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In this report we discuss adaptive array performance when a
cont inuous sector of interference is Incident upon the array . A
model is developed for a two-e~enunt array wi th an arbitrary nunt,er

• of incident signals. From this model the array weights are derived
and formulas for the array performance are developed. It is then
shown how this model is readily extended to the case of a continuous :
interference sector. \
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In this report we discuss adaptiwe array performance S~l f l  ~

‘ Mfl t lnuOIA Sector of ntjr f~rn~~ is ‘nc’dsnt ~~~ use •r,’ay . A

I model is leve loped fo r a two *e le~~nt array wi th  ..
~
- art itr*ry ni~~~r

ol Incident s igna ls. Fr~~ this mode l the ar-ray weights are derlwd
dnd formulas for the array performance are devel~~sd. It is then
shown how this model i s readi ly e*tended to the case of a continuous

Interfe rence sector .

Frow these ana lytica l results , the array perfor~anc. is then

• examined for specifi c cases of sp at ially disp e rsed intarf,renc.. It
is seen that the array performance is not a lways degraded ac the
interf erence ang ular sec tor bec~~~s 1ar~~r.
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I . IN T~ )OUCTION

Sig nal processing antenna arrays have been s tudied for mny

~ears . For receiving arrays used in c~~m ,I cat1on and radar systems .
It Is Important that the output s ig nal to noise rat io (St~R) be
optimized. It Is highly desi rabl e that this optimi zation be auto-

mastic. That Is. for each change in the eM*nna or sig nal environ.vnt

(e.g. , change In direction of arri val of the sig n als , change In

electronic components, etc.), the sys tem should modi fy Itself until

the SNR is again optimum. ,r~ mathod of achieving this modification
Is through Inte rnal feedback . Mtenna sys tems of th is typ e are called

adapti ve arrays .

Shur [1J was one of the first to suggest an adapt ive process

which maximized the SNR of an array of hydraphones . Wldrow [2] ~
al suggested a feedback technique which minimi zed the main-square
error between the array output and a reference sig nal. Applebat. 131
and Grl ff i ths 141 discussed similar concepts . An early exper imantal

adaptive array was built by Riegler and Compton fSJ.

) The behavior of an adapti ve array with spread spectrum

coimnunicatlon signal s has been studied by Reinha rd, Huff , C~~~ton
and othe rs [7,8 1O ,11,13 ,14J . Be rn i [91 has suggested a mathod of

} 
angle of arrival estimation using an adaptive array . A four-el emant
array capable of arri val angle esti mation and sensor comausicatlons

] has been implemente d and experimantal resu lts are descril*d by
Swarner and Bern i Fisi .

1
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In this report . - stud y th. performance of adapt ’~~ arrays

based on the LNS algorithm (2.3. 4] wtie~ interference ~s incident on

the array fron an ~~jular sector of finite width. PreviouS studies

have concentr ated on the case of Interference signils that arrI.r from

i sing le dlr ct ion $~ space. Me begin by assuming a large nuI~ er of

interference sIgnals to be incident on the array (many more than

degrees of freedo. of the array). The s iqnels are assumed to be un-

correlated and to arrive fro. different direction within a certain

sector. The array performance is studied as a function of the .lz. of

the sector. The case of dl screte interfering signals Is generalized

to the case of radiatIon arriving from a continuous sector .

In section II certain mathematical prel imInarle~ are ln feS t l—

gated . By analyzing a one-element array, th’~ ef fe ct of time vary-

ing coefficients In the differential equat1on~ ~ ( - r  the wei qhts it

studied . It Is found that under certain tOnditicr .. these time vary’ng

components may be neglected without greatly affecting the weight

solutions. In section III the general solution for the weights of a

two- element array wi th an arbitrary number of incident CU signals Is

developed. In sections IV and V this solution is used to study the

system performance. In section VI the case of many discrete signals

is extended to a continuous column of inpinging radiation . The

weight solutions are derived. Finally, in section VII numerical

examples of array performance In a many-signal environment are presented.

2
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I
II. THE FEEDBACK ALQ)RITIII ~~~~ TIC AWAY ST~JCTU~

An N- le nt intenn~ array with quadrature weighting of the

input signals Is shomi In Fig . 1. In this figure the quadrature

si gnals from the first antenna are denoted ‘~(t ) and z1(t). those

from the second are x~(t) and z~(t ) , and so forth. The weights a~~~c-

d a t ed with these 2N sig nals (N antenna .le~~it-s) are similarly

indexed. The array outpu t may be wri tt en as

2N
(1) s(t) — 

~ 
w1x 1 (t)

i —1

b~ defi ne yj (t) to be the signal incident on the I—th antenna .
will be referred to as the element sig nal . The error si g nal Is

2N
(2) t ( t )  • R(t) — 

~ 
w1z1 (t)1.1

where R(t) is the reference signal . Rea listical ly, It must be assunr d

that the desired signal contains nodulatlon co~~onents that are ui-

known at the receiver. Hence , the re fe rence signal cannot be made

exactly equal to the desi red part of the incoming si gnal , but can only

approximate it in some sense . For correct operation in an inter-

ference rejecti on sys tem , it Is necessary to generate a reference
signal which rese*les the desired signal and correlates poorly with

inte rference U4 ,2 5 J .  The array wil l then act to drive the error
si gn a 1 to zero In the mean-square sense. Such i nte rfe ren ce rejection
is achieved by pl acing spatial nulls in the direction of interfering

3
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Fig. 1.--Adaptive array processing.
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I 
transmissions . One way to obtain a reference sig nal is to deri ve it

V from the array Outpu t. Certai n di fficulties may arise however, in

I attenptlng to deri ve the refe rence signal from the array output. Some

1 

of these are dis cussed in detai l In [8.14,251 .

From Eq. (2) the squared error becomes

I 2N 2N 2N
(3) c 2( t) • ~~( t ) - 2R( t ) ~ w .x1

(t) + ~ w .w .x 1(t ) x~(t) .1 lal j.~

The mean-square erro r is thus:

214 _________ 2N 2N ___________

~1 
(4) c 2(t ) — R2(t) - 2 ~ w1 R( t)x 1 (t) + ~ wjwjx1 (t)xj(t)VJ  

~•l lal 
~I.1

1 where the oserba r represents the action of a low-pass filter as will

be discus sed later in this s ection.

Di ffe rentiating Eq. (4) with respect tow 1 yields

(5) V [ 2 ( t ) ]  
2(t~ -2x 1 (t)c (t)

The feedback system is based on the so calle d LNS al gor ithm
!2 ,3,4 J . Each weight is controlled by the rel ation

I
dwj

(6) ~~~~~
— — - kV

~ 
[c 2 (t )]  .

I
Then from Eq. (5), the feedback equati on becomes .. -

A

H

t i

_ _ _ _ _  

- -  
~~~V . _~~~~~~~~~~~ V~~~~~~~ . V 1 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



(7) ....! 2k c (t )x 1 (t)
dt

which leads to the feedback structure shown in Figs . 2a and 2b. W hin

Eq. (2) is used to s ubs titute for ~(t) in Eq. (7), and all the terms

lnvo1v1ng w~ are collected on the left , it is fott~d that the weights
V satisfy the system of differential equations given by

dw 2N _ _ _  

V

(8) + 2k 
~ 

[xj(t~x~(tflw~ — 2k(R(t)x1 (t)3t i—i

The system of Eq. (8) may be sol ved (umde r certain s1~~lf f ying (

conditions ) to yield the time response of the weighting coefficients

w 1(t). From the weight solutions , the performance of the system

under various condi tions may be studied.

Be fore examining the method of solution we discus s the meaning

of the ove rbar. We have state d previously that the overbar represents

the action of an Ideal low —pass filter. For exan~le, If x1(t) and

R(t) in Eq. (4) each contain two CW signals .of di fferent frequency,

their product will contain d.c. terms along with co~~onents at the

sum and di fference frequencies. Typically, multipliers used in an

adaptive array will not pass the sum frequencies. For exanpie, in

one array i nplemented at Ohio State [151 , the array processing was
• 

4 ,
done at 70 M-Hz. Trans-conductance mul tipliers were used, which did

not pass frequencies higher than 100 N-Hz. Therefore, sum frequency

terms (at 140 N—Hz) were not passed.

V 

6
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3 Fig. 2a--Basic feedback loop.

I • IN-PHASE ~ 
- 

1- EL £M~NTS

1 r T ~~~~~~f\j _1 QUADRATuRE / OUTPUT
J HYBRID J I 

INTEGRATOR

dw~] X 1 ( t)

• QUADRATURE
) CHANNEL
J x f

INTEGRATOR
KE( p) E( t )

K V

V 
- . +

1 RU)

REFERENCE -

~

SIGNAL

• Fig. 2b--Feedback loop for each element.
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The difference frequency terms, however, were wi thin the pass-

band. In previous studies of adaptive arrays wi th CW signals . the effects

of these difference frequency terms have been neglected(5-ll ,l3,l5 ,16 ,2l-25].

In this section , we discuss the conditions under w hich these terms may be

neglected wi thout affecting the solutions of the weights. It w i l l  be

shown that there exists a cutoff frequency beyond which t te effect of

these difference terms may be neglected. It will also be demonstra ted

that the power contained In frequency components below this cutoff f re-

V quency will be small compared to the power in the d.c. component. These

conditions will al low us to neglect all but the d.c. terms in Eq. (8) .

Let us suppose that a one-element array has two CW signals

incident upon it. The signal is

(9) y(t) ~jia cos(w1t) +ff a cOS(w2t).

We assume ideal reference signal processing Is avai lable

(i.e., the reference signal is perfectly coherent with the desired

signals and is unaffected by the weights ), and the reference signal

R(t) is given by

(10) R(t) = coS (w 1t) + COS (w 2 t).

In other words , R(t) is coherent with both signals (i.e., we have

chosen both signals to be desired). Upon quadrature splitting we

8
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.,

obtain for the element signals

(U )  x 1(t) — a 1 cos(w1t) + a2 cos( w 2 t )

and

(12) x (t) = a 1 sin(w t) + a2 sin (w 2 t).

) Since the ove rbar rep resents an ideal low-pass filter with a
V 

cutoff frequency higher than w 1-~~2 but lower than and 2u2, the

I te rms xj (t)xj (t) are

a2 + a2
(13) x 1 (t) x ( t) = 1 

2 ~ 
+ a 1a2 cos[(w 1—w 2 )t]

a~~+a~(14 ) x7 (t)x 2 (t) = —— + a a
)

and

I 
___________________

(15) x (t)x 2 (t) = x 2 (t)x (t) 0.

We also find

a1 + a2 a + a
• (16 ) R(t) x (t ) = 

2 
+ 

2 
2 cos(( w 1—w 2 )t].

9
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and

(17) R(t )x 2 (t) = — 

2 
— sin((~ 1 -~ )t]

When Eqs . (13) — (17) are substituted into Eq. (8), the

differential equations descri bing the weights can be wri tten in

matrix form as

d 
a 1~a~ + a 1a2cos (~~t) 0

(18) 
~f w 2 (t ) )~” 

2k t  a~+a~\,. 0 2 
+ a 1a~ cos(8ut))~~;( t )

(a 1+a 2 + (a 1+a2)cos(~wt)
’
\I,

~ -(a1+a2)s in(~~t) )
where

(19)

Let us exami ne the equation for wei ght w 1(t). We noti ce that the

system of Eqs . (18) is uncoupled, so we can sol ve for the weigh ts

independently of one another. The equation describing the reponse of

the in—phase weight (w 1(t)) is then

dw 1(t)
(20) dt + [A +  B.co s (Aw t ) ]w 1(t) = [ C + D ~cos (Awt) ] u(t)

10
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~~1T~~

where

I3 (21) A - k (a~ + a~ )

~~ 1
3 (22) B 2 ~~ k~~ a1 a,

I
(23) C = k (a1 + a2 )

-3
(24) D k . (a 1 + a 2)

and u(t) is the unit step function. We arbi trarily choose the initi al
val ue o fw 1(t) to be zero at t = 0- . The Fourier transform of w 1(t)

3 exists and Eq. (20 ) may be wri tten in the frequency domain as

1 (25 ) (iw) W 1(w) + A W 1(w) + ~~ [W 1(w +Aw ) + W1(~-.~w)] =

• 
-

