AND COMPARISONS WITH OTHER WORK

I n ,  ‘ is section t b . -  effici n’ of t i n - ’ n -S c s i -i n a l u i u ” n i t h r n  is d c - n - - ru—

st r a ted  b m n ; n u q l ’  c ; n m t ’ u n  n s o n  w i t h  known so lu t  i m ” ' n n s  f r om t h e  I i l - -i u I un -

Rc’su l t - ;  f e n r  four  u ’ -x ’ u m f ’ l u ” n n  , chose-n f r o m  I n n  - -x t i ns iv, - col l i - ~ t I n ’n ; cv ‘n u I u i l ’  -

i n  R e f .  20 , are  pru’-;ni n ; I u - ~~. FS - : ;u ull s obtained hen-- arc -  n - u -rn t - , t i ’ m - S  , ‘nnl v w n l b ;

n - i n-- , :- of  Ru - f .  20 — I i ; - -  l u l  1 , - n  c - c - m r - u n - -  f a v o r a b l y w i t h  u - t h u - - i ’ s o lu t  join ;; f - - m u m - i

in he l i t  - -n, t ture . A l l  i - x t m f - l u - 5  i t i v i - I v e  st ~~t I  i n  I s m i  m i n i m  m u ’ i m u h i l  u - - m n s , a n t

crinu n t m t  u mm — - I - u ; u - - i  on in ’ ri- uses , - I n  ; f  - I - u - - i - inn - - n u t  : - u m m m l  m i - m i - -  n n n t -
— 

I n n- ’- l i r n I  exam~m l ’ - i nvo lv ,-- ; u ~c l a r u u r , t u - ’ m — i . n i ’ , ‘ , m n ; I  i l - - v - - n  I m ’ nun :s. A - ; , - t

o f  -
~ u-v -n . , ; mI - — r r u - i - l u — m n ; i n ;  - - i c n m s t l , - r  - - i  - In  I - n - f .  2 ( 1  I in , -nn ,- - - x , un n n -l u- ’ ; u m -  inn inn —

her  - - - I , r - - - ; n  - - n v - - i - ,’ , I ,\ , lP , I ;  - 
, I t ;  , 2, 1 - c i t - i  4 - Ti;’ in ’ - - - - n - I  - - x - mp h - t - - -I

C — I t  —
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t w e n t y — f i v e  bar space t russ  subject  to two loading c o n d i t i o n s .  I t  is

n umbered 5 in Ref .  20. These f i r s t  two examples were originally stat -d

in R e f .  24 , and so lu t ions  are also avai lable  in R e f s .  25 , 27 and 4 2 .  T h e ,

rhird example involves an eighteen—element wing box beam , subject tun n-vu -

d i s t i nc t  loading conditions. This example has been previously studied

in references 17 and 27. In Ref. 20 it is referred to as problem BA. Th e-

last example is an idealized representation of a swept wing subject also

to two distinc t loading conditions. The swept wing is treated with and

wi thout the use of TRUSS elements to represents leading and trailind ed~ c-

sn-ar caps. The numbers used in Ref. 20 are , respectively , problems 9A an-id

Sc.

Paramete rs  needed for  the optimization run-is are not th ;e - same for a l l

examp les.  I t  is t h e r e f o r e  conveni,ent  to adopt at-i o p t i m i z a t i o n  p a r a m e t e r

vector

O P V = t i  , c , ’ m , ’ , uS , n- , j  , n , k  , c }  ( 3 . 7 . 1 )
max o o x o x max >m max f

t h e  ~..- c i m f - o m ; ’ - n t s  of w h i c h  are d e f i r u e n d in C h a p t u - r  I I  ( S e c t i o m u n ;  2 . 1’- — 2 . N )  .

T I  i s  c - I n u i r vc-d  t h a t  the  ~ir e n ;e n t  op t i m i z a t i o n  procedure y i e ld ; ;  a se u fui’ nnci-

. I n i  u m f e a s i b l e  u l i - s i q n s  (some f . ( x )  > 0) . A S m - s a c - m n  i s  r u - f - -r red  t o  as n -  - ;

i f  a l l  conn ;t r a in t s  an , -  s a t i s f i e d  w i t h i n  2 x l i i  ~~~
, i.e., s a ti sf y i mum i l i n t - f i n a l —

i t - /  ( 1 . 8 . 3) w i t h  C
f 0. 002 . One mus t no te , I m u i w - v er , t h a t  f i n a l  m i , - n - n u l n n n

- ; a t  u , ; f i  (2 .k . I )  w i t i n  much s m a l l - - i  va lue s  i - f  . Tb,- j m ml , -: ’u n ; j i - j h i t p  

m i n t ;  f i n a l  n i t ’ n ; i q n u s  i s  i r u c l i c a t e - m i  in -u the f u r e n ; e - n t a t  ion  of 1 1 m m -  t u u r n e r i c a l  n ; - - ; u l  t c .

