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A NUM E R iCAL STUDY OF E I G E NVALU E COMPUTAT iON

ABSTRACT

A study of different numerical methods for computing the ei genvalues ~f

Ilermitian matrices has been carried out . The Givens-Househo lder procedurc

was found to be the fastest, most accurate method . Relationshi ps among

eigenvalue accuracy , word size , form of arithmetic , hardware implementa tion ,

and speed are discussed .
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1 . i) I NTRODIJCT ION

In c e r t a i n  con~~u n i c a t i o n s  S s tems the  a b i l i t y  to r a p i d l y  and a c c u r a t e l y

solve  t he a l gebra i c ei genvaluc problem is of extreme impor tance. Where tII~
location of transmitt ers is to he determined from a set of N a r r ay  output

read in gs , one p o s s i b l e  si gna l processing formula t ion leads to the anal ysis of

an N by N comp lex , Ilermi t ian * matrix [10]. The elements of this m at ri x l( ire

complex since sensor readings generate both magnitude and phase i n f o r m a t i o n .

This  ma t r i x  R i s a correla ti on ma t r ix  formed by taking the expectation El

of the matrix (x.)(x .*)
t 

where x. is a vector of length N corresponding i t,

samples of the N a r ray elemen ts at t ime j and t represen ts vec tor trn fl~~lI~~~i

tion . Thus

R = E[(x.)(x *)
t

J.1 3

Since the si gnal received at any array element is a linear combination 01 the

transmi tted si gnals from many poss ib le  transmi tters , the abilit y to uni que ly

iden t i f y  the number of transmi tters is l imi ted by the number of array se1i~ ui~
Tha t is , with N sensors it is only po ssible to identify at most N supposedl~
dis tinct transmitters .

If a given amount of ampl ification (or power) is avail ab le in t h e  I N H

of w e i gh t s  to  he a ssigned to each of the p o s s ib l e  ar ray o u t p u t s  , then : 1  :0

N - i  wei gh t s  may be spec i fied independen tly. ‘ l a t h e m a t i c a l  ly  , i f  the I%e i ghi

arc represen ted  by a complex vec tor  I~ and the  t o t a  I I ) & ) ~~~r ;iva i i i b l  e i l l  I~ i I ~1.:

ing is cons t ra ined , then t h i s  is e q u i v a l e n t  to t h e  c o n s t r a i n t  equati on

= I

I f  we des i re  t h a t  as many of t he  transmitt ed si g n a l s as o~ s ih I e  he iiiii I t  ~
So d S to maximi :e (or m in imi ::c) the received J t ~iser , i t  i s  a c l : i s s i e n l  ~

*
*A Ilerm i t ian matrix R has  e l emen t s r .  such th at r = r ; t h u s  t I l t . di a I

ii I i  1 .1
elements :i i’e pure  rca I . -

- —-- — - ,— -— ——-
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of m : i t r i  x theory  ( t h e  Ray lei gh q u o t i e n t )  t ha t  t h i s  can be achieved by  chaos ii: ,c

as a seig ht vector the ci Ceuve ctor of R with the largest (or smal lest) ei gcll-

va lue. Thus the problem of finding suitable weights for received si fflal

v ectors x. may be recas t i n to the problem of f i nd ing  the ei genva1 ue~ :1112

ei genvcc tors of the correlation matrix R associated with the vector x. .

The rap id and acc ura te computa t ion of these quan t i t ies is the ~u b j e c t

of t h i s  n o t e .

1 .1 Al gebraic Eigcnvalue Problem

The determination of the eigenvalu es and ei genvectors for an arhi t r tr v

:ut t ri x is known as the algebraic ei genvalue problem and its solution in both

the theoretical and computational sense has received a considerable amount of

attention . The classic discussion of the various techni ques availabl e for the

solu t i on of this  prob lem is the book by J . H. Wilkinson , The Algeb raic l igen-

value Problem, Oxford University Press (1965) [1].

The various techni ques available read like a flow-char t in terms of t h e

nature of the matrix to be solved. Assuming that the matrix is not deg ener ite:

1 . Is the matrix real or comp lex ?

2 . If  complex , is i t Uermitian?

3. Are onl y the ei genvalucs required or mu st the ei genvo~ tar s

he de t ermined as we l l ?

1 . h ow much storage is available?

3 . How man y hi t s of accuracy i n  the results are requi rid

6 . FI oo~ many op era t  ions are required for t h e  comput :at  i o n ?

1. 2  Hermit ian Matrices and Their Solution

The m at  r i c e s  we w i l l  be dealing w ith arc comp i t .~ b le r m I t i a n . Ii:

o~& w i l l  need t h e  eigenve ctors as well a~ t h e  cigt iiv al iics ta r the

cut  i re mat  ri x . l’ oss I hi e dynami c strategies when net a I I the ci genvee to

rn ;i~- he r equ i r ed  w I I  be d i s c u s s e d  in a l a t e r  sect  ion . lhe redtic t lou t hi(

~ ~~~ problem t o t hi s pec i fic t vpc of matr j x I end  ~ to t lie COMt 1 ‘fl

- ~~~~---~~~~~ .~~~~~-- -
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j o t  t h e r e  are real lv ther e major i l gori thins available for the e am( ~~t a t  ion oi ’

the ci genvalucs and ci genvec to r s  : ( 1 )  t h e  (n e o N  i a l gori thm , ( 2 j  t h e  h e : : s cud  - e r g /

QR procedure , and (3) the Givens-Flouseho lder a l g o r i t h m .  These al gori thms ar e

iterative procedures which converge to the correct answer. They will he dis-

cussed  in d e t a i l  i n  l a t e r  sec t ions . A l l  of these  t e c h n i ques are bas ed on the

f o l l o w i n g  t h e o r e m :

If B is any n x n non-singular matrix , then A and B 1AB have

the same e i l i e n va ln e s . M o r e o v e r , i f  x is an e igenvector  of

B
1AB , then Bx is an c i genvector of A.

ih i s t rauisf orma tion from A to B 
1
AB i s ci lied a s im i l a r i  tv transformation.

The .Jacobi , }le ssenberg/QR , and Givens-Ilouseholde r techn i que are based on prt (lcr

choices for the matrix B.

Almos t all of the numerical analysis performed on this problem wi re done

on an IBM 3’0/168 equi pped wi th the basic CPU . lor reasons that will l i e

expla ined later this represents a ie ,’li st ic conf igura t ion for  a l ow er  hound

on the  c o m p u t a t i o n  for an y  s e r i a l  processor. T i m i n g  f i gures for coi:~j i i t a t i o n s

per fo rmed  on t h i s  sys t em w i l l  he used e x t e n s i v e l y  in  t h e  f o l l o w i n g  s e c t i o n s .

2 .0 M V F R  I \ ALGOR lT IlM S

The a 1 con thins d i s c u s s e d  he I I l l s h a v e  been imp lenient cd at the Ii nco I ii ha ’

o r a t o r y  C a m p u t : i  t i on  C e n t e r .  Comp lete d i s c u s s i o n s  of t h e m  c;oTi he found iii

[5 ,6 ,S] . in addi t ion AL G OL vers  ions  of the programs are in [ j  . l i N e n  c orn —

n a rj s o n  between the  IBM 3 ’O/  I~~S and l i n c o l n  I a h o rat or v  DEC 1 1/ 4 5  ~‘o rc

t ’o ned , the  ident  i c a l  Ci veui s—h I n u s eh o  I de r 1-OR I E .\N rout m c’s were ruin on N same

matrices.

2 . I ‘li e 1 aeoN I A I gor i thm

lii .Tacob 1 :0 1 gor I thin operates by finding :i - - i l ’ l c n c  of S i  on I in t ~

t r:iri~ format ion’~ suc h  that the transformed mat ri x converges ¶ a ~I I ; i g o u i : I  I

m a t r i x  ‘ whose ci cments a . the d i a g o n : i  I r ep r e a ’ T i t  t c ci ‘!l\ 0 l i i i ’s I . 

A )  . A s : I i i  example in t W O )  di i~w i i  i o n  cans jil t,’ r t hi ’ ma tn
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l i l t ,  S ) Z S  lb  Ic sun i liii’ i t  ~ t i on s  f o r m at  I on m a e  be det t n:  I m o - I by oi l o r : i  T ic  t lu~
l one i o t i t ~~ Oi1 of t o e  c o o r d i n a t e s  sp ace , ( x 1,  x ’ ) ,  1 ’  a ‘~ s ( ’ a_’ i’ t .t~~~, ,s ii’ ,.t

be i i f o u i i cd i i i  s u ch  i i s ,o ~ that th e te iiiu r 1 ~ and r~~1 
ire a n n i h i l i t e d . 0 :

‘tj t  ion c m  he r e p i e - : e n t  ed b ’n

,,‘Os - t — S r

s t i r  cosh  x 
-

l : .\ ( ’r r ~~5 i O u I s  i i i ’  d e t e r m i n i n g  the  v a l u e s  a t ’ cos ~~ and sj n ~3 f o r  t h i s  . t i : l i i i l l l o t  ion

may to t ) m m m l ( I  in [2~~. The t i r e  of t h i s  a l g o r i t h m  for h e r m i t i a n  matric es of s i :

\ H e  ~ dc m ’ c m i i i s  on su c c e s s i ve  r o t a t  i o n  of pa ir s  of ~~~~ t in t  i I t h e  sum mat ’ t lii-

~ u rc.~ of the o~ t~ diagonal t e rms go ’s to ,ci ’o ( O r  1 1 eas t  l e s s  t h a n  ‘ii ’’ iil

C i ’ f l i  I i t ’d t h r e s h o l d )  - I li e c ro ’~ ~ - t e i’ :: e l e m e n t  u ’ ¶ m a t  1 S t  he o i : i ~ i

a or I H l i l y  g i v e n  i e m ’ Ii ion  i s c i  ( l e d  he  ~~1 n. t 1 :  t he l am e i I I