~~~ C . 6 ( w)  + ~L. ~ + P!!. . [ 6(w-~w) + 6(w+&~)] +2 
(~~~)2_w2

- 1

1
Hi

3 11

ii

1 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

~~~~~~~ 
- 1

~~__ •_ •_ • ._ -
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T~

where W~(w) is the Fourier transform of w3(t), ~
(.) i~ the ~1rdc

del ta function and

(26) j  -
~~~~~

.

Solving Eq. (25 ) for W 1(w) and taking the inverse Fourier

transform shows

• (27) W 1 (t) = [e~~t . u(t))* [C u(t)) + [e~~
t . u(t)) * f D . cos ( .~~ •

- [B . w1 (t) cos (~~t)) * [e~~t u(t))

where “ *“ represents convol ution in the time domain, defined by

(28) f ( t )  * g(t) = f(t-t) . g(i)dt = f(t) • g(t-t)d~ = F(~ ) • G(4 .

The first two convol utions of Eq. (27) are easily performed. The

third may be written in integral form yielding as an expression for

w1 (t):
r • •

(29 ) w1 (t) = - ~ e4t + A.D.e~~
t D fA os(~wt)+tAw)

j
(&~t)]A A A2 +(A~)2 A2 +

12
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—B 
1~ e~~

tT) 
• cos(~~~~) •

e

• We can generate an asynp tot l c expansion for w 3 (t) valid for
large (Aw). Continually integrating the final term of Eq. (29) by

parts will yield a sol ution of the fo rm

—A(t— ) a 1(t,&~.) a (t ,&~)(30 ) B • J e ~ •cos(&~ ).w 1(~ )•d~ — ~w 1(t) + 2 
‘w 1(t)

A 2 + (fr.) 2 (A 2+(~ ,,~)2)2

a 3(t,&)~+ • w (t) +
(A2+(&,~)2)3

When this result is used in Eq. (29), the solution for w1(t) may be

approximated by the fi rst term of the series if ~w is high enough.
Integrating Eq. (30) by parts we find

(31) B J e~~
t_T).cos(8wt).wi(t)th ~~~~~~~~~~~~~~~~~~~~~ . w1(t)-

~~~ A + ( ~~w)

V -At rt A— 
B~e 

2 J e ‘(A.COS~AwT)+(~w).Sifl(&~t))~1(t)dTA2+(~w) -~~~

Recall from Eq. (20) that

13
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~~~~~~~~~~

(32 ) w1 (r) — [C+D.cos(Aw~) ) u ( r )  - (A+B~COS (~ wT) )

Substituting for ~(T ) Into the last i nteqra l of Eq. (31) only those

terms of Eq. (32) whIch contribute to a1 (t,~w) (i.e., ~~1 ( T )

D cos (~41) u(t) - B cos (~wi) w1 (T)) y ields

-At ,t
(33) 

~ J eAt (A cos(owT)+(~w).s1n(i~wt)) w 1(t)dt—
A2+(&~)

2 
-~~~ 

V

-At t A~B e  
~ 

.

0

Continued Integration by parts of Eq. (34) again results in

integrals containing ~‘~(r). Substituting In each case for *1(r)

only those terms of Eq. (32) whi ch contribute to a 1(t ,Aw) enables us

to wri te Eq. (33) as

-At ~t A
( 34) B.e 

— 
e (A.D-A.B.w 2(r))dr 

B•D 
2 

(l_e~~
t)

A2 +(~ w) 2 0 A2+(~ w)

-B .w 1(t) 
+ B .C.t.e~~

t

A2+(~w) 2 A2+ (~~~) 2

14
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3
3 We can then substitute the resul t of Eq. (34) for the integral

exp ression In Eq. (31). L~on substituting Eq. (31) into Eq. (29), we

find

(35) w 1(t) - - ~ e~~ ~ 
A.D.e~~

t
+ D (A .cos (~wt)+(~~).sjn(~wtJ)

A2+(Aw)2 A2 + (&i) 2

- 

(A B.cos(~wt)+B.(t,~).s1n(t~t)).w (t) 
— 

B. D.( l_e~~
t)

I A2 + (~~ )2 A2 + (~~)2

4 ’

.1~

V + 
B2

~w 1(t) 
- 

B.C .t .e4t

A2 + (~~) 2 
A2 + (fr~)

2

I
I We can now sol ve Eq. (35) for w 1(t). After a long period of tine

(i.e., after the transients have died out), we obtain for w 1 (t):
1 (36 )

1 C A .D CO5(~wt)+D.(~w).Sifl(~wt).C.B.coS(1A~,,t) 
B.(~~1~C SIn(Awt)

w J (t)
~~~K

+ A

t-~o A2+ (1~w)2+ A•B.cos(~wt)+B.(~w).sin(&~Jt) + B2

The fi rst term on the right side of Eq. (36 ) is the steady-state term

3 whi ch woul d occur if B.cos (~wt) and D.cos (~wt) we re neglected in

1 Eq. (20). Eq. (36 ) is bounded by

~1 15

H I
~~ •~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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(37) w Ct )  c + 
A~D +
A +(

~~~
) +8 -AB-B •(&,~)

In other words we have replaced the sin ( Awt ) and cos (~_ t )  te rms wi t.h

unity in the numerator and minus one in the denominator. From Eq. (37)

we noti ce that the secnnd term will be small compared to C /A when

(38) ti~ >‘ = k . (a~ + a2) = ~~~

In other words , when the di fference frequency ~~- .. is much larger than

the product of the loop gain constant (k) and the sum of the signal

powers , the steady-state solution for Eq. (20 ) will be approximate ly

C/A. We see then, that when the inequality gi ven in Eq. (38) Is

satisfied, the di ffe rence frequency terms (B.cos(i~wt) and D.cos(Awt ))

in Eq. (20) may be neglected. For example, In one adapti ve array

built at Ohio State [15 1 , the va l ue of w 0 was typically between

100 Hz and 1 k-Hz . In this array, di fference frequencies greater

than 1k-Hz did not affect the weight sol ution .

In an adapti ve array for comunicatlons, the signal x 1(t) wil l

• be a bandlimi ted process centered at some non-zero carrier frequency.

(For examp le , the Ohio State adaptive array ~15~ operated at 70 N-Hz

with a 10 M-Hz ban~~idth.) It will be adequate for the present

discussion to assume that xj (t) has a flat power spectral density of

16
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1]

] height a and bandwi dth b as shown In Fig. 3a. The power spec tral

density of x12 (t) will then be as shown in Fig. 3b’ L26] . The mul ti -
3 pliers remove the frequencies centered about Hence the signal

1 xj~(t) has spectral density shown in Fig. 3c.

Thus, each term x1(t) Xj (tJ in Eq. (8) contains a d.c. corn—

3 ponent (the impul se at — 0 in Fig. 3c) and a tine-varying component

(the power contained in the continuous spectrum from 0 to b in

3 FIg. 3c). From the asymptoti c solution to Eq. (8) given in Eq. (37).

however, it is clear that only tho se frequency components of

x1(t) xj(t) that lie below the cutoff freq uency w0 will have an effect

3 on the solution to Eq. (8). We may safely ignore all frequency com-

ponents of xj (t) xj (t) above w0. Returning to the Ohio State

1 adapti ve array as an example (wi th 10 M-Hz bandwidth), we see that

the time-varying portion of xj  (t) xj (tJ wi ll have baseband frequency
components from 0 to 10 N-Hz . The feedmck loop bandwi dth (~0 ) is ,

howeve r, only 1 k—Hz . Thus, the total power in the tine-varying part

of x1 (t) x~(t) is only about 10~~ of the d.c. power. The part from 0 to

1 1 k-Hz need not be incl uded in the di fferential equations (8) . Re-

fe rring to the one-dimensional di ffe rential equation of Eq. (20), we

see that the situation is equi valent to having B<< A. In this case,

we may safely neglect the B term in constructing the solution to

Eq. (20).

*In gene ral xj (t) = x~(t—r ~), where t~ is some time delay. Thus,
x~(t) x- (t) = x1 (t) xj(t—r.). For th’~s discus sion, we assume r~ = 0,
so x1 (t~ xj(t) = x12(t). ~ihe val ue of rj Is not important for the
arguments ádvanced here, which are only ~ualitat1ve .

17
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]
Thus we will solve Eq. (8) by including only the constant (d.c.)

terms of the products xj (t) xj (tJ . To rei te rate the arguments above,
-~ the val idity of this procedure rests on two observati ons . Fi rs t , the

solutions to Eq. (8) exhibi t a “cutoff frequency” e ffect . Tine-

varying te rms in the products xj (t)  Xj (tJ whose frequencies are higher

than this cutoff do not affect the sol ution. Second, in practi cal

array designs for comumication systems , the val ue of this cutoff

-
~ frequency is ve ry smal l compared to the RF bandwidth. As a resul t ,

the power contained in the tine-varying part of x1(t) xj (t} below ~~~
cutoff Is ext remely smal l compared to the power in the constant term.

For this reason, we may neglect the time—varying portion of xj (tJ’
x3(t) entirely In solving Eq. (8) .

When the element signals are random, the mul tiplier output is

the d.c. portion of the product of two random processes. We note that

this quantity is the same as the infinite time average of the product

of the two processes.

1 Having shown that only the constant part of X i (t) x j (t) needs

to be included In Eq. (8) , we furthe r note that the constant part

1 may be obtained from the infinite time averag e of xj (t) xj (t) . More-
• 

ove r, when all xj (t) are assume d to beergodic processes , the time

average may be replaced by an ensentle average . We now return to

• 

. the discussion of Eq. (8) . If we define the matrices

19
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( x1 (t)x 1(tJ x1 (t)x2{t) ...
~~~2(t)x~[t)

