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ABSTRAC T

,.~~
- In general, the investigation of pract ical dynamical systems is more
heuristic than rigorous ; consequently, most literature attempts to
provide a conceptual key to the general treatment of the response by
correlation with linear theory. Practically none of this literature
sets forth any new ideas of basic methods of attack . The usual at t a ck
is by extending present classical methods rather than by inventi.ng new
basic approaches. The major limitation found in the exist in~- work is
the lack of comprehens ive understanding of the bas ic parame te rs ef
simple nonlinear oscillators.

This thesis presents an accurate solution of several types of damp ing
on the dynamical behavior of harmonically forced single-degree-of-
freedom systems . The study is based on the fundamental parameters of
the system. The fundamental response is described with reference to
the equivalent damping energy, the Ritz method, and dimens ional analysis.
Dimensional analysis is used to develop a method for predicting the gen-
eral response diagram characteristics. The high accuracy of the solutions
permitted the collection of some very important design data. The results
are presented in both graphical and tabular form and may be us 11~1 to tbe~ :
engaged in calibration, des ign , and dat a analysis of work r ~uiring an
accurate solution . Also , the linearized methods give re sult s suff ic iently
accurate for many engineering applications. The prediction of response
characteristics by dimensional analysis should be of intei -est- .

The time-histories of displacement , ve loci t y, and accelera t ion  are i~’ 
sented

along with the response diagrams of displacement , velocity, acceiera~ iuu ,
phase ang le, and energy curves by both the linear and accurate solutions .
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T h i s  ‘ i1u5~~~ i s an at:ai~~a1oat uno n-um’-ricac i m . v i ct i s a ~~i r  - f th0

effects of several -i i ft -rcr:n t\rpcs of’ t .  a hai-s t . I - a l l - - f r ed :i~~~~ -

degree-of - f ree-corn  system. At. p r e s e nt  t r ~ r’: ~xisto flu m a ~ 1: - - rsr arl: ts

nique or analytic procedure ito t Ie ac-~ cr at-: yi- ~ - t  t i n e  ‘:  ‘n- r~ o s u t i c t ,- of a

d~~~ ed ohysical sy stem.  The main oo :ect t lye is tb :  est a i I ohs - t t of th~

physically correct exr -cs sictt for t ht.i damp ing ra t  l s cat tho effe- :1 s of

the damp ing f-unction can be accurately -dos cr~ r: c cmi -tosp arol wIth othe r

functions . The castemai y critIcal damj lug rat io m e s  t . do s- er -It -c cases

cther than the viscous case . This thesis pruserots the - . i-r~ ct rot i c c  V r

f ou r  basic dam n i n g  fon-: ’t i - sr s -and Ot ~~~ s ash for det-ermin i~ -t h -  - - : g r - -5:i n

for a general damp ing function.

The ef f e c t s  of damping or the g-~t i e ra i  dyn ami c al re sp onse  -f a

Sal system is important for both qual i ta t ive  ano j o an t i t at i ve  it i v e : t  igat iorts .

-clgmalitative studies are import-ant  because c-f o be ir  w h o  appllcati- a

to d is t r ibuted systems . In general , the , are t r e a~~~J by 54 j :ying assung i ions

that will simplif y the prob lem analyt ical ly.  The c e t Lo e o t n u I  key to  ohs  o r:-

eral idealization of d i s t r ib tel  s’ ct oms is the mrulu r s t ar circg amd iUtUi i~’e

knowledge of the p ruh i  -rn .  Once the i i i - t o I ;  w e l l  d e f i r o d  r : y o i - o i  ly. u ail —

able mathematica l too ls may be app t oj .  A rn~- st  w i t h ou t  o w -  t i  a all vi r at lot:

problems are treat-ed aualvt i -a! ~y as llsi 4 i-jurtttt: -ter - c - I -mo .

The analytic procedures  de s- r it e  t h e  cys t  -rn in r n :  -1 ’ linear’ n or - .

This description general Ly takes l i i - V V s cess ly e  linear a;-~-r -:-x~ oat 1 s.

The correct assumption f~r the  SLt l Ut I t i  ci m n - s t never is obv iou s. F u’ oxasrm - .

in the dynami c calibrat ion 1 she -k a!! V - it-al i~ a pi ci - : ij  5 .  e r - a :  ~r - - m out 1ut

are sometime s dift ’r-:- r ti-ated to eel rmin velo - I t  , u e! e r r t  lotl. an -cl/i-u ’ -e r
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of a sinusoidal motion applied t~ - a syr ;t e-rn .  I n :  ass  et .~ ‘1 ~- t  I c  aa ’ ‘h -

exis t  no hig her harmonics in the m o t i o n . The b a s i c  dif flo-mi ty wi th t h i s

d iV t ’er e a t i at i r i g  process is that a h i~c:~— f r e q u e n c y  ctonrj u r i e r : t c-a -  1:0-c an

a rb i t ra r i ly  smal l ampli tude in tIie- or i g I n - al wave It i t t  a t . m  or ar m it ro r- Il y

large amp l i tude  in the d i f f e r e n t i a t e d  wacm V~ rr mi , I i  the f re~~c-: a p C I ’  t hE:

mop . a u n t  is hish. The component frequencies may be either - amorl it mi-- .

p h a s e .  an i/ t’ fr ~:: uer cy d i s t o r t e d .  The e f f e c t  f d1it ’
~- rcat lOt i!.~ arc

as: I I i n c u r  motion to c- i i - t i i l t i  the 5 - 1  ut l o t  Wo~~~~ J he q~~- :l ior uLl-c . A. c c .

t m i u s t :  s te - to p — st a t e  501 utions are :-btaino d c-nip if the pup s 1 -a . E m -0O - t -  t o

c’Lar~~e it a s; ‘:cified way.

Almost ti l l c-f the an ad y t i c a i  ami d ex1erimeflto w~ tO -  us y - r, l i t t e

bas i s  f~ r : ct t ro acing the effects 1’ damriplng wiLl . onr:’ r- s y c o - e n o . T i l s  a n-

-usua l Ly is l i m i t e d  to a study of ampl it : i i - - . vetoci t I c , a - - - ‘. - - ol 1 •

p hase ang le in s t e a d  of a simuJ tan-: - - u s  o v a l  uat  i c r  I - a l  0 1 - - a r c c c - t - - r :  -

This is i a r t ic  ul ar y t rue  1’ r r i on i  i t o u r  1” s~ :1  S o .  I 0:100 , t Ot a - t h : -  t ’5

t :eg .J oct  the e f f e c t s  of l amp i a -  or g ive  o n l y  a cur:  r- ; m- o r g  t j - a  1

e f fec t  on the s yst em .

In dec to make a c- tq Iete q ic ali t ~ l ive and - ;  a t !  i i i ’ i - ~- t i t t i l y c t m i t

c-I’ the i-rn c l e a t , eve ry p - t i  m e r i t  t -h : s i cal  ~~- I - ~~~~~ t ’~ - - -
~~~

de ta i l .  The gen :r’ol i  a r t - i  - 1 ’  - - i f b-  v-ariatic- ’ e I ¶ oc S - -  j - !  ‘ i ’ i t - c t

a-e-o -atu -l ~,-- descri : - h .
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the problem is not obta ined.  A detailed analysis of the- motion she-old in-

clude a study of the time-histories of the response . In order to accomplish

this it is necessary to have an extremely accurate solution l u  the proilem.

Since most of the basic theory of operation of physical systems rests

on the assumption that the linear theory with constant c- oeff’icieo t describes

them , it is logical to evaluate the problem in this manner.

The most logical attack to the problem would be to obtain the exact

steady-state and transient solution . The most practical a; m rm - -u-:h w cm-i be-

to do this for the most common types of damping, i.e., C o u l cin i viscous .

velocity-squared , and displacement-squared , that are e n c o u u t € r e i  in r r ~1 t  i c a l

applications. Since a mult iple degree of freedom s yst ’- s~ a all

other unknowns, a sinusoidally forced siri gle-degi c ’:- o l  f r- - s .  to o c : !  - m m . w I L l  be

considered. This will provide the information m i e : e c t o m r’p 1 - r a’. i - C  m : t t  -

evaluation of the effects of damping on system response.

The -c - b~I ee t  of this thesis . I b o-r I IC , i s  t - ~ (i) c-i t c h i n  am au

s - i  ~o i : n  I the- f i r  ba s i - damping as s. (~ ) C - t O t  ar 0 ’ -  i”mi -d ’ w i !m ‘ t . ~

tacir th e --  t t - , ( 3 )  invect_iCato the gene ra. aol sp - - - 1 : 1  - e l i -  - t o ~i ’ l imO; i O O ,

( L )  rea - t  conc iO5i u r i s  c-ur ic ’ :r r i  I no t i e  s’ ot t -  - -
- s. (~

) o~ a 1 m . ti - c - r n ’ - i -  : j

iot a . ohs (t ) p r : ’-  i-i ’ - am: a1equate  base It -r  V : , I ’ E t e c t ’  ur’~ l . - f m n I t -  t m ;  -

InC ca ses .  
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CHAPTER I

STAThI~~NT AIID FOR1~VJI~~TION OF TF~ Ti-~IbREl lhb- L H- cE111l

The dissipation of energy of some typ’- and tOO ! - 
- - - os it. all

physical systems. The effect on mechanical systemos is i- -ar - i i  om-m:- ria i g;

as being undesirable except for vibration control or sn u c k  i so l u ’  h e r . - c  t -

lems. The desirable effects of damping have been used. to gcoi al-cant ag-n

in some limited ins t rument  desi gn areas.  For example , the in,: -h s  
- a mu ‘a--

ment of graphic recorders may be damped in such a m a r : ; -  r as t -  c- o r .  - 0 -

phase shif t  character is t ics  over a wide frequency r as igm - . It oe e tn o ~~~: : i r

that other desirable cha rac te r i s t i c s  of the d i s si pai t Ion f t  - - o h - i Lv:

ut i l ized if their  cha rac te - r i s t i c s  were known .

In order to  fully  uti l ize the optimum m - es; -a c t :  chaa-a - - ’ - ri:! i-c s of

a d~mamical system it is necessary  to i - co w such  st e a d y - s t a t e  I - c  t - - r t  i - s  a:

(a)  resonant bandwidth , ( b )  damp ing r a t i o - , (c) iamp~- J aut o-al V t - - - ; o - m . - y .

(d)  phase a ng l e .  ( e )  ; - h tc te  a tig h -  : h i V t  . ( f )  l i a r - m m - t i c  - - nt ’ :r ~ t of t - - m m - I

( g )  the maximnist: h i  c; 1 a mumont . \‘t o i u m  O t t  . a~- c 4 :  [ o r a l  ioin , - i t s  ( a )  - - - acm i - - r n :

of the ro

Ft-a - t i c a l  I ;  a l l  mu~- - - I - aai - -il -~~- r - u r u t  m:c UI su b : t ,~ ~~
- -

~~~

l m i I i n g .  The - : va l u at J  -a of I h e  t i-a ci  a t -  r e s ; - o m m s e  I -  i i i :  l o a m i e i : - i l r m : - t

11 ’ - ly  ‘ :xp ’ - r  t m O : m t a t !  . The e l l o  -t s 1 s - i: - k a re  t -  t m i t t ’  i 1 v : 0  t , ;  h o

l : ~- - u d ; me -m : ’ t -  a 1-:m wt in p u t i i t i - - ru  a n - i  : l - c t , - r v i t , e  ¶ t i ’ - ,biii i t  r v i o - ~ i 1

i n ; ’ - - t  1 : - t t  or p I - I ~ u -at  i - m , - - t i ’ l . Tb -i t t  i - c  - ‘ c- - I - u t : - i v i - - u i o i ,v is -~: ter -

able s i n - c it  w a i l be l ’ - ’ i - - r l~ I -  t , i Le ~~ - - p - - h i t t I -  ‘ 1 1 -  t s  i t  I L -  i n i t i a l

design stage . The- I - i  - i l V i  - u m l ’ v is ‘ - v a i tmi l i o~ t i  ‘ -
- u t  t a m -

- - a - I  lug un ¶ I : -  c- : ’  p i t - - c ’ -  mim I ‘ ,
- I - o f  . 0 1  1’ o: m , 1  i t  I r . .  T I ’  ‘ V a  I i ’ i ‘ V

the r ’ t - - c - f  i -  g ag  I -  r v a r ’io ’ I i - c  ‘ ::- - c  ~~t - itt :; I t . :  I s t  1 - m~s : I . - - i i i  in I
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an a ly s i s  of the third derivative w i t h  i-esyec t  to Li ii’: (j e i -k ) .  A s t u d y - f tao:-:-

data o- -o:u d pro~~ de s u f f i c i e n t  informat ion to des ign su i t a :  Ic  t e s t  it .ct:’ so- atatio :- ’ .

In shock i so la t ion  problems i t  icc d e s i r ab l e  u c- - rm: i aI -c- the-- i-c.: ; t La-:

charac te r i s t i cs  of a damped system to determine the i-1:a1 amj I itcii d - , vel ucit ,.

and acceleration versus time of occurren t - . The sin-il tane- - .-u s eva l uation ot

t ransient  energy would be required to choose the o-pti lo St. syst -:0.. Sins :- the

wave f o n t s  of -disp lacement  and velocity vary wi th  the type and ro e , -

damping , the energy will vary cons iderably .

The establishment of a suitable system of e qu a t i o n s  t h at, w i l l  a l l  w

a q u a l i t a t i v e  and a quant i ta t ive study of these ef fects i-o-quii- os caret ’ct: -

side ration.

- ‘  The qua l i ta t ive  aspect of the prob lem require-s the  ectai lis}i.rtient o1~

parameters that can be applied to a physic - a-I preb l : t t t .  I sod i c i gm’:t:t as to

how far  an ideal izat ion may to carr ied without al fe ~t i t : g  the- r c c m j - c - r i o : -  m - i : m

be estat  - ished.  However,  actua l  -icat igri an 1 j t’a- -t i - a l  -a ;- ; - l i -at l o t u s  loa t h 1’ a

mona - I e tc  a o l  ac-c- orate knowledge f the general response the s po t  ma , w I :  I

i s  - I t  a u t i a t  - ‘: only through quan t i t -u t ive analys is .  The at- v 01 i i -  r: :c a t  cm it :  1 —

:atm - a r a t h e r  L ! ’ u’id a t tack on the i - r o l - l e m m : ;  Ic~cw c r .  r r a t  icc l i m i J t a t  i -i : - ’ 1’ —

s t i l t  t he flau n t- cr ot ’ equations c ;i c u i d o r - c d .  Tlie re f- -1’ :: . f i t ’ :’. it v’-o t I ~‘att~~mi t

ar-. l imi ted to those damping forces which are Lasi- - I - - t i c - a :  1: ’!: 1 1 m m - I I

TheSe -Iart i~ iii :’ i t r m :  au” Cc ulo rr ii - . voL-city . velocitl,’—s c~ i al- -- - i. - i t . t  1 1 . - j I m -  - -

— s ; - l mi r” .- -i s~~t:p it:g .