(1 — - I - h  — 

~~~~-. -.-
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3.7.1 Planar , Ten—B ar  C a r n t i l m .-v -r Truss (P rob lems  1 — 4)

The f i rs t  s e r i e s  of e x a m f ; l e .-s n m - l a t e  to t h e  p l a n a r , t , . n m u — l ar  t r u s s

n - n i n o w p  in ;  F i g .  3 . The d i s p lacements  at nodes 5 and l~ a n ,  set t i ’ 7 - - n - - ,

and i t  is then appa ren t  t h a t  t h i s  set of examples  involves  n i g ht  i m u d e p u - n u -

1, -n t ’ - ‘ lu -- c - r e - u - s — o f - f r e e d o m .  No des ign  v alr i a bl e  l i n k i n g  is f : e -r f o r m e d , n- - -
f - ~ r e the  number of des ign  va r i ab le s  is ten . Seven d i s t i n ct  s u b — p r o b l - -m . n

a re  c o n s i d e r e d .  Unless  o the rwi se  noted the  m a t e r i a l  ç- r o f Ic- r I ic-s sr i -

-~ = ± 25  ksi , p = 0.1  lb / in 3 , and 5 10 x 106 n ”si . l cmw -r bounds of
max

0.10 in 2 are placed on all bar areas , and the initial desi gn is ob t a i ne d

m y  a~
’- t ” i n q  a l l  areas to 10 in 2 . The first four sub—problems involve a

sira qi u -  l -c-:iinq cond i t i on , cons t i t u t i n g  of 1 - ) - k i p dowrnwarcl loads Sf f h i u c I

at nodes 4 and 2. Problem 1A is comp l ’ - t i ’- ly  d e f i n e d  above . P rob lems

IB , 1C , and 1D have tIn ” - a l lowab le  s l r c - n ; s  in e l ; - m - n i t  9 m o d i f i e d  to ~3O ks i ,

tSO ksi , and ‘70 n-n ’~’;i , rm- sp r-ctively. I’ nu ; i u l , - m 2 I n ;  the same- as Problem IA ,

- X- ’m 5 t t I ; ; m t  the load ing  c o n d i t i o n  c on s in ;I  n ’ of  5 0 — k i n -  n u n -ward  loads lu f f I n - - a
I-

at nm - ‘ j u n - 1 and 3 , and 1 50 — k i l -  -,h;-wrn a- ,t r- ~ loads c s - n - m u  S a t  nodes 2 a m - i  4.

Th e - l~ m . n t  ‘ v - u  c a s t ’s  i n v o l v i n g  t i n e -  I n - n — b a r  t r u s s  b~ nv i- v i t  c c i i  d c n ’;~ . l t u - - i n n - - n i

l i mi ts t rust to -~ 2.O u n .  cf-ecified ut i u l l umod es i i ;  - u - h - l i t  I n - m m  I , ’- l i m e -  n - I  n e c - n ;

md m i n i m u m  s i n ’ -  c c - i n s t  m i n t  s.  P r o b l u -rn ; 3 has t h e  l i - a u h i n c -  I t  ion ;  - -1 I n —
b lem lA , ar i d  ( ‘ n - - L O t - r n  -I ‘ b n a t  of P r o b l e m  2 .  For - u l l  - - x n m m n f ’ l c - s  in  t h i s  u i —  

t i c - n m  ( u l ’ V  = I I I - ; 0 . 1 1 1 ;  0. ’ ; (1 . 05 ;  i _ I ;  0. - C S ;  50; 0 . 5(1(1 51 , -1 ;  0 . 0 1)2 )

The f i m i u i  d e ’ s i u i r ’ ; I - - n  a l l  , - x , m n n u m  c n n - t i ,  l i s~~i - u i u r n  1 , 1 1 1. I I ,  n u l n . --

• — (~ ; only n O r - - n ; ; :  constraint - t - u ’ - ’ n l i i - l  ( l ’ u s u i , I , -ii n -n  I aiu u i i) , ii  i t ;
- n ’ i v u - u l  e n m - - u -  ,ub ; u - u ; 1 — n - f — t  im e- t b ; t ’ I l n i  i c - -t u nne l I t ; n ’ n n  i s  a ; ‘ u t u  all y d’~~

- r c- r u n  - - o n - - . m m  - - nm - - m u - ;  i t t ’ - ’  - n i n  q ii - n n u t  ; - t v i  - a’ , t i; - I i  - I - - n - , i 1 m j in rmn ~ ,
- , - I -  - ‘

~‘I r ; a n - u  - in n ’ ‘ si I 1 ‘,r ‘‘ e x ‘unm m f 1 - . ~( - - - - n I n u  - I - - c - n ; , I - - I- - n u t  - nn u n r u t - - m l ,  - n m -  iS - ‘ I  I t  -
nm - ’ ’ ’ ’  ns f -u i I v  ‘‘ f - I - k ’ ’  t h - -  ( i  , t n; i t i - i l  I ’ ,- - l u - I  - m in i m — —  ‘ i i n ; ; n  (in , - r m I - -  m -

5, t -  - u m ; - i  l u n  i l - I - - n - - I  i~~~-~~’ , t - l  - I - I , 5 Snu m i 5) - n  I n  ‘ - i - I - - m t ;  I -

-- _ ._I___ _ _  -~~ o _
~
__ 

_ _ _ _ _ _ _ _ _ _
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h i s t o r i e s  for  Problems 1 and 2 are given in F i q .  4 , w b u ’ .. n n ; - a s  those for

Problems 3 and 4 appear , respectively , in Figs. 5 and 6. The final de-

signs in all examples are the same as those reported in Ref. 20. The

miumber of i terat ions needed for  convergence cam also he considered I - ‘  he

the same . Note that Problems 3 and 4 were started from a different ini-

tial design (which is infeasible) than that used in Ref. 20 for ti;c cor-

n -spending problems . There , the i n i t i a l  areas were set to 30.0 icr

i t  is  bel ieved tha t  th i s  change should not i n f l u e n c e  the  number of iter-

s ti o n s  r e q u i r e d . The c r i t i c a l  c o n s t r a i n t s  are those repor ted i n n  R e f .  20 ,

an n d  the Kuhn-Tucker  condi t ions  for  op t imal i ty  are s a t i s f i e d  in al l  ca ses.

The ; ‘ o : u s n- r a i n t s  at the  f i n a l  desi gn are s a t i s f i e d  to w i t h i n - i  1.5 x l0 ,

wh i c h  is regarded  as n e g l e g i ble .  For Problems 1, a sequence of usab le  de-

s i g n s  is s t - i n n - c - S  a f t e r  9 i t e r a t i o n s ;  fo r  problems 2 and 3 , a f t e r  6; am - i d

fo r  Problem 4 onl y a f t e r  11 i t e r a t i o n s .

3 . 7 .2  Twenty -Five  Bar Space Truss (Problem 5)

A t t , - n t i o n  is now d i r e c t e d  to the space t r u s s  shown in Fig.  7. A l t e r

l i n k i n g  (see Table 2)  th i s  examp le has e i q h t  i n d e p ” -n u . I i - n ; t  cl - s i c -n  v an - u i - l u - s .

A n n  i n _ i  t i a l  c r o s s — s e c t i o n a l  ares  of 2 . 0  i i ; - an-id a m i m m i m u m  in ; , ‘mi-c -n  Si un , c - if

O. ( 1 m m ;  i n n  s j - m - c .i fj ed  for  a l l  en l emern t s .  The I u ’ n un-n s ( w i t h  i ; n m t , ’ n ’ n u l  n i

I j i - n ;  P 10 x i T  p si , p = 0 .1  l b / i n 3 , - - 45 k s i  i ru  l i l i s io n  u m c l  - c u - -a --
max

- u i ’dc- s~ r--ss in n -c-m~-r - I i ;; nm qiv i-m n in k--f. 20 , Tab i , - 32) is sn - n i - ; - - -a ‘ u i  I c  t w o

lo ad i n n g  ‘ - - ; m ; i i i t  i o n s  ( i h i d , Tab le -  31) . D i n - n f ’I a ; - ; - n m i ’ - n u t  l i m i t s  of (‘1 .33 i t t .

- i nn i n c - S t - u ;  I t h rouqh  6 in  t I n , -  x , y sn d di m - - - - I  i n - n ; ; ;  u n  - - i nn ; ; - - - ‘ u ’ S .

The OPV was  t I n c — s um , - as uin c - ;i t m - n  lu - I - - m u — i - u n  I i n n  ~ . I-’imi a I ml - n - j i m ;;-

u n ’ ’ ni sf1 ‘l u l l ’ - . II is m m  l l ; u I  t h u  n u - n ; u l ( n ’- , - i - I - u u i i t - - l  i - v t h u n :  i nn - - I  uo , i

ui m i t e u - , u I l y  t h as t i u ( - n n c -  - - i S t j fl i 1 in I h O . I I -  n m ’ i - - n -  h i -  ‘~~-m ’ nes

~ I’ -
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are - depict m -d in Fig. 8. The n umbe r of i t - r u t  ions m u o n - n i , - d  t i’s s at  is i - -  - he-

c ; r - I i i ma li ty  - ‘ c-n n n c ’I i i  i o m u s  ( K u h n — T u c k e r )  is 10 , one m~;r - than in-u I - u - I .  2 - , ,r

consl n ’ - i n t s -~~ m ne- s a t i s f i e d  w i t h i n  8 ~ a t  the  f i n a l  d e s i e n m u .  C r i ti c a l

c o m i n t r s u  n u t s  a r m -  a lso t h ” -  same as r - s - - -n L ’ S in -i R e f .  20 .  A s e r f u e n m e n  of u ; —

able  des igns  Inc - c- an n a f t  en r  8 i t u - r a t i o n s  . I t . is I m u t e r ;  , I i nn - i to ru sS - -  t h u t

i cc- s um-mu- of the  sI  r u s t  u n r a l  s ymmet ry , the n a t u r - -  of load c ;nru ~lu t i m - run ; and ‘ n. -
iie ;nn i - t n ;  v a r i a b l e  S ef i ni  t i ons , some ru - d u n d a n cj e s  occur in - i  t l e  const r , ~ u n t

P n , S i - r  load - o n n n i i t i o n  1 (see R e f .  20 , Tab le  31) , t I m , -  d i ; - n r - l c c i . n n m n e - m m t s  - -f (li-

m o  1- -s 1 and 2 in t h u m - y — d i r ~- -c t i o n  ‘ m n -  i d e n t i c a l ,  i n d m - j ’ - n d e : ;  t - f  t h ; c

- .- a lu e s  of t h i n .- u 1 l -n ’m i c - n ;  var i a b l e s .  U n d e r  load c o n d i t i o n  2 , n - m ; u m l  d i sp L m ’ - - - —
m u - r a t s  I st r e ss e s  (some opos i te  in  s i - n i ; )  occur in p a i r ; ; . The c o n - n m  n , , u n , t

c - r . m ; i n , - r ; t c , t b u c - r - f o r - - , a m n c -  p a r a lL - 1  in - i  ; ‘ m i r s , n n n l  n o du c a  m u d  sinq ;m lani ti e s

w h m i c i n  cou ld  ~‘u s ; c - i b I y  c - i - n i - r a t e  d i f f i c u lt  a c- s ~-r r b ; ,  ; -a l c u L t t  i m - n m - - I  1 ( ; n , - u -

s- ’ -~’ I  i - I n:  2 . 5 ) .  In t ime f ’ r t - n n u - n t  c a lcu l a I  i n - l u , ;. - ‘w u- vi - n , - - n -  i i  - - r a t i v u - m e-I h i m  S

t r fjrdin ;o t h ; u ’  I , o f f i c i n ’ n n t h v  c - l i m i n n , m t  ui one c o n n n t  r , u n ; : I  of e,.c - h i  I - n u n
1 - -

any rno n: ’; - -n - n - - n ; n ’ - d i ffi - -u l t i - n ; . If r n c - i - lu-i n n ; of Ib is k i  00- - n un ’ ,

c - ru - - shou ld  1 the n - - n b c - - h u n t  - - m n; ’tn ,t jnt s out c -f  I d a -  l - l - - I u I e ’ m  m i - - f i n - u i t i c - m u

w I n - - r u  . ; - n i h l - -  ( I - - n  i n n - S  a imc ’ - , i-v irn f-o ;n i nng 1 - - n ; ; :  c - t i  itiqemi t l i m i I  - :  l - n - m i n t - - ; , ’

- n n n n ; t r a m m n t in ) - A n ; s I  l u - - i  possil.- i i i I~ wum ul ci I ; , ’  I i ’  r u i v i - h u -  t I ; i -  i ’-
~ 

f m n n i ; ~- u t u _ - i ,

u l - ~-a r i ’ b ; r n  w i n  in --i c u ; - m l - n  1 n y  of e - l i m i i m u I  i n n s  l u t e - u i  ly ~i n - i - - ; ’ - m m , t l j em S -  -

L 7 . 3 I t  l i n t u - mm - l i t - m t  n , ’  W u n - ;  l x  1 1 ,- m m ( I ’ n ’ c l - l -m 5

- - m m - n - I - - r’ t - m - - I j u n - - u i  w i n t c  n i - u  ~ I - - - - u n n u  - ; -  a n  - j m u  F I - n - u r i m ; -,- tIn 

- - ‘ - :1; - ‘ .-2 m in-  m ~ - - v u  t I n  m u -t n ; - en ; ’ - n t ite- - - : - 1- 1 u n u ’  - , - ‘dy  I h -  e m - i I t s  Id u -

- 
, n u - - m - - - m i n ~_‘- - - F ; -  t~; m ’ ; -  I -  -rn - n ; — 

, u - , - - t ’-T — - lu-rn ’ - mu ’ m m , - - -  h - i u ~~n - - i i -  I - - I - r - -  m ; I —

— - ;

A
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The immat e rial properties are: E 10 x l0~ f;;;i , ~ = P.1 li/in n 3 , = 0. 3

and - - = d o  ksi. The wimu c - is subjec’oS to twc - distinct l o a d i m m c n  con—
max

slitions consisting of a 5— k i i . n upward load m t  n , n u ; i e -  1 ( s u u n ; - h u t i c n  1) a n u S  a

i S — k i p upward load at node 2 ( c o n d i ti o n  . 2 ) .  The TRUSS , - 1 - - m n ; - - m , t  n ,  i s v ’-  a n ,

i n i t i a l  c, m o s s — s e c t i o n u l  a rea  i ’S i . 98 m u 2 amid a Iu ;w ,-m size limi n - - I

*

0. 1 i n - . The CST and SSP e l e m e n ts  have an i n i t i a l  t l n i n ’k r n e s s  of 0 . 196  in .

and i n w u - r  s i ze  l i m i t  of ;~ .02  i n .  A f t e r  l i n k i n g  (see ;  Table 3) t h i s  c’~~ u in~ h e

ins ; ;  10 des ign  v a r i a b l e s .  D i sp l a c e m e n t  c o n s t r a i n t s  ~n n c -  impo sm -d  t h a t  r , - c m u i r ’ -

the  s— d e f l e c t  j on ~ f unn ;am }’f’ u -rt e-cl n odes t o  f a l l  b e t w e ot u  — 2 i n .  a m u d  +2 u n ,  -

Th~ OPt was aga in  the  same ann fo r  the  t russ  ‘ - x a n r m m - 3 m - n .  The f i n a l

Sc-;;igns - , I - t  air ;,cI arc- - shown in  Table 3. I t  is o b n a - r v - n S  t t ua t  , a l t  h i m  -u n n h ‘h,

f i n a l  w~- i qh t  is pn m o t  i c a l l y ( I n c - sa int -  as in h A - f .  20 , n : emu - m l i f f , , m e n u ; s  u m u  I I ;i-

r r ma t - -njal d i s t r i b u t i o n  r u - n u l t s .  Th i s  b t a l u e v i o r  suqqes ts  a “ f l a t ” m ic -n -;i gn

n c - - ace , i . e .  , tin t - c-r~~u h i e n t s  of f l u , -  a-c - ic -h f  and t h a t  of the j n u l  e r ; ; e - u ’ -t  i o n  i - f

( h i , -  c r i ti c a l  c o n s t r a i r u t s u r f a c e - s  a m , -  m n c a r l y  p a r a i le - 1 i n  a f a i r l y l a r g e -  r~ —

c-ion mu -a i r I I n -  - op t i m u m . The cr 1  t i c-a l  con; t r t i n u l  n - a r e -  I I n ’  - - , - n ~-~-i - u n t  c - u i  i n

- - - 5. ( ‘ , w i t b u  t i n ,  , v l m b j ’  i - - n ;  of t t m ’  i m u i n i m u m  S iz e  C o i m n nt r s i r , t  b u n :  TRU SS el -—

m mm c - m , t  -1 - Si ruce I he con - I r a i n ;  t n :  ~u I I b u i  - f i m a  I ( I i ’ ;;  u c -i - a n  - se n - - I n ‘ ; v u  t hu n

;~~5 x 1 0 ’ , a nc -i t b -  ; g - t i m a l i l y  - - n , ;. l i t i o n n  sa’ i n - I  n c - m i , t t  is  n - & - r h a p s  m l

- t  t :- - ;; u rn , - ‘ I n t l  i i u j s  s o l u t ion i s  cOo n , - r  t -  t : - , -  ic-a m , - m n ~ t t  i t -a l  m m u i n i m u n n u  I i ; u n ,

‘ I c a t  ‘if I- ’ , ’ . 2 ’ ) . T i n t -  i ’ - - n u t i o i m  l i i s l , ’n i e s  m n  - l u - - a n ,  m m ;  I - _ i c - .  1 .  A u - t b  I-

n l t~~ i i m u ’ s r i ’ i ; c m  j~ u;, m ; , r u t u m I  u f - - i  - 1 ~I - s i m ; m ;  s l u f  n ; , a n; , h - - ‘ n ;  in - - ’ u s

u - - n i t - - v t - - I  a t n  - r 15 Id u - r u t n - ins .

c, u t , - , I .ir t I O t u , m j m u  T r i a n n c j l u -

551’ 5--nrc -’ - t r u  - - h A m - - t n  f un: , - I

2— - ’ - 10-1  I t  ‘ I n ’ ’ t- ’ r i v - u  m u m  ( ,
~ —i t  i t  f m u - - s - m ;  u r i S  n m m a n n ;  c - mu ’ i - - u - n ; .

IL ~~~~~~~~~~~~~~~ ~~~~~~~~~--- 
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3. 7.4 130 (130) Element Swept W i n g  (P rob lems  7A am-id 7B)

I
C o nsid , -r  the  idealized swep-wing structure shown in Fig.  11. T im--

n i l - f - e r  half of the wing is modeled by sixty CST i- lu -mu- nuts to ru- I r ’ - n - ;, . - n . t  I l u ’

,;kin , ;n , v , m : t v  SSP elements for the vertical webs and t w , - n m t v  TRUSS e l u - m , - m ( , ;

‘s r ep re sen t  the spar o a f ’s . T i e  w i n q  w i t h o u t  s~ - u r  ca f-n is r ,- f i - ri ’ ,-S to as

Problem 7A~ and with the TRUSS e-li .- m ’-nts as Prm ;i - - le - mn; 7B. l - ;x t - . - m m ; n  i v , -  van a m b l e

li nking is emp loyed (see Tabic- 4). When the TRUSS i-l u -rn , -m; t n  cur ’, - n - r u - n e ’-mnl

(Prob l em 7~~) , the i n i t ial  area is s t to  ‘‘ .02 in 2 for all e l e m ’ - m , I s. The

lower a n u S  upper bounnds  oru t lu i s  or -  -~n arc- , r i s J - u c t i v el y ,  0. 0 1 and 1 .50 in

The CST e l e m e n t s  have l owe r size lim i t  ot~ 0.02 iii . The m i t  j ,ml th ickm - iena ;-

is net to 0.2 in. for element-- 1 through ~~ a m n ; I  to 0.1 in. f-- n

- -h-n u -r ut s 25 tlurouqh (-0~ The lower s i~ l i m i t  and j n m i t i a l  t h i c k n e s s  fo r

a l l  SSP e l, ’- m , - tn n are , n ’ ’ ; - - - t ively, 0.02 anu S sI.2m ) mn u c-i u c-s . TIm ’, - mat~ n i t ) ,

wl ’ n :  f n ’ c - m ’ s - r’ I c - - ; : t = 1 . 1- x l0~’ f”Si , Ii = 0.3 , n - = 0. - i - S  l i a , ’j n , a r m - i

= t25 ksi , is t i n e  n :anni t, - f o r  a l l  el ’ - n r c - - n n t s .  l i - t i n  da ta  can-i h i  f u i u l n n , t  i n
_
i

in m x

~-‘u f . 20 , T u b - l i  57.  D i  — ; f - l a t ; ; e m n - m ; l  c o n s t r a i m u t  5 , u nnl f ’ - ’ ; n - - - i  at ia-Si- s 41 s r I  -f-I

c - m i l~~ , r ’ m n n i r ’ -  that the- z — c i n - f l n - u - t  j u u n s  f a l l  I ’, - I ’ a - c- t ’- n — )~0 and * ) -  j n ; u b n u - s .

The I imization runs wu re t - i - r t u ~rmi -- h w i t h  t In ’ - l u - I  I - -a ’ m m u - ;  a r -tin - l i - n s:

(‘uI’V = {ic - ~ 0 . 0 1~ 0.75; 0. ’ ) ; 0 .1 ; 0. c - - ;  50; 0 .00001 ;  4 ; 0 . 0 0 2) .

TIm ’ m ’ - - n - u ’ i - - n i  hi; : --nies u n- -  c i u - r - i c t - - u i i n  Fuq. 12 .

- - n ; m , t r i n n n n  the ri Ots for mm - - i l - - m n  7A (no s~- - ur c n n - - - ) w j l b u  t l n - e 

- u n - - b  in f .  . 0 , c-i n; ,- not , -’ t b ~ , u ’ I : u - -  ub n ; i - i n m I a  a r -  - : u m n m i l u r , m l  I t i u ’ i u ~~ii

‘_‘ u r i , u i  I l i ft e r  b’~- m w — n -  t h i n ;  i c - . Tb ’-  - n  i t i c a l  - -m iS t r u m i l - - I ’ ,  t~ 1 m m - u i

- I ’ - m a i i ; n u  u n - - :  m i n u i m n - u m n -  r n ’ - r n i u c - r  t r i o -  I t  ‘51  u - i - - i n  ‘ - I s  f e  I I ,  ~m n ; t O ;  s~ 

i —  (‘ST - I- r - ’ - n t m n  0 , 1 1  t i m - i  . -- u ; , - i -  m I - u -I c - - n u t  iou I; ‘ l i e n -n Il i i  : 5 1  c - I - - n m - n ‘ ma

1 i d - n n - - b-  - r I - i c o m m - l i ’  jon; 1 , - I n ; -  h i t t  a I ‘ - i - - m m ;  - n  I n n m u - I  - 1 - - i i i ; -  h u - i l i — i t

C— I —



- u n m udi tion 2. In Ref. 20, the same set of critical constraints w O n ;  tPmu nm -o ,

w i t h  the exception of the stress in SSP element  3 unnd er  load condition 2.

There the stress was reported to be critical in SSP element 5. After ~n ;1v

7 iterations (firts usable design) the weight is less than tha t r e - f ’ c m i ’ i

-1-
in R e f .  20 2or the f i n a l  des ign .  The d if f e r e n c e s  in f i n a l  w e i sh l s  i s

onl y about 0 . 2 % .  One notes the slow convergence. The additional w e u m m i n t

reduction after iteration 7 is only abou t 0. l~~. If the - ‘- u f - I i mnn i zati omn is

di. -om u n i n nue cl when the We ight does not change more’ thai-i 0.1% for , say , I

jt- ’r ’;nti oi;s , a fina l weigh t of 2 4 1n 3 .  18 lbs .  is o tt  a in e d  a f t , -r  9 ite r~tt 1 m m ; , .

The o~n timality conditions arc- not satisfied and the desi gn -i prc- c i - ; n s is

- - rni m na le d a f t e r  16 steps , the  maximum number a] lo w u -u l . At the fitua l

I c - s i g n , c o n s t r a i n t s  ar e  satisfied withi n-i 3.5 x l0~~~.

W i n e i n  n c - - a n  caps ar e  added t o  the wing (Problem 711) a - ; u  i t t- h ffetm .~~ t

ncul ,-n i al distribution than that of Ref. 20 ru n ;ul t~~. The nc-oat signtific ;n;t

Si l I d - r e - r i c e s  are in  the final nisca s of the TRUSS anmd SSP elc-meitt s . It I a

observed t b u u t  a l l  for~ ard spar cap members are  at  t h e i r  m i n i m u m  s i z e , and

t h a t  I l ; - -  a f t  spar c~m n n  members , in e  near  t h e i r  m i n i m u m  w i t h  t i n , - excep t i on

of t i m e . - m n - - i c - i - u - n  a’ the n u ; ; t , w h i c h  assumes i t ;  m,-n x i m u m  i l  I - - w a i l - -  u r n - I .  In ;

R e - f .  20 , a l l  l i i ; ; : ; - : el - u n - - m u m ; n u n ’ t- n : u m; I much l a n g - - i  . u l i me a-i- i ’ mater nal

- ‘I nn - ’ r n i , n m I  j c - mm d j f f ’ - r i - i i - - i - ; m  i n - -  n n n - - n u -  - n i m n ; ; ; n u n u n ’ - S in  t l ; , ~ u n ; n m i , u t r ~ i f u - i t  ion  of

I I ’ -  w i n n ’ m . The I i n m , u l  w - u - n l u t  01’ 2-f-f5. 7 t~ l i - . ,  wi i ic -h i s iTh ’ ; u mi , m I lie u u , n e - —  

n ’ s  ann i mn um m v - m n ; ’  n u l  m i f  , u l l r - ;x n m a n , l v  ‘ s 7~ c m n  ‘ ; - e -  n - c u l t  of f - c - f .

‘l O t  - n ; c  I er it i - - - u I crMt n-u t i c  n u t  I - - i mu I )i~ - - - mi i i ’  - - u n - I - - m l - i - 1’ I ’  - inn  2 -‘n , wi ’ ; - I me-

l ’  m n u n  ‘ I - -  ri ot c— ui - h,, u I ui I m- - - ,i u i t  n—n s’ t - - - - u nit - u t  --I w i t  it I b ; u  -cc - I

- u r n - - u n - - I  m u  - t  ‘‘ - I n _ u t  I ” , ‘ t t l u u  i , n ’ u u n t  ( I — ’ ’ t _ _ ‘ t ) ) ~~ A ( — (’i l t n t ;  i ( t l ; u -  f - i - - ’  l i - t t ~, c i t

- - - f .  . 1 ’ )  u i _ c - I ,u n - n - - - n t - t m n ; n r ’ t r , - ;  - n m - - n  w i n h i m  j m , I d n m -  n ; -  I h a t- n - c u l t - - f - - i tIn s

- - x - m m n n  I c - . I I ; ’  ,-r ’ i - u m  h u n r~~m m m- ’ u -  1 - - n - u  -- - m n - - - - - - - l , . u n - -  I t i n , -  f i n , u l  i - - n - - n t .
‘ c - n i t ;; r - - - u u ‘ S I r Il, mm ; cx- mi ni I ’ I i t - u  - - u t ,  - mm u - i n  - u I I i - u i ; ?  I v I - -  n I - -

C- ’ - ); - 
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f o l l o w i n g  add i t i on-us : m i n i m u m  area for  TRUSS e l m - m e - n t n  1 through 10 and m a u x —

imum in c-a-i for TRUSS member 11. It is n--ca-n that ,u usable desi gn is f o u m n rl a t

i t o r u t  i c - m m 7, with a weiqht of 2464.84 lbs., within 0.71- of the minimum

m , ’l mj , ’ \ ’ e-d . It is also seen that at cuttoff (16 i t t - r a t i o n s )  the w e i g h t  is

decrea sing at a rate of about 0.1% per iteration , which  m i g h t  make i t pUs-

sible to obtain solutions that might be li gh te r  by as much as 1% i f  the

m - r , ”cess is  a l lowed to con t inue . I t  i s  i n t e r e s t i n g  to note  t h a t  th n- weight

n u - du u c tio m n f rom i t e r a t i o n s  8 th rough  11 (‘ 4 lbs.) is significantl y lu- a s t ic - ut;

the gai n-i from iterations 12 through 10 (~ 13 lbs.). If the design: o~ ‘- - n _ t i  ion

in ‘s t o l’ m e -d when the chanige in weiqh t is less t ic - um i 0.1% throuqh 3 it - - r u t  i - -n , - ,

~i Si n-ui q n of 4;uS .S0 lbs. would be obtained after ° cyc l s;n , whi ch i s  a n - ~ r -x—

u m n m at ’l y th e f i n a l  w e i q h t  u n h t a i n n u ’ d  in Ri - f .  70 . The mnios t  c r i tica l  c o r n ’ s —

- n , u m n ; t  i n  ‘s~~t j . - n f  i c’d within 2 x l0 ” .

1 .8 R E C T A t I - ;n I AR WING WITh STATIC ANO DYNAMIC CONSTRAINTS

Thi s l i on  i s  p r e s u - t n t t - - I  t o  ~ b~~mw t l t c i l t i m ’ ’ m,’- t i ’nod m m  m ;u - m u - m  ml inn t h u ’

m ’ s , -  ‘ b n , u  mull i—behavion~al  r u ; m n - ; t  no r u e - S  n c - h I -mn ; c a l m )  l i e -  so l v ee l , u n -  l i - r i m

as t n1 f l n u l  I -‘— e l ement anm - u l y n m i s  f -r u - u n r a m  f ’ n u i v  n i l , - ; ;  the m o nm ; : t  ra i min and - , n u ; - : —

I n u i m i t  - r n - n  t i - - m i t  i n i f - - r o a l  i c - n i  I n n  a f - a u n t  i c u la r  ~i m - n m i u ; r u . Results I - - u  I i\’i

u - x  mn: I - - s  m n v o i v n m - - n  ‘ - t m ’ i -  n n t r t : - - : ;  - , ‘ l n n ; f  i n  i - m , - m m t  , f r u - - n m u c - n m m y ,  f l u t t  en n b - u -m i

- u r - -- I s i a n - u t  r u u m t s  - u  n i  f m - - n u t - m t - ‘ I . A l l  ex u m n ; n  I -  - ;  i mnv olve Ih ’ - m u - - n  mn - m i m I  in

wj nm - n  wIt ic — l u i n - u - ;  1 m m  cons u - I  1 1- - , - c m t  I n - - i ’ - - (I n - - t n . H an d  - t )  . Th u c - n - - m n ; -  I m l ’

- - f - l ; - w inn - n  i;; ‘ ; I u i wi ; u nn - u - n  . 1 1 . Tin ” n t I di rt it t - t I i - i  ux  j u n  - I u - ~ u C I u - u i  i n  - I - m u m

1 - f . Tb’’ s ’ m— ; ; - ’ ; u m ’ - i i i  I - u k - n m  t ,  I - .‘i’m n rmu - I n i s  a’ ; t h u  i n n - ,  I t ’  ~~ X — ’  f l u ’ ’ ,

‘—cl ; m i — I ;  n m - I - - n - f l u n in u - I - I I  - - . - i u f _ u ; e  . i l; ’ n u n ’ f ’ ’  - n I n - u  I t - - I I ; u - a- u ‘ - - 

- - n - i d  u-age ‘0) .

C - ‘~l —
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is modeled us ing 12 TRUSS elements to represent the spar oa f -n : , 12 u ’ST

e l e m e n t s  for the s k i n  an-id 15 SSP e lements  for the  v e r t i c a l  webs .  A f t e r

linking there are 33 design variables (see Table 6). TI-ic material ~O ’ u~ f -

c-n t ic-s are the ;manmic- for all elements. They include the al luuwabl e st re;:st- ;n

( - 2 5  ksi), the specific weight (0.1 lb/in 3), the modulus  of elas tici ty

(10.5  x 106 ) and the  Poisson ’s ratio (0.3). For all examp les , min imum

SiSe ” c o n s t r a i n t s  of 0.1 i n - for TRUSS elements and 0.01 i n , l i n t  CST

a r u l  SSP elements are imposed . The initial cross-sectiontal areas of bar

c - I  c -ments  a r m  set at 2 . 0  in 2 . The thicknesses of the- CST, and SSP c’lemn em;t

13 th rouqh  15 are 0. ’;40 in .  The r ema in ing  SSP e l e m e n t s  of t h e  i n i t i a l

- I c-sign (1 throug h 12) are take-mu to be 0.08 m u ,  thick.

The f i r s t  examp le (Prob lem 8A) considers  ;m t ~~t ic  c on s t r a i n t s  o m d y .

The w i n n q  , ; t . r u c t u r e  is s u b j e c t e d  to two d i s t i n c t  loou i im a q  c om n d it i o n s  a n d

cons’ na int - n are placed on strc-mu ;;es arid displac ememats . The detaile d list

of noda l loads for both loadinq conditions is given in Table 5. The’

I r a n m a v , - n ’ - :~ - u ,i - f l e c t i o n n  at  the t i p (nodes 13 and 14) a n  c o u ; ; m t  r a i n e d  I . ;’ i’-

- - - u ; :  h u n ;  11 i u n c l u - - s  f o r  bo th  l u - a - l i  rug cond i t ioums

A i i i  i-xa nn~ - 1u ”  ( I n - mmh;I,-nnn KB) consid ’-r’ ;; t h e  same” wi mnq st i n c - I u r e  - s-i ’ 0

u c-mm -n ’ n . m i ’ s t I I u ’ m ( n d l - m u m  t h e  f u n m c . l a m c - n n t u l  n a t  ; m r , n l  f r i - u~c u c - n u c y  on l y .  T h n i n ,  i s

- n u  i i i ;  - t n - u u n  - i i  to m u  - n ; -  t I c-wi ‘r I In - u mu 3 . 83 I s-n

h i m - ’  ‘ ‘ ; i n - I  ‘ - x . u n t ; n  - I  m l i i ; , - ; ;  t i u t  i ‘nm - u t  t a i n t  - - - 1 ’ n u t  1 , -m n n- n A ,uu ie l  t i l l , I h m ~u ’

- - - w i r ; - f  nut; ; S I , i l i C  u t s I  I n i - - n u n , - n m ’’ -- u . u ) i ;n ;t r u m ; t -  . This ex~u m ; ; f  I - -  u n ;  inn ;-

i - m I  - n l 1 --r n R U .

I m - -i - I - -m Rid im ; I ii- - w j m e ;  W i t h  - u m - :1  m ’ j - - I i - i i i  l u  I - - n ;  I h i - I~ hu t t c-I nS - - b .

[ I n -  w j n ; m  i s  t n - - c -  of  I t i e  l i - u - I ; ;  I - n i t  I h - -  I i n u l  I ‘ u  ; g - - eu l  j ,- n - - - - m ~~- ’ u ’ - t i m ~u - i  I c -

- - I i n  - ; - - r ’ I u a m - . I’ - ‘ ‘ /; ; - n:n - ~~ 
- 

I . - t x I n ~~ Il - s . - - ‘  - ,  - / i i i  - 
~~
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I
5000 f t  a l t i t u d e ) .  The d o u b l e t- lat t i c e  method ( R e f .  ( - .d was used to cal-

c u l a t e -  t h r e e  d i m e n s i o n a l  g e n e r a l i z e d  aerodynamic  f o r c e - n :  for  f i v t -  d i f f e r - - n u t

va lues  of the reduced f r e q u e n c y .  The f l o w  was assumed i n ; c c - mj ’r e n n n : i l ; l n -

(Ma c in n umber zero)  and the  c o e f f i c i n ” m m t  nn ’ m t r i c n - n ;  A . ( ‘ s e e  Sec t ion  3 . 3 )

we-u - - - c a l c u l a t e d  by f i t t i ng  t h e  aerod y n a m i c  da ta  w i t h  a f o u r t h  order  pol l’-

nomia n i in k ( reduced f r e q u e n c y) .  Ti-ic f l m u t t , - r  n:~ uc ’e d  f u r  t i n e ;  m i t in - i l

d e s ign  is found to be 797 f t / see , a m u l  t h e  f l u t t e r  f n , - - i n i n - n s ’n- , a . 78 h i s .

The l a i c t . - X u m r n p l e -  ( I” robh-m 8E) comb i m u n ” s  the f I u I  t i - u  const  t a i n t  - - b  I r i - b —

1- -rn SD w i t h  t hn ’  ; - t~ .u t i c  - c ;n st r a i n t s  of Problc.’m BA.

The ~ i n m a u 1 ~u~~n :i gu i s o b t a in e d  are sh ownu in Table  - . 11 . - r a t  ion -i h i - n t - n - i , - - :

n a l l  - - x - u n n m n l e a  e x c e-f n t Problem 8D ( f l u t t e r  c o n s t r a i n t  onl y )  are dc-i iCt ‘ ‘ u I

i i  F i ’u .  15. F : i ’ n n u n e -  i t - n;hows the  i t  u - r a t i o n  h i s t o ry  for  f r ’ih ’sl,-m 8D. F i q —

un - -  17 n ;huown: , n ; c m n e - m u t  hu -O1l~~, t h e -  f1n-~
’il ma ter ia l  d i s t ri b u t i o m n ; ;  fo r  l’ i u , b u l , - n m n ; ;

KA , 88 , SC and SD. The c r i t i c a l  constraint ’s fo r  Prob lems  BA , BC annd SD

- m r ’  ; I e r ’ - m c t ’ - S  s c hem a t i ca l l - ’  in  F - d i m s .  18 , l ’i a n m i l  ~I ’ ) ~ r i - s n - u - c t  n y c - I n - . it suunma n ’;

‘ - I t i m - -  n - - n : -~ l t - n  fo l l o w s :

3 .8 . 1 S t a t i c __C o n s t ra in t s  On1j~~j F r -  - n - I  - m n

- nb’ = 15; 0.01; . ‘)~ 0 ~m n~ (,) , I ; 0. 15; 50; 0. 0tk~~S ; 4 ;  0.  0 ;1  mn ‘ ii ’ -

u r n ;  S - m l  1 c-u - ~-~ n- - i n n-  ‘ - ‘ n , n us ‘ i n r n u t ,  Problem h A  - A septic - mu- - , - I — - ‘~ i i u

- I ’ -  ; u - f n u s  h ‘ ‘ - m j n i n : , u ’ ’ ’ - n  7 I d - - n u t  i - - r u ; ; . A t  t I n s  n - u n ; , t  t t ; ~ - w e i gh t  (Iso. t - c  l i - n  -

- - m l’; - u i -  - ; ‘ 0 , I t  I - m m - m ‘ h - i n n  I he I un a l --1 - ’ ad i m m t ” u t . The” --m I n m r , ,m I u -; c - r : - I i  —

‘ i - - n ; ; ;  - m m -  n i  n u t  u 1  i - - f  - u r n  m l  m I d ’ , ’ i u , u m  a-u- - , m m ; ; c - - t i ‘ ‘ m u t t ’  m

t 1, m a - ; u i n m n ’ - , n --l - i  o t  i ’ m - u t  i c - m u ; ;  i l l  a- - I (Ir). Thu - u~ i - - il - - t t , m i m , t m n  m l

- hi ’ - I i n - - u  I 5, ‘n -n m - Si ( - n - ” ’ -  I - u ;.  II)) - i n  - tin , - ‘ - - I I -w i n - i :  mu n - n r c - n  urn si u of -H intS

rn” — - t I 1 n - i  I —
- 
, C t ; ’ [’ — - I - I t n  - t t b u n  - n m i i i  I .‘ , u - - I  1” - I - - i n n - - n i t  mm II , 1 1 , I-I

F-’ — ‘ I
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and 15; d i sp lacements  at nodes 13 and 14 under load c o n d i t i o n n  2 ;  and

stresses on ssP elements 1, 2 amid 3 , also under load conm~-iti on 2. Comus-

t r a i n ts at the f i n a l  design are s a t i s f i e d  w i t h i n  3 x l0~~
’ .

3 . 8 . 2  Frequency Cons t ra in t  Onl y (Problem SB)

Here , OPV = ( 15; 0 .0 1; 0 .9 ;  0 .85;  0.1; 0 . 0 5 ;  50; 0 .OIdbul ; 4; 0.00th

was selected. A sequence of usable designs starts after 4 iterations ,

when the w e i q h t  is 106.891 ( w i t h i n  0.1% of the f i n a l  wei gh t  c ; b t a m m ; , - n I ) .

b un maximum number of iterations was reached and the f r e q u e n c y  c on s t ra i ma t

is satisfied within 4 x l0~~ at thie final desig n .

3. 11 .3 Frequency and Static Constraints ( Pr o b l e m  K U )

S i m u c , -  the results for the last two examp les indic ate-S the e x i ; .;t e n m- : m-

of a “fl at ” des ign  n:~-ace ~~1ose to the optimum ccnsidc-rable different u1 , ” ,- ; u , ry u ;:

I c - m v - ” I l i e  n ame wei g h t )  , t he  m a x i m u m  number of i t e r a t i o n s  was r e - u i u c u - u ’ l t o  10

I is - - x amunm - lu .- . All c - F - h e r i~ f I i m i z a t i o r u  p a r a i n m i - t  u - r n ;  we - r i - k i p I t he  n c - m m ’  as

- ; h - n  f r - -h - h - rn BA.  Af ter onl y 5 cycle s, usable- Se- si - i n; ; mn - - obt mum ; ’ - -

‘I l1 ’  ‘ - - ‘ u I  s - n - m I n t  u t  I h i n  p o i n t  ( I i ) 7 . 4 7 2 )  i n ;  f - T ’ t u t  t .’, i I l t ’  t h u ’  c -Inme us tl ~~us

I - - n ’ l ;~ fj m ,a u l nl t -cn i q n i ,when t h m , tn - t j m5 s u n , -  ; ; a u t j s f i u - u i t o  - x I ; - ’

[It , I n n  1 m~u I -  t- j - ’u l - l i s t  n i l - n i t  joni i ;m sim ’ntil _ ur t~ th.tt u ib ’ t , m u n u ~ - 1 m m  b i ’ u 1 - i u i n i  R B

‘,~ i i u  ~ t ~- I u o n  m l  t I m , -  SSP - ‘ l - - m m ; , - m , ’ , ; n - - u n  t h e  n - u - ’  ( - n c - u -  l a t h e , -  , u m u d

- i p . 17) - [‘lie - ‘ - m i t  i - u I c c  i n  ,:; t r - u i n , ’ ;n ( ; n u - e  I- ’ i q . 1~~) , u r ’  - I - - m i m i - I  I o he : m i i i ; mnn ’ - is

— n j . n u -  of ‘l’~~n 1St n ’ , - - m ” n i ’ ’ ’ m  1 ,  u ncl 1- f , i ’S’!’ , -I , - n n u - n ; t nn - ,  t O m -n ; ~ I, ’ m n ; I  F - i l ; l  - I u - n i - m - i~~n-u

1 I , 1 ‘, - in S 15;  i-i t n - - - - - ‘ ‘ m m SO 1 1 m m  -n’ nn 1 n :- , n - - ; n - i l , ’f m u m u -  I ’ - m I - - u  - I co mue l  i t  m e n  - 2

- u n m - i - - - 
~~r ’ -u ~~~- - i  n~-y .

C -  - f

u~e~~.—------ __~~~~
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3. 8 .4 F l u t t e r  C o n s t r a i n t  Only (Problem SD)

- ‘ OPV = (16; 0.01; 0.75; 0.9; 0.1; 0.95; 50; 0.00001; 4;  0. 002)  ar

the optimization parameters for the computer run of Problem SD. The

desiqnis obtained during optimization are usable after the second i t e . - r m t i o n .

Aftt:-r 6 cycles the total weight (40.971 lbs) represents l02 5~ of t h e ’

fina l weight obtained . At  the final design , more than half the e ” l u - m r n - n ; t s

are at their minimum size . ‘rhese include all the TRUSS elements , UST

en l u ”rmnenn t n; 0 and 10, and SSP elements 3 , 4, 5, 8, 10, 12 and 13 (see- ‘l’a t1~ -

Thin; finding appears to be typical for flutter optimizatiomi f-r c - lmlnnc -’ ,

wl m ’ - mu m o  amui - Ii t ional cnonstraints ar” imposed (Refs. 8 and 9) . At the fina l

f 
- i - - s  n q n n , l i m e  damping  f a c t o r  is g - b x 10 ’ ’ , and the  f l u t t  , ‘- n ’ f r ’en f u e - m u m a ’ ’  i n

u - . ~-f I n n: . The V — u d i a g r a m  for  F - h u e  f i n a l  design is shown in t i p .  21.

I
3.8.5 Flutter and Static Con n st r a i n ts (Prob lem R E )

T h i n ;  l a ; ; t  e x , i m n l e -  1 m m  t h i s  se - c - F -  i u - m u  w i n  rum -i with t h ,  n u s u m e  u ; n I i m j , a t  i c - m i

n r  ‘ - n - - u s  r u - - F - i l - - r n  88. After the s ixth - i jt - -rrt j on n - ill subs u-m ~u - n u t  mi - - n j - m n ,  -

‘m n ” -  n i - u t - I - - , - u n - i  f i n , -  - - ‘ n ’ s - ’ m a i n ’s u t ’  I I ; , -  I , - r m m m i a t i c - m m  of t In , - - n - ’ j m : u s u n  i - n ;  

m ( 1 5  - -y e  1 ’ -- ; ) i n -  ii. t ’ u n t ’ 1- - I , . - . , ic -m s n b c - m n  -
- x 1 - ;~~~ ‘ - The” - -n  i —

ma! : l v  - u - m n - l i ’ 1 - - i _ s  - d m 1 - n . - - I u ’ j s l i - - I  u ’ - n t - - I f .  ‘ ‘ — n  a u l ]  -~~ u n n u n - I u - ; ;  j m u ~’ , - 1 t n n - m

- h i - -  m -  - n . u m m , n - i l , u r  s u m - i , n r u u l m n - l u n , - n  l l u u n - ;  m m c - , , u l m - n - f m m w e i ’ m l i t  n , - , h u i u ’ I  i u ’ m n  i s

au ’ h m l -  ‘.‘ - I u t  e - r - t  I - - s  n ’y c l  l i - - n - - I u t -  w i - P u t  m t  - n u -  j I ,  r u t  i - - n ; -

( i ( ’ ; ) . S I S  i l - u )  in - n p m  r -  x i n m u m ’ ’ ’ l y 0 . 2 e  I - u n - n - - n  I h a m i  I I ; ’ - t : i n , - iI - 1  t u i m , , , h , I d e

n c - l , t  u - ’ - ‘ c - c l  ‘ h ’ f i c - u i  i u - - ; u q n  b - - n  h u t  i i  , u n - i  m u t  m l  i i ;  ‘ “ ‘ m m . m m  m m n ; t -  i S

l m m P n , ’ m’  ‘ H - ; -  w h i - - n  r i n i l y  - . l , u n i c n  n c - n m -  n u i n , I  -m u m ’ ’ j n n n  I ( I ’ m - I  l u - i t ;  ‘- - A ) .  ‘l i ; m m - n

m m m i - ’ . I u m m -  ‘ c - n m  - - i n ;  — - - - y j un - -I j in i n , .  - ‘ ‘ 1  j I ‘ - - r -s i s n - m m n  n — c -S

; _
_ u _ u -

_ _  _ _
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to nun longer in both cases (see section 3.10). The critical const raint-

are - identified to be the same as for Problem 8A , with tF-ue exception c-f t I e

minimum size of CST elements 9 and 10, and with the addition of t h e  f i u t t , - u

n - n - s e P  (see Fig. 20). The finnal design flutter frequency is 7.95 hz. Time-

S-cm djaqrams for both , the initial and final , designs are shown in Fig. 22.

N s t c -  that no “drift” in the constrained flutter speed is observed .

3. -) SWEPT WING WITH STATIC AND FLUTTER CONSTRAINTS (PROBLEM 9)

A second example involving a constraint on the flutter speed is con-

side-red in th i s  section . This example involves the swept w ing  w i t h  t I m e

same loads , c o n s t r a i n t s  and initial design as in Problem 7B (see Fig. 11

f o r  s t r u c t u r a l  box) w i t h  an addi t iona l  c o n s t r a i n t  on the f l u t t e r  speed .

The aerodynamic p l a n f o r m  is shown in Fig . 23.

Initially, the flutter speed of the final static design (see Table 4 -

P r o b l - - m  78 ) of the  wing with a mass of 400 lbs even ly  d i s t r i b u t e d  amonq

F - bc - ’ last 8 nodes of the tip (upper—wing half) was calculated. Six modes —

w’ r -- u ;;i-d f--n F-he dynamical modeling an-id the double- F--lattic e method was

- mn~ - I c - ’ ’ ’  - - I  I - - - - I n t a  i n  the  uns teady aerodynami c; form . - ,’;; - A mn n u t ched flut ten

‘ n - u - u - u I  u - f  j ; n ( )  f t ,/ - u , - c  at  Mach = 0.~ ’~ (apjir ox . 14 00 ;;  f t . )  s u n :  - ‘ h t a i n i , ’ u i . ‘ F l u ,

‘ ‘ - m r u n ; ’ n f u o r n - h i mmq V — - n  diaqram i n -u de . - ç - i c ’ t e . -h  10 l i - f .  2 1 .  A d i u f i u i r e m e m m ’  t

n ’ ; m u ,. u ; : c  I b m - f I  u t  I - n  ; n f - c - e . ;l  t o  ‘110 f t  ‘- , ( u f ’ n Fox .  I 7001) f I  . ml = 0. - u , )

w i ’ h  I I ; - I t - , u - - ’ ~-o~~st i ’ 1 u -  w u - i - i b i t  f - c - n u d I t y  was  i n t t f ’ u - n i - ~ i .  i~’ - - X . t m m i u u m i m ’ n  I i - s .  24 ,

i ’  i n ;  - I - - u n  t h u _ u ’ t I m - -  r n m - t . hocl u s u - ; i  f - i n -  h i -  f i n n ’ ~ , - n -  c - I 1  jini c - t t  li i i; must t~~u l .

[ ‘ I i ’ -  c m i ’  u - - i l  V — - n  - m i t ’ ; - -  i n -  m u m - u t  d y e  - ,~~~~ - 1 - n  = 0. n u t  i c - m n - - i c , f - - u  -

e t C d i n  r - , - . m - -  of V , l i i -  h ; n m u - t u - n  u m ( V )  i n n  mut t u v u l ; u , - ’ i . A t  V = ~I - u  f t / n , c ,

C- ‘ - i -  -
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I
I t h e r e f o r e , the  des ign  is f ea s ib l e  or not , depending on where  the V—g cur - ; -

— is being considered . One other difficulty that may be exu-e’-ct ed is nbc - c t
~u ,

I the fact that in the neighborhood of the g = 0 crossing , the s l u e [ - e -  of

I 

the V—g curve jumps from very larqe negative to very large positive values.

The iterative scheme for the constraint evaluation (see section 3.3) n - P u n -- uI-I

therefore also fail.

A second attempt was made by considering t n -  initial static d,-;- ; i u ; m i

I of the  swe~ ’ r wing with a mass of 5000 lbs. evenly distributed on t I n e - I - u

I 
nodes correspondinq to the structure ’s t r a i l i n g  -cl cie- . Admitted in--, thin -i

corresponds to am - i u n r e a l i s t i c  s i t u a t i o n , but i t  n- n , -r v ’- n  the n - u m r f - - ; ; e  of

$ 
t u ’ s t i n g  the  a lq o r i t h m . The V—q d i a q r a m  is shown in F i u l . 25 .  u i - n e , , m - n t i n ,

the critical V — q  curve  c an n o t  be Fol l u u w , ” ,I for opt im i z a t i c - n m  f ; u n r f n c ; ; u m -; :  , as

exp la ined  above . A l t h o u g h  the c n u r v -  - corn ’. - ; - :t - c - m m - l i rug to the ; i ( c c - i i ; l  q = 0

I 

c r o s s i ng  (curve  3 in F i q .  2 5 )  is also multiyalued at c e r t a i n  va l ues of

i t  is suitable for optimization bec iun - nu ” i t  b ias  a los i t  i V C  S l i - } - e  i u , ’~t r

g = 0 (V = 102 0  f t / m u - c )  . I f  t h e  dc-s i q n  chanqes are- small enough -; un, I u

F-ham ’ ci 0 a t  every desi gn step, only t I n e  n e i q h u l u o r l ; o m - i  of q = 0 a-ill

hi - - of m t  st. Th€- flutter u c - muS t n - c - m t i n - n  s i -e c u f i e , I  us q 0 it

1 - m .:O f I  / - ‘s  - -
, ai t h ; S 0.’ t , m t  29000 f t .  ( t b n i s  c-o r n i - n p - - - m ; u i - -  I -- m n ; - u ’ - - ’

y ’ - l o c i n - - , - o f V - ‘ I i  f t /see , w h i u - I u i n - ;  t I n , -  f l u t l - - r  - ‘ n - i - - u I  u - f  t l n e  i m , u t  i , t i

- 0  - - n j - f : , )  - Tb I imj un t ’ n c - m m  a-a ;; n - n u n  w i l  Ii I l i i -  t -- 1 low u m m - I  - d r a m - - I  ~- i  \c- , I  - - m

(IF S -= 1( - ;  0 . 0 1 ;  0.75; 0 . 9 ;  0.1; 0. , ‘‘~- ;  ‘ 5 ; 0. O n i o i i l  ; -f ; (‘.001 1

The I i  n m - u i  d c - s I - n i ;  i — n  sh o w m ;  i n  ‘ I c - I - l u ’ - 7 m u - I  C l i , ’  i i  u - i  u I  u o m i  h i m ’; ’ - m c -  1 ’;

n - i c ’ - - - I  i n  t- n - m .  , - ‘t . A l l - - n B j t u - i ’ , t n - mis u u s c i - I - -  - l u - s i - m n  - f  - - ‘ ‘  • 15 l I m o . i ’

- - b  - t - m i n n - - n b  . Tine mu ’ -xl - Fl u ’ym 1- - ’  , u  m u m  ~1 1 - - n  1 ’ - ’  ; n u  t hu m  i n - - - 
- ‘~ ;~ ‘ - u - P - - t ‘ - - Ii m u ’ ’ i - - n  -

A m m ; - ,  I I - - ; ;  u - m u  - - t .  0 - 0 .1.  Iru l b  - . n m - - u  - b i t - - I .  ‘ r im- -  rn c- c t  u ‘ u ( , u  I - ‘ n ’ ,

-
. 
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at the f i na l  design is the damping factor g (1.5 x l(J ). The V—q did-

qram for the final design is also shown in Fig. 25. It is interesting t o

notice that for this unrealistic example , even though the second V-g curve

-c an t racked th rough the o p t i m i z a t i o n  process , very  l i t t l e  d r i f t  is n u o t  ce ul

in tI-ic critical V—q crossing . The flutter speeds of the f i n a l  (900 f t/ se c

and initial designs differ by only 2t .

To conclude this section it must be reported that an error was made

-,c1m , - mm defining the aerodynamic planform. The leading edge ang le is ii mcom —

si  t n --nt wi th the given dimensions (see Fig. 23). When the aerodynamic

f- ’nnce ” n were calculated , instead of the correct value (2~L2°) - 2 5 . 7 80 was

used .  An - n c -  result, the area of the tip is reduced in comparison-i to that

of T ic- . 23. This should have an effect on the value of the flutter s } - c - , - m I ,

although i’ is not believed to be the causno of the behavior of the critical

V— p curt - - n - n ( F i g s .  24 , 25). This behavior is in n t . c -rj ’-rci ted as a violent onset

of f l n i t t , ,-r , s i m i l a r  to that previously reported in Ref;;. 38 arud 77 , when

c o n s i d e r i n g  ; ; w - ; l - t  w i n g s .

‘.1 ; D I S C ’ l ’ S S I O N  A N D  A D D I T I O N A l  DATA ON EXAMPIF:S

~ ‘ u n n ’ - n i n iu l r - - ; , u l I  - n  obt t i .o u e - c l  by usirm q fixed an-id u I-dat -m i mt-Se;; a;; u f u - m : - ’ n ’ c - I —

i n i - ’i r i m c - r n I j m m , u t i - s , , u n n - ’ b . u - 1 - hj t i o n a i  ~l a I u on-u , u ll --x mmn t en  c o n m ’ n i u l u - n ’ - u I  u n  ‘ - ~~~ - t ’ - —

n -u ’ - i n u - i l i n ,  t I n  s ; n - - - C - -~ m . A l ci 
‘ 

i i  i i i  Vu - n c - u  - n u n - ’  cli f’ I - - n i l  i no mm - ‘s n - -
‘ - ;  ; ‘ . t - n  - - - i a- n - - n -

- I ’ - , j l i m , - u  w i t h  w j m u u n  s t r u t  - m m - -  ( r n ’ u i k I u ’ m m m : ’, 7, c-- m n , i  ~ un I i  i - - t I - .- u Iu ~~m - cu n -n :;e-u1 .

~t . 1 - i . l  F i x ~ - i l  c- T m - I n j , , t u l , J  ~~~~~~~~~ 
- - m u  : m . ,  , I Is.

i n,  n . n  b - - n  t i c -  - - n -m” m u n - c  m~~ m c  ‘ ,c - m l ’ - n - u . t l  I V -  ‘
~ c ’ , - -I ’ t u n m i m , - n  I f  m e  - m e  n m - - m u ] —

- - _  I - - ‘ i - n - I ru , — ‘ . ( m u  - - ‘ m u  I . I — m - - - I ‘ t ’ ’ w c ’ n ’ - uml n -  m u c - I - x -  u n n m  I - 1nn i n -

— u ._ 