R(t) . x 1 (tJ

V 

(40 ) S - 

(Rt 

• ~~(t) 

)

and

w1(t)

(41) W =

then Eq. (8) can be written In matrix form as

(42 ) ~~ + 2ke w — 2kS.

Let us consider the response of Eq. (42). When there is more
than one antenna element, the system of equations will, in general,
be coupled in •. In order to sol ve this syst em, we first make a

‘I

~~

: 20
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• J
rotation of coordinates Into the princi pal axis of •. Let

3
(43) W = R ~

3
where R is a 2N x 2N orthogonal coordinate rotation matri x,

r11 r12
~1

(44) R =  r21

3
• 3 and

I
(45) n (i;)

I represent a new system of coordinates for the weights. By substi-

tuting Eq. (43) into Eq. (42) and multiplying on the left by R~~,
Eq. (42) becomes

I!
1 (45) ~~~~~

- + 2k[R~~eR)n — 2kR~~S

If R is chosen so that R 1 ,R is diagonal ,

21



—-  T I 
~~~IIT TIl IJ,

A 1 0 0 ...\
(47) R~

1
~R = A = 0 A 2

0 A 3

• then the components of n lie along the principle axes of • and the

system of equations Is uncoupled. We define

V 

(48) p = R 1S = 

(p 2)

and Eq. (41) becomes simply

(49) . + 2kA~ = 2kP

V We refe r to the components of n as the “normal weights” of the array.

The form of the general soluti on to Eq. (49) depends on the

matrix •. Since •is real and synmetric, Its ei genval ues are neces-
sari ly real . Furthe rmore, ‘~ is non-negative definite [21]. Since

none of the eigenval ues of • can be negative, the solutions to

Eq. (49) will not contain any exponentially growing terms. Further-

more, none of the eigenval ues can be zero when there is element
• noise in the array [21]. By “element noise ” we mean random noise due

to RF components behind each element of the array. This type of

noise is incoherent from one channel to the next. Element noise

22
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] shoul d not be confused with a di rectional noise signal received by

the array; s uch noise would be highly correlated between elements.
I Wh en element noise is present, the element sig nals ( following

the quadrature hybri ds ) are of the form

J (50 ) x 1(t) = p1 (t) + s 1 (t)

• I where n1 (t) is the noise component and s1(t) is the received signal

component of x1 (t) (see Figs. 2). When this xj ( t )  is substi tuted
V into Eq. (39), sis found to be

I
• (51) • = 4 ? s+n = a

~
I +

~~s

1 where we use ‘
~+n 

to denote ~‘ when both signal and noise are present

and ~ when only signal is present. a~
2 denotes the mean-square val ue

3 of n1(t):

V 
1 (52) ri~(t) =

(we assume all n 1 (t) have the same mean—square val ue), and I denotes

j the identity matrix. To derive Eq. (52), we have made use of the
assumption that

- 
V

(53) n1 (t)n~(t) = 0 for i$j ,

23
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and

(54) n1 (t)s ~ (t) = 0 for all i,j.

• Since the matrix 0n21 is unaffected by a transformation of

• the type R ’(a~ 2I)R — a.~2I, the same orthonormal matrix which diagon-

alize s ~ will also diagonalize 
~s+n~ 

Hence, each eigenval ue of

must be equal to O~
2 plus the corresponding eigen value of ~~~~~.

The form of •, the eigenvalues and the rotation matrix will

also be dependent upon the nunter of signals inci dent on the array.

If we assume the incoming signals to be uncorrel ated with one another

and the element signals to be of the form

(55) x1(t) = n.(t) + ~ s~~ (t)
j=l

then will be

(56) 
~~~ 

= + 
j~1 ~~ V

whe re is the when only signal s~(t) is inci dent on the array.

Since the rotation matrix R will be made up of the eigenvectors of

~+n’ 
its determination will become increasingly di fficult as the

nunter of signals increases . A method of determining R and A for an
V 

arbi trary nunter of signal s is presented In Appendix I. We wi l l ,

24
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.1
howe ver, in the next sec tion p resent a transformation whi ch w ill
allow solu tions for the weights to be determined and the order of the
system reduced by a Factor of 2 with an arbitrary nunter of signals

present.
J

•1
-JL

1

.1

4.,

4
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I

III. THE GENERAL SOLUTION

The two—element adaptive array behaves in a manne r similar to

higher order systems in that it has pattern flexibility . It is tr;~ re-

fore capable of suppressing directional inte rference si gnals and its

anti —jam performance may be studied . In this section we develop the

general wei ght sol utions for a two—element adapti ve array assuming

CW si gnals and element noi se are present at the array input.

The system of equations describing the response of a two—

element adapti ve array is from Eq. (42),

w 1 (t )~~ w 1 (t ) ~ ( s 1 (t ) ~
d w 2 (t) w 2 (t )  I s 2 (t )

(57) 
~~ w 3 (t ) j + 2k~ w 3(t) 

= 2k~ s3(t)
w~(t) J w~(t) ) ~~s,,(t)

When the signals incident on the array are uncorrel ated, it can be
shown that ~ will be of the form

q~11 4’12 ~~~13 ~~ 1 t +

• 
(58) 

~ 
=
~ 

~t’12 ~11 ~~1I4 ~13

~3 1 ~ 32 ~ 33 4~3L, V

\~ ~~32 4~31 ~~~3I+ 4~33

It has been demonstrated by Conpton [211 that when ~ exhibits the type

of symmetry of Eq. (58), the system of Eq. (57) can be reduced to

26 V
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J the form

(59) 
~~ 

(w i_iw
2)

($ii +J~ i2 3~J~;~~ (w i_i w2 ’\~ 2k( ~~~~~~t~w 3—jw~ ~~31+.i~~2 •33+Jt~3~) ~w 3_ iwi.) ~ s 3— is~ )
4

• 
(we will use w1(t) and ~ interchangably throughout) . We have then

V formed a set of di fferential equations in terms of complex weighting

I coefficients . Recal l thatw and ~ are the in—phase weights and w 2
and the quadrature wei ghts of the array . The quadrature channel

V I represents a 90° phase delay ove r all frequencies. This quarter

cycle delay is syntholized mathematically by the operator -j .

The general confi guration of a two-element adapti ve array is

shown in Fig. 4. Let us s uppose these are n CW signals inci dentI
upon this array from angles o

~ off braodside . We will assume m of

I these signals to be desi red and (n-rn) to be di rectional CW jamners.

This situation is illustrated for n=2, m=1 In Fig. 5.

We define

I
(60) 

~i = w 1—j w 2)

and

(61) 
~2 = W 3 jW1~

27 -
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whe re “ “  indicates a complex variable. We also denote the col unri

vector V

I.-,..
I W i

(62) W .

- 

w2

The complex correla tion matri x ~, will be defined as
I”-. ~(A B

(63) ~~~~~~~

\~C D

whe re

(64) A = •~~
+ J$i2

(65) B = $13 + .)$14

(66 ) C — $31 + J$32

(67) D = + J$~~

Finally, if we define the vector ~ to be

S I~~ 5rJ~ 2
(68) S=  =

S 2 S 3~~J S & ,

29
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I

the n Eq. (57) can be written in matrix form as

(69 ) fr~ 
+ 2kQ =2kS

Assuming CW signals are present, the received signals will be

of the form

(70) s1(t) = • • cos(i~t)

where

= the signal ampl i tude

and

= the signal radian frequency.