A w i - I - - r ang - of jr - l I e - m n :  can i-- r’ - - ~ : i t  -.i t t i l p t  I - a l  I I ’  w i l  h c 0—

o l in1  na:: -m in i - - o r i c c t  - o f  a t m - r i n g  Pr’ - ! t - i’ t .i ’s. ‘ I l l s -  is ai r ’ ’ I - ’ i . m t ’ l I, I t ’ :- i m .  i , o t t ~ - —

r n - n m . i t  s ‘c : r m c c i t t:’ .- t ; - m ’ imigar wit !: hy o t  m i - -: i s ‘ - t v - r a t  u t  ri  - a t :  r ’: t t . a m .  OJ. - ¶ ‘ t m . ’

- i - - ‘ , t-m ~i -;. - i t - - m- - - - m  th y ova I I al - I - . Ti - mc t ’ ’~ m~ . - - - - i ~1 ur ia -
- t m  i - r’ It: : ’ ‘P m —

‘i ’ - uh c t l i  ‘a t  - t i n  i t ’  r u m : i I , - r - - I a i I m - s I , I , ) t t 5  I’ “ I ’  ‘i I , ’ .

:- ‘r i - I  i i  i t t ’  - os t i ’ - - r ’ t - - l b  - R - t t m ’ - mi - ” - . P .  1 -



_____ -- -~~~~~

Almost none of oLe  f-c- a f a m . : t  f o r ~s are : h i : is . i d a l ; a- . t-ieve r

are per iodic .  The e f f e c t  of the t ’. s r - i n g  f unction or . a general stash , - c f

dissipation e ff ’ . -o t s  is n - ct  s ior~i f i can t s i n c e  any Vs . -o c t .  con be - - -ut a~ I-~ or- l I,’

described by ampli tude , at o n ed ,  arid wave t’c r m . Theref : r e .  a sinusoidal

funct ion will be considered.

The system to be s tudied is represented sch emat  t o u t  i p  i n  P l o .  I

It consists of a mass M , a l inear  spring of rate I-:, a. rmar’ t riu r ii - t i :  i t ~ ‘ t - i t e ~~~ L.

F s i n (w t) ,  and a generalized damper represented by Cf (x , i t ) .  E-;0at ing, the ScSI.

of the non- inert ia l  forces  in the direction of motion on t i m , -  m-us- o u r io: :

time s acceleration and rearranging yields

M~ + C f ( x ,k) + kx = F sin(wt ) . ( r )

In Eq. ( i)  kx is the spring force on the mass , C f ( x ,k) is the

damp ing force , l4~ is the iner t ia  force , and F sin(wt ) is t 1 

func t ion .  The instantaneous displacement and time are x am-a-i t , rc sj oo--

t ively. The forc ing funct ion amplitude is F and w is t he  ‘.- h r ’ - u h a . r  l r  -

quency of the fo rc ing  func t ion .

Excluding the cases of no damp ing and v i  s” .us car::; ~~~ tL 

no exact analytic method 0f s ol v i n g  t he- above equat ion t h a t  at  - give  I I t .

steady—state and t r ans ien t  ::el u t - i t - c m . The sol ; i t  iol:s t i a t  Or” : r ; t m i I~~t ic

apply only t o  special cases and t in t the I i ’  In ’  a ; - ; - 1 -  mt i m t : u m  I on : :  - am ’ - - f~~ 
“ Vi m o ’

order ” accuracy.

Equat L -t i  ( 1) m t ; p l ’ c - t ’t i rna f ’ s  mm:aa,v r e al  sy :m t  - - t o : :  I! .: re- f- -n’ ’.- . I I m ’ :  t - ’:’u.

L i c~ i: of the t - f ’ l ’, c ’ t : t  .1’ 1 - m o i c  l a m m : r - j l i 1 ’ l i t - I i o m i ~: :1:- 1 r- V - i t - - i ’ u l i -  s i g n ,

in format ion . A s- . a w i - 1 °  v a r i e t y  o V  ; ‘ t n - l  i - -ms mi l e  i- - m ni t a ’ ’ 1 ,,’ a t I ’ - - ‘ - a

by one V the 1 - a s i ’  tO m-ms of l i m o ;  1fl~~. F’ n’ - - : - -.~t ’ u; I -  . I L ’ - V I  i s —  h ; m : i t m . i - ’ t n - ic

on a f’ - : i l ; ~ so n c r , m - - i  1:- - , i s  ; - m - - I  :m i l t t i t , I  I y Vt :  i c - - l I t ’ — - l i mi t ’ ’

~ 

~~~~~~~~~~~~~~~~ __ - - -
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Velocity-squared damping is most pr e -o -cmir ta r i l in  prac ’ i”a l  a~~~1i :a ’i-: ’ : s —

of fluid dyn amics. The magnitude of the damping f’c:rct: is C s A  ~~

For a particular problem all of the var iables  ai r ’. veil del ’itu ’ . I

except C~~. The value of C~ can be obtaino-d by to - .-” ing in a w i ’ uu or wa o -~ r

t unnel or by reference to previous work . Hoerner6 
has i otlishod a L o o k

that give s the val ue s of C for many conf igu ra t i -un .  ‘nco -c n t a -r ’ . s in r i-a-:- -

t ice.  The combination of these coe f f i c i en t s  wit ! :  the  s~ lu t ic - n to  Eq.  ( i )

will permit an accurate descript ion of the motion of sl, ’s o e mos a L t o - m e t  1 ’

this damping force .  Also , f lu id  flow in pipes 7 has fee t :  re; r’ eco ’ cc sy a

. 1.8 - . 1 ,
constant time s x . The fundamental study of a Helntholtz a’- s’.)ntl t r’ 15

closely represented by Eq. (i)  except for the r a d i a t i on  i’.- sses  a ’ m i t e  t a m

of the neck.

Coulomb f r ic t ion  is a constan t force  and i l : dep u -n ient  - r’ ye-l a-oh ‘p

or di splacement. The direction of the for :me o ju ju eses  t h e -  r e l a t i v e  a- t L o m ,

across the damper. For peri ’.Ji ’.- motion the re lat ive v e i o o i t y  h o  s~-ro t w i . ’e

during each cycle ; in pract ice the c o e f f i c i en t  - 1  f r i - m I  i t .  i-s a 1 ’ - i m : - : i i - - m .  u t

the  materials  at the in te r face .  The s t a t i c - a, r :d  i ’ ,— a a : o i c  c ’ . - o V I ’i ’.- i -  a m :  s i t ’ t ’- r

by a fac tor of 2 to 5. and am o f f ,  - - I  ivo V O l  mo- of  the  n ‘.- ! fh’it - - m . I 10 0

ar i ly used.  The coe f f i c i en t  - -V rollin g f m - i  - O l e - m t  l ’- m - ~
- - - - - n i -  a b a l :  at m . I

roller bear ings  is f a i r l y  c - - cn :c a t a’.~ g r a t e  ‘o ~ . :t ,  m i t t  : m si i .i i ’ c ’

sleeve bearings and si r - i - - i  ut ~’mi l jail ’’ ,m m o a t ’, t- - i p m  - .-. i m a - a t  ‘.- 1 w i t t , a’ , 1 : 11- - —

Live damping c o e f f io l t a r i t .

The dis 1 l to ‘ mt.t : . a — a t j l ’ u m ° h 1 - 0 .  ‘ t ~~’.~~ l , m i s [- t :e t :  t :~- d to r- ri”. c ’ - ’ t

the total. d micn~ ing -an s i h: s’ n’ s- - ’ r n :  , j u i ’ t  arid in’ nt -t .al mat e - u-l o t aa:.m

It . is  rt -j - n t c s t c r : t . o-d by t I 1 -  c m ; - - - - i  i i -  - t m .it: t ; i ’ .g ‘c u t e r ’ c t  w h i c h  i s  t h e  m i n ’~~~~’~ it h i t .

I t :  ca t n’ ( -ct S am — :1 rain 1 i y o  - cl am 1- - - j  - I ’ ‘ L- am .t .i - e~ 1- ’.~~ . T l i -  - m - - I ’ -v ’ .  I :  . ;  -cl t i c

-I’j,mj - iri g ‘‘mi -roy is a f’r m r .  - , ion - 1 ’ the -s l ev’: I - i - :  i s  i’ . a - a t -  a l  ¼ V

- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --
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shape , stress d is t r ibut ion, and volume of the mater ial . The ex;.-r - es iun

for the specific dan~~ing energy is C S° , where the e c r i s t a m , t  n = -~~O t o

3.0 for the usual stress levels encountered in both f e r rous  and n o n t - - r r osa:

materials.  A rather comprehensive l ist of the values c-f n are given on

page 36-35 of Ref .  1~ . Although the above equation is rather general , it

is impossible to represent a general hysteresis loop )’~ 

-,-- 
~~~~~~~~~~~ - -- - - - -- - - - -- ----



CHAPTER II

LINEARIZED ANALYTIC INVESTIGATIONS

A. Survey of Methods

For a general damping function, Eq. (1) is nonintegrable and ex-

perimental and analytical methods of solving the equations must be con-

sidered. The use of an analog computer is not desirable because of’ the

inherent inaccuracy, particularly when nonlinear elements are used;

therefore analytic procedures are considered.

Several analytic procedures of solving the equation customarily

are considered: separation of variables, representation of the solution

by a power series , methods of generating functions , method of successive

approximations , and representation of the solution by finite integrals.

In general, the separation of variables is not possible and the solution

by Laplace transforms apply only to linear differential equations over a

small interval of a region. The other procedures are generally effected

by assuming a homogeneous and a particular solution. The homogeneous solu-

tion is the solution of a freely vibrating system and the particular solution

is included to represent the l - : t- - ’ .i mcg of the system. As a resul t of these

assumptions the solutions are interpreted as a superposit ion of the l inear

assumptions . Thus the resul t has real sense only for l inear  systems.  The

response for light or no damp ing is exp la ined as t i t ’ . -  superposition f sub

or super harmonics.  The re a m - p - r i s e  f - - n  tii ~: dainpe .I Coot-  is  d i s t c - r t e - 1  by 1- i t a s e

and ai~~l i tude variat ions which  these l i u t - a r  as~ .mrnç i -  m c : ;  do not d e s c r i b e .

-

~

-- - , 
~~~~~~~~~~~ - -  -~~~~~~~~ -~~~~~ --
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P I t c e e -  t he  exi sting rri - :t I.e - is art- based cr1 ~l m ean - . o m .  - j: ’ 5 .  M i ,  -

Stokea~~ , and others have suggeste d that -c - :mp leto c~,’ t o 7  C -a - e t - ts at :iO:~m a 0

developed to treat  the nonlinear problems . tie s1.-- .tci l ’i - sag c st h ~- a a: as - - -

made ; however , Stoker propose -I the method of mat - c h i a .g  the n- - c l  : 5 :  Wl ’ t .  0

driving force .

The general nonlinear response consists  ~-f : ania - t. l :- ca ~f al l  rs- r-s

and an excit-1ti~- ma force with a cc r r e s a- .- r 1 - u i a ; g  f r - c- c -  - - aa . I . ’t . t  - .~, c I  Le- an

sustai n: one of the harmonic s. Therefore a p l a c i s i t l - c- ; h ~~s :o -nl 51 t t 1aO t

for the eff ec ts of damping sho uld be . ln - I e a o t . -n e t  of t i m - a t  aiSS , a m j -

There exists no general analytic t a s - t L . a  t ’
~ t t . t . a l t . h a . c  a .  - s o

solution of Eq. ( 1) .  At-prexiia:ate Solution s 01 ’ a r i t - 0” moa’ m .- at - i t 1. -a t t m-ar:

may be assumed. Generally . these soi- .o I - - .: t’ . o - - - it r ’m a . I  t a r  le - -  t e a t  a- - at:at I-

cab d i f f icult ies  if c .t-hi~~i’ that; ali - t ~-r’ a- :r- t a f t  s,Ttt:ot I t .- ar- - - a,::a-tas- ca . The

major d i f f i c u l t y  is ‘.ietc- r m i n i t : a ’ o~he t A m  t c - I ’ t t i  a a c . a  t ! i o  l ’ edc : i i ’ o-c  n - soLd ’ - a ’

terms to include in the est  iat:ate . The- at te t hoc as  vat -v  s, oi -wh at . I -at  t I e  i-~ —

c-edure is to assume the so .La i t i st ,  - :on . 1 s t .s of lint-ar ’ lt :;i- :j’et~cl ’ -:t ’ V ~~-: a i e m i c t

i . e . ,

x(t) x (t) + D 1 x ( t .)  + p x ,( ~~) D x (t) . ( . )

where the D. ar-c — - - ‘ t i a m i cic ~ n” .- cl  mi ca - ‘ - - , 1 s t a ’ t 5 ‘ . I ’  t , i t  ‘ t  L O u i s  01’ m m ,  : - . m -  t - ‘ .~i’ It’

variazie , depending h A - n  the rm i m i t ! ;~- a a : : i t  l.~al jr e d i t . .  ic . . :‘. ( m  ) 1:

the t- a:-ic form c-f the o1~~t i - . - t ,  ‘ a t : - l  it ’ the- t ~t - n ,  t h a I  5’.’ l i t O I t i S  t l i t ’ i~~~~~l t  A .

condit ions Let’ ‘he en t i r e  sc ’l - m t . i - o m u  . T I t i  s e t~~t l o t u  I - ‘- :‘ai’- :i  i t  I c - m  I a . t -

JU’f’ - n ’ c t t t  a o l  c c l i i a l i O I ~ ‘L ’ t c i  - - v-al i a t e - i  I p v :i r i ’ .’ :ms- nt : .  a .  -

W i t h  t h e  1 ’ . j t  - m l  m m  1- ’r : at : - - m i t - a  ~the :m ’.-t - ‘ b I t  i -  ; 0  s i m s a i i - - r  r y  a

f t i n : - ’t i - n  cu t ’ the i m i ’ .l e ; - c m : - i - t  t - v a n - m a i l  I - - ’ wh ose ‘cel ’f’ l c i e - ! t I  c- u n -  I t . ; - a “am ct

an smm i-i_ 1 1 parami’ t - - r -  . . o f ’  I hi ’ mit m i t h i -  - m i t  I t -

x (t) = x (t. ) :‘:~ (m ) ~~ :-. (‘ ) (“)

- -~~~~~~, - ‘-  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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This assumed solut ion  is sub am t i t u t - t c - i  h i t - . tb -c - d i L f ~~r ’e ’ : t  l a l  e :4 00 1 -

and coeffic ien : t s  of like ;-uwe-- r.: a - I ’ the sma rt param e -t om ’, p. , am ’

equated to sea- - - . As the-  coe-ft’ici-sr;t c are de t e -nm oiaco- -i they ass ,: il ,t t i  c-i

into Eq. (3) to form the solut l o t .. The t e r m  x ( 1  ) is - -ai led the -  g i n ~-

erat ing solution artd r e p r e s e n t s  the -  exa cI . sobat  tea . c f  t i t e - i l ; ’ a ,  n o m t t  t O .

equation when p. —. 0. The ini t la . c  - :ur -h i i t  t o r t

x(t ) = x ( t  ) ( 4 )
0 0 0

is ased to ova l - .~a I.e 11:-’ ar -a It r-ait -,v’ - e -n s tar t s than ccc i a - - e m ,,- , . I , .  s c - i  - i t 11-as

are t o r nto- I a t  e-a - I - ,
~~
‘ - - i ’ .

The t ’ r -~ - ’.j-~ - t .  a ~~1’ t t t - - US -c liat . h: -’ . I,: -is:sal l y  oxpanido-e in tu - w - r

scenic S

w = a -‘ + — . . . . (~
)

with the ir~iti- i_ , .c-n r , 1iO At:,:

a(t ) = -
~~ 

( t )  (~ )

applied in the am ass’. mO -m n - - n ’ as ‘ a - -  s t t -a ; , — : t o t o  mcnl - ; i t . t ’ : - ’ . ’t’m; ’,’- : s l c  -

Thi s p r ’ . -v i . i e s  a, t ’  - ‘ h n m l c i a - - Le n’ e.L i, at t i a . a i ’ j n~~’ st: - - - ., I - n n -  t ’ m ’t ao ’~~ ’ : . I h 1, -tea’-: t a o

amplit:i~i~:- freein g indef ’imiit.ei ,~ t.’Itii 1 tt ,~ . d l ’ ‘ : u -  ass- ,t ’a . ’V ot ’ t ic - - 1ti~ - i - .

-cop e-r ids  on n h - - n cm it e r  ~- f  - ‘ . m m - ’  c ’. i ’ . r .  t o  n’at . o t o e - c  a t . i  - I~o ::, a~~t . I t  .c ’.it of

m : o n A i t i o a m ’ i t .y ,  thi s f c i ’ ~~~~e c F - i i’e woul d m ce- t r’~-v i .a’. am n - , t - a i ’ -  I m.i oe 1, - a  —

r a r in g  l ii ’. f e - c t - s  of l Im e - dampim.g f’ i t t l c t  5 .  Al 5o~ t h t  - r ‘ i t  h - n :  Sit - I t i

is less 05c ’ t ’ U.l where u -Im a rr m ’c -i’- 1U t ’ . t i i j - i  i t - m m  a . r - liaise oco.mr’ . it!: 1: i -n’ ’ —

ci s-l ,y the ma , i- - r  o i l ’ - - ’ t - I ’ damp ing on t r i -  t sp- - tm :-

The met rue - i mit ’ v an -m u lot , of ’ -am-as: ‘ m.-r-: ~~~
t° m a— v 1~ - o  a 1 I t e m -  t~ 