~~~~- - . . .- -~~~~~ - — ._— -~~~~. - . - -- - - -
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I
presented in this sub—section. Th”- nnatural modes of an ;‘ , ; .‘e: :7  u h e s i m .

c-ru” used to evaluate the flutter speed or natural frequencies of a 
- -  

- -

- - den -ni -m u and compared with the exact results that an” obta inu c ’-rl w Oe -mm

nn c-tural modes of the modified dc’ ;-;ign are emp l oyed . The two diffcre nt

;nm -proach i .-n will he refern -u i to an  on n ’- I -- -
‘ - - if the transformation

n- r ose-it t -- i in section 3. -f is emp lnve’rh and as ‘ .n -  - - - I otherwise.

f l a n u  : i ~ h i -r  f i r s t t h e  rn - c - I  angular wino of section 3.8. The

5,’-;’ n c - m u  i - n  ‘-c-k e n ;  t - ’ be I I ,  m i t  j a l  uI , ’ ;; n n n n fo r  c n ~ -t  imizjt’ m on . The -- : 

I e s i~ l i l  :- c- rrn - , nds F - ” m Ine f i n c - l  m at - -n ia l ulistribution obtained for 1 :-u i

- x tnc - plt- ~‘I ;u - r e - fi n u t - ‘ r and n - n t  a tm i - n m o tnaints we-ru- imposed (Table 1- , 1 - 1cm

c- i-:) . The - c- n ’ a l - , n - u l ; d t , n ;’l f l u t t  :1 is 803 O F - / n - n e - u n . When un --, n n n ~i 

- ‘
-

- , ~i-ie f1c- ’ n - - - r  c-~~- ’ s  i n ;  ‘- I I  ft/sec , which is about  5% la n - i- r , TIc-

- .u s i  n u ~ u. - -
- ‘ , - -  :- -

- tInt ’ - er ror  is less than 0. 7r (V~ = 797 ft/sr- -c)  . F~ e n —

ur - -  27 S u m  i c t ; ;  the  c r i t i c a l  V — u i  cur v ’  ;: . Tb’- re: - - :m lt - : t u r i n - i  to j n u d i c i t c  t I c - I

m u -  use of up da ted  modes may be ad- ’- - I n n - m n - u - . u n - c ’ must , I m i - w - - v i - n , nS l t - i c - . ’

n -  f i n , ,u l conclusion_n may be in awn sin; onl y 6 mm m dc:’ wcn ’- cn n- n -m i I - n  - c - l u t. c - n m m

t b n ’ .; n - - ; ;u l t - nl , c - u n- i  no - -c unnv r-rqer -i- - s t u u u i ’ ,’ a - I ; ;  made . B~,- u s i n q  a suffic m c c - n C lv

l~u t - n -  m ummiF y - of modes , c- s i n g l e  v a l n . ui ic- n C he- fin u f t ,  r n~~ - ‘ I  should t-’

I - - ii n e - - i . T)ne- nt ,rii-- -m ’ of m nn ii e ; ; m u , - ‘ - i f - - I  f u u r  - --nu t’ - - rn - i - - m i s -  - I c -  I his v a l u u c -  n h u c - u l  ‘ I

I li en  be - u n - - d r u m ’  - t - - I or - - - c- m i - u r i son.

c - n u n i i l - - r n u - -w f lu e w - ~~’I w i m m u m  of n u b  — I i c - n ;  3 . 7 . 4 .  A a m ’ i q h t  - - I ’

- II - , ; . ( b u l l ” - , i l  nu n - i  - m mm md I-- w i’ h u l l s  a ni t -ni - b ’  n - - I )  is m n n n u t o r r u e ’ l y

‘Ii - - n i l - n i  - ‘ u i  i n n  tO ’ 0 m u -  - S t - n - n  u t - u t -  - : 1  I - - i n ’  I jj’ (nc i u l i - n :  ~7 — - 1-I  - 1 u - n  - I I )  . Tim,-

c - u - ; 
- I i - u n ,  i nn i f , - ’ - i n ul ; u t  i n n  ‘ m i n i - a-l u - : - ‘it l y Sl u t  iC’ e S - m i s t  n c - i n t l  ~n i t  -

‘- - — ‘m u ;  r u - ’ l  ( T a b - I — -  -1 , f n - l,l ,-m 7 8 ) .  T b , ’  l i n t ‘ i n n  n u , i t  u n - i l  I i  - - - f n m t - n n u m t - s  u i  

~~~~~~~~
‘ - I n-; ’ r m n  - - ‘ u t ’ - -  ( m m m l  u - u i  -I - - n i - n m .  c-i ‘,

~~~
‘ u r ; i _ n u l j , i m ;  r u i n  — Pt t i - -rn 70—)

- - 
I 

I~ n - - i n  I i~ - n ur - -  -a’ - -m k - - ‘ ; - . u ‘ - - I - c-- - ‘ m ; I I m u m ’; .

- ‘ i - c  - 

- —  ,,,



are shown-i below :

n a t u r a l  f requr- rnc ie n - n  ( F - i c - )

F - r s c n c n c- n ;cv 
actual fixed modes (error) updati- ~1 mode- s (error)

n -nu mber  -_____ ____________ ________ ~~~~~~‘ 

1 2.031 2.101 (3.4%) . J ’ - ut ( 1 .2 % )

2 ‘1 .239 9.865 (6.8%) c- .3r _ ( 1.  1t)

3 16.78 20.00 (19.2:) 18.42 (‘- .8%)

- 22.49 25.98 (15.5%) 23 .84 ((.0:- )

The - 
- 

- :~ frec:ur-nncy values arc- , in fact , exact within ; F - i n , :  I n J r n ~ - w c - i  -n n - f

t i n s  fj ’;i  F - c — e l  u -mn - -n t ~n n  n - r o a n - l u  - By us u n n c f  6 modes f o r  t h e  modal  anal :;; s , i t

is seen 1i ’ it  t i nc ; r c ’ n n n l  I- ;- : ob ta in ed by updating modes ac-c- con su d e- rnn l ’’

n c - u - n - -  ac - c - m u t e  t h an  t l u u n ; ; e  c n b t a i u ; u , — - i  when modes a c - u -  f i x u - c i . If only t fm i-

f i r s t  two nm ~u t u r a l  f r i  n - n - -n : c i es a rc-  of i m i t c - r ’ ,- nt  , t O m ’ -  e r r o r  is only mi - - n i t

1%. This  is considc -r n l - l v  lower t h a n  the error  ( 3 . 1  ) r c - n ; u m l t i n q  f rom n - n i , ,

use of f i x ’  -ml modes n - - c - t  cal u -u T a t  im n q ‘n u;; I i n  - f i  r u t  m a  t un a  1 i’r ,, -~n u ,n- n ic - c -

Thu- s c ’  ~- rc- l i m i n n . m r ;  r ’ ’ m ; u l t n - n ; ; n ’h n c a t e  ~ H - -  t i - a , ; i b ,’- i l i t - ,- of t i n , , - u se of

up dat ’-- : I  n I - - s  as u f ’ - m l e ; r a I i~~ed c s i - r - T i n a t , - f ,~ n I I ; , -  dynnamical mc’- u i, ’ i n n u q  0 1

u i r n : t , m f t  a n n - m s .  A u l u - f i i ’ n n t u  c o n c l u s i o n ;  n b - - - n l  t I ;  effec t ivu -ncns s  of t h i ; n

m u - tOil - I , , t ; u u n n - , - m , ; ; , - l to I’ l - -  i i ; ; , -  of f i x - - f tV ;-  - I , , l~~~m t i c - n , c - m n ; i  n - ; u n ’ n-i-Se S , m m ’ .’

c - nm lv }~u - r- - - C l i -  - ‘ I  wt t eru  I 1 m m~ - i i i it i i  m m i c - I  r i -p un m n - -n c - u  - i i  I : - ( t  I mc’ , - - -

i - - n 1 - - - ’ ; ;  r- - - l l i u i ~L; c - n -  f i l l y - I u - l ’ ’ - r m i n n , - I ,  I ’ i m r l b n e - r  i , d t u l ,  n n h i , i u l u i  Oc m m ii -

inn  - h i : ;  u h i r u - e t i - _ n , .

3 .  1- u . 2 ( ‘O ’ nn mv ’  - r ’ ; u -  n u n ’ ’  : i i  - I i I - I - m - - - n m  i n n - i —  l x , m ” ,n I n n

T i ; -  - n n m m ; , u ’ u - m u  n m e c c - , - n m , n c - s  t -  m t I  I - x . u n c n - l - - - - m v -  n-

i - -u ‘ u m , ; u i l — ‘ ~~m n ‘en - - n - ’ ‘ c - m n n ; n n m . u f  . u l - n u , u m m i r u l I ’ , ,‘

-
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I
when the maximum number of iterations was reached . All these examples

present a “flat” design space, and the final material distributions found

may differ considerably from the optimal ones although the final weight

corresponds approximately to the minimum . The statement “the final design

does not satisfy the optimality condition ” means that Eq. (2.2.4) (or � .2.ll)

is not satisfied . Although cutoff criterion (2.8.4) is desirable if a

mathematical minimum is seeked , it may be inefficient when engineering

problems are considered . In the latter case , adequate termination criteria

should be specified in conformity with the requirements of the problem in

question.