~~~~ o l k I  m e , ~h i i ’ r : m y , an d  ‘. . m i  ‘sci lm l , o lil (~~ 511 1502 i t  i t  u t ,  ‘ 1 , 0

(1)1 etch i t  &. i . 0  i o n  his l i o g n i t  tide g i l  t - r  I m m  i~ : iv~ i , i i ~e u . :i g l : ~ I i oN a t ’ i n

o f f  4 m e a l i i  i l  e i m i n t  t h o u ì  I t t, i l l  c o t ! l \ t , r t t t,’ t i

~
‘, . ; m t e r  ) u ,  t,~~ am tar the calc u l a t i o n a t  ‘( a  i H i i o i : m I m i e ~ . : n , l  em e e l u r !

of t o  r o o l  , w u t n c  r i ; o t n i x  using the , I I c o l t I ‘ i o c i l m , i ’  i s  i v o l  l a h i e  l i t

n t hi 1 !l\l Sc i i : I  i f i  c Oi iN i a  : i t  m m i i  I’ m :  k i t e  11 I I I  \ ) - ‘ i ~ ~~~ 
i i i ’ ,’ i t  m~ m o  I -

i : i ~ h o ’  l i i i I v : d  by n ot  i t u g  t m i  B c: ui ‘c sr i I ¶ en a~

= C II ) wil e i t  N , I )

I h m a t  r I .~ B ] wh I eN I s 2\ hr  2\ n an  he ~i tO o cc  i i i  i a ’

1 - . _ , , ‘ I , 0, I i ’ : , , , .  : l b i t i - - I -

I I ’  .2 2 it it I . ii

L ~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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‘ i t  :aimc h more w i l l  he sa id  : m b , , u t  the Ja cobi  pr ocedu r e becaus e i t  has a

ll:i iO r p r o b l e m  in t e rms  of t he  number o f  compu ta t  ionS requ ired . In general an

i n t i n i  I v  t iu n ib er  of i t e r at i o ns  (ssee 1is  i a re  r e qu i r ed  to  produce a t rue  d i a g o n a l

matrix. In p r a c t i c e  w h i l e  the  rcsi~b a , m  I f f 2  t a g o i t a l te rms may ’ on ly  have t o

s a t is t v sonic t h r e s h o l d  c o n d i t i o n  Ic , ’ . :ee abov e)  :i term r which is anni—pq
hi l o t  ed on one i t e r a t i o n  is i l l  most  l i k e l y  la F eSllm ’i’ected on a l a t e r  i t e r a t i o n .

Thus convergence proceeds at a relat i v r l v  slow rate and the computa t ion  t i m e

required is large.

2.2 The Hessenbcrg/QR__A l gorithm

This procedure represents the concatenation of two p r o c e d u r es  fo r

the determination of etgenvalues and e i g e n v ec t o r s .  The f i r s t  procedure reduces

a general (not necessaril y hlermi tian) matrix to a Elcssenberg forno , that is a

matrix II for i~hich hi . - = 0 i f  j S i — i .  Thus for a 4 4 m a t r i x  we h a r e
1_i -

h 11 
h 1, N 2 ,  h 14

11 21 11 2 2  N 7 , , 11 )4
II =

0 h , h _  h
~~_ ~~,) a I

(I 1) N 1 h 11

The second p rocedu re  m o s e s  a s e r i e s  of u n i t o r v  s i m i l a r i t y  t r a n s f c ’ r m : i , m t  h u m s  to

reduce the l le s senb ’erg  m a t r i x  to an upper t r i a n g u l a r  n o : l t r i  x w h i c h  d i sp l a y s  t he

ei gi ’n i a  lues on t he  ma in  d iagona l . l e t  hi  he t i t e  m a t r i x  in H c s sen her  form t o

he an , o l v :e o l , B he on upp er tnia ngul :ir r m : o t r i x  and Q a unit :oiv m a trix, t hen i f