Specifically, at the second antenna (see Fig. 5), the signal is given

by

(71) y2(t) = . • cos(w 1t)

and at the fi rst antenna,

(72)y1(t) 
= 

~f f .  a • cos(w.-t—~ )
1=1 1 1
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-~~~ -V

where a~ is the phase shift between antennas due to the propagation

delay ,

a.~~~
.!.L sin e1

) (L is the element spaci ng and 
~~ 

is the free-space wavelength at

frequency ~.1.)

- With element noi se present, the in-phase and quadrature

1 element signals are

(74) x 1(t) = s1(t) + n1(t) = a
~
. . cos( w 1t—a1) + n~ (t)

• n
(75) x2(t) = s2(t) + n2(t) = 

i~l °~i 
• sin(wi

t_a
1) + n2(t)

I 
(76 ) x3(t) = s3(t) + n 3(t) = 

.~~~ 
0 cos( w ~t) + n3(t )

1:1

• (77) x4(t) = s4(t) + n~+(t) = 
~ 

0s1 sin(w.t) + n4 (t ) .
i=l 1

I The factor ~‘~ was included in Eqs. (71) and (72) to make the in-phase

and quadrature signals in Eqs. (74) — (77) have unit ampl itude.

Substituting Eqs. (74) - (77) into Eq. (39) yields fore:

- I

L I



• ~V-V • ..

(78) n n

~ 
+
~ 

0 ~ o~ ~~~~ ~~

- I o~ stha~”

/ 1 1  i’l i i’l I

( 

0 
~ 1~l S + c~ 

~ ~ 

o~ .51fl~ 1 
~~

• 

i~ 1 
t, COScii1

$ 
~ ~ 

O~~•COSa~ 
- 

~ Jl ~~~~~~ ~~~~ 
~~

. 

1 
+ 0

- ~
•
i~l 

~~~~~~~ 
~~~~~~~ 

COSci~ 0 
~~~ 1°s

~~~

We observe $ exhibits the syn inetry of Eq. (58).

Suppose furthermore that the reference signal Is gi ven by

m
(79) R(t) = A . ~~ coS(w.t)1

where A is some non-zero constant. In a pract ica l system where the

reference signal is deri ved from the desired part of the array output ,

A will be chosen to have a value compatible with the equipment. This L
fixed operating level is generally achieved by inserting a limi ter r

somewhere in the reference signal generating network (15 ,251 . In

Eq. (79), the reference signal is coherent with the first m signals. [ I
If Eqs. (74) - (77) and Eq. (79) are substi tuted into Eq. (40), we

find .

• 

V

V E
V 32



• I
I s i i~~ m

(80) S 
_(:23)_ A ( 

i~l 
cos(w1t) °

~1 
cos (w1t-a1) + n~ (t)

SI. ~~~ cos (~1t) ~~~~ 
sin( ~~t—ci 1 ) + n 1(t)

4 Since the reference signal is uncorrelated with the directional
j amers and element noise , we obtain

COs a1

(81) S 
i~1

Gs:
51fl a

i)

¶ Substi tuting Eq. (81) i nto Eq. (68) yields for ~:

(82) = ( ~~~~~~~ ~~ 

a~~ e~
°
~ 

. -

V 
as1=1 1I
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We can also obtain the reduced form of •. From Eqs. (64) —

(67) and Eq. ~7S) we obtain

(i. ~ ~2 ~~~ 1 
~ o~ ~~~

~ 1 1=1 ~i ~ 1—1 ~i
(83) Q = (

~~~~~~~~ i~l ~ 
e 1 

~ ~L +

• The system of equations describing the response of the array

may now be determined. Making the appropriate substi tutions into

Eq. (69) yields

1 ~ jcx~\ m

(
~ \ (i~~~

a
~ 

+o~ ~~~~~~~ 1Ls 1
(84) 

~\W 2J 

2k~~1 
~~~~~~ 

o~~e
1 

~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

k 

~~1 
0~, )

We notice that the equations are coupled in ~~~. Solving the system

will requi re a rotation into the principal axes of (~. Had the order

of the system not been reduced, we would have a system of four

coupled differential equations to solve. The coordinate rotation to

uncouple the system would be extremely tedious. Di agonalizing the

system of Eq. (84) will be obviously much simpler.

We begi n by dete rmining the elgenval ues of Q. Since 0 is

Hermitl an, its characteristi c values are necessari ly real. Let

34
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I

~ i~l 
a2 + - A 

• •

~ 
~~~~

.1 (85) IQ—A I ( = 
• 

= 0

3.~ ~~ 
o e 1 

~ Jl ~ 
+ - A

n
Hereafter ~ will be represented by 

~
. Expanding Eq. (85)

- ,  1=1
- yields

V ] 
(86 ) 7 + c,~ 

- - 

~~ 
a~ ~~~~ ~ ~: e~

’
i )=  ~~~.

]
• Sol ving the above quadrati c equation for A gives for the eigenvalues

I
] (87) A 1 = + 3.- ~ 

o~ + 3..(I a~ + 2 ~ 7 0 
~ j 

cos(cx1-a~)]
and

V ]  

(88 ) A 2 = q~~+ 3.- ~o: - 3.. a~ + 2 ~ Ja a coS(aj_czj))

From Eqs . (87) and (88) we can now determine the elgenvectors
-
~ - of ~~. Let 

~j denote the eigenvector associated with A 1. We require

(89) (~ 
- A

1j)(~1) = 0.

~~
-, 

V-~~~-V-VV~~~~~~_ _ _ _ _ _ _
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Substituting Eqs. (83) and (87) into Eq. (89) yiel ds

- (90)

• 

. 3. - ( I a~ + 2 I I  o~~a~~cos(aj
_a
~
))1”2 3.- ~ a~ e

JO i

-ja. V 

1/2
- 

~~~~~~~ 

+ 2 
1 3  )

- - 
C 21

We then obtain two equations of the form

(91) Fe 11 + Ge 21 = 0

and

V (92) G*e11 + Fe21 = 0

where

• (93) ~~ = - 3.- ( ~ + 2 
~ 7 o~~ a~ cos(a~-a~) 

)l/2 
V

i~j

~ 1(94) G = 
~ 

°
~~ • 

e

and superscript “ k” denotes the complex conjugate . However, If we
notice

36
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I
J

J (95) F2 =BB *

then the eigenvectors can be chosen to be

~ 
+ 2 

~ ~~~~ cos (~~~a~] 
- 

(96) E~ 
~~~ 

a~~• 
e~~~ 

)

] 
n f l

We hereafter denote ~ ~ by ~1 1=1 j 1  i~)J i~j
Simi l ar calculation s show the second eigenvector to be

I \l/2

] ( 3.~ ( ~ a~ + 2 o~~a~ cos(a~ • _ ct~))

(97) E2 =

• - 3. -  ~~~ e
Jaj

I If from the eigenvectors we form the matrix

] (98) Z = (E 1,E2)

then

I
(99) Z Q Z = A

1
37
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• 
V where A is a diagonal matri x composed of the ei’jenva l ues of 0 and

supe rscript “-1~ denotes the inve rse matrix . If from 7 we Construct
-

V a unitary matri x R give n by -

V (100)

V then

,‘,t 
~~~~~ 1(101) R = R

where “t” represents transpose conjugation . We require

(102) R~R = I

where I is again the identity matrix . From Eqs. (96) - (98) and
Eq. (100), we obtain for ~:

1/2
~.(~a~~+2 ~~7a~~a~~cos(a.-a.) 3.- (1a~ +2 Uc~~~~~cos (c1j _ czj ))2

(103)R=1 -

~~~ 
-~~~~~~ ~a~~ e

301

Performing the operation indicated in Eq. (102) yields for the
norma li za tion cons tant k:

I
38
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(104) k = + 2 ~~ a~o cos (~i~~j)).

From Eqs. (103) and (104) the final expression for the coordinate

rotati on matrix becomes

• 
I
I 1

(105) R 
~ e 1 

- 
~~~ e

3
~

+ 2 I1a~~o~~cos(aj-oj))Z (~0k +2

If we now multiply Eq. (74) on the left by Rt and i nsert R Rt

into the second term, we obtain

d ~
“ “

~ ~~~~~~~~~~~~~~~~~~~~~(106) ~E.R
tW + 2k[R Q R]R W = 2k R S

By defining the relations

1%I ’l l,t,

• (107) r = R~~ =

and

v
- 

H(108) V R S

V V 2 )
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• and using the correspondence of Eq. (99), we can rewrite Eq. (106)

con veniently as

(109) ~ 
r + 2kA?~ = 2k v.

The elements of jwil l be referred to as the “unita ry weights” of the

array . This is analogous to the “normal weights ” of the array
represented by r~ in Eq. (49), when all the elements are real.

• Recal l that A is a real diagonal matrix and is composed of the

eigenvalues of Q. Speci fi cally from Eqs . (87), (88) and (99), we

find
(110)

/
(1 1 2 +02+ ~

.( 
~~~ + 2 1 10 2 a~ cos(a 1— a . ) )  02 

~ 
s
~ 

n 
~

. 