-
~~~. -

t m l q  ac fo r’ ‘.ie tt~.’ n ’ i i c i t g  t h e  - - m t -in g t ’ o  I t  ‘~cn: ; [ I  ‘ u - i c - u’ ’, im icat . d I S  j r- “ .1 t i e

provid- - i t  It - r 1 Ii ’ . -.com s I ai ’ - s ~~f ’ I I t - ’  0,1 ’ i t t . ’ t so L i t ’ i c . - i t -  V~~t u -  - I i c-un - -

- - - — ------—-_~~~- ———--~~~~~~ —-- -~~~~~~~~ - - -
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itad~pen-I-sr:t var i aAe- . The t~~shrJ -:j.. ’ i t t  ct- ~s’ eot,arily ilioasaa - a c  -; w s t h

following su l - i t  I a - a :

x = X( ’:) t t i m (’ae -
~‘ cp ( t . ) ) .  (-7-

)

The deri - ,’a t ive-  eo’ Eq.  (7) 15

* = k ( t )  sin(ua t , c p ( l ) )  + x(t) e’u s(a t  t p ( t ) )  a

= ~ ( t )  sin (wt  + q c ( t ) )  x(t) a cos(ae -
~

x(t) ~(t) cos(wt + ~p ( t ) ) .  (h )

This velocity expression most }m - e cbai ’ . .- -~- -. .m t o  a.-- - - m a ’ l a t e  a l t  mc

the original assumed solution , thus the a h i t A - ; a 1  r ,. : t . m ’ i c - n i o n

k(t) sin (wt ~ (t)) + x ( t )  ~~( t)  o m e s ( wt + ~~( t ) )  . . .  ( ‘ )

The a c c ele r a t i o n  become s

= 

~r 
x(t) w cos (wt  + p ( t ) )

= k ( t )  w oos (wt + ~ (t ) )  - x(t) w~ sin .- (wt +

- x (t) ~ ( t )  a ~: i r . ( a t  + ~~~( t ~~~~ ) . (ao)

Equations (al) amid (i.o) are subsn i t . u t .  -I int.’. t h e  e-’.j~ ations -A nat ’. m 1- a .  Ti.e-

ec4 .m a t ~~c-t~ .e may be solve..l i c r ’ X a m a  cp .

Bee.atuse of the non i i r t e a n o  it.y i t  u i;.’ a- -t 1:-c 1.5 c m . ’ Ia ~~‘ a ’ .  o ly e -  -

two equations -. ‘x au -t i y .  i t .  t h i s  - - a c m e  t h e  vai l i t a m - - . .0 . : a a : ’i t i l ;  € - c l  a ’

i-p the mivc’ra,~ m e - ’ l m ’ u . - e d i i m e  - 1’ Kr v A  a at 1 B’.-gui I : m t -  .~, 
1

X avg ~~ f F(x.:~, t ) 
, - - - . 1 cc c l ~ ( i i )

~I m , t~~d ç. (A’)

‘lI t ’ -i’ta~, 1 1 1 , - i  1- . ‘1. and, t i j O t ’ . cp, ~~~~
‘
~~

- t - - ’~i ’ e’- a:; . c t , 5 1 i ’  I :  w I t - r i  i - t n ”A m i t .. ’