h i  i s non-singular there exists a un i que d e c o m p o s i t i o n

I I  = QR

- —“ ‘ - -
~~~~~ IL~~LJ~~~~~~~~~~~~~~
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li m c I I : , o o , i ~ i m ii: i 1 ’oe m t s to lie I l i e  t a r l i l t  m i o u o - s i i m ~’ u l : m r  n~~ t i x  i i  r u t  t~~t ml ~r N :

a m T ,I 10115 ( s  reaio:e ( front ‘, t o  ‘C i f lb i i ’ :m htessn’ mm t: e ig :citr~ x . , ‘ e : . u c e :  .5

m i t ’ f i m i d i m m g the eigeum ’; l~ic~ is based upon a~’p lic at ~on . 1  t l m e  i l o r i t  I C  eq u a l  i i :

IL = Q .R .
1 i i

li  = Q .
1 l i t .i + 1  I l ’1

= R . Q .

A n i xairipl e of how to d e t e r m i n e  Q. and B .  is f i l c h  in [2, p . b 2 J j  If H
1

t h e  i n i t i a l  I b e s s e n l m v r g  m a t r i x ~ has ei g e n v a lu e s  s a t i s f y i n g  y
1 j -

‘

A ‘ ii t he  s o i 1u e n c e  {U .  } w i l l  c o n ver g e  to  an upper  t r t . i n g u l a r  ma t  r i  x W I  t I

Th e e i geu mv alu e s en the m a i n  d iagona l . A ma jo r  r isk i n c ur r e d  by t h e  a e  0~

i i i  s Fo~~t Inc is that when :i i ly pa i r  of ci genvalues  are a p p r o x im a t e l y vo h i l t o l  , t h o ’

r i :  c no v mm ~~t c o n v e r g e .

I mi’ use of a reduct ion— to-hh e sse nh erg algorithm foll owed by ~I 5  1 I c o t  i o n  of

t u e  QR I m I a c e d u r e  is i m! o rt  a u m t  s ince  it r epr e s e n t s  a s t an d a r d  t e chn  i t~ i i t - t o n  I N .

miOm l ,  S i b  of  ¶ i i , Si  el .i mn m u i ex m a t r i c e s .  \t  l i n c o l n  b ,aIa ~m i’ a t : ’m’v , t h e  prn . ’ n i m m s  n ,  hr

I’ m i t i  : 1 5  t O t l i j O l o t  I ( ° ~l Hi \ \  l t t l c l t O t g e  d c — c ! :  hod iii at ~u ~~i l i  ~‘d h e  t i l t ’ !iO lSC

J i b  \ l l n f u y t i m : m o t  e l y , t h i s  i s  the sHin e n: i n o c’ used Nv t h r  i B M  Sc I i i m t  m : i c

‘ o m i t  i i c  . k : i g c  iou t he  .I :zco l ’ i a l g o r i t h m .  ‘Ihe H i m ,  b i e r  o i ’ :o r g u r l e l i t  t i ’~ed i n

l i i i  m a  or : i i u i i o i i t  inc cal I to  E I N L \  ii: ffi’t’s (5 for  1be :~s c i t I ’ cr g , Q R , 1 i i i ’ ,l~i,: ,o °i

l:r ’mo .~~ei’ , m t t a k i n g  it  p o s s i b l e  to d e t e c t  s i i i c h  p rocedure  i s b e i n g  c a l  ~~l ii i r s

I C 1 - . 0 ’ t ~~~~~O a m  i:

I - i i o ; o I I y ,  i t  sh o u l d  be noted t h a t  a l t h o u g h  t h e  b b v s s e n b e r g QR i s  c, i I : ~ t i b e t

i h i ”  t , i s ’ ’ i  ( m a i m  t h e  I n cu b i  i ’ l ’ocet t u r c  no d hence  i s  u i  r o b e d  to  p r ay  ~ilo b ’ :o ~~r l ma

t, u m m : b m i l L o L  l i i i  t mc ineasur emim om it , i t  ob o e ’  i t a k e  f u l l  m d \ , : m l t ; o e s ’  of  t N t ’ s’ “ l Ot -

t r i  c’~ i doe u - u t  in  a I le rm i  t I a n  o m i t  r I x t imi d ¶ O n ’  j j  no t  I me f a s t e s t  b io s’i ii b~

1 1 oH ) r 1 t l m i m m .

_ _ _
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2 , ~ I N c G j t  o U 5  i b o u - t c ’ b m m ’ I dc ’ x’ A l  e a r l  t h u

( h i ’ J a c o b i  m l g o r i t i i i u o  op e r a t e s  t o t  t x’ansi ,o i’ mm i 1 c o r i e l : i t i o n  mal t r i x  Ii to

t o  i b i : o g o n m o i  in m t r i x  A .  lie Ci e c u i s ’ l l o u s e h o l d c ’ r p r o c e d u r e  1 i’:o m l S t i m ’ m l H  Ii to  to sy im :-

ilw’ I ric ¶ i ’ i d i , m g o o m l : l l m a t r i x , ‘I , wh o~ e C I t , O e l l t S  t ,  - ar c  n O n — : e I a  (or mi t  mos t

- i  — 1. I n  a sense the  1’ m oo t  r i  x i s  a errs sp ec i l  casi ’  of :i I l e s s e t m l ’o e r g

m m i : o t i i x ,  TI tus O b t i ’ I ’  t h e  i ’e d t i c t i o n  i ’ t m c  1 io o .i ,s i b ~ 1C s ay  t o ’ 0 1 o r e i ’ m i n e  t I m e  C l o ’ e11 -

t, ilii i’ s i s  t o  app ly  t b t e  QR a l g o r i t b u m . At l e a s t  t 5 i ’ o o t h e r  t e c b o m l i h l t e ~ ti re o v a  m l -  ‘i

a b l e  No r  f i n d i n g  i b i t ,  ei enva h u e s :  t h e  f t u r m  sequence app roach [1  C ]  mm d t h e

Qi l m I e r h c l 0 b  (a  p r i  o b e c e s s i o r  a t ’ t h e  Qil m o ctb i od) osh micu i s  the techni que a c t l l ’ o 1 I a

i s o ,’J ~or the w o r k  rep o r t e d  he re  ] i  .2 , 1 . lI lt , ’ t OO )  gr e a t e s t  v i r t u e ’  of ’ the

o . i v ~ i s — h o u s e h o l d e r  t c o h m i i ques are ( I )  i t s  speed — —  u s i n g  t he  sina I l o s t  m m o m : t l ” o ’ I

at  coum iputat ions to  g o t  t o  the point dio t-c t h e  e i g e n v a l u e ,/ ei ge n v e c t o i ’  rout  i m m i

,oc t u a  1 l~ c a l l  ed , m i nd  (2  ) i t s  ex c e l  l e n t  nuin mer  I c m i i  s t ab  i i i  t y  and a c c u r a c y

A d ct  t o i l e d  o’xp 1 m o n a t  i on  o o f  t h e  umi e th o d l v  ~ bi I eN t i m e  svmmet  n c  , tr i diagonal j

n i  \ i s  p roduced  w i  1 1  not  he g i v e n  h e r e , I n s t e a d  t h e  i’ o ’;ider i s  r e t ’ei’ i’ eo l to

2 , o , I l b i l ;  A , p. lioN I .

2.1 ( o o m l : l ’ : o r i o u n  1 l ’b i ’ t l t o J s

‘(‘ lie Nest c o ”m lp.o r i son o f  I he ,J :m col ’j t o  C j y e n s _ i l o l l s i l l o o l d c r  : o p p i ’ o . o c i o  i s

g m e o : l  i i i  l b . p.  351 ] . In every aspect ( -ioei’d , : i c c i i m . m ~~ ’~~, “ t o r : o e , s a I n t  i on  t i n

1 111 1 t i’d n u m b e r  o f  i t i  ‘ n i ’ o  Lii’ s , e ’ c . 1 the Civens - lhammso ’holdi’i’ app i ’i o : m c lt i s

“ : i m u ’ t ’  o u r ,

In  cotm opt i i’ i ng ¶ he C I v i i i  i - - I Iot i~ e h i t  b i er  ¶n c I t ’  t o  t hi’ l e s sen  0 0  i ,,, m) f m m u u m o c l i

N mid 1 1 : 1 1  1 he 1:0  ¶ l i i ’  t .0  M s  r ’  o~ee m o t o e  J t i t ,  i i i ’  : m u d  i i  yen . h o u ’o e l io I d e n  iii I I i  o i l

I n  v:i I no’ . ‘li i s  re , t  I Iv is m t  r ,uu’ h l r i s u n g  5 1 1 1 c c  i n  ¶ he c . m : l ’ i o i i t  t o t  ion a t ’ n nl::i i ’ m  c o b

i t ’ s  t b u t ’  f ’, ’ m s i r  ¶ me n u m b e r  of  comb ! ! ii l o l l  e t c  c ro’i h m i I i’ d  t he rca I o ’I I h o

t h u s  t N t ’  I I S l e  t , m l o ’ o t n i  l I m o ’ : is mno~ t o t l e n  t h e  f i m o t s !  :oi ’ c : i r : o i o ’ , h ’

0 ’  II lo o n  t b i i s I j u t e  c I  o a r :  i’\’ei ’v m o m i l t  i m l ~ opermit i o u  to t a l  add ab et-at i l o l l

u t  u’ o ’ 0 l m i c e s  t h e  pus s  il’ i I i t  v no i Si’ ¶ l i n t 1: i ’ i t  m c i ’  o v e i ’ t l  ow i i ’  r , ’ i m i i d -  o m  I .  I

l i i i  r i s e r  t h e  nu uio l t i ’ o’ o f  i ; i e i ’ o t  l i ’ i i S  tIn I i i  e m ’  t n m ~ 1 I n a n e  a c c u u r : i t  e t h e  r e s u l t
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I~o t I n  t e St  s e c t  ion wi ’ s h a l l  dea l with some nun ier  i cal o’valumt t O H s  f

s b i ’c ,i (N c ‘ t o t  r i c e s  and c0lll ~~ti i i  SOI l S  of occu r ci es and co m i o b : tt t i t  i on s  f o r  i t o  r t 0 0 0

th ins . tmid  p r o c e s s o r s .

3 , I )  I ~‘l I ~° I \ b  INN 1)1 COMI°1J ’I ’AT I ON 1’ IM P ANt ) ACCURACY

b o o  c o o m m j l o r e  v a r i o u s  al g o r i t h m s  and d i f f e r e n t machine  con f i gura tions for

coto :m m ,it  it I tin t ime and ac c u r a c y,  a se r ies  of e x p e r i m e n t s  mo u ’ i’ pe r fo rm ed .

3 . 1  (‘o u u i p l e x  vs . Rea l  A r i t h m e t i c

t.ilki n son has pointed out [T ]  t ha t  it is not uncommon for softi’,’t rc

p i c h . l g c s  t h a t  imp lem ent complex ari t hm et ic to take si gui (‘ican tly l o n g e r  I h a m ’

mi ght he e x p e c t e d .  If we assume that a multi ply takes approximately f i o e

times t h e  length of t iun i’ required for an add , then a complex mul t i p l y  s h o u l d

l a k e  ( o l I n  to fivi’ times the length of an ordinary (real) multi p l y . It I S

n , ,o l, l n m ~ s ! m : i ’l , thc om i gh , to f i n d  sof tware packa ges tha t do cons ide rab ly  worse

‘ h:uut this. l’o g uard against this possibil ity on the IB M 370/168 a s i m p l e
• est  lOis run to cofll l)are the speed of analysis for a 3 ~ 3 Hermi tiarm m o l t  r i x

i t \ + iii t o o t !  I n s t  t h e  ~ 6 real matrix formed by :

[: - ,~:]
Os ’ t t i  I’tO

5 1 - ( 0  2 ~

A = 1 t o -3  B = - 2  1) - t ~

— 2  - 3  8 10 1 l b

E l s i n o ,’ t I me  b u s I e s t  j ’u~ s i l o 1 e  a l g o r i t l m u m o (i.e., t h e  t ; i v o’ns—l h ’ i t~ t’liold ei- ) I b i t ’  0 n ,

, i r o  l a s t s  t o t  27 oi clock tiiui e s y i ’ i ’ S l t S  t h e  r emi l ana l \s i s m 1 o i c h  HorN l l ~~5 c l o d

o mt , ’:; ( c R ’ l i  c l o c k o m i t  ei ’oal e q u a l s  1.3 m ic u’ o se eio r iols ). ‘ lh i ~’ complex un ;ot ‘ o x  i. 1

S r i m ,  I I i ’ ’ i i ’  ( t i  r i  l i e  u : t i ’ol ; t lie auua [ n ’~ i i s u t ’ \ ‘- N o ’ o t t ~~~’ I cx  im i a r i ces  i I e l i  u I

c o i l  t I a i t i  t or  I h an  t h e  to i m mo I i s  i s o f  ‘\ ‘~ 2\ I o h  mat r i c o s

S
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5 ,  2 llessenhio’ z’go t I N  i’s - Ci t erm s — H o u s e h o l d e r  o ,’tg)tjt tO t i tili I j u l e s

The t w o  p r o c e d u r e s  S e m i ’ run  on i d e n t  ic - mo!  m a t r i c e s  o~’ i t h  t h e  m c i :e o i l

t h e  m a t r i x  N he i r ig varied over t he i ’ : o l l g i ’ 2 < N 20 . ‘the numb er  of c I  o c t  t I m e

[‘nor m t h e  stt irt to the t’inis lo 01’ cat -h m a t  u’i  x a n a l v s i  s oc: o s r ecord ed . A p i o l i i o o u ’  i , o l

m’ eo~ ress ion progr am was  used t o o  N t the coniput at ion t ime  m i s  a n ine  I j o n  at ’ ion I i i  x

s : : c , ‘ l b  N I . ,\ cub i t ’ p 01  ~‘nou m i 1:1 1 S to ~ t ’c o oin d  t o  p i’oi ide t h e  b e s t  t I ¶ lii i mc a

he i’x p cc t  ed Si  i t c o ’ an a l  ys 1 5 of t he  caniput  en p u’ogr ams predi ct mc to comm ol it it to ¶ ion ¶ 0 im t e

l i r opo r t  ion t o  I t o  N ‘~~ . lo t ’ the dmi t ti c o i l  o~ t e d  t h o e  c o unp a  u’a ¶ I cc g rt op h mc 005 in g l o t

cub  I c f i t mire g I i ’c i m i n  I~I g , I . 1 lie . qu ; t i o n s  f’oi’ the two cm iu ~m t’s to i c

I iouseho ldei- -- R(N I 2 . 0 .b \ ’~ 23 , 5 4 \  + 2 3 3 .  2 t o \  3 5 ,  1)3

E i essenh erg  - - ‘ I ’ ( Y  I = 2 0 .  ISN - - 35~ .43N + I N N S  l oAN + 2 3 1 4 2 , 5 1

wh o’ u - i’ computed  i t o  lot ’s a f ‘I’ (N ’) nrc in c l ick jut ervm i 1 s at ’ 1 3 nIl c u ’os e c o mi d s  , (% ‘h I Ic’

thi i s i s  lot  m e an t  to) J ir OV ide e xa c t  b h l ’ eob l e t  ion  a t ’ comput t o t oh t i time f o r  u r N  i t i ’a m’y

l l e r n m i t ’i mo n mat  i’ i c e s , i t  does shots ’ to n m l j i p m ’ o x  i n m a t e  1 1 :  1 improvement in speed t’o o i ’

1 a rge N . It u r t h e r  t lit ’ I louseho  1 der  p i oc e thn ’i’ c l t ’ : i  r lv do r m i n a t  us f o o t ’  N 3 ,  1 I t t

c o e l t  I c  i e n t  of ’ f’i t of t h e  t w o  c u b i c  pa I \ ‘nouml in  I s  t o  t he dat a 1* a g i vemi ‘tv  i he

cai’i’t’l at 101) t’o t ’ f t i  c i  cu t  s q o i m i r e d  i s h j  cli i n  each case  os ’ t i c

b o i i i s t ’h o  i der - - = 0tH

i l e ss e nl ’cu ’ g - - ‘ = . N I P>

l l m m i ~
’ t h e  o’ : o l ues of ’ conipoitat i o n  t Hole t o O l ’  2 N 12 os’e u ’ i’ u ’cet l i n  ¶ l I t ’  o c t  m o t i l

no ’ e m’ e s s lo ut i u m : o l o ’ s i s , ‘(‘ l ie t i c t t i t i l i t o  l i m e s  b o o r  N —
‘ 1 I m n t i v  he : o ’ e , I  t o  c l i t ’ , ’ l, t h e

b o n t o b i c t  i o n t o c c o m u ’t i c a  of t h e  c u b i c  J io I~. m i o o o ’ t i a l  s. i i i ’ c u b i c  eq u :o t  i o n  t o ’ l  t h o r

Il ooi i ’ -,e bo o t l i t e r  l o : i ’ .,’ o b a im 2 N ’ 12 SCi ’m iO Ito u u 0 b e  r l ’ m ’ o N i  c ¶ ¶ h i ’ e t o u b m l t m i t  0 out 1 i m ,:e I ’

m t  110 0 ’  H 5o ) ’ l o o m ’  I I N ~ 21 ) . l I m e  h i e s s e i : b o i ’ i ’ g  (‘o h m l , i t  b O i l  o\i ’I ’J ’ti ’o ’t h i c t  mc l i i i ’  I

J o  i s  mo och a-~ 1 IW’~ . in :u~v c ; o s e  t I me hbom i s ebi ° I d  cr i ’ u ’ ‘ o e o ’ ,l ui’ t ’ ~~l I I I e l  m r  I a

I ’ m t o l  i’s the I k’s so ’n l o e  m g

_
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MATRIX SIZE

I i g .  1.  Compar ison  of t ime to compute eigenvector s and ei genvalues  of complex
hl e nim m i t i t no uum a tric es using two techni ques -- Hessenberg/Q R and Householder. ‘r ho’
l i t t e r  t e c h n i que offers approximately an 1 1 :1 improvement in speed for l a r g e
i n t o t r i x  si :e s .
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N = 1-I  N = lb  N = 1,~ N = 21 )

9012 1421 1)  l l t o 4 l  - 25 1- 16 t o c t : l t o  I

i l om a s e h o l d e r

35 12 , 8480 11976 
, 

1 h ’126 - I I ‘i ’d i t ’

_ _ _ _ _

2 1977 58874 52804 I (~h753 m ict io t o I

l l cs se n be r g ‘
‘

3 ( ~~ 3~1~~~ 