~~~~ ~~~~~~ 

5~~ j 3
V 

~~~~~ - ~~~~ UoFo2 cQ S (a. -a .))2

V Since F and V represent colwm vectors , the equations are no longe r
coupled. If we now carry out the indi cated operati on of Eq. ( 108) , we

obtain for ~
(111) m 

2 

jci1
1m ~~ i~l 

°
~i i~l ~~ 

e 
.

~~

= = 
]
~ 

a~~e + (
~ 

~~ + 2 ~~7o~2 a~2 cos (a1.-a~) )l
/2

2~J2( 
m °s a~ e 1 ) •

~

a

~~~~

i 1 i i= l  j 
—

e (
~ 
~ + 2 I I  o2 a2 cos(a~ a . )) ’

i~j : i j  3
V 
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j We are now in a position to obtain the equations describing the

unitary weights of the array . Making the appropriate substitutions
into Eq. (109) yields a set of separate equations which may be

wri tte n as
(112) -

~ 
Ia~ + u~~+21 7a~~a~~cos(a.-a.) ~]~1(t) =

V 

m j a. k • I, 
a~ ~~ o~~e 

1

k •A. 1 o~ e 1 + 1— il—i 1

1=1 

~ + 2 ~ ~o~~ a2 cos(a1~a.))2and 1 1 I$3 1 3

(113)

V 
~~ 2(t) + 2k[a~+ ~ 

- + 2 Ua2 a2 cos(a. -a.))2]~2 (t) =

VI -

m n ja.
k I a  ~ 0

2 e 1

k ’A• a e 
— —

. 
1

1 1  Sj (
~ 

o~ + ~ Ia~ a~ cos(a.-cz.))1 3

The sol ution of Eq. (57) has essentially been reduced to solving two
• 1

first-order di fferential equations of the form

( 114) 
~‘1 (t) + A

1~~
. (t )  = k~1.
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Equations (112) and (113) are then easily solved, yiel ding as

- 

- solutions :

(11-5 )

V ~ (t) = k 1e ’ + A a~ e
i0
~ + ~~~~~ ~~~~ e 1

and 

A 1.2. 2 i=l ~ 
~~~~~~~~~~~~~~~~~~~~~~~~ 

I:

(116) / m n j a.
1 I a  10 2 e 

i

~2(t) = k 2e
2 + A a~ .e

Jaj 
— 

i=1 Sj i l  S j 
1

2 

\
\

l 1 
(~

a 4 +2~~7a 2 o 2 cos(a . -a. ))~

whe re k1 and k2 are the constants dependent upon the ini tial wei ght

values and A 1and A2 are the eigenvalues of Q given in Eqs . (87) and

V (88). It is apparent that the complex weights ~ and 
~2 may be ob- V

tam ed from the uni tary weights -
~~~ and 

~2 by the simple transformation

~• 
-

(117) W =  R i ’ .

Then from Eq. (105), we find

‘
~I 

+~~2(118) w = 2

42
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I and

$ (119)

• -J
1 ( —j a

1~~ —ja 1,.~
- w2 •~~a~ e - e

+ 21 7a~~a~~cos(c&j_aj))2

Substi tuting Eqs . (115) and (116) into Eq. (118) results in

J (120)

I ~1(t) =3. .~k1e l~~~ 

+ 

~~
:
~

2

~~

2t 

~~~~~ (~~i+x~~ ~~~~ e
3 1

1 + I o~ .1 o~ e (A -A )
j = 1 _~j i= l 1

~ + 2~~ a~ a~ cos(a1-a~)

and from Eq. (119)

(121 ) —j a .

- 

~~ e 

~ 
~~~~~~~~ 

- k2e 2)

2 ~~~~ +2 1 Ia~ o~ cos(a1_a
~) 2

V • • 1 1  j $ j j j

( m  n ja~\
A f m ja1 ~ 

a~~e J (A 1+A
2)

+ Ia e .(A —A )+S 1 2 1 

(i  ~~~~~~ + 2~~) o~ .a~ .cos( aj -a~))~

£11 -
-
,

H

— 
~_____-V • ~~~~ • - - V -V~~~~~~~~~- V V  V~~~~~~~~~~~~~~ a V  V • V V -- — --
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V VT~~~~~~~~~~~~~ 

- -V 
_  

_ _ _

The following relations are easily veri fied:

1

(122) A 2~A 1 = - + 2 ~~ a~j 
cos (c* j -aj ))

(123) A 1+A 2o~ + ~

and

(124) 4.A .A = 4a~(a~ + ~~ ) + 2 I I  a~ a~ (1 - cos(a1-a~
))

1 1 i i  i j

Using the foregoing results, Eq. (120) readily reduces to

1 —2k A 1t -2kA 2t
( 125) w 1(-t ) = —{ k e + k e I

+ A . 
(~~~as e

JCL
1)(~~ a~ + 2a~ )- (i~l ~~ a~ e’~

’)

• 
4a~(a~ + ~a~~) + 2 

~ ~~~~~~~~~~~~~~~~

Eq. (121) may be simplified in a similar manner. We obtain for :

I :
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~~~~ 

~~~~~~~~~~~~~~~~~~~~~

V~~

j

3 ~a~~• 
e 1 

-2kA 1t -2kA 7t
(126) ~2(t) = 

1 1 
1 

• (k 1e —k 2e )

J 2 
~~~~~~~~~~~~~~~~~~~~ 

2

+ A . 

(~~1~~ 1) 
(
~ 

a~~+2a)~~ - (z a~~~~e)~~~~~~~~~ (i~1 
os e

Jal)

4a~(a~ + 1a~~) + 2 ~ 7a~~a~ (l-cos (cz~-a~)

From Eqs. (60) and (61 ) it is seen that the real array weights

can simply be found from the complex weighting coefficients by means

- of the following relations :

1 (127) w 1(t) = Real (~ 1(t))

(128) w 2 ( t )  = -Imag (~1(t))

(129) w 3 (t) = Real (~2 (t))

3 V 

-

;

(130) w~(t) =—Ima g~~2(t) ) .
•1
J

I 
~~~ To s ummari ze , then, we have developed expressions for the

weighting coefficients of a two-element adapti ve array wi th an :-
V 

1 arbitrary number of ja mming and desire d CW signals inci dent upon it.
V
~~~~. N
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Let us examine the temporal response of the wei ghts. From

Eq. (125) and (126) the transient response of the complex weights are

1 -2kA t —2kA t
(131) w itr ( t )  = — ( k1 • e + k2 • e )

and

2 e -2kA 1t -2kA ,t
(132) W2tr.(t) = 

1 1 
1-(kie -k2e

2 ~~~ ~~~~~~~~~~~~~~~~~

• We noti ce the transient response contains decaying exponentials. The

rate of decay of these functions is proportional to the loop gain

constant k and the eigenvalues of ~, A 1 and A 2. Recall that these

eigenval ues are functions of the signal powers o~~2, the noi se power

and the electri cal phase shift between antenna elements cz,. We

then observe that as the number of signals increases, the elgen values

also increase (See Eqs. (92) and (93).) The array response will then

become faster as the number of signals increase . Also , a larger

e lement noise power a~
2 and loop gain constant k results in a faster

array response. The array wei ghts then converge to their final

solution in a shorter period of time with many signals present than
I

with few. Unfortunately, as it will be demonstrated, the output SNR

degrades as the n umber of signals increases. • V
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IV. THE PERFECTLY CONSTRAINED ARRAY

- The results of the previous section may be used to study the

- performance of a two-element array when there are two signals present.

When an N-element array has N signals inci dent upon it , the array is
— 

sai d to be “perfectly constrained.” It will be shown that with

element noise present, the SNR at the array output is degraded. Not

only is the desired signal amplitude below that of the refe rence

-‘ signal [16] but the interference signal is also present at the array

output.

• Let us suppose two CW signals are inci dent upon the array

(see Fi g. 5). The signal arriving at angle 01 off broadside is

chosen to be the desired signal and the other is a directional inter-

ference s ignal . From Eq. (125) - (130) the steady-state weights are

found to be

A.a ((02+2a2)cosct _a 2 - cos a2)S 1 ~2 fl

J (133) w 1(~) = _______________________________________

2a~(a~+a +a ) + 2a:10:2(l
_cos(al_a2))

V-V1
A.05 ((p2 sin a ) — (~ 2 +2a2) . sin u-i)

(134) w (cc ’ ) = 1 ~~ 2 2 fl
2 4~ 2(a 2+o 2 +02 ) + 2a2 ~

2 (1 — cos( a a ))
~ ~ ~1 ~2 ~ 1 2

-] A .a51
(2~ 2+ø2 . (l-cos(ai-a2)))• (135) w3(~) = 

- 2
• 4a~~a~+a~~+a )  +2a2 a2 (l—cos(a 1—u ))

and
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. A~a5 a • sin(a1—a2)

(136 ) w (cc’) = ______________________________

4a 2(a2+a~ +~~ )+2a~ G 2 (l-coS(u 1-a2))
~ ~ 1 2

The output of a two-element array with n CW signals inci dent

upon it is

(137) s ( t )  = a~ ((w + w s i n a. + w cos a.)2
i=l j 

L 1 ~ 2

• 1
+ (w 3 + w1 cos a1 

- w2 sin aj )
2
)2 cos(w

~
t

V i( ~~~~~~ 
sin a

1 
+ W 1 COS a1

— tan 
~ W 3+W 1 c05 a

1 
- w2 sin a1

SuL.sti tuting Eqs. (133) - (136) into Eq. (137), we find that

the desired part of the array output is

A•a (402+202 (1 —coS (a1-a2) ) ) -cos(~ 1t)
(138) S (t) = ______________________________________________

d 4a
~
(a
~+a:+a:

) + 2a ci (l-cos(a 1-a2))  .

We no ti ce tha t because element noise is presen t, the desired signal

• output does not match that of the reference signal given, in Eq. (50) .

Similar results were obtained by Conpton [16]. However, this is not
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3
3 the only effect of the element noise. If we calculate the undesired

1 part of the array output, we find

‘(139) 
2 !a2-a2

-
- 

- A~u ~ ~
— 

s1 s2 n
J — 

4a~ (o~ + + a
~~

) + 20: + a~~( - cos (u 1-a2)

I ( _
~( 

sin(a2—a~)COS I W t-tan I
V 

2 
l+cOS(a2—ai) 

.