the aa’= ras~-: ca, 

~~~~~~~~~~ --~~-~~~ - -‘~~~~-~~~~~~ ‘—-- ~~~~~~~~~~~~~~~~~~~ - -- =~~~--~~~~~ --—.‘--‘-- ~~~~~— -~~~—- ‘
~~~~~~~~~ 

-
~~~~~~~~~~~~~ -
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Several methc- taa e-s’ oval satAn m.t ae- roci-i,al -orr -,.r ( ‘:1 , -c aic ’ l

differ ence c - V  the a la  r’ .:x .i rz ate -  so lu t ion  I i ’  t ti t t ~ ’: c t-t a ~T S .- .I~ttk -a~) mi t’ am ,

assumed function are ava i lab le- .  The- aa~.-st irnye-rt~ar~t r’ ,m .h 11 mis ’-  t i c - :  “ 7  a r  al

work , Ri tz , I-iarmt ;- -.c n i . -: Ba lano-o .  aci d h at  - : m : O e - a  a t : - : th o-Is .  T;:’; a~~j r a. l ta ,am ,-

solution is sodaS it u t ed  into  the o i f i ’ -eo- - , r 1 t i . a c qgia t i , . r~ at~ .c a i ce -  m~ - .-..  1.10cr

error is defi ned as a f’ u a o t l : c n i  ‘f mae ia t -d epmc r cd en t  v ar i a ’ le .  l It .  ‘ o

residual  is not  a di re-.ct lnoi i cm atio- n of the l i f t - c a e - m . c : b e t w e - - c r .  t he a:; mm ,- - -

and exact soi.-otAn , the eva; ~ati.:-r~ -A
’ this e- r r  r ’ has z-ae-t : I t ’ -  at e-c a  Op

various means.

The vir tool  v - c r - c :  a R i t a :  t c~~m : i i - .. cs~~~ re-s -sin’: A :  t e - ; e - m a o --

be zero ove r the i a c t en v a l  in quest ion b y s p ec i f ying t h e -  j t : : t a t t . a n e - s c a m

vir tual  w:.ri: to be zero . Whenc 1-he v i rt o a  w eo -Im e~~ 1 e - 5 5 c - , a. I s  .;erl ve-c t a

Lagrange s equation .

S E(X ,t )  E 5D dt = u .

WI t- . rc- a i: time - i:ts:carred s- -1 ation , is the 1,1 r - :t  va i ’ l at i -a ot ’ x w i t  I i  m e  S~ -

I- . T i c - ’  en.: ; n’ — : : i u u m  t m’ t h e  i n t r ,- ’m’a , t , be a:-t i t : I t t : i z ed  .. a t : t a i a . ; a t -  r ’mt:

:~ ‘A a I e s  ‘n~ n a m e r  It w h l - m h  t i c - :  l a r - - ca tc e-ters  DI ’ i t , ’ ’ a e o n  te l mt mit - ~o1 ,‘ i t ,

‘ ire ‘ ;‘ ‘ .,- m ’ t s i m , - c .  TIe ; no - ‘ L a ,  v u .  0:’ . 1 ’ , , r : .  w i n g  ‘ lie ama- - m - ~~t .;o ’ ’t ’ —

m i ni m. - ‘n. ~~ “ . I - a ”  - a ’ .’ -ma . ‘a - -~-m a-m a . a .o’,i’ at- --j .

‘a l . a : 1’.’ te -a o ‘. ‘ c t . , ;  t t c t - K .  a im ’ - ,, m  c ’~~ a .  a eos-.- n ’
- 1

• - ~~~~~~~~ a .

,t I  a . .  a I - -r ’a o i’ z - j l.- ’,’ I : , - R il c - a ; n - ie- n .  is

t i m  ‘ i c u s  ‘ a’ mi’. I c  na ,i’ . i n ’o i . - ; ;~~, - i’ .’.- ,- n ’ - .

( - - , )

t. 
~ ac- ~-
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In Eq. (2) the X ( t )  are :m - a i e o - - .. .. f .ceo’,: - - .: :‘co n ’ mae-

tAn  interval . The D. are m ia ,h A z e i ,  t, , ’ r-~c Am - I t ~g = I ’  Th i s
1 C~~- 

-

an algebraic e l i sa t is at s .

- -The pr~ n~nsp lo St oar-’-’ ‘a ::- s o m a m . - .’~ 
- a’esar os mae-

sQl-stArr to be adl as ted  c s - f l . : ,  mi , ‘ - - a - mc.s af the f .o .cleoet.’o ’i, fro.meoz- r .may .

This  ç ro ma e d -c r e  can be osel f m ’ :’: Satte -f,ass - f vrc c lear. . as - ho vania i:r.

of p a r a m e t e r s .  The porimal ‘ ct - .,ai .: a t alcst  Ic’ e-,’tt , r’~ fOd a a F. ,~ let - , -c 5 t. e - i .

S ~~ ma” ~s a per o:oma .. a , ’ A

In Eq. (2 )  t I ’cC X , ( a )  are ca-ti : , s:cn al eir’ ma.,.am ’ A-. ~~
- ‘ -

are f st ,otior ,s of time . The resid mi is :‘ei’ta ’:l s;, ~, ,a. a ’. m a a l r  : - m. c - ,~ - -

ti,on into the internals of the R i t z  pro :od in ’.

2rr
5 c ( t )  sos wt-o (a t ) = C’ (:;

2~
c ( t )  sos t :wtd (wt ) = 0. (,.~ )

The - Jal er l ke t i  mett :cd ° is t-hte sass:’: as the  R i t z  a a ,- . c t i , ,: - ‘ m ~~” - -

that t h e  resid~:a is mir.i maaA-c -d 1-’,’ the sr~n:’ipl-O V le-a :t s- .’l :ar~~s. T a , is

cr i ter ion is StS t -: apaeo’ ai I il c (  tat..tt,h’.;tt ati ..m al ~y h~ ‘ac ,’- n - . thc  n. .s to ’:m’ , - 1’ te. —

gebraic eqoat ist a s o b tain e d  is tei- :e t i i e  - ia -cr ~ b a i i a e - -o m m - ,’ m m . - -  R I -

method , less one . The- i’e- a t l J - - ’c l is g iven I ,;
-I- .

= € ( t )  - 1 ( 5 ) .  ( I T )

The ma ti- c~f ’fi - - . 1- : - - V -as :c rh’ V ~‘ ‘ ~~ I .  t c a i ,  :‘ n - m m ’

p la-sememt . and so’s-s m 1’ -t Ir: ~r it.s .,Arivact m I yes 1’ .- r , ’ - J~ ‘ t  ‘ - n ’  a , ’ t~~~, - j  ,ai ’ At ,

is the error i t ,  ‘ no  w i ’. - A rmai~ . ~~ ‘. a:. Oa i e -m aoit! j ; r ’ Ssc i -co n’ c’ ala : 1- ‘.- m c t c . . m

that wil l as h i u l r i ~’ a -  at - u - l i - - S i;’.,- ct ~I i - ,r ’,. F - n’ - ‘i:- . - V ‘‘ sta .o ,. “ ; ., m : t i m , a t .

excellA.n ,t r~ z .,,,t s au’,’t l - .’or m - - m ma,~
-
~e-,m t n ’  ‘ at - iisa ia - - m m m c m ’ , . ’ c ’ : . :  , , o

L - ~~~~~~~~
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noted tb ,at t h e-  san e- .n .h ’f ’i col t ici c exist 1 ’:. n - mIl ,.-m r a t ‘.~~i ca ,’:’. : -

app l i-cat  I — . at c -I ’ Ts ’h-. 1. -ci i . - 1,1 ’ p-:1 ,7’c c c ,.ciinial. s to S m a -  :~ .~ 
ma i m .  — I ’ am , ’ ‘ I ~~~ ~~

f -s tcdamne r cta l  sy s t - .- ’t . ;;ie -- ..c r a  - ‘.i’:a i c e - s ui t s  1a, n a I m a t  t~~~ mo ra l ‘- 1 : - a l a ,  I’

medi um cr ,l ’,’.

At ‘a m p  m a ’ . he ai .-~-ve mu o t h o d s  y i e l d  ai t ,m.a - ,’ a  I -al e-x~ m - e ’ : . s I -~m s  -

are r e l at i v el y fe -c S 1. . r .i:sr 1a:e -m tor :i s - fa i r  for vc ’l csi t . i e s. a n ;  n o r m a n  - n,,

good at all for’ ‘a.cce l-cm’ t i ’c i o n s .  A:’ :r’at..’ ,’ in t h € -  cJerj , - - a~ lye-s cat , se - a ‘a l : ’ .

only by aa ac- :sr’ate aes.:r::i-tlc.a of t h e  .mi sj-1 tacc-snri et.- - Tm -c t m i a t ..h. ’ :tmc ai . i al

f i— m uities of deri’; it ig m i ;  .j ’anc- ex’n - r e s s i c .- r . . :  t. ca- -: - -, .me s t am: : r’o. .m t i . c a s  I ’ m ’

d i s o - l a - c e -m r : en . t  Wa iVe c r a m s . d i ’  ‘e- the n eo -n 3 m eat’ I - r ~- h . ’. t ’ .’a:; m m ’ - :‘ - ‘ - a  c cn:7 - : m , - w a .

dj tj c ’- t s  the a n t - S t  c -x u e d i e n c t  ante t hud  l’e-r ’:vtai ual, i t  0 - a - - - a .~ h I l  - - L i  n - mt  ‘ a  cr 1  0 ’ 1 -

of a sAtem is the- pr - .- - e l - re I .h - c a m w- a i d  yield a - o s - . J t  s . V e ’.n A a ;c . o” a  c 1 . -a’

aLt sas’t~p a r i g  cases .

BasI ca lly, the a c.i r m :ot ’ i c ’al ‘~-roce I - i n c - s nc t t i s t  of s’ tc : wIse lot- ‘t a—

ni- ,t: 01’ time equati~..a by e :t 1 . i : mi am :  i n , ~c 1.1!’ :  Vol ate - 1’ the .c m e - n t  v a n  l i i i 05 a ’

ea ch step . Those values ‘o n’ : sui h - sm i t s t ’: . b  I ’  ‘. t i , -  m l  t ’ t t  n ’ . m . Iail A -ti l 1cm: -

,iet e rtn lae  A’: a- ..- -.c - ,mj ’a y t ’ tile -cal - ‘ .; L o t  1015. The mac-c l I tc e-l ic - 1’ c h o ot c l ’ . ’ A -

v a i l - m e - s oT the —.- a n - laiL-l e s to ca si o ’ i t  t - - i n -  - no e l  mi ’ h a ~ r -aa ige  I n ’ am.

the y m m l c i o s i t . mm . a rat -ic -ma ’, ta d Ic t i  n c - n -  - . - I ’ V l c n h . m t t am : - ,~~~~ - 0 : 1 _ u - o t . a . , ,~ a a l l y

eot l a m ; -a , t  1r 5 ’ the -- s c - I  0 i c , m c .  rio - at ,- - - m . a ’” ‘ i - a. m m ac - ;;~~~ a .  m u : - . I crc Ta-, i O t ’~~ .

i- -v . . - I ‘. par: ’ ‘ a  - n mu o a r m  a I - im. n n :- n - V n” ; . t i c  - ‘J - ‘ - n t  ‘V  I a :‘ .: - - - a - - V I ~~‘.
-

- n a ’  m’ - V the ‘ . l e -v ’ : lo m a , - n t . i : t h e  :1 -- a A - - . T R i m - - - I ’ m  t ’ ‘ n - a - . 1 a c m a n ”

a ii rn -m . cc: ’ - n a t  I t .  - : ‘ Tmip i m ’ s 1.-vt- I . m a - - ‘ . I ’ : .‘ - , , ‘ l ’ ’ ’ t t . m - -  - , a . ’ a

by Ih .. A . t~~.. — 1-i - t m . , ma t - h ~r .i’ ’l . ‘,-, i , -hs  n ’ - - , : -  u.m. s e a~~’ s -  ‘ n - ’,- n’ -- , ,’ ’ . - I I . ’

‘:ma .,’.- a ’ m l - , , -  n ; ’n ’t t, s’ -~~ . ‘H i ’ ’ ; t ‘ - . I . , m -  i c I ! ’ . m a m i  l a ’  ia mm ~ , . - : a . - ~~~ - ‘

I i,~~i t  a I - - tnt - a - . - n ’ Ii . ‘a ’ y e - n ’  • t i t t . a - t ‘ mi- ‘t ’ 0 ‘ i ,  , I V ‘ - - . - n .

T i c ’ - - - - nj  I -‘ x j ‘ y m u m , - I a ‘; I - a I ’ -  t V • - n r ‘ - -  1 m m - - o va m ” ,’ w - m l  - ‘ -

-~
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nonl inear i ty  of the problem. An. est imate of the a-,m c ’~a m’a c ,’,’ of ‘be - s- a

can be made by con~~aring the analytical so la it i ct a t o : : i e - r ’ i r t a e - a t a . .ia ’. a cr

to a more accurate in tegra t iur t  p r o m O  - 1 , 1 - u .

The m cc l at sion of both s ine or..a -“ . sine tem- nm~s is n:e ‘ e - s .: o r- ;  ‘. . a ’  -

scribe the solution of a damped sys tem.  It gen ermad l;,’ is r’ easoae c t h a m

d~~~~ing causes phase d i s tor t ion 1  in all nonlinear pa-obLenas as i t  . k e c a  i t ,

the viscous case.  Certa inly c-st’v-:us wi th  large va r i a t i ons  in’, w a ’, ’ . t ’ no. aa . i

period can be described mathematically w i t h  th is  t e- : l :t i iqpie . It Is inn -- °~~~~. 

to know which terms of the series to include in the e a t t, i r a i mj te or ’ a s o lo t i .  a , .

In general , the transient sai l utica w’ add : ua c t a i t i  n eor’ e- t e m ’ a m c s  hon ‘,i :- - ;a- mid ;. —

state solut ion , since amplitude and phase variations ar-c 0: ’- . at om’ f. i- - a i s

~ortditia r: . This makes the eval o a t h - -a of the ta-hose angle var ’ .L aa ’ . I .  t .~ n . . m - t he-

damping case even more important .

Since the Coulomb equation is n u t  c’- , nisi c :em’ ’ - .t strict, ’,’ nc c n ,l j, t t ’ - m a r. I t

is ol-pru l-niate  to discuss  othe r u nt o-ar pr’ . - ’ ni- a ”’s. Ti-c ’- nc-st wi -me - I p sic .;

method of t r e a t i n i c l  l inear  sys tenmls  Is the  equi’sa , I - a _ a e a t en’A na -t I c .  .t .~~~ The

equiva len t  - :nergy me- t hen I : ;  b osc h oat o i i - c o .  - -a - c  c ’  .t i s c ’ l a t ’  - ; im ,  both l i n , - :an ’

ail ci nonlinear dampers .  The use of t i c - c - p  - ia- a I e- m , t - ; m, ea , m a d  l a - I  t in :  t im ’ . -

V i 5 C O U S  s oi ut .i . u a t  ~~i~a’ i ’ a . .i i m ’ - - ’ - t  evm f  a n d - a ,  :‘ 1 1mm:’ a , - . a , t mi ~ ’ t t -  a , I - s  ~‘ m : m’ mi - a . -

the m t -ti - rn .

The ‘a m t hm - . n’ I’oc - .l .s the n’ - - m . ’ - m .  t r s i r  vc- ’ m ’ , l l a ’~~.’. ’ i s  - ‘. m ,  w a c  ail . - . i i .  - A’ - —

t ive damj, i n i ,~ on t n t  as’:ii ca am - - 
I , m : h- 1 a - h - - - a I - -  I a’ V a. - a . r1 t n - mm

resp on ;m~’ of the- sy t a t e m a : . C ’ - r ’ n . m i i n , l y  t b’: A~ 
- n  ‘ a - i l  , m~ f .  a .  V a ;‘ . aa~ I a , :  :‘ , m .  - a:

and/or .‘nc’:’~
’ i ’1- ;t. t c ’ - . ’ u .t l d  m . Pu - a s i a -  :~ t i . . m a ’ ‘ n - a .  n ’ ’ c m  - m , , a ,- - V t I m ’ :

is  - ta :knc- ,w r.. i t  na 4 a n - a m a - n c  I ~- ‘~.j’.: .‘.tam h IH r ’ t m ,  ‘1, ’ - am , - a,’ - n - t a - - a .  - o- i ’ m ’ m _ amm j I m t ~

efficien t ’ :. I .m ne t  s t i l t ’ l o t  ‘ ‘ -
, 

- a’ m m. ’ ’  m a ’ ‘ ‘ 1 n ’ ‘ a am - - - , c f ’ n ’  - n’’ . I n ’ ’ mar t m - at .

de tail ‘m - I ,’,- of ’ I ~~ mm ; - i - -n w -  ‘- ‘ V u’ ma. an ,  - 1  u , ~~~~ : - i t  I v

n-~~t .j . . . n ,  Slt ’ m t - t  u - -v  il ,‘- nit . ’ i n  - ,- ‘ j n ~ :- s ’a, ’a i r , V  n - ’ - . - ’ t n t .

L~. ~~~~~~~~~~~
. . . . .  -- . -‘



B. The E quiva .i ‘ ‘ c  E ’ c ’ : lf y  M- t~~.

The energy mnie-tI:c~ has  b e -e’. ‘~~m - .- - t  I c .  a m - pr c.- x i an a t e  t h e  n - ’:cp  . - r . s e -  - .

Sl nc gl or— Joe n’e-:—ul ’— t m’-. i , mm a, sp cat cnait t 5 - IL - e - - C t  c . r’; oat lir:ear - t a ’a i t  nluc V a’

Th,is app rox ima ti - -n  is ei ’t t .- .’ t o r d  by r e p l ’s- ’ i m ,g tb .- l i r i t ,-ar l~~’tc p I ’ .c~ - -

efficient in  the linear- solution with nm. equivalem ’,’ n u t l ir e am’ ele.’n~- m e

wl.1 :h is -set or ’ m n in .e’ -l by ll.A,m,r- .ar. -in .g the basic - - xi I” : - s i c ,-a t ” .. r ’ S Ix o r t .~

c I i S O I 1-mi t e ,j  p t . r  .‘y-: lc’  i t :  tA r::~nhin ear J aan i :en .  T h i s  ‘ ‘~~. , I ’ : at e r : ;e  A 

t h e  ass cmmj’t ion ’. that F, -r on:’.- Ira: ri-sd of st”- t~ci ;,’ — 51: : ’ ’. mm , - A c - n :  tn : . -m a r i o n ’ . - :  -.1.1 :cm i —

1’~tt :J ia ~ t h e -  l inear .iamnpe - i - is 1,1 cm same as the- - :tta ccc c hi. m m c i n - m i ’ - I i m .  ‘ i t -  m , ,

l inear dana- -cr. The Lasic ass..ut:~- t-ion is thca t thor rnt - l . a-,-r Is ; ‘ ‘ cm .c a I r e . ;

t h e  f.ux’cir;e fur,-:ti - a..

If the -ar:a -r-aJ. expression f~ ~ he: nomii . ltmea r m ’rm :n lm: o . is

f (x,x ), than’, tire ‘:xl m’-.-s ,.mf~- . 101’ I It’.’ ‘.- ac ’.ar g,’,-’ p~. -r  ~ v.’i e n ’ r t m , ’. :, i n t l - c m ,

x = X sin as’. la m t he  m l  Anal  of the 1:-a’ c-d ..c. -t - . V r tae .na m : ; Ia _ i , I’ur n” . mim ,d

the velo’.’i t’,’ .~~: — k w c ”..- sw t , v- n - a ” ,- ’1e.

E = ‘
~ ‘.‘ :~ e 

i’(-..~.) F( ~ . ) 
~~

or ( i m a )

E - f r  ( :‘m ~::) ~:.m ’

a - u - -: - t’ - j . .- V-,,- m ’  m e . ,  , m m 2 m m : f  i ’ d’ n ce a ’ ( : ’ : . m L

ma;ay Pt .- A. t a L’ t’.’ d ’n. ,\ cm ; - .:’ a ‘ I no ‘ : - - tan; ; I r i O  l ’ur  .‘ ‘. i t  - or - P 1 , .’ - - n ~ - ,m ’ . ’ i~ ‘ -

F-.r’ t h e  nmt ’. ’ ion a:,’ l i .rt .- - . :  a n ’ .- - . ‘ ; -  t - j ’ aa ’ A: I . e ’ ’  - tmi ’ cm

E x~~f~ :‘(:‘, .m :,) ~ ~~ • ( i u )

Tb’. ’ n - - a m  t i _ a V s - i  m m ’  1 ’  i i  i m , ’ ’ hu ’ ’ ‘- I  a ’ - cm 5 ’i c - n . ta I ’ . ‘ ‘ ( - :  
~~

. .  )

I ’H . (I I )  ‘ i n - - , : h w ’ . l i t , - - .  

-— —— —-—-‘.- “- .- ‘-- -- ‘ ‘ - .



__________________________________________ _ _ _ _ _ _ _ _ _  -

The express ion s  fe- n ’ t a m e wap l i _ 1 , - .mu~~cm t a .  d :.,. r ’ r—a m j . ..- - l i n e  ~ m . ’~- e -  ‘.~~‘

are fc:ur :-l by subst it -s t  it t i l  t icet n t o r n m i a l  ized daanp i ’ d  c o e f fi  - - - t . ’ t .

v is co u s  equa t ions  for the .I i sp h o- - c- mn ~ent  cot:d p h ase n a . , - . - , ’ -

F
k

X 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~ °

and
2

as’tan B = - .  
. ç . h

1 - (
~
--)

~as

The final expressIons til ’o abc-wa h a ;  -cc l  jjna’.s ‘- mi a . .i - F Tmf ~
-

It should be muted  t h a t  the i d en ta  i .‘ai s-a l cml ions ‘ca - f J t ,at’ e beer: . h S a l t , ’. I

with the Ritz twu -t er-ta: j.r, . . .:Jur. .

ad . R i t z  M - c t h . ..’- .i

The R I t z  Methicu l s ’ i ’. n,v , -ii ii: -’:t am i m i ’. m : . a n s a t i o - :t; 
~~ 

- ,

a~~ n u x I m n a t in g  the solt i ’ l e n t  - - . F I .  ( u ) .  i t  is r’- 1mm ’ ,v e ’ :y ~‘aol ’ ’. c I ’  ‘

non l i tm-c -ar ’l tj e s  i t t  a. tr - ’,’ m’ m i l l  ci ’ t I : o a e- r’m m. . ’ . Tic ’.: : m u i e - m i , -n m c ’ V m a r - .’. a ’ ’ . a r : I - i n l ’

eases cc ccnm s id cr ”.-J am - - t’i ’;~:t b C  ‘ m
~~

’ tu ’ i s i n :  w i A  ‘ I t t ’ F . j - I t m i . ’ a . !  F t - a ’ ’ :  ‘-

A I w o —  I.e ram: ‘p : n ’ .~”: iaa :a ‘ I - - a 0 : 1 .’ me St ’ i  , ‘ em’,

x = X s i m ’ ( w ’ — e) (‘- ,,- )

is a s :m t L ’ a : c S .  Ti :,,’ c l ’ c r i y m a ’ I v ’ s  . 1 ’ 1 :  sul S l e n .  ‘in” 0 1 : ’ i ’  o l e - - I  j ’  - i’ a . ( 1 1+ ) .

Tb’ - ’ s’t i n’  ec n a  1 5 r o r j -  i a ‘ - a - - ‘ tm i i a - - p r  i ‘ t ’ a’ ’ ’’ n - a m . . - o V I’ . - ( i  ) .

_ _ _  _ _  ‘ — -- —- -__-~~~~
, .‘ _ _ _ _ _
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cit - 5 - .
z ~~~cc >-m
o cam cam C~J —“. at

0 8 3
Cl) -t im: 5 cm 3 3
(5) ~< 3 3 5 5 c - . —_., .,_— ‘---—-“

cc ‘.— —— c—i — ‘—“ I
in, ‘ e’- -~ ci

ii at
cc -.0 Se- am

0 0 at 1:
cr1 cr1 cr1

:~~ :~~~~~~: 
~~~~~~~~~~~~~~~~~~~~~~

cc 
9~~B

o
H E~ — - - - —

I I I

L, .,,,.~~~J -‘ ,. .,,J I . J - ___i

E’’u —‘— ‘i II  II

- ‘cm

-

~

--.---

~

-_ - - -‘- - - -- ---—- -- ~~~~~~‘ - - ‘ - - - ~~—‘-.



-

~~~~~

-w
2X sin(wt-B) sin w~d(wt)

2rr
+ 
~ f (x ,A ) sin wtd(wt )

+ x J sin (wt-B) sin wtd (wt )

-

~~~~~ 
f
0

smn wt smn ~~~t wt ) = 0.