~~~~~ 
87 5i 0~~~~~~~~~~~l 2 H ~~b predicted

3 .3  C oun pu ta t  iona l  A ccuracy  of the i’wo Procedures

A c c o r d i n g  to l~i l k in s on  1 each procedure is nuinc i’ ica I lY quit o’ si oh  I t ’ .

‘to co m pare a c c u r a c i e s  t he  fol  l o w i n g  m a t r i x  wa s m tnmi l >’:col

5 + Ui I 2 i  — 2  ‘ Si

II = 1 — - 2 1  6 + N i  — 3  ‘ h i

-2  + Si - 3 4  h i  5 ~ N i

‘I ’ he t h ree c i g e n v a lu c s  w e r e  i d e h i t  i c a l  t h r o u g h  t o t  I o ” : o s t  t h e  f’i i’ ’ ¶ I I  dcc m i t o t i l

p l a c e s , and t h i s  i’x co ’eded t h e  pu1 i i  i s l o e d  t o c c r u z ’ a c v  of t h e s e  e i g e i u x : I  I nca  i n

l~ i l k  i n s on  ( 7 J  . S i u i o  I I to t ’ , hi I gh to e c u r a e v  m’e so ! t mc wer e  o l ot  ti I rico h in at li eu’ m~:ot n o

3. 1 \m l t o l y s i  s at ’ I ’ om m l b o m i t t i t  i a n m , l A c c i o m ’ a c o ’

W i l k  i u o s on l i m o s  done c x l  o i l S C i ’ r e ’ ;ear el i  o to t  o N i  m id m mug  ‘ I u se d  I ‘ e m  ‘ &

so u ls lou ’ l iii’ : o e c u i r m i c v  of  o ’igeni ’:oluies c o m u m J uo it cot l o t  V t i i ’ i O t I S  1 ’ t u ’ u~ t ’ ,b mti ’ t ’5. Il l ¶

‘oi ’ct  i on  w e  s l im i l I dt ’ t o l  Ot I t h i  t N t ’  m o c c t n ’ ; o c v  at  I lie , ) a c o i b u m  pr oc~ ’~l i o i ’ o ’ m u d  I i i  , i t ,  t O i l  a

o f  t h e  I l o u s e h o l d e r  prot ’ed t i r ’ e .  Ice kut o os fro ui o m u i r ’  ( o m ’t ’v i & o m i S  m l i ‘ c c o m ’ ; ’ c i o u i  I Jo t o~ m

r c : ’ o i l t s  tar t h e  I l e m c s ’ ’ u i b c r g  w i l l  t ’, o h  I ‘ ; o u m m o o ’ o ~ b i e r e  H t m s o ’ e l i  t l i t ’ s & ’  t i s ’ .

I t

4

j



3 . 4 . 1  The , l m m c o t h i  Pr oced o r 0 ’

3, 1 . 1 . 1  ‘ l o o t  i r i g — I ° o i r i t  I t o b o u l a t  ion s

I t  h i t s  been ‘ ; ht om ” u o t h a t  the RMS e r r o l  r i n  r h c  est  i ‘ , i , o m c o t  I t o

e m g ~ ’ u o c a I u e s  is g iven  N [1 , p .  179]

1/ 2

~;i. — A .  (
2

= 
1= 1 l i ) M . 2 t N~ . ( j ~~ t I . 2~~~ 

l u l  ‘, 2 1

oc } u c c c :

N = matrix size

t = b i t s  of imoan t i s sa

= exact  ci genvalues

= computed ei g en v a lu es

, o m d  4 °  so~t ’t’ 1 os o f ’ t h e  J a c o b i  procedure  t o r i ’ a ssumed . For ia ’ , o c o n mo b mle Si ‘m ,’

I N )  i 5 c  t o o t  o ’ :

( 1  + o ) ) t )

50) ¶ ° I

l m i S  .

Rut tbmi mc i s  t l i e  i m m o S t  b i e Ssumni st it ’ es t  t o t e  of t h e  e n u ’ o c i ’  m o t h  i f  icc t \ 1 o t ’ d t  a

i’~, , o ’ , 0 o t ~ ’ o h l e  b i ’ ~ t u ’ i l ’ o o t  i o u  of r o t i n t l i r i g  c r o o n s  t h r u m  to m n o o r o  l o  ~I i s t i e  J u , o o o i ’ ,i

I ~~‘ , S I 

- - - - - -~~~~~~~--~~ -‘- --—-~~



,S , 1 . ! . 2 I i sed - I t o i it o ’ m m l en  l o t  t i o n

l ’ a i ’ f i x e d — p o i n t  conmpmi t at i on  0) t h e  ci genva I ue a mc u n  It o r

a n a l y s i s  leads t o :

~~~l 
\~~~~2 I

w h e r e

K 1 i s  a c o n s t a n t  such t h at  1 < K c 10

t = num ber of h i t s

N = muom o trix size

3.4 . 2 ‘the l iouseho ld er  Proc edur i ’

The error gencr o oted i n t h i s  met hod m o to y  he br oken into tis ’ oo J O 1 i ’
~~~~i ’S

ccu r re sp o m i d i i i g  to  each of t he  two m a j o r  st e p s  i n  the  a n a l y s i s .  The I’ m r s t  is  t i e

o,’ m’ m ’oi’ a s s o c i a t e d  with the computat l o u t  at ’ t h e  t r i d i  m ogon t i  1 moot  u - i  x t r am t h e  or i

1 1 101 1 m m i t r i  x .  ‘l ’he second i s  the  em - c oo’  i sso c  i t i t m - &l w i t h  the cm g e n t m m o a  I i ’ s i s  a t  t h~

t r i d i a g o n a l  m n a t i ’ i t, .