An attempt to find the mathematical optima for two of the rectangular

wing examples was made. The optimization processes for Problems 8A and 8E

were allowed to run longer . The designs obtained after 50 iterations are

compared to those previously presented , obtained after 15 cycles, in Table

8. It is seen that, after 50 iterations , the final weights for Problems

8A and SE are , respectively, 99.614 lbs. and 100.048 lbs. The inconsis—

tency observed in section 3.8.5 (after 15 iterations the final design for

static and flutter constraints is lighter than when only static constraints

are specified ) is thus eliminated . In both cases the material distribii-

Lions , when compared to those obtained after 15 iterations , are substan-

tially different. The vertical web material distributions are seen to be

practically the same , but the skin and spar cap sizings are completely

different. The same is essentially true if the final designs for Proh1~ m:;

SA and SE are compared . Apparentl y a change in the spar cap material di~-

tributions can be compen~oite~ for by an appropriuite modification ~ f th~

s k i n .  The r~~ ;~1 I t ~ u1 ~~o indica t’’ that it is po~ sihle to obtain two ~hf f . ! nt

C- 11 -
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sub-optimal designs of equal weight satisfying approximately the same

stiffness and strength requirements that have considerably different flut-

ter speeds. It is believed that if a wing structure presents a “flat”

design space with respect to static constraints , a material redistribu-

tion which raises the flutter speed is possible without appreciable weight

penalty .

3.10.3 Additional Data on Examples

The iteration histories for all examples considered are given numer-

ically in Table 9. For completeness, the weights corresponding to usable

designs (g.(x) ~ 0.002) and the value of the most critical constraint at

the final design (max g.(~ )) are also showr .

A summary of the results obtained , including Cpu run times , is given

in Table 10. The CPU times spent in the major parts of the design process

are indicated . The INP UT/ O UTPU T block includes an unecessary analysis that

was performed due to a programming error , as well as a complete V-g diagram

calculation made when a flutter constraint was considered . The ANALYSIS

block includes the calculation of v-g diagrams every 5 design iterations

(25 reduced frequencies for the rectangular wing and 35 points for the

swept wing). Examinations of Table 10 shows that the total run times are

modest when considering the problem size. It is also observed that the

time for redesign (OPTIMIZATION block) is minimal. The growth with problem

size is modest in absolute terms and negligible when compared to the total

CPU time . The ratio , total/redesign (CPU time), varies from 41 (for Problem

~)) to 2.82 (for problem 1A) . It is seen that relatively large CPU times

ir~ spent in th~ SF~NSITIVITY ANALYSIS block . When flutter is considered ,

C— ~~ 2 —
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the time spent for analysis is also considerable. No efforts were made in

order to maximize the efficiency of these two blocks.

3.11 CONCLUDING COMMENTS

It has been demonstrated that a simple recursion formula derived

from the Kuhn-Tucker conditions for optimality , together with a procedure

to delete non—active constraints based on the Gauss—Seidel iterative method

for linear systems , can be used to develop an efficient weight-reduction

algorithm for structural optimization . The algorithm has three desirable

qual i t ies :

(a) it is computationally fast when compared with mathematical pro-

gramming algorithms . The steps in the redesign cycle are minimal , since

only the construction of a coefficient matrix and solution by an iterative

scheme is required. At early stages of the design , the solution need not

be precise , so that only a few Gauss-Seidel iterations are performed .

(b) it is eff-ici~~t, ir the sense that a small number of steps (anal-

yses) is required for convergence of the design process. The efficiency

of the method is demonstrated by comparing the results obtained for four

different problems to those reported by Schmit and Miura (Ref. 20). The

number of analyses required is approximately the same as in Ref. 20 for

most examp les. When more iterations are needed , a better design result~;.

The optima lity conditions are satisfied by most of the final designs.

(c) it . is , ~~i :  , in the sense that no restrictions ~ir~ i~~~o~ t d  on

the type of behavioral constraints. The results for ~h ’ rectanqui~ir w i n q

demonstrate that ~ff ir ~iency is maint ,iined for a larqe class of structur il

op t i m i Z ~~t i o n  p r o hI m~~.

C - ~-
I
I

~ 

_ _



r 
- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~

- - - -

~~~~~~

-

In Ref . 20 eff iciency is obtained mainly by using approximation con-

cepts , which may also be incorporated in the present algorithm . Also , the

constraints are represented by truncated Taylor series of the rec iprocal

design variables , which uses up core space and time. Furthermore , for

complex constraints (e.g., flutter speed, stability) no approximation con-

cepts are currently available. The generality of the present method may

be very important when such complex constraints are considered .

In all examples it is seen that the optimization path passes through

the infeasible region, which must be considered as a handicap. Further-

more , no formal proof of convergence is available. This may be unacceptable

if one regards optimal design as a purely mathematical exercise. What

mitigates the seriousness of the former disadvantage is the fact that the

amount of infeasibility is very slight (“~l0~~ ) after only a few iterations;

designs thereafter can be considered as usable. At the final design the

infeasibility is neglegible (g. l0—~ ), a finding which compares favorably

with results obtained by other methods. From an engineering point of view ,

the lack of proof of convergence is felt to be outweighed by effectiveness

of the algorithm in handling a very large number of structural optimization

problems .

Extensions in the generality of the method are possible. When strict

u.quality constraints are among those imposed , the method can be applied

with m nor change . Extension to problems with nonlinear objective function

~~~~~ feasible and straightforward . With these ~xt~ nsions, it is hoped

tH.-
~t th method proposed herein may provide a possible optimization module

f c ) r  p r e t  ical  and e f f i c i e n t  l a rge—sca le  s t r u c t u r a l  syntheses .

C — ~ 4 —



CHAPTE R IV

HARMONIC EXCITATION

I
4. 1 INTRODUCTION

Finding the optimal design of general structures excited by arbitrary

dynamic loads involves d i f f i cu l t i e s  that are not encountered when only

static loads are present. The dynamic excitation introduces inertia forct. s

into the calculation of the total loads acting on the structure , and these

forces can have an important effect on the optimal solutions. Johnson

(Ref. 13) shows that the varying loads introduce a further complexity , in

that it is possible to have disconnected feasible regions and numerous local

optima .

Among the simplest problems to solve are those of one-dimensional

structures of minimum weight and excited by harmonically varying loads ,

with the interest focused only on the steady state response. By assuming

that the structure responds at the excitation frequency , the time parameter

can be eliminated from the equations of motion and an analytical approach

to the problem can be attempted for simple structures. To date , even for

these simple problems , no global solutions are available in the literature.

The main conclusion from the i nvestiqation of Ref. 13 is that t h u  na-

i r a l  f requencies  of the  s t r u c t u re  p lay a cen t r a l  role in  cr ea t  jog t he  many

f e a s i b l e  reg ions.  S t ruc tu res  respond v igo rous ly  wh en e x c i t e d  near  a n~~t ti-

r a l  f r. T u u n ry ;  accordingly, t he op t  ima l d t s i q t i s  t r y  t o  s t a y  away f rom t 1 ( c (

(• — ~~~~ —
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resonant conditions. The number of distinct feasible regions depends on

the number of degrees-of-freedom that are considered and on the value of

the excitation frequency .

Segenreich and Rizzi (Ref. 63) have shown that the eigenvalues for

a cantilever rod represented by equal length finite—elements (see Fig . 28)

have prescribed limits:

0 ~ w . < v (i = 1, 2 r)
1

(4 .1 .1 )

v 
~ 

~ 2v ( j  = s, s + 1, . . .n)

where r , s depend on the n umber of elements , n. If n is even , r n/2

and s = (n + 2)/2 . For n odd , r = s = (n + 1)/2 .  The value of v

is f u l l y  determined once n is set and the material properties specified .

It  is interest ing to note that for an odd number of f i n i t e  elements , the

middle frequency is independent from the area distribution , that is

0 = V(n + 1)/2

As a f u n c t i o n  of the exci tat ion frequency,  therefore , the d i s t inc t

feas ib le  reqions for possible optimal  designs are qj v ~ -f l  by:

* l’2
According to Ref. 63, v = (n/ ~ ) (3E/ i ) / 

, where , E, are t h e
m a t e r l i l  density , Young ’s modulus and rod length , re ;pective l y.

C - ~~~ -
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F ’
Exci tation Number of .

n . Eigenvalue Relationships
Frequency Regions

o = 0 odd/even 1 w < Ci = 1,2, ... n)

0 :~ < ~ 

even n/2 + 1 W
i

<W
e
<W

i+l (i = 0,1, ... n/2)
e odd (n + l)/2 W

i
<O
e

<LAJ
i+l (i = 0~ 1~ ... (n-l)/2)

(A) = 

even 1 0
n/2 

< 0
e ~ 

° (n/2 +l)
e 

odd 0 0
e 

= ° (n + l )/ 2  (Resonance)

even n/2 + 1 w < w  <0 .
i e i+l Ci = n/2 n)v < w  < 2 v

e 
odd (n + 1)/2 w. <w <LA) .i e i+l (i = (n+1)/2 . . .  n )

o > 2v odd/even 1 ~ > w . (i = 1,2, ... ii)
e e i

with the definitions LA) = 0 and w = 2v
o n+l

It should be clear that, unless an algorithm can be devised to seek

the global optimum directly , it is necessary to search for the numerous

minima and pick the design that represents the lowest one. Furthermore ,

if the rod is represented in its continuous form , by the use of the dif—

f rential equations of equilibrium , an infinite n umber of local optima

(corresponding to the infinite number of distinct regions where

w . ; i = 0, 1 , 2 ) would result.
1 e i+l

The motivation for this chapter comes primaril y from the followinq

W~ ) p o i n t  :

( a )  Fi rs t , very few a n a l y t i cal solut ions  for h a r m o n i c a l ly exci ted  stru-

lr,~ ; ar’ available in the literature , none of which dealt with constraint ,;

on st rA ;se’;. By t t~ fl ;e of n rqy  methods , Icerman (Ref. (4) was able t



‘V

develop an optimality criterion for one—dimensional structures excited by

a point load with an equality constraint on the displacement directly

under the load. In order to derive his criterion , which was based on

Rayleigh ’s inequality , it was necessary that the excitation frequency be

less than the first natural frequency . Plaut (Ref. 66) generalized this

investigation with respect to the loading ; While optimality criteria are

obtained for several examples , no explicit solutions were shown . Mroz

(Ref. 65) replaced the displacement constraint by one on the dynamic corn-

pliance. Johnson (Ref. 13) was able to reproduce some results of Ref. 64

by using methods of optimal control. He also showed that physically Un-

realistic solutions may result if a single displacement constraint is im-

posed . To avoid this difficulty, he suggests that additional constraints

(e.g., inequality constraints on the stresses and/or minimum size limits 
A

on the design variables) be specified .

(b) Second , all analytical solutions presented to date are such that

< °l~ 
i.e., the excitation frequency is smaller than the first natural

frequency . Solutions for which 0
e 

> were first presented in Ref. 13 ,

but the results were obtained ~iunierically, with the structure being re-

presented by finite elements.

The ‘ technology transfer ” of methods from optimal control theory and

trajectory analysis to minimum-weight design of continuous structures was

pioneered by Ashley and McIntosh (Ref. 67). They introduced constraints

on natura l frequencies , as well as aeroelastic eigenvalues like divergence

or flutter speed . Weisshaar (Ref. 68) and Armand and Vitte (Ref. 69)

systematized the approach , examining constraints on minimum thickness and

the addition of nonstructural mass. Armand (Ref. 70) adapted optimal

C- 68 -
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control theory for distributed-parameter systems (i.e., systems described

by partial differential equations) to calculate minimum-weight shear plates

and sandwich plates with prescribed fundamental natural frequency and

minimum thickness.

The results obtained in these investigations encouraged the applica-

tion of the control techniques to the following problem :

The cantilever bar of Fig. 28 (a) is subjected to a harmonically

oscillating axial load at the tip, with constraints imposed on the steady-

state peak stress and the minimum cross-sectional area. The optimal (min-

imum volume) area distribution is desired .
t

In this chapter , the bar is modeled in its continuous form and two

distinct solutions are obtained . Then , finite elements are employed and

solutions are calculated by using the optimization algorithm described in

Chapter II. The use of these two methods provides a check on the correct-

ness of the results by either method alone.

One can show that two other structural configurations occur whose
design for minimum weight is mathematically analogous to the bar :
(a) Cantilever rod undergoing torsional excitation at its tip - the

outer cross—sectional shape and size of the rod are fixed , but its wall
is sufficiently thin so that the torsional rigidity 03 and polar mo-
ment of inertia I are both directly proportional to the (variable) ;k ir i
thickness t(x). ~ Constraints are placed on the minimu m value of I

and shear-stress amplitude. A concentrated ti p inertia may be carried .

(b) Stubby cantilever beam whose lateral disp lacement ;; are controled main ly
by jt ;~ shear rigidity. The beam is forced transversally at the tip, c c ; -

sibl y carry ing a tip mass.

C - 6t -
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4.2 CONTINUOUS BAR

Figure 28 (a) shows a bar with continuously varying cross section ,

fixed at x = 0 and subject to a harmonically varyin g load P e
jOet

applied at the end x = 1. At this end Cx = t) a concentrated mass , M
T

V

may be attached . Writing the axial displacement u(x) e
juet and elimina-

ting the time dependence , one gets the well known equation :

E [l~(x) u ’ (x)]’ + p A(x) u(x) = 0 (4.2.1)

Here E is the Young ’s modulus , p is the material density and the prime

denotes differentiation with respect to x. The associated boundary con-

ditions are

u(0) = 0 (4.2.2)

E At~
) u ’ (1) = P + M ~

2 u ( l )  (4.2.3)
T e

Introducing nondimensional variables

s =

v = u/

LA )
2 12 i/ F

e e

(4.2.4)
a = A o  /P

max

N a
T max

a~

~~~~= e  /Emax

C— 7o  —



I
with a tile maximum allowable stress , the above e4uations can be trans-

formed :::pectively to

~ —~a(s) ~
-
~
(s)I + A 2 a(s) v(s) = 0 (4.2.5)

v(0) = 0 (4.2.6)

a(l) ~
i(l) = ~i + A 2 a v(l) (4.2.7)

ds e T

The task is to find a variable-area design of minimum volume (or

weight), such that the peak—stress does not excees the specified value o
max

Minimize J = a
T ~fa(s) 

ds (4.2.8)
a(s), a

T o

subject to Eqs. (4.2.5), (4.2.6) , 4.2.7) and

= ( 4 . 2 . 9 )

It is convenient to express Eq. (4.2.5) in terms of first order

equations , as generally used in control theory (see Ref. 71). Let

= V (4.2.10)

dvx = a — (4 . 2 . 1 1 )
ds

then

x1 (0) = 0 (4 . 2 . 1 2 )

c- 71 -
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= —A 2 a x 1 (4.2.13)

x ~~i )  — 6 — A 2 a x 1 (1) = 0 (4.2. 14)
e T

The stress constraint , Eq. (4.2.9) transforms to

— — 
~ 0 (4.2.15)

a

and if minimum—area constraints are enforced , then

- a(s) + ~ 0 (4.2.16)

- a
T ~ 0 (4.2.17)

with

= 
a A . 

(4.2.18)
max mm

Here A is the allowable minimum area.
mm

The optimality conditions for this problem can now be written (see

Appendix I A ) .  The Hamiltonian is

X /~2I \
H = a + A 1— — A 2A 2ax1 + c i~~~~

— — B)  + U2 (~
- — a) (4.2.19)

It follows from the various necessary conditions in Appendix A that ,

x2 1x 21
1 — 

~~~~~ 
— 

~~ 
A 2 a x~ — — 02 = 0 (4.2.2u)

A 1 = a A 7 (4.2.21)
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H
= - - 

sign(x~ ) (4.2.2 2 )
a a

1 - v1 A 2 x 1 ( l )  — V
2 

= 0 if a
T ~ 

constant ( 4 . 2 . 2 3 )

The boundary conditions on are given by Eqs. (A .l5) and (A.l6),

= 0 (1.2.24)

~~ ~
l )  = — V

I 
; - ~ a~ (4.2.:”~)

= (4.2.:()

and the ;~~ ; ; -r e q a t i v i t y  cond i t i ons  on the m u l t i p l i e r s:

( 0  if a > 0
T ( 4 . 2 . 2 7 )

if  a
T

O

~= 0  if ‘
~~~~ - <~~~~~
a

0)  . 
CL. .28)

if ~~~~~
- =  B

~ 0 ~f a ’  l/z
( 1 . 2 . 2 ) 1

> 0 if a = l/z

4 3 ‘~‘,.jç .~~[ , ez;~~~~ VARIABIJ- EXAMPLE

Tb i n ; o  ct ion seeks the minimum— weiqht de s ion fo r  t . h cit i I - v t I I I

‘ 
c f  . A :~~~,‘ H I w i t h  a x i a l  h a r m o n i c  l i i .  I n l i t  i c ’ f l ; ;  of S e t  j o n  4.2 ii

;: ‘‘)al i z d  fo r  t h i s  c a e c  to O l V c :

N i r i m i z ’  3 = “ 
~ 

‘T 
(4 . ~ 1)

a ,

I t  ~ i , ;  c ’ ’  j f ~~~c )  ‘ i ’  . 1  I~~~ t , I l ) t  • ~~ ~~l 1 ) 1 1  h I o l d  I

C- fl -



subject to

— A 2 x1 ; x 1 (0) = 0 , a X1 (1) — A 2 a x1 (1) = ( 4 . 3 . 2 )

~ I~1I ( 4 . 3 . 3 )

a > 1/oS (4 . 3 .4 )

a
T ~ 0 ( 4 . 3 . 5 )

The solution of (4 . 3 . 2 )  is

B s inA s
x1 (s) = 

____ 
e 

- (4.3.6)
A (a cosA — a A smnA
e e T e e

D i f f e r e n t i a t i n q  ( 4 . 3 . 6 ) , using the result in inequality (4.3.3) and noting

that the maximum of is given for cosA s = I (Xs= nii , n=0 ,l,..):

a cosA — a A sinA > 1 ( 4 . 3 . 7)
e T e e —

Eq uat ions  ( 4 . 3 . 1 ) ,  ( 4 . 3 . 4 ) ,  ( 4 . 3 . 5 ) ,  and ( 4 . 3 . 7 )  form a Z~ I~~z1’ 7 2 C ;f J P 2 -~~~ 7~I

in two design variables a, and a
T
.

The motivation for representing the structure by two design variables

i;-; that it is possible to depict the design space graphically, thereby

obtaininq a qualitative description of what will be encountered when a

vari al,. l ’ - i r ’ a distribution is considered. In this particular case, it is

a ny to calculat e the optima l desiqn for the whole r an qe of excitatio n

f r e q u en c i n .  The optima l weigh ts  (volumes)  w i l l  then provide upper I ;noirod ;;

ta-o r t b ’  s o l u t i o n s  of the  o r i g i n a l  problem.

T b ’  d ’ siqn 
~c~~” -’ ’ ’

~ 
fo r t h e  t w o — v a r i a b l e  c a n e ’  are d ’’1icted i n  l’ i q .  29.

I’~~.i; ; i h i c  ‘o r  i o n s  c f  t h o ’ , ; ’  ; ;p cen are  1 ‘ft u n s h a d e d ;  I lie .’ t otal we i o t b ; t

C- 74 -
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I
(proportional to a + a

T
) is constant along the 45 0 sloping l ines  used to

shade the infeasible  regions. When n7r < < ( 2 n + l ) 7 T / 2 , n = 0, 1,

(case A), the design space is disjoint. This behavior can be cxc la i r ;c d 1;’.

considering the resonance condition

a cosA = a A sinA (4.3. 8)
e T o  e

In Fig. 29 , caseA , equation (4.3.8) is represented by the dashed line.

This line (infinite stresses) divides the design space into two r ecticn; -;.

Designs that satisfy the stress constraint can be found at some distan ce

from the resonance line in both of these regions. Since the resonance li :;’

extends to infinity , two distinct feasible regions exist. When

(2n+l)iT/2 < 0 < (n+l)nr , n = 0,1, ... (case B), only one feasible reg ion

results. This is so because , in this case , no resonance situation is

b le  (cos ’ / s i nA  < 0 , and Eq. (4.3.8) cannot be satisfied).
e

The solution of a linear program (optimum) is practicall y allways at

an intersection of constraints , which are straight lines (see Ref. 78).

Here , in either case (A or B) • the minimum occurs at one of the vert i o o ;

or Q) shown in Fiq. 29:

Possible minimum is

a = necA~~ , a~ = 0 (4.3.0)

Possible minimum ® is

a 1 /-  , a = ~~+ (1/~ ) o s ’;i gn(sin \~j (4.3.9)T I IsI n o

1 1 h o ’ v i i i n i t  y ‘t t o  , = 0, 1 , . . . t n’n  t he ‘ i i  ‘I i i

( •_  7’, —
I



minimum is given by Q (Eq. 4.3.8). Conversely, when A
e 

(2n+l)n/2 ,

then the global minimum is given by ® (Eq. 4.3.9). As 1
e 

increases ,

therefore , and (‘~~ alternate as the global minimum . This behavior is

depicted in Fig. 30 for oS = 5. Because a
T 

is inversely proportional to

when the global minimum is given by Eq. (4.3.9), the total weight de-

creases as the excitation frequency is increased , as can be seen in

Fig. 30 from the dash-dotted envelope curve . For high excitation frequen-

cies the optimal design is dominated by 
~~~~~~~ 

i.e., is a global optimum

only in a small range of A .

The natural frequencies of the optimal designs can be determined

(Ref. 57 , Chapter 3) as characteristic roots of

0 ap 
= 

1 cosA 1 (4 . 3 . 1 0 )
a X smnA .

1 1

For aT = 0

A . = ii/2 , 3ni/2 , . . . (4.3.11)
1

For aT ~ 0

~ + cosA 0 sign (sinA 0) 
= 

c o A ~ (4.3.12)\ sm nA A . sm nA .e e 1 1

By using Eqs. (4.3.11) and (4.3.12) it is easy to show that:

q iv n ; ns < A (n+l)~

‘ r  design 0 0 0
11+1 e n o 2

*
h r  .i fixed rat In ; ; i ro i / c o;; C .

C- 70 -



A A ~ if A < (2n+l)ii/2
n e n+l e

for  design 63
(a
T 

— 0) 
A < A < A if A > ( 2 n+ l ) ~i/2n-f-i e n+2 e

Concluding this section , it should be noted that the force transmitt eob

to the wall (fixed end) , F, is given by

secA for a = 0
F e T 

(4.3.13)
1/~ for a

T~~~
O

It is clear that , if the bar is to be used as a vibration isolator ,

independently of the total weight , only solutions for which a
T ~ 

0 are

of interest. This is because only then is the force transmitted less than ;

the applied one . In realistic vibration isolation problems , a constraint

on J r J would naturally have to be imposed .

4 . 4  FIRST MODE SOLUTIONS

In t h i s  sect ion , the optimal variable—area distribution of a bar wioose

f u n da me n t a l  f requency  of f r e e — v i b r a t i o n  is g rea te r  than the e x c i t a t i o n  f r c -

quency is socked . From the result;; of Appendix B , thin can only occur i f

the bar  in v i b r a t in g  in  phase w i t h  the  app l i ed  load , 1. ’ . ,

x 1 C) , 0 s 1 ( 4 . 1. 1)

t~ i s  a ssumed  t h a t  no tip mass i s  j i r e s en t  (a
T 

0)  • and t o o  m i n i m u m — i l  c i

r ; t . ’; ;ir e imposed.  Let t h e re he a p o i n t  c; A , 0 < 1 t i c i ;

A 0 A C )

* ~lr m i n i m u m — a r e a  c o r o c ;t r a i n t  ;; i I ’ ’  n eeded b e ’o i o i n ’ , i ’ ;  will i c e ’ ca c t i  • t h o ’
m i n i m u m  . ir ’ o cc -or ;  at s=l and i ( l ) = l  (A = P / n m.i x ) , which is o c c t ; s j c b i - I

h ’  l i  r n ’ ’  r t } o in I n ; y  r , ’ , i n o r o ,~ l o 1 e  v o l u e  I or  t h o c  m i n i m u m  i i - , ’ , i .