Let a =

then

wt = a + 8 ,

and

J (wt ) = d a

The f i r s t  and third i’ctepm ’als are-

~ 

sin (a) s i- ,(a B ) .; - ~~

Using the t rhccrcome t.,r ’ic i d e - t O  I m ,~

sl-n c ( a +  8) = sin a c-os B~~ ,‘ o c a a  c a l m ,  B

and -
~~
‘ s i t ,  2 a sima a a - - s a

tIme in.toera’. bt:ec,mo n.a

2 .
~: 

sin  a c -cs  B ~ s i t , 2 a sin B J n a

Inte ’gr’at i nmg and s m h s t  i t  i l l  ni t’ m i ’ ‘ ‘n’ ~~t 1 ‘a n’ : 1 i nr mi t c

2 c-os B ] 
= ii coca  B

_ _ _  -~~—--- ---—- - -—-_.‘-- ~~
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sat

The integral of the fourth tonni is it , Thus ore ale-cb’ n ale e-c4 .iO ’ I OS: It’ .

X and B is

-w
2Xu ~~~ ~ + f(x,k) sin wtd(wt)

+ Xrr cos B = IT
m m

Using the other orthogonal integral , another Au-am a i-sit in 1< a a h  B

is obtai ned:

e- Xii S lm t  B + 2~ j1 f ( xit~c )  c-os wt .aiui a,

-f~~~~XIT s i n B = O .
m

Solvin:g the above equations f-.mr X a m i d  B y i ’.’L- t s

‘ 2  a 2

and ~~~~~~~ 

~ 
(4_ ) F(X,as) (— f ) (A)

~~~~~
— F(X,w)

t a n B =

l-(~~~)

where

F(X,w) = f f ( x . k )  s i t~ ~i a . (- t )

D. Prese-n;tati, a t ’ A- c a l y t . Ic he-c :a l t , m

The nc -sui t .a - f’ sail ca t iUtt. Ag t h o - ’:x~ -n ’ a - t m s i - ~- n m : - I c r ’  t ’ ( x . t :)  111 1 ’  I - l i .  (_ . ) - ‘ . a ,

i n t eg ra t ing  I ’- : r  F ( X . a s )  is .mh ,~ ‘a t .  in :  c .’oI . uiimn 3 - ‘1’ IA  . ‘. - 1. Ti,-. - - xj n’

for the ‘d isp la  - ‘ -n- na t a m . .: p h m a s e  a a a d i o .  as eiv’:’n a ,v Eqs . (A )  a n . i ( ‘ - ) are-

sb,own it ’, c a c l : tmn s -m ar id 5 - .1 ’ Table 1.

The F t ” m c~- u ’ a d  - ‘ - i  at  n c  i - a r m a , , ta:a x i n n . a am , ,: t ‘ a c ’ : — : 4 mm ’ ’ ; :.‘~ I ’ m ‘ ‘ m m - a. ’

are given in : c’u,’l , j a c .  2 . h I l t ’ .1. l I m e -  ‘. - .~- m a t  L m  - - a l a ’ a n - - . a ‘ m d -  -t i;:
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‘m~, m.

1

Sub st it  ut  lag th e-- f ixed  parame’ ‘- i - ca e-f the -  i rc-A em (s~~ Table u) i n t o

general equations uI ’e slt- . -w a , in , ccl ‘sjrca. 3 of Table 1.1 .

The p u s i ti . -. - r . e -V maximum i’r ’ e-qc .e-,- a . - ‘Il recipe -ma st ’ as a f ai n . c t ’ I c  a: of salnj —

lag rat i F- n ’ f t . - -  J ama r p . i rg  .-ac ’c-c ’ - - ar t  I c  n ’ t , - m ’ n a c i r m e - d  b y  .1.1 f l - - n -  0 At l a g  S m . -

t’q i .;at I ’. n . ~.-t ’ nr~e- t i -n , w l t l c  n’ . ca p - - n. ta . I h - ’  f requency n - a t  Ic an.aa eqci at i mng IV’’

resale. t c  .t’ v ’ . . Tat -a v’ut ~ t’ of the maximum amp i it u u e -  is t I m e - a . Je t e- !’ta ,j 

P t ’  S- cf c a t i ’  , ‘ I a : 1 ’ ‘ 1 : 1 c m  t n ’ - 1.,’ : a : - ’ ,y n - a l t  - lrtt-.- the aran. lit ,anc ej’,ati - :n:. li t. -mmli

- a s es  ~~t-( “u ‘ m e -  ‘,‘e - i c’- c i t 4’-: .a ’ , ac m ’ t cu m u s e -  the soian.at . l . a of the v a i - i m ,d ’ : e - m.m

aF t  ‘ -n  t at’ i i  F l - n ”  a , ’ I a m ’ i  a . :a r : be ac’co mp- l isn~-d . The a -e s- f  t :  am - -. cmli w - nm

-. o: ’ ‘ L a m t l e  2 .

j’m ,e cm n , j c t ~ - V  ,i tmt mq Ag :- .-ef t’i cb orn , t . s t~ s u b s t i t :e .e -  l t t t ,- . ‘. m e  a i a ’orL’m ’a i

t-x~ r’.- s s l - ’t i s  m t j am le 2 are a~ t c b- v ic.:u s :  I:. we -no r ’ , t h e-  e-~~ ci a - a l e - a . :  damp ing

orra-crgy mr ,e- t t i_ c a m ci ’, be miles  S. .. am r e -x i m n a t e  the a- ce-f l ’ 1 sAri_ ta ;. The- e - x i  n - s i _ a l - n _ s

t ’:r’ t i l e  - ‘ c . c’ f V i c i e m m t s  are given in Table ,t .  TIm e Cc ‘.-t’l’i ‘ l ’ . a m c t  S we - n ’-. Ic t - m m a m , i n . - -~h

by n - ..r - mna i m n i n g  the energy t c xp r e s s i on a  and su b s t i t u t in g  the  vi::. . - - . IS -o. - ’ . t ’ n ’ i - ,’ c - . - a . ’

into t l , e -  r e c a S t  t I; t rt e q u a t i c .m , the o T t i y  ass:sa:j.t l - t c  b e ing  5 : , - - eq cta  .l’ ,, c m t ’ c m i - : : , ’ ,

t o t ’  t i l e  two expressi  a n s i .  The r ici -m a l i:o,.l e x pr e s s i o n s  a m m ’ e- O I V ’ c ’., t ’ . itn or

Fatty authors ( sush i  as Wie ,l,.d
Jt
~ h ave ‘ .a n’ fc’ n - ar . e - J  - - r ’ i a m e - r , t  :

ass clam ;: r i g  t i ne ’ -J armap ing c.~ : n i l  c i  aa act 5 at I he f e  s -o n i - anc t  I n n - I  - - - ‘ a .  ‘;‘ ‘in ’ - - c m l ’ Vi - ‘ - . t h’.

a - c urate- t - . d- .’t . ’ - m’m n i t t e  t he  m’ - -;p c t i 5 - -  aam m . m.r l J  i ’m ” - 1 , - . ‘ t  - ‘i - ’:. TI ;-- -n ”  I’ a’ - . m I : -  a a mm . m —

inle t e-’~ - .1 Iva - ‘ t I  c a - e t ’At - i - m O o  an ’ - . ; . - t - - . ’mm , I ’  . - ott I f - h ’s  I ’ ,c :I s  a’a . t t , a I t c e , m ~,: a ’

c-I t h i s  a:aa lsnn 1J i ac - a ’ . I - ;- - , i ’a t a ’ n’mt . i n . -. - I .  i f s ’ . ‘ l i -  m ’ a t a m - ’ on ’ t l i - ’ - - , ‘ l i - i - ’

ma;: h~’ tipj n’ - Xt mt:a’ ’ - I ia ,v ’ m .Is :a. -- ’ m. - a .  m i t .  -
‘ .- a v-a l c m ’ ’ V n ’ l i i ’ :  t n ’ - 1 I ’ i  ‘_~~

‘, c c

- ‘a- . - . ‘ 1’ . - i e ’ - r ’ a m l m - : - i  i - - f ’ m’ -.. ’ t - ’i n .  t . A , I a c  ,g a .  t am e - ic e - l I l a - I : m a ’ -

- l iv i a  i : t y w r - a - - F r’ m c  - - :-: a - m cm - - I - t I - . - m ;  m l , , i_ in’ - - .’ . - u n ’ - ’  - - F- - n’ I l; ’ ’ ’i s ”  a’ a

t i n — - ai r sol ,I i a . .  11 ’ ’ c- . -~ f t  ‘ i ’ i ’ a ’ s. cai n ,  n - . ‘ , ‘‘ i l , m .t l ’ ’ n  ‘a ’ - ‘ ‘  n ’ , m c m , ’a ’ , ’
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TABLE 5

LINEAR IZED EQUIVALENT t,’[SC US C-~EF’F1 VlE : t ’l - S

TYPE OF LINEAR IZED EQUIVALENT T-..EFb- I-V dEVI’ li_At-tHi-tU C. E d ’ I C l E~~~~
’

DAMPING DAMPING TERM NORMALIZE D ‘A- C . RRESF - . CL- i CC r~t
VISCOUS A,3S ,it-~iL \‘ISA.S

2 0. ‘ l ’ ( ” ;’,- - A
~ko rt X ~~w r t X

COULOMB 
~~. 

= I 
~~. 

=

VISCOUS 
~2 

‘ U)
0.1

2 ,, 0. - .

VELOCITY v w M  
~~ 

C : ‘a 
. ~cA . ,  a ’  - -

SQUARED 
= 

~ 

= 
C
~rm

X :~:
‘;

0. ‘ .- ‘ -

DISPLACENENT m m ci ) , ,  — , - V  ., w
n .c ’m .1 - 

~.

SQUARED 
1
~~~~~~~~~. X  4 4  X

_______  



_______________________ __________________ -

The degree of error  .“am c be estim ’nma ted by soiva’a.o t h e -  J i S p I a c ~ e-ma : at ~xp n-’s5’i:ma .t

given in Table 2 .  The algebraic equat ions  in TaP le  2 have ca ’  ly pc. slt  Ac

roots for the values of’ the diss ipation -cu-a ’ f f ’ i c i e : , S s  — - - on s i d €  i ’ d . By de f ’i a , i -

t ion the magnitude of the assumed soAmtic,r, is a n- -c al j .’c O lt i V C  n .2 a c ;m —. r .

Therefore , the other roots of the equations are I c e - - S - ‘ -a - - n . m i - J - i’-: 1. A nps’ ‘or

program ( see pag e 1 2 3 )  was wr i tt en  to solve t h e  e-xpr-~ s a i - sr c s f ar  t h e

s teady-state  di spi.acement arid phase angle equa t ion s  (column 3 f Ta ’r.le 2 )

with ti ;e c o e f f i c i e n t s  in Table 3. Th;e value s e-f the Jla .~- ia - - am:- ’ - - -aa ; b r .aS e

angle are substituted into Eq. (22), the assumed 50 1411 . .. wmsl -:’ L i s  s i_I-

s t i tu ted  tn t -C the d i f f e ren t i a l  equation Ic- n the coy’a’e cam - a ..h i ’,. u -.rt I it. ’ c- use-

(see Fig. 1 , p. 7).

The s t eady-stat ~a -. i i s ’ tc la - . ’ e- am :e - ri_ a n ’sami -.,- ”m s e  ~i i mi ’ ca mmc . . -a; ’-: ic} c.- w n  1’ . Fl go.

2 thimsugh 9. They are 1- t c t  l a d  as a far a -t ion  of the -  . n l ’ m h l a g  i - t i m  100 cma~~w a , .

The root-me an-square (RMs) oi’m’ on was at  ‘ 1 c 1  mit cal ~. ‘:- ‘ m’  - ‘ a c I ,  ‘t ’ c’ l - ’ (150 1 - C r a . ’ -

cycle ) . A c l -cart of the RMS er ror  is shown im ’~ ‘laS h e -, , Ti - r- . -,-‘a c  . - -  I’

t : iC  error  for  the  V l 5 ’ t - ’ i S case - is in + i ,~ onJi’s - p ~~~~~~~~~ Ji~~’ se- vat  c m - ’~s w - m’ e

checke d on the -  desk saln acl at -a r an d fc— -,;m; h to P-c s - - r i ’  . ‘ t  . T a i l - f m ’  L4 , ‘
~~, W : .’ m , m m ’

the RNS -.:r’m ’ -::r in the mac - l i! I a .  I’ a - e- a soca  ot , l ’co ’r t h a t ,  vi scc : -a-rail I t t O  r ae. . ’-

from A Sc lL ’ -.-v on’  a c m y: 1 e.  Tb - i’ ‘c’ .an ’ l a t l c - n .  f ’ s-c  200 n - c I t . !: a -  r - ‘:  ha: t’a~’~

t h e  same order - - f ’ maj, cmc i a mal e’ - t ’ I’m ’ h’i-l . e r r ’ - . n ’ .

Sia , -e tI:: i rc ’ ..’r- - ani ’- - a c t a l  va. ‘ in,di ‘ ‘ i t -  mi t .  i nc ’ i g m i t ’ i c m m ’  t cain, , ’. in ,

the  RIvIS error , a ~.
- onnnl’an ’ison ; c i ’ S l i t - s e -  i r . . - r ’ - - an ’ -- ,tal  Va l m m c - S  w I l t  m l , - , - X a . - t  s e . .—

t is- n , would reveal l i t m h c - a I - l it . i -m ~a i  i a . I ’ .. - n - m a imi ’ i ’ - ’ ‘o  m mcl i  - ‘ I . ’ 
~~

- mmk saJ i i —

t ude arcal’,’oi ca ‘ a L c v m  . Al s c - . a 1- - ’ m il L ed aa t ’ihy ~~io -1 ’ !.’ . - 1- cm :’- it 1’be ocI r in

not b enefi cial. 

—‘ .- - . -~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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TABLE 1,

RMS ERROR IF Till~ k I I AL YTI c ’ ~PILUTI0lt ;l  OF ‘TilE E -~UAl ! ’l - I lV  OF ~t YI~~

T h e  RI~ I ’ - n ’ c  . r ’ of the a r : u l y a i - c  ~c-1 . ;t i ’ .. a , .c 0!’ ‘ rio e ’ 4- a at i a c~ - a  am , t I e - a ,

are given in the n.’e - . l  I . . wing p~~ c~~:.; .