3 . 1 . 2 ,  1 I’ m’r o m’ (‘or ’ ‘I ’ m’ I d  0 a g o n a l  Ro ’ o b i t t ’t i o n

3. .!. 2 .  1 . I I” I o t ,o t i ng  - ( ° o l o t  Cmi l e n  t a t  i on

I ” lm o t o t in g— p o i t i t  c oo l c m i  l o t  i l l S  nmm i v l o t  o l o u t  c i t l ieu’  w o o  It

or a i t l i o t i t  a c c u m m i l ; m t  ton  a t ’ p t o i ’ t i ; o l m c i i m m m ’ c  in iloto hle ‘ri c i s i o n . ‘t h oU i s .  i t  t o o ,

m o r e  co o i mp u i t  o n g  to dot ’ p i ’ a d o i c t  at t w o  i t  ~I o c c l  t o t ’ s l x  • V I , t h en  thu t’o itt b O i i i  t o l  0 0 001

I) I

n ba i ’ t o b o O i t ’  by ro oi mo b I uig-o t’f aft 01 ’  c O O t  Ii f b i  I t  I p 1 m o u m o l  add a g o ’ r . m  t j m l l  J a  0 1 I i ,  I

, o & ~ t’ m i i r t m m  l o o t  on ) or  l o t ’ os’ t i  i t  i n o ’ t i n t  i I I hi’ N m m m i  I t  I l ° b  I t ’ s m i n d  t o th l  mc ml 0 ~~Oth1 J O I t I  i’ I

t O o t h  I hen u’ oo ond I r i o ,~- m o l t ’ ( o ~ I th a c c n u u m t i l  to ¶ I ‘ m m )  . I N , o c e , m m m u i  l o o t  m ton I s I v ’ e 0b ~ ‘ oe 0 1 0 1  C

13



5—. ’- — —

~1

~b~o t t l o  I i ’  prec is io n nu m b er  that must b e  ~to i i )  i s  t b m i ’  g n r t  i i i  ‘~iji o, ( a t ’ pt ’om o f o o c t  mc

l iii ’ oi l  I’ t ’i’u ’encc i i i  t h e  RMS e r r o r  he twec ’r i  ¶ m i St ’ t w o  I ’  , l i u o i q t o e s  15 ,~ t a o’i ’~~t

t ’, z c t o r  ot ’ N. ‘t he ex I o m ’ e ’ssions tore g i ven J o y :

I ’ l ou t  i i  o —  I ° t  . is I t Ii \ c  i-mon o l oot  i o fl

C INN ° “ ~
— -

I I o mi t i r ig— I t  . is i t  h oot - ‘it  e tomn u l o o t  i on

Fl i t ’  cou st o t m i t  mc 10 and 32 are tipper bounds and o c t  umo 11 v depend on J e t  o i l  1 5 a t ’

how the  t i  omi t  i n g — p o  I mi t math  i mc done. l’or exanJo Ic , small nummoh t ’rs sliou Id h e
added together fo rmc t

3 .4 . 2 .  1 . 2  1: 1 xed- P o i n t  ( ‘ i l cii I to t  ion

E n (‘I i t  d -po i u t  c o l o j o l o t  a t !  o h s  , o c c m i l l o u  l o o t 0 00 m m Is i t  Ii ml ,  o~~lo I t ’

J O !  ‘i’ i S i O f l  of p t o r t  i n !  st i nt s moo t ’  I I k e w  1s t ’  ho’ used .  l ln t ’o ’ r t m m n o o t e l v  no) s m m n p h i

\ p t ’ ’: ’ , s i l )  i s  t i i  , i  I 1- a b l e  f o o l ’  t h e  P,\I ,0 er r om ’ , I n s t e a d , Iootc t ’t ’ t”r , a s i n ij o l e

mc i o o m l  i s , 0 0 ’ , m  I h ab It’ t a r  t h e  n o o o x i m o m m  e r r o r . ‘I ’h ie i’ectil ts tore