We see that the jamming signal is also present at the array

3 output . By changing the val ue of the weigh ts , the element noise

causes the spatial nul l formed by the array wei ghts to no longer

• I exactly be in the jaming signal di rection . For example , in Figs. 6

and 7 we see the array pattern wi th one jamming and one desired
• 

-~~ signal present. In both cases the jamming and desired signal s have

1 equal power. In Fig. 6, the jaming signal—to-element noi se power

ratio (0j2/0n2) is 20 dB. The element noise has little effect on the

3 array pattern. The jamming signal is well within the null. However,

1 as the elemen t no ise powe r is increased, the nul l moves farther away

from the jaming signal di rection . For example , in Fig. 7 we see the
V 3 patte rn when aj 2/ci~

2 = 6 dB (the desired signal power and interference

power are unchanged). We noti ce the jamming signal power is now only

3 18 dB below the desired signal power. This may be of serious con-

1 sequence when both the jamming and desired signals are low—power

-~ signals (power levels near the element noise power). We noti ce from

3 Eq. (139)
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(140) u r n  S
3
(t) = 0

a~ +o

In other words, as the element noise power becomes small , the jamming

signal is no longer present at the array output.

The situati on may also ari se that both incoming signals are

desired L 15 1. Similar calculations show that the desired signal

amplitudes are again below the reference signal ampl itude when element

noise is present. The phase of the desired signals is correct .

We have seen , then , that the array makes a compromi se between

the contribution to ~2(t) due to the element noi se and those due to

the signals. Since the element noise is unco rrelated between

channels , the array is unable to remove its contribu tion at the

output.
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I-
~ V. THE OV ER-CCt~lS TR AI NED ARRAY

3 The results of sect-ion III may also be used to study the

V - performance of a two-e lement array when more than two signal s are

V 
present. When an N-element array has more than N signals incident

3 upon it , the array is said to be “ove r—constrained. ”
Let us assume a two-element array has three CW signals

3 inci dent upon it. In other words, the antenna signals are from

Eqs. (71) and (72):

‘Ii

1 (141) Y1(t) = 2{a s .cos(w1t—c*1)+a . cos(w~t—a~) +a
~~
. cos (w 3-t—a 3 )J

3 and -

V 

(142) y2(t) = 2~a~ cos (w 1t) + CO5 (W~t) + . cos(w 3t))

Fi rst , consider the response wi th no element noi se present .
We assume the signal at frequency w 1 to be desired and the others to
be CW interference signals. From Eqs. (125) — (130) .we determine the

J steady-state weights to be:

A•a5 •(ci (cos a~ — cos a2) + a (cos a~
- cos a3)

(143) w1(~’) = ______________________________________________________________

2(a
1
.0

2
(l_coS( ul_a2))+00 (1_co5(u2_u3))+02 02 (l...CO5(ui.,a3)))

~1

V 

~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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1. ...

- 

A.a
5 (a (sin a~ - sin ai) + a2 (sin U3 — sin ai))

(144) w2(~) =
2(a:1

a (1_cosca i
_a

2))÷a :ao_cos(u2
_a

3))+a 1
a

3
(l_cos (o l

_
~~
)n

A a 5 (a (l—cos (a1—a2))  + ~ 2 (l —cos(a1-a 3) ) )

• (145) w3(~) = 2(a a (l_cos (a 1~a2) )+a a5 (l_COS (U 2~a 3))+0
1
0

3
(l C0S(a i~~3) ) )

V 

and

A.a 5 (cJ~~ sin(a 1—a2) + o .  sin(a 1—a2))

(146) w~(°’) = 

2 (0: (1—cos(ct1—a2 +o (l~cos(a2—a 3 + aa (l—c o5(ci 1~a3))Y

We can substitute Eqs. (143) - (146) into Eq. (137) and

determine the array output. For the desired signal , we have

A a (a (1 — cos(a1-a2)) + a (l—cos(a 1—a 3) ) ) cos (w 1t)

j (147) s (t) = 2 
-d a . a ( l_ cos (u 1_a

2 ) ) + o a ( l _ c o s ( a 2_a 3) ) + o 0 ( l — C O 5 ( a 1 a 3))

-- 
,1’ 

From Eq. (147) we noti ce that even though there is no element

noise, the amplitude of the desired part of the array output does not

match that of the re fe rence signal (recall the refe rence signal ampli-

tude is A). We do notice that the desired signal phase is correct,

however.
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A similar calculation for the interference signals at the

-
~~ array output may be made. When this is done, we find that both

- - a inte rference signals are present at the array output. Performing

these calculations and using Eq. (147 )~ 
we de te rmine the signal—to—

jam (interference) ratio (S0/J0) at the array output to be
V 

-
~~~~ (148)

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

• 
0 

= 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
—2(a~ +a~ )cos(a 1—q 3)3 2

Wi th two signals incident on a two-element array, the signal

-j to-jam ratio (with a~
2 = 0) may be shown from Eq. ~138) and (139 ) to

be infinite . The additional jamming signal has caused a degradation 
V

in S~4/J 0.

Suppose we now consi der the first two signals at the inpu t to - -

be desi red signals. By again calculating the array output, we find
--I

that not only are the desired signal ampl i tudes degraded and the

1 jamming signal present at the array output, but the desired signal

phase no longer matches the reference signal phase. In an adaptive

array for use with more than one desired signal , phase control of the

- 
• desired signal s may not be possible. For example, the four—element

array described in ~15I for use wi th sensors as many as four desired ‘ 
-

signals may be present at the array input.

•
~ 1• -
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I

• It has been demonstrated in this section that when an adaptive

array is over—constrained , the array performance is degraded. We
-

- 

have found that the desired signal ampl i tude (and possibly the phase)

no longer matches the reference signal . The interference is also 
V

present at the output. With element noi se, the performance will be

further degraded although this degradation will be small when the
- element noise power is much smaller than the signal powers.

-.5- ,
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VI. ARRA Y PERFORMANCE WITH A CONTINUOUS INTERFERENCE SECTOR

The resul ts of section VI for the array performance with

discrete signal s will now be extended to the case of a continuous

I sector of radiation. It has been shown in section II that when the

signals inci dent upon the array are such that their bandwi dths are

I greater than the product of the l oop gain constant (k) and the signal

powers , the time-varying components may be neglected in the di ffer-

ential equations descri bing the weights. In this section we assume a

continuous sector of spatial radiati on is inci dent upon a two-element

array. Moreover, we assume the frequency spectrum of this radiation

3 the same from all angles and the bandwi dth of this radi ation is wide

enough that we may neglect all but the d.c. components in the weight

equations. We also assume the phase shift between an tennas due to

3 propagation delay will be nearly constant over the entire signal

bandwidth .* Then -

-1
J

- ( 149) 
~~ 

A
~ 

for all i.

3 Wi th this approximation we may proceed directly -from the val ues of

Q calculate d in Eq. (83). Recal l , the terms of ~ were of the form
1

V 
(150) q = ~ f( 

2-irL 
~~~

1 where is the power of each discrete signal. We define D(Oj) to

*We have neglected the effect of the wa ve polari zation .
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be a spati al power density defined over e
~
< 0< •0~. Also, define

~ to be a parti tion of the interval 1 e~, a~~ and I l~I I to be the “norm ”

of this parti tion . Then let us suppose we make the nuffber of signal s

go to infinity w hile keeping the total power constant; i.e., as

~ 0 as n ÷

u r n  f 
(
~iL sin(iAo)) • D(i ~ o) . i~ 0

HA H— 1o 1

remains finite . The summation may then be replaced by a Riernann

integral. In other wo rds, we have repl aced the model of many discre te

signals of a relatively small di fference in frequency (sw)  wi th

respect to the carrier by a continuous spatial distribution of

radiation .

Practical ly this situation arises when a waveform i rradiates a

rough surface (e.g., surface of the earth, ocean , ionospheri c skip,
etc.) and the reflected energy appears to be spread in angle with no

specifi c source of origin. Another example would also be sky noise .

Wi th this in m ’
~nd we write Eq. (150) as

0 - -,

I \
(151 ) q = j  f

~ t_L)sin e D(o)d e

L 

0~~ , W

~~~~~~~~~~~~~ Eq. (151) and the relations of Eq. (64) — (67),

the componen ts of Q now become : I

I~~5.5,

V S
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2
2w L- 0 j — sin 0

• 3 (152 ) 
~ = 0(0) e do

: 3
1 02 J sin

(153) C J D(0)e do

H 3
and 

-

3
(154) A = D = J D(0)d e .

3 0 1

The expression for Q is then

jI A 02 (i e
(155) Q = ) = J D(0) —j 2nL do .

- I I \e

Define the relations:

3 V

(156) ~ 
= sin 0 , 0 = sin~ (

~
)

3 (157) d~ = cos 0 . do , dO = _ _ _ _  = d~
il_112
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?

(158 ) 
~~~~~~~~~~

and

(159 ) f() = D(s in~~(u))

J l _ ~~2

Using the previou s definitions , Eqs. (152) - (154) become

(160) ~~(-e) 
= 

~~~ 
d~

(161) ~
(
~

) 
j

U2 
f(u)e~~

8
~ d~

I
V 

~1

• and

‘
~

(162) A = D = f f (u)d~ = B(O)

whe re ~
(
~

) is the Fourier transform of f(u). The matrix ~ may con-
veniently be written as

~~~~~~~~ 

B(-8)~
(163) 

~
=I I
\B(8) 8(0) / •1 -

/
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It is worth noting here that if the inci dent signal is arri ving

from a discrete angle o 1 , then we may represent this case as

- 

-
• 

(164 ) D ( o )  = a~ ~~e—o ~).

.j 
- 

Substituting Eq. (164) into Eqs. (160) — (162) results in

sin 0 ~ ~ -L sin
* (165 ) B V = J o e W . o ( o — o . ) de = a e
-5, 

1

• .1

_j ?~~.sin O
(166) C = J o e 0) 

~
(o-o

~
)do = a e

.1 1 1

3 and

3 (167) ~ 
= = j 2 

~~ 6(e_O~)de =

01 
1 1

I Then by allowing discrete signals to be represented by Di rac Delta

3 - funct i ons , the con tinuous channe l rep resentation rea di ly reduces to
- 

the di screte case previously investi gated.