The equat ions an-c pa’e se-a.tc’- .i it. tk.~. sum ac-a- o r ’s_ n ’ as a lley ‘ cl-I - a m - Ia :

Fi g. 1. Also • the same des igntat .L .. a . ,icm use .;. Th e- .iam a I t t . ’ . ‘ - c i S c  l e - t : t C ’o r ’ . :

indicated .iac the se--ca ctc ’.i ce - I umn . The s~ :aal’ :- .ct .. m., ’a’r ant ;; I lA ne  I s  . a .  - T m ,

aoluini ’
~. The paiaso an g l e  (i~~c r a ; i a n s )  15 = i7 i t; c-alcs;in , -~~ . TI:e a r ’ - . a im -n: —

cies a t e  shc,wt i i n -  ‘ - . - L unar 5. The RMS em -r -a a r’ is . : t : -  wa . Inc tine a ct -c .. I :,aa.n . Th-

cme --con:ai line Olc he r ’ ea.mh e:m uat icc- a Jesica.a510-a . I.: 5-I c-: val ~ e’ V t he -  :a - a : , -

disi-lacement , vel-:- a-ltv , -iac .t a - a e- ce - ’t’at iom t. l e S t  e’S t l \ ’e-

The val amo s 01 ’ the :i.a”ap i t O  coe:’i’i. ’ie’t c a. m mire :

Beta X , I,; x I- I

1 -1 .0077153 0 C

2 0.1 0.05-9- 0 . 00 :03  5- .

c.- . a115’7 1.56 0 . :  , . 0005 0. ’ 0050

- 0 U. i ’ .J5 Q~~5i..,f ., c 1 • -,, m . -i_ c

5 ( - .77 l5I i,~ - -  0 .S o I  ,•

O. ci5 0 . 0 -0_ c ~~ - . I

7 0. - (,t f5’ - i . e -  - -

8 0 ,2 7 , - ‘ 0 . a ’ t ’ i  1 .1,  -; .. -

U O . c - 5  oc . 00’ ‘ - - - - ‘  “ -
‘

10 0 . 1  u .. c u ’ m , . ,  ‘ .‘ -~~~ 
-
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the Int roduc t ion .  The curves ar i~- ex ten ded by Ui~~crpr inc tne ‘. 1Jfl~~-

histories where the steady- state conditions are not well defined. Wncre

insufficient repeatability of the motion exists , no p u i n t s  are pJeY~~d.

The curve extensions are intended to aid in the iri~ erpretatien of the

response .

Ty-p ical t ime-h i s to r ies  for each damping case ~ reeed~~s the  r erpcn r~

curve s . These curves show the s teady-s ta te  and t ra n s ie n t  respunre i’cr

average values of the damping sce f f ~~~i e nt s . In general , the J i rp1ao~ nent ,

velocity , and acceleration c urve s d i f fe r s ign i f i can t ly  for ea~ h r a r e a n d

each frequency. In all cases the higher derivatives cannot be reIat~ d

with the simple algebraic or trinuarmetri ! e~ uaLiuas i !idicateJ by Eq. (r).

The corresponding time-histories tsr no damp ing are given in Figs . 11

through 13 . These carve s are p r c re n te~t tsr coral arison with the dam ped

cases.

Typical Coulcrnt damped t ime-h i s t,s r ie s  are ~tven in Figs. jL~

through In . T1ic disc la sement  Wax t r i m :  seem t~ vary ~iii ci w i t h

a
the sti r—s lip motion c m i  in ~ t — = 0 5 iii r t~ i ci I

w

the higher f r - a - i : : . The ve toc it .y  and a s s e i s m- at  isa i rvc : ar~

uni form.  The e f fe l of the d i i r m a i nu i~ i s  max a s  o- ii  t h ~~ v~ 1

a a
(— = 0.255)  sr t h e  a - - lerat~~ n (— I.2~~ and hi~t ier  r at  :) .  i m ea

presence et L w  t r : ~l m m  - i c c  Li t I m :  u t 1  L- m i t  cvi t m  it  i l s  ‘~~~~e m m —

a , ation tsr I r~~j m a sy  r at  m I m - mc — 0. ~ — = 1. H ~~. The s t i v
111

a p p e ar s  tx lie  n i - - r I m  c i  by mi :~ m ’ i i s i l l ine w L  :I i ~~rI d i r  s t i t i a U i ~ i c c .

This is not I I  a: t e r  v i  s 1c m - m m  ag where  t I m -  - m i v e  L~~ e i S  S i t m i S O i l i l .

The wax cl ul I m m h ~ I l m i r d  1 e r i v m i ~ iv e  - m i m i : ‘ i ’ m - i  ~ r mc t i m :  c r c - c

sf veloc i  ; c m  a H c i i  L a .  1 e r -i I. . ‘~~~. v H - i ’ v tsr
1)
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is s imilar  t o  the acce lera t ion  at ~ 0.7614, w h ir l  s~~f~~es t :  ‘he  ‘ LW~1
woul d be similar to the acceleration at = 0.509 .

W ri
The velocity-squared t ime-his tor ies  (Figs. 22 t I m r -~~apt . 2 14 ) are

more uniform than Coulomb . lime wave forms are p r a :t i a i l y  ad - m m  i al

for all coefficient s and frequencies considered. The velocity peak: arc

smoothly rounded and the acceleration peaks are sharp . The a:ceieraHom

wave form at = 0.255 is similar to the displacement wave form (the

negative peak being disregarded) for = 0.255 and no d~~ mj i m p .  T i : r - -

fore , the higher derivat ives are suggested.

The displacement-squared time-histories curve s ar : t’Ic’i- mi i n

Figs . 30 through 35 . In general , the re sponse i s  s im i l a r  t o  th e

Coulomb curves.  The motion appears to have the s t i c k - slip type m o t i o n

for small dan~~ing and low frequenci’:s (Fics. 36 and. 140). At hi phor I i -

quency ra t ios  the system appears to be undamped. F it s .  11, 32. and

for 
~ n 

= 2 . 5145 are identical . The low f requency  re spo r mrc  t s r  hi gh :mama i  -

ing coe f f i c i en t  (Fig. 33 ) se~~ms to be d iss imilar  to the : r i d ar n l e i  i- 
~ j ar .

The phase angle response diagram I c r  Coul omb damp ing ‘iveS a

bet t :r u m m d o r r t a n d i n g  of the  n i t  i n t i  - l m a r an t :r i st ic s  t han 4 h e  i cp a ‘ -cm m t

ve loci ty,  and acce I er at: i ’~ response I F V c S .  Time p 1 m m  ri - mit  i s  to  : :O i ’ : (Fl

18) show t h a t  i - hi r : pons -  Im a mi a s m t r mm m i a l m t: 
~ a it  a t m  i - i ’  c t a t  H - ci

0.5 ;  h o w - v - c . F l ’ . 114 :lm wcm t h a t  ot  i -k _ s l i p m om ion o m m :  a t  ‘ i i :  I t -  -

qi m m i m y a n t  damp ing ra t io .  The pl ace am p le  i t t  - i t t  c- - s i  m m .  t~ ’t ~ : ‘ - c  a

cm cit I i  - 1mw ps i t  p lot va I m m - c  u t  ¶ Ii ’ - l am p t m ~~ . - a m i - w- -a ~~~. mi -

0.77. V -r vu l i i : j ’ lie u t - dc  m i w t O( (  lie c v .  - -n i c - c ‘ i i  ‘ i - i -  t —

que ll ; c- m i  mac al c .5 Liii i~~~l i  1.0. I c  r c - - m m i t  i n  m i : -  mi ± — I . e

aj p- -a r: to be i t : t m t m  ci’ - - - m . I t  I i -  H t  ‘ i i i  ‘ - t m  a i .

-- ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ -—-.-— - ~~~~
—- - - ~~~~~~~~~~~~ .
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occurs for all val ues of the phase angle that  are pr - e a te r  t m a m  i b o

degrees. Al so , the motion is completely stable who m t ime phase a n p i e

drops below 180 degrees for the frequency r a t ios  c on s i d e r e d .  h i c w v c r .

as the phase angle approaches 90 degrees for the h i p h or  f r - e q m m m : m c y

ratios , the motion become s unstable again . The other Coulomb response

diagrams indicate no unusual characteristics.

The response curves for velocity-squared damping indicate no

characteristics simi lar to the Coulomb case . The phase angle a irVi 5

(Fig. 28) are smooth, contin uous curves. The phase shift is Pc-ac-a ical l;;

constant for val ue s of the damping ratio between l.±58 and ~~~. Ii.

In general , the displacement-squared response is similar to

the Coulomb curves. The phase angle diagram (Fig. 37 ) i n d i c a te s  a t h u s --

shif t  at = 0.5,  and the same i ns t a b i l i t y  comment s apply. The tnot i l I

is unstable for frequency ratios between 0.5 and 1.0 if the c urve c l m s 1 S

below zero degrees. For frequency ratios above 1.0 and damp inp o c t i 1-

cleats greater than 0.5, f-he mot ion is r t m L  1 .  D -rmm p in p  s f f L i o m t r  In

t h e  range of 0.1 hav e a comp le te ly  d i f f e rent.  m a l  t h a t  a’ L~~ 5 c - Ot a s

indicate  anothe r  r e s on an c e  poi ± i at  t .0 .  A- - a :  a • a l  v i .  - m e :  u t  h-

phase angle larger t I m a m ~ l~ 0 j i S i  ii a - I  i c  J r  a- ~ a pr’ - m a i v i -  c-

s tabLe  triu t i t ’ . .

1cm gen er a l . I I ’ - 1 t 0 u I m t m I mim ’m I _ n t r -a: ¶ 1  - - m m - m m - - H ~m u m  i. -

and t i m :  displu m u l _ : I L A a m - - m  c w i - s . i t .  wH o -  - y — c  - m r  - - -

i s  Sit u - t I m - c  and h a m  f l i t - - 111(1 :’ - - m~~ . i c r i ;  t~~~~

The pi ca i t . i a m .  - I  t i m c . 1  I t :  m - . t m  - • - a - - a — i a m  L m~ H

dl ctlTrFm i1 m~t r - m t t  i u I -  - r - l~- - -~ m :~ : ‘ ‘  a m - - -
- mm ’ I a I - r - m ’ - 

~
- I - a - - 1 j 

~~
‘ j p

I Ii ’ — - 1 - m i t  I - mm u t  no’ i L I I  W i  I L  m - - - ‘ - - - - - ‘ - ‘ .~ t~~i - 1 ‘ -
~~ 

ci 1 ’ S

— —----

~

--

~ 

-~~~~~~
_ - --- -—~~---—- 



I

the result to zero . The displacement , velocity, and accelerat ion

viscous damped natural frequencies are : 

2
Displacement resonant frequency w (l-2C )

Velocity resonant frequency Wn

Acceleration resonant frequency 
~~

(1~2C
2)2

This frequency ratio can be substituted into the equation of motion ti

determine the value of the maximum response amplitude. ~ imuie tIm - functional

relationship is unknown , these values may be obtained fr:m the resj cam:-

diagrams. The results for displacement are shown in Figs. h1 ammi 14 1 r

the viscous and velocity- squared cases. The Coulomb and d i ca 1 - t a - e m t c - m a -

squared cases are not plotted. The Coulomb response curve show : i v  i i -  h t m l

at a frequency ratio of one and the displacement-squared case is

quency- dependent . 

- - -~~~~~~~~ _ _ _
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CHA PTER V

DISCUSSION OF RESULTS

A. Discussion of Root-Mean-Square Error

The accuracy of the solutions to the differential equations ii

based on the evaluation of the magnitude of the residual. The recidsa

is defined as the arithmetic difference between the approximat e and tr :m:

solution . It is obtained by substituting the estimated values of the

dependent variables (for corresponding values of the independent v aa - l a i  m e )

into the d i f ferent ia l  equation ; therefore , it represents an m - a i - - :-ice i i

the deviation of the dependent variables . Also , the  residual  ri: ; m - : : - n a  -

the sum of both positive and negative terms which are either very a -c-

or small. The sign of the terms are not random since the cal me r H

dependent variables are in the neighborhood of the s a m - r e - - I  c -a l  i .

The deviation of one of the independent va i - ia l -  l e s  t r i m : .  H- exa - -

val ue will vary from point to point over the cycle . The ama a - a i t - ~- m - -  ct tb; -

residual will depend upon the in tegra t ion  method and I i i ’ cm -p - s I z e .  I t

the analytic procedure is lcgi t imat e and the in 4 - e gr a t i o m :  i m u t c r v a l  i c

finitesimally small, the approximate value will yi ld a citual l i - d a t a ; .

Therefore , analytic methods i eval ua t ing  tb  - r m - a r  ma; i i - m I ; - y i 1-

In general . the residuals  w i l l  be i f  e i t h e r  a l g o l  m a i c  c i g n  w i t h

i~c-J je -t ~ t o  t i m :  t r u e  va lmac : .  Tb m a - I -r i - . t ime s 1 1 m m r  ~ I t ime m - s I t r i l c am

be used to r- cl m a - c a + - m u t  t~l t -  c - I ~rc - m .  By I icr j - m  i m - i 1 l :  i t  I e u :t  ca~ m m  c . ~l me

c O l u t i  I - i -  the c t r i m -‘a r a oy~- 1  c I :

e

it-

_ _ _ _  
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~~~

-
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The value of the average error is