I i ,xt ’ o,l — Pt , a I th ‘\ ccio mm oo i 1 m i t  i o n

= 0 t h  t . - ) l . ‘ ~nmmo ,\ , i i — I

L

I i  \ t ’m b - l ’t  . w ithout \ C & ’ t h i t ’ , m  I , m t  i m o n

3 / ’  — t
~~~~\ ‘2

l ’ l . O \  0

1 2

—‘ ~~~~~~~~~~~~~~ 
1 , ,  

— — - —  ~~~~~~~~- ‘-- ‘- - ‘~~~~~~~~ --  - ‘  ‘~~~~~~~~~~ — - ----- - -‘
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K to i d  K , m m u ’ . co ns t o t m i t  s t l i m i t  once t i ’ o m  in  dt ’p em i d  oto  t let a i 1” ot~ b o o m s  t ho ’  m o o t  be  -

h o o t  I coo is done amid t i e  , i m c m c U m i o 1 i t  i O U  m i I ’ ~m ii t  m o u m o d - m o  If e r r m ,ix’  (i . e. , i~a r ’c t -ca s t ’

average , etc.). In eith er emot e 1 K ) ,  K., I I ) . Ice w ill , i i i  fo o c t , lIS t’

K , = K~ = 2~ t o m c  01 c o n m c i ’r o ’ o o t  j o e  upper h o u n d .

3.4.2.2 it i g env oi lue Iirro r for i’r i d i a g o n a l

As m e m o t i o u ’oed e m o r l  ice , to n u m ber of t e c h n i ques  e x i s t  f a r

d e t e r i m i o n i n g  t h e  o’i genval ues of a tr idiagona l matrix. It or each 01’ these

mu i et hoods , b o owo ’i ’ei ’ , the error is 1 ess t l oo m the i i’ m o m  r m is  soc I atc’ d w i t  Ii dot o’ I ’ll i t  i ll ’

t he t r i d  i agonal  ma t r ix . In t lie S torm se o lu em i ce  app roach  , for exa un j o l c * t h e

error m o l t e r  p i t e r m o t  ions  i s  g iven  h e :

—r -1°
‘ ( l , o . O h I 2  2

P4 1

T h i s  i s  less  t h a n  the error for the trid iagonm o l m o o t r o  x hy a factor of N . ‘l’h us

at ’ nimoy comic lude that t lie error os soc i toted w i t h  t h e  h ouseho lde r  method i s t boo m ot -

i n a te d  by the e r ro r  I nvo l ve ol in the m ’educt i omi t a a t r i d  iagona I m a t  1, 1 5

3 , I . 3 Sum m a r y  m ind ( ‘ompa r I mc on

I— or t lie ,J ,ocoh i oi ’oc edu r o. iii ’ 1 .0 t C
h e l m  b ’ o ’ t O o ’ i ’S

Fl oa t i n g  r t .  
ItM~ 

l I • 2  
t 3 , 4 1 , p .  .‘5 I ’~

Jt 1 s o d  Pt . s o ’ K 2 N ‘ — ( I  P .  25 1N . H  I

P0 r t lie I l ou s  eha 1 d i r

Fl  000 t i log P t .  a i tIm < tN• 2 tN (I * p. 29
a c c u m u l a t i o n

w i t h o u t  < 37~ 
2~ t \~ I , J o . 2 l s

0 0  ct’umu loot io n
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It ixeo l I’t , ho I t h  C ~ { 1 p .  2 1 0 5 )
m a x  2mo cc o lno oo  1 , it  i aum

i - I )

w i t h o u t  e < K,, [ N ”~ 
- 

1 1 , 10 . 2 1 4 I 1 ~max ,
a c c u m ul t ot  ion

Hi com m o~ dri lI~ Ja cob i  to Householder  we see t h e y  are v i r t u a l l y the same in t e r m s

of  the I o , o h o i h j s  . ‘l’liumc we’ td 11 focus our tmtteltt It ’ll soIo ’ I~ ’ oui t he  i s s m i t -  0 o t  t h e

e n r o l ’  i n  t h e  h ouseholder  approach .

bVh i ic t he  m i p p l i  cat  Ion  r e fe r red  to in Sect ion 1 l i i ’e ,b t ;  t h e  s o l u t i o n  t i m  t h e

ei genvec to r  p rob lem to de te rmine  the  a p p r o p r iat e  wei g ht vec to r s , at’ w i l l  U St ’

t bte ci g e u i v o o l o o e  p r o b l e m  to  go in  i n s i g ht i n t o  what  t v~ ’e of oi ’ocessor  power i s

r c 0 h m  roO d to ach ieve  on a r b i t r a r y  a c c t i r o t c v  -

I f  we assume that we would like to be a b l e  to  sp i ’c i f v  the e o g o ’ i i v t o l u e  to )

12 b i t s , i . e . ,  one par t  in 4 1)96 , then , how many bi ts t m u s t  the proce ’csoi -

h a t e  i f  the  m a t r i x  s i z e  is N? A l l  of our error hounds no - c  of t he  f o r m :

-t  ‘~C ,‘~~~ \

I t ’ toe l ’ ’,’ m I O m  1 cc t hoot

v -1 3,\2 N c 2

m cii at’ ct s t o o l  l i l v  s , m t i m c l v  t N t ,’ com idi t ions m it ’ our p I’oJl I o n .  So! v i tog fa’ t ~‘ i o ’ I Li S

I > 13 + ‘
~ lo ’ o 0 N + log  ~~‘i

I O I o l t r  l I t :  I I m S t o o ’  ri ’s s 00 1 1 as  ,o f o m n c t  m o n  a I N a o t Ii liii’ you i ’mo s mc t r tm t o g  I cs m S

, o r , , b ’ to  t e r m ,  lOt l o v e  I o g .  2 .  I i ’  sot’ t i o a t  i n  ¶ b i t ’ mso t ’ o t t  c , m s e  I l l  xe~l l o t  . , a l l  I t  ~o t

o i c c u n u u o l  ‘ i m o m o l O~ i’ n o ’t ’ mb 1, ’ ’. ’’ t l ioou i  ‘o h m  l ’ o t  mc t o o  m c l i  eve t h e  ‘~ ‘ m l l l i  red toc ’ C l m r o i o ’\ is ll& ’il

N 200 . l ’ o ’r ‘ l i, l” ~’ ’; ’, t’ , o t ; i ’ I t ’ l , ’ , m t  i o o g  Pt . , o~ I t  Ii , m m ’c oi u fl u l o o t  b o l l  1 we moee d  l mmo t’ e I

I ’ m  t ,s oohc ’uo N — 241 , ‘ t h i s  0 0 0 , 1 0 1 0 m b  1 , 0 0  I i i  ,Stlgt’o ’ S t S  that t ’ , o m o p t  m ou io i u ui m ’ r m o c t : ’ c m c a r  I I t o

o u t  J on t c o m m —c m o E ’ i’ oo’I t ton u tl ,~ , ‘ o ’t’ mb o o ’ t c ’ S  o l o u b l t ’  ~
)
~ Cc I s i t o I m  I 1 t’g&’l ’ I 0 5. , t i ~ ml H -

, m o ’ I t b o ’ t ’ c t o e .  m o ° em’ uom s  a m  c r c m ’ m ’  m i m m o o l o s o m c  t h t i m c  i s  m o o t i s  o ’ t f t ’ o t i t’ t ’ a s t r t 1 c m : ~

h o
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MA T R I X  SI ZE

I t  1 g .  2 . Compa r i  son o o f  t h e  number mU hits tht’ai’o’t i cm iii ~’ I’cqto i ro ot t o o  m o t h  i t
1 2 — h i t  a cc m m o ’tocy in the eig o’ i m t’ t mlo ie c m o l t i o m o t  t o t  10011 t I S  t o  t ’o o u m e t  i on  of moo t r i  ,~ s i  : .
, o no l  the comm m p utm tt l o o m u o l  uoo athi eu imoo t i’s to- c o d .

I



I s o  meg I [ omi t  0101 ~ O t r it  to t N toe  c u n o o o l o o t  1 , 0 1 0  s i nc e  it rea l 1’. 0 S n ’  ‘I  ~‘ m~~~~ I N  i i ’  I ‘ h o  t b

2 t ’ N i t  ‘u - om cc sso r  t o n d  f l o o t o t i n g  o o ij n t compu t m i r i o n m s  t a k e  s i g m t i f i o ’t o r o t  t in t ’  0 0 0 : 0  In

h , o i’ d ’ m m i c .

RI - A l — i  1’ll FIL!’,NANALYSIS

I t  i s  of I to t e ro ,’st to olet ermine w h a t  i s  t h e  1 m m  r g o ’ s t  1 1 , 0 0 u i  x t limit cou I ml ‘c

c i b m i m _ i i ~o 0m m l l o  aomnlo ’ :ed in ~ g i ’0 e u i  amou mot of t i m e .  b o i r  i’ ,o~a t m ji l e , i t  l O ll) mm ml I l i —

seconds more ov a  i I m o h i e , a ’ho ot is t h e  l a r g e s t  N such t h a t  t h e  c on o p l e t e  ci g e e ’

, o m m m o  I t s  i s  cou ld  be po ’r’ t ’< irm ed ? In  t h a t  t o n e  the wei ght ci geno’ector) eotl l d I t ’

o i ~i~b : o t  e~I 11) t i n t ’s per secon d.  To ans io c o’ t h i s  we f i r s t  l ’ o , o l ’ , ‘ i t  t N t  I ’ m s u i t .  f r m , m o t

Sect i o n  3 . 2 f o r  t h e  II ou , i s e l o o ld er  a n a l y s i s . Rep l ot t e i  mis i n  Fi g , 3 at ’  r o o t -  I l i t o l

i i i  101 ’ mis t h e  l o o t - g i s t  v a lue  is  5= 1 5 .  ‘h ’hi s a lu e  is o h ’ , i’ly dep end cm ot OI l I Im e

iti i ’d aare ~‘onfi gurmot ion of the processor and the effi ci ionc\ of the l t o ngi l t lm/ c

t m •t m i o s 1 t i t o l ’

4 . 1  T h e  I BM 3 0/ 1o8 as a Se r i a l  Proces so r

The c 0 1 0 m b o b i t  t o t  i o n s  described abate were made on t h e  I , I n c a  l i t  I , o b o o o ~’ , m t  ‘ ‘ n o ’

l N M  S’-o ) / l ( , S . ‘I b i s  i i i o i c h i o o e ’  has  m i basic niachimie cod e t i r e  of 5)) n t o m h l ’ ’ -e s o o o m l s

t o t :  - , ‘ t m t  a t ’ i t s  i t ’  g e n e r a l  i’cg i m c t e r a .  , \ C c t ’sS t o  h igh-speed I 01 l” ’ o’ s o o r t m , ’ l

t a kes  r o o m  160 m i s  ( i t ’ o v e r l a p  is used) to 2 10  n s .  ,‘\oId t i m e  i s  1 I m I t O S b t  l I t ’  t ’ v c l t ’ .

‘he o l t o t m o  m o t h  for  o i l  t h e s e  u p s  rm itions is S b~o ’ t  es ft 1 J o lts) mcl o ,hi’ . lI oc fi ‘ci —

pc Int m a lt i pl o’ t akes ~S() ns ; the float i r og— p oim i t m iii t i o l e , I 570 m i s ,  S i n c e I t e r m ’

is no) s p o ’ c i t i l p lmr lm o se I im o u ’ ol os’ omi ’t’ for vector m o r  n b o o t  r i x  i o 1 1 o ’~’,ot l a m b s  ~I l i i i  mc , i s i

Ct lll m t ’  do o pa r ’al 1 ci ~ 
. Y I , we c a n s  b Ier t’o ’o r t h e  p u r p o s e  of 0 i t o  S l’ t ’ p ~ 0 U t h o t

t h e c ‘ ‘g it em’ o s st n e t I y ser i mo I prot’c’: ‘~ i t o g .  Na pa i’mi I I ‘ ‘ i i  s I r  I S Ot t O i lo ot ’ ! i’ ‘ 0

,Im ’t smm c t o m o tootion ti ul o c . In th t it c,ose the t i m e s  s i t o o l  l I t  i m’ o ’ p i ’  o ’ .cm i t m ’ t ’  t , oF - c om , t

t ho t ’  h o s t  one can ~l~i w i  t h i  c t u m ’ m’ m ’ b t sal  1 0 l ’ - s t t i t i ’  J o m o i ’ d i o , m m ’ o 0 m o c I o i d u m ~o sp ec  m m i i  ‘ o o m ’ : ’ o ’ so

prace .mc o r t , (ho’ mire n o t  i n c l u d i n g  o l e s i g l l  i u i v o l v m u m o ’ t b ’  I ’ t’o m ’ I m t  h y  m m m m o ’ m i ’ t , ’ ’, ’ o l  ‘. ‘ m 1’-

0 0 0 0 0 0 S t ’ i’ O l l i ’ , i 1 1 1  I o g o c  . I l o o m s  t h o ’  S’- 0 0 / i o m c  O d o r  (‘ t o e l i t S  t o m e m o  I i  m c I  m c  l o w e r  b 0 0 0 0 b l h d  f a r

H oc t t l : o s s  o f  m i l l  010 110 I ’ m ]  I o m m r ] 0 0 0sc  o m m i o l  s I O e m ’ O t o I pm mr Jo a se s o u t  I l lm’o c ’ S m c o O m ’ ’ .