3 If we assume the impinging radi ation secto r to be a j amming

source , then a desired signal source must also be present in order
J for the weights to have non—zero solutions. We define

3 V

-3- 
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(168 ) 8(B) B~ (8) + Bd(B)

whe re B~ (B) is due to the jamme r sector of radi ation and Bd(a) to
the desired sector. Since the interference and desired signals are V

- 

: uncorrela-te d, we may add the contributions of the jamming and desi red
signals in B(s). Using Eq. (168) we are now able to wri te Q as

B(O) B(-s)
( 169) 

~d+j 
+ 

~d + ~
j =

8 ( 8)  8(0)

If we now assume the desi red signal to be a CW signal at
V - 

frequency 0)d locate d at a discrete spatial angle 0d’ then

2 2a - a • e
(170) = 

0
2. 

~~~~ 
~

where from Eq. (156) we have 
-

(171) 
~d = ~~~ 0d

and c7Sd
2 is the desired signal power. The reference s’ignal R(t) will

again be of the form of the desired signal , then
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F~
,
.1

- 

(172) R(t) = A . cos Wdt

•1 —
-
~ From Eq. (80) the vector S is

j B~if a  •eS~
(173) s = A

2

3 Fi gure 8 shows a two-element array with a sector of jamming

radiati on and a single desired signal.

~1

~5,

-5’

-3
1

DESIRED
SIGNA L 

~e RADIA 11ON

-~~~~ 

SECTO R

V 

I 

S

-

I

1 V Fig. 8——Array signals.

~~~

5)
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We notice that if f(u) in Eq. (156) is real , then

(174) B(—8 ) = B*(B)

and if f(u) is purely imaginary

(175) B(—8) = _B*(B)

By substituting Eqs . (170) and (173) into Eq. (69), we find

that the complex weight response is determined by

8(0) BC-B) ~~~~
(176) 

~~ ~~ 2) 

2k 
8(8) 8(0) 

(W 2) 

K•A .a5 
(1 

)

The method of sol ution is the s ame as that of the previous secti ons.

We fi rst dete rmine the eigenval ues of Q to be

• 1 -

(A 1 0 ~ (B(O) +
( 177) A = 1  = 1

~O A 2)  \~ 
0 B(0 )—(B( 8 )B( -a )) 2

Since f(u) is a power spatial density , then it
1
is necessary

- real and Q is Hermitian wi th real elgenval ues. tbreover, we note -
~~~~

from Eq. ( l7~ that II
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(178 ) (B ( 8 )B(— B)) 2 = (B( B)B*(8)) 2 = IB(8) j .
a]

Using the results of Eqs. (168), (177) and (178), the 
-

coordinate rotation matrix becomes

1 -
( 1

1 (179)
- 2 ~ B( B ) —8 ( 8)

3 \~B(B)I IB(8) I .

a] 
Again we transform the coordinates into the principal axes -

of -~~~ . The expressions describing the unita ry weights are obtained by -

I eval uating 
-

1] (180) ~ =

‘ 

and

J
- 

(181) ~ = ir~i. -

—3 Substi tuting Eqs. (177), (180) and (181 ) into Eq. (69) yields ~ - 
-

‘a] (182 ) 
*

fr( ~~~~)
+2k (B(O)+iB($)J O 

+ s (e 

:__ 
:~

:1 -
~

—[ ~~~~~ ~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~ - _~~~~~ S5V ~



V V 

~HZ
-5
~~

-V 
~~~~~~~~~~~~~

the system of Eq. (182) is easily solved yiel ding as soluti ons

( iB~~ B* BV 

(183) ~1(t) = kje
2k 0)~ B(B)I ]t + 

A~o5~~e +

2..)T(B(O) + 18 (8) !)

and

t - k -2k[B(OHB(8fl]t+~~~~~~ 

- _ _ _ _

(184 ‘
~2 2e 2.J~{B(O)-JB(B)I]

where k 1 and k2 are the constants dependent upon the initial condi-

tions of the system. From the inverse transformation gi ven by

Eq. (116), the complex array weights may be obtained from the above

expressions . Again

“I •
~~A.

(185) w R r

Making the necessary substitutions we find the expressions

for the complex weight response are

I —2kA 1t —2kA 2t~\ 
A•a5 [B(0)e- 

O_B*(B )]
(186) w1(t) 1—(k1e + k e ) + d 

- 
-

- 

2 
4[B2(0) — IB(8)12] - -~~~~~

- -- -;
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-I . and

VV a] 

(187 ) ~2 (t) = B(B) 
(k ie

2
~~~

t 
- k2e 2 )

1
218(8)!

J~~0 (B(O)-B(8)e U)

+ 
d

V - 
- 

4(B2(0) _ I B ( $ ) 1 2 )

I These speci fic general expressions are gi ven as a function of B(B),

the Fourier transform of f(u). f(u) is di rectly related to the

11J spatial power densi ty (Eq. (156)). The array weigh ts given in

Eqs . (186) and (187) then may be found from the spatial power density

D( o) and the resulting adapti ve array performance may then be examined

analyti cally.

In the next section we treat several specifi c examples of
continuous jaming radi ation . For convenience we have used the resul ts
for many discrete signals to represent this continuous sector.

-i -

--- ‘a

~1
-1

‘-4 -~~
67
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V II. RESULTS

in the previous sections the values for the array weights of a

two-element adaptive array were calculated . For the condi ti ons of

multiple sign al interference or a continuous secto r of interference ,

the steady—state array wei ghts may be found. Digi tal computer

nrograms have been written to carry out these computations . The

programs calculate not only the final weights , but also the resultant

array pattern and the signal—to—noise ratio SNR at the array output.
- 

The programs are given in Appendi x II. In this section we discuss

the results of these computations .

For a continuous inte rference sector it is found that when

the desired signal is separated from the interference by more than

7 degrees, the SNR degrades as the interference sector becomes larger.

.4hen the separation between the desired signal becomes small (< 7°),

the SNR surprisingly increases as the inte rference se ctor becomes

wi der. This result is especially inte resting and will be discussed

again later.

Figures 9 through 15 show some typical plots of the final array

patterns. In these plots the desired signal ampl i tude (
~~1) is  1.

The total interference power is then 10dB greater than the desired

signal power at each element. The element noi se ampl i tude is .01.

From Eqs . (125) and (126) for the final weight values, the antenna

patte rn s are generated. The element spacing is chosen as A/2 in each

case .
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In Fig. 9 the desired signal arri ves at —30° off broadsi de.

“~ V The interference sector is from 0° to 1°. We notice most of the

interference is well wi thin the null. In Fig. 10 the interference is

- increased to 5° and in Fig. 11 to 15°. (The interference power

.1 remains the same in each case.) We notice the center of the nul l

-~~~~ remains at the center of the interference in each figure.

In Fig. 12 the interference sector remains 00 to 15° while the

a] desired signal is now at -15°. We notice no pattern change. In

- 
- Fig. 13 the desired signal arrives at -5°. A close observation shows

that the nul l has moved slightly to the ri ght and the pattern remains

beamed upon the desired signal . However, as the interference sector

-
~~ is decreased to 5°, the desired signal suffers an attenuation of 5 dB

as may be seen by comparing Fig. 13 wi th Fig. 14. A further attenua-

tion of 2 dB is also evi dent in Fig. 15 when the interference sector

L is decreased to 1°.

Figures 16 through 19 show the signal-to-noise ratio SNR at the

array output as a function of the interference sector wi dth for various

desired signal positions. In these figures, the interference sector
I- -.’

varies in width from 00 to ANG°. In Fig. 16 the desired signal varies

from -60° to —5° and in Fig. 17, -10° to 3°. When the desired signal

is within 7° of the interference sector, we notice an increase in the

SNR as the i nterference angle increases. The SNR increases because,

-

~~~ 

as we have seen in Figs . 13 and 15-, the array causes the nul l to turn

away from the desired signal as the interference sector increases.

C
t
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In Fig. 18 we notice the change in SNR is small beyond

(A N 6= ) 501 In Fig. 19 we noti ce that beyond 15° there i s no chan ge in the

SN PS, regardless of the desire d signal angle. For a jam ming sectora 
beyond 15°, an SNR degradation of 8 dB is apparent in Fig. 19 when

V 

the desire d signal is at -60°. We , however, notice an SNR improve —

- 
ment of 4 dB when the radi ation sector is increased from .1° to 30°

for a desired signal arriving at ~5°.

I
I
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I

I
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VIII. CONCLUSIONS 
-

- 

- 

This report has presented a study of the behavior of a two-element

adapti ve array wi th multiple discrete signals and a contiuous inter—

ference sector. It has been determined mathemati cally that when the

signal bandwidths are large compared to the feedback loop bandwidth , - -

only the d.c. terms need be considered in the weight equati ons. Using

this assumption , the weight solutions for a two—element adaptive array

were derived by reducing the order of the equations describing the sys—

tern. An analytical method for determinign the weight values with a

continuous spatial distributi on of interference is also presented.

From the weight solutions , we have observed that the element

noise enables the jammi ng signal to be present at the array output

when the array is fully constrained. When the array is over—

constrained, the interference is always present at the array output.

Al so, control of the desired signal phase may be lost when many

desired signals are present.

With a con ti nuous interference sector presen t, we have seen
tha t the SNR degrades as thi s sector i ncreases , when the desired -

signal is separa ted from the i nterference by more than 7
0~ When

this separation becomes small (<7°), we find that the SNR improves

as the janwning sector width increases.

— 
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APPENDIX I

In this appendi x we discuss a method for determining the

coordinate rotation matri x R gi ven in Eq. ( 57) from its reduced
form ~ given by Eq. (100).