C —  ‘ ‘  —

— ----- —- ~~~~~~~~~~~~~~~~~~~~~~~~~ 
-
. ~:~~T : T ~~._ .  ~~~~~ T’T~ - ~-~~-_ — —



-~~

B 0 ~ s < yx
(4.4.2)a t

= B y ~ s 1

i.e., the stress constraint is inactive on the arc 0 � s < -y and act ive
*

otherwise. The latter condition is described as “fully stressed ” when

= 0. Consider now these arcs separately and find y in order to satisfy

the optimality conditions;

(a) Arc y ~ s ~ 1

Here , from Eq. (4.4.2),

x 2 dx 1
— = — = B (4.4.3)a ds

whose integral  yields a response mode shape that is j u s t  a s t ra ight  l ine :

x 1  = B C s  — y + 0) (4.4.4)

w i t h  0 , a constant to be determined [e = x (y)/ 13] . It is now convenient

to make a trans format ion  in the independent variable. Let

= s - -y + 0 (4.4.5)

Then Eq. (4.4.4) can be written

X 1 , (C S ~ ( 4 . 4 . Ic )

w i t h

= I — ~ + 1) (4.4.7)

* 

Seoc’nireich and Rizzi (8ef. 72) j ’ro ve-d t h~~t “f u l l y— c t ro ’ccc ’d ’ no lu t ior o ;o
i r ’  n 1 t  ( m u  fo r  law e x c i t a t i o n  f requ encie ; ;  and oI~ ; ct  v ,, h t o u t , for  h i q her
fr r’c 1 r .iu’tu ’ -i v~ I ue ,;, et  r’n;s ‘ c r o ~ ;t  r u t ;  ,u r e ’  O i , ) , , , ; , ,~ in-ar t h ’  f j x e - d  ‘r o d .

C —  7~ —
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-I

~ I
By differentiating Eq. (4.4.3) and substituting the result in Eq. (4.2.11),

a differential equation in the transformed variable of (4.4.6) is obtained

for a(s):

= — A 2 s a (4.4.9)

with the boudary condition given by Eq. (4.2.14) if a is set to zero

a (o~) = 1 (4.4.10)

The solution of Eq. (4.3.9) is

— a2 (r~ 2 — 2 )a ( s) = e 
S (4 .4 .11)

where

a = = W
e 

(4.4.12)

From Eq. ( 4 . 2 . 2 2 ) , us ing  Eq. ( 4 . 2 . 2 0 )  wi th  02 = 0 and taking Eqs.

( 4 . 4 . 3) a nd ( 4 . 4 . 6 )  into account , on e ge t s

= - + A 2 s ~~ -, (4.4.13)
B c -

which has the solution

(~~~ ) 2 

~ (~~0) ~ _ f e
t

d t}  ( 4 .4 . 1-2 )

Eq u a t i on  (4 .4 .14) invo lves  an i n t e g r a l  tha t  can he’ evaluated in terms of

the; error function

— t  /
‘r t  (x) - -p—- ‘ dt (-2 .4 .15)

- ‘  ( 0

C— 7 ’  — 
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which is tabulated (e.g., Ref. 73).

Using Eqs. (4.4.11), and (4.4.14) in terms of (4.4.15) in Eq. (4.2.21)

one can derive

= ~a e~°~~~
2 C2 e~~~

0)2 
- ~~~~~~ [er f (ci~~) - e r f ( a O ) ]  ( 4 . 4 . 1 6 )

Wi th  boundary condition ( 4 . 2 . 2 5 )  and aT 
= 0 , (4 . 4 . 1 6 )  can be in tegrated :

A l /~ e
2
~ -~_ c 2 e~~~

0)2
(~ - ~ ) - s [e r f(a s)  - e r f ( c i 0) ]

— ~2)
+ ~~[e rf (cecl) - erf(ce0)]~ + ~~~ ( 4 . 4 . 1 7 )

The quant i ty  ~ I can now be found by subs t i t u t ing  the appropr ia te

expressions in Eq. (4 . 2 .2 0 ) , and remembering tha t  = 0

= e 
(us) 

2{~~~ 2e
_ (uS) 2 

(2s - + 
~~~ 

(~~~) - e r f ( a t A ) ]

- 2 s [e r f ( c e s)  - erf (uO)] + 2 - e i ~ -s ( 4 . 4 . 18)

(b) Arc 0 � s <

In th i s  region the stress cons t ra in t  is , by hypothesis , i nac t i ve .

F rom i n e q u a l i t y  ( 4 . 2 .2 8 )  
~ 

= 0 , and the optimality conditions reduce to:

1 - ~~~ A 1 - 3 2 x 1 A 2 = 0 (4.4.1°C)

x2
= — , x 1 (0) = 0 (4.4. 20)

a

— a x 1 ( 4 . 4 . 7 1)

1 = 0 ’ a 0 - ~ (4 . 4 .2 2 )

C — no —



\ = - ~~~~
- , A~~(O) = 0 (4.4 . 2 3 )

The general solution involves (see Ref .  3)

Cu~A 2 — — x1 (4.4.24)

CitA 1 = (4.4.25)

These relations lead eventually to

x1 ~~~~
— sinh(C ± A s )  (4.4.26)

with

C3
B2 = — (4.4.27)

Co~

Also C3, C14 are the values of x2 and A 2 at s = y. B and C can be

determined from the condition on x 1 at s 0 and from the fact  that ,

by hypothesis , the stress constraints becomes active at s = y .  ~ ( y )  = I-

gives C = 0 and

B = ( 4 . 4 .2 8 )
cnsh~ e

E l i o t  ion (4.4.26) can , therefore , be rewritten as

x = 
‘:~~~~~~~ (4. -1.2~ )0 ens 0

I ’  A ’

A firs t ‘ r l ’ r diff ’renot ial e luati oru in a(n), with the ~q pr oj r i a t ’ ’  1 ; o ; i n ; o i —

o r , ’ c on ’I i  t l o l l , can how i ’ ’ wri tt ‘ n;

•u , . ( I , . h o i S + 7 1  ,~~ ; i n h 1 s C) I C ’ ) )  = -~~~-~ ( 4 . 4 . 10)

81 - 
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This has the solution

a(s) = 
C 3 (coshA~~y~~2 

( 4 . 4 . 31)
B ~coshA S

e

Undetermined constants can now be calculated by imposing continuity

at s ‘y r . Continuity of x1 gives

= 
tanhX E. ( 4 . 4 . 3 2 )

and con t inu i ty  of a gives

— 52)
C3 = e (4.4.33)

By use of Eqs. (4.4.27) and (4.4.28), one finds

2 2 - 2
C14 = Cosh2A y  e

a 
~ 

- 

(4.4.34)

C7 is given from the continuity of A 2:

= — 
COshA ey s inhA ey ( 4 .4 . 35)

From the c o n t i n u i t y  of 3H/3a (Eq. 4 . 2 . 2 0 ) , and since x , a and A

are continuous it follows that 
~i is also continuous; therefore , y can

now be determined from the condition ~~ = 0 at s = y (s = 0 ) .~ This

g ives

0 = 2 - 
~ 

p.:. : c 
( i C) )  

~.ferf (ac — erf (1 (h )]

_~~2 ~~~~~ -
— e ‘ — 2u C2 (20 — 3) (4.3. ~( o )

For .i given excjt ,ut ion f r e q u e n c y , y can be calculated by solving

I f  the o c t  ima l so l u it  ion  ~~;; f u l l y — s t  ru ’nsc d  (~ = I)) , ‘ i doe’;; not
u r  i l y ,  van i ii;.

C - C) • ’ -

- - . - - . — - ~~~~~~~~~ - - -S. 
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the transcedental equation (4 .4 . 3 6 ) .  When a ~ 1.0908, this calculation

shows that there is no junction point within length 0 y ~ 1 of the bar.

For larger cx , the single meaningful root thus obtained is plotted in

Fig. 31. It starts from y = 0 wi th  i nf i n i t e  slope dy/ dcx and tends

01,8
asymptoticaly to y = 1. The sign of — (from Eq. 4.4.18) turns out

• to be positive for all s , y < s ~ 1 , given a consistent pair (ci , y)

In the range 0 � ci S 1.0908 , the consistent pair is considered to

be (ci, 0). One identifies this situation with the so called ‘ fully-

tressed” solutiori , and realizes that it is optimal for quite a wide range

of excitation frequencies. As a matter of fact , for aluminum bars

CE 10 x lO~ ps i; p 0 .26 x ~C)_ 3 lb.sec2/in it) the fully—stressed solution

is optimal for 0 ~ A < ~ x 1 0 5 
rad/sec , where 1 is in inches. This

is a rather hiqh upper limit unless the bar is extremely long.

The area distribution of these designs may be summarized as

a(s) = e
ci2

~~~
2 - 02)(coshAey~ , 0 ~ ( 4 . 4 . 3 7 )

~coshA s‘ e

— ~2 ( 2 ~~2 ) —

a(s) = e ‘4’ 
, B � s . ( 4 . 1 . 38)

When the area d i s t r ibu t ion  is integrated over the length , the followinq

dimensionless weight (or volume) results :

V~ 
= 
f

l 
a(s) ds (-2.4.3’))

= 
e
(
~~~~ sh ( ’~~~u~~) F ~~n h ( ~~.’ ( ) 

+ ~~~~~~~‘r f ( ; ; ~ ’)  - e r f ( - C 0 ) ] ~

* This  ranq e ’ can 1”  much s m a l l e r  f o r  shear beams and r i d : ; i n  t o c ~~~~i ’ ’ n , .

C- R I

-

~ 
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I
Equation (4.4.39) is plotted vs. cx in Fig.  32 and compared , in the h ighe r

range , with the corresponding fully stressed designs . Although the separa-

tion between the two is not signifficant until ci exceeds about 1.5 ,

nevertheless the rapidly rising weight of both leads one to suspect that

better designs might be discovered than these , requiring as they do large

amounts of material to force w 1 to exceed w
e

Because of manner in which P and a enter the problem state-
max

ment , a single parameter family of solutions emerges. Three typical dimen-

sionless area distributions a = AG /P are plotted in Fig. 33 (continuous
max

dotted curves), for a = 0 to ci = 1.3. Note that over the entire length

the dynamic solutions display areas larger than what would withstand thu .-

same force applied statically (ci 0). This explains why no minimum-area

constraint seemed necessary for the first—mode analysis.

4.5 SECOND-MODE SOLUTIONS

As discussed in Appendix B , the response of the bar in the frequency

range ~~ < w < w2 must be in antiphase with the applied load , i.e.,

x1 (s) ~ 0 except possibly in a small region near the tip. It can then

i- - ’ reasoned that a tip mass may be required (aT ~ 
0) to satisfy boundary

~‘onditioro (4.2.14). It definitely proves necessary to enforce the minimum—

gauge constraint (4.2.16) to avoid a tendency toward vanishing area at the

point of zero ;;lon o t- in  the ’ response mode xi (s).

Tn ‘;olvinq flu ’ - probl’’m , it is assumed that there’ is a point s

1. ,  for  which o i l y the stress constr aint is a c t i V e  in 0 s

. u r l o n l y  t ho ’ m inimum— iar ’’,u ‘. -orc ;; t r a i n t  j ; ;  a c t i v e  in  ) S 1 , i . , . .

C- 04 -
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I
I

for  0 ~ s <

xl
— = — ~ . ( 4 . 5 . 1 )
a

= 0 ( 4 . 5 .2 )

an d fo r  y < s ~ 1

= 1/~ 
( 4 . 5 . 3 )

0 ( 4 . 5 . 4 )

As in Section 4.4, both a rcs a r e con sidered sepa r a te ly :

(a) Arc 0 < 5 
~ 

y

In a way s imi la r  to Section 4.4 (a) , i t  is not d i f f i c u l t  to find :

x 1 = — B s ( 4 . 5 . 5 )

= — B a (4.5.C~)

a = ~
- e’

~

2 ~~2 - ~ 2 ) ( 4 . 5 . 7 )

1 (~xs) u~= e —i-- erf (res) (-1 . .8)

= .~~i~~e~
’° ’~~~[serf (.os)- 1 erf’. i )] + 

~ 
[, c ” (~~

2 -s ’
)
11 + C 1 (4 5 - A )

2 2 e~~°~~~~[2o o ’ r f ( o s )  — y

+ 
~~~ (

~~~~ l 
- ~ 2 ) 

(C1 ~ t- - - 1) (-1 . 5.10)

w i t h ;  C 1 th u v a l u e  of  at s =

C- 85 -

I



(b )  Arc ‘~ 
< s ~ 1

I t is now convenien t  to d e f i n e

= 5 -  ‘
I
’

( 4 . 5 . 1 1)

= 1 — ‘y J
For this  arc a ( s )  = 1/oS = constant , and ~~ = 0. Eqs . (4 . 2 . 1 2 )  an2

( 4 . 2 .13) the re fo re  have solut ions

C s i n A  s + C 3 cosA s ( 4 . 5 . 12 )
e e

x~ = 3 (C~ cos3 s — C 3 sinA s) ( 4 . 5 . 13 )

The coefficients C~ and C3 are determined from the continuity Oi x2

and x2  at  s = 0 (s =‘y )  , so that the last two equations can be rewritten

as

x 1( s )  = — 
~~

- ( ginA s + ‘~ I c~ sA s ) ( 4 . 5 . 1 4 )
e e e

e

x~~(s)  = - 
~~

- ( cos A S - -) A s in A  s ) (4.5.15)
‘S e e e

In a similar way, the solutions for \~ ~2 
are found to be

= B 1 s i n3  s + B~ cosA s (4 . 5 . l I ~)
e e

A 2 = — -
~~

-
~
- ( B 1 cos’)s — B 2 s i n \ s ) (4.5.17)

Wi th a f i n i t e  tip mass , Eq. (4.2.27) gives V 2 = 0 and

( 4 . 5 . 1 8 )
-

A ’  
x 1 ( , )

( ram l- ; ’ c .  (4.2.14), using 1 - : A c s .  ( 4 . 5 . 1 4 )  and ( 4 . 5 . 1 5)  e v a l o ; , u t ’oi at  s = -

( ‘ — (Cu , —

- -~~~~~~ --~~~~~~~~



I
- f

o ’SO 1~;’t S

a
T 

= T 1L
__

~1~~ .~~~~ 
-— -~~~~~~--~~~--- “ ‘~~~~~ ( 4 . 5 .  1 ’ )

The c;”fficients B 1 and 8 may now be dot -ruined by usir~ ; 1 c c .

(4.2.25) and (4.2.26) , w h i c h  rAc h -r ’c ’-n ;t the boundary cor;dit i n ’ ;  f’ n

. 0 :‘sl A 2 a t S = (i

oS g i n A  ;~ ‘ — A
e ‘_______ 

(4.5... O)
— 

~ A sinA ;3 + cos ,
~ 

2

A cos S -1 + I
B 1 = - - —

~~
- (.;.5.21)

B I sin ° 3 + y A cosA
e e e e

A~ and ‘
0 2 can t h e r e f o r e  be w r i t t o - c o  as

oScos l ( 1 — s) — ‘
~ 

1 sin; ” s + coo; s
= 

e 
— ~~~~~ e 

~~~~~~~~~ ( ( . 5 . 2 2 )
s i n A  ~ ‘ + (A cosl ~‘

A;-

s in 3 ( — n )  — A 1 cosl ~ - 5 1 1 0 3  S
37 = ~~~~~~~~~~~~~~~ - ~~~~~~~~~~~~ ~~~~

——
~~

- - -
~~ ( 4 . - .~3)

S f 0 ’  ~ ‘ + ~3 ens ’ rj~

Th e c o n s t - i r i t  C j is ‘ l ’ ’ 1 ’ ’ r m i o ~ 1 hv ‘ ‘r ;f o r c i n q  cont  j r c u ( t v  ‘ c r  at

‘0 ( 0 ; o . ° t(, 4 1
C j = — — — - — -- — - - - -----—- —-——— -— ( 4 . 5 . 2 )

s i i  ‘ 3 ‘
A 
cos 7 , ‘3

h r - r n  ( 4 . 2 . 2 ( 0 ) , w i t h  Il l 
= C) 7 ( n )  .-a n o h o ’

I
( ... 0 , 7  

- -- .,~~~~~~~-S-- -- ~~~~~~~~~~~~~~~ ‘—,- -~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~



P
= 1 + 6~ cosA (~~ -~~ ) + 

~
A sinA (

~
; - s ) l-- e e e

+ 1 — y’1” cos2A s — 2-V A sin2X s (4.5.25)
e e e e

The i urc- t ion  po in t , s = y ,  is determined from the c o n t i n u i t y  c o n d i t i o n

on I ’ . Eq uat ions  ( 4 . 5 . 2 3 )  and ( 4 . 5 .8) are now combined to give

= 
A s i nV ~~o.; — 

(-2 .5.2(’)
e r f ( o , ) j s i n e ~~~o ’~ + ~~~~‘ o cos/ ~~u~~j

B’: u s ing  ( 4 . 5 . 2 4 ) ,  Eq. ( 4 . 5 . 1 0 )  can be w r i t t e n  as

= 2 + 
_~~2 (~~.’ — ~ 2 ) 2 cos~~~a~ + 1  

- l~
s i n e  2a~ .- + 2, , c o s~~ 2 : o :

+ ~~~~~~ 
o s ) 2 

2s e r f ( r ; s )  - 

~ 
er f ( a A ) ~ , 0 ~ s ( 4 . 5 . 2 7 )

~;iven an e x c i t a t i o n  f requency  parameter  ro and minimum—area ,:c;r;s-

t r a i r t  A , the t r a n s ced e n t a l  r e l a t i o n  ( 4 . 4 . 2 6 )  can be solved by t r i a l

for t h e  c or r e s p o n d i n g  
~

- . Figure 34 displays the r e s ul t in q  va lues  of

~: 1 ot t o d  vs.  ix fo r  a wide selection of minimum—qauqe parameters

-S = P/A , . To i n s u r e  op t i .m a Lit \ ’ , the s igns  of p~ an d mus t  b e
mm max

cbo ’ukeoi . It  i ; :  f o un d  t h a t , for  a g iven  ar id  s u f f i c i e n t ly l a rg e  u ,

~2 ( x )  is not  p o s i t i ve  f o r  a l l  s be tween ‘y and 1 , so t h a t  the  I r e—

(-as h ; ; e l o c t  ions ar ’  not  o p t i m a l .  In  F i g .  3-2 t h i s  l i m i t , u t  en is i - ~~~
-
~~~~ 

—

- r . - c ; t  ~d t b ; ’ h , r o , k ’ - ;  l i n c e , It s ons ;e’t’ i n d i r a )  ‘s th ,u t more t h , n o  two a rcs

,r’’ ‘ - ‘ - h ’  - ‘ I in t h o  ‘~ - t  o m i t  I - ~~i ‘ r i  ( t i ’  t In - r i , i h o t  of f l i t ’  I i i ; - , o c o l u t  i i ’ ; ; -

a/e ~~~ 1 (0  ‘ r o t  j ; ;  r ; b ; c e c i -, ’ r , u o n ’ - ’ l  n ea r  t h ’ -  t ;( — - l ee 5 c C ’ 0 ’ - ; ; -2.8) .

r 0 * i ‘ ‘ a , , ; ‘ ; t~~~~~r 0 1 ; 1 ’1 . - ; t t , ‘ t o ’ ’ i t  = 
~ ‘ ( c  1 ) . I ‘ a a ~- ‘c; —

;; i ; ~ ‘ - r o e i i  r ( o , ) , I I I — , ,  ) ~~~~ ‘~~; ‘ 0 — - ‘ , s i n  . ‘ ‘ , = 1) ‘1’ t ‘ n nr ’  .i n i ’;;

‘ t o ’ ‘-r i ’ ; ’ - . i l  - .

— ((H —

- ‘ - - - —- --‘
~~~~~~~~~~

- ‘ - —--—‘
~~~~~~

‘-- - ‘ -  - ‘- —-
~~ ‘~~~~~~~~~ ‘~~~~~~~- ‘ - ‘ ~~~~



~~~~— —,

I
i - at’ v a l u e s  of t o  t h e  left of t b 0 ’  b r o k e n ;  l i e ’ - , t i l  ; c o n o  h ’ -  sb ; - ’,’;

to be ~ ; i t  i ve for  a l l  s , 0 ~ s < . A typ ic - a l  a rea d i s t r i b u t i o n ,

for  = 1 and 5 = 10 , is d ep i ct e d  in Fig 3s. Total  d i m e n s i on l e s s

volumes  are p lo t t ed  vs.  a , in F ig .  30 These were ‘Ltained P’~ a d d i ng

t h e  t i ;;  volumes (Eq .  4 . 5 . 1 °) ) to t h e  distributed area integrations:

fl 2max 
= J a ( s )  ds + a

T 
= ~~~~~~~~~~~ ~ ‘ ° ‘ ~~ e r f ( o 1 )

A + ( l — 2 y )  ‘~~‘.x s i n~~~~~~~+ (1 + 2 0 2
3 — 2 ’o ’ 3 2 ) c o s u 2 - u . ‘ 

~+ 
~‘~~a ( Si f l , ’

~~; ,’ + y~~~~X C O s u ’2ix~ ’)

In (- ‘is. 3’ , the dimens ion less  volumes of the  f i r s t — m o o h u ’ s o lo ’ ( o r ; ; :  a r ’

a iso sPew ;; .  I t  is seen t h a t , when -o ~ 0. (‘3 , t h o  - I i t  I ,  ‘r pro V ’ s  r o u n e r  i a

to any  possible  second—mode s o l u t i o n .  At h i g h e r  for c : i n q  t r o ’ c c u ’ c ; - i e s , on

i S  o t her  hand , a s el ec t i o n  of d e s i g n s  w i t h  w~ < ~ is c iv a i l ab l c ’  w ( c n c ; ;

can save substantial weiqht. For comp leten -’ss , thu b o c h c a v i o o r  of t i , - oh t ip’ r —

; ;i o r ; I i - r ’ r ;  t i p croons  a = V ‘I is g l io w n ;  icc Fig. (7 .
T T max

1” o n a l  l y , t h e  v a r i a b l e — a r e a  e~ t m a )  vo l o i m o ’ ; ;  a r  - ‘ ‘m p a r u ’ ” I  to h o  50

‘ g i n O s’ i t ,h c on st an t — a r e a  bars  in N~~. 38 . ( 1 ; ; , ’  so o t , ’;; t I;’ , x o - , - l l  r o t  o c r ’ ’

in’ ’ , ’ , specially when ~~ 
< A . No t e  . u I s o  that the con’ ’ant — l i - i  r o i l ’ s ,

,1 s ( ‘Xpi ~~’t  * 1 , p r o v e l ’  an uppe r b , o u s o h  f o g  t o o ’ - o o ;  I i n t l  v a r i , u k - 1  — ; i  r ’ ’ , o o i c - o .; i ’ i n o .

A c o I r ’ ( - r i s i n q  m a t h e m a t  i o ’ , i l  f o o t o r ’ -  the so’ s h — m o o . h u ’ ; ; o l i i t  i -  r i s  t t , ~
o h s- - , ; * ; r , ; i ’ ’ r o ’ , l ’ o’bo,ivi o ’ r of l , , u c ; r , l n o o ; u -  r n u l t  m o ’  , u ; , ’ l  , . .~ 

, m  * ; , p;- ‘ t o ] ; ; ’ ;

An e r r c r ¶was f i r — ; ; )  o c ; - ~ , c t , , h  ‘~‘ l r , r ,  i t  ‘,s’ , o - - h o ’ ; s , u v , ’ r , - ;  ¶ ‘ ~~~ , ‘ ‘ ‘ 1
c i  s f r o m  m ‘ i ni t ‘ - ,

~~; 
t i v c ’  vs I i i ’ ’  t o ’  , u ‘ ro w ; ; ’ - ; ;  r i c-i;; ; I n  ‘ -oh h o o  o r  - ~~~~~~~~~ 0 5 5

w h o ’  r u - ;  10 7 ( l I m p - - f r ’ ’;;; s - i ; b u ; ;~ t he r ; i S ’  i c - o i l I - ‘ r i o ’, , t h  a ;  I
-a  ( 1 : ’ ; ; . ‘ 2 . 2 . 1 ’ )  mn ’ ! ‘2 ° 3 )  - r e  p r  lv , - o ’ r , t j t c ; i o ’ c i c ; . I t  v i ’  o ; h  ‘ - : ‘ ‘ ; - . ; .  ‘ l v

1 ‘ b o u t  t I ; o ’  l o o t  two  t o r n ; ; i n  5 O ( .  (-2 ..’ .lO ) m i o ; t ; t  t o o  s- 11  ; , i \ ’ - 1 ’’
‘ - ‘ r i t ’ ’ ; ;  o~~~ x /8 — a )  4 ; o ” { l / - ”  — a l, m r - - I  m i a h t  m v ’  b ” ’ ~~r i ir ’ ’ c c ; ’ ’ ’ ‘ I  c -

~ 5 0 I c l  - - - r d o ; ;  i i i  n t ¶ A ‘~~ go n ; ’  - t o  I t o  rn p h Ix ) — , i  I . ‘P ot - I i  SCA n , t  j  ‘ ( i t ’ V
i r ;  - - i t  s o t ’  i s  ‘ h u e b o o ; o n o h  t r u  o I ; ; : A ( - ( - ’ i r .  A t  ° ‘ ‘ t ,  ‘ h r  a;’ s ]’’;- olisri’ ’-

~~i ; ; o i t  i t ’ - ;  m o  ~o ( : ° )  , i ( s )  i t o h  t ,  ‘ c i i ’ j o n ;  t ( ; ; )  , l o o t ‘ -‘ i - h ;-b m ’ - - - - r’ - ‘ ‘ - c c - u -
- ,-‘ilt ] ‘ -  o r . ’ I a t  ‘ en ‘ ‘ i i i ’ - - c i i . t , ‘c t  i n  ‘“ ~ l i i  r ‘ - I — t h i c  ‘ c ; ‘ - a; -i-I j c , o t  1 o ’ r a d

i



4.e NATURAL FREQUENCIES

In this section , the naturai frequencies of the optimal bar are

studied . The unforced equilibrium equation is:

~~~
_ [a(s) 

~] 
+ A . a ( s )  v = 0 ( 4 . 6 . 1)

with the boundary conditions

v(O) = 0 a 
~~~~s=l 

= a
T 

A . v(l) ( 4 . to . 2 )

Let t = oiS and denote ~~ ( ) b~ ( ) ,  then Eq. (4.6.1) transforms

to

+ ~~“ + 2 r i v = 0 , 0 ~ t ~ a (4 .6 . 3 )

and

v(0) = 0 .u- bo) = 2 ii rx— ~-— vIa) (4.6.4)
a (cx)

w i t h  fl = A ? / 2 0 0 2 .
1

Cons ider , for  the moment , t he f u l l y — s t r e s s e d  solut ion ( f i r s t — m o d e ) .

Substituting the expression for the area distribution (see Eq. 4.4.38

w i t h  A = 0) and taking into account the change in variables (eq. 4.(.3),

o, n ; A  ‘ ; t

~~~~~ 2 t ~~~’ + .‘ r i v  = 0 ( - 2 . u . 5 )

Th is i ; I t o . ’  H e r m i t ’ c ’g u , i t ’j o n , and i ts qenor a l  ; ;e l u t i o n , acco rd ing  t o c

- S o ;  ; - h o ’,,’ ( l - ’e f .  74 , 1 0 , 1 0 1 ’ 3: ’ 2 )  reads

C~~ O H  -

‘S



- -
~

-_ ‘ -. - ‘,“--=, ~
-- - - - -‘~~~

--“ 

- r  2-  . ‘ - -

v(t) = v 1 + 

~~~ 
~ _LL_ iL _ 

(2v) 
(2~ _~_~~ ,] 

~

+ 
~ 1 ~ + 

~~~~ (1- n )  (3- n) . . .  (2v - l -n ) ]  
t

(2
~~~~

)
~ 

( 4 . o .0)

From the boundary condi t ion  at t = 0 it  f o l l o w s  th a t  v = 0 , a s h  v ( t )

o 

~~(t) can be wr i t t e n :  

0

v ( t )  = V 1 t + 

V l  

~~~~ 
( 1-n)  ( 3 — n S . . . ( 2 . ° - l -n)] 

~ 
~ ‘~~~‘~ ( 4 . 0 . 7)

I
~~

( t )  = V 1 1 + 
~~~~[ U _ r  ( 3 -n ) . . . . .  ( 2 \ o - l - g) ]  

~ 
~~~~~ ‘° >  ( 4 .  . 8)

i c r  t b  - f i r s t  —mode s o l u t i o n , = 0. To n _ i ’ i s fv  t Sr ’ b o o o i o ; H . i r y  o -c ’ nooii t 0 ’ ; ;

* ~ - o , w i t h ;  n o n— z e r o  v (v 1 ~ 0 )  , i t  is necc’snar\’

1 
V ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ = 1) ( 4 .  - ‘ i)

*
For ‘h is ‘r o ; c v c ’ r q : n t  se r i es  , i t  i i ;  o ’ v j o l o - n t  t h a t  h o ; .  ( - 2 . 6 . 8) r , m i ,  ‘ ‘ n o R ’

1, - c u t  i s f i ’ ’ i t  i f  ‘ ij  o , i . e . ,  t h o u ’  n a t u r a l  f r e g u e r o ’ i c ’o  of t b ; ’ f o i l ’,- --

- 1  c - - c - : ’-  I ( ‘ m r ,-_ i r e  large r t h , u n ;  t h e  o ’x c i t a t  j on  f r o ’ o l o J o ’ n c c ’y .  Tb~ ’ t o ; r c o h . u m ’  ; ; ~~ . 0 1

r o u t u r  a I t r  - - ‘ r U . ’ i o oy  15 Si  Von an a furi c t ion of t h i . ’ ‘ x -  - I I m l  ; , ;  u I t o  I i - i .  0

N , ’ , ,  * t r , u ’ , m c  t m n o o : r o ’ , m , , ’n , t~~ t m ’ r o o h ’  ‘ A - c r c; t o o t  i o ’ , i l ] ’ ,’ t o ’  ~~, i . * - .

Iy—c t r o ’’ , o ; ’ ’ oh bar m o o  ‘ ‘ X c i t  -0 r c a  r ’ ’ - o ’ ’ i o , I c c o ’ . ’  ; t h i s  ) g , ’ t  o - x p 1~ u i n ; ;  ‘h ’

* 0 ’ — ( ‘ m ]
A n - n  l - i i n ; ’ r  t h ’ ’  r i ’ h - o r  t o o t : ~‘~ m t j , .  . 0  hi , - _

- - ‘ r ,  ‘ I  ( . ‘ ‘- ‘ 4 1)
1’ ; r ~ r i - - m r  h i m ’ t t  ; , t ’  ‘ ‘ x i  , t N , h r  w h i c h :  I- — I , ¶ r o r , - .’ I t ; ;’ I

P - ‘ I  —



behavior of t h e volume curve given in Fig. 32.

For ~. ~ 1.0908 the optimal solution is not fully stressed , but the

t r a n s i t i o n  from f u l ly—s t r e s sed  to pa r t i a l ly—stressed  and subsequen t v , , m r i —

,otions in the  area d i s t r i bu t ion  (as a is increased ) are also coritirmuous.

I t  f o l l o w s  tha t  r i > ri , since ;m < o X  would require  t ha t  for a certain

m the bar be in resonance , which is absurd once the solutions have been

ochown to be opt imal .  Therefore , for  the whole r ange of excitation fre-

n u e n c i e n , the opt imal  bar tha t  is v ib ra t ing  in phase w i t h  the load has

r o o t  ural frequencies t ha t  are larger  than the exc i t a t ion  f requency . A

h - - r m , m I  n o ; ( , o f  t ha t  the las t s ta tement  is correct is qiven  i n  Appendix B.

Co n r s i o h ’ ’ r  now the second—mode solutions.  In the range 0 t - -

+
(o s ~) ,  equations ( 4 . 6 . 7) and (4 .6 . 8) h o l d .  In; t h e  i n t e r v a l

‘i n < t ~~, a ( t )  = 1/ °- and a/a = 0. Equation ( 4 . 6 . 5 )  can , therefore ,

be written a;-;

V + 2 n v = 0 ( 4 . 6 . 1 0 )

w i t h  the c~~-n ;ora l  sol u t ion

v(t) = BI s i n’~~ t + B cos /~~~ t ( 4 . 6 .11)

Enmfor cino ] continuity at  t = cry c ( i v e S :

Ai V 1  = B 1 s i n ”  r + B - COs ’t ’ y

(4  . o . 12)
A

- V 1 = 9 1 c-o ; ; ’ - y — B sjn ;o-’~

(4. , . Ii )

- - 

‘ u, ’,m 1;; ¶ 0 ’ -  - m i ,  for full y— ;; t t * - ; ; ; c , ’ d  f i r s t — m o d e  ar id n’o ’o , nc ,h — ni , ,o j, - soloo —
i n n’ ; . (‘‘ - rio - m r  - (4. -I. )8) w i t h  -

‘ H m c c l ( . 1 -2 . 7 )

C- ’t2 -



0=

A 1 = (a-s ) + 2
v [a-n) ( 3 - f l ) . .~ (2v-1-n)] ( o m 3 ) 

( 2 - - + 1 )

I
( 4 . o- . 14 )

A~ = 1 + 2
V [( 1-n) ( 3 - n ) . ; . ;  . . .  . (2V ~4 _ f l ) ]  ~~~~~(2 v )

Solvi ng for  B 1, B-’:

B 1 = v1 ~~~
-

~~~~~—- cosA y + A 1s i r o P ’ 11

( 4 . (~. 15)

1;- = V
1 

A~~cos’°’
y — ‘~~~ ‘

~ 2n

Th o -  hoou rod,t rv cond i t ion at t = a g ives

‘2 ’ . (81 rros 4 — Bo o sin c ’’) = 2n ‘
~~T~ 

(B 1 s i r s ’  + H o c - - i A )  ( 4 . 6 .H

(4 . ’ - . l S)  i n  ( 4 . o - .1 (u ) an ; ; i n c _ i ; - l i f y inq ,

A - ‘ ‘i - ° ’ ’  2 — A 1 ’  2 r o  n j f l c i -  = 2tr ~ (A sin 1°~ + A 1 o h ; ;  cos (o
~ i )  ( 4 .6. 17)

wit hi ‘1 = 1— ’)’ , and 2 = . lIn in g (4. 5 . 19) , one de r ives

= - ±~_ ~h1’1~~~ . - - -~~~~~~~~~~ ‘)~ L~~ o ( 4  . - . Is)
si n - : + ‘ c ’ o o ~~~ - ‘

lB - i’ - , a, , ‘ I ’ fi r I  in ii.’ ’) ion 4 . 2 , c~ = p/ ( -  A - ) I; ; t b ’  m i rmi m um— ,ui’ . i
max mini

Tb’’ ; , ,  m t u r , u l  f r o ’ o ; o m m ’ n , c i . n  ‘ i t o -  o o h - t , m ; ; ; ’ ’ o h  h ’ ’. ; ; o o l v i r o q  1 0 1 .  ( 4 . 6 .17 ) r a l n u .  r —

i r ’ .u 1I y .  I n  ‘ i i .  - 2 ’  ‘ b r  f i r ; ; t  m o o t  c ’ ’ ’ ’ c n ; o I  r o , m t r i r m l  t t ’ ’ o p i o - n c o ’ i  , ‘ ‘ ; , m ; o - ; b  c o ’ s ’ ; r ~~~ m

b o r ,  • i ;‘ , ; oh  , whi r ; = 1 .  V A n- c - crOi x ~‘ i~~ is to ’rm ,il l y n n  ‘h a ’

- 
_ _ _ _ _ _
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for the second mode so lu t ions ,  °1 - -r i2  . This  i s  cc’ S i r n r ; - ’ l  I” . ‘s

plots in F ig .  40. 
0

4 . 7 FINITE-ELEMENT SOLUTIONS

When a structure is modeled by finite elements , thm’ sit , - ,mcI 1- - ;;t,m ;” equa-

t i o n  of mo t ioa  ( R e f .  75)  is

(K — ~ ‘ M ) u = p (4 . 7 . 1 )

Here , K and M are the assembled stiffness and inertia matrices , U , t h e

v e ct o r  of d i sp lacement  amp l i tudes and p ,  the v c - r t o r  of load amp l i t u do ’s .

In the case of the bar (Fi g.  28—b) , the element n t  I f f n o ’ ’ c s  and  i n e r t  Li

m,i tr c -co,~ ; can be w r i t ten , r e spec t i ve ly ,  a~ (Re f .  75)

A . -A ,

H’  6
~~~~A 2 Aj  

( 4 . 7 . . ’ )

when ’ A . anod ~ ar-c , respectively, the cross—sectional area and t h e

1”r i qth  of the  i - t h  e l e m e n t .  The load vector in t h i s  case is

0

0

p = (4~~7~~3)

To

C ‘. 2 -



- ~~~~~~~~~~~~~~~~~~~~ “ ~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

I
I

l e t  t ( m o -  bar be divided into n elements of equal lenqth ~‘ro , and let

= 
cYmax , (4 . 7 . 4 )

( o - ; . c t o ’ the  design var iables .  If  the  d isplacements  are transformed c-n

to E
v = ~~

- — u ( 4 . 7 . 5)
C -

max

t s i ’ b i  oho ’qr.’u ’~~ of—freodom numbered sequentiall y as in Fig. 28(b),

and ‘ i . ’ l o f t  ‘rod assumed f i x e d , Eq. ( 4 . 7 .1) becomes

v = p ( 4 . 7 . 1’)

C r

( - m l  * 0 : )  
~i a2 F 0 0 . . . . 0

— 0 1 2 ( a 2 + a l )  r 1 — a 3 12 0 . . . . 0

0 ~~~~~ (a 3 +a;4 ) l ’ I — a c~~~ . . . . 

= ( 4 . 7 .7)

_ a lH

-a n r ,: a~~ 1

h i m - r ’ ’ , a . i ; ;  a component  of vector  a , and

‘ 7?
= 1 — ~~~~~~ = 1 —1 l1 ’ ; n , ’ r m

( - 2 . 7 . H )

= i + 
_ _  

= ~ +

‘i l ’ - r o t  r ’ ’c ;n  con’ ) r , m n n o t  C c ’ , m r o  h ’ ’  w r i t  t e n

C - - I” -
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~~~~~~~~~~~
‘“

~~~

/ ~2
g .  = (—

~
-
~
---

~ 
— 1 � 0 (4.7. ° )

1 ~~ /max

and 0 ., the st ress on element i , is given ( R e f .  13) b y :

= 
(~)E (,~. — u

. 1)  
( 4 . 7 .10)

w i t h  u = 0. Using Eq. (4.7.4) anod designating s . = a / a  , the last

two equations can be rewritten as

= s . — 1 0 (4 .7 .11)
1 1

s . = v , — v . ( 4 . 7 .1 2 )
1 1 i—i

By d i f f e r e n t i a t i n g  ( 4 . 7 . 6)  w i t h  respect to a . ,  an express ion  fo r  the

‘v / - a  vector is obtained :
— I

~ 1X, = - -
~~~~

-- v ( 4 . 7 . 1 3)

W i t h  ‘ v / a , de te rmined , the c o nst r a i n t  d e r i v a t i v e  is found d i r e c t ly
— I

-~~~~~~ 2 ; ; . ~~~~~~~~~~ — 
(47 .14)

H o - t  ‘‘ , o r ; ’ ’ . - , m ’ n , i i n , by d e f i n i t i o n :  - 0 v /~ a - = 0- 
0 3

A l l  n o o - c e ; ; s a r y  q u a n t i t i e s  for  a s o l u t i o n  u s i n g  t h e  t ec h n i que of Clc . i} ’-

I I  ‘ m r  n o w  iI ’ ’termir m m ’d . A computer proqram was w r i  ft -n o t o  ; - o ’r f o r m  I b ; o -

or  r ’ i ’ ’t u r a l , m n , ’m I ’ , ; ; i s  that r u - ’; ti i red  u , n , a . ( t h e  m i n i m u m  ar , ’ ,i = 1/- ’)
m i n i

t rod ,m ( m u )  i o u  ‘ h o ’ ; ; i q r i  vo ter ) t o ’  be n’ o ’ . u o l  in along w i t h  S lum ’ ‘‘;‘° ip c i ~~~~~ i c o r ;

r i o t ’  r -

C -  ‘“  -

- .  - -  ‘---- -  
~~~

- -
~~~~~~~ - . ‘ - .-•



I
Figure 33 shows the area d i s t r i bu t i ons  obtained for  three d i f f o r ” n ; t

va lues  of o X  , with n = 10 and a - = 0. The e lements  t h a t  are  not
mi n

critical with respect to the stress constraint are shaded. Note the

o ’xcellent agreement with the results obtained with the continuous model.

Figure 35 dep icts  the area d i s t r i b u t i o n s  when - i  = 1.0 , a - = 0.1
mm

0= 10), for two values of n. Not(? the importance of the model in t h i s

ca ne . The l a s t  e lement  a t t empts  to model the concentrated mass found i n c

t ( o , ’ con t i n u o u s  so lu t ion  and , unless i/n is very small , the t rue  ph y s i r 0 m l

situation is not w e l l  represented. If accurate  r e s u l t s  are sough t  w i t h  a

small n umber of e l ements , the concentra ted mass should be considered as a

J m ’ n i q n  variable and lumped appropriatel y into the mass matrix.

When seeking to isola te f i r s t —  or second-mode so lu t ions  in the

fjni t , ’- o ’l , ’m .- n o t calculations , one must carefull y select the initial desi gn

vecto r .  TN ’ method of Chapter II proceeds through the i n f e a s i b l e  reg ion

and is theref;’re unaware of the  des ign  space ’ s m u l t i p le c o n n e c t i v i t y .  T h e

I - m i  i o ;  t ima t hat  are found depend on the i n i t i a l  desi g n .  Ito is b e l i o ’v - r I

* c m t h i nter r€ ’;;roorone modes could he tr eated by imposing the a d d i t i o n al

o T 0 C t  r a j r , )  o .  . I r n o f o rt torc ,-i t m’lv tbo ’;;e h i q h e r  f r e q u e n c i e s  n. ’em t o o

n’’, so’nc ;it j v o ’  t oo 4 ’ - t o ; o _ i ; _ i — v , ’ ;’ ) o ~~u’ c- bo, mn ;q o ’ ;- , and the method of Cl o .ip)o’ n I T

m i o ; b n r  ‘o il. I- - n  h . m ; - s  in  c o r r c n n o o ; I  r , o ( r ~~’ o I ;;m ’ ,ircl; 
~ ~0 ’~ ’ r,i ro’ , w i t h _ i  1 ,~ n io ’ po’nal ~~e

~o r  ‘ o h  t o  ‘ t n f t  ‘ r i ’ -  n; ’’,,’ const rajr;t ; ; , has a qr ’- , m ) ‘n ; ‘h ,i n o c ’.’ o ’ t  c c i ’ ’ - ‘ ‘ - -cs

( o o - ’ - , e.g., h--i.- fs. 13 ‘r

A - , o - o ’ o o n  o h — m o  ‘ o h ’ ’  u—’1 i o r  r m bu t  o n ;  rompu t ed h o ’,’ I i n u t ‘ - I e m u - r ;  I , s i S Ii

n_i ,;Q , n -
o 1) and  a , 0. 1 ( 0  = 1 0 0 )  i s  p 1 ‘ I t . ’ ’  I ii; I i n  - I .

m i n i

c - ~~. 2 ’ , ° , i ; ;  o - , u r ; o ’  fa l ls w o - l I  r , 0 0 t  ‘ r i - h ’  ‘ i c ’ -  ; t r i m , - ’  ‘c i m ’ - 0 ’  w b o ’  n .  t o ; .  ‘ s’

- i n  - - o n o t  in o uu ;; rn n n c _ i 1 ; o t  i o n s ;  r- ’~~~ ’ ’ c - * i - n  - ‘m ’~ m c ’  o ’ ;  I u ni_ i,i I . Tic ’ h u m - c ;  u o ’ n , l , ’ -

C-  ‘ 1 -
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volume of 0 .342  does , however , appear to lie roughly on a n t  ,x t r, m l o o - l a t  ( o r ,

of the curve in Fig . 36. There are still outboard mass values , but tb0.

i n d i c a t i o n  is that  an actual  concentrated mass at the t ip  is no lon o o ’r

nue ce ssary for  optimality .

The plot in Fig. 42 is the response mode u(x) corresponding t o . I t - -

de si g n  of Fig. 41, with each of the 20 element displacements app rox imoto.-~;

by a s t ra ight line . As wel l  as it can be determined from t b_ ic  d i s c x o ’ t i . r , - o i

s olu t i o n , t h i s  is a case cf three matched arcs. Over the segment marked

A , u ( x )  is a pe r fec t l y s t ra ight  li n e si nce the stress c o o c i ;n t r a i n t  in

t ive .  The e lements  bo ’t we eno (x/ ’ ) = 0. 45 and 0 .75  are at  a - , so t h a t
mini

in the arc approximatel y def in ed by C the minimum-gauge c o n s t r a i nt

a p [ o l ie s .  Here u ( x )  has the expected s inusoidal  shape and goes t h n o ’ ; j ; n i c

.m ‘loop ” . N e i t h e r  con s t r a i n t  is ac t ive  on arc 0 , but the length is tOo

ehort to ascer tain how u (x )  is behaving . Finally, the sing le elements

B ’ , C’ and A ’ are desi gnated as two m a t c h i n g  zones p lus a zone for adju ;;t-

m e r i t  to the t ip  boundary cond i t ion .  It is expected tha t  these l a t t e r  no ;q -

r rc ; ’n c t ; ;  shrink to points as n

If i t  were at tempted to ~elv , -  for  the continuous bar corresponding to

(-‘ o o ~ n. 41 a nd 42 , i t  is clea r h ow the th ree arcs wo u ld ha ve t o  be s p e c i f o o ’ o i .

The m a t c h i n g  points  s = and ~~~
- would be among the 10 or mor n ’  u u i k r _ i o w u i ; ;

t- o be f o o ’ o n o c h  f rom a net  of t r an sced en t a l  m a t c h i n g  r e l a t i o n s .. When - c o n n ; i d m  u —

¶
I ro n t b _ i t ’  t b o r o ’ e  distinc t , m r o ,-; -c , then

( a )  0 s ‘. y
~~ 

: U ~~~= 0 , x ,/a —
~~~~~

( I )  ,
~~ 

s . : 0 i  0 , a = l/,S

( o -) no 1 :0 1 = 0 , 0

, b~~ o f h , x t ’ - a and . m = 1 ’ ° o~ , q o (o 1 ~~’.

7, 1 1 , x = a i f 
~
1
T 

=

C-  ‘to  -
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I
The m a i n  p r a c t i c a l  d i f f i c u l t y  a r i ses  in the u n c o n s t r a i n e d  arc  ( c ) .  I t ; ;

s v ; ; ) ” m  of governing ddifferential equations resembles tha t o - n c 0 0 0 ; t o - r o - - b  i : o

Section 4.4 (Eqs. 4.4.19 through 4.4.23). Because simp le , honoqei;”;ou’;

b o u n d a r y  con d i t i o n s  rio longer apply, convenient relations like (4.4. 24)

and (4.4.25) cannot be assumed. Ar_i analytical solution to this nonuin; o’a r

s\’stnom of d i f f e r e n t i a l  equat ions  has not been found .