I t  0 1 1 0 g b) t l o t ’  00 50 ’ t o o  I , boost’ 0 0 1 ’ , ¶ 0 o ’ x ~~’ I o o  i’ m’ on o ’ o oV ¶ Os , ’ a I ’ ‘ I t t ’  0 
— h o t  ou , m o ’ b m  1

l O b t Ii ~~~( ‘ C  i m o l  I~ o’ a l i ’c t r o o c  t e m!  i i  ! l l i - 0 c ] o t ’ o ’ mI fl oti t 1 n i t  p01  I l t  1 m m  i w o  r is I t Ii , ] o t o m b ’  I t ’
J O n e c  I - c i  mo m ) t ’m l i ’  oiceui umm mo I , m t m oo n .

l s
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o i t o , . 5. ‘ I ’ i mmme 1’’  c o m pu t e  e l g c m l \ ’ i’~’ l o o 1 ’ t ‘int l i ’ i g i l  t i m e s  t o o t ’  .m m ’00000 I 0t 0 5 ’

m oo ; o tm ’ i x 0 ‘~ to foim i ct ion of m atrix mci t, c i l t o i l i g  t I e .  I l o ’ m i : ~c’hol dci ’  0 g m o o ’ m Iu mm .



2 I ng i o. m go’ I m’ ; m o m  s l o o m i miii

I o  t a k e  t m d v m m ’ m o  , O m ’e out ’ t I , m  57 11/ [ l o S  h o i r o l w t o o ’ m ’ Sp e e m !  t t i i ’  ] ‘ l ’ o J g o t 0 m 0 o ~ i ’ \ c c m o t ’ ,’ , I

oo mm 0 110 0 51 p o , i ko ’  et ’t ’ici euit ( m m c c  o o t ’ t h e  ge m i e x ’mo i pu rpose o , ,’ o’ , i ’mlm ’r s , j m o j e , o o - e g m m c o ’  I S ,

h o g l o — m c m ’  ‘‘4 b u t t e  s t o r t o g o ’ , oo’ t ’i’i a p p in g ,  a t m 0 ! h ard is ,o i ’ o m i n t i p l i c r s.  \ ! 1  or ’ I t , ’

o o ’l ’ g m ’ o ’ m o  m o i re o,i’ jtto,’ui in I t ) I l ’I It ,\S I t ’ and c o mp i l e d  omi I I  I t \ l ] N I o ! I) I t t ” °  1)5 I 11, 1 to

I t I m  i s  co o ’ op i 1cr h mi mc opt i m i  : t o t  ion  ft - t  ‘ m m m ’s to i n i p I ’~o d e  rt un- t I flbe b r

I mc o i ’ o o g r , o , m s t h t ’ n m s t ’ l t m ’ tc a c m e  c a r e f u l lv cooled to  m i o . m x i o m o i ‘ a o o r t o r t t m m t c

S S o i m m m u u m t o  r o ’ t’om IB M Ari a lvs  is

50 11cc we  b u , o v e  he o -e the couplin g between aui et ’fi cient , o o ~ ’t i m i : e d  I ’  Ta -

go - mom m m , !  camp i 1 m m ’  and ti n e x t r e m e l  v hi  g b — s p e e d  pro: ’ to s o !  b C  o mto \ ’  t remi t t he

o’e ’o m i l t ’ s  i n  Sect  i omt  4.0 m s a r t ’ t o l i s t i c  upperbound t ’ ’  ‘St  m a t r i x  s i :o ’  \ O h i O

‘ ‘ n  no’ p ro co ’sscd  in a g m  t i n  t i m e  ‘F . To go to the  m ’ ’, b e. ’ r end of I Ib m’ .‘~~ d5 I r t i m m t

to o’ r u m ,  t h e  s t o m m m o ’ p r ogn ’a r uo s on a PI )P 11/45 to es t i  mat tho ’  ‘ s i  ob ,ist ’’ th at ant’

100 1014 h a v e  to s i ’t t ’I e  for i n t e rms  of modern m i n i c o m p u t e r  pi ’ r t t o  r m u t t o m m c e .

4 . 1 1 1) 1’ 11 , 15 50 stemio

l I m e  NEC [‘li t’ 11/4 5 sy s t e m  used i s  i n  l i n c o l n  I I l b m o m ’t ot om ’ o ’’ s 1O0 ’ m ) mi ~° 2 1 ,

I t  c t o o i s i s t m ,  of t o 1K i-,’o i’d to 01’ 4O 10 its c u b I c ’ to ’ t t , , ’ i ’’~ m m m d lI t l,.i’ i ’ m’ of /0 ;“ m ’ i ] ’ I o c ’ m ’ : m l s

i t ( lO t ’ S  , a ’  ¶ inc  hide a h a r d w m ir e  f t  oat  i n g — p o i l i t  proc d ’ss ’ r moor  01 1 0] I m o n i ttt,’j

I ’ l k l f t ,’0 Ca !l l ] l l  i c r .  I]c it ~m or v in t e i ’ t i ’ t ov ing  p e r m i t s  an e O t , ’ - ’t l o ot ’ c y c l o  I m im i c m o o

tw in  l u g  t h e  s o r i u i m m l a t r i c c s  t o m m 0 l  t he  stin m e p r m ’ o’ m— m o m l m s omi t boo ’  1 1/ 15 is

w o r d  r u i ~ ad m m  3 b 1 ,/ 1 1 5  S b t o ’ ! o m ’ m t  a ot eci’eoi so ’ l i t  SI’i°eo l b o y m t ° o l i t  m i l i s t ’  r o °O ,o u l ,

‘i ’hoos  o o n t y  , o - . 2 t t t t u t  ‘ix  \ :  2j  , cou ld  he m~m , m l v : e d  mo ~, ‘ a m ’ s , i f  i so ’ c m ”to o , o r e

t h e  1 m m  ‘‘ m’s o noati ’ o mo I ‘ 2 ( m )  011101 m u s k  f or  t h e  t I  tol r um or  o m o o t  t o  u io e aim o ’ t O O I i  ‘ ‘ I  1

1~’ ’ 50 - c i  cmos  t he l’ o’ S O i  I t  s w ’o om it1 boo ’ :

I I’m ” ) 5 0 ’ ] l’s (\ ° m ’ t I ’ - 2 5 s

0 0  o ’ 1° ]  o ( ’  I I  / 1.~ ( N :  .511 I to 4U~

‘ 0  m,’ o o O O O ’ t o t ’ , t’t l f l o p t o t t m l  t o l l  m l i i  t h e  I I / 1~’ c a l i l d  I ’ m ’  m c u h t~t o m i t  i l  l v  , ‘ 4 0 1 ’ ’ em ]  t v  0 0 ’

f’oo I l o i s  0 moo, ~



1. l b s c  01’ Se !mb i , i m iol: o c t oin m m o ’ m m m m l i ’ 0 ’ , mo o d

2 .  I t m l o m o t  i n g — p o i n t  h a i ’ dwan ’ e :o no d opt  m u  ccol 1 (0 1< ’] k ’\ .\ , or

S. I ( o u b l e — p r c c i s i o n  I ntegt’r hardware amid a l i t  imi  :ed m o m o o c h i  ne

lang uage code.

I t i s  t h e  a u th i oz ’ ’ s o”x ] l c ’rj en ce  t h a t  use  of t h e  t h i r d  t o p ] b I ’ o t l c o o  b i t  efl l t ’t o d s  I ’

i mm p m’ov e i lo e n t  omi t h e  order  of 100 in  speed t h u s  b r i ng ir i oo, i t  c l o s e  t o !  tb -it ’ 110 1

sv s t e n m i  in p e r f o r m a n c e .  U l t  linatel y t h i s  is at t h e  s a cn i  f i  .me of o o ccurm o cv , b oot

mi s d i scussei l  i n  an e mt r l i e n ’  sec t  ion  the i st o n e  mof a c c u r a cy  is moot  c r i t  i c o o l hero’

g i v e n  32 hit arithmetic.

5 . 0 .\ LT FRN ATIV E S I t OR I M l ° R 0 \ ’ b1 ’Il ’N ’b ’ OF SYS ’I b M  0 ]  R I O R M A N C I

‘I’wo b oos i c  app ro mm ch ’oes are  om o ’a i  I m o h i e  t o  i mp r o v e  s o s t e m s  p i ’ r f o r u n m o n c t ’  . ‘ I be. ’

f i r s t  in v o l v t ’s a gu’emi ter use of p a r a l l e l  p r o c e s s i u i g  to  p e r f o r m  t h e  ci g e n a n o o  I - .

ys i  s. The second i n v o l v e s  a m o d i f i  emi t ion of t h e  p rob lem s t a t e n m e n t t m o o o I~ n m m n t i c

s t r a t e gy  so t ha t  not  m o l  1 ei g c m i v v c t o r s  are c o n t i n u a l l y hei to g ol i’ t c m’ b m I i:i ed.

5. 1 I -° ara l Id I’ r ocess i  i m g

‘t he I lou seh o 14cr m i p p m ’ o m i o’h i t o  t u r m i l lv Soi g m ’ t ’’c t s t h e  oiso ’ of p i po ’ l i n e  p I’ m ’’

c e s m c i m i g  t e c hn i oiue s t o  ach ico ’ m ’ ant i l l c i ’ e t o s t ’  m i  spo °~ oI , ‘ I t ~o p i ’u ct ’ tO ’c oI ’s o’ml m i he

used ;  one to  p e i ’ fo n nb  t h e  i ’educt ion  t o  t n i d i a g o o b m o l t m o r l t !  m i n d  t h e  ‘0 heu ’ t o o  °o ’o’O ’ )ro’ t

the i’v o ’uot to o o l d i g e m m o o m l o l y s i s .  At b e s t , h o w e v e r , t I l l s  b o o t h s t o  to olo ’ c n i ’ o m s o ’ I I I  I i t t l o

b’s mm f a c t  d l ’ 01’ 2 i t ’ b o m i t h  proc’e SSo ’mc t dot ’ t h e  s t o u o m t ’  t i n t ’. Ci  t oil t lm t ’  l , o os  ~ c ’ , °” 1  m t

m o m a m b e o ’ u i  p i ’ m o i’ t ’’t s ao ’ mo such ito t l t t ’  1 1/ 15 o o ui d  t h e  0 0 5 0  t o t ’ s l i o o m ’ c t l  m t o ’ m t t m ’ i ’ b c ’ c  I t i  mc

:ei’ttu i u il y to u ’ o ’ t m ’ o m m m o h l e  t i  r s t  i n imp m ’oo- ’em io en t

Rev i m ’w I to g t lie oh i ’ta II mc of t Ie.’ a I ll ’ ’ no t l I l t : o r b  I t I c s  mim i o t h 0 ’r o ] ! ] o r m 0 0 0 c ! t  l o ’

dot’ o’ o’o ~ i ito ’ the c o o m i p u i t  t o t  i o n  t I me . ‘i t  a u ioom m ih t ’ r’ t o o  1i I i t O ’  to I mi I h i  mc ‘ o ’ l b o o l ’ : m l t m (

o~ ’ b i t t ’  used the ‘sect a m’ o l o t  p u ’ m o o l , t m  I \ ‘ I 0 1~ I as 000 t ’ m o t m i l a l  I t ’ sot to I 0 ]  1 m ’ t b  I c m ii Cli 1 ,0

t i m  ml  - m u  i’t oc t . t be VO l’ I 5 n o s e d  m ’ s t i r ’ ~ o t e l  v i l l  I I I ’ ’  I !  i t o  0 1 1 0 ,  140’ u t oni ,o I v’ o mc , mmm , t

t h i s  It’t od ~ oi’ o to m ’ c o u m s i d t ’r i t  t O O ’  u l o uu tbu t m ! ’ u 0 00 ’ ov e i t s  ‘ ,‘rta r o t o, o m oc o ’ o ° ’ ,  o mo u’ l o o t ’ ’;

math o m i t ’ . I l o t’ t I n c  r e o ln i  ro ot ( I  
V I l E

) I S ‘h o ‘ ‘ i s l e  o ’ o i  t h e  t o m ’ S I o l ~~~~ ¶ i fl ie to I 00

o ~~~~ 0 0 0 1 11 i red l o o m ’  one  mm iii I t  ip  I t ’  O h m 1  t i o l m l  o l b ’b ’ ) ’ . m  t 1 0 0 1  ‘u ” ‘ 

- .“.-- -‘-~~~~~~~~~~~‘- -. - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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~ 1 1 0 

,N (MAD)

‘l’o u uim 1io’ove this ntimbc r we have t l~ o o c h o i c e s :

1 . Build a special purpose dot-product c.i l o’uol atox’ that is g i v e n  I l i c

s I a m ’ I ung moddi’ess and length of t h e  t w o  v i c t o r s  m m m d O a t ’S d i  r’ i”~~’O mi mtm ,o l ’ : .oo’ceSo’

11 I i  \ ) to moc l I li ire arid compute the reo(u it-ed result - i u o s  cati of N I O t a  i t  i p 1 1 0 ’ S  tono l

i~ t ’ have N memory fetches (assumimig a super Imig ] - p m ’ed m u l t i p l  i c r  i i i  t lio ’

spt’ci al purpose cmi iculator I . Since a M,AI o takes ab o oom t “~ t O  ¶1 1 1 0 0 5 0 0 1  eec it ’ s  t i m  i mc

i nip lies to t ime reoltic t ion of that amnotom it

2 . Build a full—pa rallel vector dot _ t o n. h. t calcu lm i tion that has

speci al simultaneous access to all the elemem its of c ,m cbi vector . Astoblm m ol ili l 0

oSill set of multi pliers (N) the number of cycles os’o o ,l d he prop orti o o nmo) too

log , \ totlds (this is based on an ini t ial  model t ha t l o o k s  like I h a  fol lb ’ s u n g

far  ~, x y I alien 5= !)