~rms fn 
E1

e
1

or the root-me an-square error . By the same reasoning, the average e rr-er

of all the dependent variables is

£ = J
~~~~(€

2 ~~~~ 2
rms 3 rms rms . rms ..x x x

The root-mean-square error was calculated at each integration

interval (not less than 150 points) and the magnitude of the error did

not change . The total root-mean- square error over the cycle was e4 mai to

the point-by-point value . Therefore , neither the calculation Irc~~2 -mre

nor the equipment caused any propagation errors. The EMS errs-i- for

viscous d~~~ ing is less than l0 ’°. Also, the errors in the steady-

state amplitudes , disp lacement s , velocities , and accelerations for the

viscous case is less than 0.06%. Therefore , it is concltmded that an RIVIS

error of ~~
_10 

is a reliable measure of the accuracy of th e solution .

The EMS error for the nonlinear damped solution s by the linearized pro-

cedure is in the order of 1O~~~. In general . r e su lt - s  w i t h  resi  duals at

thi s order of magnitude are completely u n r e l i a bl e . It  is imp~ :ciLle t o

ascertain whether the error of the linear 1rc - e~jJr~ s occur s im ~ the di 5-

placement , veloci ty , or a c ce l e m - at - i o - m . The s t eady - s tat e  v e l o c i ty - c q u ar - -i

displacement and phase a n g l e  r e s p o m m c m e  di am r m - am: f i t  t h e  l i n e a r i z e d  c a l m -

t ions  are shown in Figs . 146 and 147 , r e s p e - I  iv~ ly . Ti e r ror s  i t -u the

diagrams are given as a 1ez - -~~m L t  c i  I hu e  n -imc- ri- - u I  val  mm . E r - r i m- : ( I -y  I h a -

linea r i zed 1 r m - : m i m i r e ) ii tim ~ s t e a d y — st a t - m trm mp t i t  m a t ” ; :  -r v e l o c i  I v —  l i a r - - I

dammm i i h m m a  ar - - as high a: m i - c  - , - m u  - ( I - I t - :  Time -cr -r im ii: l i i  l i e - - a n - i  - n  -

c e d u r -  f i r  thu  ( t i m i mb - lrv - - s - m h i ac. l a m - - c  a m:  500 I - c  u n t , . ) The l i m I t  - a m - e

res1 o’uce  d i  a- - i- am: sb w :1 cmi I a a - c m  - r: . A - - mc i-ar i c a m .  - I itt - - a m c — ’ - i  - 

—--- -— —---— -~~~~--  ——------— -~~ - -- --S-- -—
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displacement -:r r ~ -rs w i t h  tk :c - u r r e spon d i rmg  v e l o ci t y  a n d  :- -:u l - - c- a ’ 1 - a 
-

errors is given in Table ( . The errors in t h e d i c p ia e aaue mm t , vel uSil ;’ .

and acce le ra t ion  seem to vary in a random manner with no j - a r c  l i l ac

pat tern . Although these comments re~~cr to mnu x ir c arrm steas;/ - :t te - ‘aL nec .

the instantaneous values vary in the same way. The ia ~:t a m J an e ou s  re-H -

mean-square errors are of the same order of magnitude as t h e  RMS m~ t a t

error . The wave forms for velocity-squared damp ing differs s:mowhat

from sine wave s , and the Coulomb wave forms bear l i t t le  reu: e mrm b i at - -a t a

sine wave . Perhap s the exp lanat ion:  fui equa l RI-Id va ne : is  a t a - t ate

Coulomb case has many sol ut ions du e t~ t h me vari a t l e  l a l ti a :  a : I c

at discon t inu i t i e s  in the damping t u n e - t I  a .

These comments wo r l d  m i - ea m i i - i i - : a  - c m a t n m:ai’ - m - ;,- m - L

analytic form of the sa in t  ion 1: acs  m m - -  m .  m c e r a  r w - ~~ ;-: ca- - arc- . Ta- -

method of opt imizing tb - - ~- oe t t t  l e a .: an - i  f u t : :t l .  -c- a: l-~ ~~
. (1) I c  mau l a-

important as having the Cc crest I - m a  -

B. Equivalent Energy am i d R i t :  Pe t e- is - -

The accuracy of the equiva l - :m I e m m e m g ;  -c j- t .1: i a m v o s t  I s - a m  - -i y 
-

cum muparir ly the resm ~~t s II: Table 14 W i  t a ~ Ib m -  - a s - -ma r ’ - - va ~ i t- -r:m ;imt e -m m~ -

the computer ~ro~~ramn . The calcud a t - i  a I - -c e -~ 1 m m - . a- - -~- n a y  c:~m i t  
-

t i m :  - -~- m n l - u u t e r  program is discussed i t t  ~h- t h t m  A. The i- - - m i  m a - - w cm : t 0

choose cc’: f ’ t i c i e m ts at the  re :c m a m m t  I c e - l U e a m ~ y i - a - c r - m m ‘:q mma l e m -  i - ’ 

t i  - :u r mmp ar e -  I l te r e s a l ts  w i t h  t b - v a lu e s  i - I -n i t  ~ ~- l t ~ u a ~~ - - a .  am . i - - u .  i - c -  —

- e h i u a - . The c - q t m l v a l -m m ; c - rm ’y r . i i i r - c  t i m :  m c :  m m m i t i - - a t In c  5 -

s t a t e  t im 1- l i t  m l -  . if l I m it  wave I -  r ate - - - t  - i  1 -
~~ 

1 mi - a - t m .  v - I  - -h  v a m - - 1 i a , -

waves . f b ~’ - e t t i c - i ent  w i l l  g ive t i m ’  :amn - nm : ; - j t  ~~ r t h i t  a i r  mm 1 m m : ; — -

fLi t - - ion .

-- --- —- --- -- - -- - -- -
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Table 0

Ve lc -
- i t y  atm-I A -  m c It-rat i - a E r a  cc C u r  cc- c l  - - a i - m - lm ~ t - ~- ill ~~~~~ a c m - m t  E r r o r s

ira F ’H. a .

Damp ing Fr e- -~ i - u  c h o  i V , : io : i  - Am ce I
Coeff ieient 

___________________ 
Er m - - a Error

0. 00114991 0.50 - -l . a

l .0~ l - -

1.527 t o . - - -o . 1414

0.0029982 0.509 ~~~j .d  -
~~~~ .5

1.081 +1 .61 - -

1.527 -‘-1. 22 - 7. 7

2 .D~0 +O. o5 - 2.88

0.00 143163 0.509 + 14 . ,. -75

1.081 +~L .l - m - . c

1.527 +1.59 -l1.:

2.030 -u_ Lj - - _ .  - 5.12

0.OnL5990-1t 0.509 ~u.7

1.081 n . ~ -3d

1.527 + 1 . - 1 -

2.0 It - +O. um , -7

The errors am - - g iv en as a p - m i ’ ~- r m  I - t I- l i ’  m um er i -  - -a . I va l m m u .

b u r n - - r i - a l  V ,  m - - — 1 1 ’ - -  - m m d ,  - I -~~
- 

- -

Ii s- : m l  - mj . l  Ic
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The a : s n r - --n-:y of these ass nmn m p t i u ns  for v c L o c i t y _ s q cnr: i armip 1auc

and viscous darm mp ing is shown in Fi gs. 143, 44 , and 145. At amp l i tu i c  — a f

un i ty  was ass:sue-i , an-I F l u l . 43 Indicates the assua rap t i  iS -:- -i rC ct  t o r

the d i c a p l a c e a t u - c a i t ;  however - , tr io veloci ty  arid au- od es- a n’ai -~es u l ff e r

signif icant ly .  Also , it should be noted that  the “ c i t ’ of the c Love - : is

for - an insign i f ican t  f r e c j u c a u : y  range .

diu m -: e the wave form is the most im n p o — r u a a : t  e -uns i -uera t  l o t

equality of motion , the equal i ty  of energy is a good ai i~sa : m i m m ; a t i u r  f :a-

first order accuracy. If the c ur r e st  amplitude ~- -sH~m he m e c - a r a m u i c e d .  t he

energy procedure will give accurate resu l t s  for a f ixed  freq area m y .  The

en e r g ies are equal for the same damp ing func ti~iu: if t h e  wave -  lc m m t i s  I m c

changed. The only requirement is th0 equal i ty  of time l ia tm ~ a m s i c - -:al sati n s.

The representat ive  e r r o r s  in the -  l i t : e nr i z e s  c t e a - c y - s t a t - .r v en c : i c y-

squared response d iagr -amtr:  as- c shiw . I t t  F iss .  lid rum - a  14( .  The ,.- r - i - - rs a r c

expressed as a p er s entr i m e of tire as:: t i  -a value . i . e . ,

Numerica ,  V c n l u e  - la-:ar i. - m I: me
h urrie r H r  - V -n - i c

The e r - I c r :  a r i -  m- - - ; i- :e- a . t  a ’ H-c - f u i -  va r  ltnt I - t  f m - - at ; h~ m m c c  s a m - u

S o t m r t i e a a . 1m m those am - - -a: -n : ah~- u - :; c-LSd h -n  - m a::: : w h oa - : the - t m ~ a

m g — p a u u - h o u a -  zero , the  1:aa - I i -  m - ~ . v -n m - i a ’ i o n s  arc  r e - H  l i
_

- i l I c .  TIm - m~’ct  si g m . I —

flcan t cr e v i a t i o n s  a m - c  I m u i  - a t c - .i i v  e r r -  m c  mis I - a c -  a tm i p c t~ m e t e -  i t t  a: - m::i I

as 0.01 per cent , d e p e n d i m m m t  ~~ -n r m - - - 1 m m ,  - m v .  l;.-j h - a l  ve lo c it  a - - c  i c m a t  i - a

e r r - o r -s for the  d i  ci - a - - m m -a t m m -  g iv ’  - m u  1m m Tai l ‘ . The v - l ~~e-I t p c c i  a:

are j m u s i t i v e  u m i m t~b io a c ’ H e m - m a $ i~~m , e r r  m c  a i r - a -  - mi t i c -  t m -  m i l l  i m p  - ; :

r a t i -:. Time- lair-g m er- u - - m c  a c e t i c  ~t - . - 1 w - m I r ~ - - i - c  0 m a m  I -case s .

Be - a t m :  c i  0 w j - h~- v a r -  - l a i r  - I I :  m m -  m m . 1 - - I - c- m I l :r -  1 1mi5  m i .

wit: - - i m m m : i d  m m u m m e . :u: _ - m m y  : it ~ m m ’ -  - m c  m t  g i v ’ - t _  i n u t a t I , a  i i .
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t . D : m m . H m a l  A’ r r l y s i s

O u r  ‘ m s t  L j o i t s -  I -i-:t c ni - : .  u of t m -  I)) u- -

The Jimens imn le: s i-mo los e -h - e r m  In T n m c e  5 - - a -  a - : 1 :  vt.  a

l inear ly  in m d ej em id ’a - mt  c v  u t - ia r h- l m cory ~ a u w e v e r - . ~ i m ~; 1 m m  r e -  - u- -u --

demon stra ted to guar antee tha t  n.o math-usa ’ lu-a l  era  as have 0cc  ~r t - - a

The ia:dep-ea dra a u:e of t i r e  r a t i o s  is d e m m m ; n s t c i i  ~:J u p u - -  I it I - . re - u s- u - i :  - - —

t ial edu a t i ons  f i r  v ar i u s s  va sec ~-f t L i~ l a r a m r - a ’~-_ u - -: m g

i :araucrcter at a t i m ; -  t h e  I~a e i i  t u t u  -or f -h e a - - cm - : cc- is  c d i  mm: : -

The e t r i : - : ’. - c  hmi - g l ae- t m u c  ra :amp ic m g u - - c- f t l  - h  - I s  -v u - ’  ‘

studyIng tOe respunsc -s l aur-moms. As WI t i m  t r u e  v i  s ;m s sac • I u - - m m m n l m n

unu -itanr ced , d em the  damped - a  a t a l  m m - c - - 1c 5  c-a 1-p - - - w o O .  rh  - m a O

-upon the type ci cr artup itis . Fire-ic - - 1+1 S m - i tS  his- v a m i a c  I : a t  h-me c” :iocb —

sqamnsre-i arid v iia-:omrs _ i-aumu; I tO ma i ieit . Ta~- cr 15 1 11 a -
~~~~~ 

a m - i

-arms Coulorumb— Lla tm t 14 -c mmix I ci - L ’t i  a m - - -
~~ 

mc ’ . p 1: ci  v u - m m  I ’ m L a m  a - . it - mj . ; I - < c -  c

t he  t a r m m p a a i c  i-at lo vio l- : I i  n -h -p  a: - - i c -  - a l - -  - - e L I

Tire e i t - s -:t ,  u — f : h a n g i m m ;  ‘ a- f r  I n c  om; L a  a - - . m m c cc . c a

cur m s t sait is j e - r r mcas t u -j i I Itoh-i’ . - a l  t m -  ‘ - m i r i a m  - - s  c O c ’ m i a nY

th e ace Lu l u g  - - - m c i - i - c r - - a TO-a it rmc ;-’ a. -o c a  ~
- - < - 1: a ‘ nu - m n t -Its : 0:

ver I 1 irm l i t  is m i - a m n- a. T m - - a :  - - î  a -0 ~~~ t I — ~ al - c- c - emi t I mO - s I a

; i s - u L l 5  - l a n d - l a m e -  i s  - u - - i l  I r u w : mu-- a c r .  - m  m - - : m l t s  - m m -  - - i -  - : t m m O

‘1 - m :: ; a r i s i l i  w h i m  t i i - -  t O m ,  ‘ _ m : i -
~ a

V O n -  ,: - l i
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2.  E f f e - : -.1  J h a - g b m g  Mass

The a -at  ~rm a 1 f r e quse r : - ay  and the damp i r u g  ran io a m i t y  1: ;-  a m:-

as the square  r ~- t  o t ’ th e  urmacs  u - i i an ige  . The t r e q - o i - i t - y aa a  0 c a r - i- c u-

d i rec t ly  as the mass share-ne

3.  Effect of Ciraa e - i’ ig Ct i f f n es c

The ma gunuific-ation factor and nat or - a L f~ c -u et .  ‘, v a t - i c - s

d i rec t ly  as the s t if fn e s s  shar e-c . The darmip iaig am - u m r - ~~ - - a - a  a - a ’  1 . 5

vary inversely as f l5 -  square r u c m t  ~ f t a t t  u - t i  i f ’  ‘:SS - - l u ar m ’: -

Veloci ty-  Liquared Pmmm 1~~~~

1. E f f e c t  of Cha r m g ia ~ the F - : - r ; i a u e -  F o r m  t im . Pu -mmp m a t

As In the case of V 1S-5 o~~5 damp i- ac , t i r e  umu a u - ~a m l  — i s - I l  i m r - - - - a

varies inversely as the c i u ~ar~~~n in  the I c - i - l I m e -  i r a m c t l o a . ar a ir i it - s - i c :  i- :wc -v e r .

the r -pus - :  V da_mam~ ing c-atto var ies  directly as the -:I u mi a e .  TO: C a

t I t t am ev i: st a t - sa ru c aut u - is ermm om ist ra te ~i l-~~ s o lv in g t i m e  equa n l u - l <  01 am m 1 1 - a . C- a

F = 2 .0 and F = 1.0 and cc rrm par - ia i l ime rims ur lt s am - sever-a rl m 1 t :m- i -m i i~i~- —

- [  e u m - i’;5. Time r - m: s til t s ot ~ t i m u - S e  a - - - mire cl -wa in  TaL c- s / man 5. I- - u  0 -

7 5 m m - i w O  t i m -  r i - S t i l t  m m of t~h~ i - ti m : with F = 2 .0 - m u m  ~~~
c- tm .t s  V - - i  - - i  At 1~

- a r - amrm ~- L - r s .  b o t h  S t - - a r i y — u - t a t i - u m m - m  n m -r ’sis m I . a m c u - tam to h -  - - : - ; a c t  m y  - m a

t a  t I m -. i- c- s m u t s  1 - c m -  F = 1.0 m i i i  3 = L . m i  - - m i : - ~~ Sm - itt iii Tah ’l ’-  - - ii

w ’ O  m l u -  m i f s c l u m m - - l y  in  - -~ cr - - - f  t -  a t  H - -  r i - c ; c u- . sc d i a n a t  H t I m  he V I : —

- c - L i : -c u i - - a l  r a i l I D . A h -< - , a t -  e i :e u -  u i -  o r  u - m m r I i  r m i m a m h e r m u  I c  

a t  h e m  - - - t I m  - iar - i ma t 10m m of t h e  mm u m icm i f i - a l  ic ’n r a ’  I - H ci 1 - i a - c -  . Tie

I - s  ii I s  u - I ; -  w h i n t  1 hu - m c c ; - l i - - m m — - 15 it :  I- ; - ‘  a -  i - a t .  - - 1  a c - - u  - - - - -y : 1 1 m m ’  C

I i a n - -  15  Oh- t O n I

~? .  I c t i - c  c’ C C- m m -  - - - I - - 
¶~i tm m 1  i t : ’  m c

Tm i- m u L l .  u i t j - O i - t ,  - < - L i -  cti i i _ 5 I 1 ’ - - i - m O t t - ’  :~ 
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the change . Tr~ -iaan ~ 0 m g rat  0 vai’i~~s i a v -~ x D- ; tg a~ a a - . l a : . - a .  ge.

The proof of the above statemerita Lam -ait -aa am~s a t  ra t-  t-~i a-0 v i a m s  tame - -
~~~ 

si: i - - a

with  k = ~~ , B , = O . a : ~~~~~- t  ( m~ and a f - a m r c i r g t r - ~ -4 -am - - - -;; a m a  t ’ . t 7 I u G h ra~

second (Table 9).  r ld~ pei-a a i t s  the r - e a u ; t  t ~~-~~~~~
- - -

~~: w l : : .  ‘ a - -  .a— - . - -

tiotam f—ar 9~ = O.~~0. ~-~~- 31011 , k = L .O . ~a~o a 1 J - -54 - C m - - l ;  : t L - a - - i : a t ; , a -
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a SECOND . Al-ID A PE Al-I AMPLI TiDE OF o.H H-

X a l a  at X a l .  ‘is
T ime , t wt C - a l , - b a a i -.- i V a a : a - : a  l-l - a i a a e a i c - u :  11- 1-al l a
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The ve l a- -a i ty  peak is sharper- than t i a  v is-:u-sa - - aae - . ‘1’?:’: -a-:eei -~a a a  I a.

c ur -va has a alL ike -—shaped peal-: wh i ch  w a I l  12 he  C x l -  e - : t e - .a H r  I n c  H-: a- w-: - -i 
a

veloci ty .