The equati ons describing the response of a two-element adapti ve

array are gi ven in Eq. (57). It was noted by Compton 1211 that when

exhibits the type of symmetry shown in Eq. (58), the four coupled 
V

equations of Eq. (57) may be reduced to a pai r of complex equati ons

and the eigenvalue s of may be determined from the reduced form of

It will be shown in this appendi x that the eige nvectors and

hence the coordinate rotation matrix may also be found from the

reduced equations .

It was noted in section III that by a1l~ *iing

~A-1) 
A = +

(A—2 ) B = +13 +

J (A-3) ~ = 31 + J ’~’ 32 

-

(A 4) 0 = + J~ 34 -

a new matrix ~ can be formed gi ven by

I
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i ITITITITT~

I\~

V (A-5) Q = {  S~ ,

V \~ C D

Then by finding the eigen val ues of Q, the eiqenvalues of ~ may be

de termined ~211. Speci fi cally, if the two eigenval ues of 1? are

(A— 6) A

Q 

. £ 1 ± = L1, £
3 

± j 2~ = L2

then the eigenval ues of 4’ are

(A—7) A = L 1, L’~, L2 , L~

Recal l that it was also shown in section II that the equation

of a two-element array may be reduced to the form 
V

(A-8) d (W l 3W2~ (+11+i.12 •13 +i+ 1L+’~(w 1_3w 2~~~2k (s1_is2

~ 
w 3 Jw~+) •3~~i•~2 + 33 +i+ 3~)~w 3—iw~ ) ~s3—js~,

In order to solve Eq. (A—8) we make a rotation of coordinates . Let

(A-9) 
(w i - 

~w2”

1 
( 

i~1l “ 12~~~~~ I 

) 

= I

- J Wt ,1 ~~2 1  “ 22 
~ 2

V .4--I
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- Subs tituting Eq. (A-9) into Eq. (A-8) and multiplying the

result on the left by R ’ gives
- (A-i~~ 

(~ u ~~12~~~ 
A 

~ ,i
* ~ ~+2 k ~ ) ~ ) =

~ 
) I

- 
I \j2 ) \

r21 “221 C DJ\\
I’21 ~ 22 21 ~~~~~

I 

whe re

(~~~~
1

~~~~ 

sl - j s 2
(A-11)i =

- 

V 

S —j S ,,
I ‘ I

If the rotation matrix R is chosen so the bracketed matrix
I product is diagonal ,

(A- 12)(
” 

::: Y1C: :) (:: ;::)=(:‘ L2)

then Eq. (A-8) are uncoupled and the solution is easily obtained.

The val ues L1 an d L2 are the eigenvalues of Q. The uni tary rotation

I matri x R i s compose d of the ei genve ctors E 1 an d E2 corresponding to
the ei genval ue s L~ an d L2,
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(A-13 ) ~ =~~~~— (E1, E2 )

Since ~ is uni tary

(A-14) ~~~‘ =

We can then rewrite Eq. (A-].2 ) as

(A-15)

(x11
_
~~11 x21-jy2 1~ ~ X

1~~+iY 1~~~ 

= 
(~~

+j
~ 0

k 

~ x
22
_jy

22) ~ 
x~1+jy~1 X22+3Y22) ~ 0

where the elenEnts of R are now defined as

4, X •  .+Jy..
(A— 16) ç~ = 13 13

• 1 J j ~

From Eq. (47) we have

‘ (A—u) /
(r11 ~

‘
21 r31 r~1y.11 12 13 ~14 \ r11 r12 ~

‘13

RT~R = 4 r12 r 11 r32 r~2 ~~21 +22 2 3  +2g. r21 r22 r23
~ r 13 r23 I’ 33 r43 A + 31 32 33 +3t ~ / r 31 r32 F 33 r3 1 )

r2~ r34 F 4~J ’+kl •~ 2 • •~ J r~1 r~2 r~3 ~~~ 
•
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i. ,

~ 

I.
1~ 

0 0

~2 ~1 ~
I 

~~0 0

) 0 0 ~~I•4 ~ 3

I (See I2l~ 
pp. 90-91.)

From Eq. (A— 17) we noti ce

.(A-18) Real(L 1) = 

~ i~ i~ 
~~~~ rj 1

(A—1 9) Imag[L 1) = £
2 

= 

~ i~ l j~l ~~~~ 
rj 2 .

etc .

The following relations are evi dent from the symnetry shown

in Eq. (58):

(A—20a) ~11 
= 

~22

(A-20b) 
~ 12 

= 

~21

(A-20c) 13
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~1

(A—20d) 
~ 1t. = ~~ 23

• (A-20e) 
~31 

= 4~t+2

(A—2 0f) 
~ 32 

=

• (A—20g) 
~ 33 

=

(A—20h) 
~3j = 

~~~ L~3

Now if we expand Eqs. (A-15) and (A-17) into the form of Eqs. (A-18)

and (A—19) and make a te rm—by—te rm comparison imposing the relation-

ships of Eqs. (A-20), we find

(A—21a) r 11 
= x 11

(A—21b ) r21 = —y11

(A—2 1c) r 31 =

(A-21d) r~1 =

(A—22a) r 12 = y11
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(A-22b) r =

(A-22c) r32 
= Y2 1

(A-22d) f112 
= x

2 1

(A-23a) 
~~L~ 3 

=

• 
(A-23b) 1’ = —x

12

(A-23c) r
33 

= x
22

.. (A— 23d ) r 3 =

(A -24a) r 1 =

I-

(A-24b ) r 2~ = x
12

(A-24c) r3~ = y
22

r

(A-24d) r~ = X
22 

.
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In other words

r11 r12 r13 x ii y
11 x

12

r21 r22 r23 r2~ —y
11 x

11 
—y~2 x

12
(A 25) R = r 31 r32 r

33 r 3~ x21 y32 x22 y22
r~1 r~2 r~3 r~

} 
_Y

2i x21 —y
22 x22

where x1,~ and y1~ are the term of R gi ven in Eq. (A-16). Then by

finding the complex rotation matrix R, we have also determined the

real rotation matrix R. This is also to say that by finding the
elgenvectors of Q, we have found the eigenvectors ofo
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APP ENDIX II

r 1 r&1MENs1O 1~
2 rOMPL~~~ A LPI~
3 r********PATTFRN ~ OUT TNr**********

nI~’ENSIO&~ A ( 1 2 ) ,  T H F T A ( 1 2 ) .  ~I G c i 2 ) .  S I P I 1 2 )
1 5 rOMPL~~X T~ H. XY Z

6 eOMPL~~’( LESt) , i~J~~
1 7 rO~~PLLX X SJ,  

~~~~~~, ‘ic ,w2r
1 8 rU’~~LE~ SIP .X ,1,ti,SRP ,X X ,T r ,,IL1

• 9 rOr~pL~~x Y y ,Z ~~,cs ,n~~ j
10 n~ TA P T .  1P I / 3 . 1 4 15 9 2 6 5 .  â . 2 Q 3 1853 /

L 11
12 61 r~iRM41(’T (,1PL MUMB!R OF SIGNALS’
13 Q F A D ( ~~,— )  ~

15 77 ~ORM6 T (’ 10141 N(I~~9~~R OF OE STR~ O SI( NâLS ’)
16 ~‘FA 0 ( 8 . — )  ~

I 17 ~lkITEi k~,~.2~t6 62 C O F ~MAT( ’S 1(,~ f~L LC CA TIO NS ’ )
19 £‘t) 2 J~~1.I~

• 20 ~€AP (8,— ) THryA (~j)

1 21 cIG (J )~~1.
2~23 ry=T H F T A L J)/ ( 5 7 , 29 5 7 75 8)

1 2’ ~~J)~~Pi *SLN (TY%
1 25 2 rOPJT INIIf

26
27 (,3 ~ORM41 (’ NO IS( AMP LI TUD€~’)1 28 ~E A O ( 8 , — )  ~~• 79 r~~SO~ C~ PL x (0 , ,f l . )

• 30

I 31

~1U 21 1 3 ,N
33 ~o 21 J=1.N

1 34 21 RN T~ RN T + (1.~~C0~~(~~(T) A (J )))
1 35 Y CMPLX (U .,C~.)

36 YS :X
37 r0 5 K=1 ,N

1 38 ~~~i T E ( F . .~~) T H F T A (~~)
39 lx~ CMPI..X(0 . , .A (~~) )

• 40 Y~ J C ~1 ’ LX(O . .M,<) )
1 ‘41 ~S : X S + S T G ( $ ) * S Y G ( I ~ ) *C E X P ( X X )  •
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• 43 Ni 7 ~~~~~
‘4~~ ~ X C ~1PLX (( i . ,  .i~ A ( ~ ( ) )

45 7 v X +S 1~~(P~~*CF X P ( X X )
46
‘47 MM~~~~ +1
48 no a
49 v y + s I r ( ~c ) * S J r . (~~)
50 7 f l,
51 ro N T IN~ F
52 F- fONT 1~ J & ~
53
54 r~, 9 ~:1,fr

~

56
57 cr0 .
58 no 10 ~‘=1.t~
59 T1~~Cr~PLx (0 ,,+A(K ))
60 S S+SI~~O ()*SIr,(K)
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62 ri~~’:4. .AN*AN * ( A !’J*A,~,+S )+R~;T
63 ‘VY7 C~~t’LX (1.,fl .)
64 Y Y C M P L X ( y , fl.)
65 7z=c MpLxu ,o .

I~uN:CMPL)((AN ,O .)
67 ~ 1c : ( X * Y V — ZZ*f l/ r~E N
68
F,9
70 ALPI ~’(2):~~ C
71 ~‘kITE (E..-) A IPW I1 )
72 r AIL ErLT ALPM
75 qn~ fO~ITINUF
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83 ~MX 0.
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87 777 ~OR M AT (’ 1P~ Q= ’,12. ‘ ISS= ’.Y 2//)
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90 ‘~u P~0 I~.i:1.LI.1
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