~~~~~~~~~~~ 
p  ~~~~~~~~~~ 

r

I ‘t  ‘ t o  e m i l  id 010 ,\ “~ \ , 1 ,

“

ntI h b t m l I d  01) ,l ~~~~~~~~~~ .

Su’ m l ‘ t o r . i h l o ’ I  op - — _ _ _ _ _  ., ( o 0 , 

( o (  c o o m o u ’ m c e , thi s is ih ~’ ‘mo ~~t I ie st ~- o I o m t  i o m i  b u t  i t  ‘ m a c b C ’ s  l o u ’  r o ’ o l t o c o  m o l t

0 0 0 m m l l o l  t o i l l o o m i s  t’rc mn I b m ’  N ’~ r i o t e d  m o m  m i ii o ’ , m r l  e m’  S ec t  0 0 0 1  t m  , l I ’ m ’ o o t  N ’ . l o u ’ I : i m g o

o ¶ 0
1 0 5  c , o u i  no ’ 10 to  si gm ii f i 0 ’ :moit re-duct l o u  0 0 0  e o o l b p l i t m i t 0 01 0 l i m I t ’.



3 . 2 i b y n ~m i n u b i C  S t r a t e g i e s

In many i nst0011 CeS where  t h e  ci genvectol ’ wei g h t  to thm o t oso ’ more deto,’ m

mining mire not a l l  com ’ot I i iual  ly  cl ang  l o g ,  i t  is inappropr I t o t e  to o C m O l b t  i miu c

sol’o’i h g  far a l l  t h e eigdmio ’ceto~ ‘° . Al teruiat iv i  l v we umoi g h t om il  y a “C t o  sa l  V t

fom’ t h e  t , i  gemivector ass .ocimo ’t ett w i t h  the hi ggest (or s m a l l e s t  I set of o’O o1o’ I I -

Vt’c’ to ’i ’S

l(her’c these two possi u i  l i t  ~ t’5 0 ,0 1st t he  use ,,f th e  S t u r m s  ‘~cd b b 1 e m l c i ’ m o l b b b u  ,

[1—3 ,7] p rovides t h e  s o l t o t  I O n  t O  P i t t  t he  ei go ’m l ’ o o l t m e s ’.o t  to ~t~~’h ‘ ‘r  i n e m ’ o ’ , m - ’ o’ m ’t

speed . ‘I’he de s i r i o t  e i gi ’bov e et or s  m m i m i y  t h e n  b u i ’t c rm i i ined  i l - c O  0l~ e\  o o , o l  oh I ’ ! er~

cul t  t e c h n i que s ( i f l v o ’ m ’ m c o ’  i te i ’ , m t  i o u l , r obot- n u r o e t f l o m ~] w i t h  det ’ l : o t im ’ imm , [~~ 1 i . I ’  l o t ’

m’ oum h em’  0 t’ t o o  ~t e 1 i 0’ o’ o’t n m ’ s  l o o t  nit- eth t o o Ft t i i u miti  i S ‘~~i , l  I I c ’ o s m m b o , o i t t !  I ‘ ‘  N , 0 1 10 1

f u r t h e r ’  t o o t  i mml’ s i no cloI m l ] !mot tot ron i t I m o o’  to i 11 o X  I st . I f , I I ,  ‘ai-vo ’ r , is ~~ di ’ 0 0 0 0 ’, 1 I , , , ‘Is

ml p r i b o l ’ i  , l i m i t o  many i’igcmiveo ’t ~l ‘ tO t, ’ a i l l  I i ’ 0°~ 0 t t f l I j I to t’ b m O O ’ o ’ t’ looked  m l  t h e

t ’ I g e m i v t u l  moo’ s , then  toe c o o n  only t a 1 k mo ho j o t  t h e  t ’xp ect  ed comput  a t  ion t I m o o ’  , l I e .

e x p e c t e d  eomput  a t  i on  t i I t t ’  r equ  I ru - s  - °  pt’O l OOb ) i i  I t ot b e  umiot l e 1 ía :’ t h e  numb er  if

c i  gemiva  1 lies that is’ 1 11 m uco ’ d  t o ’  lot ’ - c o o  1~ ’ tot! m t 0 10 0 t i nc . ‘the det  errn i to iii to sot ’ , o II

oO ]’]’ i’o t ] l r i  m o t e  model  c o u l d  I’o u- st t b e  Io o ooo i mc t’o r t’ur th t ’ r io m i’k on t h i s  p r o b l e m .

o ’O O t t ] 0 1  i c , m t ~ ’ ol s t i ’~o t e g o t ’ . - , l i k e  f o b  b o o  l i m ~ , I be. ‘ r o o m , ] I I I  [l i t ’  111111 0 1cr  oh ’ o’i gcaVi .’O m’s

t l m : m t  need o l d t e r m l o i m O m l t i o ’ m l , t i o i o , ’,I it ‘ m l s o o  p r m ’V t t t ’  I t t  I ” m o  Iii i l  s m i v i ’ m m ’ m c  ii , , o o ’ r ” i m t  t o -

O i on  t m o e

o .0) SI MM .\k  ‘0 \ t ,j  I I ’ l ) \ C b A b S  I ON S

• The (‘, i o’ o ’u u s — I l o u s e h o l o l e r  b l r oo’ t’u h i i r i ’  t
’
o ” i ’ t h e  . 1 1 0 , 0  I o ’ sis m l  l I t  l ’I ’ m l  0 0 0 0 0

m n mo t m ices proc  o d o ’ ol t h e  f a s t e s t  
* uiiost o o cc tou ’ , ol t ’  : 1 1 - 0  bo o th t o o ’  th o ’ t o, r m : , m m o i u m o ’ I ho - i ’ m  t O o ’

v o ’c t o ! r ’ -; m in d  o’I  i’ l b v t i  l i n e s

2 .  C i v o ’o m to r e q u i r t ’ n o e o m l  l o t ’ m 0 c c b l r . o c ~ t o ’ 12 l o o t ’ , , 32 S o t ’ - l ’ o ’b o l ’ t ’ ’ . t ’ h l o  to

; o o m i ’ ,’ t ’ o i i m ’ m i t  S i z e  f o r  o m o o o t h o ’ m o m u i  i c o l  l o ] o i ’ r ; o t i o u i ; t~~i . m I  I s , 4 0 0 1 1 0 1 0 ’  p u c e  i s i o o m o  i f l I e g ’ ’ i ’

m m m l  to 10 h o o t  uui i m l i c t l i m l l o b o t i  I ’ .

3. I f  t h e  o m i t  I r ’ ’  o o l ’ , ’ r , m t  l o o n  i s  c ’ m t m l t ’ i j  i m i  m t u : m e b o o m o o ’ l o o l I u ’ ! o , o i : e 111,1  l i s t ’ s

I tm o u’ 0 I i s , o r c  m i o l t  i 1o l v / d i o  o d e  I h e u l  o ’ m b o ’  coon o ’ x p o ’ c t  t m  lot’ ,oh I” t o  ‘m e t ’ ’ , s 10 - h o

‘ l O b  - i t  I I  o’ o° t o  i mu 1 1 ) 1 0  nut s fli t O ’ i ’ ’m ’ , O I s .  I lie so :m ’ oh ’ o o t me n’ muio o t  m l  t O ’S t l i : m I  m o’ , , m t  I ’ m ’

-, 
-.—______
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Iir ’ t’aso’oI toiVo’rl t ott e r’ t inm ie ino t o’r vats m t s m t  be d t o t e o ’ m o o i m l t , mI i ’ o’ono I t i g .  3 mood t h e
i t ’ ‘,oj I ?  ‘to o’t ’ Soc to  om is 4 - 1 aoid S . 1

4 . If higher sp ceol is required then moro ’ p mt r :oll e l proeo”~~i ng  m u s t
be oi ~ ’aol ,  l i i  a d d i t i o n  d y n a m i c  s t ra teg ies o nmo v be e mp l o o ’ ed w ’hem i o n l y  to i i  m l ted

o m t I ’ m l ’ oo ’ n’ of ei g e n v e ct o r ’ s need be determined .

: 1
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