The above analysis  i r i l i sa t e s  p r a at i -  al 1 ; ,- - a .  i n - a a e a ; i ~:r : ta l  ~- : a a a - .  -

var ia t ions  wi th in  the quarter  c y c l e s  consider -si a th-L rel - -ra . the H t f ’ - r-

ent iated di ap - a-:ement should 11--.aa:r-al i~ ra~ r ’ : a ea .t  a i : ~- ve/ -:1 t an a

acce - a t i  a , .  This is -aiaviuusly iaa - :n -rr ’:-- :t. Tin: a rI ’:: a a ,a tat’: :a t a  -

sli a - :w t h a t  a - id l t iu aa - a  I te n -al aS i ra  1-he- S u l tt  101! Lii  a ~ e--/ L1 a - - - - - The a i a a l —

al t ies of r I l  l- ea - :a :t ia ,-/ arb it a ar i  Ly asia! 1 ‘, aa- i t t .  H a a  1 a. t~ - al at - I a - - —

m e - t a t  were a ne - - a : t  I - ~ i ia r-J ira the s ta t e - aa i c a i t  of the  pr  I I e - - aa , .  -

These v an -a t ions  h e- - a r:C ’ I a t - a - n  as th e  a a l ’  ‘ “a-a - a l  a , a

is l a s a c a .  - - a . The j - av Ia t i - ‘ am: as 1-ara~ t h a n  I :. ‘ - : a a - +  H - a .  I l- -a :: --

na i s tal- .: f u n  a l l  - .iaL’nl iri a! cas~,a . si  - a - h - -  a - - a - ‘ H a t ’ a n - t i -  a I -

ft - r - : i aas  m~a L r . i t L a ln’ . Thu ‘ia aa ta i a a - - a a a a a - : t ’:t - I ‘ : . - a - - - .:j - -  a s  aa aa t’ ,:- a- - aj  I t :

the  a i a j - l a . -ement , vein-c i t ; , a I ’  t a r  i ’  I m i  the  i : i ~~h’. i~ ,i-.-ria’a/ It ’ a-s . 
-

The t I : a a - — i : i a L - - r ’ I - : a  fai r a u l o m b  ui a 1 a a ~ a. - - - ma - a l — a j a a ! ’~~l a aa : . l  a~~- a::, a t . - -
-

: 1 / - H :  oIL t he  S t a s i l i a t’ u t  l i i - - m a - t i - - a : .  Ot t ’ i -  a S V  a l L : a : . i i’ - a- a a : : - - ‘ a- . i a  -

t m  “ a r I a ” i i  the ve h m ’ i t , _ a l l i a j a - - a , a a n . IL a l a - - u i - a  C- - n - - h - i  P ai l  t i l t  - a l a ’ - I
torte i ve i n - c i t y  a a a i  -a- - n -a ‘ - a-a t i - -Ia I’aa ve i - l a ’ :  au::: - - - a l -  .1 aa -: t i : ’  a a i : ;  : a , ’ a a:-

1 1 - r i . - - : C i t ” ,/ ’ ’  t h a t ‘ar ’ 15 1 1 a l  u I  e-a- -h  a - - s ~ - - c a -  a r ’ ’ ( i V e~~.

I t i  t h-: pnev I -  -a: ,’ l ::m 1 - t ‘ a .  P - t i a  I : .  a- —:1 ui - -an- a  I a a  ‘ : a , L  a. I - . _

- a  -ar- :- : L t - - a ’  I i i - -  - . m a  - n - m i  na  a e:a l I - -a :- i a . /  s i a . 1 - ~~ a I a’ a 
- - —

- a ’  a a i a _ t ] - ; :i a  1 a j a : , - v a t - : a : :  - h - a a - ’ a — i L - - a  a ’ -, I I -  e l a n  a . a: of a m- I l - .

data - a a :i - ‘ a I a 
~~

- ‘  a f t  m - ’; a - . - - a a a a - - c a. - -  t a - . I ‘ - ‘ :~ t i  - - ‘ -
- V 1

t i - - 
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- - ‘ a - H a - - m t . I a a a : a i e n l  1: 1 rIVa ’ I a - a , : 11 : ’ - : ’ -  ‘ a - a W -  I ’ - - - a a a - ‘ ‘ a ’ , a
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L I : . - r : : : u ’ la- a:  t ’  -.! qu- -aa l a ’ i v - - C- - a a~~r - H -  I ‘ -: t - - ’ : . ra a a ’ e ni r H ~~

lamp i aH  l ’a l L t l c a l S  I a- a! l a - a  * a- - a a ’ - a . -” ’ i - , m: 01 t a .  aa~ - - - a — a ’ ’  a t e  a - - a u - m a  a .:1

t h ai  sy s t em s . The - n a a . p l i ’ : - i -  , a- t o  ‘H . ,  a:- - -H ,- a ’- a r ta t ~‘: .‘a~~’ am n~~- -:a a , - a - aa rr’a.:

a r - - a a . U a I ’ I  w i th  - ir, -ai- - - - ui - a -~ a :_ : I u t ~~_ r . ‘I C-: e a t -  a~ I - ac t5- 1:aan ,u ’ l laL S

ai r -i’ giver:  ~r a - / h a i p t - ’r V.  The a(2r’~!l a a - ~ - t  ‘ a -  a i  a -a ’ :  I a :  H ‘ a -  -

value of thc- , L a t m n i a a C c m - ’ - m’ - a t } a a a i z- a i a a a : l a : a i I i - - a a .  c a - ’ L-

small .

The - - a-i - - _ :a in - m t  - ‘ a a n i a : ing a I a m p i a a f  c o t - t a  I - i -  a ; i ; :  L i : -  -n I : -  a

assumptions var ies  ovea- a ~;oa , s i l - -rat-!e  i-aaH a- . I- - a ’ r - t . y a a , ’ - a a ,  ;;

error appl-a ach- -s z e t a ;  how ’:c ’ , - r , l i i ’ - t a r ,- ’ ’ t a i l it i a i a :a  a : .  t h e  ‘i s a - ’-  I - - a ’” a : ,

function of Iripra l tI:a- - - ia : ,: I/iran- f ion ra~aCa :a ta1- - rr ,am k- a :r I:::- a ’ :l’i - -! ’ - - ,- i ’ e  a

general t’ alu-s of t :I a - :~nra i- .

The -lim-: r a s i n r ’i L - s s  m’ am t. i a .,s given a! a - a  on - - a~~ a -  ‘a r  aa ~ ‘a Cl am - -

the re s- -a a a : : - - - - -cr a m - a ’ s , t l a - - a l l 1  . -a a . - n ~ a 1- - a 1- a , - i . - m a p - i  - - —

ment , v e l o . a i t y ,  -~: : - i  a - ’ e I , ’ a ’ : a t H . :  , - a : i  I l l  a -  - - t a t ’  l a ’ l .na a~ a- 1 .

t i a e  mat  H aa a-a ’; ’ - a -  m a r s - ‘1:-. 1- - - - I t i a -  a a . a ,‘;. I~~~ ’ - i a , ~ ‘ a u  a - - a l  - ram : -

w i th  a i a L - i t m m i i - y  j i m - : a a a i -  al ~li aaa i t i m i , r a :  a :  I a -  - a t ~- - a : i V  i - a . - i a a  H a - ’  I i ’ - a - —

at  Ulai, t a a a a a  cut to  Is I - - a : : a -l a m - v

A t i t t I  a - a a ~‘a :- — a a a r  a I i r a  t h e  Ia .  - - a l - a - - a - - - i c a a  a t  i ’ m  a a - . - I ’ - :  I a

1!’- - 
- - - Va i( 2u- ‘ a m -a r c , 1 t la o e I - t ma ~f ‘ I ,  i i : -  - ‘a a I . ar - i  - ta r ‘C ’ i m a : . ‘I he - - - —

a-m a of ‘ I l - a r - -  i l a n - ’ a a m i z e t i :  a , a ’ a  a , u i a : a  I a - a - sm  - , t L a ; l : — i  1 - a  ‘ a -  I — i ’ ;: a~

-an - i  e - f E 2 v - i l - - mC - - aa - -r , -y r a m - - I L -  is ‘a - v  1: a’ - - -  . : l - a I a - m i  a , i t l :  t i  a:. - a l e - a l

I as’ i a - i ’ : . a ’ ’a a l  - na’ i a mr : s . I I Ia ,  - ‘ a t - v a t ’ ;  I - as ’ a u -  1 - a a - - - aC

he des ia ’n pr ‘ I - i - r i ’ , -C a - a .  a - a, -’a , - 1-- - 1. a -  r o d  a~ 1, ’ I a  Ii ’ 1- a: r ’ - a • ‘C a - t a  I’~~
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i a -  , l i a a x - m , a i o r a a l  u a i u l y a i a  - 1  - : . - H’. -a. ~~er a ~ l~m ‘ i a :  a - a  :a a ~: a l - a  Li n t

asp ea - - S a-f S I t e  iraVea t j u t  Ia,~ Oat’ /1-: i- -a : ’ a - ia: 1 - I t  - a x : ’

less a - rat iu~’ i a aa  been est-al.. i i  a lj e-J  t0 L i i  I - a a H :a~ - a ’ t a .  a a - a m 1 e a : l , : m m t

t a t  l o t !  -a t the  r- e - su~ ts .  U iaa a i - a l a i t y  is a a t a l n - :.i la - t I - a - no at a 1:1- I - : -  —

p e r a d e m a t  -i ia a l - : a a a i u a a l e s a  a n t i _ -i - a that  r m ’ ~ cu i , a ’ - - a : I ’ :a t V a a La - a -  a - n - 1 - - a ,  a t

L i aa lve r s a l  deai;ai :urvear . Thai vai l ue ‘:f - n - - a - s t I r ,  t h e  ma t a , : .  t an. - ui

the via cu a a  c r i t i- :- r t i aa ’aa l - l a H a’ t t  I - , 6 . Is  .aei I a H ’ a - i y  H a m ’ - - - 
. Ta-

rne thuJ  hr ’~ al - a - a ~tea-  - a a .  i. -~ e a t : , :  f i s h - -a a -  I a - -  an ’ - a : : , I . i a a ” H :  a- . -1  l a - i a .

Ti :is :t~~’ , , _ .J  a t  c a t - a H l a h i n g  a , t , i m  s:ra- _’ i ’ ~ a-~~a - a a  I l - m a .  a f€-!an - r ’~~i H : : - a . - - i  tA

aa a a l t : i s  - a - a--ide a a - : ;  , V  the ma- st ar i - - :, i i ’l ‘a - - a ; a i a i t  

Ti:: m - l a : - a I ;  . -: uaa aa :t a -’: at  s t . : a t 8 a 5  t h e  : - u ’ - - I a m a  a a

\‘aa- i - a ’ is~ ia : ’ :ase~: T a tI :e  i e t ’:r ’a : : i a :n  l a i n :  t h e  j ’ a n x- - :maIa ~ a . - a n - - - m a c n - v

a ; u a a t  n a . tOut t e a r n . :Saa . Th i s  w i j  - j - -- ’ r - m n l t  I H -  a ’ - t - e r - a t i m a a t r l i .  a a ’ a. a ,t  a,

n’ao t  am t ’ces a a n m i ;  i :_  ‘_ : a -: ’ - - a , a~i - - a a a t - : a I t  . W I t h  I lma ; I m - - -- ~ ‘ : t , V l ana ;’:- ca -n .  a:

eaa i . ’ : r l a : a -:a t a . H - a t ~a : a t m - a a r x - n f  a ’ ion a-a ’  1-a s a l e - a - H i x l i L a  t u e -  i a ‘ a ’  re a - : l a- ’

- a - .  1- . a- e :-a am: a 1 i i :. t n -  I - a - I a - i  ‘I t :  i - ,~- u a  a ‘ :-  m a - .  - - - a - . a l  . l a .

u a a : , i m a i - a ’ , n :a a ‘ -co - a- - a ’ m a - I -  are - - - C a  h a t  a - _ - a : a , a -  I t _’’ a a a : . a ’ : a ] ’ a m ’ : m a _

w i t h a - - m a t  :- a ,, - a w l - - . a a ’a V i I : - ’ i t -  l . ’ a  I - - s  i m a a i n . i v e : .  A : :  . ~a k H w . a ” : - - V

t a o - a - t a - - a - a - a : , i a - a  i t  ~i~m : 1 1 a - a : -  a -  a 1 :11 : ‘ a ’ . a a  -a , - a l a  a - - I~ ma , - r a t

i i .  a t  , — a ’ a  - r a a a s  ‘ :na t a” Si t 1 t i  5~ ’ - a - a a - ‘ ‘ a - I  a t  -: a -

- - m a

d e a l / t a  n. a i - ’ , .  A - - - a t  - - -~~ ~~
. o r  a - - t  aa ~i a-~a l .  - 

- ~ r - -; I a -  - -  —
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f at a~re wa r- k mi g ht in - - I  ada i r a v C s t  i~~a tl i  r a :  -:-f a cal m a c a  am a::.; I n C  - a s e - a .  ‘ I t , —

a ut H - n  has t - ’ i am an-vet-al a, -m aa t ia.e~ 1-a:a:l a--c - -a ; :a a . Th-. t -  a ’ - -if - m~~::J i n;

ca - e ff i c i e n t  n- am:  tn ’ ~-r a d : : t - :J Ly t lae R i t a  ~- r ’ - e- a , a r e -  I ‘ a -  a L l  :ris,- - S .  i t .

fe ne ra l  , t :ae le-5p: ‘ a n ’  - i - i a r S t in - ’ :,, m , ~ - a a1m.  as aa anv ai i aa- - - . a i r , - i1  l ea  an ~ laC
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