-2 . 8 CONCL I O D I N G  Cc .ii.tl ~N’I’S

I r ; t b c  ( 5  o h c ; l r  - t  or  onl y I wc’ of t h e  i n f i u m i t  o ’  number of ‘no;;; i b o l e  mi 00

‘‘ no n r o r ; w,’r’- o i c t a i n e d  a n a l _ i t  i c a ll ’, ’. F’ u r t h ern ,ore , I to  ,- r - ; o ’oro nod re o ’ r o l ’

(w~ 
~~~~ 

° 
~‘ )  was r i l , -ool,i t ed only S o - c  a l i m i t 0 h  n m 0 0 0 n ’ - ‘f tI c ’ ’ I , m r , 0 0 ’  ~~~ 0 .

The f i n o , lioo ’ : of ~‘iqher mode solutions } ; i n ; o 1 , ’ n  cr 0 Ihe ab il i )’0 - to so l v o ’  t i;

liowi os - - ‘ - ‘;~ c’m of equations:

i — ~~~ — x = o
- I’ 0

>

“, O = — e

H = ~~~ , ~1 1 2

•
, 

—

n o ,  t h e  o r o l ’ - r ’ ,’ m l  y ,  s r ’ . , w i t h _ i  ‘ no r; ’ ’ c m l  n ’ r ; — , o ’r ’ r- ° o ’ ’ neo ‘o r  b ; o o c o n ; o b , m  n - - ’ ’’’ n o —

Then , t h e  onl y r e m . o i n i r u q  d i f f i c u l t ’ , ’ ~ ‘o o o o l o h  t o o -  in f i r o o b t r o , n  t h o r n ’ —

o ‘ r ; ; ‘ ‘ n r  ‘ ‘ t o o ’” ’ ’ 5  o r ; ’ ’ ;  . 0 0 0 0  t ‘ h o ’ v j s i r o o n  - m n  ‘ ‘ f ’ t j - ’ i , ’ i o l  m e t h o d  f o o t  ‘u t ’ - n m i n c c n  t t o .

n’ , t ’ ” h i o o t oc , ‘ , i l ’ ’ u i , m ’ e r , ’; t o  o ( o ’ t , ’ y i n j r o ’ ’  ) h _ i 0 ’  l o i n , ’) i o o r o  ; ‘ -  i n ’ s

0 ’

~~~ 

~~~ -

- . - . _ ‘



Some . 1 1  r uct  coio’c l usion s  f rom w i ma t  has bo :’ o ’ o ;  done o r ’ - :

( a )  V a r i a t i o n a l  r a l c u l u; ;  t e c h n i ques , as adapted  f r s m  ou t  u n i t  ic

cc ’c I  c c l  l i ter a t u r e , provide a va luable  tool in the  d e s i q i m  of o o n o , ’ — o i l n r ; ’ ’ : , s  i o o n ; , o  1

st r u c t u r e s  u n der c e r t a in  cl;u;o;;e;; oi dynamic loading. Al ) c ‘u-u ; n c c o t  , i ’r  , f f e o ’ —

t i v o -’ as o u r  nrc method s j i m  p r o v i d i  cog . ‘- o ’ ” ’  c .  ‘ - c o n _ i d i  t i o ; r i ’ ;  f - r ’ g lu t -u i nip ’  i —

t o t a l i t y ,  t h ey  enable one to penetrate the barrier of , - -

( h ) Ac I o o ititCCl ‘cu t  by Johnson ( R e f .  13) , the  n a t u ra l  t r c o . r o o , . n o C  i n ’s o f

t i ,  s ’ n n o . ’t u r e  p l,m~’ a c en t r a l  role in creatinq many local oi t (ma an_ id m u l t i —

o le t o , u ; ;i t  le n o - ~~ions.  S ince  t h e r e  o r ;  no ;‘ 
‘ :‘ wa’0 ’ ,- ; to j o _ i c c i t  o f ’ .’ ‘ l i t ’

:l ’L,l bust  de s i g n , s o l u t i o n  meth ods must be capab le  o f  t i n i d in g  morn ; O N e ;

or; ’- u~ °t inr cu r rc .

( c )  ~ n - ‘ ‘ c i f i co t i on c  of rnuiniinnum—size c o n st r a i n o t s  is ofte ro nen-m ’;o;;ar ~ ‘ to

n ’ r c ; o o r ’ , ’ m ’ - a n o i i i q f u l  opt  i m a .

( d )  A o ’on ;o ’o ,’notratn °d mass mus t  somet jO ,-o ; be mnc , 1 u dc  ci j  Ii  to 0 _ i ’ ’ d o ’ ; ;  i 5 0 0  0 0

cm ’ i n  5’. ’ a to - o ; r o o l ; m r y  c o o n - I  i t i o n , a l t h o u g h  i t  is riot f e l t  t h a t  t b _ i c y  wj  11 be

r ’  0 2 0 0 1  1’ ’ t o ’ if l  - !‘ O O O i ’  ~oO b i t S .

(o’ ) “ 5 ’ -  mn oF 1 i t u d e  c o f  t b o o ,’ ~~r ’ 1o 1 i e d  load and t h i n ’ m i x  imu_ imn al  low ab l m .’ ; ; t u ’ - - ’;

t i n o f  l a o - r i o ’  r o c -  b ehav io r  of he su l u t  i c o n ,  I o n  q j v m ’ n o  i , o t h e r  th an

*
F i x  t h o  r ’ ~ - : ‘ ° r o ; - ; o ’  a n _ i q o l i to u d o ’ ; - ; .

(fl WE. ’ - to cro on ’ ’ ’ I b o , i o ,  t w o  d i f f m ’r ent l y cons) n o u n  c e c i  ,u u ’ - ’;; c h u a r a c ’ t , ’r c o on ; t h i n -

o r  0 i m i l  ‘ n o l l o t  1 0 0 0 , ‘ t o ’  o ’ o c n c t  i i o U U m  ~~~~ t’oc icbo  i t _ i t ’ ,’ boo ’ o nr o I - r ,m ’ ) u , ’ . m l .  ‘ i n o i t n ’ — o ’ l , r r o o ’ i c ’

t i  r c X i r r O , 0 ” 1 0 0 0 0 0 0  ‘ h o - n o  c c l  f ’ ’ r j v u - i l - I ’ -  , m l t o ’ r r o , m t  c v i ’ . -~r ° o ’ c u , o l  ‘ a n ’ -  m u s t  5’ . t , o k ’ - r c

l o b , in _ i  nno ’ ’ c h ’ -l i non i a r o o t  i n _ i the 0 0 1 - I  i m a l  ;, o’ ,i ro ’° c :  t r , ’ o ~ ; o , - r o - ’’,’ — r , 0 0 0 o n o  o, ’ c o i c , ; t u , m i n o t . ; ;

r’- ’ .’ t o . -  n o e o ’ c  h o d  t o o  i s o l , m ’ 1’ V . m r  h o b o; I ’ d  O} o t  ( m m  , m r ; s n o c i ,i ’ - ‘ h  s - i t  hi  h i ’ t o o ’ r  1 - - n  —

o m r - i  f r - :  o r ,  I ’ ’ ; ; .

~I’h i S i n ;  0 0  ‘‘ c o l o n  ; 0 , ro e r c o - - -~,- E ’ ’ n m i n i  n min im c o o  So - ( ‘ c c ;  - - t i m u  n i t  o; 0 1  - i i i , ’ ’ ,  I v o - o

‘i t o n I l 0 ’  - 0; ’  i i  o ’  m r  w m 1 1 n ’  -to c i i  n o  c u r i o  ‘li ~i r o o ; o ’ o I o o n n l ’ ,’ i I I’ / 0 - i t ;  to ;v m r  o o r .
m i x  r n n r c

C — 1 0 c c  - 

~~--
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I
Finally, the queo;tiori of practical aIh’l~~cat ions t o t ; ;  to he m o t t o ,  ~~0

In ; ; o ’ek inq  them , one t u r n s  to s t r u c t u r e s  in t ended  f o r  d y n c a m o -“ f o r c e ‘ n o ’ .,  -

misc-don , v i b r a t i o n  i s o l a t i o n  and shock m o u r o t i r c o .  To 5- - r i o -  n’ s , Itt’

o ; o ’ r ; t  do ’s  i q n s  are 1 im i )  o h  to cases where :

(a) The app l i e d  l it) force or tc ’c r o p o u in ty ’;m no; mit ), ’ot f r - o n  I t o ;  c o o t , ’ ’-

t h r o u g h  an en s e n _ i t i a l l y mass l ess  m e d i u m _ i , l i k e  a so f t  - o r  r i n g .

(1’) Steady—state s o nu n c ’ i d a l  l c n m o h s  !t ’ , ’o I O m i o ; , m t o ’  , c v o ” i ’ ‘ I m r s _ i  o r ; )  L O i S - c ; .

( - )  ~~ n - o - s s o ’s  due f ’ o c  static 1 o . o , o o h s  ,- tn’ c-  o ; o ’ ’; h o - q i b l o -  o ’scr r; I  . 0 0 ’  0 1  t o ,  d v r , o m i c

at  t’(°SsOn

I t  is d i f f i c u l t  t o  t h i n k  of o 0  I ’ m
- m t  r o ’a l  s i t u a t i o n  w b o m - t o ’ -  ‘n ~ o ’ - o c o o o ~, j —

0 ions occur s i m u l t m n o ’ ’ o u s l ’ , ’ . A r ,  °J’ I  h j - - m t  ~~~~~ ‘ h at  o ’ o o r r c o ’ - - t o ,- m i n d  is I t:-

“ -r oll mounticcq ” of an , o ’ng in - o ’’ h o - ,- co o - - i  r o o ;  a sb;’ - ,,n —h - m rs ‘tS 0 - l ot  n - o u t .  1’ a r t - r s

f l_ i on  t - }_i(_i t (b )  itoh (Cr ) may he ; ; , m t  o o , f j c ’ o . t . ‘I I ; , ’  r s o ’ t j ; o o o j  ‘t ’ ¶ ( o o s  0 , 0 0  t i  c-oul I

h o n  be -o r  n Ii ‘i with the  ud ;’h i  to in t o o f ’ a 0 0 0 ’ o ’ ;;cr i l n o ci t i t ’  mc m l ; - - °‘‘ . .‘ - n ’ , m i  —
- ‘ tn-

t i o - ; o l a r - o h i l f j o o l t  tes ; ; f o c c o o  I t  be - r , - ’ , ’ o o r , t o ’ r . - ,I wl o o ’ r ;  n o ,  , m r c l o j r o o ;  fo ot t b o o ’  c ;no l ; _ i )  j c ’ r , .

— I m u n , -

-~~~~ --
~~~~~ ‘ -- ~~~-_ ‘ -~~~~~_ _  _ _



CHAPTER V

CC’NCIO’SIONS AND

I
A number of comm o n _ i t s  about t h m o  methods arid s o l u t i o n s  have a l  ro’aoIv

been made. Sections 2.1-1 , 3.11 and -2.8 are devoted to discussing the

material l rene nor , o o o i  j r _ i  t h e i r  r m ’ l ; b - o ’c t i v e  ; ‘ o mo b o t o n ’s. This  f i m i a l  c h a p t e r

r e i t o ’ r o _ i t , ’o ; on these comments and l i s t s  a reas  for  f u r t h e r  s t u d y.

T~n ’° d i s t i n c t  r e s u l t s  were cibta  j r ’oo ” ,j in t h i s  dj s s e r t m t  j o m o .  F i r s t , i t

has b o o r  shown t h a t  the per formance  of tb : ’ t h e o r r - t i o -a l  os1 u i m a l i t t o ’  c r i t o - n i , m

o olon rithm , as proposed by K i u s alaa s  ( R e f .  11) and auqmentod h e r o ’  1” ,- a m~-

o l O  f ‘‘h :;, iu ss—Seidcl  procedure for  the  c l o ’ t n n r m i n a t  ion  of  t b o o ’  a c t i v e  c- ’uio c—

t r , _ i i n t s , is e q u i v a l e n t  to  t ha t  of the most o f f i c i o ’s) m a t h i e m a t  m c m l  p r o - c r a m —

m i n q  a i r  o i j tb _i nn fo r  a l a r g e  c lass  of s t i o o , ’t u r , m  1 c c c ’ )  i nn_i i ‘ t m )  i on  j’r o h rl , ‘r000 -

‘rb - n i t  h i ’ ;  h ; n ’ , ’ r o  oih owr_ i t h a t  v a r ia t  j ona l , - a h c ’ o _ i lu i -c t o ’n”b o r , t o o ’ s , ~~5 . t o b ~~~ I ’

‘l ot - ,m ; ; ’ - cmtO,m t ic c o s m _ i t r o l  l i t e r a t - u r o ’ , I - n i ’ v i d o ’  a i n o ’ o i , o b r t ’ ful to o l in; I t o .

-~l ’ s o  T O  of  o n _i ’ — ° t i m e n s i n n a l  s t r u o ;t  c o r e s  c i r o o b , ’r 0 , 1 0 m i n i  c i ,  l o u r . ’- ’- c_ if oh - r o n ; ; ’

I -  - o i r o n .

- irs r i , ’ ;  o c t  0 h t r o t  or I I I ‘,; m ” 1 ~ o ’ t 0 c n_ it o ‘ 0 0 d m  o ’  I b o o  - - ‘  - u m r ’ l , O r o  o - , - o I t h i t  -

r -  b , ’ n i ’ n o ;  , m l o r o o r i t l i m . t i l t s  w o n ’  o c b o t , m j r c c - o t  t i  -~~~ ‘ _ i m u : , u t  r o l l  c t - b l o c  j o —

i ‘l v  j i m ’ ;  - ; I re’’) c o t ’s o r  ‘ h o  - r’ ti) m t  i c ar id  o h ’.’r c ,u m u c b o m b  i n  c ; ;  . 0 ; . ‘ m l  j I i c  c ’ ‘ m r

I r . j i  o ; ’ ; - ’  t o  t n . - ’ ; ’ ; , o l i O l l  I -  m c - ’ n r o o ’ r o t  , mni ’ h ror , ’ rr ;h oo ’n ; o i . ’ l i n n i ° ’c , - m - - st  1 1 , I ’ s - - n

b c - c o !  I c o n ,  n - i ’ o o r , m l  O r ’  o - o , - r i o r h e n o  r o o t  I l r o t ° o ’ n ‘ ‘ ‘ ‘b wu r ‘ ‘ c - t o - m o b  r o b .  I n  v u -s

1 0 1 1  —

I
- ‘  - ‘: :-~~~~~~~~~~~~~~~~~ , .  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . . r~’ 
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01’ t he  succsessful so lu t ion  of these d i f f e r e n t  examoles , i t  is b e li ev e d

t I m _ i t , the redesign a l g o r i t h m  can sa fe ly be considered to bn - q u i t e  q m ’ m o n ’ r a l .

Tb _ i r o uqh ’mout  these exam p les the same level of hi gh efficiency was m a int aiio o ,’oh .

The idea of us ing  g 0 as the c o n s t r a i n t  r a t h e r  than  u s ing

V~, d i r e c t ly ,  as proposed in R e f .  34 , has proven to be a sound way

t n c  o f l i c i en tl y fo rmulate  f l u t t e r  o p t i m i z a t i o n  problems . The concept of

upda ted  genera l i zed  coordinates  as presented in Section 3.4 appears to be

r - n o c n i s i n q . When compared to f ixed  modes ,  updated g e n e r a l i z e d  coordina tes

j o t ’;’,- shown _ i  to lead to more accu ra t e  f l u t t e r  reanalyses .

F u r t her  i n ves t i qat i or ’ms in a number of areas re la ted  to Chapters III

~~mo ni  IV could be conducted . Some of these that  the author  f i n d s  p a r t i c u l a r -

l v  i mh on crta nt i nc lude  the f o l l o w i n g :

( 1)  Demons t r a t i ng  tha t  the t h e o r e t i c a l  basis of t h i s  o p t i m al i t y

‘-rit o’ rn o and mathematical programming algorithms are not so far apart.

These two ’- i t t )  eqor io ’n have always been considered to be completely dif-

-

‘ i c - t o r i ’ ( o c c t b o  f rom the  t h e o r e t i c a l  and tb _ ic miunner ica l  p o i r _ i t  of v iew . S i r c c o ’

o , j ; ;  w o o r  - h u m o r _ n t  r a t , o ’ n  that  the n ’f f i c iency  of both _ i  c’O) o ’ q c _ i r ie s  a r t ’  c -g u i  —

va I ‘ ‘ n o t  , j t  ren a i t o ; - ; to be shown h a t  t h e y  are a l so  ci co on ” t h e o r e t i c  ‘ , ml  I y

i r o  ‘r i b ,  r ! o ,  m o d i f y t h i s  b e l i e f .  I t  , o b n b oo . ,mr r ; that tb _ i , ’ !‘ro’ ;;o ° ro) algorithm in

v o n  ‘,‘ c lose  ‘ 0  t he  “grad j o - n i t  I ~~0 n c )  i o u ” a Iqor i  t I-mm o ’ f  m a t  b o ’ o m t t ; I ca l program—

: r c i r 0 0 0  ( N I .  U ) .  I t  it -i i m p o r t a n o t  to umocover t h i s  c ; o , c u ’ n o ’ h , m t  o c ’n i i i  o~~~, h c - i  )o )

h o  ‘ - n  no r i o  u ’ - h o - n  wh I di - ‘ , o r o c h  I I i o r o o o  ) Ime . m l  q o o m ’ u t b_ in can Ic , ’ b r  O ’ V o  i c  I n ’  ‘ ‘ ‘uc’ i - o r ’

to  c o ~ t I mr orim ri

.1 l o o t  i ’m ’ ’  r t  I c x ) , ’  m o o  1 o cr or -  ‘ t o o ;  o r;) ‘ o h  i n  0 ~~~ ‘ o ’ O i on ‘ . I - m r o o l  b ’ ’

i t o - i ’  S ’ l ; i ’ ’ l i  i , r , i c - t  n o - m i  c i r - c m m o ; r , m n c o ’ , - t o t h u ,  c ’ b o , m r c o t o ’ o h  , i ) ’ 0 0 0 i  i ’ l o o n  ~ ‘ o ’ o U o b  m a r t - ’  - m i n i

o ‘f e i . -  rio --/  . T h o m - ‘ ‘V; ’ o - r i sic on t i~ I r o c h o  I ’  ‘rod w i  I hr , m  r o o ‘nil i n it - ~mm ‘ h o  - , - ‘ u

I ’ — I it .’ —
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f un c t i o n  is important if one wishes to optimize structures for geometrY .

(3) Stud y problems wi th  highly non—linear constraints and d o ’ t , - t ’ n s i t ; , -

wh i ch  mod i f i c a t i ons  have to be done in_ i order to avoid divergence.

( 4 )  An extensive analysis to determine the tradeoff between t I c ”

o ’to m o out e r requiremen_its and accuracy for the three different dynamic modeL’;

f o r  f l u t t e r  op t imiza t ion :  Fixed modes , p a r t i a l l y  updated modes (as in

~ n ’c t ion 3 . 4 ) , and completely c h a n g i n g  modes (as in R e f .  59). When_i large

o ’xamp les are considered , it is important to choose the model that is

appropriate to the spec i f i c  case being studied .

The results obtained in Chapt c-r IV for the design of a bar u n o ’ b , ’ r

l_iarmonic excitation serve to confirm some conclusions and hypothesis h o ’ , ’

, f o b o n , -’;o~~r ;  ( N n ’f .  13) :

( a )  The na tu ra l  f requenc ies  of the structure do p iosy a ‘ ‘ e n o ) r a ’l t o - I ’

( n o  o- :r e at i n q  the many  local optima and , i n  the absence of dam p inq , mo ult i 0  I ’-

f e a s i  5 1 ’  lesions .

( I ’ ) I t  is o f t e n  necessary to s t - m c i  I ’ . ’ min imnrurn—q,ouqe CeO~~ I 1 t m 0  0 ;  0

ensure meam ’oinqful optimal design_is.

(c) A concentrated mass must sometimes ho I ro d o t t o - o h  i t  1 to - - j ‘ n t  t o ’

s a t i s f y a hroooto rL’iry condition. At ino t , ’ r i c o r ’ b c _ n t - s . cow - v - n  , i t  l o t  f - b )

O h - m t  t h i ; ;  r o h o u l d  not - ho ’ r equ i red  a l t h o ug h  i , m O ’ o i ’ -  
: • . , 0 0 t ~~~~ .~ r r _ i , m o ; 0 0

, m t  ion ;;  may  n ’ , ; ;  m l to.

C n r o c ’ ’ l o o ° h u r o q ,  it i c - c f e l t  t h a t  t h i s  won — k h i m ’ ;  h o ~~~ ’ , i , t o - o o o ’ o h  ‘ t o ’  o u t  I ‘ ‘ c )  l o t ,

o , f  ‘ o ; - t  i m i ; ’, m )  i o n  m o t t o o c h - ;  b o o t h ,  t i c y t o ’  b c , m ’ ; i c  c m r o d o - r - o 1 , m n o o h i r o o m  - ‘ I ‘“ ‘ on  l x ; , ’ ’-

t ho m ’ ;  d r o o l  t r o r I b m ’  c o _ i n ’ ; )  r u i r t  j m o f l  c o t  r m t  i - - m i  ‘ , , c l c o t  u o ’ r u r ; . F n i r t i  ‘ n  , it I t o

h ,’ o ç o o ” b  f r i  t o t ; , ’ - ; ,  c o n t r i h o c o ’ u o ’c n o ,c s o i l  b c ’  0 , m k o ’ r o  ° i ~ , m r i o h  o x )  ‘ ‘ ‘ - h o - - I  t O ’, ’ - ‘ ‘ 0 00

‘ h o - r i  ‘ b o o - ’; ‘‘‘ inc t i m ’ .’ i - - I ’ ’  i n  t b c ’ - c ; u o o w u m o o ;  n m - - )  m o - i l  m t  l i - m i  ‘ ‘ n o  o i ’ i ’ O O’d i —

;‘,m . 1 ‘ ‘o r ’ no I b c o , o b ’ ;

C -  l O t  - -

I
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A P P E N D I X  A

OPTIMALITY CONDITIONS

Consider the problem :

I Minimize J 
f

l 
a(s) ds (A.1)

0

I subject  to

I = f(x , a , s) (A. 2)

C1 (x , a , s) 0 (~4 . 3 )

C2 (a , s) ., 0 ( A . - l )

C3 (aT
) 0 (7~.5)

I c4o~~x ( l ),  a~~] = 0 (A.’)

I with some boundary conditions on x specif ied at s = 0 , and so n”

o 1. The necessary conditions for o p t i m a l i t y  can be d e r i v e ; )  usi o ,~: ‘t o”

calculus of variations. As in reference 71 , adloin the c o n s t r a i n t s  t o o

.1 with multiplier functions:

J = a~ + v 1~~[x(1), aT] + U2C l (a T
) + f { H  - ~~~~~~ (A. 7)

w i t h  + h ’ H , i m i l t o o n ; i a n t

H i ( s )  ~ 
,T 

~ u~~0~~ + b . C7 ( A . 0 0 )

t o i l “ , c n c i h j t  ions on I b m ’ ’  m u i l t i p l j r  t s r ,, ’t  j o o c  ; ‘ ;  . m ; ’, ; ; c o o ’ i , u t , ’ d  ~o 
i n c  1 r o , u l i t  u o ~

(A. I ) ,  Al l ), , m r , o b  A(S ) (i”’f . 71)

I 
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0 i f C 3 ( a T
) = 0

V2 (A.9)

0 if C 3 ( a T
) < 0

0 if  C1(x, a, s) = 0

(A.lO)

= 0 if C 1 (x , a , s) < 0

0 if C 2 ( a , s) = 0

P2 ( A . l l )

= 0 if C2(a , s) < 0

Integrating last term of Eq. (A. 7) by parts , one obtains

J = a~ + v1~~+it C3 + A
T
x~ — A

T
x~~~~

1 
+ {H + ~

Tx}ds (A.l2)

and t a k i n g  the f i r s t  var ia t ion

= ~1 + V~~~~~~~~ ’ + 

~
o.u 2____ 1; a + ~I v t41 

— ~~~~~~ +

+ tm a + ~~~~~~~ + ~Tj usx ~ ds (A . 13)

l~ w’s;,o l d  ho ” t m , ’dinu;; to determin ;v the va r ia t ions  c x ( s )  produced by g i v e n _ i

‘ 0t(s) f o r  .irhdtrary A(s), so tha t the m u l t i p l i e r  f u n c t i o n s  1( s)  are

‘ b e c o o ’ n c  t o o  ‘ar i se  the  co ef f i c i e n t s  of ~x in Eq. (A. 13) to vanish

T 
-‘p - = U (A. 14)
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*
w i t h  the boundary  cond i t ions

- 

~~j s=l 

= 0 if ‘~x (l) ~ 0 (;,.l5)

and

- (0 ) = 0 if /lx (0) ~ 0 ( A .  16)
1 1

For an extremuin , “J must be zero for a rb i t ra ry  ~a ( s ) ;  t h i s  can

onl y happen if

= 0 , 0 s � 1 ( A . 1 7 )

and

{l + V j ~~~~~ + V 2 T ’  = 0 (A .l8)
a
T

,0-

i’ .o , is not specified to be a constant, .

1° is neco~’sc,ciry to n o t e  that in solving the ~o r o b l  c - r n , ; ‘ o , o r ; si’ r a i ne d  m o o t

‘ ;r, ’ o o :; - o ’ r oo, o’d ,mr c,’o nn _ i to ; ;t’ be h - I o ’ 0 0 0 i  t oge the r  to s a t isf y a l l  the  n;eco’;;ro ,’ o u ’ ,’

t i n ;; . I f t b _ i , ’  o ’c _ i m c t r o l  , a ( s )  , is continuous across the junc) i on_ i

100in - - ‘ ‘ o c : ; -s n _ i o ; t, r a i  n ;o ’ d  and co nm r a ined  arcs , i t  f o l l o w ; ;  ( R e f .  71)  t h , ’t t ’

‘ t O o’ ‘ ‘1 c c l  H ar ’ 0-on_itinu ous . Tb_ it ’ same is t r u e  i f  ) b o o ’  i u n m o ’ t  ion  b - ’ t m  n o t  o

o ii f I ‘ ‘ n -n ’ , ’ b y - ‘ o c oo s  t r a i n e d  . i  no’s are  cons i ders’d

It ‘ i i ’ -  h o ” o c i n , o b , t r ’ , ’ o ’ o , c , o h n t  i c o n ;  oh ci ‘ o ’ r t , t i n  sl u t ’ x , t ; ’ I c , ’ o ’ m f u o ’ o h  , o l  s,
° In ~ o ’ i t  1 ; ’  n ’ .0 c r - c  o c r  on” , t i_ ic i n  -~x 

, (~~) I) and nc , 0
’ b o o c m o n o o i , u n  V ‘ c ‘n o h i t  i o ’ n ;

~ rm ‘ ( Th  i~~ h I  ‘ t i n ; ’  ‘ o h .

~~~ h o ‘ ‘  u hr I;’ - o h ,  - i ‘;- 0 ’ i Co n ‘ ‘I t b _ i s ’  no ,‘‘‘o ’ - , -so n v  ‘ ‘ ‘ I c . )  j t  t o  onto; I - o n ’ - ¶ i n t l  0

101 m m . ) ’  w ; ’ ) _ i  a ‘,‘ , t n i  o h !’’, ~ hn  o ’ s ; c i l t ; ’ , a n ’ ’  v a lid l o o n  ci =
T T

(‘- I ll-

~~~~~~
_  — ----- — .- --—- 
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APPENDIX B

RELATIONS BE~~~EEN EXCITATION AND NAT URA L FREQUENCIES

In th is appendix  ;;c , m n mc o ;  r - -  0 - o ~ i o n m s  betwee n the response and t i l L ’  f t  “ m ’

vibration mode shapes of a class ~ f dynamic problems are determined .

Consider the class of forced vibratio n_i problems that can be r epr o ’—

sented by the d i f f e r e n t i a l  equat ion

ta(x) u ’ (x)}’ + A 2 m(x) u(x) = 0 , 0 < x < 1 (P.1)
e —

‘..,‘;tI; the boundary conditions

u(o) = 0 , a(l) u’(l) = U’ + 
~l

’ ‘S
’ u(l) (B.2)

It is assumed that a(x) and m (x) are posi t ive  d e f i n m i t o ’ . i t  is f u r t h e r

assumed that p ’ , q ’ and ~~,/ 
are positive , that is

._ i(x) — 0 , m(x) “ 0

- (8.3)

0 , p 2 0 , q2 
~ 0

The ,t ss oc i , ;t ”d  e i qen v alu e  problem is

{ a ( x )  u~ ( x )  ( ‘ + ~~~
° m(x) u , (x) = i) , 0 ‘- x 1 (8.-h )

1 1. 1 
—

ii - ( o m )  = 0 , c u l l )  m u ’ (1) - q’ u , (1) (8.5)
I I n 1

I l ’ - r ’ -  ~~ ar ’  ¶ h o c ’  0 ’  o c h o ’ r c v , t l m  u ’ ’ c ; an o d  m u  - l i m o ’  ,to ;500 i ,u ) , ‘ o )  , ‘ u , n o - n f ; u n ; o ’t  j o c t i ’ s .  I t
I

‘‘,t c ; j ly b ’  ; b o o o w n o  t O o t )  )
. i n ’  r o - m l  , ‘ ; t r i d  b y l 005n t iv ’ and ~~~. ‘‘- i 

i f

i I , j . ‘-  . , - i’~’ n , 0 ’  m 1 ’ ; ’ ’  c b oo n o ’ ’ )  n - h o - i t  . I t  1 1 ’ ; ’ ’  - u n ;  h o ’ ’ ‘ o ’  c ’,& c  - t c m l  t he

C — I 1 +  —
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- ‘

eigenfunct ions  are orthogonal with respect to ‘-nIx), that is

f u , (x) m(x) u .(x) dx = 0 n~f i 
~ 

j .
0 1  ]

For comparison , a r e l a t i on  between the response and n at u r a l  modes is

n o o ’o ;o ’s ; ;a ry .  Multiplying (B. 1) by u . l x )  and (B .  2 )  by u ( x ) , and os) ’-
-
~~~ 1

tracting , one obtains:

a{ (u u ’ 
- u , u ’ )} = (A 2 - A~~ ) u . m u (B.o — )

1 1 e 1 1

Now integrate from x = 0 to any x ~j 1 , tak ing in to  account the b _ i c c m c c-

qeneous boundary conditions at x = 0, to get

r
x

a1 u u . - u . u ’ ) = (
~~~ 2 

- A~~) u (x) m(x) u(x) dx (B.7)
1 1 e 1 1

0

C o n si der  the  sketch  below ;

I’ u ;; . u- ; ’ ’, ci rn ’ ’ o b , w i t b c o o c i t  p n o o c o f , I c o t  u
1 

(x ) bi os no ‘ ‘ - n o ’ s i n n  t i ~~~- u n i t  c ’ n v . m 0

() x , 1 . T~ t h i s  is ° n c o o ’ , ) h’i n o u n Ix) , w h i o ’l m i S  . t t - ~~r ’o c ’ i , i ) ’ ’d W j ) ° ;

( ‘ 1 — - 0
2 - — — 0 1 , ( c m ’ . ‘ - x . m o ’~ b y on ;, ’ n;(’,~’’ ( 5 ’ ’~ Re’f . 7 s o , ~~~~~~ 71’~)

- - r , l ’ ,- ’ O , ’ u i  m ’ n o n o h o t ’ ,.,’ . ‘ ‘ c ,  t ho ’ u ’; ; T - o o r ’ , ’ ; ’ ’  nm0 0 0 1 ’ -  ,und t b;. t i t s t  I\s ’ - ’ n ; . t t  r u n t !

~~ 1 1 5  —

-~~~~~~ - — -~~ --- - ‘



modes is of interest here. Three distinoc t cases may develop :

(1) u(x) has no nodes.

(2) u(x) has one zero which lies between .‘~ and 1.

(3) u(x) has one or more zeroes , the first of which ( c : l o e t ’ ; - ; O  t o o  I f ; ’

o r ig i n )  l ies between 0 and ~~ .

The first situation is represented in the sketch above by th u C- dotted ou uv ~ ,

the second by the dashed lin~ and the third can be visualized by inter-

chang in g the illustrated u(x) and u2 (x).

Consider first the situation when u(x) has one node. Evalu ci t in o on

( B . 6 )  at x = ~~~, w i t h  i = 2 and dividing throuqh by u(~~) u ’ (~~) one

*
obta ins

a(~~) = (A 2 - A~~) m ( x)  ~~~~~~~~~ ( B . 8)
e - ‘ j u’.(- ) u(r~)

0

It is clear that , in order to satisfy this equatiori , \ < \~~~~ . Moreover ,

if the first node of u(x) is to the lo ft of t i t t ’  node of u~ I x )  , one oh—

¶ si n s  A > A 2 by i n t e r c h a n g i n g  u and mi , . by the same r o ’ c i o o u ; i  n o o n , iii

i t h e r  0, -t on ’ , as long as u ( x )  has at I m ’ c i ; ; t  one n_iode , A 1 .

Summarizing the results obtain;osl so far:

a) If the r eopon ;c ;e  mode im , oo 0 + nuode wi_i i ch is 1’ SO o t  I t ’ ,! “ ‘ ~‘0’ - . ’ t !_i~

c o o c i ’  - of tue second n ; , t t u r a l  mode , t hen  A < A ~ A ;,

(b )  I f  tu o o ’ r m ’ c ; } o m o n o c ; t -  has ‘ ‘ - . - ; ; i , ° 0 / 0 ,’ . ’ node t h a t  i s  1 o - o , ’ , u t , ’ d  ~ 0 ’ ° ’

he ru s h , ’  ‘ 0 )  u ( x ) , t h e n ; i < ° t’ ~
‘

*

N o ‘ , 0 o t t  u S ’  sign of flit ’ I t’rmo; in ; ion ,s’ k o ’ )  s i s  u c c o b o ’ ! ’ . ’ n o d , ’u ; t  of t i c ’
: 0 1 , r _ if b; nunorn ’’rd ‘ O c t  —

0 - o cm~ - . t  ‘ u ,unu ci U I a ) X = ~, t o ,, ‘ ‘ h o )  a i n c  t i i  n ‘ - , c i  I t . Nc 0 ¶ ‘ ‘ I lt,i I ¶
o f  I c ,  n o ’ ’ )  ‘I t’’ m oo ’,’ n c - b ’ ’  i n ;  ‘ b ’ ’ n i v u n r ’ j  t i n . ’  u o ’ - ,u l t  ;

, ,

C l i t .  - 
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Now consider the situation when u(x) has no nodes. With rt-I ,o t i c : ;

to u , nothing is changed : Eq. (8.8) can be used the same way and t h o m ’  t h e

result , A < A 2 ,  holds . To compare with u 1, evaluate (B.’) at x = 1 ,

with i = 1, to obtain

- ~2 = ( A 2 - \~
‘)~ q2 u(1) m (x) u(x) dx (B. o)

I
Here an i n t e r e s t in g  s i t u a t i o n  d e v e l c cp ~~. The r e l a t i o n  b e t w t ’o ’o ;  A and

depends on the sign of u(x), since the expression to the r i gh t  of

( _ i 2  — A~~) takes the  s iqn  of u ( x )  . Equation (B.9) is sat  i s f i e c h  w l m , - o ,
C

A < and u ( x )  > 0 , 0 ~ x < 1 ( F . b ; o )
e

arid u (x) < 0 , 0 < x ‘ 1 (8.11)
C

This behavior can be expla ined if one rea l izes  that  the  1” ; ;b o o n _ i ; ; . ’

“ cha nges phase ” by 1800 each t ime ‘o 
~~~~~~~ 

through a A of the  c y s—

t o ’m . T h i s  is so because , n ear r , ’; ;o ’o m an _ i c - e  , t i_ i c response is miomi rm , o t ,‘ci I V

term propor t ional  to u ( x ) / ( 5 ~ — ) .  Obvious l y ,  t b m ; s  ch a n ;m i” . s i , n c ,  os

pci;; ; ’;; t h rough A . If  one I ooks , m t  ,m v i c i n i ty  c l ’ x = 0 , ‘a’, x =
e 0 

- -
P s m a l l) ,

u~~~) ~- 0 i f  A ‘°

U I )  ‘- 0 i f  A “ 
-
‘ - - A-

- 

(8.1.’)

( - I )  ~r u  P ) > 0 if - 0, ‘ I
1 , -  i~~1

I



Completing the results obtained :

Ic) 0 < A
e 

< A1 if and on ly  if the response is p o s i t i v o ’ , i . e . ,

u(x) ~ 0, 0 ~j  x ~ 1.

(d )  
~ i < A < A -  if the response is nega t ive .

(e) Because of (B.12) and (c), no response that is p o s i t i ve  i n ;  t b c

v i c in i ty  of x = 0 exists if A 1 < A < A 2.

One may ask why the results obtained by analyzing Eq. (8.8) ar ’ in ;-

dependent  of the  s ign of u I ”)  (see ¶ on page 116) . The reason is t h a t

th e s e  r e s u l t s  are independent of the boundary condition ‘-on; the r.’o ;r ’ onc o,.’

at x = 1. In other words , although it was assumed that the bou n d a r y

condition was satisfied , no quest ion was raised as to t i c s  , s xj s t m ,’n _ i c , ’  of

such a solution . In this case , the boundary condition is such that u (o)~~0.

For a problem with a different boundary condition , u ( m  ) may be conct’iv-

ably positive , but the result A 7 must h o l d .

C- 11 0 -  -
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lAisume all Calc ulate constrain Use last act/pa

I elements .‘.f and objective element
active I function identit ies

I Determine active and violated constraint s
by us ing (26), (27)

I 
_ _ _ _ _ _ _

Calculate gradient of active and
violated constraints

I Compute  Qa, ~~~~~P using def initions ( 2 .3 . f ~

Io 

Compute .,~~ (see figure 2)

I _ _ _ _ _ _ _

Compute new design vector and record ne
act / pas element identiti es

I ave identities changed?

re de: ign :ut 7 
no

I Fig. 1 Flow Diagram for Redesign Operation .
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Cakelate aid 
!‘ ~s~a (2 .1), (2.5.2)]

1=1, NAC

Compute A1, usiag (2.5.3)

L.._ ._j set rows i, of ,~~ and A, to zero ]

~~ZZZ~~~~~
t
rnet 

U

Fig. 2 Flaw Diagram for A calcelati on .
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Table 4. Final Designs for the Swept Wing .

I PROBLEM 1 A (no spa r Caps)~ l B

METHOD present Ref.20 present Ref. 20

I — 
Truss 1 0.01 0.01202

(m 2) 2 0.01 0 .01349

I 3 0.Q1 0.05149
4 0.01 0.05 147

5 , 6 0.0 1 0.03432
7 , 8 0.01 0.04857

I 9 ,10 0.01 0.01004
11 1.50 1.50
12 0.030895 0.02430

I 13 0.024 106 0.0205 5
14 0.039797 0.03035

15 , 16 0.097282 0.04684

I 
17 , 18 0.019079 0.01781
19 , 20 _______ 0.01 0.01004

~ CST 1—  6 0.20342 0. 2034 0.19 139 0.1925

~~ ( in ~ 5 — 1 2  0. 17731 0. 1775 0. 17471 0.1 747

I 13 — 1 8  0. 15627 0.1563 0. 15594 0.1555
19 — 2 4  0 . 12925 0. 1292 0.12893 0.1277
25 -36 0.11098 0.1093 0 .11032 0.1095

I 37 “48 0.095414 0. 09171 0.096 129 0.09710

I — 
49~~~ 0. 02 0- 02001 0.0 2 0 .02001

~ SSP i.. 4 0.032226 0. 03070 0.032391 0.03093
(in ) 5 — 1 0  0.02 0.02 0.02 0.02005

I 1 1— 1 4  0.034553 0. 04122 0 .032342 0.03746
15— 20 0.045633 0.05398 0.045971 0.03918
2 1 — 2 4  0.21935 0. 2 138 0.22595 0 .2222
25 — 30 0 .095297 0. 01 190 0.094101 0.08392
31 — 3 4 0.089007 0. 08902 0.085855 0.0863 1
35—40 0.059588 0. 05470 0.059535 0.06598
4 1 — 4 9  0 .034942 0.03343 0 .036159 0.03502
50— 58 0.060363 0. 06894 0.058881 0.05737
59 — 70 0. 10136 0. 1330 0.094286 0.0765 1

I WEIGHT (Ibs ) 2461.76 2466.40 2445.76 2463.96

IT E R A T I O N S  16 12  16 15

I 

~~ E
1
S

1
l~P~ (sec) 0 .443 j 4.007 

1 
0.694 14.9 1

1 ~~~‘ see
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Table 5. Load Data for 33—Design Variable Rectangular Wing.

For all nodes , P,~ = 0.0 and = 0.0

Load Condition 1 Load Condition 2

Node No. P~ (ibs) Node No. P~ (lbs)

3 165.8 3 299.6

4 414.4 4 374.5

5 142.6 5 257.6

6 356.4 6 322.1

7 131.1 7 236.7

8 327.4 8 295.8

9 117.7 9 212.7

10 294.3 10 265.9

11 97.8 11 176.8

12 244.5 12 220.9

13 38.1 13 68.9

14 95.3 14 86.1
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Table 6.
— Final designs for the 33-design variable rectangular wing .

8 A 8B BC 8 0 8 E
PROBLEM stati c frequency ~stat ic & flutter S;~

t
~~er

&

_________________ 

constra ints constraint 
~~~~~~ 

const ra int 
~en~tra,nts

Truss 1 1.8073 1.9971 2.0899 0.10 1 .4764

in2 2 2.3289 1.8702 2.0088 0.10 1 .9448
3 1.4638 1.7599 1.7372 0.10 1 .1797
4 1.9431 1.7725 1.7573 0.10 1.6599
5 0.97611 1.3218 1.3081 0.10 0.68860
6 1.2840 1.3314 1.3207 0.10 0.99601
7 0.57565 0.88362 0.87591 0.10 0.33840
8 0.73806 0.88714 0.88123 0.10 0.50367
9 0.21471 0.46358 0.46026 0.10 0.194 81

10 0.28167 0.46567 0.46333 0.10 0.26517
11 

- 0.10000 0.10 0.10 0.10 0.10
12 0.10000 0.10 0.10 0 .10 0. 10

J ~n CST 1 , 2 0.069509 0.064166 0.054284 0.036997 0 .0971 72
~~ (in ) 3 , 4 0.033864 0.035428 0.035121 0.033701 0.056273

5 , 6 0.023125 0.026562 0.026320 0.042768 0.04 6007
__ 7, 8 0.013808 0.01774 7 0.0 17609 0.043567 0 .032592

9 , 10 0.010088 0.070095 0.010137 0.010 0.0 11505
11 .12 0.010000 0.010 3.010 0.011260 0.010

~ S S P 1 0.058995 0 .03 5369 0.064314 0.071632 0.058782

~ (in) 2 0.073949 0.035585 0.078993 0.12388 0.073896
5 3 0.041397 0.035046 0.042309 0.010 0.041304

0.052963 0.035323 0.049823 0.010 0.053705
5 0.034875 0.033731 0.033375 0.010 0.034341
6 0.045258 0.033974 0.033632 0.10765 0.045681
7 0.028300 0.031 124 0.030850 0.060765 0.027885
8 0.036780 0.031370 0.031120 0.010 0.037102
9 0.021156 0.027447 0.027328 0.011735 0.020 783

10 0.026477 0.027507 0.02740 1 0.010 0.026781
11 0,010000 0.019358 0.018972 0.020707 0 .010
12 0.011733 0.019698 0.01927 1 0.010 0 .01 1854
13 - 0.010000 0.010 0.010 0.010 0 .010
14 0.010000 0.010 0.010 0.031000 0.010

— 
15 0.010000 0 .010 0.010 0.011397 0.010

W EIGHT ( lbs ) 100.542 107.004 107 .426 39.934 100.322

IT ERATIONS 15 1 5  10 1 6  1 5

C P U T E 
~~~ 

0.268 0.118 0.172 0.129 0.270

~ CDC 7600 computer.
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Table 1. Final Design for Problem 9.

Swept Wing under Static and Flutter Constraints.

TRUSS 1 0.010

(in2 ) 2 0.010

3 0.010

4 0.010

5 , 6 0.010

7 , 8 0.010

9 ,10 0.010

11 0.46182

12 0.010

13 0.010

14 0.010

15 ,16 0.010

17,18 0.010

19,20 0.010

CST 1~. 6 0. 19807: (in) 5~.12 0.17508

13%18 0.15536

19’~24 0. 12626

X 25...36 0.17367

37’.48 0.089077

49”~6O 0.058249
z

SSP 1’. 4 0.067142

(in) 5~’.10 0. 10460

11’s~14 0.033917

1S’.20 0.042425

21 .24 0.20919

25%30 0.020

31’.34 0.13091

35’U40 0.13752

41%49 0.033428

50~..58 0.21457

59’..70 0. 19635

WEIGHT (Lbs) 2692.10

ITERATIONS 16

C- l68 —
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Table 8. Designs Obtained after 15 and 50 Iterations, for Problems BA and 8E.

PROBLEM 8A PROBLEM 8E

1 
15 TTF .R. 50 ITER. 15 ITER.  50 I TFR.

I TRUSS 1 1.8073 0 .46269 1.4764 1.0818

(in 2 )  2 2.3289 0 .71095 1.9448 1. 4761

1 3 1.4638 1.1738 1. 1797  1. 1726

4 1.9431 1.6642 1.6599 1.6680

I 5 0 .97611 0 .68575 0.68860 0 .68257

6 1.2840 1.0112 0 .99601 1.0070

7 0 .57565 0 .33870 0 .33840 0.33641

1 8 0.73806 0 .51474 0 .50367 0.5098 1

9 0 .21471  0 . 18778 0 . 19481 0 .19149

I 
10 0 .281 67 0 .2 6 312 0 .26517 0 .26444

11 0.10 0.10 0.10 0.10

12 0.10 0 .10 0.10 0.10
(I)

I ~ CST 1 , 2 0.069509 0.18396 0.097172 0.13052
N (In)  3 , 4 0.033864 0.055648 0.056273 0.055969

5, 6 0.023125 0.045092 0 .046007 0 .0456 5 1

I 7, 8 0.013808 0.031898 0.032592 0.032339

9,10 0.010088 0.011756 0.011505 0.011624

11 , 12 0.010 0.010 ~
) .0 10 0.010I x —_______

~ SSP 1 0.058995 0.058521 0.)58782 0.058661
X (in) 2 0.073969 0.073425 O.0?3896 0.073727

I 

,~~ 3 0.041397 0.041574 0.041:04 0.041400

4 0.052963 0.053036 0 .0537 1.5 0.053056
z
, ,  5 0.034 875 0.034267 0.034341 0.034500

I ‘~ 6 0.0452 58 0 .045460 0 .0456 81 0 .045419

7 0.028300 0 .027800 0 .0278 85 0 .027987

8 0.036780 0.036949 0.037102 0.036918

9 0 .02 1 156  0. 027440  0 .020783 0 .02093 5

10 0 .026477  0 .026650 0 .0267 8 1 0 .0 2 6 5 7 3

I II 0 .010 0 .010 0 .0 10 0 .010

12 0 .011733  0 .01 1842 0 .1 1854 0 .0 11796

13 0 .010 0 .0 10 0.010 0 .010

1 14 0 .01 0 0 .010 0.010 0.010

15 0 .0 10 0 .010 0.010 0 .010

F I N , \ 1 W EI ( II T .2 ~~S . I. 100. 1.’) 1 0 0 . 0 . ,M

C - 1 I - ~ - 
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